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We study the fully strange tetraquark states with the exotic quantum numbers J”¢ = 07~ and 27~. We
construct their corresponding diquark-antidiquark interpolating currents and apply the QCD sum rule
method to calculate both their diagonal and off-diagonal correlation functions. The obtained results are
used to construct some mixing currents that are nearly noncorrelated, from which we extract the masses of
the lowest-lying states to be My = 2477037 and M, =3.07703 GeV. We apply the Fierz
rearrangement to transform the diquark-antidiquark currents to be the combinations of meson-meson
currents, and the obtained Fierz identities indicate that these two states may be searched for in the P-wave

#(1020)£o(1710)/¢(1020) f5(1525)(—PpKK /¢pnr) channels.
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I. INTRODUCTION

Many candidates of exotic hadrons were observed in
the past twenty years, which cannot be well explained in
the traditional quark model as the §g mesons and gqq
baryons [1]. However, most of them still have the
“traditional” quantum numbers that the traditional hadrons
can reach, making them not easy to be clearly identified
as exotic hadrons. Interestingly, there exist some
“exotic” quantum numbers that the traditional hadrons
cannot reach, e.g., the spin-parity quantum numbers J7¢ =
0= /171 /2+= /3% /4t /... [2-14].

The hadrons with these exotic quantum numbers are
definitely exotic hadrons, and their possible interpretations
are compact multiquark states [15-21], hadronic molecules
[22-29], glueballs [30-38], and hybrid states [39-44], etc.
Especially, the light hybrid states with the exotic quantum
numbers J¥C¢ = 1=F have been extensively studied in the
literature [45-75], since there is some experimental evi-
dence of their existence [76-80]. We have also studied
these exotic quantum numbers J¥¢ = 177 in Refs. [81-85]
through the QCD sum rule method. Additionally, the
isoscalar D* D} molecular state of J7¢ = 37 was predicted
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in Ref. [22] through the one-boson-exchange model, and a
narrow hadronic state with the exotic quantum numbers
JP€ = 07~ was predicted in Ref. [23] through the heavy
quark spin symmetry.

In this paper, we shall investigate the fully strange
tetraquark states with the exotic quantum numbers J©¢€ =
0"~ and 2%~ through the method of QCD sum rules.
Recently, we have applied this method to study the fully
strange tetraquark states of JPC =07*/1¥F/4%" in
Refs. [84-90]. In the present study we shall explicitly
add the covariant derivative operator in order to construct
the fully strange tetraquark currents of J°¢ = 0"~ and 27~
We shall construct some diquark-antidiquark interpolating
currents and apply the QCD sum rule method to calculate
both their diagonal and off-diagonal correlation functions.
The obtained results will be used to construct some mixing
currents that are nearly noncorrelated, from which we shall
extract the masses of the lowest-lying states to be

M- = 247703 GeV,
Myi- = 3.07705 GeV.

With a large amount of J/y sample, BESIII is carefully
studying the physics happening around this energy region
[91-97], as is Belle-II [98] and GlueX [99]. Therefore, the
above fully strange tetraquark states of J*¢ = 0%~ and 2+~
are potential exotic hadrons to be observed in future
experiments. The present study would provide not only
complementary information for possible countercandidates
in the charm sector ccc ¢ [100-102], but also systematic
understanding of exotics in a wider flavor region.
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This paper is organized as follows. In Sec. II we
construct the fully strange tetraquark currents with the
exotic quantum numbers J¢ =07 and 27~. These
currents are used in Sec. III to perform QCD sum rule
analyses, where we calculate both their diagonal and off-
diagonal correlation functions. Based on the obtained
results, we use the diquark-antidiquark currents to perform
numerical analyses in Sec. Il A and use their mixing
currents to perform numerical analyses in Sec. IIIB.
Section IV is a summary.

II. TETRAQUARK CURRENTS

In this section, we construct the fully strange tetraquark
currents with the exotic quantum numbers J7¢ = 0"~ and
27, Note that these two quantum numbers cannot be
simply reached by using one quark field and one antiquark
field; neither can they be reached by only using two quark
fields and two antiquark fields. Actually, we need two
quark fields and two antiquark fields together with one or
more derivatives to reach them.

We have systematically constructed three independent
diquark-antidiquark currents in Ref. [90] using two
quark fields and two antiquark fields together with two
derivatives,

Qa0 agbe cde
4|+72;13 4 — gabe g
Ty 1 N < T
X S{ [Su Cy(z] D113 Du4 sh} (SCY(IZ Csd)
- (SEC%I sb)[ECYaZCDagDoqgg]}v (1)
|
PUBREA 1
=258y — Guops \ 911y 9oy + 9p1u3 9pops

X (g‘lslh ga4ﬂ4 —+ ga3ﬂ4 gdws — % ga3054 gﬂ3ﬂ4>

Zﬁz;(zhw = (59csbd + 5o sbe)
x S{ [SZCYa,YsBa38a4sb}(icyaJsCEZ)
— (57 CYa755)Bela?sCDa DS}, (2)
Zﬁz;;lsru = gabegede g
X S{[57C04,uDg, D gy 55 (560, C55)

= (84C00u55) 300 CD Dy, 551} (3)

Here a - - - e are color indices, [Al(_))aB] = A[D,B] - [D,A|B
with the covalent derivative D, = 9, + ig,A,, and the
symbol S denotes symmetrization and subtracting trace
terms in the set {a; - - - ay}.

Following a similar procedure for anz;f;Z%, for JPC =
0™ and 2"~ currents, we can use the spin-0 and spin-2
projection operators rather than the symmetrization oper-
ator S,

7)051020!3054 —

J=0 - Egﬂlmgﬂzm

X (g(lllll g(lzllz —+ g(leQ(lel — 1g“1“29ﬂ1ﬂ2>
2
1

X gazﬂ3 ga4ﬂ4 + gasm 9054#3 — E 903054 gﬂ3#4

lg(ll a ga3(14 , (4)

— g(11a3 g(12a4 + ga]a4 g(12(13 _
2

1
—_ 29//’]/}29}”#3) <gal.ulg{12"{2 + g(ll.‘lZg(lZM] — 29“I”29ﬂ]”2>

= galazgaaa4gﬁlﬁ2 — 901025;?5;‘2‘ — galazé‘ﬁlzéz‘: — ga3a45;]1 5;; — ga30l45z;5‘;? — ala3gflza4gﬁlﬂ2
a. a. ) a a o <3 o a3
G+ PG G 4 PG, = P gy, = P +

+ g0, 0y + g0y 5

For JP¢ = 0%, we can construct three independent diquark-antidiquark currents,

Mot = 733!8”3(14 X eabeecde {SZCJ’aI Da3Da4sb](§cya2C§;§) - (saTCyrxlSb)[EcyaZCDagDomgg]’ (6)

<>

Mot = ’le:aéasm‘ X <5a05bd + 5ad5bc)[sgcyal ySDa3Da4sb](EL‘yaz}/SCEg) - (S({C)/al }/SSb) [EcyazySCD({;angg]v (7)

<>

<> <> <>
Not-3 = PREO™ x et¢ed g [sTCoy Dy, Dy, 55 (3:64,,C55) — (s5C04,,85)[5:64,,CD g, Dy, 51 (8)
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FIG. 1. Internal orbital angular momenta contained in the fully
strange tetraquark currents Noja/at—1/2/3 and 56“/2 41123 We use
[, and [y to denote the momenta inside the c(iquark and
antidiquark, respectively, and [, to denote the momentum

between them. We use Z;J and l; , to denote the momenta inside

the two mesons and /; to denote the momentum between them.
The Fierz identities given in Eq. (23) indicate that the internal
orbital angular momenta contained in the diquark-antidiquark
CUTTeNts 77 411 /33 {L=2;1,=0, l,=2/0,1, = 0/2}, cor-
respond to those contained in the meson-meson currents
Sopppanppyp AL=20 =11, =11, = 0}.

TABLE L

For JP€ = 2=, we can also construct three independent
diquark-antidiquark currents,

b _ priaaazay abe ,cde
l7§+_;1 - PJ:Z;ﬂlﬁz xee

X [58CYa, Dy, Dy, 5p) (5.7, C51)
- (SZC)/U,I sb)[SCYaZCDr@DaA;EZ]’ (9)

2, = PRGEG x (896P + 515he)

X [54C g, 758a38a4sb](§cya275c‘§£)

— (57 Cra,7559) e arsCD Dy 55 (10)
ﬂlzilszﬁ _ 7;;21222% x gabegede g
D, D53 (504, C55)

x [stCo,,,

<> <~
— (584C04,5p)[5:04,,CDy, D, 55 ]. (11)

QCD sum rule results for the fully strange tetraquark states with the exotic quantum numbers

JPC€ =0/2/4%, extracted from the diquark-antidiquark currents Nojasar—1/2/3 well as their mixing currents

Joyajat=1/2/3

The results for the exotic quantum numbers J¢ = 47~ are taken from Ref. [90].

Working regions

Currents smin (GeV?) M2 (GeV?) 50 (GeV?) Pole (%) Mass (GeV)
Mo—1 12.5 2.31-2.57 14£3.0 40-51 3217023
o2 21.2 2.91-3.31 23+50 40-51 4411036
Mo+ 8.3 1.13-2.21 14£3.0 40-94 320701
T 8.3 1.33-1.42 9+2.0 40-47 247503
To2 7.9 1.41-1.62 9+20 40-54 256108
Joi-3 - .
i 12.8 2.11-2.32 14£3.0 40-50 327033
AL 17.1 2.35-278 19+4.0 40-55 3.98%07%
AL 9.3 1.15-2.14 14+3.0 40-91 327101
Ve 11.6 1.97-2.19 13£3.0 40-51 3.0710%
AN 16.0 2.44-2.82 18+4.0 40-54 37703
VAN 17.0 234277 19440 40-55 3.997039
e 14.6 2.40-2.65 16 3.0 40-50 3501021
e 19.2 2.80-3.13 21+4.0 40-51 4087936
Ny 11.0 1.25-2.44 16 3.0 40-91 3517020
T 10.1 1.78-1.92 11420 40-48 285107
T 19.1 2.79-3.14 214+4.0 40-51 4.081037
Ja]a£a3a4 ’
4+-.3
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The internal orbital angular momenta contained in the
above diquark-antidiquark currents are all

=2/0,1, =0/2, (12)

Nos2/a+:1/2/3 " Ay by

where L is the total orbital angular momentum, /, and /,,
are the momenta inside the diquark and antidiquark,
respectively, and [; is the momentum between the diquark
and antidiquark, as depicted in Fig. 1.

Among the above diquark-antidiquark currents, 77, /2/411

and 7 /2/4713 have the antisymmetric color structure
[s5]3.[5 5], and ), 4+, have the symmetric color struc-
ture [ss].[5 55, so the internal structure of 7/, .-, and
116'/2 433 1s more stable than that of '76)2 Jat Moreover, the
Currents 7, 4 are constructed by using the S-wave
diquark field sJCy,s, of J” =17, and the currents
Mojajat-3 Are constructed by using the diquark field
55 Co,,s, of JP = 17 that contains both the S- and P-wave
components, so they may lead to better QCD sum rule results.

Oppositely, the currents Nojay4i-r AT€ constructed by using

the P-wave diquark field s7 Cy,yss;, of J* =17, so their
predicted masses are probably larger. The results of Ref. [90]
have partly verified these analyses, as summarized in Table I.

In addition to the diquark-antidiquark configuration, we
can also investigate the meson-meson configuration. We
have constructed three independent meson-meson currents
of JP¢ = 4%~ in Ref. [90],

52’4}22“3“4 8{[ qu a3 ]Da4 (Sbyazsb)}’ (13)

521:?(1%(14 S{[anal 75Da3 sa]Da4 (ngazySSb)}? (14)

<>

1012!1104 gﬂvS{[S Ga]ﬂD S ]Doq(gbaazvsb)}' (15)
We can similarly construct three independent meson-meson
currents of J°€ =0+,

<>

50*’;1 = P?fZGSW[ a7a1D03sa]Da4(§b7azsb)7 (16)

<>

aYaIySDa; ]D(t4 (Ebyaz},Ssh)? (17)

§0+ 5= 73“1‘120’3‘14[

<> <>

éO*’;3 = Pifé%% X glw[EaGa]ﬂDogsa]Doq(Ebaazvsb)7 (18)

and three independent meson-meson currents of J7€ = 2+~
<>

5@?1 = 73‘(;1(127;312[ ayalDagsa]Da4(§bya2sb)’ (19)

é:/”lﬂz PU B 7

2752 J 2[;’1/)’2[ quYSDa; a}D{u(Ebyaﬂ/SSb)’ (20)

<>

<>
ézgﬁz?’ = 7)7:’22;31‘;2 X gyv [EaaalﬂD%sa]Dm (gbgazvsb)' (21)

As depicted in Fig. 1, the internal orbital angular momenta
contained in the above meson-meson currents are all

Sopjaitjayzt L=2 L=10L=11,=0 (22)
where l;, and l;)/ are the momenta inside the two mesons and l’l
is the momentum between them.

We can apply the Fierz rearrangement to derive the
relations between ’76)2 141/2/3 and &6‘/2 1412/ to be

Moj2/a+=1 2 -2 -2 Sor2/ar-31
776)2/4+—;2 = -2 2 -2 56-/2/4+—;2 . (23)
’76)2/4*‘;3 -4 -4 0 56)2/4*‘;3

We shall use these Fierz identities to study the decay
behaviors at the end of this paper.

III. QCD SUM RULE ANALYSES

The QCD sum rule method has been successfully
applied to study various conventional and exotic hadrons
in the past fifty years [103—110]. In this section, we apply

&
=
=

{)
)

bl
(bl

Yo
(3
B

FIG. 2. Feynman diagrams calculated in the present study. The
covariant derivative D, = d, + ig,A, contains two terms, and we
use the green vertex to describe the latter term.
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this nonperturbative method to study the fully strange NS pfhe“( s)
tetraquark currents 779+~ 2/3 of J*¢ =07~ and qﬁ‘ﬁuzn I;(q%) = / s (26)
of JPC — 2+—. ’ gt

We use the three currents 7g:-.;/5/3 of JPC =07 as
examples and assume that they couple to the states X, ~ Wwhere s_ = 16mg is the physical threshold. The spectral
(n = 1...N) through density pp “"(s) can be generally parametrized for the states
X, and a continuum as

(Olno+i1Xn) = fin, (24)
phen 2 T
where X, is the state to which the current 7q:—; can couple, i 25 = M3) Olrg—il X ) (Xultge-,;10) + -+
N is the number of such states, and f;, is the 3 x N matrix
for the coupling of the current 7y+-; to the state X,. Then = Zf inf jnd(s =M At (27)
we can investigate the diagonal and off-diagonal correlation

functions, .
where M, is the mass of the state X,,.

) ) 0 i + At the quark-gluon level, we apply the method of
Mj(q7) =i / d*xe" ™ (0| T[ro-—; (x)ny.-;(0)]10). (25)  operator product expansion (OPE) to calculate II, (%),
from which we can extract the OPE spectral density

at both the hadron and quark-gluon levels. pij(s) = p=(s). In the present study, we have calculated
At the hadron level, we use the dispersion relation to  the Feynman diagrams depicted in Fig. 2, where we use the
express I1;;(g%) as strangeness quark propagator as
|
iS§” (x = y) = (O|T[s*(x)5"(v)]|0)
i5 5 i A
— 2 4 Zab o Gt MU (% 3 >N MY
sy 89 T3 ) g Ty 0GR (3= 3) + (2= 5)o)
1 A o (x—vy)?, m, 6%
——— Tab oG (=) ) 0 56Gs) — ———
iéab i5“b 5
— P=-9)+———-mi(X—9). 28
g (= 9) + g (= 5) (28)

We have considered the perturbative term, the quark condensate (5s), the gluon condensate (g>GG), the quark-gluon mixed
condensate (g,56Gs), and their combinations. We have calculated all the diagrams proportional to g¥=" and ¢¥="', but we
have only partly calculated the diagrams proportional to g)'=2.

The OPE spectral densities p;;(s) = p+—;(s) extracted from the three J”¢ = 0~ currents 7+~ 53 are

B 5© Tm?s®  3mg(ss) , TgiGG)m:  (35)*  3Tm(g;50Gs)\ 4
Po=1(8) = 123360025 7680025 640" ° <_ 1228875 2472 23047 )

B (43<g%GG>mS<§s> 83m; (55)> 11<§s><g‘y§aGs>>s2
230474 4872 4872
(2GG)(35)>  23(?GG)my{g,56Gs) 9Tm?(5s)(g,56Gs) (g,56Gs)>

B <_ 3272 7687 * 247 T8 >s

(:GG)m3(55)*  (g3GG)(5s)(gs50Gs) 25mi(g,56Gs) (20)

727? 3272 2472 '
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(s) 5© m?s’ (g?GG)  11lmg(5s)\ , 3(g?GG)m?  TTmy(g;56Gs)  (55)%\ ,
—y(s) = - — | = — — | = — 5
Por22 7168007°  38407° 3072075 9607 409675 230474 1272
B 49(g>’GG)m,(5s) B 29m?2(5s)? N 19(5s)(g,50Gs) e
230474 2472 4872
B 23(?GG)m(g,56Gs) B (?GG)(5s)? N 43m?(5s){g,50Gs) N 5(g,56Gs)?
7687 3272 247> 3272
(9;GG)(55)(9,50Gs) 43mi(g,50Gs)*  T(g;GG)m;(5s)
+ 2 - 2 2 ’ (30)
32 247 144r
oS i ((GG6) _m) L SRGOmE  (RGG)m(5s) , _ Smilis)g.5aGy
aa(s) = - - - - - s R s
Por33 1792002°  16007° 1228872° 967 153672° 367+ 72
2m2(g,56Gs)?  31{G2GG)m2(5s)2
_2m <g.§0 s)” , 3y >n; (55)” (31)
b3 1447
(s) (;GG)s*  (1(g;GG)m;  5m(g;56Gs)\ (5;GG)m,(5s)  (55)(g,50Gs)\ ,
+—.12(8 ) = - - -\ — K
o2 1228807 614475 2567 7687 42
3 _9m%<§s><g‘Y§0Gs>+3<gx§02Gs>2 S+<g§GG>m§(§s>2 15m%<gX§20Gs>2’ (32)
8 8 32 32r
(s) 41m2s’ +ms(Es> . [(5(g3GG)m;  545m(g,56Gs)\ (G3GG)my(ss) Smi(3s)*\ ,
—q3(s) = — - - == - s
por13 1536007° 967 92167° 92167 1927* 32
(9:GG)m(g,50Gs) (g:GG)(5s5)> 523mi(5s)(g,50Gs) | (g,50Gs)?
1287* 19272 19272 38472
2GG) (5 50G 2(g.56Gs)?
(RGO ()loioGs) | milo oG’ -
144r 48
(s) 5(2GG)m?>  37m,{g,56Gs) ; (2GG)m,(5s) 5
— = - i A A A
por=23 30727 30727 647
3(?GG)m,(g,56Gs) n (?2GG)(5s)? N 47m?(5s5)(g,56Gs)  9(g,56Gs)?
12874 647> 6472 12872
_(RGG)(35) (9,50Gs) _ m{g,50Gs)? )
4872 872 ’

and the OPE spectral densities p+-;;(s) extracted from the three J*© = 2~ currents qg‘f_}z,l J23 are

Pt

(s) 34155 31m2s® 41(g2GG)  31my(5s)\ , 29(2GG)m?  2(ss)? N 2537m(g,50Gs)\
S) = - - sT—=1— — kS
! 435456007°  448007° 11612162°  151207* 691207° on? 259207*

B (7(g§GG)mS<§s) N Smi(ss)®  629(5s) (gs§6G5>> 2

43207 1872 54072
(?GG)(55)*  17(g?GG)m(g,56Gs)  155m3(5s5)(g,56Gs) 221(g,56Gs)*
- < 3672 576n* + 1872 - 21627 >
_5(g;GG)m3(55)*  (g5GG)(5s){gs50Gs) 116m;(g,56Gs)* (35)
8172 8172 277% '
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34156 551m?s’ 157(g?GG)  611my(3s)\ ,
pr+-22(s) -\~ -

~ 2177280075 2016007° 8294407° 756014

_ (241<g§GG>m§ N 4(5s5)>  4693m (gs§0Gs>> 3
4147275 on? 2592074
(2GGYm(ss) 4Tmi(ss)>  215(5s)(gs50Gs)Y ,

B (_ B35 52 108 )S

(?GG)(55)* 171{g?GG)my(g,56Gs) m?(55)(g,56Gs)  349(g,506Gs)*
B ( 3672 5767 + 21 21677 >
(FGGE(5s)  (RGG)(5s)ig,50Gs) _ 28m(g,30Gs)
- 812 8172 AT

, (36)

P2r=33(8) = 103680045 ~ 201600 ~ \ 16128020 75648 103687°

2(2GG)my(5s) 49m?2(5s)? ) 76m2(5s){g,56Gs) 8(2GG)m2(5s)*> 32m?{g,350Gs)?
135724 1572 97> 8172 97>

1356 331m2s’ < 13(4>GG) 23ms<§s>> . NEGGYm?
- - st — s

. (37)

(s) 3(?GG)s* 131{g?GG)m?  31my(g,56Gs)\ , 133(g?GG)m,(5s)  2(5s)(g,506Gs)\ ,
+—. S) = — - §2 - = — s
prmi12 716807° 345607 2160* 28801 457
_ (Bligieon _loo6s?) Y00t -

972 1822 2772 ’

prs(s) = 20736025 1572 12967

(G3GG)my(ss) 44m?(5s)> 481(3s)(g,50Gs)\ ,
- - - - s
4807* 1572 27072
_ ((g%GG) (55)2  (2GG)m(g,56Gs) N 199m5 (55) (g,50Gs) 503<gs§0Gs>2>

41mis>  13my(ss) , (59(g2GG)m? 2(35)> 53m(g,50Gs)\ ,
806407° 8407*

2167° 727 277? 2167°
(2GG)(55)(g,50Gs)  140m?2(g,50Gs)?
277? 277?

59(;GGym;  Tmy(gs350Gs)\ 5 ((3GG)my(5s) (55)(g,56Gs)\ ,
Preas(8) = =\ =006 T g0 )5 - s

’

160z* 9072
(RGG)(55) (GG, (g,50Gs) _5mi(5s) (9,50Gs) | (9,50Gs)?
-\~ PR 4 - 2 + S
T2 247 O 247w
(9;GG) (55)(9,50Gs)
72

+ . (40)

We take the following values for various QCD parameters contained in the above expressions [1,111-118]:

my(2 GeV) = 9371 MeV
(55) = —(0.8 £0.1) x (0.240 GeV)?,
(f2GG) = (0.48 +0.14) GeV*,
(9,56Gs) = —M} x (5s),
M} =(0.8 +0.2) GeV>. (41)

After performing the Borel transformation at both the hadron and quark-gluon levels, we approximate the continuum
using p;;(s) above the threshold value s, to obtain
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SO’MB

mef,n

=[: e Mip,;(s)ds.

We shall separately perform the single-channel and multi-
channel analyses in the following two subsections.

(42)

A. Single-channel analysis

In this subsection we perform the single-channel analysis
by setting p; j(s)|l-.¢j =0. This assumption neglects the off-
diagonal correlation functions to make the three currents
No+-:1/2/3 ‘noncorrelated,” i.e., any two of them cannot
mainly couple to the same state X, otherwise,

sz Zé S_M2><0|’70+’1|X ><Xﬂ|}70*‘ 10) + -+

~ 5(5‘ - MX)<O|’70+‘;1'|X> <X|}70+,;j| > +-
£0. (43)

Accordingly, we further assume that there are three states
X|,3 separately corresponding to the three currents
Mo+-;1/23 through

(Olmo+-|Xi) = fi- (44)
We parametrize the spectral density p;;(s) as one pole
dominance for the single state X; between the physical
threshold s_ and the threshold value s, as well as a

continuum contribution above s,. This simplifies Eq. (42)
to be

(30, M3) = e = [ e (oyas,— 45)
and the mass M; can be calculated through
S0 =5/ M 5p.i(s)ds
M350y — 1) (46)

j:g e_‘/Mszz (S)ds ‘

We use the spectral density p;;(s) extracted from the
current 77p+-,; as an example to calculate the mass M of the
state X;. As given in Eq. (46), the mass M; depends on two
free parameters: the Borel mass M and the threshold value
so- We consider three aspects to find their proper working
regions: (a) the OPE convergence, (b) the one-pole-
dominance assumption, and (c) the dependence of the
mass M; on these two parameters.

First, we consider the OPE convergence (CVG) and
require the D = 12/10/8 terms to be less than 5%/10%/
20%, respectively,

P12 (o0, M3)

< 5%, 47
I1}, (00, M3) “7)

CVG12 :‘

M7 "% (c0, M)

< 10%,
H11(°°,M%3)

CVG, —‘ (48)

Hﬁ:s(ooszz;)

———~5 £20%.
H11(°°,M%3>

CVG; —‘ (49)

These conditions demand the Borel mass to be larger than
M3 > 2.31 GeV?, as depicted in Fig. 3.

Second, we consider the one-pole-dominance
assumption and require the pole contribution (PC) to be
larger than 40%,

IT;; (so. M%;)

——= 2 40%.
H11(°°,M129)

PC :‘ (50)

This condition demands the Borel mass to be smaller
than M% < 2.57 GeV? when setting sy = 14.0 GeV?, as
depicted in Fig. 3.

Altogether, we determine the Borel window to be 2.31 <
M3 < 2.57 GeV? for sy = 14.0 GeV2 We redo the same
procedures and find that the Borel windows exist as long
as so > siin = 12.5 GeV2. Accordingly, we demand the
threshold value s, to be slightly larger and choose its
working region to be 11.0 < sy < 17.0 GeV?2.

Third, we consider the dependence of the mass M; on Mg
and sq. As shown in Fig. 4, the mass M is stable against M
inside the Borel window 2.31 < M% < 2.57 GeV?, and its
dependence on s, is acceptable inside the working region
11.0 < sy < 17.0 GeV?, where the mass M, is calculated
to be

Myi- = 3217033 GeV. (51)
Its uncertainty comes from Mz and s, as well as various QCD
parameters given in Eq. (42). Note that the mass M has a

60% 60%
G 50% 50% ©
2 =
O 40%: “40% 5
o =
S 30%- 130% 2
2 | ; E
L 20% - S R 20% S
5 1 T~ _ R
O 10%- 1 i T o= —--10% 2
5% — — __ _ _ ] - 5%
------------ 0
1.9 2.1 2.31 2.57 2.8 3.0
Borel Mass? [GeV?]
FIG. 3. CVGg,jg,1» and PC with respect to the Borel mass M.

These curves are obtained using the current 7,+-.; by setting
= 14.0 GeV>.
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4.5¢ ] y [ -4.5
4.0 4.0

3.5

Mass [GeV]

i 1
5.0 8.0 11.0 14.0 17.0
s0 [GeV?]

~2.0
20.0

(a)

4.5~ [ 14.5
4.0 3 4.0
% 3.5 _ — _; ————— 3.5
© - == "7 :
Z 30 S T 3.0
S 30
2.5 2.5
2.0 e 120
1.9 2.1 2.31 2.57 2.8 3.0

Borel Mass? [GeV?]
(b)

FIG. 4. The mass M of the state X; with respect to (a) the threshold value s, and (b) the Borel mass M. In (a) the short-dashed, solid,
and long-dashed curves are obtained by setting M2 = 2.31, 2.44, and 2.57 GeV?, respectively. In (b) the short-dashed, solid, and long-
dashed curves are obtained by setting s, = 11.0, 14.0, and 17.0 GeV?, respectively. These curves are obtained using the spectral density

p11(s) extracted from the current #g:-.;.

stability point at around s, ~ 6.0 GeV?, as shown in
Fig. 4(a). However, there does not exist a Borel window
at this energy point.

We apply the same method to study the other two
0"~ currents 7g+-o/3 and the three J© =27~ currents

JPC —
nglffz_l 123" The obtained results are summarized in Table I.

B. Multichannel analysis

In this subsection we perform the multichannel analysis by
taking into account the off-diagonal correlation functions
that are actually nonzero, i.e., p;;(s)|; # 0. To see how large
they are, we choose s, = 9.0and M3 = 1.50 GeV? to obtain

829 1359 -2.83

I;(so. M%) = | 13.59 -3.96 —0.87 | x 107° GeV'4.
-2.83 -0.87 14.28

(52)

This indicates that #y+-.; and 5y+-, are strongly correlated
with each other, as depicted in Fig. 5.

To diagonalize the 3 x 3 matrix p;;(s), we construct
three mixing currents Jy+-.1/2/3,

Jo-:1 Mo+-:1
Jo+—;2 = —I]—0+— No+t-2 | > (53)
Jo-3 Mot-:3

where Ty is the transition matrix.

We use the method of operator product expansion
to extract the spectral densities pj;(s) from the mixing
currents Jo+-.; 2/3. After choosing

—0.72 —0.45 0.53
To:- = | 054 -0.84 0.03 |, (54)
043 031 085
we obtain
1252 0 0
(so.M3)=| 0 1885 0 [x107GeV!,
0 0 —12.77
(55)

at 5o =9.0 and M?% = 1.50 GeV?. Therefore, the off-
diagonal terms of pj;(ss) are negligible and the three mixing
currents Jy+-.; /3 are nearly noncorrelated around here, as
depicted in Fig. 5. Additionally, Eq. (55) indicates that the
QCD sum rule result extracted from Jy+-.3 is nonphysical
around here due to its negative correlation function.

500% r 1500%
400% 400%
o 300% 1300%
5
#200% - -200%
100% - : ; -100%
50% | 3 150%
o, TTTTTEETSTo—o——700
1.2 1.33 1.42 1.5 1.6
Borel Mass? [GeV?]

FIG. 5. The normalized off-diagonal correlation functions

[T1},/+/T} Iy, | (solid) and [IT},/+/IT}IT5,| (dashed) with re-
spect to the Borel mass M. These curves are obtained using the
three currents 1y+-.; /»/3 and their mixing currents Jg+-.; /2,3 when
setting s, = 9.0 GeV>.
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Since the off-diagonal terms of pj;(s) are negligible
around sy = 9.0 and M% = 1.50 GeV?, the procedures
used in the previous subsection can be applied to study
the three mixing currents Jo:-;;/5/3. We summarize the
obtained results in Table I. Especially, the mass extracted
from the current J+-,; is significantly reduced to be

M/

b = 2477037 GeV. (56)

Similarly, we can investigate the three JFC =2+~
currents qgiﬂ_z,] 123" We construct three mixing currents

Jg‘f_z,l 123 that are nearly noncorrelated at around s, =

13.0 and M% = 2.0 GeV?,

J2+_ i1 nZ*‘ i1
J;*‘;Z = TZ*' ’754‘;2 s (57)
J;*‘;I& 775;“23

where

—0.72  0.06  0.69
—0.68 0.15 072 |. (58)
—0.15 =099 —0.07

-ﬂ_2+— —

We apply the QCD sum rule method to study the mixing

currents J2'¥> and the obtained results are summarized

25731723
in Table 1. Especially, the mass extracted from the current
J’;‘fzz;] is the lowest,
M. =3.07703 GeV. (59)

For completeness, we also summarize in Table I the
QCD sum rule results obtained in Ref. [90] using the
three J"¢ = 4"~ currents 73!%2}7; as well as their mixing

currents JZL?Z,;’;;% that are nearly noncorrelated at around

so = 11.0 and M3 = 1.85 GeV?,

J;l';r';l 7];1;’;1
J;l';f’;Z = —l]—4+’ 7];1;’;2 s (60)
J;l‘;f’;ii ’7;;_;3
where
0.72 -0.06 -0.69
T,-=|014 09 005 |. (61)

0.68 —0.13 0.72

IV. SUMMARY AND DISCUSSION

In this paper, we apply the QCD sum rule method to
study the fully strange tetraquark states with the exotic

quantum numbers J°¢ = 0+~ and 2*~. We explicitly add
the covariant derivative operator to construct some diquark-
antidiquark interpolating currents and apply the method of
operator product expansion to calculate both their diagonal
and off-diagonal correlation functions. Based on the
obtained results, we construct some mixing currents that
are nearly noncorrelated.

We use both the diquark-antidiquark currents and their
mixing currents to perform QCD sum rule analyses. The
obtained results are summarized in Table I. Especially, we
use the mixing currents Jy+-.; and Jg‘ff,l to derive the
masses of the lowest-lying J*€ = 07 and 2"~ states to be

My = 247103 GeV, (62)
My = 3.07703 GeV. (63)

In this paper, we also construct some fully strange
meson-meson currents of J°€ = 07~ and 27—, which are
related to the diquark-antidiquark currents through the
Fierz rearrangement. We can use these meson-meson
currents and their mixing currents to perform QCD sum
rule analyses. The results extracted from these mixing
currents are the same.

We can apply Eq. (23) to transform the mixing currents

Jo+-.1 and Jﬁ‘ﬁzl to be

2t

]0+—;| = —2.7§0+—;1 - 1.6§0+—;2 + 2.3§0+—;3, (64)
Jyey = —43&, —1280 ,+ 138 . (65)

For completeness, we compare these two combinations to
the mixing current

Sy =438 + 1280, - 138 . (66)
which was used in Ref. [90] to derive the mass of the
lowest-lying J¢ = 47~ state to be

M- = 2857027 GeV. (67)

The Fierz identity given in Eq. (64) indicates that the
lowest-lying JP¢ = 0%~ state decays into the P-wave
#(1020) £ (1710)(— ¢KK/prr) channel through the
meson-meson current &y+- 1, and the Fierz identity given
in Eq. (65) indicates that the lowest-lying J*¢ = 2%~ state
decays into the P-wave ¢(1020)f(1710) and
¢(1020) % (1525) channels through the meson-meson cur-
rent &5 ;. Accordingly, we propose to search for them in
the Xo — ¢(1020)f((1710) » KK /prr and X, —
#(1020)£o(1710)/¢(1020) f5(1525) — KK /prr decay
processes in the future Belle-II, BESIII, COMPASS,
GlueX, J-PARC, and PANDA experiments.
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