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In this work, we study the flavor-changing neutral-current process Bc → D�
sð→ DsπÞlþl− (l ¼ e, μ, τ).

The relevant weak transition form factors are obtained by using the covariant light-front quark model, in
which the main inputs, i.e., the meson wave functions of Bc and D�

s , are adopted as the numerical wave
functions from the solution of the Schrödinger equation with the modified Godfrey-Isgur model. With the
obtained form factors, we further investigate the relevant branching fractions and their ratios, and some
angular observables, i.e., the forward-backward asymmetry AFB, the polarization fractions FLðTÞ, and the
CP-averaged angular coefficients Si and the CP asymmetry coefficients Ai. We also present our results of
the clean angular observables P1;2;3 and P0

4;5;6;8, which can reduce the uncertainties from the form factors.
Our results show that the corresponding branching fractions of the electron or muon channels can reach up
to 10−8. With more data being accumulated in the LHCb experiment, our results are helpful for exploring
this process, and deepen our understanding of the physics around the b → slþl− process.
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I. INTRODUCTION

The flavor-changing neutral-current (FCNC) process,
like the b → slþl− (l ¼ e, μ, τ) we are concerned with
has attracted the attention of both theorists and experimen-
talists, and of course has been widely studied. The FCNC
process is forbidden at the tree level, and can only operate
through loop diagrams in the Standard Model (SM). At the
lowest order, three amplitudes contribute to the decay width,
i.e., the photo penguin diagram, the Z penguin diagram, and
the WþW− box diagram. In all three diagrams, the virtual
t quark plays a dominant role, while the c and u quarks are
the secondary contributions. The FCNC process is very
sensitive to the new physical effects. This suggests that it
can serve as a perfect platform to search directly for new
physics (NP) beyond the SM [1–3].
The b → slþl− in the bottom(-stranged) mesons sector

is an attractive experimental topic. The experimental

search of the FCNC processes B → Kð�Þlþl− started in
1998 [4–6]. The first observation of B → Klþl− was
made by the Belle collaboration in 2001 with a statistical
significance of 5.3 [7]. From 2001 to now, the B →
Kð�Þlþl− with lþl− being either an eþe− or μþμ− pair
has been observed or measured by the Belle [7–12], the
BABAR [13–15], the CDF [16], the CMS [17], and the
LHCb collaborations [18–23]. In particular, the LHCb
collaboration measured the form-factor-independent
observable P0

5 [23], and found a 2.5 standard deviation
(σ) discrepancy to the SM prediction [24] after integrating
over 1.0 < q2 < 6.0 GeV2. In addition, the LHCb col-
laboration recently reported the most precise measurement
of the ratio of branching fractions for Bþ → Kþμþμ− and
Bþ → Kþeþe− decays in 1.1 < q2 < 6.0 GeV2 as Rμe

K ¼
0.846þ0.044

−0.041 [22], indicating a 3.1σ discrepancy with the SM
prediction [2,25], and providing evidence for the violation
of lepton flavor universality (LFU). For the Bs decays, there
have been some experiments, such as the CDF [26,27] and
the D∅ experiments [28], to search for the Bs → ϕlþl−

mode. In 2011, the Bs → ϕμþμ− mode was first observed
in the CDF experiment [29], and then measured by the
CDF [16] and the LHCb collaborations [30–32]. The
electron mode is still missing in the experiment.
Moreover, in Ref. [32] the LHCb collaboration also
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reported their measurement of the Bs → f02ð1525Þμþμ−
process. Compared to the dielectronic and dimuonic
modes, the ditauic mode is less studied. There is a
Belle experiment, which focused on the B0 → K�0τþτ−

process, and determined the upper limit of the branching
fraction BðB0 → K�0τþτ−Þ < 3.1 × 10−3 at 90% confi-
dence level [33].
The FCNC decay of bottom(-stranged) mesons has also

been studied by various theoretical approaches, such as
the lattice QCD (LQCD) [34–36], the light-cone sum
rule [37–49], the QCD factorization [50], the perturbative
QCD (pQCD) [51–56] and its combination with LQCD
data [57,58], as well as various quark models [59–65], and
so on [66–68]. On the other hand, in order to understand
the discrepancy of the value of R with the SM prediction,
the effects beyond the SM are considered. Following this
line of thought, the extensions of the SM via the extended
Higgs-boson [69–75], supersymmetry [76,77], and extra
dimensions [78] have been used. At the same time, some NP
models with an additional heavy neutral boson [79–91] or
leptoquarks [92–108] were also considered.
Although great progress has been made both experimen-

tally and theoretically in the rare semileptonic decays of
bottom(-strange) mesons in recent decades, those of bottom-
charmed mesons have been less studied. Compared to the
BðsÞ mesons, theBc meson is difficult to produce at the Belle
experiment because the BcB̄c is close to 12.5 GeV, which is
far from the energy region ofϒð4SÞ. Moreover, according to
fc=fu ¼ ð7.5� 1.8Þ × 10−3 measured by the LHCb col-
laboration [109], the Bc meson is also underproductivity in
the pp experiment. Here, the fc and fu are the fragmenta-
tion fractions of Bc and B meson, respectively, in pp
collisions. As a result, the Bc meson decay has received
less experimental attention in the past. Recently, the LHCb
collaboration reported the result of the Bþ

c → Dþ
s μ

þμ−

process [110]. Using the pp collision data collected by
the LHCb experiment at the center-of-mass energies of 7, 8,
and 13 TeV, corresponding to a total integrated luminosity of
9 fb−1, the LHCb collaboration did not observe significant
signals in the nonresonant μþμ− modes, but set an upper
limit as fc=fu × BðBþ

c → Dþ
s μ

þμ−Þ < 9.6 × 10−8 at the

95% confidence level. Moreover, considering that the Bc →

Dð�Þ
s lþl− channels have similar amounts of branching

fractions [111], and the D�
s needs to be reconstructed by

the Ds meson in the experiment, the measurement of Bc →
D�

slþl− will be more difficult. This indicates that the search
for rare semileptonic decays of Bc is difficult for the present
experiment. However, with the high-luminosity upgrade of
the Large Hadron Collider (LHC), this situation is likely to
improve. In any case, with the accumulation of data in the
experiment, we expect the LHCb experiment to search for
these rare semileptonic decays of the Bc meson.

In the theoretical sector, the rare semileptonic decays
of Bc have been studied by the light-front quark
model (LFQM) [112], the pQCD [111], the QCD sum
rule [113,114], the constituent quark model (CQM) [112].
The branching fractions of Bc → D�

slþl− with l ¼ e or μ
are predicted to be approximately 10−7. In Refs. [115–117],
the Bc → D�

sμ
þμ− process was been studied within the

SM and beyond. In this work, we also focus on the Bc →
D�

slþl− process, where the necessary form factors are
calculated via the covariant LFQM approach. To provide
more physical observables, we present the angular distribu-
tion of the quasi-four-body process Bc→D�

sð→DsπÞlþl−.
The applications of the standard and(or) covariant LFQM

have proved successful in the study of the meson [118–157]
and baryon weak decays [158–185]. The Bc → D�

s weak
transition form factors deduced by (axial)-vector currents
have been calculated in Ref. [154] with the covariant
LFQM. Probably in the series of papers [124–134,137–
140,144–153,155,158–181], the hadron wave function was
taken as a Gaussian-like form with phenomenal parameter
β, which represents the hadron structure. To fix the
phenomenal parameter, the corresponding decay constant
was used. However, as we all know, the decay constant is
only associated with the zero-point wave function. This
indicates that the oversimplified Gaussian-form wave func-
tion is not able to depict the behavior far away from the zero
point. For this object, we propose to directly adopt the
numerical spatial wave function by solving the Schrödinger
equation with the modified Godfrey-Isgur (GI) model.
By fitting the mass spectrum of the observed heavy flavor
mesons, the parameters of the potential model can be
fixed. This strategy avoids the β dependence, and can also
reduce the corresponding uncertainty. We note that in
Ref. [186], the authors used a relativistic quark model
based on the quasipotential approach in QCD to study the
semileptonic decay of bottom mesons. In their approach,
the numerical wave functions of the mesons are obtained,
thus avoiding the corresponding uncertainty.
This paper is organized as follows. After the Introduction,

we illustrate the angular distributions of the quasi-four-body
decays Bc → D�

sð→ DsπÞlþl− (l ¼ e, μ, τ) in Sec. II. In
Sec. III, we introduce the covariant LFQM and derive the
formula of the weak transition form factors. Then in Sec. IV,
the numerical results, including the from factors of Bc →
D�

s and physical observables of Bc → D�
sð→ DsπÞlþl−

processes, are presented. Finally, this paper ends with a
short summary.

II. THE ANGULAR DISTRIBUTION
OF Bc → D�

s ð→ DsπÞl+l−

A. The effective Hamiltonian for b → sl+l−
The effective Hamiltonian associated with b → slþl−

is [187]
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H ¼ −
4GFffiffiffi

2
p

n
VtbV�

ts

h
C1ðμÞOc

1ðμÞ þ C2ðμÞOc
2ðμÞ

þ
X10
i¼3

CiðμÞOiðμÞ
i
þ VubV�

us½C1ðμÞðOc
1ðμÞ

−Ou
1ðμÞÞ þ C2ðμÞðOc

2ðμÞ −Ou
2ðμÞÞ�

o
; ð2:1Þ

where Vij are the Cabibbo-Kobayashi-Maskawa (CKM)
matrix elements and GF ¼ 1.16637 × 10−5 GeV−2 [188] is
the Fermi constant. Also, the CiðμÞ are Wilson coefficients
and the OiðμÞ are four fermion operators. They all depend
on the QCD renormalization scale μ. More specifically, the
Oc;u

1;2 are current-current operations, the O3−6 are QCD
penguin operators, the O7;8 are electromagnetic and chro-
momagnetic penguin operators, and the O9;10 are semi-
leptonic operators, respectively.
Apart from the γ and Z penguin diagrams, and theWþW−

box diagram, the long distance contribution, via the
intermediate vector states ðρ;ω;ϕ:J=ψ ;ψð2SÞ;…Þ (see
Fig. 1) also shows an unignorable influence. By adding
the factorable quark-loop contributions from O1−6;8 to the
effective Wilson coefficients Ceff

7;9, the effective Hamiltonian
in Eq. (2.1) can be simplified. In the calculation, we have
adopted the following effective Hamiltonian, i.e.,

Heffðb→ slþl−Þ ¼ −
4GFffiffiffi

2
p VtbV�

ts
αe
4π

n
s̄½Ceff

9 ðq2;μÞγμPL

−
2mb

q2
Ceff
7 ðμÞiσμνqνPR�bðlγμlÞ

þC10ðμÞðs̄γμPLbÞðlγμγ5lÞ
o
; ð2:2Þ

where PLðRÞ ¼ ð1 ∓ γ5Þ=2, σμν ¼ iðγμγν − γνγμÞ=2, and
the electromagnetic coupling constant αe ¼ 1=137. The
Ceff7 and C109 are the effective Wilson coefficients, defined
as [189]

Ceff
7 ðμÞ ¼ C7ðμÞ þ C0

b→sγðμÞ;
Ceff
9 ðq2; μÞ ¼ C9ðμÞ þ Ypertðq2; μÞ þ Yresðq2; μÞ; ð2:3Þ

where the term C0
b→sγ is the absorptive part of the b →

scc̄ → sγ rescattering [54,57,58,64,76,189–191]:

C0
b→sγðμÞ ¼ iαs

�
2

9
η
14
23

�
xtðx2t − 5xt − 2Þ

8ðxt − 1Þ3

þ 3x2t ln xt
4ðxt − 1Þ4 − 0.1687

�
− 0.03C2ðμÞ

�
ð2:4Þ

with xt ¼ m2
t =m2

W , η ¼ αsðmWÞ=αsðμÞ, and αs being
adopted as αsðmbÞ ¼ 0.217 in our calculation. The
short-distance contributions from the soft-gluon emission
and the one-loop contributions of the four fermion
operators O1 −O6, and the long-distance contributions
from the intermediate vector meson states are also taken
into account, and have been included in the Ypert and Yres

terms, respectively. The Ypert can be written as [192]

Ypertðŝ;μÞ¼ 0.124ωðŝÞþgðm̂c; ŝÞCðμÞ
þλμ

h
gðm̂c; ŝÞ−gð0; ŝÞ

i
ð3C1ðμÞþC2ðμÞÞ

−
1

2
gð0; ŝÞðC3ðμÞþ3C4ðμÞÞ

−
1

2
gð1; ŝÞð4C3ðμÞþ4C4ðμÞþ3C5ðμÞþC6ðμÞÞ

þ2

9
ð3C3ðμÞþC4ðμÞþ3C5ðμÞþC6ðμÞÞ; ð2:5Þ

where ŝ ¼ q2=m2
b and m̂c ¼ mc=mb with mb ¼ 4.8 GeV

and mc¼1.6GeV, and CðμÞ¼3C1ðμÞþC2ðμÞþ3C3ðμÞþ
C4ðμÞþ3C5ðμÞþC6ðμÞ. At the next leading order, the
Wilson coefficients at the QCD renormalization scale μ ¼
mb are chosen as C1 ¼ −0.175, C2 ¼ 1.076, C3 ¼ 1.258%,
C4 ¼ −3.279%, C5 ¼ 1.112%, C6 ¼ −3.634%, C7 ¼
−0.302, C8¼−0.148, C9¼4.232, and C10¼−4.410 [187].
In the Wolfenstein representation, the λu ¼ VubV�

us=
ðVtbV�

tsÞ can be expressed as

λu ≈ −λ2ðρ − iηÞ; ð2:6Þ

approximately, which is a small value suppressed by λ2

with λ ¼ 0.22500� 0.00067 [188].
In addition, the term ΩðŝÞ is the one-gluon correction

to the matrix element of the operator O9, represented
as [57,192]

FIG. 1. The contributions of the intermediate vector states
ðρ;ω;ϕ:J=ψ ;ψð2SÞ;…Þ to the b → slþl− process resulting
from the current-current operators Oc;u

1;2.

ANGULAR DISTRIBUTION OF THE FCNC PROCESS … PHYS. REV. D 108, 093005 (2023)

093005-3



ωðŝÞ ¼ −
2

9
π2 þ 4

3

Z
ŝ

0

ln 1 − u
u

du −
2

3
lnðŝÞ ln ð1 − ŝÞ

−
5þ 4ŝ

3ð1þ 2ŝÞ ln ð1 − ŝÞ − 2ŝð1þ ŝÞð1 − 2ŝÞ
3ð1 − ŝÞ2ð1þ 2ŝÞ lnðŝÞ

þ 5þ 9ŝ − 6ŝ2

6ð1 − ŝÞð1þ 2ŝÞ ; ð2:7Þ

and the g terms [54,64,76,190,192]:

gðz; ŝÞ ¼ −
8

9
ln zþ 8

27
þ 4

9
x −

2

9
ð2þ xÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j1 − xj

p

×
ln
��� 1þ ffiffiffiffiffiffi

1−x
p

1−
ffiffiffiffiffiffi
1−x

p
��� − iπ for x≡ 4z2=ŝ < 1

2 arctan 1ffiffiffiffiffiffi
x−1

p for x≡ 4z2=ŝ > 1
;

gð0; ŝÞ ¼ 8

27
−
8

9
ln
mb

μ
−
4

9
ln ŝþ 4

9
iπ ð2:8Þ

come from the one-loop contributions of the O1−6.
The Yres term, which describes the long-distance con-

tributions associated with the intermediate light vector
mesons (such as ρ, ω, and ϕ) and vector charmonium
states [such as J=ψ , ψð2SÞ, etc.] (see the Fig. 1), is adopted
as [57]1

Yresðq2;μÞ¼−
3π

α2e

"
CðμÞ

X
Vi¼J=ψ ;ψð2SÞ;…

mVi
BðVi→lþl−ÞΓVi

q2−m2
Vi
þimVi

ΓVi

−λugð0; ŝÞð3C1ðμÞþC2ðμÞÞ

×
X

Vj¼ρ;ω;ϕ

mVj
BðVj→lþl−ÞΓVj

q2−m2
Vj
þ imVj

ΓVj

#
; ð2:9Þ

where mVi
and ΓVi

are the mass and total width of the
intermediate vector meson Vi respectively, and the
ΓðVi → lþl−Þ is the corresponding dilepton width.
These input values are collected in Table I. In addition,
the nonvanished branching fraction for the τ channel, i.e.,
Bðψð2SÞ → τþτ−Þ ¼ 3.1 × 10−3 [188], is also used.

For the J=ψ and ψð2SÞ states, the small widths and the
large dilepton width will have a large influence on the decay
width. However, the narrow widths are also used to reject
them in the experimental analysis. One the other hand, for
those above the DD̄ threshold, such as ψð3770Þ, ψð4040Þ,
and ψð4160Þ, the board widths and mutual overlap make
things difficult. Also, for the charmless vector mesons (ρ, ω
and ϕ), their contributions are suppressed by the λu factor.

B. The angular distributions and physical observables
in the Bc → D�

s ð→ DsπÞl+l− decay

In this subsection, we will drive the formula of the quasi-
four-body decay Bc → D�

sð→ DsπÞlþl−. The differential
decay width of this process is

dΓ ¼ jMj2
2mBc

dΦ4ðp; k1; k2; q1; q2Þ; ð2:10Þ

where p is the four momentum of the initial Bc meson,
k1ðk2Þ and q1ðq2Þ are the momenta of the mesons DsðπÞ
and the lepton l−ðlþÞ, respectively, and dΦ4 is the four-
body phase space. Taking into account the width of the D�

s
meson, but treating it as narrow (ΓD�

s
≪ mD�

s
), the width

can be obtained by doing the integration as

Z
dΦ4

jMj2
2mBc

!
ΓD�

s
≪mD�

s 1

215π5mBc
mD�

s
ΓD�

s

Z
dq2d cos θd cos θldϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðk2; k21; k22Þ

p
k2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðq2; q21; q22Þ

p
q2

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðp2; k2; q2Þ

p
p02 ðk2 −m2

D�
s
Þ2jMj2

����
k2¼m2

D�
s

ð2:11Þ

with λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2ðxyþ xzþ yzÞ.

TABLE I. The masses, total widths and dilepton widths of the
intermediate vector mesons used in Eq. (2.9). These values are
quoted from the PDG [188].

Vi mVi
(GeV) ΓVi

(MeV)
BðVi → lþl−Þ
where l ¼ e, μ

ρ 0.775 149 4.635 × 10−5

ω 0.783 8.68 7.380 × 10−5

ϕ 1.019 4.249 2.915 × 10−4

J=ψ 3.097 0.093 5.966 × 10−2

ψð2SÞ 3.686 0.294 7.965 × 10−3

ψð3770Þ 3.774 27.2 9.6 × 10−6

ψð4040Þ 4.039 80 1.07 × 10−5

ψð4160Þ 4.191 70 6.9 × 10−6

1This is a phenomenological method, and for more details on the charm-loop contribution, one can refer to Refs. [193–195].
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The invariant amplitude M can be calculated from

Mðslþ ; sl−Þ ¼ hDsπ;lþðslþÞl−ðsl−ÞjHeff jBci

¼
X
sV

i
k2 −m2

D�
s

MD�
s→DsπðsVÞhD�

sðsVÞlþðslþÞl−ðsl−ÞjHeff jBci

¼
X
sV

iN
2ðk2 −m2

D�
s
ÞMD�

s→DsπðsVÞ
�
Ceff
9 HV−AðsV; tÞLVðslþ ; sl− ; tÞ −

2mb

q2
Ceff
7 HTþT5ðsV; tÞLVðslþ ; sl− ; tÞ

þ C10HV−AðsV; tÞLAðslþ ; sl− ; tÞ −
X

λ¼�1;0

�
Ceff
9 HV−AðsV; λÞLVðslþ ; sl− ; λÞ

−
2mb

q2
Ceff
7 HTþT5ðsV; λÞLVðslþ ; sl− ; λÞ þ C10HV−AðsV; λÞLAðslþ ; sl− ; λÞ

��
; ð2:12Þ

where N ¼ 4GFffiffi
2

p VtbV�
ts

αe
4π, and the factor 1=2 comes from

the PLðRÞ in the effective Hamiltonian in Eq. (2.2).
For the amplitude MD�

s→Dsπ , it can be evaluated by the
effective Lagrangian approach. The concerned effective
Lagrangian is

L ¼ gD�
sDsπD

†
sD�

sμ∂
μπ; ð2:13Þ

where gD�
sDsπ is the corresponding coupling constant. So we

have the decay width of D�
s → Dsπ as

ΓD�
s
× BðD�

s → DsπÞ ¼
g2D�

sDsπ

48π
mD�

s
β3 ð2:14Þ

with β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðm2

D�
s
; m2

Ds
; m2

πÞ
q

=m2
D�

s
. Obviously, the cou-

pling constant gD�
sDsπ can be canceled between the vertex

factor and the decay width.

Finally, with the effective Hamiltonian in Eq. (2.2), we
can calculate the quasi-four-body decay B−

c → D�−
s ð→

D−
s π

0Þlþl−. As deduced in Ref. [196], the corresponding
angular distributions can be simplified as

d4Γ
dq2d cos θd cos θldϕ

¼ 9

32π

X
i

Iiðq2Þfiðθ; θl;ϕÞ; ð2:15Þ

where the explicit expressions of Iiðq2Þ and fiðθ; θl;ϕÞ are
shown in Table II. Compared to Ref. [196], the term I6c is
neglected since it depends on the scalar operator. As shown
in Fig. 2, the θ is the angle between the −ẑ direction and
pion-emitted direction in the rest frame of the D�

s meson,
the θl is the angle made by the l− with the þẑ direction in
the lþl− center of mass system, and the ϕ is the angle
between the decay planes, i.e., theD�

s → Dsπ plane and the
virtual boson → lþl− plane.
The amplitudes AL;R

0;k;⊥ and At are the functions of the
transferred momentum square q2, and the seven indepen-
dent form factors V, A0;1;2, and T1;2;3, i.e., [57,58,196]

TABLE II. The explicit expressions of the angular coefficients Ii and fi [57,58,196] in Eq. (2.15), where m̂2
l ¼

m2
l=q

2 and βl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m̂2

l

p
.

i Iiðq2Þ fiðθ; θl;ϕÞ
1s ð3

4
− m̂2

lÞðjAL
k j2 þ jAL⊥j2 þ jAR

k j2 þ jAR⊥j2Þ þ 4m̂2
lRe½AL⊥AR�⊥ þAL

kA
R�
k � sin2 θ

1c jAL
0 j2 þ jAR

0 j2 þ 4m̂2
lðjAtj2 þ 2Re½AL

0A
R�
0 �Þ cos2 θ

2s β2lðjAL
k j2 þ jAL⊥j2 þ jAR

k j2 þ jAR⊥j2Þ=4 sin2 θ cos 2θl
2c −β2lðjAL

0 j2 þ jAR
0 j2Þ cos2 θ cos 2θl

3 β2lðjAL⊥j2 − jAL
k j2 þ jAR⊥j2 − jAR

k j2Þ=2 sin2 θ sin2 θl cos 2ϕ

4 β2lRe½AL
0A

L�
k þAR

0A
R�
k �= ffiffiffi

2
p

sin 2θ sin 2θl cosϕ

5
ffiffiffi
2

p
βlRe½AL

0A
L�⊥ −AR

0A
R�⊥ � sin 2θ sin θl cosϕ

6s 2βlRe½AL
kA

L�⊥ −AR
kA

R�⊥ � sin2 θ cos θl
7

ffiffiffi
2

p
βlIm½AL

0A
L�
k −AR

0A
R�
k � sin 2θ sin θl sinϕ

8 β2lIm½AL
0A

L�⊥ þAR
0A

R�⊥ �= ffiffiffi
2

p
sin 2θ sin 2θl sinϕ

9 β2lIm½AL�
k AL⊥ þAR�

k AR⊥� sin2 θ sin2 θl sin 2ϕ
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AL;R
⊥ ðq2Þ ¼ −Nl

ffiffiffiffiffiffiffiffiffiffiffi
2ND�

s

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðM02;M002; q2Þ

q ��
Ceff
9 ∓ C10

	 Vðq2Þ
M0 þM00 þ 2m̂bCeff

7 T1ðq2Þ
�
;

AL;R
k ðq2Þ ¼ Nl

ffiffiffiffiffiffiffiffiffiffiffi
2ND�

s

q h�
Ceff
9 ∓ C10

	
ðM0 þM00ÞA1ðq2Þ þ 2m̂bCeff

7

�
M02 −M002

	
T2ðq2Þ

i
;

AL;R
0 ðq2Þ ¼ Nl

ffiffiffiffiffiffiffiffi
ND�

s

p
2M00 ffiffiffiffiffi

q2
p ��

Ceff
9 ∓ C10

	�
ðM02 −M002 − q2ÞðM0 þM00ÞA1ðq2Þ −

λðM02;M002; q2Þ
M0 þM00 A2ðq2Þ

�

þ 2mbCeff
7

�
ðM02 þ 3M002 − q2ÞT2ðq2Þ −

λðM02;M002; q2Þ
M02 −M002 T3ðq2Þ

��
;

Atðq2Þ ¼ 2Nl

ffiffiffiffiffiffiffiffi
ND�

s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðM02;M002; q2Þ

q2

s
C10A0ðq2Þ; ð2:16Þ

where M0ðM00Þ is the mass of the Bc (D�
s) meson and

m̂b ¼ mb=q2, and

Nl ¼ iαeGF

4
ffiffiffi
2

p
π
VtbV�

ts;

ND�
s
¼ 8

ffiffiffi
λ

p
q2

3 × 256π3M03

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
l

q2

s
BðD�

s → DsπÞ: ð2:17Þ

For theCP-conjugated modeBþ
c →D�þ

s ð→Dþ
s π

0Þlþl−,
we have

d4Γ̄
q2d cos θd cos θldϕ

¼
X
i

9

32π
Īiðq2Þfiðθ; θl;ϕÞ; ð2:18Þ

where Īi can be obtained by doing the conjugation for
the weak phases of the CKM matrix elements in Ii in
Table II. In addition, we should also do the following
substitutions as

I1ðc;sÞ;2ðc;sÞ;3;4;7 → Ī1ðc;sÞ;2ðc;sÞ;3;4;7;

I5;6s;8;9 → −Ī5;6s;8;9: ð2:19Þ

This is the result of the operations of θl → θl − π
and ϕ → −ϕ.

To separate the CP-conserving and the CP-violating
effects, we define the normalized CP-averaged angular
coefficients Si and the CP asymmetry angular coefficients
Ai as

Si ¼
Ii þ Īi

dðΓþ Γ̄Þ=dq2 ;

Ai ¼
Ii − Īi

dðΓþ Γ̄Þ=dq2 ; ð2:20Þ

respectively. To reduce both the experimental and theoreti-
cal uncertainties, the Si and Ai have been normalized to the
CP-averaged differential decay width. The other physical
observables, such as the forward-backward asymmetry
parameter AFB, the CP-violation ACP, and the longitudinal
(transverse) polarization fractions ofD�

s meson FLðFTÞ, can
thus be easily expressed in terms of these normalized
angular coefficients. With the above preparations, we
continue to study the physical observables.
(a) By integrating over the angles in the regions θ∈ ½0; π�,

θl ∈ ½0; π�, and ϕ∈ ½0; 2π�, the q2-dependent differ-
ential decay width becomes

dΓ
dq2

¼ 1

4
ð3I1c þ 6I1s − I2c − 2I2sÞ; ð2:21Þ

and that of the CP-conjugated mode dΓ̄=dq2 is
analogous and can be obtained with the replacement
in Eq. (2.19). So the CP-averaged differential decay
width of Bc → D�

sð→ DsπÞlþl− can be evaluated by

dΓ
dq2

¼ 1

2



dΓ
dq2

þ dΓ̄
dq2

�
: ð2:22Þ

In this work, we focus on the CP-averaged decay
width.

FIG. 2. Kinematics of the quasi-four-body decay Bc →
D�

sð→ DsπÞlþl−.
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(b) The CP violation of the decay width can thus be estimated by

ACPðq2Þ ¼
ðdΓ − dΓ̄Þ=dq2
ðdΓþ dΓ̄Þ=dq2

¼ 1

4
ð3A1c þ 6A1s − A2c − 2A2sÞ: ð2:23Þ

(c) The CP asymmetry lepton forward-backward asymmetry is

ACP
FB ðq2Þ ¼

ðR 0−1 − R 10 Þd cos θl R 1−1 d cos θ R 2π0 dϕ d4ðΓþΓ̄Þ
dq2d cos θd cos θldϕ

dðΓþ Γ̄Þ=dq2

¼ 3

4
A6; ð2:24Þ

and the CP-averaged lepton forward-backward
asymmetry is

AFBðq2Þ ¼
3

4
S6: ð2:25Þ

(d) The longitudinal and transverse D�
s polarization

fractions are

FL ¼ 1

4
ð3S1c − S2cÞ;

FT ¼ 1

2
ð3S1s − S2sÞ; ð2:26Þ

respectively.
Furthermore, the clean angular observables P1;2;3 and

P0
4;5;6;8 (more details can be found in Refs. [197,198]) are

associated with the CP-averaged angular coefficients:

P1 ¼
S3
2S2s

;

P2 ¼
βlS6s
8S2s

;

P3 ¼ −
S9
4S2s

; ð2:27Þ

P0
4 ¼

S4ffiffiffiffiffiffiffiffiffiffiffiffiffi
S1cS2s

p ;

P0
5 ¼

βlS5
2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
S1cS2s

p ;

P0
6 ¼ −

βlS7
2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
S1cS2s

p ;

P0
8 ¼ −

S8ffiffiffiffiffiffiffiffiffiffiffiffiffi
S1cS2s

p : ð2:28Þ

As pointed out in Refs. [23,57,197,198], in the large-
recoiled limit, these observables are largely free of form
factor uncertainties.
Finally, we also focus on the ratios, i.e.,

Reμ ¼
R ðM0−M00Þ2
4m2

μ

dΓ½Bc→D�
sð→DsπÞeþe−�
dq2 dq2R ðM0−M00Þ2

4m2
μ

dΓ½Bc→D�
sð→DsπÞμþμ−�
dq2 dq2

;

Rτμ ¼
R ðM0−M00Þ2
4m2

τ

dΓ½Bc→D�
sð→DsπÞτþτ−�
dq2 dq2R ðM0−M00Þ2

4m2
μ

dΓ½Bc→D�
sð→DsπÞμþμ−�
dq2 dq2

; ð2:29Þ

which reflect the LFU. We would like to emphasize that
the lower limit of the integral of the electron mode is
chosen as 4m2

μ instead of the kinematic limit 4m2
e in order

to exclude the large enhancement dominated by the photon
pole in the small q2 region due to the Ceff

7 -associated factor
1=q2. In the B → Klþl− process, the experimental
measurements of the ratio Reμ

K by Belle [9–12] and
BABAR [15] are in agreement with the SM prediction,
while the LHCb result [19,21,22] shows a clear deviation
from the SM expectation (see Fig. 4 of Ref. [22]) with
3.1σ. We note that in Ref. [199], the authors used the ratios
Rτμ
Kð�Þ to study the LFU violation, and found that they can

deviate from the SM prediction even if the NP couplings
are universal. Therefore, in order to use these ratios to
study the LFU violation, we should compare the allowed
ranges, considering both the solutions with only universal
couplings and those with universal and nonuniversal
components. Whatever, the ratio in the Bc → D�

slþl−

sector is also interesting to investigate whether it is
consistent with the SM expectation or not. The breaking
of the LFU may require an expansion of the gauge
structure of the SM, and of course probes the NP
effects [200].
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III. WEAK TRANSITION FORM FACTORS

The standard and(or) covariant LFQMs have been
widely used to study the decays of mesons [118–156]
and baryons [158–185]. In the conventional LFQM frame-
work, the consistent quark (or antiquark) of the meson is
required to be on its mass shell, and thus the initial (or final)
meson is off shell. This procedure misses the zero-mode
effects and makes the matrix element noncovariant. To
avoid this shortcoming, Jaus [118,122] proposed a covar-
iant framework for the S-waved pseudoscalar and vector
meson decays in which the zero-mode contributions are

systematically taken into account. Cheng et al. [124,132]
extended this approach to the case of the P-wave meson
(such as scalar, axial-vector and tensor mesons). The
physical quantities, such as the decay constant and the
form factor of the weak transition, are obtained in terms of
the Feynman loop integration. Unlike the conventional
LFQM, the covariant LFQM requires the initial (or final)
meson to be on its mass shell. For more details on the
difference, see Refs. [124,146]. In this section, we will use
the covariant LFQM to calculate the Bc → D�

s form factors.
Following Ref. [154], the Bc → D�

s weak transition form
factors deduced by (axial-)vector currents are defined as

hD�
sðp00Þjs̄γμbjBcðp0Þi ¼ ϵμναβε

�νPαqβgðq2Þ;
hD�

sðp00Þjs̄γμγ5bjBcðp0Þi ¼ −i
n
ε�μfðq2Þ þ ε� · PðPμaþðq2Þ þ qμa−ðq2ÞÞ

o
; ð3:1Þ

where we use the convention ϵ0123 ¼ þ1 and define Pμ ¼ p0
μ þ p00

μ and qμ ¼ p0
μ − p00

μ, and ε is the polarization vector of the
D�

s meson. These amplitudes can also be parametrized as the Bauer-Stech-Wirbel (BSW) form [201], i.e.,

hD�
sðp00Þjs̄γμbjBcðp0Þi ¼ −

1

M0 þM00 ϵμναβε
�νPαqβVðq2Þ;

hD�
sðp00Þjs̄γμγ5bjBcðp0Þi ¼ i

�
ðM0 þM00Þε�μA1ðq2Þ −

ε� · P
M0 þM00 PμA2ðq2Þ − 2M00 ε

� · P
q2

qμ
h
A3ðq2Þ − A0ðq2Þ

i�
ð3:2Þ

with M0ðM00Þ being the mass of the parent (daughter) meson. These two definitions are related by the relations [154]

Vðq2Þ ¼ −ðM0 þM00Þgðq2Þ; A1ðq2Þ ¼ −
fðq2Þ

M0 þM00 ;

A2ðq2Þ ¼ ðM0 þM00Þaþðq2Þ; A3ðq2Þ − A0ðq2Þ ¼
q2

2M00 a−ðq2Þ;

A3ðq2Þ ¼
M0 þM00

2M00 A1ðq2Þ −
M0 −M00

2M00 A2ðq2Þ: ð3:3Þ

In addition, the (pseudo)tensor current amplitudes can be defined as [202,203]

hD�
sðp00Þjs̄iσμνqνbjBcðp0Þi ¼ T1ðq2Þϵμναβε�νPαqβ;

hD�
sðp00Þjs̄iσμνqνγ5bjBcðp0Þi ¼ iT2ðq2Þ

h
ðM02 −M002Þε�μ − ε� · qPμ

i
þ iT3ðq2Þε� · q

�
qμ −

q2

M02 −M002 Pμ

�
; ð3:4Þ

where we have T1ð0Þ ¼ T2ð0Þ since the identity
2σμνγ5 ¼ −iϵμναβσαβ.
The form factors require a nonperturbative calculation.

In this work, we use the covariant LFQM to calculate
the relevant form factors for the weak transition. In this
approach, the constituent quark and the antiquark inside
a meson are off shell. We define the incoming
(outgoing) meson to have the momentum P0 ¼p0

1 þ
p2ðP00 ¼p00

1þp2Þ, where p0ð00Þ
1 and p2 are the off-shell

momenta of the quark and the antiquark, respectively.

These momenta can be expressed in terms of the internal
variables (xi; k⃗

0
⊥) (i ¼ 1, 2), defined by

p0þ
1 ¼ x1P0þ; pþ

1 ¼ x2P0þ; p⃗0
1⊥ ¼ x1P⃗

0⊥þ k⃗0⊥: ð3:5Þ

They must also satisfy x1 þ x2 ¼ 1.
According to Refs. [124,154], the corresponding weak

transition matrix element at the one-loop level can be
calculated in terms of the Feynman loop integral, as shown
in Fig. 3. Then the form factors can be extracted from the
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corresponding matrix element. To write down the transition
amplitude, we need the meson-quark antiquark vertices for
the initial meson as iΓ0 ¼ H0

Pγ5, and that of the outgoing
meson as iðγ0Γ00†γ0Þ with Γ00 ¼ H00

V ½γμ − ðp00
1 − p2Þμ=W00

V �
[124,154], where the subscripts P and V denote the
pseudoscalar and vector meson, respectively.
For Fig. 3, the concrete expression of the transition

amplitude for P → V can be expressed as

BVðA;T;T5Þ
μ ¼−i3

Nc

ð2πÞ4
Z

d4p0
1

iH0
PH

00
V

N0
1N

00
1N2

SVðA;T;T5Þμν ϵ�νV ; ð3:6Þ

where N0ð00Þ
1 ¼ p0ð00Þ2

1 −m0ð00Þ2
1 and N2 ¼ p2

2 −m2
2 come

from the propagators of the quarks. The superscripts V,
A, T, and T5 represent the vector, axial-vector, tensor, and
pseudotensor currents, respectively. The traces SVμν are
written as

SVμν ¼ Tr

�

γν −

ðp00
1 − p2Þν
W00

V

�
ð=p00

1 þm00
1Þγμ

× ð=p0
1 þm0

1Þγ5ð−=p2 þm2Þ
�

¼ −2iϵμναβ
h
p0α
1 P

βðm00
1 −m0

1Þ þ p0α
1 q

βðm00
1 þm0

1 − 2m2Þ

þ qαPβm0
1

i
þ 1

W00
V
ð4p0

1ν − 3qν − PνÞiϵμαβρp0α
1 q

βPρ:

ð3:7Þ

To make reading easier, the relevant expressions of the
traces SA;T;T5μν are collected in the Appendix.
Following Refs. [123,124,132], the execution of the p0−

1

integration went to the replacement:

N0ð00Þ
1 → N̂0ð00Þ

1 ¼ x1ðM0ð00Þ2 −M0ð00Þ2
0 Þ;

H0ð00Þ
PðVÞ → h0ð00ÞPðVÞ;

W00
V → ω00

V;Z
d4p0

1

ð2πÞ4 H
0
PH

00
VSμνϵ

�ν → −iπ
Z

dx2d2k⃗
0
⊥

x2N̂
0
1N̂

00
1

h0Ph
00
VŜμνϵ

�ν;

ð3:8Þ

where we define

M0ð00Þ2
0 ¼ k⃗0ð00Þ2⊥ þm0ð00Þ2

1

x1
þ k⃗0ð00Þ2⊥ þm0ð00Þ2

2

x2
; ð3:9Þ

with k⃗00⊥ ¼ k⃗0⊥ − x2q⃗⊥ and ω00
V ¼ M00

0 þm00
1 þm2.

To write down the concrete expression of Ŝμν, we should
take into account the so-called zero-mode contribution. As
shown in Refs. [124,141], after doing the integration in
Eq. (3.8) we have p2 ¼ p̂2, and

p̂0μ
1 ¼ ðP0 − p̂2Þμ

¼ x1P0μ þ ð0; 0; k⃗0⊥Þμ þ
1

2



x2P0− −

p⃗2
2⊥ þm2

2

x2P0þ

�
ω̃μ;

ð3:10Þ

where ω̃ ¼ ð2; 0; 0⃗⊥Þ is a lightlike four vector in the light-
front coordinate. Following the discussions in a series of
papers [123,124,132,141], for avoiding the ω̃ dependence,
we need to do the following replacements [123,124,132]:

p̂0
1μ ≐ PμA

ð1Þ
1 þ qμA

ð1Þ
2 ;

p̂0
1μp̂

0
1ν ≐ gμνA

ð2Þ
1 þ PμPνA

ð2Þ
2 þ ðPμqν þ PνqμÞAð2Þ

3 þ qμqνA
ð2Þ
4 ;

N2 ≐ Z2;

p̂0
1μN̂2 ≐ qμ



Að1Þ
2 Z2 þ

P · q
q2

Að2Þ
1

�
;

p̂0
1μp̂

0
1νN̂2 ≐ gμνA

ð2Þ
1 Z2 þ qμqν

�
Að2Þ
4 Z2 þ 2

P · q
q2

Að1Þ
2 Að2Þ

1

�
; ð3:11Þ

FIG. 3. The one-loop Feynman diagram for meson weak
transition amplitude, where P0ðP00Þ is the momentum of the

incoming (outgoing) meson, p0ð00Þ
1 and p2 are the momenta of the

quark and antiquark, respectively. The symbol “cross” denotes
the weak interaction vertex.
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in Eqs. (3.7), (A1), (A4), and (A5). Here, Z2 ¼ N̂0
1 þm02

1 −m2
2 þ ð1 − 2x1ÞM02 þ ðq2 þ P · qÞ k⃗0⊥·q⃗⊥q2 , P · q ¼ M02 −M002,

and

Að1Þ
1 ¼ x1

2
; Að1Þ

2 ¼ Að1Þ
1 −

k⃗0⊥ · q⃗⊥
q2

;

Að2Þ
1 ¼ −k⃗02⊥ −

ðk⃗0⊥ · q⃗⊥Þ2
q2

; Að2Þ
2 ¼ ðAð1Þ

1 Þ2;

Að2Þ
3 ¼ Að1Þ

1 Að1Þ
2 ; Að2Þ

4 ¼ ðAð1Þ
2 Þ2 − 1

q2
Að2Þ
1 : ð3:12Þ

After performing the replacements (3.11) in the decay amplitudes (3.7) and (A1), the form factors g, f, aþ, and a− can be
obtained from the terms proportional to the ϵμναβPαqβ, gμν, PμPν, and Pμqν, and qμPν and qμqν, respectively. The ϵ

�μ
V P00

μ ¼ 0

is used here. Finally, the expressions of these form factors in covariant LFQMs can be written as [122,124,154]

gðq2Þ ¼ −
Nc

16π3

Z
dx2d2k⃗2⊥

2h0Ph
00
V

x2N̂
0
1N̂

00
1

�
x2m0

1 þ x1m2 þ ðm0
1 −m00

1Þ
k0⊥ · q⊥
q2

þ 2

ω00
V

�
k02⊥ þ ðk0⊥ · q⊥Þ2

q2

��
; ð3:13Þ

fðq2Þ ¼ Nc

16π3

Z
dx2d2k⃗

0
⊥

h0Ph
00
V

x2N̂
0
1N̂

00
1

�
2x1ðm2 −m0

1ÞðM02
0 þM002

0 Þ − 4x1m00
1M

02
0 þ 2x2m0

1P · qþ 2m2q2

− 2x1m2ðM02 þM002Þ þ 2ðm0
1 −m2Þðm0

1 þm00
1Þ2 þ 8ðm0

1 −m2Þ
�
k02⊥ þ ðk0⊥ · q⊥Þ2

q2

�

þ 2ðm0
1 þm00

1Þðq2 þ P · qÞ k
0⊥ · q⊥
q2

− 4
q2k02⊥ þ ðk0⊥ · q⊥Þ2

q2ω00
V

h
2x1ðM02 þM02

0 Þ − q2 − P · q

− 2ðq2 þ P · qÞ k
0⊥ · q⊥
q2

− 2ðm0
1 −m00

1Þðm0
1 −m2Þ

i�
; ð3:14Þ

aþðq2Þ ¼
Nc

16π3

Z
dx2d2k⃗

0
⊥

2h0Ph
00
V

x2N̂
0
1N̂

00
1

�
ðx1 − x2Þðx2m0

1 þ x1m2Þ − ½2x1m2 þm00
1 þ ðx2 − x1Þm0

1�
k0⊥ · q⊥
q2

− 2
x2q2 þ k0⊥ · q⊥

x2q2ω00
V

½k0⊥ · k00⊥ þ ðx1m2 þ x2m0
1Þðx1m2 − x2m00

1Þ�
�
; ð3:15Þ

a−ðq2Þ ¼
Nc

16π3

Z
dx2d2k⃗

0
⊥

h0Ph
00
V

x2N̂
0
1N̂

00
1

�
2ð2x1 − 3Þðx2m0

1 þ x1m2Þ − 8ðm0
1 −m2Þ

�
k02⊥
q2

þ 2
ðk0⊥ · q⊥Þ2

q4

�

− ½ð14 − 12x1Þm0
1 − 2m00

1 − ð8 − 12x1Þm2�
k0⊥ · q⊥
q2

þ 4

ω00
V



½M02 þM002 − q2 þ 2ðm0

1 −m2Þðm00
1 þm2Þ�

× ðA2
3 þ Að2Þ

4 − A1
2Þ þ Z2ð3Að1Þ

2 − 2Að2Þ
4 − 1Þ þ 1

2
P · qðAð1Þ

1 þ Að1Þ
2 − 1Þ½x1ðq2 þ P · qÞ − 2M02 − 2k0⊥ · q⊥

− 2m0
1ðm00

1 þm2 − 2m2ðm0
1 −m2ÞÞ�

�
k02⊥
q2

þ ðk0⊥ · q⊥Þ2
q4

�
ð4Að1Þ

2 − 3Þ
��

: ð3:16Þ

The form factors deduced by (axial) vector currents defined in Eq. (3.2) can thus be evaluated by

Vðq2Þ ¼ −ðM0 þM00Þgðq2Þ;

A0ðq2Þ ¼ −
1

2M00 fðq2Þ −
M02 −M002

2M00 aþðq2Þ −
q2

2M00 a−ðq2Þ;
A1ðq2Þ ¼ −fðq2Þ=ðM0 þM00Þ; A2ðq2Þ ¼ ðM0 þM00Þaþðq2Þ: ð3:17Þ
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Analogously, we can obtain the concrete expressions of the (pseudo)tensor form factors defined in Eq. (3.4) as [132]

T1ðq2Þ ¼
Nc

16π3

Z
dx2d2k⃗

0
⊥

h0Ph
00
V

x2N̂
0
1N̂

00
1

�
2Að1Þ

1 ½M02 −M002 − 2m02
1 − 2N̂0

1 þ q2 þ 2ðm0
1m2 þm00

1m2 −m0
1m

00
1Þ�

− 8Að2Þ
1 þ ðm0

1 þm00
1Þ2 þ N̂0

1 þ N̂00
1 − q2 þ 4ðM02 −M002ÞðAð2Þ

2 − Að2Þ
3 Þ þ 4q2ð−Að1Þ

1 þ Að1Þ
2 þ Að2Þ

3 − Að2Þ
4 Þ

−
4

ω00
V
ðm0

1 þm00
1ÞAð2Þ

1

�
; ð3:18Þ

T2ðq2Þ ¼ T1ðq2Þ þ
q2

M02 −M002
Nc

16π3

Z
dx2d2k⃗

0
⊥

h0Ph
00
V

x2N̂
0
1N̂

00
1

�
2Að1Þ

2 ½M02 −M002 − 2m02
1 − 2N̂0

1 þ q2

þ 2ðm0
1m2 þm00

1m2 −m0
1m

00
1Þ� − 8Að2Þ

1 − 2M02 þ 2m02
1 þ ðm0

1 þm00
1Þ2 þ 2ðm2 − 2m0

1Þm2 þ 3N̂0
1 þ N̂00

1

− q2 þ 2Z2 þ 4ðq2 − 2M02 − 2M002ÞðAð2Þ
2 − Að2Þ

3 Þ − 4ðM02 −M002Þð−Að1Þ
1 þ Að1Þ

2 þ Að2Þ
3 − Að2Þ

4 Þ

−
4

ω00
V
ðm00

1 −m0
1 þ 2m2ÞAð2Þ

1

�
; ð3:19Þ

T3ðq2Þ ¼
Nc

16π3

Z
dx2d2k⃗

0
⊥

h0Ph
00
V

x2N̂
0
1N̂

00
1

�
−2Að1Þ

2 ½M02 −M002 − 2m02
1 − 2N̂0

1 þ q2 þ 2ðm0
1m2 þm00

1m2 −m0
1m

00
1Þ�

þ 8Að2Þ
1 þ 2M02 − 2m02

1 − ðm0
1 þm00

1Þ2 − 2ðm2 − 2m0
1Þm2 − 3N̂0

1 − N̂00
1 þ q2 − 2Z2 − 4ðq2 −M02 − 3M002Þ

× ðAð2Þ
2 − Að2Þ

3 Þ þ 4

ω00
V



ðm00

1 −m0
1 þ 2m2Þ½Að2Þ

1 þ ðM02 −M002ÞðAð2Þ
2 þ Að2Þ

3 − Að1Þ
1 Þ�

þ ðm0
1 þm00

1ÞðM02 −M002ÞðAð1Þ
2 − Að2Þ

3 − Að2Þ
4 Þ þm0

1ðM02 −M002ÞðAð1Þ
1 þ Að1Þ

2 − 1Þ
��

: ð3:20Þ

Following the treatment in Ref. [124], hM is taken as

h0P ¼ ðM02 −M02
0 Þ

ffiffiffiffiffiffiffiffiffi
x1x2
Nc

r
1ffiffiffi
2

p
M̃0

0

ϕsðx2; k⃗0⊥Þ;

h00V ¼ ðM002 −M002
0 Þ

ffiffiffiffiffiffiffiffiffi
x1x2
Nc

r
1ffiffiffi
2

p
M̃00

0

ϕsðx2; k⃗00⊥Þ; ð3:21Þ

where M̃0ð00Þ
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M0ð00Þ2

0 − ðm0ð00Þ
1 −m2Þ2

q
, and ϕs is the

space wave function of the pseudoscalar or vector meson.
In the previous theoretical work [124,154], the phenom-

enological Gaussian-type wave functions

ϕsðx2; k⃗0ð00Þ⊥ Þ ¼ 4



π

β0ð00Þ2

�
3=4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e0ð00Þ1 e2

x1x2M
0ð00Þ
0

vuut

× exp

 
−
k⃗0ð00Þ2⊥ þ k0ð00Þ2z

2β0ð00Þ2

!
; ð3:22Þ

with

k0ð00Þz ¼ x2M
0ð00Þ
0

2
−
m2

2 þ k⃗0ð00Þ2⊥
2x2M

0ð00Þ
0

;

e0ð00Þ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m0ð00Þ2

1 þ k⃗0ð00Þ2⊥ þ k0ð00Þ2z

q
;

e2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

2 þ k⃗02⊥ þ k02z
q

; ð3:23Þ

are widely used. It inevitably introduces the dependence of
the parameter β. The phenomenological parameter β can
be fixed by the decay constant [123,124,132]. However, as
we all know, the decay constant is only associated with the
meson wave function at the end point q2 ¼ 0. This
indicates that the simple wave function Eq. (3.22) deviat-
ing from the q2 ¼ 0 region may be unreliable.
Taking advantage of the modified GI model [204],

we can obtain the numerical spatial wave functions of
the mesons concerned. By replacing the form in
Eq. (3.22) with
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ϕlðx2; k⃗0ð00Þ⊥ Þ ¼
ffiffiffi
4

p
π
XNmax

n¼1

cn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e0ð00Þ1 e2

x1x2M
0ð00Þ
0

vuut Rnl

×


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗0ð00Þ2⊥ þ k0ð00Þ2z

q �
;

ϕsðx2; k⃗0ð00Þ⊥ Þ≡ ϕl¼0ðx2; k⃗0ð00Þ⊥ Þ; ð3:24Þ
where cn are the expansion coefficients of the correspond-
ing eigenvectors and l is the orbital angular momentum of
the meson, we can avoid the corresponding uncertainty. In
Table III, we collect the expansion coefficients cn of the
meson wave functions involved. In addition, the factorffiffiffi
4

p
π is needed to satisfy the normalization:

Z
dx2dk⃗⊥
2ð2πÞ3 ϕ�

l ðx2; k⃗⊥Þϕlðx2; k⃗⊥Þ ¼ 1: ð3:25Þ

Besides, the Rnl is the simple harmonic oscillator wave
function as

RnlðjpjÞ ¼
ð−1Þn−1
β3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðn − 1Þ!

Γðnþ lþ 1=2Þ

s 

p
β

�
l

× exp



−

p2

2β2

�
Ll
n−1



p2

β2

�
: ð3:26Þ

The parameter β ¼ 0.5 GeV in the above equation is
consistent with Ref. [204].

IV. NUMERICAL RESULTS AND DISCUSSIONS

A. The form factors

With the input of the numerical wave functions, and
the concrete expressions of the seven form factors in
Eqs. (3.13)–(3.20), we present in this subsection the
numerical results of Bc → D�

s form factors.
Following the approach described in Refs. [122,124], we

assume the condition qþ ¼ 0. This implies that our form
factor calculations are performed in the spacelike region
(q2 < 0), and therefore we need to extrapolate them to the
timelike region (q2 > 0). To perform the analytical con-
tinuation, we utilize the z-series parametrization [141]

F ðq2Þ ¼ F ð0Þ
1 − q2=m2

pole

�
1þ a1

�
zðq2Þ − zð0Þ

−
1

3

�
zðq2Þ2 − zð0Þ2
	þ a2

�
zðq2Þ − zð0Þ

þ 2

3

�
zðq2Þ2 − zð0Þ2
	�; ð4:1Þ

where ai (i ¼ 1, 2) are free parameters needed to fit in the
q2 < 0 region, and the zðq2Þ is taken as

zðq2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t0

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tþ − t0
p ð4:2Þ

with t� ¼ ðM0 �M00Þ2 and t0 ¼ tþ
�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − t−=tþ

p 	
.

To determine the values of the free parameters ai, as
given in Eq. (4.1), we perform numerical calculations at
200 equally spaced points for each form factor, ranging
from −20 to −0.1 GeV2, using Eqs. (3.13)–(3.20). The
calculated points are then fitted using Eq. (4.1). The fitted
values of the free parameters, as well as F ð0Þ, F ðq2maxÞ,
and the pole masses, are listed in Table IV. Additionally, the
q2 dependence of the transition form factors Bc → D�

s is
shown in Fig. 4.
In Table V, we compare our results for the Bc → D�

s

weak transition form factors at the end point q2 ¼ 0
with other approaches, in which Refs. [113,114] calculated
the concerned form factors with the QCD sum rule,

TABLE III. The calculated masses and the expansion coefficients cn of the wave function of the mesons involved [204]. The masses
are given in units of MeV.

States Masses [204] Experiments [188] Eigenvector coefficients cn [204]

Bc 6271 6274.47� 0.32 f0.7877; 0.4410; 0.2857; 0.1991; 0.1470; 0.1132; 0.0900; 0.0734; 0.0611; 0.0517;
0.0444; 0.0385; 0.0338; 0.0299; 0.0266; 0.0238; 0.0215; 0.0195; 0.0177; 0.0162;

0.0148; 0.0136; 0.0125; 0.0116; 0.0107; 0.0099; 0.0092; 0.0084; 0.0081; 0.0066; 0.0081g
D�

s 2112 2112.2� 0.4 f0.9708; 0.16203; 0.1515; 0.0605; 0.0518; 0.0286; 0.0240; 0.0156; 0.0130; 0.0093;
0.0078; 0.0059; 0.0050; 0.0039; 0.0033; 0.0027; 0.0023; 0.0019; 0.0016; 0.0013

0.0012; 0.0010; 0.0008; 0.0007; 0.0006; 0.0005; 0.0005; 0.0004; 0.0003; 0.0003; 0.0003g

TABLE IV. Our results of the weak transition form factors of
Bc → D�

s by using the covariant LFQM.

F ð0Þ F ðq2maxÞ mpole (GeV) a1 a2

VBc→B�
s 0.434 1.652 5.415 −7.909 15.667

ABc→B�
s

0
0.387 1.436 5.367 −6.790 9.427

ABc→B�
s

1
0.274 0.588 5.829 −0.721 −4.299

ABc→B�
s

2
0.159 0.438 5.829 −4.942 5.168

TBc→B�
s

1
0.265 1.050 5.415 −8.821 19.272

TBc→B�
s

2
0.265 0.424 5.829 3.067 −9.950

TBc→B�
s

3
0.231 0.637 5.829 −4.985 4.566
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Refs. [112,128,154] used the covariant LFQM, and
Ref. [205] used the Bauer-Stech-Wirbel model and con-
sidered the effects of flavor dependence on the form factors
caused by possible variation of the average transverse quark
momentum (ω) inside the meson. In addition, Ref. [112]
also used the CQM, and Ref. [111] used the pQCD
approach. References [111,112,114] contain the results
of (pseudo)tensor form factors. Obviously, our results of
the (pseudo)tensor form factors, i.e., T1;2;3, at the end point
q2 ¼ 0 are consistent with the predictions of pQCD [111]
and the LFQM [112]. We expect further theoretical work,
especially LQCD, which is useful to constrain the behavior
of the form factors in the low-recoiling region, to test our
results.

B. The angular distributions and physical observables

With the above preparations, in this subsection we
present our numerical results of the branching fractions
and some angular observables, i.e., the CP-averaged
normalized angular coefficients Si, the lepton’s forward-
backward asymmetry parameter AFB, and the longitudinal

(transverse) polarization fractions of the D�
s meson FLðTÞ.

In addition, we also investigate the clean angular observ-
ables P1;2;3 and P0

4;5;6;8. The hadron and lepton masses are
quoted from the PDG [188], as well as the lifetime τBc

¼
0.510 ps and the branching fraction BðD�

s → DsπÞ ¼ 5%.
First, we focus on the angular coefficients Si and Ai

defined in Eq. (2.20). The q2 dependence of the normalized
CP-averaged angular coefficients Si are presented in Fig. 5,
while the CP asymmetry angular coefficients Ai are shown
in Fig. 6. The blue dashed lines and the magenta solid lines
represent the muon and the tau channels, respectively. Since
the electron channel shows similar behavior to the muon
channel, we will only present our results for the muon and
the tau channels here. In the energy regions of 8.0 < q2 <
11.0 and 12.5 < q2 < 15.0 GeV2, we use the gray areas to
mark the contributions from the charmonium states J=ψ and
ψð2SÞ. In our calculation, we adopted phenomenological
and model-dependent treatment, i.e., the Breit-Wigner
ansatz to model the corresponding contribution. In the
experiment, these two regions are generally truncated.
The CP asymmetry angular coefficients, Ai, are shown to

0 5 10 150.0

0.5

1.0

1.5

2.0

q2(GeV2)

V(q2)

A0(q2)

A1(q2)

A2(q2)

0 5 10 150.0

0.5

1.0

1.5

q2(GeV2)

T1(q2)

T2(q2)

T3(q2)

FIG. 4. The q2 dependence of the Bc → D�
s weak transition form factors. Here, the four dependent form factors deduced by (axial)

vector are presented in the left panel, while the three dependent ones deduced by (pseudo)tensor are shown in the right panel.

TABLE V. Theoretical predictions of the Bc → D�
s transition form factors at the end point q2 ¼ 0 using different approaches.

VBc→D�
s ð0Þ ABc→D�

s
0 ð0Þ ABc→D�

s
1 ð0Þ ABc→D�

s
2 ð0Þ TBc→D�

s
1 ð0Þ TBc→D�

s
2 ð0Þ TBc→D�

s
3 ð0Þ

This work 0.434 0.387 0.274 0.159 0.265 0.265 0.231
Reference [113] 2.02 0.47 0.56 0.65 � � � � � � � � �
Reference [205]a 0.032 0.016 0.015 0.013 � � � � � � � � �
Reference [205]b 0.29þ0.02

−0.03 0.16þ0.01
−0.01 0.18þ0.01

−0.02 0.20þ0.02
−0.03 � � � � � � � � �

Reference [128] 0.23þ0.04
−0.03 0.17þ0.01

−0.01 0.14þ0.02
−0.01 0.12þ0.02

−0.02 � � � � � � � � �
Reference [154] 0.25þ0.00

−0.00 0.18þ0.02
−0.03 0.16þ0.01

−0.02 0.15þ0.01
−0.01 � � � � � � � � �

Reference [112] 0.336 0.164 0.118 � � � 0.214 0.214 � � �
Reference [112] 0.262 0.139 0.144 � � � 0.167 0.167 � � �
Reference [114] 0.54� 0.018 0.30� 0.017 0.36� 0.013 � � � 0.31� 0.017 0.33� 0.016 0.29� 0.034
Reference [111] 0.33� 0.06 0.21� 0.04 0.23� 0.04 0.25� 0.05 0.28� 0.06 0.28� 0.06 0.27� 0.06

aThese results, listed in the fourth row, are obtained by using the universe parameter ω ¼ 0.40 GeV.
bThese results, listed in the fifth row, are obtained by using different parameters, i.e., ω ¼ 0.96þ0.08

−0.07 GeV for the Bc meson and
ω ¼ 0.51 GeV for the D�

s meson.
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FIG. 5. The q2 dependence of normalized CP-averaged angular coefficients Si, where the blue dashed and magenta solid curves are
our results for the μ and τ modes, respectively.

FIG. 6. The q2 dependence of normalized CP asymmetry angular coefficients Ai, where the blue dashed and magenta solid curves are
our results for the μ and τ modes, respectively.
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be very small in the SM, due to the directCP violation being
proportional to the Im½VubV�

us=VtbV�
ts�, which is around

10−2. This character is very clear in Fig. 6. Also, the S7;8;9
are also very small compared to the other angular coef-
ficients Si. These angular coefficients are important physical
observables to reveal the underlying decay mechanism, and
can be checked by future measurements at LHCb.
We further evaluate the CP-averaged differential branch-

ing fractions by using Eqs. (2.21) and (2.22). The q2

dependence of the differential branching fractions are
shown in Fig. 7, where the red, blue and magenta curves
represent the e, μ, and τ modes, respectively. The gray areas
also denote the charm loop contributions from the charmo-
nium states J=ψ and ψð2SÞ. In Table VI, we present our
result of the branching fractions and their ratios in different
q2 bins. In the four q2 intervals, i.e., [1.1, 6.0], [6.0, 8.0],
[11.0, 12.5], and ½15.0; 17.0� GeV2, the branching fractions
of the electron and muon modes can reach up to 10−8, and
the ratio Reμ ¼ 1, which is consistent with the SM pre-
diction and reflects the LFU. In the high q2 region, that is
½15.0; 17.0� GeV2, the branching fraction of the tau mode is
on the order of magnitude of 10−9. We also obtain the ratio
Rτμ ¼ 0.384. In the region of 1.1 < q2 < 6.0 GeV2, we
have the branching fractions as

BðBc → D�
sð→ DsπÞeþe−Þ1.1<q2<6.0 GeV2 ¼ 0.624 × 10−8;

BðBc → D�
sð→ DsπÞμþμ−Þ1.1<q2<6.0 GeV2 ¼ 0.622 × 10−8:

In addition, combined with the branching fraction
BðD�

s → DsπÞ ¼ 5%, we have

BðBc → D�
seþe−Þ1.1<q2<6.0 GeV2 ¼ 1.25 × 10−7;

BðBc → D�
sμ

þμ−Þ1.1<q2<6.0 GeV2 ¼ 1.24 × 10−7;

which may well be tested by the ongoing LHCb experiment.
We also investigate the physical observables, i.e., the

lepton forward-backward asymmetry parameter AFB and
the longitudinal (transverse) polarization fractions FLðFTÞ.
The q2 dependence of these observables is presented in
Figs. 8 and 9, respectively. Their averaged values in
different q2 bins, defined by

hAijq2max

q2min
¼
R q2max

q2min
A½q2�

�
dΓ
dq2 þ dΓ̄

dq2

	
dq2R q2max

q2min

�
dΓ
dq2 þ dΓ̄

dq2

	
dq2

; ð4:3Þ

where A ¼ ðAFB; FL; FTÞ, are shown in Table VII.
In addition, we present our results for the q2 dependent

clean angular observables P1;2;3 and P0
4;5;6;8 in Fig. 10. In

Ref. [23], the LHCb collaboration reported the measure-
ment of the form-factor-independent observables P0

4;5;6;8 of
the B0 → K�0μþμ− decay. In particular, in the interval of
4.30 < q2 < 8.68 GeV2, the observable P0

5 shows 3.7σ
discrepancy with the SM prediction [24]. After integration
over the energy region 1.0 < q2 < 6.0 GeV2, the discrep-
ancy is determined to be 2.5σ. So we want to investigate
these clean angular observables in the rare semileptonic
decay of bottom-charmed meson. In order to exclude the
charmonium contributions and make it easy to check
experimentally, we also present the averaged values of
these observables in different q2 intervals in Table VIII. The
averaged value in a q2 bin is defined by Eq. (4.3).

FIG. 7. The q2 dependence of differential branching fractions BðBc → D�
sð→ DsπÞlþl−Þ [l ¼ e (left panel), μ (center panel), and

τ (right panel)], where the red, blue, and magenta curves are our results for the e, μ, and τ modes, respectively.

TABLE VI. Our results of the branching fractions of Bc →
D�

sð→ DsπÞlþl− (l ¼ e, μ, τ) (in units of 10−8) in different q2

bins.

q2 bins ðGeV2Þ Bðl ¼ eÞ Bðl ¼ μÞ Bðl ¼ τÞ
[1.1, 6.0] 0.624 0.622

Reμ ¼ 1.00
[6.0, 8.0] 0.356 0.355

Reμ ¼ 1.00
[11.0, 12.5] 0.283 0.283

Reμ ¼ 1.00
[15.0, 17.0] 0.256 0.256

0.098
Reμ ¼ 1.00; Rτμ ¼ 0.384
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In general, this quasi-four-body decay provides a set of
physical observables to study the corresponding weak
interaction, and in particular the ratios of the branching
fractions Reμ and Rτμ, as well as the clean angular
coefficients Pi and P0

j, can be helpful to search for the
NP effects beyond the SM. We call for the ongoing LHCb
experiment to search for this process and to measure the
corresponding physical observables.

V. SUMMARY

In this work, we have studied the Bc → D�
s transition

form factors deduced by the (axial) vector and (pseudo)
tensor currents, and, in the future, investigate the angular
distributions of the quasi-four-body processes Bc → D�

sð→
DsπÞlþl− (l ¼ e, μ, τ).
To describe the weak process, the relevant seven

independent form factors are calculated by utilizing the
covariant LFQM approach. The concerned meson wave
functions are adopted as the numerical wave functions,
which are extracted from the solution of the modified GI
model. This treatment avoids the β dependence and thus
reduces the corresponding uncertainty. Our results of form

FIG. 9. The q2 dependence of D�
s longitudinal (transverse) polarization fractions FLðFTÞ in Bc → D�

sð→ DsπÞlþl− [l ¼ e (left
panel), μ (center panel), and τ (right panel)] processes, where the red, the blue, and the magenta curves are our results from the e, μ, and τ
modes, respectively, and the solid and dashed curves represent the FL and FT , respectively.

TABLE VII. The averaged forward-backward asymmetry
hAFBi and the longitudinal (transverse) polarization fractions
hFLiðhFTiÞ in different q2 bins.

q2 bins ðGeV2Þ hAFBðl ¼ eÞi hAFBðl ¼ μÞi hAFBðl ¼ τÞi
[1.1, 6.0] −0.061 −0.061
[6.0, 8.0] −0.243 −0.242
[11.0, 12.5] −0.340 −0.339
[15.0, 17.0] −0.254 −0.254 −0.143

q2 bins ðGeV2Þ hFLðl ¼ eÞi hFLðl ¼ μÞi hFLðl ¼ τÞi
[1.1, 6.0] 0.815 0.817
[6.0, 8.0] 0.637 0.638
[11.0, 12.5] 0.446 0.446
[15.0, 17.0] 0.352 0.352 0.410

q2 bins ðGeV2Þ hFTðl ¼ eÞi hFTðl ¼ μÞi hFTðl ¼ τÞi
[1.1, 6.0] 0.185 0.183
[6.0, 8.0] 0.363 0.362
[11.0, 12.5] 0.554 0.554
[15.0, 17.0] 0.648 0.648 0.590

FIG. 8. The q2 dependence of lepton forward-backward asymmetry parameter AFB in Bc → D�
sð→ DsπÞlþl− [l ¼ e (left panel), μ

(center panel), and τ (right panel)] processes, where the red, the blue, and the magenta curves are our results from the e, μ, and τ modes,
respectively.

YU-SHUAI LI and XIANG LIU PHYS. REV. D 108, 093005 (2023)

093005-16



factors are compared with other approaches. In particular,
for the (pseudo)tensor currents deduced form factors
T1;2;3ðq2 ¼ 0Þ, our results agree with the pQCD prediction.
More theoretical works, especially the LQCD and QCD
sum rule (or light-cone sum rule) calculation, are highly
appreciated to test our result and to refine the correspond-
ing topic.

With the obtained form factors, the rare semileptonic
decays Bc → D�

sð→ DsπÞlþl− are studied. Not only the
branching fractions, the lepton-side forward-backward
asymmetry parameter AFB, and the longitudinal and trans-
verse polarization fractions FL and FT , but also the angular
coefficients Si and Ai are investigated. Numerically, the
concerned cascade decays with e or μ final states are around

FIG. 10. The q2 dependence of the clean angular observables P1;2;3 and P0
4;5;6;8, where the blue dashed and magenta solid curves

represent our results for the μ and τ modes, respectively.

TABLE VIII. The averaged values of the clean angular observables P1;2;3 and P0
4;5;6;8 in different q2 bins.

q2 bins ðGeV2Þ hP1ðl ¼ eÞi hP1ðl ¼ μÞi hP1ðl ¼ τÞi q2 bins ðGeV2Þ hP0
4ðl ¼ eÞi hP0

4ðl ¼ μÞi hP0
4ðl ¼ τÞi

[1.1, 6.0] −0.281 −0.281 [1.1, 6.0] 0.908 0.898
[6.0, 8.0] −0.408 −0.408 [6.0, 8.0] 1.177 1.169
[11.0, 12.5] −0.543 −0.543 [11.0, 12.5] 1.240 1.236
[15.0, 17.0] −0.822 −0.822 −0.826 [15.0, 17.0] 1.350 1.347 0.561

q2 bins ðGeV2Þ hP2ðl ¼ eÞi hP2ðl ¼ μÞi hP2ðl ¼ τÞi q2 bins ðGeV2Þ hP0
5ðl ¼ eÞi hP0

5ðl ¼ μÞi hP0
5ðl ¼ τÞi

[1.1, 6.0] −0.125 −0.125 [1.1, 6.0] −0.540 −0.534
[6.0, 8.0] −0.446 −0.446 [6.0, 8.0] −0.766 −0.761
[11.0, 12.5] −0.409 −0.409 [11.0, 12.5] −0.664 −0.662
[15.0, 17.0] −0.262 −0.262 −0.269 [15.0, 17.0] −0.390 −0.390 −0.163

q2 bins ðGeV2Þ 103hP3ðl ¼ eÞi 103hP3ðl ¼ μÞi 103hP3ðl ¼ τÞi q2 bins ðGeV2Þ 103hP0
6ðl ¼ eÞi 103hP0

6ðl ¼ μÞi 103hP0
6ðl ¼ τÞi

[1.1, 6.0] 0.184 0.184 [1.1, 6.0] −6.440 −6.320
[6.0, 8.0] 0.007 0.007 [6.0, 8.0] −1.868 −1.856
[11.0, 12.5] 2.421 2.421 [11.0, 12.5] −0.771 −0.769
[15.0, 17.0] 3.442 3.442 2.008 [15.0, 17.0] −0.188 −0.188 −0.070

q2 bins ðGeV2Þ 103hP0
8ðl ¼ eÞi 103hP0

8ðl ¼ μÞi 103hP0
8ðl ¼ τÞi

[1.1, 6.0] −1.196 −1.164
[6.0, 8.0] −0.029 −0.029

[11.0, 12.5] −7.054 −7.030
[15.0, 17.0] −6.147 −6.137 −1.467
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10−8, which need to be tested by other approaches and
ongoing experiments. Moreover, the AFB and FLðTÞ are
important physical observables, and they are also feasible
observables in the future LHCb experiment, so we look
forward to the experimental results. In addition, the ratios of
the branching fractions are also calculated to validate
whether or not the LFU violated. Furthermore, the clean
coefficient observables Pi and P0

j are presented, which
reduce the uncertainty from the form factors and can be a
possible signal to search for the NP effects. Since these
observations are largely free of form factor uncertainties in
the large-recoiled limit, and are feasible to measure exper-
imentally, we strongly encourage our experimental col-
leagues to measure them.
Overall, in this work we have systematically studied the

angular distribution of Bc→D�
sð→DsπÞlþl− (l ¼ e, μ, τ)

with the form factors obtained by the covariant LFQM. We
live in the hope that with the completion of the LHCb
experiment prepared for the run 3 and run 4 of the LHC and
the improvement of the experimental capabilities, this rare

semileptonic process can be discovered and we expect that
the predicted physical observables can be tested.
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APPENDIX: THE WEAK TRANSITION MATRIX
ELEMENTS DEDUCED BY AXIAL-VECTOR AND

(PSEUDO)TENSOR CURRENTS

In this appendix, we present the concerned expressions
of the weak transition matrix elements deduced by axial-
vector current, and (pseudo)tensor currents. The expression
of the axial-vector current matrix element is

SAμν ¼ Tr

�

γν −

ðp00
1 − p2Þν
W00

V

�
ð=p00

1 þm00
1Þγμγ5ð=p0

1 þm0
1Þγ5ð−=p2 þm2Þ

�

¼ −2gμν
�
m2ðq2 − N0

1 − N00
1 −m02

1 −m002
1 Þ −m0

1ðM002 − N00
1 − N2 −m002

1 −m2
2Þ

−m00
1ðM02 − N0

1 − N2 −m02
1 −m2

2Þ − 2m0
1m

00
1m2

�
− 8p0

1μp
0
1νðm2 −m0

1Þ

þ 2m0
1ðPμqν þ Pνqμ þ 2qμqνÞ − 2p0

1μPνðm0
1 −m00

1Þ − 2p0
1νPμðm0

1 þm00
1Þ

− 2p0
1μqνð3m0

1 −m00
1 − 2m2Þ − 2p0

1νqμð3m0
1 þm00

1 − 2m2Þ

−
1

2W00
V

�
2p0

1μðM02 þM002 − q2 − 2N2 þ 2ðm0
1 −m2Þðm00

1 þm2ÞÞ

þ qμðq2 − 2M02 þ N0
1 − N00

1 þ 2N2 − ðm1 þm00
1Þ2 þ 2ðm0

1 −m2Þ2Þ

þ Pμðq2 − N0
1 − N00

1 − ðm0
1 þm00

1Þ2Þ
�
ð4p0

1ν − 3qν − PνÞ; ðA1Þ

and the expression of the (pseudo)tensor current matrix element is

STþT5
μν ¼ Tr

�

γν −

ðp00
1 − p2Þν
W00

V

�
ð=p00

1 þm00
1Þiσμδð1þ γ5Þqδð=p0

1 þm0
1Þγ5ð−=p2 þm2Þ

�
: ðA2Þ

By using the identity 2σμδγ5 ¼ −iϵμδαβσαβ, the matrix element STþT5
μν can be decomposed into

STþT5
μν ¼ iqδSμνδ þ

1

2
ϵμδαβqδS

αβ
ν ; ðA3Þ

where iqδSμνδ and 1
2
ϵμδαβqδS

αβ
ν are expressed as
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iqδSμνδ ¼ Tr

�

γν −

ðp00
1 − p2Þν
W00

V

�
ð=p00

1 þm00
1Þiσμδqδð=p0

1 þm0
1Þγ5ð−=p2 þm2Þ

�

¼ iϵμναβPαpβ
1ðm02

1 −m002
1 þ N0

1 − N00
1Þ −

i
2
ϵμναβPαqβðm02

1 þ 4m0
1m

00
1 −m002

1 þ N0
1 − N00

1 þ q2Þ
− iϵμναβpα

1q
βðM02 −m02

1 þ 4m2ðm0
1 þm00

1Þ − 4m0
1m

00
1 −m002

1 − 2m2
2 þM002 − N0

1 − N00
1 − 2N2 − q2Þ

þ iϵμαβγPαpβ
1q

γPν



m0

1 þm00
1

W00
V

�
þ iϵμαβγPαpβ

1q
γp1ν



2 −

4ðm0
1 þm00

1Þ
W00

V

�
þ iϵμαβγPαpβ

1q
γqν



3ðm0

1 þm00
1Þ

W00
V

− 1

�

− iϵναβγPαpβ
1q

γqμ þ 2iϵναβγPαpβ
1q

γp1μ; ðA4Þ

1

2
ϵμδαβqδS

αβ
ν ¼ Tr

�

γν −

ðp00
1 − p2Þν
W00

V

�
ð=p00

1 þm00
1Þ
1

2
σαβϵμδαβqδð=p0

1 þm0
1Þγ5ð−=p2 þm2Þ

�
¼ −2igμνfM02½m00

1ðm0
1 −m00

1Þ − N00
1� þm03

1 ðm2 −m00
1Þ þm02

1 ðm2ðm00
1 −m2Þ þM002 − N2Þ

þm0
1ðm003

1 −m002
1 m2 −m00

1ðM002 þ N0
1 − N00

1Þ þm2ðN0
1 − N00

1 − q2ÞÞ −m003
1 m2 þm002

1 m2
2

þm002
1 N2 þm00

1m2N0
1 −m00

1m2N00
1 þm00

1m2q2 −m2
2N

0
1 þm2

2N
00
1 þM002N0

1 − N0
1N2 þ N00

1N2g

þ iPμPν

�ðm0
1 þm00

1Þðm02
1 −m002

1 þ N0
1 − N00

1Þ þ q2ðm00
1 −m0

1Þ
2W00

V

�

þ iqμqν

�
−2M02 −m02

1 þ 2m0
1m

00
1 − 4m0

1m2 þm002
1 þ 2m2

2 − N0
1 þ N00

1 þ 2N2 − q2

þ 3

2W00
V

�
2M02m0

1 −m03
1 þm02

1 ðm00
1 þ 2m2Þ þm0

1ðm002
1 − 2M002 − N0

1 þ N00
1 − q2Þ

− ðm00
1 þ 2m2Þðm002

1 − N0
1 þ N00

1 − q2Þ
��

þ ip1μp1ν

�
−4M02 þ 4M002 − 4q2 þ 4

W00
V

�
ðM02 −M002Þðm0

1 þm00
1Þ þ q2ð−m0

1 þm00
1 þ 2m2Þ

��

þ iPμp1ν

�
2m02

1 − 2m002
1 þ 2N0

1 − 2N00
1 þ

2

W00
V

�
q2ðm0

1 −m00
1Þ − ðm0

1 þm00
1Þðm02

1 −m002
1 þ N0

1 − N00
1Þ
��

þ iPνp1μ

�
2q2 þ 1

W00
V

�
q2ðm0

1 −m00
1 − 2m2Þ − ðM02 −M002Þðm0

1 þm00
1Þ
��

þ iPμqν

�
−2m02

1 þ 2m0
1m

00
1 − 2N0

1 þ
3

2W00
V

�
ðm0

1 þm00
1Þðm02

1 −m002
1 þ N0

1 − N00
1Þ þ q2ðm00

1 −m0
1Þ
��

þ iPνqμ

�
−m02

1 þm002
1 − N0

1 þ N00
1 − q2 þ 1

2W00
V

�
2M02m0

1 −m03
1 þm02

1 ðm00
1 þ 2m2Þ

þm0
1ðm002

1 − 2M002 − N0
1 þ N00

1 − q2Þ − ðm00
1 þ 2m2Þðm002

1 − N0
1 þ N00

1 − q2Þ
��

þ ip1μqν

�
4M02 − 4m0

1m
00
1 þ 4m0

1m2 þ 4m00
1m2 − 4m2

2 − 4N2 þ 2q2

þ 3

W00
V

�
q2ðm0

1 −m00
1 − 2m2Þ − ðM02 −M002Þðm0

1 þm00
1Þ
��

þ ip1νqμ

�
2M02 þ 2m02

1 − 2m002
1 − 2M002 þ 2N0

1 − 2N00
1 þ 2q2 −

2

W00
V

�
2M02m0

1 −m03
1 þm02

1 ðm00
1 þ 2m2Þ

þm0
1ðm002

1 − 2M002 − N0
1 þ N00

1 − q2Þ − ðm00
1 þ 2m2Þðm002

1 − N0
1 þ N00

1 − q2Þ
��

; ðA5Þ

respectively.
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