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We investigate the mechanics of the proton by examining the flavor-decomposed proton cosmological
constants and generalized vector form factors. The interplay of up, down, and strange quarks within the
proton is explored, shedding light on its internal structure. The contributions of strange quarks play a
crucial role in the D-term and cosmological constants. We find that the flavor blindness of the isovector
D-term form factor is only valid in flavor SU(3) symmetry.
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I. INTRODUCTION

The proton, a fundamental building block of matter,
possesses a set of fundamental observables, including its
electric charge, magnetic dipole moment, mass, spin, and
the D-term. The D-term, akin to these observables, plays a
crucial role in unraveling the mechanical properties of
the proton and shedding light on how it achieves stability
through the intricate interplay of quarks and gluons. Under-
standing the distribution of mass, spin, pressure, and shear
force within the proton is facilitated by its gravitational
form factors (GFFs) [1] in a manner similar to how the
electromagnetic form factors reveal charge and magnetic
distributions. Specifically, the pressure and shear-force
distributions are intimately linked to the D-term form
factor (see the recent review [2] and references therein).
Direct measurement of the proton GFFs necessitates the

interaction of gravitons with protons, which is experimen-
tally impractical due to the exceedingly weak gravitational
coupling strength of the proton. However, a promising
avenue emerges through the generalized parton distribu-
tions (GPDs), which offer indirect access to the mechanical
properties of the proton. The GFFs can be regarded as the
second Mellin moments of the vector GPDs [3–5] (see
also the reviews [6,7]), providing insight into the proton’s

mechanical structure [2]. Deeply virtual Compton scatter-
ing (DVCS) serves as an effective means to access the
GPDs, enabling the extraction of valuable information
about the GFFs [8–10].
Recent advancements by Burkert et al. [11] have

witnessed the experimental extraction of the quark com-
ponent of the proton D-term form factor, marking a
significant breakthrough. By leveraging experimental data
on the beam-spin asymmetry and unpolarized cross section
for DVCS on the proton, they successfully obtained
valuable insights into the D-term. However, their analysis
assumed the large-Nc limit, thereby considering the up-
quark contribution (du1) to be approximately equal to the
down-quark contribution (dd1) at the leading order. This
assumption leads to an almost null result for the leading
isovector D-term du−d1 [12]. Hence, it becomes imperative
to critically examine the validity of this assumption. DVCS
provides an effective way to access the GPDs.
Furthermore, Burkert et al. [11] also assumed flavor

SU(2) symmetry, neglecting the contribution of strange
quarks. However, as we establish in this study, the inclusion
of strange quarks becomes indispensable for accurately
describing the D-term. While the strange quark’s contri-
bution to the nucleon mass and spin may be marginal, it
assumes a pivotal role in characterizing the D-term,
indicating that the nucleon’s stability can only be compre-
hensively understood by considering the degrees of free-
dom associated with up, down, and strange quarks. Note
that the gluon GPDs are only accessible at higher orders in
αs, so they are expected to be smaller than the quark GPDs.
In this paper, our objective is to elucidate the significance

of strange quarks in unraveling the mechanical structure of
the proton within the framework of the chiral quark-soliton
model (χQSM) [13–15], The χQSM provides a suitable
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relativistic quantum-field-theoretic framework for our
analysis. It is noteworthy that previous studies employing
the χQSM [16] have yielded results in excellent agreement
with experimental data on the pressure and shear-force
distributions of the proton, as reported by Burkert et al.
[11]. In a recent publication by Won et al. [17], the proton
D-term and proton cosmological constant (PCC) were
further explored by decomposing them into up- and down-
quark flavor components through the computation of
generalized isovector vector form factors. The magnitude
of the down-quark component was found to be larger than
that of the up-quark component, leading to a nonzero value
of du−d1 (see also Ref. [18]). However, in order to com-
prehensively understand the proton’s mechanical structure,
it becomes imperative to consider flavor SU(3) symmetry
and incorporate the generalized triplet and octet vector form
factors alongside the GFFs. This extension enables us to
decompose the GFFs into their up-, down-, and strange-
quark components, thereby gaining a deeper understanding
of the internal mechanics of the proton.
Notably, a recent lattice calculation has provided insights

into the flavor decomposition of the proton’s spin and
momentum [19]. However, it is important to emphasize
that the flavor-decomposed PCCs were not considered in
this analysis. In our current work, we aim to fill this gap by
investigating the role of flavor-decomposed PCCs in
examining the mechanical structure of the proton. By
incorporating these crucial factors, we can refine our
understanding of the proton’s intricate mechanics and shed
further light on its fundamental properties.

II. GENERAL VECTOR FORM FACTORS

The GFFs can be related to the matrix element of the
flavored (q) symmetric energy-momentum tensor (EMT)

current defined as T̂μν
q ¼ q̄ i

4
D
↔ fμγνgq with the covariant

derivative D
↔

μ ¼ ∂

↔
μ − 2igAμ and ∂

↔
μ ¼ ∂
!μ − ∂

 μ, and
afμbνg ¼ aμbν þ aνbμ, which can be parametrized in terms
of the four GFFs Aq, Jq, Dq, and c̄q:

hp0jT̂μν
q ð0Þjpi

¼ ūðp0Þ
�
AqðtÞ

PμPν

MN
þ JqðtÞ

iðPμσνρ þ PνσμρÞΔρ

2MN

þDqðtÞ
ΔμΔν − gμνΔ2

4MN
þ c̄qðtÞMNgμν

�
uðpÞ; ð1Þ

where P ¼ ðp0 þ pÞ=2, Δ ¼ p0 − p, and Δ2 ¼ −Δ2 ¼ t.
Aq, Jq, and Dq are related to the second moments of the
vector GPDs defined in Ref. [4],

AqðtÞ ¼ A20;qðtÞ; 2JqðtÞ ¼ A20;qðtÞ þ B20;qðtÞ;
DqðtÞ ¼ 4C20;qðtÞ; ð2Þ

where the subscript stands for the quark flavor. In the
forward limit (t → 0) [20,21], Eq. (1) reduces to

hpjT̂μν
q jpi ¼ ūðpÞ

�
Aqð0Þ

pμpν

MN
þ c̄qð0ÞMNgμν

�
uðpÞ: ð3Þ

In the χQSM, the gluon degrees of freedom are inte-
grated out through the instanton vacuum, and their effects
are absorbed into the dynamical quark mass M, which was
originally momentum dependent [22,23]. Thus, the quark
part of the EMT current is conserved within the framework
of the χQSM,

X
q

∂μT̂
μν
q ¼ 0: ð4Þ

This implies that the PCC form factor c̄ ¼P
q c̄q vanishes

in the whole range of the momentum transfer. At t ¼ 0, the
mass, spin, and cosmological constant of the proton are
normalized, respectively, as A ¼ 1, J ¼ 1

2
, and c̄ ¼ 0.

However, note that there are no constraints on the gener-
alized triplet and octet vector form factors.

III. CHIRAL QUARK-SOLITON MODEL:
PION MEAN-FIELD APPROACH

The χQSM has been successful in describing not only
the well-known baryonic observables [14,24] but also the
first data on theD-term form factor [11,12] and other GFFs
[16,25,26]. The formalism is well known already [26]; we
briefly explain the essential feature of the model. The
detailed expressions can be found in Ref. [27]. We start
from the low-energy QCD effective partition function in
Euclidean space [13,14,22,23],

Zeff ¼
Z

Dπa exp ½−SeffðπaÞ�; ð5Þ

where πa are the SU(3) pseudo-Nambu-Goldstone (pNG)
boson fields with the superscript a ¼ 1; � � � 8 and Seff
represents the effective chiral action expressed as

Seff ¼ −NcTr log ½i=∂þ iMUγ5 þ im̂�: ð6Þ

Nc denotes the number of colors. The chiral field Uγ5 is
defined by Uγ5 ≔ eiγ5π

aλa ¼ PLU þ PRU†, where PLðRÞ ≔
ð1 ∓ γ5Þ=2 and U ≔ eiπ

aλa . M stands for the dynamical
quark mass, which arises from the spontaneous breakdown
of chiral symmetry [22,23]. Though M is originally
momentum dependent and its value at zero virtuality is
determined by the saddle-point equation from the instanton
vacuum [22,23], we use it as the only free parameter
in the current work. However, M ¼ 420 MeV is known
to be the best value for describing various baryonic
observables [14,24]. m̂ is the current-quark mass matrix
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diagðmumd; msÞ. We consider the flavor SU(3) symmetry
(mu ¼ md ¼ ms) in the current work.
The first three components of the pNG fields can be

coupled to the three-dimensional coordinates, which is
called the hedgehog ansatz πa ¼ PðrÞna with the unit basis
vectors na ¼ xa=r. It is the minimal generalization that
allows to incorporate the pion fields. PðrÞ is called the
profile function for the classical soliton. It can be deter-
mined by solving the classical equation of motion self-
consistently. In flavor SU(3) symmetry, we employ
Witten’s embedding to preserve the hedgehog symmetry,

U ¼ eiπ
aλa ¼

�
ein·τPðrÞ 0

0 1

�
: ð7Þ

Note that the zero-mode quantization with this embedding
correctly yields the spectrum of the lowest-lying SU(3)
baryons such as the baryon octet and decuplet. The zero-
mode quantization can be performed by the functional
integration over rotational and translational zero modes of
the U field. Including the external tensor source field, we
can evaluate the matrix element of the EMT current. The
zero-mode quantization naturally furnishes the rotational
1=Nc corrections. While they do not contribute to the GFFs
except for JqðtÞ, they provide substantial effects on the
generalized triplet and octet vector form factors.
The matrix element of the effective EMT operator is

calculated as follows:

hNðp0; J03ÞjT̂μν;χ
eff ð0ÞjNðp; J3Þi

¼ lim
T→∞

2MN

Zeff
eip4

T
2
−ip0

4
T
2

Z
d3xd3yeð−ip0·yþip·xÞ

×
Z

DU
Z

DψDψ†JNðy; T=2ÞT̂μν;χ
eff;Eð0ÞJ†Nðx;−T=2Þ

× exp ½−Seff �; ð8Þ

where JN represents the Ioffe-type current consisting of theNc

valence quarks [28] and T̂μν;χ
eff;Eð0Þ denotes the symmetrized

EMT current in Euclidean space, which can be derived from
Noether’s theorem. Note that the nucleon state in flavor SU(3)
implicitly carries the spin, isospin, and hypercharge quantum
numbers N ¼ fJ; J3; YR ¼ Nc=3; T; T3; Yg.
The EMT current in Minkowski space can be

expressed as

T̂μν;χ
eff ¼

i
4
ψ̄ðγμ ∂!ν þ γν ∂

!μ − γμ ∂
 ν − γν ∂

 μÞλχψ ; ð9Þ

where we introduce the superscripts χ ¼ 0; 3; 8 to represent
the flavor-singlet χ ¼ 0 ¼ ðuþ dþ sÞ, the flavor-triplet
χ ¼ 3 ¼ ðu − dÞ, and flavor-octet χ ¼ 8 ¼ 1ffiffi

3
p ðuþ d − 2sÞ

components of the EMT current.

By performing the three-dimensional Fourier transform,
the matrix element of the EMT current can be interpreted as
the static EMT distributions [1,29],

Tμν;χ
eff ðrÞ¼

Z
d3Δ

2MNð2πÞ3
e−iΔ·r×hNðp0;J03ÞjT̂μν;χ

eff jNðp;J3Þi:

ð10Þ

We then arrive at the final expressions for the GFFs with
flavor q:

�
AqðtÞ þ c̄qðtÞ −

t
4M2

N
ðDqðtÞ − 2JqðtÞÞ

�

¼ 4π

MN

Z
drr2j0ðkrÞεqðrÞ;

�
c̄qðtÞ −

t
6M2

N
Dq

�
¼ −

4π

MN

Z
drr2j0ðkrÞpqðrÞ;

DqðtÞ ¼ 16πMN

Z
drr2

j2ðkrÞ
t

sqðrÞ;

JqðtÞ ¼ 12π

Z
drr2

j1ðkrÞ
kr

ρJqðrÞ; ð11Þ

with k ¼ ffiffiffiffiffi
−t
p

and J03 ¼ J3 ¼ 1=2. For detailed expres-
sions for the distributions, we refer to Ref. [27].

IV. RESULTS AND DISCUSSION

In the current work, we ignore the effects of the flavor
SU(3) symmetry breaking. Figure 1 illustrates the results
obtained for the GFFs. The dashed curves represent the
contributions from valence quarks, while the short-dashed
curves depict the contributions from sea quarks. Remarkably,
the sea-quark contributions are found to dominate over
the valence-quark contributions, as demonstrated in the
first panel of Fig. 1. This observation aligns with the
classical nucleon mass values, given by MN ¼ NcEvalþ
Esea ¼ 611.1 MeVþ 645.3 MeV ¼ 1256 MeV.1 It is note-
worthy that sea quarks contribute approximately 51.4% to
the proton’s mass.
Regarding the averagemomentum fraction, a recent lattice

calculation yielded a value of hxip ¼ 0.497ð12Þð5Þjconn þ
0.307ð121Þð95Þjdisc þ 0.267ð12Þð10Þjgluon ¼ 1.07ð12Þð10Þ
[19], which can be identified as the mass form factor AðtÞ in
the forward limit. By assuming that the sea-quark contribu-
tions implicitly incorporate the effects of integrated-out
gluon degrees of freedom within the instanton vacuum,
our current findings are in good agreement with the lattice

1In order to avoid confusion, we want to mention the
distinction between the terminology “valence” and “sea” in
the χQSM versus their counterparts in QCD. Within the frame-
work of the χQSM, the term “valence quark” pertains to level
quarks, while “sea quarks” specifically denotes quarks present on
the negative Dirac continuum for the classical nucleon.
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data. In contrast to the proton mass, the sea quarks contribute
approximately 24% to the proton spin, as depicted in the
second panel of Fig. 1.
In the third panel of Fig. 1, it is evident that the sea-quark

contribution surpasses the valence-quark contribution. This
observation aligns with the nature of the proton D-term
form factor, which exhibits a quadrupole structure due to
the rank-2 tensor characteristics of the EMT, as described in
Eq. (11). Remarkably, similar behavior can be observed in
the electric quadrupole (E2) form factors of spin-3=2
baryons, as discussed in Refs. [30–33].
The PCC form factor c̄ðtÞ is expected to vanish, as a

consequence of EMT current conservation, as shown in
Eq. (4). Interestingly, the valence-quark contribution is
exactly canceled by the sea-quark contribution. These
results, depicted in Fig. 1, underscore the importance of
employing relativistic quantum-field-theoretic approaches
to comprehend the mechanical structure of the proton. Such
methodologies are crucial for unraveling the intricate
dynamics within the proton and gaining deeper insights
into its mechanical properties.
Once we have evaluated the GFFs, we can decompose

them as follows:

Fu ¼ F0=3þ F3=2þ F8=2
ffiffiffi
3
p

;

Fd ¼ F0=3 − F3=2þ F8=2
ffiffiffi
3
p

;

Fs ¼ F0=3 − F8=
ffiffiffi
3
p

; ð12Þ

where F0, F3, and F8 denote the generic GFFs and
generalized triplet and octet form factors, respectively.
The flavor decomposition of the proton mass form factor
AðtÞ is presented in the upper panel of Fig. 2. As emphasized
in the Introduction, considering the PCCs is crucial for a
proper understanding of the proton mass decomposition
[20,21]. The contribution of strange quarks to the mass form
factor is found to be negligible. Again, the up-quark con-
tribution dominates over the contributions from down and
strange quarks. This dominance of up quarks is also reflected
in the proton spin,with up quarks accounting for themajority
inside a proton, as depicted in the second panel of Fig. 2. In
contrast, the spin of the neutron is primarily attributed to
down quarks, as evidenced in Table I.
The flavor decomposition results for the D-term form

factor are displayed in the third panel of Fig. 2. Notably, the
up- and down-quark contributions exhibit remarkable
similarity, while the strange-quark contribution comprises
approximately 25% of their combined effect. This finding
exhibits profound physical implications. The result for the
flavor-decomposed D-term shown in the third panel of
Fig. 2 apparently yields an almost negligible value ofDu−d.
However, one should keep in mind that in flavor SU(2),
Du−d is non-negligible [17]. This implies that a certain
amount of the d-quark contribution is taken over by the
strange quark in flavor SU(3). Thus, the blindness of

FIG. 1. Results for the gravitational form factors of the proton.
The dashed, short-dashed, and solid curves depict the valence-
quark, sea-quark, and total contributions, respectively.
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Du−d ∼ 0 assumed in Ref. [11] is only valid in the flavor-
SU(3)-symmetric case. The flavor blindness in flavor
SU(3) was also advocated in a recent lattice calculation [34].
In the final panel of Fig. 2, the flavor decomposition of

the PCC form factor is depicted. Interestingly, the up- and
strange-quark contributions dominate the PCC form factor,
while the down-quark contribution is relatively small. The
PCC form factor c̄0 vanishes due to the conservation of the
EMT current, whereas c̄3 and c̄8 can have finite values.
Notably, both c̄3 and c̄8 exhibit negative numerical values,
resulting in a small magnitude for c̄d according to Eq. (12).
On the other hand, the up and strange components are
defined, respectively, as ðc̄3 þ c̄8=

ffiffiffi
3
p Þ=2 and −c̄8=

ffiffiffi
3
p

.
Although the sign of c̄s is opposite to that of c̄u, its
magnitude is comparable to that of the up-quark compo-
nent. This observation has significant implications. While
the PCC form factor itself vanishes, its flavor-decomposed
components remain finite and the strange quark plays a
crucial role. As stated in Eq. (11), the PCC is linked to the
pressure distribution, indicating that the strange quark
should be considered in understanding the internal
mechanical structure of the proton. Furthermore, it suggests
that when the D-term form factor is extracted in future
experimental data, one should carefully consider the con-
tribution from strange quarks.
When the GFFs are understood as the second Mellin

moments of the vector GPDs as expressed in Eq. (2), the
PCC does not appear from the leading-twist GPDs. The
form factor Aq in the forward limit is identified as the
momentum fraction of the proton, denoted as hxiq.
However, if we specifically consider the temporal compo-
nent of Eq. (3), we derive the general decomposition of the
proton mass in the rest frame as [20,21]

Mp ¼
X
q

ðAqð0Þ þ c̄qð0ÞÞMp; ð13Þ

which leads to
P

qðAqð0Þ þ c̄qð0ÞÞ ¼ 1.
Given the conservation of the EMT current, the total

PCC is expected to vanish, implying that
P

q Aq ¼ 1.
However, it does not necessarily mean that each flavor
component c̄q is zero. Consequently, the decomposed
momentum fraction, denoted as hxiq, may not be equivalent
to the decomposed proton mass expressed as Mq

p ¼
ðAqð0Þ þ c̄qð0ÞÞMp. Hence, a compelling comparison
arises between Mq

p and hxiq:

Mu
p=Mp ¼ 59.5% < hxiu ¼ 64.9%;

Md
p=Mp ¼ 34.5% > hxid ¼ 33.6%;

Ms
p=Mp ¼ 6.0% > hxis ¼ 1.5%: ð14Þ

These results indicate a remarkable feature of c̄q in
describing the proton mass. One can generalize the above

FIG. 2. Results for the gravitational form factors of the proton.
The long-dashed, short-dashed, dot-dashed, and solid curves
depict the up-quark, down-quark, strange-quark, and total con-
tributions, respectively.
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findings as follows: if the c̄q is positive (negative), then the
flavor-decomposed proton Mq

p=Mp is larger (smaller) than
the nucleon momentum fraction carried by quarks hxiq,

c̄qð0Þ > 0 → Mq
p=Mp > hxiq;

c̄qð0Þ < 0 → Mq
p=Mp < hxiq: ð15Þ

If the c̄qð0Þ is zero, then we obtain the trivial relation,
i.e., Mq

p=Mp ¼ hxiq.

V. SUMMARY AND CONCLUSIONS

We have conducted an investigation into the flavor
decomposition of the GFFs of the proton. Here are the
key findings of our study:
(1) The dominant effects on the mass, D-term, and

cosmological constant of the proton stem from the
sea quarks rather than the valence quarks. This
emphasizes the necessity of employing a relativis-
tically quantum-field-theoretic approach to accu-
rately describe these quantities.

(2) The contributions of strange quarks play a particu-
larly significant role in theD-term and cosmological
constants. Therefore, when extracting these contri-
butions from experimental data, it is essential to take
into account the influence of strange quarks.

(3) While the mass form factor AðtÞ is associated with
the average momentum fraction, the decomposition

of the nucleon mass reveals a noteworthy contribu-
tion from the cosmological constants. This indicates
a profound connection between the mass distribution
of the proton and its mechanical structure.

(4) Burkert et al. [11] assumed the flavor blindness of
the isovector D-term (Du−d ∼ 0). We showed in the
current work that it is only valid in the flavor-SU(3)-
symmetric case, since the strange quark takes off a
certain amount of the down-quark contribution.

In conclusion, our investigation emphasizes the importance
of considering sea quarks, especially strange quarks, in
understanding the GFFs of the proton. It highlights the role
of the cosmological constant in the nucleon mass decom-
position and its implications for the mechanical properties
of the proton.
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