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We address the proton spin puzzle with a fully relativistic and nonperturbative approach based on a light-
front quantized Hamiltonian with quantum chromodynamics (QCD) input. From this, we calculate the
effects from incorporating a dynamical gluon on the proton’s gluon densities, helicity distribution, and
orbital angular momentum that constitute the proton spin sum rule. We predict about 26% of the proton’s
spin is carried by the gluon’s helicity and about 1.3% by its orbital angular momentum in low-momentum
transfer experiments. Our approach also provides a good quality description of the proton’s quark
distribution functions following QCD scale evolution.
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I. INTRODUCTION

How the proton’s spin originates from its constituents is
one of the key questions in modern particle and nuclear
physics. From a naive quark model, one expects that the
quark spin contributes most of the proton’s spin sum rule:
1
2
¼ 1

2
ΔΣþ ΔGþ Lq þ Lg, with quark spin 1

2
ΔΣ, gluon

spin ΔG, quark orbital angular momentum (OAM) Lq and
gluonOAMLg. However, the EuropeanMuonCollaboration
experiment [1,2] discovered that quark spin contributes a
small portion of the proton spin, which triggered the “proton
spin crisis.” It has now been determined that the quark spin
contributes only around 30% to the proton’s spin [3–5]. The
Relativistic Heavy Ion Collider spin program has revealed
that ΔG is likely sizable [3–8]. Together with the known
quark spin contribution ΔΣ ∼ 30%, the result manifests that
the other terms provide the dominant fraction of the nucleon
spin. Yet, there remain large uncertainties about ΔG [9].

Resolving this matter is a prime goal of future Electron-Ion
Colliders (EICs) [10,11].
In this paper, we address this fundamental issue within

basis light-front quantization (BLFQ), which is a fully
relativistic and nonperturbative framework for solving
problems in quantum field theories [12–23]. We adopt an
effective light-front (LF) Hamiltonian and solve for its mass
eigenstates at the scale suitable for low-resolution probes
[12]. With quarks (q) and gluons (g), the Hamiltonian
includes LF QCD interactions [24] relevant to the jqqqi
and jqqqgi Fock sectors and a three-dimensional confine-
ment [16]. After fitting Hamiltonian parameters to mass
spectra, we compute the proton’s parton distribution func-
tions (PDFs) from the wave functions attained as eigenvec-
tors of the Hamiltonian. We employ QCD evolution to
advance from ourmodel’s low-energy scale to scales needed
for comparing our results with global analyses.
The first of our two salient issues is the gluon density at a

low energy scale that contributes to all the parton densities
following QCD scale evolution. The second issue concerns
the description of experimental data on the gluon spin
contribution ΔG. Similar to the scale dependence of the
angular momentum observables [25,26], addressing these
two issues demands a unified framework, as we demon-
strate. We address the first issue by encapsulating the gluon
directly into the proton at its model scale. We address the
second issue by applying QCD evolution to compare with
available data across various scales where we obtain
agreement within sensible precision.
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II. NUCLEON WAVE FUNCTIONS FROM
LIGHT-FRONT QCD HAMILTONIAN

The structural information of a bound state is encoded in
the light-front wave functions (LFWFs), which are
obtained by solving the eigenvalue problem of the
Hamiltonian: P−PþjΨi ¼ M2jΨi, where P� ¼ P0 � P3

defines the longitudinal momentum (Pþ) and the LF
Hamiltonian (P−) of the system with M2 being the mass
squared eigenvalue. At fixed LF time (xþ ¼ tþ z ¼ 0), the
nucleon state can be expressed as

jΨi ¼ ψ ðqqqÞjqqqi þ ψ ðqqqgÞjqqqgi þ � � � ; ð1Þ

where the ψ ð…Þ describe the probability amplitudes for
different parton configurations in the nucleon.
At the initial scale, where the baryons are defined in

terms of jqqqi and jqqqgi components, we consider the LF
Hamiltonian P− ¼ P−

QCD þ P−
C, where P−

QCD and P−
C are,

respectively, the LF QCD Hamiltonian that incorporates
interactions relevant to those leading two Fock components
and a model for the confining interaction. In LF gauge, with
one dynamical gluon [24],

P−
QCD ¼

Z
d2x⊥dx−

�
1

2
Φ̄γþ

m2
0 þ ði∂⊥Þ2

i∂þ
Φ

−
1

2
Ai
a½m2

g þ ði∂⊥Þ2�Ai
a þ gsΦ̄γμTaAμ

aΦ

þ 1

2
g2sΦ̄γþTaΦ

1

ði∂þÞ2 Φ̄γþTaΦ
�
; ð2Þ

where Φ and Aμ represent the quark and gluon fields,
respectively. The variables x− and x⊥ are the longitudinal
and transverse position coordinates, respectively. T is the
generator of the SUð3Þ gauge group in color space, and γμ

are the Dirac matrices. The first and second terms in Eq. (2)
are the kinetic energies of the quark and gluon with bare
masses m0 and mg. While the gluon mass is zero in QCD,
we permit an effective gluon mass to fit the nucleon form
factors (FFs). The last two terms are the vertex and
instantaneous interactions with coupling gs. Following a
Fock sector-dependent renormalization procedure devel-
oped for positronium in a basis embodying jeēi and jeēγi
[27,28] and further employed for mesons [22], we pro-
duce the quark mass counter term (δm) and define
m0 ¼ mq þ δm, where mq is the physical quark mass.
We neglect antisymmetrization of identical quarks.
Referring to Ref. [29], we allow an independent quark
mass mf in the vertex interaction.
We consider confinement in the leading Fock sector [16],

P−
CP

þ ¼ κ4

2

X
i≠j

�
fr⃗2ij⊥ −

∂xiðxixj∂xjÞ
ðmi þmjÞ2

�
; ð3Þ

where r⃗ij⊥ ¼ ffiffiffiffiffiffiffiffixixj
p ðr⃗i⊥ − r⃗j⊥Þ is the relative coordinate

related to the holographic variable [30], κ is the strength of
the confinement, and ∂x ≡ ð∂=∂xÞrij⊥ . We omitted explicit
confinement in the jqqqgi sector with the hope that the
limited basis in the transverse direction and the massive
gluon retain adequate effects of confinement. Massive
gluons also appear in the Dyson-Schwinger equations
(DSEs) approach as a consequence of confinement effects
[31,32]. Effective gluon masses also appear in other
theoretical approaches, see Ref. [33].
For the basis of BLFQ [12], we employ a plane-wave

state in the longitudinal direction confined in a one-
dimensional box of length 2L with antiperiodic (periodic)
boundary conditions for quarks (gluons), two-dimensional
harmonic oscillator (2D-HO) wave function, ϕnmðp⃗⊥; bÞ
with scale parameter b, in the transverse direction, and
light-cone helicity state in the spin space [13]. Our basis
choice introduces four quantum numbers for each parton
single-particle state, ᾱ ¼ fk; n;m; λg. Here, k represents
the longitudinal degree of freedom that corresponds to the
parton longitudinal momentum pþ ¼ 2πk

L with k taking
positive half-integer (integer) values for quarks (gluons).
We omit the zero mode for gluons. The 2D-HO wave
function carries the principal and orbital angular quantum
number denoted by n and m, respectively, and λ represents
the spin states. Note that jqqqgi has two color-singlet states
which require one additional label to specify.
We introduce two many-parton basis space parameters.

Nmax is the many-parton cutoff of the 2D-HO basis states:P
i ð2ni þ jmij þ 1Þ ≤ Nmax and

P
i ki ¼ K. The longi-

tudinal momentum fraction is then expressed as xi ¼ ki=K.
The resulting LFWFs with helicity Λ in momentum space
are then expressed as

ΨN ;Λ
fxi;p⃗⊥i;λig ¼

X
fnimig

ψN ðfᾱigÞ
YN
i¼1

ϕnimi
ðp⃗⊥i; bÞ; ð4Þ

with N being the particle number in each Fock sector and
the ψ are components of the eigenvectors associated with
the Fock sectors jqqqi and jqqqgi.
All calculations areperformedwithfNmax;Kg¼f9;16.5g.

We select the HO scale parameter b ¼ 0.7 GeV, UV
cutoff for the instantaneous interaction binst ¼ 3 GeV,
and set our model parameters fmu;md;mg; κ; mf; g̃sg ¼
f0.31; 0.25; 0.50; 0.54; 1.80; 2.40g (all are in units of
GeV except g̃s) by fitting the proton mass and electro-
magnetic properties. We notice that at the model scale,
μ20 ¼ 0.24� 0.01 GeV2, the probability of finding a quark
in jqqqi is 44%, while it is 56% in jqqqgi. Our electro-
magnetic radii for the proton obtained from the slope
of the Sachs FFs [34–37] yields a charge radius

ffiffiffiffiffiffiffiffiffi
hr2Ei

p
¼

0.85� 0.01 fm and a magnetic radius
ffiffiffiffiffiffiffiffiffiffi
hr2Mi

p
¼

0.88� 0.07 fm, which are close to the experimentally
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measured
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hr2Eiexpt:

q
¼0.840þ0.003

−0.002 fm and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hr2Miexpt:

q
¼

0.849þ0.003
−0.003 fm [38]. We obtain the magnetic moment of

the proton, μp ¼ 2.443� 0.027, which is close to the
experimental value μexpt:p ¼ 2.79 [39].
We also emphasize that we have model uncertainties

emerging from three sources. First, in our calculation, we
only consider jqqqi and jqqqgi Fock sectors and neglect
the higher Fock components that incorporate additional
QCD interactions. Second, we allow an independent quark
massmf as a free parameter in the vertex interaction. Third,
we incorporate a phenomenological confinement in the
leading Fock sector, while anticipating the massive gluon
retains adequate effects of confinement in the higher Fock
sector. These model uncertainties can be systematically
reduced by incorporating higher Fock sectors with more
dynamical gluons and sea quarks. We believe that this path
forward will also reduce the need for a phenomenological
confinement and a separate fermion mass for the vertex
interaction. By establishing our approach for the proton in
the leading two Fock sectors, jqqqi and jqqqgi, we prepare
a path for such future systematic improvements and a
detailed analysis will be reported in future studies. In the
following, we compute the effects from incorporating a
dynamical gluon on the proton’s valence quark and gluon
densities, helicity distribution and orbital angular momen-
tum that constitute the proton spin sum rule.

III. PDFs

With our LFWFs, the proton’s valence quarks and gluon
unpolarized and helicity PDFs are

fðxÞ ¼
Z
N
ΨN ;Λ

fxi;p⃗⊥i;λigΨ
N ;Λ
fxi;p⃗⊥i;λigδðx − xiÞ; ð5Þ

ΔfðxÞ ¼
Z
N
λ1ΨN ;Λ

fxi;p⃗⊥i;λigΨ
N ;Λ
fxi;p⃗⊥i;λigδðx − xiÞ; ð6Þ

respectively, with f ≡ q, g. We use the abbreviationR
N ≡P

N ;λi

QN
i¼1

R ½dxd2p⃗⊥
16π3

�
i
16π3 δð1 −

P
xjÞδ2ð

P
p⃗⊥jÞ

and i ¼ q, g labels the valence quarks and gluon, respec-
tively, and λ1 ¼ 1ð−1Þ for the struck parton helicity. At our
model scale the PDFs for the valence quarks are normal-
ized as

R
1
0 qðxÞdx ¼ nq, with nq being the number of

quarks of flavor q in the proton and those PDFs together
with the gluon PDF complete the momentum sum rule:R
1
0

P
i xf

iðxÞdx ¼ 1.
To evolve our PDFs from our model scale ðμ20Þ to a

higher scale (μ2), we solve the next-to-next-to-leading
order (NNLO) Dokshitzer- Gribov-Lipatov-Altarelli-
Parisi (DGLAP) equations [40–42] of QCD using the
Higher Order Perturbative Parton Evolution toolkit [43].
The variable μ refers to the factorization scale, which is
equal to the renormalization scale in the DGLAP equation

with the MS scheme. We then determine our model scale
μ20 ¼ 0.24� 0.01 GeV2 by matching the moment of our
valence quark PDFs at 10 GeV2 with the result from
the global data fits with average values [44] hxiu ¼ 0.261�
0.005 and hxid ¼ 0.109� 0.005.
Figure 1 shows our results for the proton unpolarized

PDFs at μ2 ¼ 10 GeV2, where we compare the valence
quarks and gluon distributions after QCD evolution with
the NNPDF3.1 [45] and JAM [46] global fits. A similar
comparison can be made with the other global fits of the
quark and gluon PDFs [46–50]. We also include the proton
PDFs previously obtained from a LF effective Hamiltonian
[21] based on a valence Fock representation for compari-
son. The error bands in our evolved distributions reflect an
adopted 10% uncertainty in our model scale. We find
good consistency between our prediction for the proton’s
valence quark distributions and the global fit. Our ratio
dv=uv is also in qualitative agreement with the extracted
data from the MARATHON experiment at JLab [51].
A robust method for analysing and extrapolating JLab
MARATHON data results in the proton valence-quark
ratio: limx→1 dv=uv ¼ 0.230� 0.057 [52]. We predict
dv=uv ¼ 0.225� 0.025 as x → 1 which agrees with the
extrapolated result.
According to the Drell-Yan-West relation [53,54], at

large μ2 the valence quark distributions fall off at large x as
ð1 − xÞp, where p is associated to the number of valence
quarks and for the proton p ¼ 3. Our up quark unpolarized
PDF falls off at large x as ð1 − xÞ3.2�0.1, whereas for the
down quark the PDF exhibits ð1 − xÞ3.5�0.1. Both agree
reasonably well with the perturbative QCD prediction [55].
Our gluon PDF is suppressed at low-x and moves towards

FIG. 1. The unpolarized valence quark and gluon PDFs of the
proton. Our results (blue bands) obtained with one dynamical
gluon are compared with the proton PDFs (pink bands) pre-
viously obtained from a LF effective Hamiltonian based on only a
valence Fock representation [21] and the NNPDF3.1 [45] and
JAM [46] global fits. The inset: the ratio of the valence quark
PDFs is compared with the extracted data from the Jefferson Lab
(JLab) MARATHON experiment [51].
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the global fits [45,46] with our addition of a dynamical
gluon, while the distribution for x > 0.05 is in reasonable
agreement with the global fit.
Figure 2 shows the helicity PDFs of the valence up and

down quark (a), gluon (b), sea up quark (c), and sea down
quark (d). We find that our valence quark helicity PDFs are
roughly consistent with the experimental data from
COMPASS [56] and HERMES [57,58]. The χ2 per degrees
of freedom (d.o.f.) for xΔu is 24.5, whereas for the xΔd, it
is 2.4. For comparison, we also include the global analysis
by NNPDFpol1.1 [4] and the results previously obtained
from a valence-only LF effective Hamiltonian [21]. We
notice that ΔuðxÞ improves significantly at small-x as a
result of including a dynamical gluon.
In our model, the sea quarks are generated by scale

evolution. We find acceptable agreement between our Δū
and the experimental data. Note that the sea quark helicity
PDFs’ signs are not fixed by the experiments.
We present the gluon helicity PDF at the scale μ2 ¼

1 GeV2 and we compare it with the global analyses by
the JAM [59] and the NNPDF Collaborations [4]. We
observe a fair agreement at small-x, whereas our gluon
helicity distribution at large-x falls faster than that of the
NNPDFpol1.1 analysis. Our BLFQ prediction shows
somewhat better agreement with the JAM results.
Significant uncertainties exist in the large-x and small-x
domains where even the sign is uncertain [61].
In Fig. 3, we compare the quark and gluon helicity

asymmetries obtained from our BLFQ approach with data
extracted from various experiments. Experimentally, the
expected increase of Δu=u is observed. Meanwhile, the
down quark remains negative for x≲ 0.6 [62–68] and

the global analyses favor negative values ofΔd=d at large-x
[3–5]. This is also supported by DSE calculations [69].
Thus, there is a tension with the pQCD constraints [55,70]
and the global analyses and DSE calculations in under-
standing the large-x behavior of the polarized PDFs.
Meanwhile, the large-x region, which is dominated by
the valence quarks, will be tested in the JLab spin program
[71–73]. The BLFQ prediction shows an acceptable agree-
ment with the measurements [62–64,66,67] for the down
quark. Our results favor the global analyses and DSE
calculations [69].
We compare Δg=g with high pT hadrons in the LO

analyses [74,75] and from the open charm production in the
NLO analysis [76] at COMPASS, from high pT hadrons in
the LO analyses by the Spin Muon Collaboration at CERN
[77] and at the HERMES experiment [78]. We find an
acceptable agreement with the COMPASS data. The χ2 per
d.o.f. for Δg=g is 1.93.
The partonic helicity contributions to the proton spin are

given by the first moment of the helicity distributions.
At our model scale, we find the quark contribution is
1
2
ΔΣ ¼ 0.359� 0.002 to the proton spin, with contribu-

tions 1
2
ΔΣu¼0.438�0.004 and 1

2
ΔΣd ¼ −0.080� 0.002.

Note that ΔΣu agrees well with the world data summarized
in Ref. [82], however, our ΔΣd is significantly smaller than
most of the world data. We find a sizeable gluon contri-
bution, ΔG ¼ 0.131� 0.003, to the proton spin. A recent

FIG. 2. The helicity PDFs of (a) the valence u and d, (b) g, (c) ū,
and (d) d̄ in the proton. The experimental data are from
COMPASS [56] and HERMES [57,58] Collaborations. The
magenta band represents the global analysis by NNPDFpol1.1
[4]. The gray band in (b) corresponds to the JAM global fit [59].
The red bands in (a), (c), and (d) represent the results from a
LF effective Hamiltonian in the valence-only space [21]. The sea
quark distributions in (c) and (d) are compared with the
predictions from light-front holographic (LFH) QCD [60].

FIG. 3. Comparisons of BLFQ predictions at next-to-leading
order (NLO) (blue bands) with experiments for quarks
[62–64,66,67] and gluon [74–78] helicity asymmetries in the
proton. The quark distributions are also compared with global
analysis [57,58], predictions from LFH QCD [60] and various
models [79–81].
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analysis with updated data sets and PHENIX measurement
[83] yielded ΔG ¼ 0.2ð1Þ with a constraint: −0.7 < ΔG <
0.5 for xg ∈ ½0.02; 0.3�. Excluding the xg < 0.05 domain,
the value of ΔG ¼ R

0.2
0.05 dxΔgðxÞ ¼ 0.23ð6Þ [4] and ΔG ¼R

1
0.05 dxΔgðxÞ ¼ 0.19ð6Þ [7] were extracted. The lattice
QCD simulations predicted ΔG ¼ 0.251ð47Þð16Þ at the
physical pion mass [84]. Future measurements of ΔgðxÞ in
the xg < 0.02 are required to decrease the uncertainty in
ΔG. Fortunately, the upcoming EICs [10,11,85] aim to
accurately measure the gluon helicity distribution, particu-
larly in the small-x region.

IV. ORBITAL ANGULAR MOMENTUM

We find a sizeable canonical orbital angular momentum
(OAM) contribution to the proton spin using generalized
transverse momentum dependent distributions (GTMDs)
as [86–88]

Li
z ¼ −

Z
dxd2p⃗⊥

p⃗2⊥
M2

Fi
1;4ðx; 0; p⃗2⊥; 0; 0Þ; ð7Þ

with Fi
1;4ðx; ξ; p⃗2⊥; p⃗⊥ · q⃗⊥; q⃗2⊥Þ being one of the GTMDs

for the unpolarized parton [89–91], where q is the
momentum transfer and the skewness variable ξ represents
the momentum transfer in the longitudinal direction, andM
is the proton mass. With ϵ12⊥ ¼ 1 the GTMD can be
expressed as

Fi
1;4 ¼

X
Λ

Z
N

−iM2

2ðϵij⊥p⃗i⊥q⃗
j
⊥Þ

ΛΨΛ�
fx0i;p⃗0

i⊥;λigΨ
Λ
fxi;p⃗i⊥;λig

× δ2
�
p⃗⊥ −

p⃗0
i⊥ þ p⃗i⊥

2

�
δðx − xiÞ: ð8Þ

We predict that Lu
z ¼0.0327�0.0013, Ld

z ¼ −0.0114�
0.0004, and Lg

z ¼ −0.0065� 0.0005 consistent with light-
cone quark models [86]. Note that nothing is known about
LðxÞ experimentally. Our calculation provides predictions
for the quark and gluon helicities and their OAM from the
future experiments as well as baselines for theoretical
investigations with higher Fock components.

V. CONCLUSION AND OUTLOOK

Using BLFQ, we have solved for the first time the light-
front QCD Hamiltonian for the proton within the combined
constituent three quarks (jqqqi) and three quarks and one
gluon (jqqqgi) Fock spaces. The resulting LFWFs obtained
from this Hamiltonian were employed to compute the
proton PDFs.
We have calculated the quark and gluon helicity dis-

tributions and their OAM that constitutes the proton spin
sum rule. We have observed a qualitative agreement
between our predictions for the polarized distributions
and the experimental data and/or the global fits. Our model

leads to somewhat less satisfactory results for ΔqðxÞ when
we compare with the experimental data. However, it is
reasonable at this stage since it can be systematically
improved. Note that the contribution of an additional qq̄
pair, which is relevant at larger distances and embodies the
pion cloud in the proton, likely plays an important role in
reproducing the experimental data for the polarized quark
distributions. From the theory-data comparison, we find
that the BLFQ prediction for Δd=d is consistent with
existing experimental data and global fits and remains
negative at large-x. This key property of the proton will be
tested very soon in upcoming experiments. Further, our
work provides a prediction of the expected data for the
gluon polarized PDF from future experiments as well as a
guidance for the theoretical investigations of this PDF.
Comparing theory and experimental data for Δg=g avail-
able in the small-x region, we find an acceptable agreement
with the COMPASS data considering the large experimen-
tal uncertainties. It seems reasonable that our prediction
thereby provides guidance for the gluon helicity PDF in the
large-x domain, where our result agrees with the perturba-
tive QCD constraint.
With one dynamical gluon, we have predicted that ΔG

contributes 26.0� 0.6%, while the contribution from ΔΣ is
72.0� 0.4% to the proton spin. The contributions from
the OAM are: Lu

z ¼ 0.0327� 0.0013, Ld
z ¼ −0.0114�

0.0004, and Lg
z ¼ −0.0065� 0.0005. Experimentally, there

remain large uncertainties in ΔgðxÞ, including the sign in
the small-x domain. Future measurements of ΔgðxÞ for
xg < 0.02 would be valuable to constrain ΔG. On the other
hand, nothing is experimentally known about OAM.
Discovering these properties represents major goals of
EICs [10,11].
The PDFs at a higher scale have been generated based on

the NNLO DGLAP equations and we find reasonable
agreement with the global fits for the unpolarized valence
quark and gluon distributions. We have predicted that
dv=uv ¼ 0.225� 0.025 at x → 1 which agrees with the
recent analysis from the MARATHON experiment yielding
limx→1 dv=uv ¼ 0.230� 0.057 [52].
The present calculations can be viewed as a brief report

of some first results. The obtained LFWFs can be further
employed to compute the quark and gluon Generalized
Parton distribution functions, Transverse-momentum de-
pendent Parton distribution functions, and Wigner distri-
butions as well as the double parton correlations, etc., in the
nucleon. The present calculation can be straightforwardly
extended to higher Fock sectors to incorporate, for exam-
ple, sea quarks and multigluon configurations.
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