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Inspired by the observations of Ta
cs̄0ð2900Þ0 and Ta

cs̄0ð2900Þþþ by LHCb Collaboration, we perform a
systematical investigation of the charmed-strange pentaquark system by using the resonance group method
in the quark delocalization color screening model. The present estimations indicate the existence of two
bound states with IðJPÞ to be 1

2
ð5
2
−Þ and 3

2
ð5
2
−Þ, and the masses are predicted to be 3392 and 3307 MeV,

respectively. Moreover, three resonance states are also predicted in the present work. The ΣcK� resonance
with IðJPÞ ¼ 1

2
ð1
2
−Þ could be observed in the ND�

s , ΛcK� and ΣcK channels, the mass and width are

estimated to be (3342–3346) MeVand 25.5 MeV, respectively. The ΣcK� resonance with IðJPÞ ¼ 1
2
ð3
2
−Þ is

available only in the Σ�
cK channel, and the resonance parameters are evaluated to be mR ¼ 3333 MeV and

ΓR ¼ 3.3 MeV. We also find a very narrow ΔD�
s resonance state in the ΣcK channel with IðJPÞ ¼ 3

2
ð1
2
−Þ

and mR ¼ 3343 MeV. These predictions of the charmed-strange pentaquark may be accessible by further
experimental measurements in Belle II and LHCb Collaborations, and the corresponding experimental
measurements can in turn be a good test of present estimations.

DOI: 10.1103/PhysRevD.108.094008

I. INTRODUCTION

The concept of multiquark states was proposed at the
inception of the quark model [1,2]. With the improvement
of experimental equipment and techniques, an increasing
number of new hadron states have been observed exper-
imentally since the observation of Xð3872Þ in 2003 [3].
Among these new hadron states, the charged charmonium-
like states are particular interesting, such as the first
confirmed charged charmoniumlike state Zcð3900Þ [4,5],
which certainly could not be conventional hadrons. These

experimental observations provide us with an excellent
opportunity to search for multiquark states and some
progress has been made [6–12].
Besides the charmoniumlike states, an increasing number

of charmed-strange-mesonlike states have also been
observed in the recent two decades. As early as the year
of 2003, the BABAR Collaboration reported a narrow peak,
D�

s0ð2317Þ, in the Dþ
s π invariant mass spectrum [13,14].

Later, the CLEO Collaboration [15] confirmed the existence
of this state and further reported another state Ds1ð2460Þ in
theD�

sπ invariant mass distribution. Moreover, the existence
of theD�

s0ð2317Þ andDs1ð2460Þ had also been confirmed by
the Belle [16,17] and BABAR Collaborations [18,19]. In
addition, in the year 2018, the BESIII Collaboration detected
D�

s0ð2317Þ by the observation of the process eþe− →
D�þ

s D�
s0ð2317Þ þ c:c: [20]. Noted that the masses of

D�
s0ð2317Þ and Ds1ð2460Þ are far below the theoretical

predictions of the masses of charmed-strange mesons with
JP ¼ 0þ and JP ¼ 1þ, this inconsistency between the quark
model expectations and experimental measurements makes
these two states unlike to be conventional charmed-strange
mesons. In this case, some exotic interpretations have
been proposed, such as the tetraquark states [21–26], the
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molecular interpretations, where the D�
s0ð2317Þ and

Ds1ð2460Þ were assigned as DK and D�K molecular
states [27–36], respectively, and the mixture of charmed
strange mesons and tetraquark states [37,38].
The search for exotic states with charmness and strange-

ness still goes on. In the year 2020, the LHCb Collaboration
reported two fully open-flavor tetraquark candidates,
X0ð2900Þ and X1ð2900Þ, in the invariant mass distribution
of D−Kþ of the process B� → DþD−K� [39,40]. Since
they are observed in the D−Kþ spectrum, their minimal
quark components are udc̄ s̄. To reveal the nature of
X0ð2900Þ and X1ð2900Þ, some different theoretical explan-
ations have been proposed, such as the hadronic molecule
states composed of D�K̄� or D1K̄ [41–44], compact
tetraquark states [45–54], threshold effects [55,56] and
so on.
Very recently, the LHCb Collaboration reported their

observation of two new tetraquark candidates, Ta
cs̄0ð2900Þ0

and Ta
cs̄0ð2900Þþþ,1 in the B0 → D̄0Dþ

s π
− and Bþ →

D−Dþ
s π

þ decays [58,59]. From the observed channels,
the least quark contents of these two states were cs̄nn̄,
n ¼ ðu; dÞ, which are similar to those of X0ð2900Þ and
X1ð2900Þ. The properties of such kinds of open flavor
states have been researched in the literature [42,50,60–64]
before the experimental observations, and after the discov-
ery of Ta

cs̄0ð2900Þ, the mass [65–69], and decay properties
have been further investigated [70–73].
The observations ofTa

cs̄0ð2900Þ, togetherwithD�
s0ð2317Þ,

Ds1ð2460Þ and X0;1ð2900Þ make the exotic candidates
around the thresholds of a charmed meson and a strange
meson abundant. Similar to the meson-meson case, there
may also exist exotic candidates around the threshold of a
charmed baryon and a strange meson, which could be cs̄nnn
pentaquark states. Some investigations of cs̄nnn pentaquark
states have been presented in the literature, for example, in
Ref. [67], the ΛcKð�Þ and ΣcKð�Þ interactions were inves-
tigated by one-boson-exchange effective potentials and four
possible charmed strange molecular pentaquark states were
predicted. In Ref. [74], a systematic estimation of cs̄nnn
pentaquark states had been performed and the authors
suggested searching such kind of pentaquark states in the
bottom hadron decays.
In the present work, we systematically investigate the

cs̄nnn system in a quark delocalization color screening
model (QDCSM), where the effective potential between
two hadrons with different quantum numbers are evaluated,
and then we attempt to find possible bound states by
performing the bound calculations with coupled channel
effects. Moreover, based on the conservation of the
quantum numbers and the limitation of the phase space,
we also check the possible strong decay channels of the

charmed-strange pentaquark system and evaluate the exist-
ence of resonance states.
This work is organized as follows. In Sec. II, the detail of

the QDCSM is presented. The numerical results for the
effective potential, possible bound states, and resonances
are given in Sec. III, and the last section is devoted to the
summary.

II. THE QUARK DELOCALIZATION COLOR
SCREENING MODEL

The QDCSM is an extension of the native quark cluster
model [75–78] andwas developedwith the aimof addressing
multiquark systems (More detail of QDCSM can be found in
the Refs. [79–83]). In the QDCSM, the general form of the
Hamiltonian for the pentaquark system is,

H ¼
X5
i¼1

�
mi þ

p2i
2mi

�
− TCM þ

X5
j>i¼1

VðrijÞ; ð1Þ

where the center-of-mass kinetic energy, TCM, is subtracted
without losing generality since we mainly focus on the
internal relative motions of the multiquark system. The two
body potentials include the color-confining potential, VCON,
one-gluon exchange potential, VOGE, and Goldstone-boson
exchange potential, Vχ , respectively, i.e.,

VðrijÞ ¼ VCONðrijÞ þ VOGEðrijÞ þ VχðrijÞ: ð2Þ

Noted herein that the potentials include the central, spin-
spin, spin-orbit, and tensor contributions, respectively.
Since the current calculation is based on S-wave, only
the first two kinds of potentials will be considered attending
the goal of the present calculation and for clarity in our
discussion. In particular, the one-gluon-exchange potential,
VOGEðrijÞ, reads,

VOGEðrijÞ¼
1

4
αijλci ·λ

c
j

×

�
1

rij
−
π

2
δðrijÞ

�
1

m2
i
þ 1

m2
j
þ4σi ·σj
3mimj

��
; ð3Þ

where mi is the quark mass, σ and λc are the Pauli matrices
and SU(3) color matrices, respectively. The QCD-inspired
effective scale-dependent strong coupling constant, αij,
offers a consistent description of mesons and baryons from
the light to the heavy quark sectors. Their values are
associated with the quark flavor and determined by the
mass difference of the hadrons. It is worth mentioning that a
conventional meson contains only one quark and one
antiquark, while a baryon has three quarks, which suggests
the existence of three-body interactions in the baryon
system. Therefore, when using a simple two-body inter-
action to reproduce the meson and baryon spectrum in a
nonrelativistic quark model with OGE potential, the

1Here, the LHCb naming scheme is employed [57], which has
not been officially accepted.
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parameter values αqq0 and αqq̄0 , which are determined
individually by the baryon and meson spectrum individu-
ally, are not the same.
In the QDCSM, the confining interaction VCONðrijÞ can

be expressed as

VCONðrijÞ ¼ −acλci · λcj ½fðrijÞ þ V0ij
�; ð4Þ

where ac represents the strength of the confinement
potential and V0ij

refers to the zero-point potential. In
the case of quark-quark interactions, the value of V0qq

is
determined based on the differences between theoretical
estimations and experimental measurements of baryon
masses. This value is the same for quarks with different
flavors. On the other hand, for quark-antiquark interactions,
the value of V0qq̄

is determined by reproducing the mass
differences between theoretical estimations and experimen-
tal measurements of the meson masses, which is also
flavor-independent. Moreover, in the quark delocalization
color screening model, the quarks in the considered
pentaquark state cs̄nnn are first divide into two clusters,
which are baryon cluster composed of three quarks, and
meson cluster composed of one quark and one antiquark.
And then the five-body problem can be simplified as a two-
body problem the fðrijÞ is,

fðrijÞ ¼
8<
:
r2ij if i; j occur in the same cluster;

1−e
−μijr

2
ij

μij
if i; j occur in different cluster;

ð5Þ

where the color screening parameter μij is determined by
fitting the deuteron properties, nucleon-nucleon, and
nucleon-hyperon scattering phase shifts [81,84], with
μnn ¼ 0.45 fm−2, μns ¼ 0.19 fm−2 and μss ¼ 0.08 fm−2,
satisfying the relation μ2ns ¼ μnnμss, where n represents u
or d quark. From this relation, a fact can be found that the
heavier the quark, the smaller the parameter μij. When
extending to the heavy-quark case, there is no experimental
data available, so we take it as an adjustable parameter. In

Ref. [85], we investigate the mass spectrum of PN
ψ with μcc

varying from 10−4 to 10−2 fm−2, and our estimation indi-
cated that the dependence of the parameter μcc is not very
significant.2 In the present work, we take μcc ¼ 0.01 fm−2.
Then μsc and μnc are obtained by the relations μ2sc ¼ μssμcc
and μ2nc ¼ μnnμcc, respectively. It should be noted that μij are
phenomenal model parameters, their values are determined
by reproducing the relevant mass spectra and phase shifts of
the scattering processes. In Ref. [81], the authors found that
with the relation μ2qs ¼ μqqμss, themasses of the ground state
baryons composed of light quarks could bewell reproduced.
Later on, such relations have been successfully applied to
investigate the states with heavy quarks [85–87].
The Goldstone-boson exchange interactions between

light quarks appear because of the dynamical breaking
of chiral symmetry. The following π, K, and η exchange
terms work between the chiral quark-(anti)quark pair,
which read,

VχðrijÞ ¼ vπijðrijÞ
X3
a¼1

λai λ
a
j þ vKijðrijÞ

X7
a¼4

λai λ
a
j þ vηijðrijÞ

× ½ðλ8i · λ8jÞ cos θP − ðλ0i · λ0jÞ sin θP�; ð8Þ

with

vBij ¼
g2ch
4π

m2
B

12mimj

Λ2
B

Λ2
B −m2

B
mB

×

�
ðσi · σjÞ

�
YðmBrijÞ −

Λ3
B

m3
B
YðΛBrijÞ

��
; ð9Þ

with B ¼ ðπ; K; ηÞ and YðxÞ ¼ e−x=x to be the standard
Yukawa function. λa is the SU(3) flavor Gell-Mann matrix.
The masses of the η, K, and π meson are taken from the
experimental value [88]. By matching the pion exchange
diagram of the NN elastic scattering process at the quark
level and at the hadron level, one can relate the πqq
coupling with the one of πNN, which is [89,90],

2The typical size of the multiquark system should be several femtometres, for example, if the size of the multiquark system to be 2 fm,
then one can find μccr2 ∝ ð10−4–10−2Þ, μcnr2 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi

μccμnn
p

r2 ∝ ð10−2–10−1Þ and μcsr2 ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
μccμss

p
r2 ∝ ð10−2–10−1Þ, thus the value of

the μijr2 is rather small when at least one charm quark included, and in this case, the exponential function can be approximated to be,

e−μijr
2
ij ¼ 1 − μijr2ij þOðμ2ijr4ijÞ: ð6Þ

Accordingly, the confinement potential between two clusters is approximated to be,

VCONðrijÞ ¼ −acλci · λcj

�
1 − e−μijr

2
ij

μij
þ V0ij

�
≈ −acλci · λcjðr2ij þ V0ij

Þ; ð7Þ

which is the same as the expression of two quarks in the same cluster. Thus, when the value of the μcc is very small, the screened
confinement will return to the quadratic form, which is why the results are insensitive to the value of μcc.

POSSIBLE CHARMED-STRANGE MOLECULAR PENTAQUARKS IN … PHYS. REV. D 108, 094008 (2023)

094008-3



g2ch
4π

¼
�
3

5

�
2 g2πNN

4π

m2
u;d

m2
N
; ð10Þ

which assumes that the flavor SU(3) is an exact symmetry,
and only broken by the masses of the strange quark. As for
the coupling gπNN , it was determined by the NN elastic
scattering [90]. Besides, with the MINUIT program, we can
determine a set of optimized parameters by fitting the
masses of the ground state mesons and baryons in QDCSM.
The model parameters are shown in Table I and the
reproduced masses of the mesons and baryons are listed
in Table II.
In QDCSM, the quark delocalization is realized by

specifying the single-particle orbital wave function as a
linear combination of left and right Gaussian basis, the
single- particle orbital wave functions used in the ordinary
quark cluster model reads,

ψαðsi; ϵÞ ¼ ðΦαðsiÞ þ ϵΦβðsiÞÞ=NðϵÞ;
ψβðsi; ϵÞ ¼ ðΦβðsiÞ þ ϵΦαðsiÞÞ=NðϵÞ;

NðϵÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ϵ2 þ 2ϵe−s

2
i =4b

2
p

;

ΦαðsiÞ ¼
�

1

πb2

�3
4

e−
1

2b2
ðrα−2

5
siÞ2 ;

Φβð−siÞ ¼
�

1

πb2

�3
4

e−
1

2b2
ðrβþ3

5
siÞ2 ; ð11Þ

with si, i ¼ ð1; 2;…; nÞ, to be the generating coordinates,
which are introduced to expand the relative motion wave
function [91–93]. The parameter b indicates the size of the
baryon andmeson clusters, which is determined by fitting the
radius of the baryon and meson by the variational method
[94]. In addition, The mixing parameter ϵðsiÞ is not an
adjusted one but is determined variationally by the dynamics
of the multiquark system itself. This assumption allows the
multiquark system to choose its favorable configuration in
the interacting process. It has been used to explain the cross-
over transition between the hadron phase3 and the quark-
gluon plasma phase [80,83,95]. Due to the effect of the
mixing parameter ϵðsiÞ, there is a certain probability for
the quarks between the two clusters to run, which leads to the
existence of color octet states for the two clusters. Therefore,
this model also includes the hidden color channel effect,
which is confirmed by Refs. [96,97].

III. RESULTS AND DISCUSSIONS

In this work, we perform a systematical investigation of
the low-lying charmed-strange pentaquark systems within
the QDCSM. In the single channel calculations, if there is a
strong attraction between two involved hadrons, a bound
state or a resonance state is likely formed. Going to the
multichannel coupling calculations, a bound state is shown
if the energy of the state is below the threshold of the lowest
channel and the thresholds of multibody decay channels,
such as the deuteron in the two-channel coupling calcu-
lation of NN and ΔΔ with IðJPÞ ¼ 0ð1þÞ [83]. A reso-
nance state is one that is a bound state in the single-channel
calculation, but its energy is higher than the thresholds of
some open channels. When the state is coupled to these
open channels, it will decay strongly to these open channels
and turn to a resonance state. In the scattering calculation of
the open channel incorporating the resonance state, the
phase shifts will be a structure in the region of the

TABLE I. The values of the model parameters. The masses of
mesons take their experimental values.

Parameter Value

Quark masses mu (MeV) 313
ms (MeV) 573
mc (MeV) 1788

Confinement ac (MeV fm−2) 58.03
V0qq

(fm2) −1.2883
V0qq̄

(fm2) −0.7432
OGE αuu 0.5652

αus 0.5239
αuc 0.4673
αus̄ 1.4275
αsc̄ 1.1901

Goldstone boson mπ (fm−1) 0.7
mK (fm−1) 2.51
mη (fm−1) 2.77
Λπ (fm−1) 4.2
Λη=K (fm−1) 5.2

Wave function b (fm) 0.518

TABLE II. The masses of the ground baryons and mesons in the
unit of MeV. Experimental values are taken from the Particle Data
Group (PDG) [88].

N Δ Λ Σ Σ� Ξ Ξ�

Model 939 1232 1122 1237 1360 1374 1496
Expt. 939 1232 1116 1189 1385 1318 1533

Λc Σc Σ�
c K K� Ds D�

s

Model 2286 2464 2489 495 815 2018 2064
Expt. 2286 2455 2520 495 895 1968 2112

3The phase shift of NN interaction could be described with the
formalisms with hadrons only. After including the pseudoscalar,
vector, and scalar meson, especially the σ meson, the NN
interaction has been well described. In Ref. [80], the authors
concluded that the σ-meson exchange can be replaced by quark
delocalization and color screening mechanism introduced by
QDCSM by comparing the NN scattering and deuteron properties
obtained by chiral quark model and QDCSM.
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resonance energy, such as d�ð2380Þ in the two-channel
calculationofD-waveNN andΔΔwith IðJPÞ ¼ 0ð3þÞ [98].
For the cs̄nnn, n ¼ ðu; dÞ, pentaquark system, we only

consider the S–wave channels with the spin S ¼ 1=2; 3=2
and 5=2, respectively. In the present work, we mainly focus
on the pentaquark states in the molecular scenario, where
the pentaquark states are composed of a baryon cluster and
a meson cluster. Considering the color structure of these
two clusters, both the color singlet-singlet ð1c ⊗ 1cÞ and
the color octet-octet ð8c ⊗ 8cÞ channels should be involved
in principle. However, as indicated in Ref. [83], the color
screening confinement in Eq. (5) could be considered as an
effective description of the color octet-octet channels (also
known as the hidden color channels). Thus, only the color
singlet-singlet channels are taken into consideration in the
present estimations, and all the possible channels involved
are collected in Table III.

A. The effective potentials

To search the possible bound states and resonance states
composed of the hadron pair listed in Table III, we estimate
the effective potentials between these hadron pairs for the
first step. Here the definition of potential can be written as

EðSmÞ ¼
hΨ5qðSmÞjHjΨ5qðSmÞi
hΨ5qðSmÞjΨ5qðSmÞi

; ð12Þ

where Sm stand for the distance between two clusters.
Ψ5qðSmÞ represents the wave function of a certain channel.
Besides, hΨ5qðSmÞjHjΨ5qðSmÞi and hΨ5qðSmÞjΨ5qðSmÞi
are the Hamiltonian matrix and the overlap of the states.
So the effective potential between two colorless clusters is
defined as,

VðSmÞ ¼ EðSmÞ − Eð∞Þ; ð13Þ

where Eð∞Þ stand for at a sufficient large distance of two
clusters. The estimated potentials for I ¼ 1=2 and I ¼ 3=2
are presented in Figs. 1 and 2, respectively.
As shown in Fig. 1, for the case of IðJPÞ ¼ 1

2
ð1
2
−Þ, the

potentials for the Σ�
cK�, ΣcK�, NDs, and ND�

s channels are
attractive, while the potentials for the ΛcK, ΛcK� and ΣcK
channels are repulsive. In particular, the potentials for Σ�

cK�
and ΣcK� channels are deeper than those of NDs and ND�

s
channels, which indicates that the Σ�

cK� and ΣcK� are more

likely to form bound states or resonant states. For the case
of IðJPÞ ¼ 1

2
ð3
2
−Þ, the potentials of the ΣcK�, Σ�

cK� and
ND�

s channels are attractive, while the potentials for the
other two channels are repulsive. the attraction of Σc andK�
is much stronger than that of Σ�

cK� andND�
s , which implies

that it is possible for ΣcK� to form a bound or resonance

TABLE III. The relevant channels for all possible states with different JP quantum numbers.

I ¼ 1
2

I ¼ 3
2

S ¼ 1
2

NDs ND�
s ΛcK ΛcK� ΔD�

s ΣcK ΣcK� Σ�
cK�

ΣcK ΣcK� Σ�
cK�

S ¼ 3
2

ND�
s ΛcK� ΣcK� Σ�

cK ΔDs ΔD�
s ΣcK� Σ�

cK
Σ�
cK� Σ�

cK�

S ¼ 5
2

Σ�
cK� ΔD�

s Σ�
cK�

FIG. 1. The effective potentials defined in Eq. (13) for different
channels of the charmed-strange pentaquark systems with I ¼
1=2 in QDCSM.

FIG. 2. The effective potentials defined in Eq. (13) for different
channels of the charmed-strange pentaquark systems with I ¼
3=2 in QDCSM.
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state. For the IðJPÞ ¼ 1
2
ð5
2
−Þ, the only possible channel is

Σ�
cK�, and the potential is strongly attractive, which implies

the possible bound state or resonance state in this channel.
In Fig. 2, we present the potentials of the channels with

I ¼ 3=2 but with different total angular momentum. For the
case of JP ¼ 1

2
−, one can find that the potentials are

attractive for the channels ΔD�
s , ΣcK� and Σ�

cK�. The
potential for ΣcK channel is repulsive, so no bound state or
resonance states can be formed in this channel. However,
the bound states or resonance states are possible for other
channels due to the attractive nature of these interactions
between the two clusters. Moreover, our estimations also
indicate that the attraction betweenΔ andD�

s is greater than
the other channel, while, the potentials for Σ�

cK� and ΣcK�

channels are very similar. As for the case of JP ¼ 3
2
−, the

potentials for all the channels except Σ�
cK is attractive.

From the figure, one can find that the attraction between Σc
and K� is much stronger than the other channels, while the
potentials for ΔDs and ΔD�

s channels are very similar.
There are two channels for the case of JP ¼ 5

2
−, which are

ΔD�
s and Σ�

cK�, respectively. Our estimations indicate that
the potential for the ΔD�

s channel is attractive, while the
potential for Σ�

cK� channel is repulsive.

B. Possible bound states

With the above potentials, we can search the cs̄nnn
molecular states by the resonating group method (RGM)
[99,100], the details of which are present in the Appendix.
It should be noted that the number of the basis is limited in
the present estimation, thus, one can obtain a solution of
Cj;L even for a repulsive potential in the single channel
estimation. However, the obtained energy in this case
should not be the eigenenergy of the bound state since
the repulsive potential cannot form a bound state. In this
case, the obtained eigenenergies are all above the threshold

of the corresponding channels and the eigenenergies are
dependent on the basis. When the basis is large enough, the
eigenenergies will tend toward the thresholds. In order to
discuss the coupled channels effect in the present estima-
tions, we still list these energies in the tables. However, for
the bound state, i.e., the estimated eigenenergies are below
the threshold, are rather stable with the increasing of basis,
which have been further checked in our estimations.
The estimated results are listed in Tables IVand V, which

correspond to the states with I ¼ 1=2 and I ¼ 3=2,
respectively. In these tables, Esc and Ecc are the eigene-
nergies of the cs̄nnn molecular states by the single channel
estimations and the coupled channel estimations. EModel

th

and EExp
th stand for the theoretical estimations and exper-

imental measurements of the thresholds of the channels.
EB ¼ Esc − EModel

th is the binding energy obtained by the
single channel estimations. It should be noticed that in the
present work, the relevant parameters were determined by
various aspects of the hadron properties. The inaccurate-
ness of the model parameters will lead to the uncertainty of
the model predictions. However, compared to the absolute
values of the eigenergies, the mass splittings, for example,
the EB, should be more reliable. Additionally, in the present
estimations, we define the corrected eigenenergy of the
single channel estimations E0

sc by EExp
th þ EB. In a very

similar way, we take the lowest threshold of the involved
channels as a scale, we can obtain the corrected eigene-
nergy of the coupled channel estimations E0

cc. In this way,
the model dependences of the corrected eigenenergy could
be evade to a certain extent.
In addition, it should be mentioned that we mainly search

for the possible bound states with the mass below the
lowest physical threshold in the present work. These bound
state cannot decay via strong interactions, i.e., they are
stable against strong decay. Compared to the results of

TABLE IV. The binding energies and the masses of every single channel and those of channel coupling for the
pentaquarks with I ¼ 1=2. The values are provided in units of MeV.

IðJPÞ Channel Esc EModel
th EB EExp

th E0
sc Ecc=EB E0

cc

1
2
ð1
2
−Þ NDs 2954 2957 þ3 2907 2910 2784=þ3 2784

ND�
s 3006 3003 þ3 3051 3054

ΛcK 2785 2781 þ4 2781 2785
ΛcK� 3104 3100 þ4 3178 3182
ΣcK 2963 2959 þ4 2950 2954
ΣcK� 3277 3278 −7 3347 3340
Σ�
cK� 3283 3303 −20 3412 3392

1
2
ð3
2
−Þ ND�

s 3006 3003 þ3 3051 3054 2985=þ1 3016
ΛcK� 3104 3100 þ4 3178 3182
ΣcK� 3255 3278 −23 3347 3324
Σ�
cK 2989 2984 þ5 3015 3020

Σ�
cK� 3305 3303 þ2 3412 3414

1
2
ð5
2
−Þ Σ�

cK� 3283 3303 −20 3412 3392 3283/-20 3392
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bound states estimations, the mass shift of every resonance
state is not very large, which indicates that the scattering
channel and bound-state channel coupling effect is not very
strong. The reason is that the mass difference between the
scattering channel and bound-state channel is large, about
100–300 MeV.
For the system with IðJPÞ ¼ 1

2
ð1
2
−Þ, the single channel

calculations indicate that ΣcK� and Σ�
cK� can be bound

states with the binding energies to be 7 MeV and 20 MeV,
respectively. From Fig. 1, one can find that the ΣcK� and
Σ�
cK� channels have strong attractive interactions, thus it is

not surprising to obtain the bound states in these two
channels and the RGM estimations are consistent with the
expectations of the effective potential analysis. In addition,
the estimations inRef. [67] indicated thatΣcK�with IðJPÞ ¼
1
2
ð1
2
−Þ could be a good candidate of charmed-strange

molecular state, which is consistent with our single channel
estimations. However, for the NDs and ND�

s channel, the
QDCSM estimations indicate that the attractions are rather
weak, and the eigenenergies obtained by single channel
estimations are above the threshold of NDs and ND�

s ,
respectively. As for ΛcK, ΛcK�, and ΣcK channels, the
potentials are repulsive, and thus the obtained eigenenergies
of these channels are all above the corresponding thresholds.
After considering the coupled channel effect, the obtained
energy for IðJPÞ ¼ 1

2
ð1
2
−Þ pentaquark state is 2784 MeV,

which is still above the threshold of the lowest physical
channel ΛcK, which indicates that there is no below-thresh-
old cs̄nnn pentaquark state with IðJPÞ ¼ 1

2
ð1
2
−Þ.

Furthermore, the potentials of the ΣcK� and Σ�
cK�

channels are attractive, and single-channel estimations also
indicate that there are bound states in these two channels
with their masses to be above the lowest threshold, thus,
these states can decay into the corresponding channels.
After including the coupled channel effect, these two bound
states may become the resonance states. To confirm this
possibility, we further investigate the scattering process of

the open channels to search the resonance states, which will
be discussed in the next subsection.
For the system with IðJPÞ ¼ 1

2
ð3
2
−Þ, there are five

channels, which are ND�
s , ΛcK�, ΣcK�, Σ�

cK and Σ�
cK�,

respectively. The single-channel estimations indicate that the
ΣcK� can be bounded with a binding energy of −23 MeV
due to the deep attractive interaction between Σc and K�.
Nevertheless, we do not obtain a bound state in theND�

s and
Σ�
cK� channel because their attractive interactions are not

strong enough. Noted that the eigenenergy of this system is
3016MeVafter including the coupled channel effects, which
is still higher than the threshold of the lowest channelΣ�

cK as
shown in Table IV. For the system with IðJPÞ ¼ 1

2
ð5
2
−Þ, it

includes only one channel, which is Σ�
cK�. From Fig. 1, one

can find the attractive interaction between Σ�
c and K� is very

strong, which leads to a bound state ofΣ�
cK� with the binding

energy of −20 MeV.
For the system with IðJPÞ ¼ 3

2
ð1
2
−Þ, the strong attractive

interaction between Δ andD�
s leads to a bound state of ΔD�

s
with the binding energy of 8 MeV, while in the other
channels, the single channel estimations indicate the penta-
quark states are all above the corresponding threshold.When
considering the coupled channel effect, the eigenenergy of
the cs̄nnn pentaquark with IðJPÞ ¼ 3

2
ð1
2
−Þ is 2952 MeV,

which is about 2 MeV above the threshold of the lowest
channel ΣcK. For the system with IðJPÞ ¼ 3

2
ð3
2
−Þ, there are

five channels as shown in Table V. The single-channel
calculations demonstrate that there are three bound states,
which areΔDs,ΔD�

s andΣcK�, and their binding energy are
−1, −7, and −55 MeV, respectively. This conclusion is
consistent with the behavior of the effective potential as
shown in Fig. 2. Besides, these three bound states can decay
into some open channels, andwe can further check the nature
of these bound states in the scattering of these open channels,
which are presented in the next subsection. Moreover, the
coupled channel estimations indicate that the lowest energy
of cs̄nnn pentaquark stateswith IðJPÞ ¼ 3

2
ð3
2
−Þ is 3019MeV,

TABLE V. The binding energies and the masses of every single channel and those of channel coupling for the
pentaquarks with I ¼ 3=2. The values are provided in units of MeV.

IðJPÞ Channel Esc EModel
th EB EExp

th E0
sc Ecc=EB E0

cc

3
2
ð1
2
−Þ ΔD�

s 3288 3296 −8 3344 3336 2961=þ2 2952
ΣcK 2963 2959 þ4 2950 2954
ΣcK� 3281 3278 þ3 3347 3350
Σ�
cK� 3306 3303 þ3 3412 3415

3
2
ð3
2
−Þ ΔDs 3249 3250 −1 3200 3199 2991=þ2 3017

ΔD�
s 3289 3296 −7 3344 3337

ΣcK� 3223 3278 −55 3347 3292
Σ�
cK 2989 2984 þ5 3015 3020

Σ�
cK� 3307 3303 þ4 3412 3416

3
2
ð5
2
−Þ ΔD�

s 3291 3296 −5 3344 3339 3259=−32 3307
Σ�
cK� 3308 3303 þ5 3412 3417
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(a) (b)

FIG. 3. The transition potentials defined in Eq. (12) for different channels of the charmed-strange pentaquark systems with I ¼ 1=2 in
QDCSM. (a) 1, 2, 3, 4, 5, 6, and 7 stand for NDs, ND�

s , ΛcK, Σ�
cK�, ΛcK�, ΣcK, and ΣcK�; (b) 1, 2, 3, 4, and 5 stand for ND�

s, ΛcK�,
ΣcK�, Σ�

cK, and Σ�
cK�.

(a) (b) (c)

FIG. 4. The transition potentials defined in Eq. (12) different channels of the charmed-strange pentaquark systems with I ¼ 3=2 in
QDCSM. (a) 1, 2, 3, and 4 represents channels Σ�

cK�, ΣcK�, ΣcK, and ΔD�
s ; (b) 1, 2, 3, 4, and 5 stand for ΔDs, ΔD�

s , ΣcK�, Σ�
cK, and

Σ�
cK�; (c) 1 and 2 stand for ΔD�

s and Σ�
cK�.
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which is higher than the threshold of the lowest physical
channelΣ�

cK. For the systemwith IðJPÞ ¼ 3
2
ð5
2
−Þ, the single-

channel calculations indicate thatΔD�
s is a bound statewith a

binding energy of −5 MeV, and the energy of Σ�
cK� is

3417 MeV, which is 5 MeV higher than the corresponding
threshold. Furthermore, a bound state with the binding
energy of −37 MeV is obtained by the coupled channel
estimations.
As previously noted, channel coupling effects can

significantly impact the outcomes of a system. In the
present systems, the coupling between the calculated
S-wave channels occurs via central force. To better under-
stand the strength of channel coupling, we have computed
the transition potentials for these channels, as illustrated in
Figs. 3 and 4. For instance, we have taken the IðJPÞ ¼
3
2
ð5
2
−Þ system as an example. Figure 4(c) displays the

transition potentials for two channels, namely ΔD�
s and

Σ�
cK�. It is evident that the strong coupling among these

channels results in the binding of ΔD�
s .

In the above RGM calculations, we obtain two bound
states in the cs̄nnn pentaquark system with IðJPÞ ¼ 1

2
ð5
2
−Þ

and 3
2
ð5
2
−Þ, respectively. To further check the possibility of

those bound states, the low-energy scattering phase shifts of
these channels are investigated by the variational method.
The details of this method can be found in the Appendix.
The scattering length a0, the effective range r0, and the
binding energy E0

B are calculated, which are presented in
Table VI. From Table VI, one can find the scattering length
of Σ�

cK� and ΔD�
s are all positive, and the binding energy

obtained by the variational method, E0
B, of those two states

is close to the binding energy EB obtained by RGM
calculations, which further confirm the existence of bound
states. Moreover, from Fig. 5, it is obvious that the low-
energy phase shifts of the Σ�

cK� with IðJPÞ ¼ 1
2
ð5
2
−Þ and

ΔD�
s with IðJPÞ ¼ 3

2
ð5
2
−Þ in the coupled channel estima-

tions can reach up to 180 degrees at Ec:m ∼ 0 and decreases
rapidly with Ec:m increasing. Such behaviors also indicate
the existence of bound states.

C. Possible resonance states

As indicated above, some bound states can be obtained
in the single-channel calculation due to the attractive
interactions between hadron pairs. These states can decay
into the corresponding open channels, which may lead to
some resonance states. To further check the existence of the
resonance states, we studied the scattering phase shifts of

all possible open channels in the QDCSM, which are
shown in Figs. 6 and 7. In addition, the mass and width of
the possible resonance states are also calculated and listed
in Table VII. The current calculation applies only to the
decay of S-wave open channels due to the negligible widths
of the higher partial waves.
For the IðJPÞ ¼ 1

2
ð1
2
−Þ, our estimations demonstrate that

two bound states, ΣcK� and Σ�
cK�, are available in the single

channel calculations. According to Table IV, the possible
decay channels of these two bound states are NDs, ND�

s ,
ΛcK, ΛcK�, and ΣcK. So we analyze the scattering phase
shifts of three-channel coupling with two bound states and
one of the corresponding open channels. From Fig. 6(a), one
can find there is no resonance state in the scattering phase
shifts of NDs and ΛcK channels, but the phase shifts of the
ND�

s , ΛcK�, and ΣcK channels indicate that there is one
resonance state, which means that there is a ΣcK� resonance
in these three channels.On the contrary, theΣ�

cK� bound state
vanishes due to the channel coupling effect pushing it above
the threshold. The resonance mass and decay width can be
obtained from the shape of the resonance. Here, in order to
minimize the theoretical errors and compare our predictions
with future experimental data,we shift the resonancemass by
mR ¼ M − Eth þ Eexp. The estimated masses and widths of
the resonances in different channels are listed in Table VII,
which is mR ¼ ð3342–3346Þ MeV and ΓR ¼ 25.5 MeV.
From Table VII, one can find that the mass shifts of the
resonance mass in the different channels are small, which
indicates that the scattering channel and bound state channel
coupling effect is not strong due to the large mass difference
between the scattering channel and bound state channel.
For the states with IðJPÞ ¼ 1

2
ð3
2
−Þ, the ΣcK� bound state

can decay into three open channels, which are ND�
s , ΛcK�,

and Σ�
cK, respectively. The scattering phase shifts of two-

channel coupling with a bound state channel and one of the
open channels are calculated, and the results are shown in

FIG. 5. The phase shifts of the Σ�
cK� with IðJPÞ ¼ 1

2
ð5
2
−Þ and

ΔD�
s with IðJPÞ ¼ 3

2
ð5
2
−Þ in the coupled channel estimations.

TABLE VI. The the scattering length a0, the effective range r0
and the binding energy E0

B determined by the variation method.

IðJPÞ Channel a0 (fm) r0 (fm) E0
B (MeV)

1
2
ð5
2
−Þ Σ�

cK� 2.06 0.98 −23.8
3
2
ð5
2
−Þ ΔD�

s 2.00 1.00 −34.7
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Fig. 6(b). The ΣcK� resonance state can be found in the
scattering phase shifts of Σ�

cK but not in scattering phase
shifts of other channels. From Table VII, the resonance
mass and decay widths are estimated to be 3333 and
3.3 MeV, respectively. For the state with IðJPÞ ¼ 1

2
ð5
2
−Þ,

there is only one channel. From Fig. 6(c), one can find that
the phase shift is close to 180° as M ∼ 0 MeV, which
implies that this state is a bound state rather than a resonant
state when we only consider the scattering process under

S-wave, which further confirmed the existence of Σ�
cK�

bound states with IðJPÞ ¼ 1
2
ð5
2
−Þ.

For the cs̄qqq pentaquark states with I ¼ 3=2, the
behavior of the scattering phase shifts of the open channel
is presented in Fig. 7. There is only one bound state, ΔD�

s ,
in the single-channel calculation with the binding energy of
−8 MeV for JP ¼ 1=2 system. This bound state can decay
into the open channel ΣcK. From the analysis the scattering
phase shifts of JP ¼ 1

2
− in Fig. 7(a), one can find a ΔD�

s

(a) (b) (c)

FIG. 6. The phase shifts of the open channels with I ¼ 1=2 in QDCSM depending on the sum of the corresponding theoretical
threshold of the open channel and the incident energy.

(a) (b) (c)

FIG. 7. The phase shifts of the open channels with I ¼ 3=2 in QDCSM depending on the sum of the corresponding theoretical
threshold of the open channel and the incident energy.
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resonance state in ΣcK channel with a mass and width of
3343 and 0.01 MeV, respectively. For the JP ¼ 3

2
− system,

the single channel estimations find three bound states,
which are ΔDs, ΔD�

s and ΣcK�, respectively. These bound
states can only decay into the open channel Σ�

cK. So in the
present work, a four-channel coupling estimation is con-
sidered. From Fig. 7(b), no resonance states appear in the
scattering phase shifts of Σ�

cK, which reveals that the bound
states ΔDs, ΔD�

s and ΣcK� become scattering states
through the four-channel coupling. For the JP ¼ 5

2
− system,

although the ΔD�
s is a bound state in the single-channel

calculation, this channel cannot decay into Σ�
cK� due to the

kinematic limit. The phase shifts of ΔD�
s is presented in

Fig. 7(c), the behavior of which is similar to that of the
Σ�
cK� with IðJPÞ ¼ 1

2
ð5
2
−Þ, which indicates the bound state

nature of ΔD�
s .

It should be noted thatΔ-baryon andK� meson are broad
resonances with widths on the order of 100 MeV and
approximately 50 MeV, respectively. The Δ baryon domi-
nantly decays into Nπ, while the K� meson dominantly
decays into Kπ, and accordingly the three body decays
should have significant contributions to the widths of the
resonance states. Thus, the resonance states predicted in the
present estimations should be much broader.

IV. SUMMARY

Recently, the LHCb Collaboration reported their obser-
vations of the Ta

cs̄0ð2900Þþþ and Ta
cs̄0ð2900Þ0 in the Dþ

s π
�

invariant mass spectrums. Inspired by these newly discov-
ered exotic states candidates, we investigate the charmed-
strange pentaquark states cs̄nnn by using the RGM in the
framework of QDCSM. Herein, the effective potentials are
estimated to explore the interactions of individual channels
in different IðJPÞ quantum numbers systems. The single
channel and coupled channels calculations are carried out
to find the possible bound states. Our estimations show that
there are two bound states for the charmed-strange penta-
quark system with IðJPÞ quantum numbers to be 1

2
ð5
2
−Þ and

3
2
ð5
2
−Þ, respectively. The masses are estimated to be

3392 MeV for the pentaquark state with 1
2
ð5
2
−Þ and

3307 MeV for the state with 3
2
ð5
2
−Þ.

Apart from the bound states, the scattering phase shifts
are also estimated to search for the possible resonance
states. The present estimations indicate that there are three
resonance states in the cs̄nnn pentaquark system. The ΣcK�

resonance state with IðJPÞ ¼ 1
2
ð1
2
−Þ can be found in the

scattering phase shifts of ND�
s , ΛcK� and ΣcK channels,

and the mass and width are (3342–3346) MeV and
25.5 MeV, respectively. The ΣcK� resonance state with
IðJPÞ ¼ 1

2
ð3
2
−Þ can be observed in the Σ�

cK channel with the
mass and width to be 3333 and 3.3 MeV, respectively. In
addition, a ΔD� resonance state with IðJPÞ ¼ 3

2
ð1
2
−Þ is also

visible in the scattering phase shift of the ΣcK channel, and
the mass and width of this resonance state are 3343 and
0.01 MeV, respectively.
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APPENDIX: RESONATING GROUP
METHOD FOR BOUND STATE AND

SCATTERING PROBLEMS

In the present work, We perform bound state calculations
as well as scattering calculations for the NDs system by
using the RGM in QDCSM. The issue of this approach is
how to deal with the two-body problem. In this method,
when dealing with the two-cluster system, one can only

TABLE VII. The masses and decay widths (in the unit of MeV)
of resonance states with the difference scattering process. mR
stands for the modified resonance mass. Γ is the partial decay
width of the resonance state decaying to an open channel. ΓTotal is
the total decay width of the resonance state.

Open channels

Three channel coupling

IðJPÞ ¼ 1
2
ð1
2
−Þ IðJPÞ ¼ 1

2
ð1
2
−Þ

ΣcK� Σ�
cK�

mR Γ mR Γ

NDs � � � � � � � � � � � �
ND�

s 3344 5.1 � � � � � �
ΛcK � � � � � � � � � � � �
ΛcK� 3346 1.4 � � � � � �
ΣcK 3342 19 � � � � � �
ΓTotal 25.5

Open channels

Two channel coupling

IðJPÞ ¼ 1
2
ð3
2
−Þ IðJPÞ ¼ 3

2
ð1
2
−Þ

ΣcK� ΔD�
s

mR Γ mR Γ

ND�
s � � � � � � � � � � � �

ΛcK� � � � � � � � � � � � �
ΣcK � � � � � � 3343 0.01
Σ�
cK 3333 3.3 � � � � � �

ΓTotal 3.3 0.01
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consider the relative motion between the clusters, while the
two clusters are frozen inside. So the wave function of the
baryon-meson system is

ψ ¼
X
L

A½½ϕ̂AðρA; λAÞϕ̂BðρBÞ�½σ�IS ⊗ χLðRABÞ�J; ðA1Þ

where L stands for the orbital angular momentum and the
symbol A is the antisymmetry operator, which can be
defined as

A ¼ 1 − P14 − P24 − P34; ðA2Þ

where 1, 2, and 3 stand for the quarks in the baryon cluster,
and 4 stands for the quark in the meson cluster. ϕ̂A and ϕ̂B
are the internal cluster wave functions of the baryon A and
meson B:

ϕ̂A ¼
�

2

3πb2

�
3=4

�
1

2πb2

�
3=4

e−ð
ρA

2

4b2
þλA

2

3b2
ÞηIASAξ

c
A; ðA3Þ

ϕ̂B ¼
�

1

2πb2

�
3=4

e−
ρB
4b2ηIBSBξ

c
B; ðA4Þ

where ηI, S, and ξ represent the flavor, spin, and internal
color terms of the cluster wave functions, respectively. ρA
and λA are the internal coordinates for the baryon cluster A
and ρB is the internal coordinate for the meson cluster B.
The Jacobi coordinates are defined as follows:

ρA ¼ r1 − r2; ρB ¼ r4 − r5;

λA ¼ r3 −
1

2
ðr1 þ r2Þ;

RA ¼ 1

3
ðr1 þ r2 þ r3Þ; RB ¼ 1

2
ðr4 þ r5Þ;

RAB ¼ RA − RB; RG ¼ 3

5
RA þ 2

5
RB: ðA5Þ

From the variational principle, after variation with respect
to the relative motion wave function χðRÞ ¼ P

L χLðRÞ,
one obtains the RGM equation,

Z
HðR;R0ÞχðR0ÞdðR0Þ ¼ E

Z
NðR;R0ÞχðR0ÞdðR0Þ; ðA6Þ

where HðR;R0Þ and NðR;R0Þ are Hamiltonian and norm
kernels, respectively. The eigenenergy E and the wave
functions are obtained by solving the RGM equation.
Generally, one can introduce generator coordinates Sm to

expand the Lth relative motion wave function χLðRÞ by,4

χLðRÞ ¼
1ffiffiffiffiffiffi
4π

p
�

6

5πb2

�
3=4Xn

m¼1

Cm

×
Z

exp

�
−

3

5b2
ðR − SmÞ2

�
YLðŜmÞdŜm

¼
Xn
m¼1

Cm
uLðR; SmÞ

R
YLðR̂Þ; ðA7Þ

with

uLðR; SmÞ ¼
ffiffiffiffiffiffi
4π

p �
6

5πb2

�
3=4

Re−
3

5b2
ðR−SmÞ2

×mLjL

�
−i

6

5b2
Sm

�
; ðA8Þ

where Cm is expansion coefficients, n is the number of the
Gaussian bases, which is determined by the stability of the
results, and jL is the Lth spherical Bessel function. Then
the relative motion wave function χðRÞ is

χðRÞ ¼ 1ffiffiffiffiffiffi
4π

p
X
L

�
6

5πb2

�
3=4

×
Xn
m¼1

Cm

Z
e−

3

5b2
ðR−SmÞ2YLðŜmÞdŜm: ðA9Þ

After the inclusion of the center of mass motion,

ΦGðRGÞ ¼
�

5

πb2

�
3=4

e−
5

2b2
RG; ðA10Þ

the total wave function in Eq. (A1) can be rewritten as,

Ψ5q ¼ A
X
m;L

Cm;L

Z
1ffiffiffiffiffiffi
4π

p
Y3
α¼1

ΦαðSmÞ
Y5
β¼4

Φβð−SmÞ

× ½½ηIASAηIBSB �ISYLðŜmÞ�J½ξcðAÞξcðBÞ�½σ�; ðA11Þ

where ΦαðSmÞ and Φβð−SmÞ are the single-particle orbital
wave function with different reference centers, for which
the specific form can be seen in Eq. (11).
With the reformulated ansatz as shown in Eq. (A11), the

RGM equation becomes an algebraic eigenvalue equation,

X
j;L

CJ;LH
L;L0
i;j ¼ E

X
j

Cj;L0NL0
i;j; ðA12Þ

where NL0
i;j and HL;L0

i;j are the overlap of the wave functions
and the matrix elements of the Hamiltonian, respectively.
By solving the generalized eigenvalue problem, we can
obtain the energies of the pentaquark E and the corre-
sponding expansion coefficient Cj;L. Finally, the relative

4In the present estimation, only the S-wave bound state is
considered, i.e., L ¼ 0.
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motion wave function between two clusters can be obtained
by substituting the Cj;L into Eq. (A7).
For a scattering problem, the relative wave function is

expanded as

χLðRÞ ¼
Xn
m¼1

Cm
ũLðR; SmÞ

R
YLðR̂Þ; ðA13Þ

with

ũLðR; SmÞ ¼
�
αmuLðR; SmÞ; R ≤ RC

½h−Lðk;RÞ − smh
þ
L ðk;RÞ�RAB; R ≥ RC

;

ðA14Þ
where uL is presented Eq. (A8), h�L is the Lth spherical
Hankel functions, k is the momentum of the relative motion
with k ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

2μEie
p

, μ is the reduced mass of two hadrons of
the open channel, Eie is the incident energy of the relevant
open channels, which can be written as Eie ¼ Etotal − Eth
with Etotal and Eth denote the total energy and the threshold
of open channel, respectively. RC is a cutoff radius beyond
which all the strong interaction can be disregarded.
Besides, αm and sm are complex parameters that are
determined by the smoothness condition at R ¼ RC and
Cm satisfy Σn

m¼1Cm ¼ 1. After performing the variational
procedure, a Lth partial-wave equation for the scattering
problem can be deduced as,

Xn
m¼1

LL
imCm ¼ ML

i ði ¼ 0; 1;…; n − 1Þ; ðA15Þ

with

LL
im ¼ KL

im −KL
i0 −KL

0m þKL
00; ðA16Þ

ML
i ¼ KL

00 −KL
i0; ðA17Þ

and

KL
im ¼

	
ϕ̂Aϕ̂B

ũLðR0;SmÞ
R0 YLðR0ÞjH − Ej ðA18Þ

×A
�
ϕ̂Aϕ̂B

ũLðR; SmÞ
R

YLðRÞ
�


: ðA19Þ

By solving Eq. (A15), we can obtain the expansion
coefficients Cm, then the S-matrix element SL and the phase
shifts δL are given by

SL ¼ jSLje2iδL ¼
Xn
m¼1

Cmsm: ðA20Þ

Finally, the cross section can be obtained from the scatter-
ing phase shifts by the formula,

σL ¼ 4π

k2
ð2Lþ 1Þsin2δL: ðA21Þ

Based on the single-channel scattering calculation dis-
cussed above, we can also to take into account the coupled
channels effect. First, we can write the total wave function
as

ΨðcÞ ¼
X
γ

Aγ½Φ̂γðξ̂ÞχðcÞγ ðRγÞ�; c ¼ ðα; βÞ; ðA22Þ

where γ represents all two-body channels. The asymptotic

behavior of χðcÞγ ðRγÞ is,

χðcÞγ ðRγÞ¼ χð−Þγ ðκγ;RγÞδγcþSγcχ
ðþÞ
γ ðκγ;RγÞ; Rγ >RðcÞ

γ ;

ðA23Þ

where Sγc means the S-matrix element of c → γ; χð�Þ
γ can

be written as
(i) for the open channel

χð�Þ
γ ðκγ; RγÞ ¼

1ffiffiffiffi
νγ

p hð�Þ
Lγ

ðκγ; RγÞ; Rγ > RðcÞ
γ ;

ðA24Þ

(ii) for the close channel

χð�Þ
γ ðκγ;RγÞ¼Wð�Þ

Lγ
ðκγ;RγÞ; Rγ >RðcÞ

γ ; ðA25Þ

where νγ is the relative rate of motion, νγ ¼ hκγ=μγ , κγ, and
μγ stand for the momentum of the relative motion with γ
channels and the reduced mass of the two hadrons. Besides,

the discussion of Wð�Þ
Lγ

ðκγ; RγÞ can be found in Ref. [100].
Similar to the single channel scattering phase shift

approach, we first introduce the trial wave function ΨðcÞ
t :

ΨðcÞ
t ¼

X
γ

Aγ½Φγðξ̂ÞχðcÞγ;t ðRγÞ� þ
XðcÞ
ν

Ων;t; c ¼ ðα; βÞ;

ðA26Þ

where Ων;t denotes the decay amplitude without the

forward term. χðcÞγ;t ðRγÞ is the trial wave function for the
relative motion orbit, which can be written as

χðcÞγ;t ðRγÞ¼ χð−Þγ ðκγ;RγÞδγcþSγc;tχ
ðþÞ
γ ðκγ;RγÞ; Rγ >RðcÞ

γ

ðA27Þ

Here, χðcÞγ;t ðRγÞ can be expanded with a series of known
wave functions:
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χðcÞγ;t ðRγÞ ¼
Xnγ
i¼0

CðcÞ
γi χγiðRγÞ; ðc ¼ α; βÞ ðA28Þ

with

χγiðRγÞ ¼
�pγiχ

in
γiðRγÞ; Rγ ≤ Rc

γ ;

χð−Þγ ðκγ; RγÞ þ sγiχþγ ðκγ; RγÞ; Rγ ≥ Rc
γ :

ðA29Þ

Because χγiðRγÞ is a continuous wave function, the wave
function and the derivative of the wave function are also
continuous at Rγ ¼ Rc

γ ,

pγiχ
in
γiðRc

γÞ ¼ χð−Þγ ðκγ; Rc
γÞ þ sγiχþγ ðκγ; Rc

γÞ; ðA30Þ

pγi
d

dRγ
χinγiðRγÞjRγ¼Rc

γ

¼ d
dRγ

½χð−Þγ ðκγ; RγÞ − sγiχ
ðþÞ
γ ðκγ; RγÞ�Rγ¼Rc

γ
; ðA31Þ

so pγi and sγi can be obtained. According to the
Eqs. (A27)–(A29), we can obtain

Xnγ
i¼0

CðcÞ
γi ¼ δγc; ðc ¼ α; βÞ ðA32Þ

and

Xnγ
i¼0

CðcÞ
γi sγi ¼ Sγc;t:ðc ¼ α; βÞ ðA33Þ

In the same way as when calculating the single channel, we
end up with two systems of linear equations

X
δ

Xnδ
j¼1

Lγi;δjCc
δj þ ΣμLγi;μbcμ ¼ MðcÞ

γi ðA34Þ

X
δ

Xnδ
j¼1

Lν;δjCc
δj þ ΣμLν;μbcμ ¼ MðcÞ

ν ; ðA35Þ

where Lγi;δj, Lγi;μ, Lν;δj, and Lν;μ, whose expressions can be
found in Ref. [100]. By solving the system of Eqs. (A34)

and (A35), CðcÞ
γ;i and bðcÞν can be obtained, and then

substituting into Eq. (A33), we can obtained the approxi-
mate S-matrix element Sγc;t. Finally based on the single
channel scattering approach, the S-matrix element Sβα;st
can be written as

Sβα;st ¼ Sβα;t −
iκ2

hb

�X
γ

Xnγ
i¼0

Kβ0;γiCα
γi þ ΣνKβ0;νb

ðαÞ
ν

�
;

ðA36Þ
where Kβ0;γi and Kβ0;ν can be found Ref. [100].
Next how to obtain the scattering phase shifts needs to be

discussed in different cases. Take two channels coupling as
an example, if one of these two channels is an open channel
and the other is a closed channel, then we study the
scattering phase shifts after this open channel is affected
by the closed channel, and we can use Eq. (A20) to get the
scattering phase shifts. For the better understanding, we
take ΔD�

s þ ΣcK channel coupling calculation with
IðJPÞ ¼ 3

2
ð1
2
−Þ as an example. Here ΔD�

s is the resonance
state and ΣcK is the open channel. In the scattering phase
shifts calculation of ΣcK without incorporating ΔD�

s
channel, the phase shifts will be a a smooth curve, the
phase shift varies gently with the increasing incident
energy. However, as shown Fig. 7(a), the phase shifts of
ΣcK show a structure in the ΔD�

s þ ΣcK two-channel
coupling calculation, the phase shifts will rise rapidly at
some energies. the change will exceed 180°. The incident
energy corresponding to the phase shift at 90° is the energy
of the resonance state, and the difference between the two
incident energies corresponding to the 45° and 135° of the
phase shifts is the decay width.
If there are two open channels, we can use the above

method to calculate four matrix elements: S11, S12, S21, and
S22. These four elements can be arranged into a 2 × 2matrix,
which can be diagonalized to obtain two eigenvalues,
representing the S-matrix elements of the two open channels.
These eigenvalues can be substituted into Eq. (A20) to obtain
the scattering phase shifts of the two channels.
In addition, based on Eq. (A20), we can obtain the

scattering length a0 and the effective range r0 at the low-
energy scattering phase shift by,

k cot δL ¼ −
1

a0
þ 1

2
r0k2 þOðk4Þ; ðA37Þ

where k ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2μEc:m

p
, μ and Ec:m are the reduced mass of

two hadrons and the incident energy, respectively.
According to above results, the wave number α can be

available by the relation [101],

r0 ¼
2

α

�
1 −

1

αa0

�
: ðA38Þ

Finally, the binding energy E0
B is calculated according to

the relation,

E0
B ¼ ℏ2α2

2μ
: ðA39Þ
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