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In this work, we study the role of triangle singularity in the J=ψ → γp̄Δ decay. We find that through a
triangle mechanism, involving a triangle loop composed of ω, π, and p, this decay may develop a triangle
singularity and produce a visible peak in the invariant mass MγΔ around 1.73 GeV with a width of
0.02 GeV. Such a triangle mechanism may also cause significant spin effects on the final Δ, which can be
detected by measuring its spin density matrix elements. Our calculations show that the branching ratio due
to the triangle mechanism is BrðJ=ψ → γp̄Δ;Δ → πpÞ ¼ 1.058 × 10−6. Hopefully, this reaction can be
investigated at BESIII and future experiments, e.g., Super Tau-Charm Facility, and the narrow width of the
induced structure, the moving triangle singularity position, and the distinct features of the spin density
matrix elements of the Δ may serve as signals for the triangle singularity mechanism.
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I. INTRODUCTION

Triangle singularity (TS) as one kind of kinematical
singularity in the scattering amplitude was first studied by
Landau in 1959 [1]. Later, the corresponding physical
picture of the special kinematic conditions needed to
produce a TS, known as the Coleman-Norton theorem,
was described in Ref. [2]. Specifically, for the decay
process A → Bþ C proceeding through a triangle loop
composed of internal particles 1, 2, and 3, the particle A
first decays into particles 1 and 2, then particle 1 decays
into the particle 3 and B; finally the particles 2 and 3 merge
into the particle C. ATS occurs in the amplitude only when
these subprocesses take place in a classical manner. It
corresponds to the case that all three intermediate particles
are on shell simultaneously and their three-momenta are
collinear in the rest frame of particle A. In addition, particle
3 must move fast enough to catch up with particle 2 and
merge into particle C.
In recent years, TS has attracted a lot of attention from

researchers and has been suggested to play an essential role
for understanding the nature of some observed structures
and clarifying some important puzzles [3–20]. For exam-
ple, the abnormally large isospin-breaking effects observed
in J=ψ → γηð1405Þ → γπ0f0ð980Þ can be understood by

considering the TS mechanism originating from the K�K̄K
loop [8–13]. The band around 1.4 GeV on the π0ϕ
distribution in the Dalitz plot for the isospin-breaking
decay J=ψ → ηπ0ϕ can also be explained by the TS
mechanism [14]. Furthermore, some exotic states observed
recently in experiments, e.g., Zc [15–17], Xð2900Þ [18],
and Tþ

cc [19,20], have been argued to involve the TS
mechanism. For a comprehensive review of these topics,
we refer to Ref. [21].
Although the TS mechanism may be essential for under-

standing those interesting and important experimental phe-
nomena, further studies are still needed to investigate its
physical effects and find ways to identify its contribution in
experiments. It is well known that a TS mechanism can
cause an enhancement in the invariant mass spectrum of final
particles, which has been the main focus of previous studies
[22–42]. However, since a TS and resonances can induce
similar structures in the invariant mass spectrum, it raises
the question of how to distinguish these two mechanisms.
One possible way is to change the kinematic conditions
that are necessary for the TS mechanism [14,21–23]. The
structure should disappear for the TS model but not for the
resonance model when changing the kinematic conditions.
Although this method is feasible, in principle, it changes the
conditions of the original experiment and may introduce
other ambiguities, e.g., the change of relative strength of
various contributions due to varying kinematic conditions.
Therefore, a better method would be one that can distinguish
these two mechanisms without changing the experiment
conditions. In our recent work [43], we suggest that in some
cases the TS mechanism may cause significant spin effects,
which offers an alternative way to verify the TS mechanism
and thus deserves further study.
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In this work, we propose that in the radiative decay
process J=ψ → γp̄Δð1232Þ the TS mechanism, through the
triangle loop involving ω, π, and p as shown in Fig. 1, may
play an important role. In this process, the couplings of the
three vertices J=ψ → pp̄ω, ω → γπ, and πp → Δ [denoted
as Δð1232Þ hereafter] involved in the loop are relatively
strong [44]. Furthermore, the small width of the inter-
mediate states in the loop may also enhance the triangle
loop contribution and can produce a relatively narrow peak
in the γΔ invariant mass spectrum at the position of the TS.
At the same time, as argued in our previous work, such a
TS mechanism may also cause significant spin effects. The
physical picture behind this expectation is quite simple.
When incident particles are moving along some fixed
direction, the produced intermediate state may have spin
alignment due to angular moment conservation. For exam-
ple, considering theΔ resonance produced in the πN elastic
scattering process in the center of mass frame, the spin
projection on the z axis of the producedΔ can only be� 1

2
if

we take the z axis along the beam direction. Therefore, the
spin of the Δ is aligned and the angular distribution of its
decay products is anisotropic. The spin status of the Δ can
be described by the spin density matrix elements (SDMEs)
and measured through the analysis of the angular distri-
bution of the Δ → πN decay. In the J=ψ → γp̄Δ process
through the triangle diagram, according to the Coleman-
Norton theorem, the π andN in the loop should move along
the direction of the momentum of the Δ at the TS in the γΔ
rest frame. It means, if we consider the helicity states of the
Δ, i.e., choosing the quantization axis along the direction of
the momentum of the Δ, the helicity should be � 1

2
similar

as the case of the Δ production in the πN elastic scattering
process mentioned above. In other words, the special
kinematic conditions required by the TS constrain the
helicity of the Δ in the γΔ rest frame, which is absent
for other mechanisms. Therefore, if the TS mechanism
indeed plays an important role in this reaction, we expect a
peak structure in the γΔ invariant mass spectrum and the
production of the Δ with helicity � 1

2
should be enhanced

near the TS.
This paper is organized as follows. In Sec. II, we present

the theoretical framework and amplitudes for the reaction
J=ψ → γp̄Δ. In Sec. III, we show the numerical results and

discuss their implications. Finally, we summarize our
findings and conclusions in Sec. IV.

II. MODEL AND INGREDIENTS

In this work, we shall introduce the TS mechanism in the
radiative decay process J=ψ → γp̄Δ within an effective
Lagrangian approach. The Feynman diagram for the process
that may produce a TS is shown in Fig. 1. In this process, the
J=ψ first decays into pp̄ω, thenω decays to a photon and a π
meson. In the γΔ rest frame, if the π meson travels along the
momentum of the proton produced in J=ψ decay and moves
faster than it, the π may catch up with the proton and they
can finally merge into the final Δ. According to the results in
Ref. [45], a TS exists in this decay process only when the
special kinematic conditions are satisfied. Using the method
in Ref. [45], if we adopt the nominal masses in PDG [44] for
the involved particles in Fig. 1, it turns out that the TS should
occur at MγΔ ¼ 1.731 GeV.
To calculate the decay amplitude for the Feynman

diagram in Fig. 1, we need the Lagrangian densities for
the various vertices. For the J=ψ → pp̄ω vertex, we adopt a
contact interaction

LψωNN̄ ¼ gcN̄ψμωμN; ð1Þ

where gc is the coupling constant and can be determined
through the J=ψ → pp̄ω partial decay width in PDG [44].
Note that up until now there has been no evidence that
resonance productions play an important role in the J=ψ →
pp̄ω decay. For the ωγπ and ΔπN vertices, we adopt the
effective Lagrangians [46–49],

Lωγπ ¼
egωγπ
mω

εμναβ∂μων∂αAβπ; ð2Þ

LΔπN ¼ gΔπN
mπ

Δ̄μðτ⃗ · ∂μπ⃗ÞN þ H:c:; ð3Þ

where A represents the photon field and e is taken asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4π=137

p
. The coupling constants gωγπ and gΔπN appearing

in the above Lagrangian densities can be determined
through the corresponding partial decay width using

Γω→πγ ¼
e2g2ωγπ
12π

jpπj3
m2

ω
; ð4Þ

ΓΔ→πN ¼ g2ΔπN
12π

EN þmN

mΔm2
π

jpπj3; ð5Þ

where jpπj and EN denote the magnitude of the three
momentum of the π and the nucleon energy in the rest
frame of the mother particles, respectively. The obtained
coupling constants are listed in Table I.
With the above Lagrangian densities for various vertices,

we can straightforwardly obtain the amplitude for the
triangle loop diagram in Fig. 1 as

FIG. 1. The Feynman diagram for the radiative decay process
J=ψ → γp̄Δ through a triangle loop involving the ω, π, and p.
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MT ¼ −i
egcgωγπgΔπN

mπmω
ūμΔε

ν
ψε

�α
γ

Z
d4q
ð2πÞ4 pπ;μG

1
2ðppÞϵβρλαpβ

ωG
1;ρ
ν ðpωÞpλ

γG0ðpπÞFðpπÞvp̄
≡ gūμΔε

ν
ψε

�α
γ Mμναvp̄; ð6Þ

where uΔ,vp̄, εγ , and εψ are the spin functions of the Δ, p̄,
photon, and J=ψ , respectively. GJ’s denote the propagators
of the intermediate particles with spin J, which are defined
as [49–51]

G0ðqÞ ¼ i
q2 −m2

; ð7Þ

G1
μνðqÞ ¼ −

iðgμν − qμqν=m2Þ
q2 −m2

; ð8Þ

G
1
2ðqÞ ¼ ið=qþmÞ

q2 −m2
; ð9Þ

where q and m are the four momentum and the mass of the
intermediate state. In the above amplitude, we have
introduced a monopole form factor FðpπÞ for the inter-
mediate π meson in order to make the loop integral
convergent, which is taken as [52–54]

FðpπÞ ¼
m2

π − Λ2
π

p2
π − Λ2

π
: ð10Þ

Here we note that near the TS the off-shell effects of the
intermediate states in the loop are small, so we do not need
to consider the form factors for other particles. Further-
more, the possible problem of an artificial pole introduced
by the form factor should not be worried about here
as discussed in Ref. [12]. The cutoff Λπ can be deter-
mined through an empirical formula Λπ ¼ mπ þ αΛQCD

[41,55,56], where α is a dimensionless free parameter and
ΛQCD ¼ 0.22 GeV is the scale parameter of QCD. The α is
usually taken to be about unity, and in this work we take
α ¼ 1 in the calculations.
For the quasi-three-body decay process, i.e., ignoring

the decay of the Δ, the invariant mass distribution of the
γΔ system can be obtained through the following
formula [14,44]:

dΓ
dMγΔ

¼ 4mNmΔ

ð2πÞ524m2
ψ

jpp̄jjp�γ j
3

Z
dΩp̄dΩ�

γ

X
spin

jMT j2; ð11Þ

where the quantities with or without � represent that they
are defined in the center of mass frame of the γΔ system or
the J=ψ rest frame, respectively. To further consider the
influences of the finite width effects of the Δ due to the Δ
decay as shown in Fig. 2, we follow the approach used in
Ref. [29] by introducing a mass distribution function for the
Δ in Eq. (11). Then we obtain

dΓ
dMγπN

¼
Z

4mNMπN

ð2πÞ524m2
ψ
dΩp̄dΩ�

γdM2
πN

jpp̄jjp�
γ j

3π

×
mΔΓΔ ·

P
spinjMT j2

ðM2
πN −m2

ΔÞ2 þ ðmΔΓΔÞ2
; ð12Þ

where MπN stands for the invariant mass of its decay
products πN or the varying mass of the Δ.
In this work, we will also discuss the spin effects due to

the triangle singularity as studied in Ref. [43]. Here we
shall study the SDMEs of theΔ, which will be calculated in
the quasi-three-body decay process with taking the MΔ at
some fixed values and using the formula presented above.
We shall consider the helicity states of the Δ in the c.m.
frame of the γΔ system. The spin density matrix element
ρλλ0 of theΔ as a function of the γΔ invariant mass in the γΔ
rest frame is defined as

ρλλ0 ðmγΔÞ ¼
R
dΩp̄dΩ�

γ

P0
spin M

T
λM

T�
λ0R

dΩp̄dΩ�
γ

P
spinjMT j2 ; ð13Þ

where
P0

represents the summing of all the spins apart
from the Δ’s, and λ and λ0 are the helicities of the final Δ.

TABLE I. Coupling constants used in this work. The exper-
imental decay widths are taken from Ref. [44].

State
Width
(MeV)

Decay
channel

Adopted branching
ratio g

J=ψ 9.26 × 10−2 pp̄ω 9.80 × 10−4 7.30 × 10−2

ω 8.68 π0γ 8.35 × 10−2 1.83
Δ 117 Nπ 0.994 2.07 FIG. 2. The Feynman diagram for the radiative decay process

J=ψ → γp̄πN involving a triangle loop.

TRIANGLE SINGULARITY IN THE J=ψ → γp̄Δ DECAY PHYS. REV. D 108, 094027 (2023)

094027-3



In this work, we will concentrate on the observable PΔ
defined as

PΔ ¼ ρ11 − ρ33
ρ11 þ ρ33

; ð14Þ

where ρ11 and ρ33 are the diagonal SDMEs of the Δ and
corresponding to the probability of finding the Δ in the
helicity 1

2
and 3

2
, respectively. Therefore, the PΔ describes

the asymmetry of the probabilities of the Δ having the
helicities 1

2
and 3

2
. Here we want to study the MγΔ

dependence of the PΔ, so the angular dependence has
been integrated [see Eq. (13)]. According to the definition,
the value of the PΔ can vary from −1 to 1. If the TS
mechanism dominates this reaction, we expect the PΔ
should approach 1 near the TS. The SDMEs of baryons in
J=ψ decay can be measured through the method proposed
in Ref. [57]. Here, the ρΔ33 can also be extracted from the
angular distribution of its decay products, i.e., π or N, in its
rest frame through [58]

Wðcos θÞ ¼ 1

4
½ð1þ 4ρ33Þ þ ð3 − 12ρ33Þcos2θ�; ð15Þ

and the ρ11 can be deduced from the relation ρ11 þ ρ33 ¼ 1
2
.

III. RESULTS AND DISCUSSION

In this section, we shall study the TS mechanism in the
reaction J=ψ → γp̄Δ and discuss its effects on both the
invariant mass spectrums of final particles and the PΔ.
By using the package LoopTools [59], the loop integral in

Eq. (6) can be evaluated numerically. Through Eq. (11), we
can obtain the distribution of the differential decay width
versus the invariant mass MγΔ by taking MΔ ¼ 1.182,
1.232, and 1.282 GeV individually. The corresponding
results are depicted in Fig. 3. As can be seen in the figure,
the position of the peak caused by the triangle singularity
depends on the adopted mass of the Δ. Therefore, by
selecting the events in a different region of the MπN , the
peak position in the invariant mass spectrum will change if
the TS mechanism indeed plays an important role here. As
discussed in Ref. [45], the moving peak observed here is
mainly attributed to the reason that the position of the TS is
determined by kinematic conditions and is dependent on
the invariant mass of the external particles of the triangle
loop. Following the method in Ref. [45], by adopting the
value of MΔ from 1.081 to 1.286 GeV, the position of the
TS inMγΔ can vary from 1.721 to 2.159 GeV. In fact, there
are two kinds of singularities that are relevant here [45].
One is the normal two-body threshold cusp (TBTC), and
the other is the TS. In the case ofMΔ ¼ 1.182 GeV(the red
dashed line in Fig. 3), the small bump around 1.72 GeV is
caused by the TBTC. While, in other cases, there is only
one peak structure since the TS and TBTC are close to each

other and their effects overlap. Here it is also worth noting
that the width of the structure is rather narrow (∼20 MeV),
which is mainly ascribed to the narrow width of the
intermediate states in the loop. The feature of the moving
peak and the rather narrow width of the peak structure
caused by the TS mechanism therefore offer the clues for
identifying the TS mechanism in experiment.
Since the Δ is unstable and has a relatively large width, it

is also necessary to further discuss the effects of its finite
width on the invariant spectrum. Based on the differential
mass distribution formula in Eq. (12), we present the mass
distribution as a function of MγπN in Fig. 4 when consid-
ering the finite width effect explicitly. It can be found that

FIG. 3. The distribution of the differential decay width versus
the invariant mass MγΔ in J=ψ → γp̄Δ through the TS mecha-
nism. The red dashed, black solid, and blue dot-dashed lines
denote the results with taking MΔ ¼ 1.182, 1.232, and
1.282 GeV, respectively.

FIG. 4. The distribution of the differential decay width versus
the invariant mass MγπN in J=ψ → γp̄πN through the TS
mechanism.
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by including the width effects of the Δ the peak structure
becomes wider due to an average of the effects of the
moving TS. While, even in this case, the width of the
structure is only about 30 MeV, which is significantly
smaller than the width of the N� or Δ� in this energy region
and makes it distinguishable from ordinary resonance
contributions. We can also calculate the decay branching
ratio of J=ψ → γp̄Δ using Eq. (11) with adopting
MΔ ¼ 1.232 GeV, and we obtain

BrðJ=ψ → γp̄ΔÞ ¼ 1.506 × 10−6: ð16Þ

When further considering the finite width of the Δ with
taking ΓΔ ¼ 0.117 GeV, the decay branching ratio can be
obtained through Eq. (12), then we get

BrðJ=ψ → γp̄Δð→ πNÞÞ ¼ 1.058 × 10−6: ð17Þ

The production rate of this decay is within the measurable
range at BESIII and also suitable to be explored at the
Super Tau-Charm Facility.
Next, let us focus on the spin effects induced by the TS

mechanism on the Δ. According to the Coleman-Norton
theorem [2], a TS occurs when the triangle loop process
depicted in Fig. 1 takes place in a classical manner.
Specifically, in the rest frame of the γΔ system, if the
internal ω, π, and p are on shell simultaneously, their three-
momenta are collinear, and the π moves in the same
direction as the proton and can catch up with it to fuse
to the Δ, then the TS develops. Therefore, at the TS the
final Δ is predominantly produced by the intermediate π
and proton moving in the same direction as the final Δ in
the γΔ rest frame. In such a special condition, the Δ should
be exclusively produced with helicity � 1

2
. To understand

this result, it is helpful to consider the πp elastic scattering
in s channel in the center of mass frame. In this process,
even if the spin of the initial nucleon is unpolarized, the
spin of the intermediate resonance is necessarily aligned
when the spin of the intermediate resonance is larger
than 1

2
.1 In the J=ψ → γp̄Δ decay, since helicity is invariant

under a boost from theΔ rest frame to the γΔ rest frame, the
above arguments also hold in the γΔ rest frame. On the
other hand, when the special kinematic conditions are not

satisfied, i.e., departing the position of the TS, the helicity
of the Δ will not necessarily be � 1

2
anymore. These

expectations can be verified by a numerical calculation
of the PΔ defined above. In Fig. 5, we show the PΔ versus
the MγΔ by taking the mass of the Δ as 1.182, 1.232, and
1.282 GeV, respectively. As can be seen from the figure,
the PΔ peaks appear at the corresponding TS positions in
accordance with the expectations using the various Δ mass.
Here, we want to note that such a MγΔ dependence is quite
distinct from the expectation of a simple resonance model,
since in a resonance model the MγΔ dependence mainly
comes from the denominator of the resonance propagator
and should be canceled in calculating the ratio in Eq. (14).
Therefore, the spin observable PΔ can be used to verify
whether the structure in the invariant mass spectrum is
caused by the TS or a resonance. It is also interesting to
notice that in theMΔ ¼ 1.182 GeV case (red dashed line in
Fig. 5) there is a small bump at about MγΔ ¼ 1.72 GeV,
corresponding to the pω threshold, in the PΔ distribution.
As explained in Ref. [43], at the pω threshold the
production of the Δ with the helicities � 1

2
is also enhanced

due to the kinematic condition. For the other cases, there is
no such structure due to the closeness of the pω threshold
and the TS. When considering Δ decay, we expect the peak
structure of the PΔ should still exist but with a larger width.
However, by selecting the events in different MπN regions,
the phenomena discussed above should be observed in
experiments.
When taking into account the Δ decay, the decay process

J=ψ → γp̄Δð→ π0p=πþnÞ through the TS mechanism
involves the π0p → π0p or π0p → πþn scattering as a
subprocess. According to Schmid’s theorem [60], in the
π0p → π0p case the contribution of the triangle loop
diagram may be negligible compared to the corresponding
tree-level diagram. However, Ref. [61] demonstrates that
Schmid’s theorem holds strictly only in the limit Γω → 0

FIG. 5. The SDME asymmetry PΔ versusMγΔ for final Δ in the
reaction J=ψ → γp̄Δ through the TS mechanism.

1In the center of mass frame, if we take the z axis along the
direction of the momentum of the initial proton, the magnetic
quantum number of the z component of orbital angular momen-
tum has to be zero due to the fact that the momenta of the π and p
are along the z axis. Therefore, by taking the spin quantization
axis along the z axis, the spin projection along the z axis of the
intermediate state can only be � 1

2
due to angular momentum

conservation along the z axis. For a resonance with spin larger
than 1

2
, it means that its spin is aligned. For a general Aþ B → C

process, similar arguments hold if the spins of the particles satisfy
the condition sC > sA þ sB.
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and without inelasticities. Furthermore, by making a cut of
the invariant mass Mγπ in the final states it can also reduce
the contribution of the tree diagram [41]. In practice, it can
also avoid the effects due to the Schmid theorem in this
decay by choosing πþn as the final state in experiment.
Therefore, we expect the main features of the TS mecha-
nism predicted in this work should still be observable after
considering the Schmid theorem.
To study the TS signals experimentally, it is also

important to estimate the possible background contribu-
tions in this decay. A reliable analysis of the background
contributions in this decay needs the knowledge of the
couplings of various intermediate resonances to the γp̄, γΔ,
and p̄Δ channels, for which the relevant information is still
absent. To roughly estimate the magnitude of the back-
ground contribution, we have considered two tree-level
processes, i.e., J=ψ → ΔΔ̄ → Δp̄γ (I) and J=ψ → p̄p →
Δp̄γ (II). Using the Lagrangians in Refs. [62–64] and the
PDG value for the branch ratios of the corresponding
vertices, we find the contribution from process II is
negligible near the TS region due to the intermediate
proton being highly off shell. For process I, we find that,
although its total contribution may be about a factor of
6 larger than the TS process, its contribution (dotted line

in Fig. 6) near the TS peak only has a similar magnitude as
the TS process. We also find that the interference effects
between the TS amplitude and the background term are
very weak. Therefore, the final result is not sensitive to the
relative phase between them. Because of the small width of
the peak caused by the TS mechanism, we find that after
including the background contribution the peak structure
can still be clearly seen in the invariant mass spectrum
(solid line in Fig. 6). So it is hopeful to observe the TS
signal at BESIII. Especially since the J=ψ dataset collected
at the potential Super Tau-Charm Facility (STCF) will be
much larger (about 3.4 × 1012 for one year) [65], one may
expect that more accurate results could be obtained at
STCF in the future.

IV. SUMMARY

In this work, we investigate the triangle singularity
developed in the J=ψ → γp̄Δ process, where ω, π, and
p compose the internal triangle loop. According to our
results, the TS mechanism may induce a structure with a
width of 0.02 ∼ 0.03 GeV in the γΔ invariant mass
spectrum. We find that the position of the TS is dependent
on the MΔ or the invariant mass of the final πN. By
adopting the value ofMΔ ranging from 1.081 to 1.286 GeV,
the position of the TS in MγΔ can vary from 1.721 to
2.159 GeV. Therefore, by performing a cut of the invariant
mass of the final πN, the TS and the corresponding peak in
the MγΔ distribution should be shifted accordingly. If the
TS mechanism indeed plays an important role, we also
expect that the spin observable PΔ should take a relatively
large value and have a peak versus the invariant mass
MγΔ near the TS. The predicted decay branching ratio for
this process is BrðJ=ψ → γp̄Δð→ πNÞÞ ¼ 1.058 × 10−6,
which should be accessible at BESIII and future STCF.

ACKNOWLEDGMENTS

We acknowledge Eulogio Oset and Jian-Ping Dai for
their useful suggestions and the support from the National
Natural Science Foundation of China under Grant
No. U1832160, the Natural Science Foundation of
Shaanxi Province under Grant No. 2019JM-025, and the
Fundamental Research Funds for the Central Universities.

[1] L. D. Landau, Nucl. Phys. 13, 181 (1959).
[2] S. Coleman and R. E. Norton, Nuovo Cimento 38, 438

(1965).
[3] F. K. Guo, Phys. Rev. Lett. 122, 202002 (2019).
[4] S. Sakai, E. Oset, and F. K. Guo, Phys. Rev. D 101, 054030

(2020).

[5] R. Molina and E. Oset, Eur. Phys. J. C 80, 451
(2020).

[6] S. Sakai, H. J. Jing, and F. K. Guo, Phys. Rev. D 102,
114041 (2020).

[7] M. J. Yan, Y. H. Ge, and X. H. Liu, Phys. Rev. D 106,
114002 (2022).

FIG. 6. The distribution of the differential decay width versus
the invariant mass MγπN in J=ψ → γp̄πN with including the
background contribution.

KE WANG, RONG LI, and BO-CHAO LIU PHYS. REV. D 108, 094027 (2023)

094027-6

https://doi.org/10.1016/B978-0-08-010586-4.50103-6
https://doi.org/10.1007/BF02750472
https://doi.org/10.1007/BF02750472
https://doi.org/10.1103/PhysRevLett.122.202002
https://doi.org/10.1103/PhysRevD.101.054030
https://doi.org/10.1103/PhysRevD.101.054030
https://doi.org/10.1140/epjc/s10052-020-8014-7
https://doi.org/10.1140/epjc/s10052-020-8014-7
https://doi.org/10.1103/PhysRevD.102.114041
https://doi.org/10.1103/PhysRevD.102.114041
https://doi.org/10.1103/PhysRevD.106.114002
https://doi.org/10.1103/PhysRevD.106.114002


[8] J. J. Wu, X. H. Liu, Q. Zhao, and B. S. Zou, Phys. Rev. Lett.
108, 081803 (2012).

[9] F. Aceti, W. H. Liang, E. Oset, J. J. Wu, and B. S. Zou, Phys.
Rev. D 86, 114007 (2012).

[10] X. G. Wu, J. J. Wu, Q. Zhao, and B. S. Zou, Phys. Rev. D
87, 014023 (2013).

[11] N. N. Achasov, A. A. Kozhevnikov, and G. N. Shestakov,
Phys. Rev. D 92, 036003 (2015).

[12] M. C. Du and Q. Zhao, Phys. Rev. D 100, 036005 (2019).
[13] W. H. Liang, S. Sakai, J. J. Xie, and E. Oset, EPJ Web Conf.

199, 04008 (2019).
[14] H. J. Jing, S. Sakai, F. K. Guo, and B. S. Zou, Phys. Rev. D

100, 114010 (2019).
[15] Q. Wang, C. Hanhart, and Q. Zhao, Phys. Rev. Lett. 111,

132003 (2013).
[16] X. H. Liu and G. Li, Phys. Rev. D 88, 014013 (2013).
[17] S. X. Nakamura and K. Tsushima, Phys. Rev. D 100,

051502 (2019).
[18] X. H. Liu, M. J. Yan, H.W. Ke, G. Li, and J. J. Xie, Eur.

Phys. J. C 80, 1178 (2020).
[19] E. Braaten, L. P. He, K. Ingles, and J. Jiang, Phys. Rev. D

106, 034033 (2022).
[20] N. N. Achasov and G. N. Shestakov, Phys. Rev. D 105,

096038 (2022).
[21] F. K. Guo, X. H. Liu, and S. Sakai, Prog. Part. Nucl. Phys.

112, 103757 (2020).
[22] X. H. Liu, M. Oka, and Q. Zhao, Phys. Lett. B 753, 297

(2016).
[23] Q. Huang and J. J. Wu, Phys. Rev. D 104, 116003 (2021).
[24] A. P. Szczepaniak, Phys. Lett. B 757, 61 (2016).
[25] F. K. Guo, U. G. Meißner, J. Nieves, and Z. Yang, Eur. Phys.

J. A 52, 318 (2016).
[26] E. Wang, J. J. Xie, W. H. Liang, F. K. Guo, and E. Oset,

Phys. Rev. C 95, 015205 (2017).
[27] J. J. Xie, L. S. Geng, and E. Oset, Phys. Rev. D 95, 034004

(2017).
[28] W. H. Liang, S. Sakai, J. J. Xie, and E. Oset, Chin. Phys. C

42, 044101 (2018).
[29] R. Pavao, S. Sakai, and E. Oset, Eur. Phys. J. C 77, 599

(2017).
[30] L. Roca and E. Oset, Phys. Rev. C 95, 065211 (2017).
[31] V. R. Debastiani, S. Sakai, and E. Oset, Phys. Rev. C 96,

025201 (2017).
[32] J. J. Xie and F. K. Guo, Phys. Lett. B 774, 108 (2017).
[33] M. Bayar, R. Pavao, S. Sakai, and E. Oset, Phys. Rev. C 97,

035203 (2018).
[34] S. Sakai, E. Oset, and A. Ramos, Eur. Phys. J. A 54, 10

(2018).
[35] L. R. Dai, R. Pavao, S. Sakai, and E. Oset, Phys. Rev. D 97,

116004 (2018).
[36] S. X. Nakamura, Phys. Rev. D 100, 011504 (2019).

[37] W. H. Liang, H. X. Chen, E. Oset, and E. Wang, Eur. Phys.
J. C 79, 411 (2019).

[38] X. H. Liu, G. Li, J. J. Xie, and Q. Zhao, Phys. Rev. D 100,
054006 (2019).

[39] S. Sakai, Phys. Rev. D 101, 074041 (2020).
[40] C. W. Shen, H. J. Jing, F. K. Guo, and J. J. Wu, Symmetry

12, 1611 (2020).
[41] Q. Huang, C. W. Shen, and J. J. Wu, Phys. Rev. D 103,

016014 (2021).
[42] X. Luo, D. He, Y. Xie, and H. Sun, Phys. Rev. D 104,

074016 (2021).
[43] K. Wang, S. F. Chen, and B. C. Liu, Phys. Rev. D 106,

094032 (2022).
[44] R. L. Workman et al. (Particle Data Group), Prog. Theor.

Exp. Phys. 2022, 083C01 (2022).
[45] M. Bayar, F. Aceti, F. K. Guo, and E. Oset, Phys. Rev. D 94,

074039 (2016).
[46] Q. F. Lü, R. Wang, J. J. Xie, X. R. Chen, and D. M. Li, Phys.

Rev. C 91, 035204 (2015).
[47] C. G. Zhao, G. Y. Wang, G. N. Li, E. Wang, and D. M. Li,

Phys. Rev. D 99, 114014 (2019).
[48] J. J. Xie, J. J. Wu, and B. S. Zou, Phys. Rev. C 90, 055204

(2014).
[49] J. Q. Fan, S. F. Chen, and B. C. Liu, Phys. Rev. C 99,

025203 (2019).
[50] S. F. Chen and B. C. Liu, Phys. Rev. C 102, 025202 (2020).
[51] J. J. Xie and B. C. Liu, Phys. Rev. C 87, 045210 (2013).
[52] B. C. Liu and S. F. Chen, Eur. Phys. J. A 53, 39 (2017).
[53] B. C. Liu and S. F. Chen, Phys. Rev. C 96, 054001 (2017).
[54] S. F. Chen and B. C. Liu, Chin. Phys. C 44, 034107 (2020).
[55] X. Z. Ling, J. X. Lu, M. Z. Liu, and L. S. Geng, Phys. Rev.

D 104, 074022 (2021).
[56] C. J. Xiao, D. Y. Chen, Y. B. Dong, W. Zuo, and T. Matsuki,

Phys. Rev. D 99, 074003 (2019).
[57] E. Perotti, G. Fäldt, A. Kupsc, S. Leupold, and J. J. Song,

Phys. Rev. D 99, 056008 (2019).
[58] D.W. Thomas, A. Engler, H. E. Fisk, and R.W. Kraemer,

Nucl. Phys. B56, 15 (1973).
[59] T. Hahn, Nucl. Phys. B, Proc. Suppl. 89, 231 (2000).
[60] C. Schmid, Phys. Rev. 154, 1363 (1967).
[61] V. R. Debastiani, S. Sakai, and E. Oset, Eur. Phys. J. C 79,

69 (2019).
[62] X. Dong, K. Su, H. Cai, K. Zhu, and Y. Gao,

arXiv:2012.10913.
[63] Q. S. Zhou, J. Z. Wang, J. J. Xie, and X. Liu, Phys. Rev. D

101, 114001 (2020).
[64] A. C. Wang, W. L. Wang, and F. Huang, Phys. Rev. C 98,

045209 (2018).
[65] M. Achasov, X. C. Ai, R. Aliberti, Q. An, X. Z. Bai, Y. Bai,

O. Bakina, A. Barnyakov, V. Blinov, V. Bobrovnikov et al.,
arXiv:2303.15790.

TRIANGLE SINGULARITY IN THE J=ψ → γp̄Δ DECAY PHYS. REV. D 108, 094027 (2023)

094027-7

https://doi.org/10.1103/PhysRevLett.108.081803
https://doi.org/10.1103/PhysRevLett.108.081803
https://doi.org/10.1103/PhysRevD.86.114007
https://doi.org/10.1103/PhysRevD.86.114007
https://doi.org/10.1103/PhysRevD.87.014023
https://doi.org/10.1103/PhysRevD.87.014023
https://doi.org/10.1103/PhysRevD.92.036003
https://doi.org/10.1103/PhysRevD.100.036005
https://doi.org/10.1051/epjconf/201919904008
https://doi.org/10.1051/epjconf/201919904008
https://doi.org/10.1103/PhysRevD.100.114010
https://doi.org/10.1103/PhysRevD.100.114010
https://doi.org/10.1103/PhysRevLett.111.132003
https://doi.org/10.1103/PhysRevLett.111.132003
https://doi.org/10.1103/PhysRevD.88.014013
https://doi.org/10.1103/PhysRevD.100.051502
https://doi.org/10.1103/PhysRevD.100.051502
https://doi.org/10.1140/epjc/s10052-020-08762-6
https://doi.org/10.1140/epjc/s10052-020-08762-6
https://doi.org/10.1103/PhysRevD.106.034033
https://doi.org/10.1103/PhysRevD.106.034033
https://doi.org/10.1103/PhysRevD.105.096038
https://doi.org/10.1103/PhysRevD.105.096038
https://doi.org/10.1016/j.ppnp.2020.103757
https://doi.org/10.1016/j.ppnp.2020.103757
https://doi.org/10.1016/j.physletb.2015.12.027
https://doi.org/10.1016/j.physletb.2015.12.027
https://doi.org/10.1103/PhysRevD.104.116003
https://doi.org/10.1016/j.physletb.2016.03.064
https://doi.org/10.1140/epja/i2016-16318-4
https://doi.org/10.1140/epja/i2016-16318-4
https://doi.org/10.1103/PhysRevC.95.015205
https://doi.org/10.1103/PhysRevD.95.034004
https://doi.org/10.1103/PhysRevD.95.034004
https://doi.org/10.1088/1674-1137/42/4/044101
https://doi.org/10.1088/1674-1137/42/4/044101
https://doi.org/10.1140/epjc/s10052-017-5169-y
https://doi.org/10.1140/epjc/s10052-017-5169-y
https://doi.org/10.1103/PhysRevC.95.065211
https://doi.org/10.1103/PhysRevC.96.025201
https://doi.org/10.1103/PhysRevC.96.025201
https://doi.org/10.1016/j.physletb.2017.09.060
https://doi.org/10.1103/PhysRevC.97.035203
https://doi.org/10.1103/PhysRevC.97.035203
https://doi.org/10.1140/epja/i2018-12450-5
https://doi.org/10.1140/epja/i2018-12450-5
https://doi.org/10.1103/PhysRevD.97.116004
https://doi.org/10.1103/PhysRevD.97.116004
https://doi.org/10.1103/PhysRevD.100.011504
https://doi.org/10.1140/epjc/s10052-019-6928-8
https://doi.org/10.1140/epjc/s10052-019-6928-8
https://doi.org/10.1103/PhysRevD.100.054006
https://doi.org/10.1103/PhysRevD.100.054006
https://doi.org/10.1103/PhysRevD.101.074041
https://doi.org/10.3390/sym12101611
https://doi.org/10.3390/sym12101611
https://doi.org/10.1103/PhysRevD.103.016014
https://doi.org/10.1103/PhysRevD.103.016014
https://doi.org/10.1103/PhysRevD.104.074016
https://doi.org/10.1103/PhysRevD.104.074016
https://doi.org/10.1103/PhysRevD.106.094032
https://doi.org/10.1103/PhysRevD.106.094032
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1103/PhysRevD.94.074039
https://doi.org/10.1103/PhysRevD.94.074039
https://doi.org/10.1103/PhysRevC.91.035204
https://doi.org/10.1103/PhysRevC.91.035204
https://doi.org/10.1103/PhysRevD.99.114014
https://doi.org/10.1103/PhysRevC.90.055204
https://doi.org/10.1103/PhysRevC.90.055204
https://doi.org/10.1103/PhysRevC.99.025203
https://doi.org/10.1103/PhysRevC.99.025203
https://doi.org/10.1103/PhysRevC.102.025202
https://doi.org/10.1103/PhysRevC.87.045210
https://doi.org/10.1140/epja/i2017-12229-2
https://doi.org/10.1103/PhysRevC.96.054001
https://doi.org/10.1088/1674-1137/44/3/034107
https://doi.org/10.1103/PhysRevD.104.074022
https://doi.org/10.1103/PhysRevD.104.074022
https://doi.org/10.1103/PhysRevD.99.074003
https://doi.org/10.1103/PhysRevD.99.056008
https://doi.org/10.1016/0550-3213(73)90217-4
https://doi.org/10.1016/S0920-5632(00)00848-3
https://doi.org/10.1103/PhysRev.154.1363
https://doi.org/10.1140/epjc/s10052-019-6558-1
https://doi.org/10.1140/epjc/s10052-019-6558-1
https://arXiv.org/abs/2012.10913
https://doi.org/10.1103/PhysRevD.101.114001
https://doi.org/10.1103/PhysRevD.101.114001
https://doi.org/10.1103/PhysRevC.98.045209
https://doi.org/10.1103/PhysRevC.98.045209
https://arXiv.org/abs/2303.15790

