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The excitation spectra of A, and A, baryons are investigated by using a quark-diquark model in which a
single-heavy baryon is treated as the bound state of a heavy quark and a scalar diquark. We take two types
of relativistic corrections into account for the quark-diquark potential. In the first type, we consider the one-
gluon exchange between the heavy quark and one of the light quarks in the diquark. In the second, we
consider the one-gluon exchange between a scalar particle and a heavy quark. We find that there is a large
difference between the two types of corrections due to different treatments of the internal color structure of
the diquark. The relativistic corrections are important for the solution to the string tension puzzle,
particularly, the Darwin term makes a large contribution.
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I. INTRODUCTION

Understanding the structure of hadrons is one of the most
important topics in hadron physics. It is too complex to
describe the properties of hadrons in quantum chromody-
namics (QCD) directly since QCD is nonperturbative at low
energies, so identifying the effective degree of freedom for
hadrons is essential. The constituent quark plays a key role
as the effective degree of freedom inside hadron, and, a
diquark which is a two-quark pair correlation may also be
one [1-4]. This is particularly true of a diquark with an
antisymmetric color, flavor, and spin, also known as a good
diquark, as it has the most attractive correlation [5]. The
structure of hadrons is investigated in the viewpoint of
diquark, for example, for baryons [1,2,6-18] and light
scalars [19-22].

Single-heavy baryons (called heavy baryons hereafter)
particularly show promise for reaching the properties of
diquarks due to the mass difference between the light
quarks and the heavy quark [9-15,17]. The A.(2595) and
A,(2625) baryons are the lowest excited states and can be
interpreted as the excitation of the A-mode which is the
relative motion between the heavy quark and the center of
mass of light quarks, because these baryon can be regarded
as spin-orbit (LS) partners of the rotational excitation of the
heavy quark [23]. With this speculation the light quark
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component can be considered as a good diquark. The
important point here is that the diquark correlation works as
an effective degree of freedom in the heavy baryon.

The mass spectra of heavy baryons have been inves-
tigated in quark-diquark models in many previous works.
In Ref. [24], the mass spectra of A, and Z,. baryons with
JP =1/2% were investigated by using a quark-diquark
approach. It reported that the light-heavy diquark compo-
nent may be as important as the light-light diquark
component. In Ref. [17], the masses of the ground state
of A, A., and A, baryons were calculated in the QCD sum
rule in which the diquark was introduced as an elementary
field. They estimated the constituent diquark mass to
0.4 GeV and found that the QCD sum rule works well
for these baryons. In Ref. [11], the excitation spectra of A,
and A, baryons were calculated in a quark-diquark model
with the Coulomb-plus-linear-type potential. The diquark
there is assumed to be a pointlike good diquark, and the
heavy baryons are treated as the bound systems of the
heavy quark and diquark. The confinement potential may
depend only on the color charge. If the diquark in the
heavy baryon has the same color as the antiquark, it would
be reasonable to use the same potential for both quark-
antiquark and quark-diquark systems. However, Ref. [11]
found the possibility that the confinement force between
the quark and the diquark was about half of that in the
quark-antiquark system in order to reproduce the exper-
imental value of the A, 1p excitation energy. In Ref. [13],
this puzzle, which we call a string tension puzzle hereafter,
was tackled by considering the diquark size for the
calculation of the excitation spectra of the A, baryon.
According to this work, the size effect of the diquark
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reduces the excitation energy, and the diquark size
p~1.1 fm reproduces the A. 1p excitation energy of
0.33 GeV. However, the spin-dependent force is not
included in the potential.

In this paper, we consider relativistic corrections to the
quark-diquark potential as an alternative approach to this
puzzle. Assuming that one heavy quark and light scalar
diquark compose the heavy baryon, we consider two types
of relativistic corrections for the quark-diquark potential.
The diquark inside the heavy baryon is assumed to have
anti-color 3 and spin singlet S = 0. One is derived by
considering a one-gluon exchange between the heavy quark
and the light quarks in the diquark and the other by
considering a one-gluon exchange between the quark and
the scalar diquark. In the former approach, the relativistic
corrections are calculated so that the diquark is composed of
two light quarks, and in the latter, the diquark is assumed to
be a scalar particle not having an internal color structure.
Since the confinement force mainly depends on only the
color charge and the good diquark has the same color charge
as the antiquark in quarkonia, we may determine the
parameters of the potential in the quark-diquark system
by quarkonium spectra. We will see that the Darwin term
plays an important role to improve the model calculation.
We will also calculate the E, excitation spectra to check the
consistency of this model.

This article is organized as follows. In Sec. II, we
calculate two types of the one-gluon exchange potential
to introduce the relativistic corrections. In Sec. III, we
determine model parameters to reproduce the mass spectra
of the charmonium, and show the excitation spectra of the
A., A,, and E. baryons calculated with those parameters.
Section IV is devoted to the summary.

II. FORMULATION

We describe the heavy baryon in a quark-diquark model.
The diquark is assumed as the pointlike good diquark
which has antisymmetric color, flavor, and spin under the
exchange of quarks in the diquark.

We introduce two types of relativistic corrections whose
differences come from the consideration of the color
structure of the scalar diquark. One is that the color structure
of the scalar diquark is considered by treating the diquark as
a pair of two fermions. The relativistic corrections are
derived from the interaction between the heavy quark and
one of the light quarks inside the scalar diquark. We call this
potential g-Q type potential. The other is that the internal
color structure of the scalar diquark is not considered and
the diquark is just treated as a scalar particle with color 3.
The relativistic corrections are derived from the interaction
between the scalar particle and the heavy quark. We refer to
this potential S-Q type potential.

We calculate the matrix elements of the considering
quark-diquark potential V for each partial wave to obtain
the effective potential V4 as

Veff(r) = <2S+1LJ|V|2S+1LJ> (1)

which is calculated below in the following subsections. We
write the angular momentum state as |*5*!L ;) with the total
spin S and the total angular momentum J. Then, we can get
the Schrodinger equation describing this system as

11d°
—r+Veff(r)+V0+

o1t L(L+1)
2urdr?

2 R(r) = ER(r).

(2)

mghg
my+mg

is the

Here R(r) is the radial wave function, y =

reduced mass with the diquark mass m, and the heavy
quark mass mg, and V| is a constant. The total energy of
the system is given by E. Since we are interested in the
excitation spectra of heavy baryons, the constant V| is
irrelevant to this analysis.

A. g-Q type potential

In this subsection, we derive g-Q type quark-diquark
potential with the QCD Breit-Fermi potential. We construct
the two-body potential for the quark-diquark system by
summing the quark-quark interactions between one of the
light quarks and the heavy quark, and taking the distance
between the two light quarks to zero (p — 0) as in Fig. 1, for
the pointlike diquark.

We start from the quark-quark potential. The scattering
amplitude M,, with the one-gluon exchange between
quark-1 and quark-2 is expressed as

. 2 - - 5\ — /> -
—iM,, = 4ﬂ§asu(p’1)7"u(p1)Dﬂy(q)u(p’z)r”u(pz), (3)

where q is the strong fine structure constant and D,,, is the
gluon propagator. Here we consider a quark pair with color
3 and factor 2/3 in Eq. (3) is a color factor for the 3 quark
pair. The gluon three-momentum g is given by ¢ = p| —
P1 = P, — pb with momenta p; and p} of quark-1 in the
initial and final states and ones p, and p) of quark-2 in the
initial and final states. The quark spinor is given as

u(p) = @(E:’;) 4)

where y denotes a two component spinor and & is the Pauli
matrix. Here, the normalization factor is determined to
satisfy the normalization u'u =1, because the wave
function in the Schrédinger equation is normalized in such
a way [25-27].

We reduce the amplitude of Eq. (3) in the small
momentum expansion up to O(%5) as
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FIG. 1. Schematic diagrams of the heavy baryon in a quark-diquark model with the Jacobi coordinate. Quark-1 and quark-2 denote
light quarks having masses m, and quark-3 denotes the heavy quark having mass m. By taking the diquark limit 5 — 0, we treat the
heavy baryon as the bound system of the diquark and heavy quark.
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where m; and m, are masses of quark-1 and quark-2, respectively.
The quark-quark potential V, is defined by the Fourier transform of the scattering amplitude (5) as

Vo &g .- v - -
qu(Pl,Pz,r) :/We ququ(pl,pr)» (6)

where 7 is the relative coordinate between two quarks. Thus we obtain the quark-quark potential as

3

o~ 4 o 2 1 8t - L L. T
qu(Pl,sz”) = __as{_ S '5253(”)—5 <m

r 3mym,

1 . 1 1 [3(5,-A)-7) - .
— 183 (- — -5 -
+m%> ") mymy r3 [ r* R

L[s\-(Fxpy) 5 (Fxpy) 51 (Fxpy)=5-(Fxpy)
+ﬁ 2m? a 2m? mym
1 2 1My
1 1/, . (7 p)F P)
- _<p1.p2+%
mymyr T

Summing all interactions in the considering system, we
obtain the so-called QCD Breit-Fermi potential.

Now, we derive the two-body potential for the quark-
diquark system from the interactions between the heavy
quark and the light quarks. The spacial coordinate of the
center of mass R is written as

m(ry +7,) +mgrs

I—é:

(8)

Here, m is the light quark mass and m,, is the heavy quark
mass. The relative coordinate p between light quarks and
the relative coordinate 7 between a heavy quark and the
center of mass of light quarks are written as

p="r -, ©)

)

O -
725(71 +7,) = 7. (10)

After considering the interaction between the light quark
and the heavy quark, we take the diquark limit 5 — 0.

The total spin S of the system is obtained by the sum of
the heavy quark spin 5, and the diquark spin 5, as

S=5,+7%,, (11)

where diquark spin is given by the sum of spins of two light
quarks §; and s, as

5, =5, + 5. (12)

Since we consider a good diquark, the diquark spin is
5; = 0. The total angular momentum J is written as
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J=L+5, (13)

where the relative orbital angular momentum between a

heavy quark and a diquark is L. We can get the quark-
diquark potential by the sum of the confinement part V¢
and the nonconfinement part obtained from the QCD Breit-

Ferim potential. In the following, we calculate each term of

the effective g-Q type potential V<quQ) separately. Here we

allow to take an individual coupling constant for each term.

We first calculate the confinement term of the total
potential. We consider a liner type confinement potential
for a quark pair, which is given as Jkr with the string
tension k and the distance between two quarks. The string
tension is determined by the quark-antiquark system and
factor 1/2 is the relative color factor between the quark-
quark and quark-antiquark systems. The confinement term
is written as

| . - -
S k7] + 73]} = k7] (14)

by taking the diquark limit p — 0, that is, setting the distance
between two light quarks to zero. Thus, the confinement
potential V¢ is

Veont = kr. (15)
The Coulomb term is written as

2 { 1 n 1 }
- Za —
3 coul r23| |”31|

_ iaCOUI
3 |7

(16)

after taking the diquark limit 5 — 0. The effective Coulomb
term V¢, can be calculated as

4 oo
VCoul = _g Cr 1' (17)

We write the Darwin term for the effective ¢g-Q potential
by taking the diquark limit 5 — 0 as

2 b1 R 1 1 R 1 1
3 @ar {53(723) (W +m—2Q>+53(’”31) (m_zQ +W>}

2r (4 1
:?aDaré:;(r)(m_in—’_m_zQ)’ (18)

where we have assumed that the light quark mass is given
by a half of the diquark mass m,. The expectation value of
the delta function can be evaluated by the value of the wave
function at the origin as

s 2L +1
[ @ @8 o) = RO (19)
Thus, we obtain the effective Darwin term Vp,, as
2n 1 4\2L+1
Vbar = ?aDar (’an + I’)’li) Wé(r) (20)

Later we will regularize the delta function to reduce the
singularity at the origin, and thus the Darwin term can
contribute also to higher partial waves but its contributions
are highly suppressed by the centrifugal barrier.

The hyperfine interaction is written as

1327 aHyp

279 mm, {53(?23)§2‘§Q+53(731)5Q‘§1}

32r 1
=g %y

(21)

5 (P55, 50.
mymy (F)Sq So

by taking the diquark limit p — 0. Since the good diquark

has the spin 5; = 0, the effective hyperfine interaction term
Vhyp for the scalar diquark is
Viyp = 0. (22)

The spin-orbit interaction of the g-Q type potential is
expressed as

14 1 1 n 1 n 1 I3 (5 + 50)
— = a— — T T R N
23 LS |723 |3 4m2 4m2Q me 20 2 0
1 1 \- - o
+ W_% 20 (52 = 5p)
+ 1 1 " 1 " 1
|731 |3 4m2Q 4m2 me

1 I\~ - S
+ %—W LQI'(SQ_SI>
_4@md+mQ < 1 4

- L3
3P mg+2mg + mde> 50

by taking the diquark limit p — 0, where the relative orbital
angular momenta between quark-1 and the heavy quark and

~

o1 (5o +51)

(23)
2m2Q

quark-2 and the heavy quark are written as ZQI and EZQ,
respectively. In the case of the pointlike diquark p — 0,
they can be written as

mgy + mQ l—:

l_: = Z =
ol 20 mg +2myg

with the relative orbital angular momentum L between the
diquark and the heavy quark. The good diquark spin 5, =
5| + 5, is zero. Thus integrating over a solid angle, we
obtain the LS term Vg of the effective potential as
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4(XLS md+mQ
37 mg +2mg

Vis =

(o * )
+
2mQ mgmgp

1 3
XE(J<J+1)_L(L+1)_Z>' (24)
The tensor term is obtained as
1 4 Qens 3(32 : ?23)(EQ : ?23) > >
~ = > 2 —Sz ’SQ
2 3me|’23| 73]
4 Qs (360 T3)(51 - T) L L
S > 2 —Sg 51
3mmyg |73 731
4atens 1 3(301 ! 7)(§Q : 7) > o
== = . 25
S mamg \ e 29

by taking the diquark limit p — 0 and replacing the quark
mass to the diquak mass. Since the diquark spin is 5; = 0,
the part of the bracket in the final line vanishes. Therefore
the effective tensor term V., is
Viens = 0. (26)
The orbit-orbit interaction on the g-Q type potential is
expressed as

by taking the diquark limit 5 — 0 for the above expression
and replacing the mass of the light quark to one of the
diquark. The momentum of each quark can be rewritten
with the total momentum P and the relative momentum

p as

md =4 =
P1+p2= P+p
my +mg
and
- mg =S
=——P—p.
Po my +mg P

Thus, the orbit-orbit interaction V, is obtained as

21

aOO

\%4 _0
00 3 mde r <

2d*>  L(L+1)
). (28
2ear e HEED).

Collecting the above results, we have the quark-diquark
potential derived by the QCD Breit-Fermi potential as

1 2 ay (ﬁz : 723)(1_5Q : 723)
A P2 Po+ =
2 3me|r23] |Fas|
2 ag (p B+ (Po - 731) (P '731)>} V(Q‘fdQ) = Voot + Veoul + Viar
EY— 1 =
3me |7‘31| |I”31 |2 + VHyp + Vis + Viens + Voo (29)
2 1 aw [ ((P1 + P2) - F)(Po - 7)
3m m ‘;r |:(p1+p2) + |r|2 0
e We regularize the singularities at the origin and obtain the
(27) q-Q type effective potential V(Q d) as
|
Q) 4aC0u1 272' 1 4 2L + 1 _A22 4(XLS mgy + mQ 1 2
Vv =kr—= — — +— A ——
0a (1) = lr= 3 r 3 Dur <m2Q + m3) 4nr? ¢ T3 mq +2mg \2mg + mgmg

(1 _ e—Ar)Z

x#<1(1+1)_L(L+1)_§)

with the regularization parameter A.

For later use, we also show the corresponding effective
potential for the quark-antiquark V5. According to the
color factor the quark-antiquark interaction is twice as
strong as the quark-quark potential. To this end, we take
the factor 1 instead of 1/2 in Eq. (7). Each term of the
regularized effective quark-antiquark potential for the heavy
quark with mass m, is expressed as

Vconf + vCoul + vDar + VHyp + VLS + Vtens + voo
(31)

Voo =

2(1 —e )2 2 d? L(L+1
_2(1—em) oy < rt #) (30)
3 mgmg 1 rdr? r
[
with
Vconf = kr, (32)
4aco,
VCoul - _§ Cr ]7 (33)
271' 2 2L + 1 2.2
Viou = — A AT 34
Dar 3 = %Dar 7 sz 471'}" ( )
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3277: 2L + 1 _A22 1 3
VHyp:%aHprAe A §<S(S+1)_§), (35)

4aps 3 1
Vis=-—2—51=e™2=(JUJ+1)=L(L+1
LS 3r32m2Q( e )2((+) (+)
-S(S+1)), (36)
4 Qtens —Ar
Viens :% ;3 (I—e™ )20‘5,1, (37)
and
2 «a 2 &2 L(L+1)
Vv —__ = oo |_Z7 (1= —Ar 2’ 38
o0 3m2Q r rdr2r+ 2 (I=e™)%  (38)

where A is the regularization cutoff. The coefficient ag ;
appearing in Eq. (37) is listed in

aOJ :O,
L+1
Al p-1 = _2L 1
ap =1,
L
A L+1 = _—2L 1 (39)

The total spin S is the sum of heavy quark spins as
S = 5| + 5,, and the orbital angular momentum is written
as Z so the total angular momentum is J=S5 + L.

B. S-Q type potential

In this subsection, we derive the quark-diquark potential
by treating the diquark as the scalar particle with color 3.
We consider the one-gluon exchange potential between the
scalar particle and the remaining heavy quark [6]. The color
structure of the diquark is not considered in this model,
which is the difference from the g-Q type potential.

We call the obtained quark-diquark potential S-Q type
potential. Since we assume that the scalar particle have anti-
color 3, we take the strength of the coupling constant for the
scalar-quark system to be the same as the quark-antiquark
system. Here we use again the Breit equation [25] to derive
the effective interaction between the diquark and the
heavy quark.

The scattering amplitude M, for the system of a scalar
diquark and a heavy quark is expressed as

- 4 (pi+p) . - -
—iMgy = 4dn—a,~———=D,, u(p))r*u 40
50 3% RERE, wi(P3)r"u(pa)  (40)

with the momenta p; and p) of the scalar diquark in the
initial and final states and those p, and p) of the heavy quark
in the initial and final states. £, and E'| denote the energies

of the scalar diquark in the initial and final states, respec-
tively. Factor 4/3 in Eq. (40) is the color factor of one gluon
exchange for the quark and 3 diquark. The factor ——— is

\/2E|2E,
adapted as the normalization factor so that the time compo-
nent of its current is unity. In fact, this causes the different
expressions from the quark-diquark potential derived in
Ref. [6]. We discuss this difference and importance in detail
after completing this derivation.

We calculate the scattering amplitude in the nonrelativistic
expansion as

4a, —1 1
Mgy =dn—— |1 ——¢*
SO T 3 6—]»2)( |: 8m2Qq
_i6-(§x py) | iG- (4% 1)
4m2Q 2mgmg
Lo (@ Bd
- <P1'P2—% X (41)
mde q

Performing Fourier transform of the scattering amplitude

I g .. VoL
Vso(P1. P2 7) :/(zﬂ)3e TIMso(Pr. P2.4).  (42)

we obtain the quark-diquark potential as

4 1 1
Violp.F) = =3a |1~ 4502 5 ()
3 r 8mQ

1 o) (ﬁ ) 7:)2
2mgmgr <p T
1 1 1 -
(o —— )5, L 43
7’3 <2m2Q * mde> SQ :| ( )

with the relative momentum p = p; = —p,, the spin of the
heavy quark 5, and the relative orbital angular momentum

L between the scalar particle and the heavy quark.

The S-Q type quark-diquark potential is given by the
sum of the confinement term V¢ and the nonconfinement
terms obtained from one-gluon exchange between the
scalar particle and quark as

S
V(QdQ) = Veont + Veou + Voar + Vis + Voo (44)

The difference from the ¢-Q type potential is only the
dependence of mass of the diquark. Thus the matrix
elements can be obtained in the same way as the ¢-Q
type potential with different coefficients. We obtain the
effective potential as follows.

The effective confinement term V,r can be obtained as

Veont = kr. (45)
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The effective Coulomb term V¢, is

4 acou

VCou] = _g ’

(40)

The effective Darwin term Vp,, is

2n 1 2L +1

Vbar = = Apar— ———
Dar =73 Darsz 4xr?

5(r). (47)
The effective spin-orbit interaction Vyg is

2
2mQ

T !
—L(L+1) = sg(sg +1)). (48)

The effective orbit-orbit interaction V, is

bag, 1 2 LL+1)
V,, = — 2% e ) P T
o 3r 2mde( rar T2 (49)

Thus the regularized S-Q type effective potential ng@ is

4aC0ul 167[ aDar 2L + 1
3 r 3 8m2Q 47r?

4(1]_5 < 1 + 1 > (1 —e'A’)z
37 \2mg  mgmyg 2
— L(L -+ 1) - SQ(SQ + 1))

dag, (1—e ™) ([ 2d* L(L+1)
—_——— T+ ——.
3 r 2mgmg

V<QSdQ) (r) = kr AeNr

(J(J+1)

rdr? r?

(50)

The confinement term, Coulomb term, and the orbit-
orbit interaction have the completely same forms as those
on the g-Q type potential. The spin-orbit interaction and the
Darwin term have different coefficients from those of the
q-Q type potential.

Now, we discuss the Darwin term. The Darwin term in
the S-Q type potential does not depends on the diquark mass
my as in Eq. (47). This result for a scalar particle is
consistent in Ref. [28]. According to Ref. [28], the
Darwin term appears from the order of m~> for a scalar
particle. On the contrary, the potential between the scalar
particle and the quark in Ref. [6] has the Darwin term
containing the diquark mass in this order. Their scalar
particle current is normalized so that the time component of
its current is 2E. Here we need to normalize the wave
function of the scalar particle to satisfy that the time
component of its current is unity because this is the way
to normalize the wave function in Schrodinger equation.
The orbit-orbit interaction in our result also has different

form from that in Ref. [6] because of the difference of the
normalization, and there are some missing terms.

III. NUMERICAL RESULTS

In this section, we discuss our results of the excitation
energy spectra of quarkonia and heavy baryons. We deter-
mine the potential parameters to reproduce the experimental
spectra of charmonium. After that, we show theoretical
results of the A, and A, baryons calculated by using the g-Q
type and S-Q type potentials. We also calculate the
excitation spectrum of the E. baryon by using the ¢-Q
type potential.

A. Model parameters

The diquark inside a heavy baryon has the same color as
the antiquark inside a quarkonium. Since the confinement
force depends only on the color charge and not on the flavor
in the first approximation, it is reasonable to use the same
potential for the quark-diquark system as for the quark-
antiquark system. We determine the potential parameters to
reproduce the experimental spectrum of charmonium.

The parameters appearing in the potential are the string
tension k in the confinement part, the regularization param-
eter A, the fine structure constants ¢, in the nonconfinement
part, and the masses of the heavy quark and the diquark. The
string tension k is fixed as k = 0.9 GeV/fm, which repro-
duces the global excitation spectra of the charmonium and
bottonium [11], and the charm quark mass is set to be
m, = 1.5 GeV. We consider two parameter sets. In param-
eter set 1, we assume a common coupling constant o in the
nonconfining potential. We determine a; and A from the
charmonium spectrum. In parameter set 2, we allow fine-
tuning of the spectrum by introducing individual coupling
constants for the nonconfinement terms. The coupling
constants, Acoul> ¥par» Ayps ALS> Ftems> aNd Ao,, are deter-
mined together with A by the charmonium spectrum. The
determined values are listed in Table L.

We show the excitation energy spectrum of charmonium
calculated with the determined parameters in Fig. 2, where
the excitation energies are measured from the lowest state.
We also show the excitation energy spectrum of bottomo-
nium obtained with the same parameter sets for compari-
son. The bottom quark mass is set as m;, = 4.0 GeV. As we

TABLE I. Parameter sets of the potentials determined to
reproduce the experimental spectrum of the charmonium. For
parameter set 1, the nonconfinement terms have a single parameter
a,. Parameter set 2 introduces individual coupling constants for
the nonconfinement terms: Acours Xryp» Apars Fiens> ALs AN Ay

ACoul aHyp Opar Aens ALS  Xoo k [GGV/ fm] A [fm_l}

Number 1 0.37 0.9 8.1
Number 2 0.40 0.32 0.22 0.54 0.46 0.65 0.9 6.4
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FIG. 2. Excitation spectra of the charmonium and bottomonium measured from the ground states. The masses of the charm bottom
quarks are with m. = 1.5 GeV, and m;, = 4.0 GeV, respectively. The parameters are determined to reproduce the experimental data
of the charmonium. Two parameter sets are considered as shown in Table I. The experimental data are taken from the Particle Data

Group [29].

can see, these parameters also reproduce the bottomonium
spectrum well. The spectra calculated with parameter set 2
reproduce the experimental values better than those with
parameter set 1.

B. Excitation spectra of A, and A,
with ¢g-Q type potential
In this subsection, we calculate the excitation spectra of
the A, and A, baryons by using the ¢g-Q type potential. In
this article, we assume that the mass of the nonstrange
scalar diquark is m; = 0.5 GeV.

)

— ACE2625323/2*3 1p == 0.353(1/2~

Figure 3 shows the excitation spectra of the A, and A,
baryons calculated with the g-Q type potential by using the
parameter sets in Table I. As we can see, the 1p excitation
energies and LS splitting are reproduced the experimental
data better than the previous work [11] but they are slightly
overestimated. The higher excitation energies are not
reproduced. The A.1p excitation energies for parameter
set 1 reproduce the experimental data better than those for
parameter set 2, in contradiction to the results for the
charmonium. This implies that it is hard to reproduce both
spectra of the quarkonia and heavy hadrons by common
parameters. In Ref. [11], the calculated excitation energy of

—0.729
. 0.604(5/27) 1d =715(3/2+
= 0468453/2+ e

28 = 0.631(1/27) 25 — 0.634(1/27)

— MR
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FIG. 3.
experimental data are taken from the Particle Data Group [29].

Ay

Calculated spectra with the g-Q type potential for A, and A, systems. The parameter sets shown in Table I are used. The
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the A.1p state was overestimated to be about 140 MeV if
one uses the parameters a, = 0.4 and k = 0.9 GeV/fm
which is determined so as to reproduce the quarkonia
spectra. In contrast, in our work, the energy difference
between the experimental and theoretical values is about
70-115 MeV. The calculated A.1p excitation energies are
improved roughly 20% or more by taking the relativistic
corrections in the g-Q type potential model. The relativistic
correction is significant for the heavy baryon spectra.

Next we discuss the LS splitting. We find that the LS
splitting is slightly overestimated comparing the experi-
mental data. We find that if we change the value of the
parameter oy g of the LS term, the LS splitting of the A,
baryon can be fitted simultaneously to the experimental data
but 1p excitation energies cannot be done. Both of them can
be fitted to the experimental data only by changing the
strength of the string tension k, which is a similar situation
with Ref. [11]. In Fig. 4, we show the excitation spectra of
the A, and A, baryons calculated with the g-Q type
potential by using parameters given in Table I but with
different string tensions. The string tension is redetermined
to reproduce the spin-weighted average of the excitation
energies of the A, 1p states, 0.330 GeV. For parameter set 1,
the string tension is found to be k = 0.63 GeV /fm, and for
parameter set 2, it is to be k = 0.50 GeV/fm. As we can
see, the LS splitting of the A, baryon matches the
experimental data as well as the 1p excitation energies.
The string tension has to be reduced by 30-40% to
reproduce the experimental data of both 1p excitation
energies and the LS splitting quite well, although its
reduction is smaller than that invented in Ref. [11].

Here, let us move on the discussion for other excitation
states. In contrast to the 1p excitation states, higher

0.7r
— Ac(2940)(3/27)
— 0.615 +
0.6 [ld— 81‘5’{1;58%*3 a— 0.592§5/2+§ —— A.(2880)(5/2")
_ — 0.570(3/27) =— A.(2860)(3/27)
% 05 | 25 0.518(1/27T)
g 2 0458(1/2%) Ac(2765)(T7)
b>f) 0.4F
—
g — 0.342(3/27) . 0.340(3/27) —— A.(2625)(3/27)
M 0.3F —=0305(1/27) ~ —— 0.301(1/27) = Ac(2595)(1/27)
s
.8
= 02
=
=
m 0]. B
0.0 fis——(t/2%) Is ——(1/2%) — Ae(t/2h)
No.1 No.2 Exp.
Ac

excitation states do not match the experimental data and
they are overestimated considerably. Many studies have
found that the theoretical spectra of A.(2765) are overesti-
mated as the A.2s state against the experimental observa-
tion, which is suggested to appear as a Roper-like state.
Similarly, our result for the A 2s state is about 1.4 times
larger than the experimental data, which is consistent with
those works. As for the A.(2880), Ref. [30] evaluated the
decay widths of charmed baryons from one-pion emission
and found that the diquark inside A.(2880) potentially
having spin 1 can explain the small decay ratio between
Al - 2%5(2520)7 and A} — Z.(2455)z. This model also
implies that the A.(2880) does not have the spin 0 diquark.

Next we discuss the effect of each term of the potentials
for the charmonium spectra and A, spectra. Figure 5 shows
the excitation spectra of the charmonium and A, baryon
calculated with the potentials as

(i) V ="Vt + Veou

(ii) V="Vt + Vcou + Vbar

(111) V="Vt + Vcou + Voo
)

(iV V ="Veont + Vcou T Vpar + Voo (51)
by using the ¢ — Q type potential for the A, baryon. Here,
we fix the parameters as a, = 0.4, k = 0.9 GeV/fm, and
A = 3.5 fm~!. The values of parameters o, and k are used
in Ref. [11] and the value of A is used in Ref. [23]. The
common parameter in the nonconfinement part a;, is utilized
to examine the effect of the potential term. We find that the
effect of relativistic corrections for the charmonium spectra
is rather small. From Fig. 5 (i) and (ii) on the charmonium

0.561 (5/2F
1d == ¢’500 Es/ﬁg 0.470(3/27) = A;,(6152;E5/21§
2s 0.503(1/2H) 14 = o) Ap(6146)(3/2
2s 0.447(1/27%)
— A(6070)(1/27)

— 0.303(3/27) o A5920)(3/2
P00 (127) = gae s = AL§§912§E1/2—§
2ty et g2

No.1 No.2 Exp.

Ay

FIG. 4. Calculated spectra with g — Q type potential for the A, and A, baryon. The string tensions are redetermined to reproduce the
A 1p excitation energies for each parameter set. For parameter set 1, the value of the string tension is k = 0.63 GeV/fm, and for
parameter set 2, that is k = 0.50 GeV /fm. Experimental data are taken from the Particle Data Group [29].
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spectra are on the right side. The A, spectra are calculated with the ¢ — Q type potential. The potential parameters are fixed to a, = 0.4,

k=09 GeV/fm, and A = 3.5 fm~".

part, we find that the level spacing between ls and 1p
becomes smaller owing to the Darwin term, which reduces
the 1p excitation energy by 20 MeV. This is because the
Darwin term is repulsive for 1s state and lifts its energy level
up. Looking at (iii) on the charmonium part in Fig. 5, the
orbit-orbit interaction increases the 1p excitation energy of
the charmonium by about 5 MeV, which is very small.

As for the A, part, the effect of the Darwin term is large
for the A, spectra while that of the orbit-orbit interaction is
small. The Darwin term reduces the 1p excitation energy
by 88 MeV. The effect of the Darwin term for the A,
excitation spectra is thus more significant than that for the
charmonium because of the different mass dependence of
the Darwin term as

2n 2 2L +1

=ty NN 52
3 aDarsz 472 ¢ (52)

VDar =

for the charmonium and

2 1 4\2L+1
:?ﬂaDar<——|——> * e (53)

Vb
a m> 2) dgr?

o ™Ma
for the A, baryon. We can see that the Darwin term for the
A, baryon contains the term depending on the diquark mass
1/m?% which remains finite even in the heavy quark limit
(mj, - o). This term provides large influence for the A,
spectra. The orbit-orbit interaction whose effect on the
A.1p excitation spectra is 10 MeV, has small effect on the
excitation spectra of the A, baryon with the ¢g-Q type

potential. Thus, the Darwin term is not so important for the
charmonium, but important for the A..

In conclusion, the relativistic corrections are not enough
large to reproduce the A, 1p excitation energy, but thanks to
the effect of the Darwin term, it is unnecessary to reduce the
string tension in a quark-diquark system to as much as half
of that in the quark-antiquark system to reproduce the 1p
excitation energy of A, baryon. The existence of the Darwin
term related to the diquark mass can be one of the keys of
the solution to the string tension puzzle.

C. Excitation spectra of A, and A,
with S-Q type potential

In this subsection, we discuss the energy spectra of the
A, and A, baryons calculated by using the S-Q type
potential.

Figure 6 shows the A, and A, excitation spectra
calculated with the S-Q type potential for parameter set
1. As we can see, all the calculated excitation energies are
larger than the experimental values. Focusing on the A.1p
excited energies, we find that the energy difference between
the calculated results and the experimental data is about
170 MeV, which is 1.2 times as large as that in Ref. [11].

Next we discuss each contribution of the relativistic
correction. Figure 7 shows the excitation spectra of A,
baryon calculated by using the potentials (i)—(iv) listed in
Eq. (51) whose terms are taken from the S-Q type potential,
and we use parameters a, = 0.4, k = 0.9 GeV/fm, and
A = 3.5 fm™! to see effects of each term for the excitation
spectra of A.. Effects of all terms of the potential are small,
and they are 5 MeV. Comparing (ii) on the A, part in Fig. 5
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FIG. 6. Calculated spectra with the S-Q type potential for A. and A, systems. The experimental data are taken from the Particle Data

Group [29]. Parameter set 1 shown in Table I is used.

to that in Fig. 7, in contrast to the g-Q type potential, the
effect of the Darwin term on the S-Q type potential is much
smaller. The term depending on the diquark mass in the
Darwin term does not exist in the S-Q type potential (47),
and this causes a large difference between the heavy baryon
spectra with the ¢g-Q and S-Q type potentials. Table II
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FIG. 7. Excitation energies of A, calculated with potentials
(1)—(@iv) in Eq. (51) for the S — Q type potential. The potential
parameters are fixed to a;, =04, k=009 GeV/fm, and
A=35fm™!.

0.0 Fls=— 1g-m—

(1) (ii)

shows the expectation values of the orbit-orbit interaction
for each state of the charmonium and the A, baryon with
the S-Q type potential. As we can see, since the orbit-orbit
interaction is attractive and its effects for the s state are a
bit larger, the energy differences between the 1s state and
the 1p and 1d states become enhanced. Thus, the A, 1p
excitation energies calculated with the S-Q type potential
are larger than those calculated in Ref. [11]. Nevertheless,
we find that the magnitudes of the relativistic corrections
for the S-Q type potential are not so large.

As done in Ref. [11], we redetermine the string tension to
reproduce the spin-weighted average of the excitation
energies of the A.1p states, 0.330 GeV. To reproduce
the experimental data, we find the string tension k is needed
to become smaller k = 0.42 GeV/fm for parameter set 1.
Figure 8 shows the calculated excitation spectra with this
string tension.

In conclusion, the relativistic corrections for the S-Q
type potential are too small to solve the string tension
puzzle, so we have to reduce the string tension k to
reproduce the experimental spectrum with the S-Q type

TABLE II.  Expectation values of the orbit-orbit interaction for
each state of the charmonium and the A, baryon calculated with
S-OQ type potential in unit of GeV. Parameters a, = 0.4,
k=0.9 GeV/fm, and A = 3.5 fm~! are used.

s Ip 2s 1d
cc -0.030 -0.026 —0.036 —0.024
A, with S-Q type  —0.051  -0.041  -0.064  —0.037
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Calculated spectra with the S — g type potential for the A, and A, baryons. The string tension is redetermined to reproduce

the A.1p excitation energies. The value of the string tension is k = 0.42 GeV /fm. Experimental data are taken from the Particle Data

Group [29].

potential. And then, the string tension puzzle still remains.
We can see that there is a large difference between the two
potential models stemming from treating the color structure
of the diquark.

D. Excitation spectra of =, baryon

In this subsection, we show the calculated result of the
2. excitation spectrum with the g-Q type potential. We
consider that the Z. baryon consists of a charm quark and a
scalar strange diquark which is composed of a light quark
and a strange quark.

We estimate the strange diquark mass my, by the
difference of the ground state mass of A, and the isospin
averaged mass of Z., which is 0.18 GeV. The ground state
mass of the A, baryon is calculated by using the value of
the diquark mass 0.5 GeV and parameter set 1. We
determine the strange diquark mass by fitting the mass
difference between the ground states of the E, and A,
baryons to the experimental value, and we find the strange
diquark mass to be 0.81 GeV for parameter set 1.

Figure 9 shows the excitation spectrum of the E. baryon
calculated with parameter set 1 listed in Table I. We find
that the calculation a bit overestimates the 1p excitation
energies and their differences between the calculation and
the experiments is 45 MeV. Even though the average of
the calculated 1p excitation energies is consistent with the
experimental one, the LS splitting of the 1p states in the
calculation is about twice larger than that of the experi-
ments. Similarly to the result of the A, excitation spectra

with the ¢g-Q type potential, in order to reproduce the 1p
excitation energies and the LS splitting, we should reduce
the string tension. For the higher excited states of the E.
baryon, the calculation overestimates largely the excitation
spectra. Similarly to the result of A, excitation spectra with
the g-Q type potential, if both of calculated results of the
1p excitation energies and the LS splitting reproduce
experimental data, we should reduce the string tension.
For the higher excitation states of the Z. baryon, the
calculated values are larger than the experimental data.

IV. SUMMARY

In this paper, we have calculated the excitation spectra of
the heavy baryons in a quark-diquark model with relativ-
istic corrections. The heavy baryon has been assumed to be
composed of a heavy quark and a pointlike scalar diquark
having anti-color 3 and spin S = 0. We considered two
types of relativistic corrections by depending on the
internal color structure of the diquark. In the first approach,
the diquark has been treated as an exact two-quark pair, and
this model is called as g-Q type potential. In the second
approach, the diquark has been treated as just a scalar
particle having no internal structure, and this model is
called as S-Q type potential. Our objective is to obtain a
solution to the puzzle pointed out in Ref. [11], which we
call as the string tension puzzle, by considering relativistic
corrections for the quark-diquark potential.

For the g-Q type potential, we have found that the
calculated A.1p excitation energies are slightly larger than
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taken from the Particle Data Group [29].

the experimental data. We need to reduce the string tension
to reproduce the experimental data of both 1p excitation
energies and the LS splitting with good precision, but we do
not need to reduce it by half of the strength in the quark-
antiquark system. This potential has a Darwin term with the
diquark mass. This originates from the quark structure of
the diquark, which indicates that the Darwin effect is
stronger for heavy baryons than for quarkonia. The energy
difference between the A, 1s state and the 1 p state becomes
relatively small, as the energy of the 1s state increases due
to the Darwin term. This demonstrates that considering the

relativistic effects, especially the Darwin term, is important
for solving the string tension puzzle.

The S-Q type potential in which the diquark has been
treated as a scalar particle does not have a Darwin term
with the diquark mass. This means that the string tension
on the S-Q type potential should be taken much smaller
than one in the quark-antiquark potential, which is quali-
tatively the same result as the previous work [11]. Our
findings have shown that treating the internal color
structure of the diquark causes large differences, and since
the diquark is composed of two quarks, its structure should
be carefully considered.

We have also calculated the Z. excitation spectra by
using the g-Q type potential. The = baryon was considered
as the bound system of the scalar strange diquark and the
charm quark. We have found that the calculated 1p
excitation energies reproduced the experimental data and
the LS splitting was overestimated. The consistent results
with the A, baryon have been obtained.

In the future, it should be considered that the possible
mixing with quark configurations other than the one
considered here, such as the pion cloud and/or pentaquark
systems, etc., should be taken into account in order to
understand the full spectra of heavy baryons.
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