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We study the fully strange tetraquark states with the exotic quantum numbers JPC ¼ 0þ− and 2þ−. We
construct their corresponding diquark-antidiquark interpolating currents and apply the QCD sum rule
method to calculate both their diagonal and off-diagonal correlation functions. The obtained results are
used to construct some mixing currents that are nearly noncorrelated, from which we extract the masses of
the lowest-lying states to be M0þ− ¼ 2.47þ0.33

−0.44 and M2þ− ¼ 3.07þ0.25
−0.33 GeV. We apply the Fierz

rearrangement to transform the diquark-antidiquark currents to be the combinations of meson-meson
currents, and the obtained Fierz identities indicate that these two states may be searched for in the P-wave
ϕð1020Þf0ð1710Þ=ϕð1020Þf02ð1525Þð→ϕKK̄=ϕππÞ channels.
DOI: 10.1103/PhysRevD.108.094019

I. INTRODUCTION

Many candidates of exotic hadrons were observed in
the past twenty years, which cannot be well explained in
the traditional quark model as the q̄q mesons and qqq
baryons [1]. However, most of them still have the
“traditional” quantum numbers that the traditional hadrons
can reach, making them not easy to be clearly identified
as exotic hadrons. Interestingly, there exist some
“exotic” quantum numbers that the traditional hadrons
cannot reach, e.g., the spin-parity quantum numbers JPC ¼
0�−=1−þ=2þ−=3−þ=4þ−= � � � [2–14].
The hadrons with these exotic quantum numbers are

definitely exotic hadrons, and their possible interpretations
are compact multiquark states [15–21], hadronic molecules
[22–29], glueballs [30–38], and hybrid states [39–44], etc.
Especially, the light hybrid states with the exotic quantum
numbers JPC ¼ 1−þ have been extensively studied in the
literature [45–75], since there is some experimental evi-
dence of their existence [76–80]. We have also studied
these exotic quantum numbers JPC ¼ 1−þ in Refs. [81–85]
through the QCD sum rule method. Additionally, the
isoscalarD�D̄�

2 molecular state of JPC ¼ 3−þ was predicted

in Ref. [22] through the one-boson-exchange model, and a
narrow hadronic state with the exotic quantum numbers
JPC ¼ 0−− was predicted in Ref. [23] through the heavy
quark spin symmetry.
In this paper, we shall investigate the fully strange

tetraquark states with the exotic quantum numbers JPC ¼
0þ− and 2þ− through the method of QCD sum rules.
Recently, we have applied this method to study the fully
strange tetraquark states of JPC ¼ 0−þ=1��=4þ− in
Refs. [84–90]. In the present study we shall explicitly
add the covariant derivative operator in order to construct
the fully strange tetraquark currents of JPC ¼ 0þ− and 2þ−.
We shall construct some diquark-antidiquark interpolating
currents and apply the QCD sum rule method to calculate
both their diagonal and off-diagonal correlation functions.
The obtained results will be used to construct some mixing
currents that are nearly noncorrelated, from which we shall
extract the masses of the lowest-lying states to be

M0þ− ¼ 2.47þ0.33
−0.44 GeV;

M2þ− ¼ 3.07þ0.25
−0.33 GeV:

With a large amount of J=ψ sample, BESIII is carefully
studying the physics happening around this energy region
[91–97], as is Belle-II [98] and GlueX [99]. Therefore, the
above fully strange tetraquark states of JPC ¼ 0þ− and 2þ−

are potential exotic hadrons to be observed in future
experiments. The present study would provide not only
complementary information for possible countercandidates
in the charm sector ccc̄ c̄ [100–102], but also systematic
understanding of exotics in a wider flavor region.
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This paper is organized as follows. In Sec. II we
construct the fully strange tetraquark currents with the
exotic quantum numbers JPC ¼ 0þ− and 2þ−. These
currents are used in Sec. III to perform QCD sum rule
analyses, where we calculate both their diagonal and off-
diagonal correlation functions. Based on the obtained
results, we use the diquark-antidiquark currents to perform
numerical analyses in Sec. III A and use their mixing
currents to perform numerical analyses in Sec. III B.
Section IV is a summary.

II. TETRAQUARK CURRENTS

In this section, we construct the fully strange tetraquark
currents with the exotic quantum numbers JPC ¼ 0þ− and
2þ−. Note that these two quantum numbers cannot be
simply reached by using one quark field and one antiquark
field; neither can they be reached by only using two quark
fields and two antiquark fields. Actually, we need two
quark fields and two antiquark fields together with one or
more derivatives to reach them.
We have systematically constructed three independent

diquark-antidiquark currents in Ref. [90] using two
quark fields and two antiquark fields together with two
derivatives,

ηα1α2α3α4
4þ−;1

¼ ϵabeϵcde

× Sf½sTaCγα1D
↔

α3D
↔

α4sb�ðs̄cγα2Cs̄TdÞ
− ðsTaCγα1sbÞ½s̄cγα2CD

↔

α3D
↔

α4 s̄
T
d �g; ð1Þ

ηα1α2α3α4
4þ−;2

¼ ðδacδbd þ δadδbcÞ

× Sf½sTaCγα1γ5D
↔

α3D
↔

α4sb�ðs̄cγα2γ5Cs̄TdÞ
− ðsTaCγα1γ5sbÞ½s̄cγα2γ5CD

↔

α3D
↔

α4 s̄
T
d �g; ð2Þ

ηα1α2α3α4
4þ−;3

¼ ϵabeϵcdegμν

× Sf½sTaCσα1μD
↔

α3D
↔

α4sb�ðs̄cσα2νCs̄TdÞ
− ðsTaCσα1μsbÞ½s̄cσα2νCD

↔

α3D
↔

α4 s̄
T
d �g: ð3Þ

Here a � � � e are color indices, ½AD↔αB� ¼ A½DαB� − ½DαA�B
with the covalent derivative Dα ¼ ∂α þ igsAα, and the
symbol S denotes symmetrization and subtracting trace
terms in the set fα1 � � � α4g.
Following a similar procedure for ηα1α2α3α4

4þ−;1=2=3, for J
PC ¼

0þ− and 2þ− currents, we can use the spin-0 and spin-2
projection operators rather than the symmetrization oper-
ator S,

Pα1α2α3α4
J¼0 ¼ 1

2
gμ1μ3gμ2μ4

×

�
gα1μ1gα2μ2 þ gα1μ2gα2μ1 −

1

2
gα1α2gμ1μ2

�

×

�
gα3μ3gα4μ4 þ gα3μ4gα4μ3 −

1

2
gα3α4gμ3μ4

�

¼ gα1α3gα2α4 þ gα1α4gα2α3 −
1

2
gα1α2gα3α4 ; ð4Þ

Pα1α2α3α4
J¼2;β1β2

¼ gμ2μ4

�
gβ1μ1gβ2μ3 þ gβ1μ3gβ2μ1 −

1

2
gβ1β2gμ1μ3

��
gα1μ1gα2μ2 þ gα1μ2gα2μ1 −

1

2
gα1α2gμ1μ2

�

×

�
gα3μ3gα4μ4 þ gα3μ4gα4μ3 −

1

2
gα3α4gμ3μ4

�

¼ gα1α2gα3α4gβ1β2 − gα1α2δα3β1δ
α4
β2
− gα1α2δα3β2δ

α4
β1
− gα3α4δα1β1δ

α2
β2
− gα3α4δα1β2δ

α2
β1
− gα1α3gα2α4gβ1β2

þ gα1α3δα2β1δ
α4
β2
þ gα1α3δα2β2δ

α4
β1
þ gα2α4δα1β1δ

α3
β2
þ gα2α4δα1β2δ

α3
β1
− gα1α4gα2α3gβ1β2 − gα1α4δα2β1δ

α3
β2
þ gα1α4δα2β2δ

α3
β1

þ gα2α3δα1β1δ
α4
β2
þ gα2α3δα1β2δ

α4
β1
: ð5Þ

For JPC ¼ 0þ−, we can construct three independent diquark-antidiquark currents,

η0þ−;1 ¼ Pα1α2α3α4
J¼0 × ϵabeϵcde½sTaCγα1D

↔

α3D
↔

α4sb�ðs̄cγα2Cs̄TdÞ − ðsTaCγα1sbÞ½s̄cγα2CD
↔

α3D
↔

α4 s̄
T
d �; ð6Þ

η0þ−;2 ¼ Pα1α2α3α4
J¼0 × ðδacδbd þ δadδbcÞ½sTaCγα1γ5D

↔

α3D
↔

α4sb�ðs̄cγα2γ5Cs̄TdÞ − ðsTaCγα1γ5sbÞ½s̄cγα2γ5CD
↔

α3D
↔

α4 s̄
T
d �; ð7Þ

η0þ−;3 ¼ Pα1α2α3α4
J¼0 × ϵabeϵcdegμν½sTaCσα1μD

↔

α3D
↔

α4sb�ðs̄cσα2νCs̄TdÞ − ðsTaCσα1μsbÞ½s̄cσα2νCD
↔

α3D
↔

α4 s̄
T
d �: ð8Þ
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For JPC ¼ 2þ−, we can also construct three independent
diquark-antidiquark currents,

ηβ1β2
2þ−;1

¼ Pα1α2α3α4
J¼2;β1β2

× ϵabeϵcde

× ½sTaCγα1D
↔

α3D
↔

α4sb�ðs̄cγα2Cs̄TdÞ
− ðsTaCγα1sbÞ½s̄cγα2CD

↔

α3D
↔

α4 s̄
T
d �; ð9Þ

ηβ1β2
2þ−;2

¼ Pα1α2α3α4
J¼2;β1β2

× ðδacδbd þ δadδbcÞ

× ½sTaCγα1γ5D
↔

α3D
↔

α4sb�ðs̄cγα2γ5Cs̄TdÞ
− ðsTaCγα1γ5sbÞ½s̄cγα2γ5CD

↔

α3D
↔

α4 s̄
T
d �; ð10Þ

ηβ1β2
2þ−;3

¼ Pα1α2α3α4
J¼2;β1β2

× ϵabeϵcdegμν

× ½sTaCσα1μD
↔

α3D
↔

α4sb�ðs̄cσα2νCs̄TdÞ
− ðsTaCσα1μsbÞ½s̄cσα2νCD

↔

α3D
↔

α4 s̄
T
d �: ð11Þ

FIG. 1. Internal orbital angular momenta contained in the fully
strange tetraquark currents η���

0=2=4þ−;1=2=3 and ξ
���
0=2=4þ−;1=2=3. We use

lρ and lρ0 to denote the momenta inside the diquark and
antidiquark, respectively, and lλ to denote the momentum
between them. We use l0ρ and l0ρ0 to denote the momenta inside
the two mesons and l0λ to denote the momentum between them.
The Fierz identities given in Eq. (23) indicate that the internal
orbital angular momenta contained in the diquark-antidiquark
currents η���

0=2=4þ−;1=2=3, fL ¼ 2; lλ ¼ 0; lρ ¼ 2=0; lρ0 ¼ 0=2g, cor-
respond to those contained in the meson-meson currents
ξ���
0=2=4þ−;1=2=3, fL ¼ 2; l0λ ¼ 1; l0ρ ¼ 1; l0ρ0 ¼ 0g.

TABLE I. QCD sum rule results for the fully strange tetraquark states with the exotic quantum numbers
JPC ¼ 0=2=4þ−, extracted from the diquark-antidiquark currents η���

0=2=4þ−;1=2=3 as well as their mixing currents

J���
0=2=4þ−;1=2=3. The results for the exotic quantum numbers JPC ¼ 4þ− are taken from Ref. [90].

Currents smin
0 ðGeV2Þ

Working regions

Pole (%) Mass (GeV)M2
B ðGeV2Þ s0 ðGeV2Þ

η0þ−;1 12.5 2.31–2.57 14� 3.0 40–51 3.21þ0.23
−0.28

η0þ−;2 21.2 2.91–3.31 23� 5.0 40–51 4.41þ0.36
−0.31

η0þ−;3 8.3 1.13–2.21 14� 3.0 40–94 3.20þ0.19
−0.30

J0þ−;1 8.3 1.33–1.42 9� 2.0 40–47 2.47þ0.33
−0.44

J0þ−;2 7.9 1.41–1.62 9� 2.0 40–54 2.56þ0.25
−0.35

J0þ−;3 � � � � � � � � � � � � � � �
ηβ1β2
2þ−;1

12.8 2.11–2.32 14� 3.0 40–50 3.27þ0.23
−0.28

ηβ1β2
2þ−;2

17.1 2.35–2.78 19� 4.0 40–55 3.98þ0.29
−0.25

ηβ1β2
2þ−;3

9.3 1.15–2.14 14� 3.0 40–91 3.27þ0.19
−0.23

Jβ1β2
2þ−;1

11.6 1.97–2.19 13� 3.0 40–51 3.07þ0.25
−0.33

Jβ1β2
2þ−;2

16.0 2.44–2.82 18� 4.0 40–54 3.77þ0.24
−0.30

Jβ1β2
2þ−;3

17.0 2.34–2.77 19� 4.0 40–55 3.99þ0.29
−0.25

ηα1α2α3α4
4þ−;1

14.6 2.40–2.65 16� 3.0 40–50 3.50þ0.21
−0.25

ηα1α2α3α4
4þ−;2

19.2 2.80–3.13 21� 4.0 40–51 4.08þ0.26
−0.31

ηα1α2α3α4
4þ−;3

11.0 1.25–2.44 16� 3.0 40–91 3.51þ0.20
−0.20

Jα1α2α3α4
4þ−;1

10.1 1.78–1.92 11� 2.0 40–48 2.85þ0.19
−0.22

Jα1α2α3α4
4þ−;2

19.1 2.79–3.14 21� 4.0 40–51 4.08þ0.26
−0.31

Jα1α2α3α4
4þ−;3

� � � � � � � � � � � � � � �
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The internal orbital angular momenta contained in the
above diquark-antidiquark currents are all

η���
0=2=4þ−;1=2=3∶ L ¼ 2; lλ ¼ 0; lρ ¼ 2=0; lρ0 ¼ 0=2; ð12Þ

where L is the total orbital angular momentum, lρ and lρ0
are the momenta inside the diquark and antidiquark,
respectively, and lλ is the momentum between the diquark
and antidiquark, as depicted in Fig. 1.
Among the above diquark-antidiquark currents, η���

0=2=4þ−;1
and η���

0=2=4þ−;3
have the antisymmetric color structure

½ss�3̄C ½s̄ s̄�3C , and η���
0=2=4þ−;2

have the symmetric color struc-
ture ½ss�6C ½s̄ s̄�6̄C , so the internal structure of η���

0=2=4þ−;1
and

η���
0=2=4þ−;3

is more stable than that of η���
0=2=4þ−;2

. Moreover, the
currents η���

0=2=4þ−;1
are constructed by using the S-wave

diquark field sTaCγμsb of JP ¼ 1þ, and the currents
η���
0=2=4þ−;3

are constructed by using the diquark field

sTaCσμνsb of JP ¼ 1� that contains both the S- and P-wave
components, so theymay lead to betterQCDsumrule results.
Oppositely, the currents η���

0=2=4þ−;2
are constructed by using

the P-wave diquark field sTaCγμγ5sb of JP ¼ 1−, so their
predictedmasses are probably larger. The results of Ref. [90]
have partly verified these analyses, as summarized in Table I.
In addition to the diquark-antidiquark configuration, we

can also investigate the meson-meson configuration. We
have constructed three independent meson-meson currents
of JPC ¼ 4þ− in Ref. [90],

ξα1α2α3α4
4þ−;1

¼ Sf½s̄aγα1D
↔

α3sa�D
↔

α4ðs̄bγα2sbÞg; ð13Þ

ξα1α2α3α4
4þ−;2

¼ Sf½s̄aγα1γ5D
↔

α3sa�D
↔

α4ðs̄bγα2γ5sbÞg; ð14Þ

ξα1α2α3α4
4þ−;3

¼ gμνSf½s̄aσα1μD
↔

α3sa�D
↔

α4ðs̄bσα2νsbÞg: ð15Þ

We can similarly construct three independent meson-meson
currents of JPC ¼ 0þ−,

ξ0þ−;1 ¼ Pα1α2α3α4
J¼0 ½s̄aγα1D

↔

α3sa�D
↔

α4ðs̄bγα2sbÞ; ð16Þ

ξ0þ−;2 ¼ Pα1α2α3α4
J¼0 ½s̄aγα1γ5D

↔

α3sa�D
↔

α4ðs̄bγα2γ5sbÞ; ð17Þ

ξ0þ−;3 ¼ Pα1α2α3α4
J¼0 × gμν½s̄aσα1μD

↔

α3sa�D
↔

α4ðs̄bσα2νsbÞ; ð18Þ

and three independent meson-meson currents of JPC ¼ 2þ−,

ξβ1β2
2þ−;1

¼ Pα1α2α3α4
J¼2;β1β2

½s̄aγα1D
↔

α3sa�D
↔

α4ðs̄bγα2sbÞ; ð19Þ

ξβ1β2
2þ−;2

¼ Pα1α2α3α4
J¼2;β1β2

½s̄aγα1γ5D
↔

α3sa�D
↔

α4ðs̄bγα2γ5sbÞ; ð20Þ

ξβ1β2
2þ−;3

¼ Pα1α2α3α4
J¼2;β1β2

× gμν½s̄aσα1μD
↔

α3sa�D
↔

α4ðs̄bσα2νsbÞ: ð21Þ

As depicted in Fig. 1, the internal orbital angular momenta
contained in the above meson-meson currents are all

ξ���
0=2=4þ−;1=2=3∶ L ¼ 2; l0λ ¼ 1; l0ρ ¼ 1; l0ρ0 ¼ 0; ð22Þ

where l0ρ and l0ρ0 are themomenta inside the twomesons and l0λ
is the momentum between them.
We can apply the Fierz rearrangement to derive the

relations between η���
0=2=4þ−;1=2=3 and ξ���

0=2=4þ−;1=2=3 to be

0
B@

η���
0=2=4þ−;1

η���
0=2=4þ−;2

η���
0=2=4þ−;3

1
CA ¼

0
B@

2 −2 −2
−2 2 −2
−4 −4 0

1
CA
0
B@

ξ���
0=2=4þ−;1

ξ���
0=2=4þ−;2

ξ���
0=2=4þ−;3

1
CA: ð23Þ

We shall use these Fierz identities to study the decay
behaviors at the end of this paper.

III. QCD SUM RULE ANALYSES

The QCD sum rule method has been successfully
applied to study various conventional and exotic hadrons
in the past fifty years [103–110]. In this section, we apply

FIG. 2. Feynman diagrams calculated in the present study. The
covariant derivativeDα ¼ ∂α þ igsAα contains two terms, and we
use the green vertex to describe the latter term.
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this nonperturbative method to study the fully strange
tetraquark currents η0þ−;1=2=3 of JPC ¼ 0þ− and ηβ1β2

2þ−;1=2=3
of JPC ¼ 2þ−.
We use the three currents η0þ−;1=2=3 of JPC ¼ 0þ− as

examples and assume that they couple to the states Xn
(n ¼ 1…N) through

h0jη0þ−;ijXni ¼ fin; ð24Þ

where Xn is the state to which the current η0þ−;i can couple,
N is the number of such states, and fin is the 3 × N matrix
for the coupling of the current η0þ−;i to the state Xn. Then
we can investigate the diagonal and off-diagonal correlation
functions,

Πijðq2Þ ¼ i
Z

d4xeiqxh0jT½η0þ−;iðxÞη†0þ−;jð0Þ�j0i; ð25Þ

at both the hadron and quark-gluon levels.
At the hadron level, we use the dispersion relation to

express Πijðq2Þ as

Πijðq2Þ ¼
Z

∞

s<

ρphenij ðsÞ
s − q2 − iε

ds; ð26Þ

where s< ¼ 16m2
s is the physical threshold. The spectral

density ρphenij ðsÞ can be generally parametrized for the states
Xn and a continuum as

ρphenij ðsÞ ¼
X
n

δðs −M2
nÞh0jη0þ−;ijXnihXnjη†0þ−;jj0i þ � � �

¼
X
n

finfjnδðs −M2
nÞ þ � � � ; ð27Þ

where Mn is the mass of the state Xn.
At the quark-gluon level, we apply the method of

operator product expansion (OPE) to calculate Πijðq2Þ,
from which we can extract the OPE spectral density
ρijðsÞ≡ ρOPEij ðsÞ. In the present study, we have calculated
the Feynman diagrams depicted in Fig. 2, where we use the
strangeness quark propagator as

iSabs ðx − yÞ ¼ h0jT½saðxÞs̄bðyÞ�j0i

¼ iδab

2π2ðx − yÞ4 ðx̂ − ŷÞ − δab

12
hs̄si þ i

32π2ðx − yÞ2
λnab
2

gsGn
μνðσμνðx̂ − ŷÞ þ ðx̂ − ŷÞσμνÞ

−
1

4π2ðx − yÞ4
λnab
2

gsGn
μνxμyνðx̂ − ŷÞ þ δabðx − yÞ2

192
hgss̄σGsi −

msδ
ab

4π2ðx − yÞ2

þ iδab

48
mshs̄siðx̂ − ŷÞ þ iδab

8π2ðx − yÞ2 m
2
sðx̂ − ŷÞ: ð28Þ

We have considered the perturbative term, the quark condensate hs̄si, the gluon condensate hg2sGGi, the quark-gluon mixed
condensate hgss̄σGsi, and their combinations. We have calculated all the diagrams proportional to gN¼0

s and gN¼1
s , but we

have only partly calculated the diagrams proportional to gN≥2
s .

The OPE spectral densities ρijðsÞ≡ ρ0þ−;ijðsÞ extracted from the three JPC ¼ 0þ− currents η0þ−;1=2=3 are

ρ0þ−;11ðsÞ ¼
s6

1433600π6
þ 7m2

ss5

76800π6
−
3mshs̄si
640π4

s4 −
�
−
7hg2sGGim2

s

12288π6
−
hs̄si2
24π2

þ 37mshgss̄σGsi
2304π4

�
s3

−
�
43hg2sGGimshs̄si

2304π4
þ 83m2

shs̄si2
48π2

−
11hs̄sihgss̄σGsi

48π2

�
s2

−
�
−
hg2sGGihs̄si2

32π2
þ 23hg2sGGimshgss̄σGsi

768π4
þ 97m2

shs̄sihgss̄σGsi
24π2

−
hgss̄σGsi2

8π2

�
s

þ hg2sGGim2
shs̄si2

72π2
þ hg2sGGihs̄sihgss̄σGsi

32π2
−
25m2

shgss̄σGsi2
24π2

; ð29Þ
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ρ0þ−;22ðsÞ ¼
s6

716800π6
−

m2
ss5

3840π6
−
�
−

hg2sGGi
30720π6

−
11mshs̄si
960π4

�
s4 −

�
−
3hg2sGGim2

s

4096π6
−
77mshgss̄σGsi

2304π4
þ hs̄si2

12π2

�
s3

−
�
49hg2sGGimshs̄si

2304π4
−
29m2

shs̄si2
24π2

þ 19hs̄sihgss̄σGsi
48π2

�
s2

−
�
23hg2sGGimshgss̄σGsi

768π4
−
hg2sGGihs̄si2

32π2
þ 43m2

shs̄sihgss̄σGsi
24π2

þ 5hgss̄σGsi2
32π2

�
s

þ hg2sGGihs̄sihgss̄σGsi
32π2

−
43m2

shgss̄σGsi2
24π2

þ 7hg2sGGim2
shs̄si2

144π2
; ð30Þ

ρ0þ−;33ðsÞ ¼
s6

179200π6
−

m2
ss5

1600π6
−
�
−

hg2sGGi
12288π6

−
mshs̄si
96π4

�
s4 −

5hg2sGGim2
s

1536π6
s3 þ hg2sGGimshs̄si

36π4
s2 −

5m2
shs̄sihgss̄σGsi

π2
s

−
2m2

shgss̄σGsi2
π2

þ 31hg2sGGim2
shs̄si2

144π2
; ð31Þ

ρ0þ−;12ðsÞ ¼
hg2sGGis4
122880π6

−
�
7hg2sGGim2

s

6144π6
−
5mshgss̄σGsi

256π4

�
s3 −

�
−
hg2sGGimshs̄si

768π4
þ hs̄sihgss̄σGsi

4π2

�
s2

−
�
−
9m2

shs̄sihgss̄σGsi
8π2

þ 3hgss̄σGsi2
8π2

�
sþ hg2sGGim2

shs̄si2
32π2

þ 15m2
shgss̄σGsi2
32π2

; ð32Þ

ρ0þ−;13ðsÞ ¼ −
41m2

ss5

153600π6
þmshs̄si

96π4
s4 −

�
5hg2sGGim2

s

9216π6
−
545mshgss̄σGsi

9216π4

�
s3 −

�
−
hg2sGGimshs̄si

192π4
−
5m2

shs̄si2
3π2

�
s2

−
�
−
hg2sGGimshgss̄σGsi

128π4
−
hg2sGGihs̄si2

192π2
−
523m2

shs̄sihgss̄σGsi
192π2

þ hgss̄σGsi2
384π2

�
s

þ hg2sGGihs̄sihgss̄σGsi
144π2

þm2
shgss̄σGsi2
48π2

; ð33Þ

ρ0þ−;23ðsÞ ¼
�
5hg2sGGim2

s

3072π6
−
37mshgss̄σGsi

3072π4

�
s3 −

hg2sGGimshs̄si
64π4

s2

−
�
3hg2sGGimshgss̄σGsi

128π4
þ hg2sGGihs̄si2

64π2
þ 47m2

shs̄sihgss̄σGsi
64π2

−
9hgss̄σGsi2

128π2

�
s

−
hg2sGGihs̄sihgss̄σGsi

48π2
−
m2

shgss̄σGsi2
8π2

; ð34Þ

and the OPE spectral densities ρ2þ−;ijðsÞ extracted from the three JPC ¼ 2þ− currents ηβ1β2
2þ−;1=2=3 are

ρ2þ−;11ðsÞ ¼
341s6

43545600π6
−

31m2
ss5

44800π6
−
�
41hg2sGGi
1161216π6

þ 31mshs̄si
15120π4

�
s4 −

�
−
29hg2sGGim2

s

69120π6
−
2hs̄si2
9π2

þ 2537mshgss̄σGsi
25920π4

�
s3

−
�
7hg2sGGimshs̄si

4320π4
þ 5m2

shs̄si2
18π2

−
629hs̄sihgss̄σGsi

540π2

�
s2

−
�hg2sGGihs̄si2

36π2
þ 17hg2sGGimshgss̄σGsi

576π4
þ 155m2

shs̄sihgss̄σGsi
18π2

−
221hgss̄σGsi2

216π2

�
s

−
5hg2sGGim2

shs̄si2
81π2

−
hg2sGGihs̄sihgss̄σGsi

81π2
−
116m2

shgss̄σGsi2
27π2

; ð35Þ
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ρ2þ−;22ðsÞ ¼
341s6

21772800π6
−

551m2
ss5

201600π6
−
�
−
157hg2sGGi
829440π6

−
611mshs̄si
7560π4

�
s4

−
�
241hg2sGGim2

s

41472π6
þ 4hs̄si2

9π2
−
4693mshgss̄σGsi

25920π4

�
s3

−
�
−
hg2sGGimshs̄si

135π4
−
47m2

shs̄si2
5π2

þ 215hs̄sihgss̄σGsi
108π2

�
s2

−
�hg2sGGihs̄si2

36π2
þ 17hg2sGGimshgss̄σGsi

576π4
þm2

shs̄sihgss̄σGsi
2π2

þ 349hgss̄σGsi2
216π2

�
s

−
hg2sGGim2

shs̄si2
81π2

−
hg2sGGihs̄sihgss̄σGsi

81π2
þ 28m2

shgss̄σGsi2
27π2

; ð36Þ

ρ2þ−;33ðsÞ ¼
13s6

1036800π6
−

331m2
ss5

201600π6
−
�
−
13hg2sGGi
161280π6

−
23mshs̄si
756π4

�
s4 −

5hg2sGGim2
s

10368π6
s3

−
�
2hg2sGGimshs̄si

135π4
−
49m2

shs̄si2
15π2

�
s2 −

76m2
shs̄sihgss̄σGsi

9π2
s −

8hg2sGGim2
shs̄si2

81π2
−
32m2

shgss̄σGsi2
9π2

; ð37Þ

ρ2þ−;12ðsÞ ¼ −
3hg2sGGis4
71680π6

−
�
131hg2sGGim2

s

34560π6
þ 31mshgss̄σGsi

2160π4

�
s3 −

�
−
133hg2sGGimshs̄si

2880π4
−
2hs̄sihgss̄σGsi

45π2

�
s2

−
�
2m2

shs̄sihgss̄σGsi
9π2

−
hgss̄σGsi2

18π2

�
sþ 7hg2sGGim2

shs̄si2
27π2

; ð38Þ

ρ2þ−;13ðsÞ ¼ −
41m2

ss5

80640π6
þ 13mshs̄si

840π4
s4 −

�
59hg2sGGim2

s

207360π6
−
2hs̄si2
15π2

−
53mshgss̄σGsi

1296π4

�
s3

−
�
−
hg2sGGimshs̄si

480π4
−
44m2

shs̄si2
15π2

−
481hs̄sihgss̄σGsi

270π2

�
s2

−
�hg2sGGihs̄si2

216π2
−
hg2sGGimshgss̄σGsi

72π4
þ 199m2

shs̄sihgss̄σGsi
27π2

−
503hgss̄σGsi2

216π2

�
s

−
hg2sGGihs̄sihgss̄σGsi

27π2
−
140m2

shgss̄σGsi2
27π2

; ð39Þ

ρ2þ−;23ðsÞ ¼ −
�
−
59hg2sGGim2

s

69120π6
−
7mshgss̄σGsi

1440π4

�
s3 −

�hg2sGGimshs̄si
160π4

−
hs̄sihgss̄σGsi

90π2

�
s2

−
�
−
hg2sGGihs̄si2

72π2
þ hg2sGGimshgss̄σGsi

24π4
−
5m2

shs̄sihgss̄σGsi
9π2

þ hgss̄σGsi2
24π2

�
s

þ hg2sGGihs̄sihgss̄σGsi
9π2

: ð40Þ

We take the following values for various QCD parameters contained in the above expressions [1,111–118]:

msð2 GeVÞ ¼ 93þ11
−5 MeV

hs̄si ¼ −ð0.8� 0.1Þ × ð0.240 GeVÞ3;
hg2sGGi ¼ ð0.48� 0.14Þ GeV4;

hgss̄σGsi ¼ −M2
0 × hs̄si;

M2
0 ¼ð0.8� 0.2Þ GeV2: ð41Þ

After performing the Borel transformation at both the hadron and quark-gluon levels, we approximate the continuum
using ρijðsÞ above the threshold value s0 to obtain
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Πijðs0;M2
BÞ ¼

X
n

finfjne−M
2
n=M2

B

¼
Z

s0

s<

e−s=M
2
BρijðsÞds: ð42Þ

We shall separately perform the single-channel and multi-
channel analyses in the following two subsections.

A. Single-channel analysis

In this subsection we perform the single-channel analysis
by setting ρijðsÞji≠j ¼ 0. This assumption neglects the off-
diagonal correlation functions to make the three currents
η0þ−;1=2=3 “noncorrelated,” i.e., any two of them cannot
mainly couple to the same state X, otherwise,

ρijðsÞ ¼
X
n

δðs −M2
nÞh0jη0þ−;ijXnihXnjη†0þ−;jj0i þ � � �

≈ δðs −M2
XÞh0jη0þ−;ijXihXjη†0þ−;jj0i þ � � �

≠ 0: ð43Þ

Accordingly, we further assume that there are three states
X1;2;3 separately corresponding to the three currents
η0þ−;1=2=3 through

h0jη0þ−;ijXii ¼ fii: ð44Þ

We parametrize the spectral density ρiiðsÞ as one pole
dominance for the single state Xi between the physical
threshold s< and the threshold value s0 as well as a
continuum contribution above s0. This simplifies Eq. (42)
to be

Πiiðs0;M2
BÞ ¼ f2iie

−M2
i =M

2
B ¼

Z
s0

s<

e−s=M
2
BρiiðsÞds; ð45Þ

and the mass Mi can be calculated through

M2
i ðs0;MBÞ ¼

R
s0
s<
e−s=M

2
BsρiiðsÞdsR

s0
s<
e−s=M

2
BρiiðsÞds

: ð46Þ

We use the spectral density ρ11ðsÞ extracted from the
current η0þ−;1 as an example to calculate the massM1 of the
state X1. As given in Eq. (46), the massM1 depends on two
free parameters: the Borel massMB and the threshold value
s0. We consider three aspects to find their proper working
regions: (a) the OPE convergence, (b) the one-pole-
dominance assumption, and (c) the dependence of the
mass M1 on these two parameters.
First, we consider the OPE convergence (CVG) and

require the D ¼ 12=10=8 terms to be less than 5%/10%/
20%, respectively,

CVG12 ¼
����Π

D¼12
11 ð∞;M2

BÞ
Π11ð∞;M2

BÞ
���� ≤ 5%; ð47Þ

CVG10 ¼
����Π

D¼10
11 ð∞;M2

BÞ
Π11ð∞;M2

BÞ
���� ≤ 10%; ð48Þ

CVG8 ¼
����Π

D¼8
11 ð∞;M2

BÞ
Π11ð∞;M2

BÞ
���� ≤ 20%: ð49Þ

These conditions demand the Borel mass to be larger than
M2

B ≥ 2.31 GeV2, as depicted in Fig. 3.
Second, we consider the one-pole-dominance

assumption and require the pole contribution (PC) to be
larger than 40%,

PC ¼
����Π11ðs0;M2

BÞ
Π11ð∞;M2

BÞ
���� ≥ 40%: ð50Þ

This condition demands the Borel mass to be smaller
than M2

B ≤ 2.57 GeV2 when setting s0 ¼ 14.0 GeV2, as
depicted in Fig. 3.
Altogether, we determine the Borel window to be 2.31 ≤

M2
B ≤ 2.57 GeV2 for s0 ¼ 14.0 GeV2. We redo the same

procedures and find that the Borel windows exist as long
as s0 ≥ smin

0 ¼ 12.5 GeV2. Accordingly, we demand the
threshold value s0 to be slightly larger and choose its
working region to be 11.0 ≤ s0 ≤ 17.0 GeV2.
Third, we consider the dependence of the massM1 onMB

and s0. As shown in Fig. 4, the massM1 is stable againstMB

inside the Borel window 2.31 ≤ M2
B ≤ 2.57 GeV2, and its

dependence on s0 is acceptable inside the working region
11.0 ≤ s0 ≤ 17.0 GeV2, where the mass M1 is calculated
to be

M0þ−;1 ¼ 3.21þ0.23
−0.28 GeV: ð51Þ

Its uncertainty comes fromMB and s0 aswell as variousQCD
parameters given in Eq. (42). Note that the mass M1 has a

FIG. 3. CVG8=10=12 and PC with respect to the Borel mass MB.
These curves are obtained using the current η0þ−;1 by setting
s0 ¼ 14.0 GeV2.
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stability point at around s0 ∼ 6.0 GeV2, as shown in
Fig. 4(a). However, there does not exist a Borel window
at this energy point.
We apply the same method to study the other two JPC ¼

0þ− currents η0þ−;2=3 and the three JPC ¼ 2þ− currents

ηβ1β2
2þ−;1=2=3. The obtained results are summarized in Table I.

B. Multichannel analysis

In this subsectionwe perform themultichannel analysis by
taking into account the off-diagonal correlation functions
that are actually nonzero, i.e.,ρijðsÞji≠j ≠ 0. To see how large
they are,we choose s0 ¼ 9.0 andM2

B ¼ 1.50 GeV2 to obtain

Πijðs0;M2
BÞ ¼

0
B@

8.29 13.59 −2.83
13.59 −3.96 −0.87
−2.83 −0.87 14.28

1
CA× 10−6 GeV14:

ð52Þ

This indicates that η0þ−;1 and η0þ−;2 are strongly correlated
with each other, as depicted in Fig. 5.
To diagonalize the 3 × 3 matrix ρijðsÞ, we construct

three mixing currents J0þ−;1=2=3,

0
B@

J0þ−;1

J0þ−;2

J0þ−;3

1
CA ¼ T 0þ−

0
B@

η0þ−;1

η0þ−;2

η0þ−;3

1
CA; ð53Þ

where T 0þ− is the transition matrix.
We use the method of operator product expansion

to extract the spectral densities ρ0ijðsÞ from the mixing
currents J0þ−;1=2=3. After choosing

T0þ− ¼

0
B@

−0.72 −0.45 0.53

0.54 −0.84 0.03

0.43 0.31 0.85

1
CA; ð54Þ

we obtain

Π0
ijðs0;M2

BÞ ¼

0
B@

12.52 0 0

0 18.85 0

0 0 −12.77

1
CA× 10−6 GeV14;

ð55Þ

at s0 ¼ 9.0 and M2
B ¼ 1.50 GeV2. Therefore, the off-

diagonal terms of ρ0ijðsÞ are negligible and the three mixing
currents J0þ−;1=2=3 are nearly noncorrelated around here, as
depicted in Fig. 5. Additionally, Eq. (55) indicates that the
QCD sum rule result extracted from J0þ−;3 is nonphysical
around here due to its negative correlation function.

FIG. 5. The normalized off-diagonal correlation functions
jΠ12=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Π11Π22

p j (solid) and jΠ0
12=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Π0

11Π0
22

p j (dashed) with re-
spect to the Borel mass MB. These curves are obtained using the
three currents η0þ−;1=2=3 and their mixing currents J0þ−;1=2=3 when
setting s0 ¼ 9.0 GeV2.

(a) (b)

FIG. 4. The massM1 of the state X1 with respect to (a) the threshold value s0 and (b) the Borel massMB. In (a) the short-dashed, solid,
and long-dashed curves are obtained by settingM2

B ¼ 2.31, 2.44, and 2.57 GeV2, respectively. In (b) the short-dashed, solid, and long-
dashed curves are obtained by setting s0 ¼ 11.0, 14.0, and 17.0 GeV2, respectively. These curves are obtained using the spectral density
ρ11ðsÞ extracted from the current η0þ−;1.
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Since the off-diagonal terms of ρ0ijðsÞ are negligible
around s0 ¼ 9.0 and M2

B ¼ 1.50 GeV2, the procedures
used in the previous subsection can be applied to study
the three mixing currents J0þ−;1=2=3. We summarize the
obtained results in Table I. Especially, the mass extracted
from the current J0þ−;1 is significantly reduced to be

M0
0þ−;1

¼ 2.47þ0.33
−0.44 GeV: ð56Þ

Similarly, we can investigate the three JPC ¼ 2þ−

currents ηβ1β2
2þ−;1=2=3. We construct three mixing currents

Jβ1β2
2þ−;1=2=3 that are nearly noncorrelated at around s0 ¼

13.0 and M2
B ¼ 2.0 GeV2,

0
B@

J���
2þ−;1

J���
2þ−;2

J���
2þ−;3

1
CA ¼ T 2þ−

0
B@

η���
2þ−;1

η���
2þ−;2

η���
2þ−;3

1
CA; ð57Þ

where

T 2þ− ¼

0
B@

−0.72 0.06 0.69

−0.68 0.15 −0.72
−0.15 −0.99 −0.07

1
CA: ð58Þ

We apply the QCD sum rule method to study the mixing
currents Jβ1β2

2þ−;1=2=3, and the obtained results are summarized
in Table I. Especially, the mass extracted from the current
Jβ1β2
2þ−;1

is the lowest,

M0
2þ−;1

¼ 3.07þ0.25
−0.33 GeV: ð59Þ

For completeness, we also summarize in Table I the
QCD sum rule results obtained in Ref. [90] using the
three JPC ¼ 4þ− currents ηα1α2α3α4

4þ−;1=2=3 as well as their mixing
currents Jα1α2α3α4

4þ−;1=2=3 that are nearly noncorrelated at around

s0 ¼ 11.0 and M2
B ¼ 1.85 GeV2,

0
B@

J���
4þ−;1

J���
4þ−;2

J���
4þ−;3

1
CA ¼ T 4þ−

0
B@

η���
4þ−;1

η���
4þ−;2

η���
4þ−;3

1
CA; ð60Þ

where

T 4þ− ¼

0
B@

0.72 −0.06 −0.69
0.14 0.99 0.05

0.68 −0.13 0.72

1
CA: ð61Þ

IV. SUMMARY AND DISCUSSION

In this paper, we apply the QCD sum rule method to
study the fully strange tetraquark states with the exotic

quantum numbers JPC ¼ 0þ− and 2þ−. We explicitly add
the covariant derivative operator to construct some diquark-
antidiquark interpolating currents and apply the method of
operator product expansion to calculate both their diagonal
and off-diagonal correlation functions. Based on the
obtained results, we construct some mixing currents that
are nearly noncorrelated.
We use both the diquark-antidiquark currents and their

mixing currents to perform QCD sum rule analyses. The
obtained results are summarized in Table I. Especially, we
use the mixing currents J0þ−;1 and Jβ1β2

2þ−;1
to derive the

masses of the lowest-lying JPC ¼ 0þ− and 2þ− states to be

M0þ− ¼ 2.47þ0.33
−0.44 GeV; ð62Þ

M2þ− ¼ 3.07þ0.25
−0.33 GeV: ð63Þ

In this paper, we also construct some fully strange
meson-meson currents of JPC ¼ 0þ− and 2þ−, which are
related to the diquark-antidiquark currents through the
Fierz rearrangement. We can use these meson-meson
currents and their mixing currents to perform QCD sum
rule analyses. The results extracted from these mixing
currents are the same.
We can apply Eq. (23) to transform the mixing currents

J0þ−;1 and Jβ1β2
2þ−;1

to be

J0þ−;1 ¼ −2.7ξ0þ−;1 − 1.6ξ0þ−;2 þ 2.3ξ0þ−;3; ð64Þ

J���
2þ−;1

¼ − 4.3ξ���
2þ−;1

− 1.2ξ���
2þ−;2

þ 1.3ξ���
2þ−;3

: ð65Þ

For completeness, we compare these two combinations to
the mixing current

J���
4þ−;1

¼ 4.3ξ���
4þ−;1

þ 1.2ξ���
4þ−;2

− 1.3ξ���
4þ−;3

; ð66Þ

which was used in Ref. [90] to derive the mass of the
lowest-lying JPC ¼ 4þ− state to be

M4þ− ¼ 2.85þ0.19
−0.22 GeV: ð67Þ

The Fierz identity given in Eq. (64) indicates that the
lowest-lying JPC ¼ 0þ− state decays into the P-wave
ϕð1020Þf0ð1710Þð→ ϕKK̄=ϕππÞ channel through the
meson-meson current ξ0þ−;1, and the Fierz identity given
in Eq. (65) indicates that the lowest-lying JPC ¼ 2þ− state
decays into the P-wave ϕð1020Þf0ð1710Þ and
ϕð1020Þf02ð1525Þ channels through the meson-meson cur-
rent ξ���

2þ−;1. Accordingly, we propose to search for them in
the X0þ− → ϕð1020Þf0ð1710Þ → ϕKK̄=ϕππ and X2þ− →
ϕð1020Þf0ð1710Þ=ϕð1020Þf02ð1525Þ → ϕKK̄=ϕππ decay
processes in the future Belle-II, BESIII, COMPASS,
GlueX, J-PARC, and PANDA experiments.
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