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The process eþe− → ωπ0 → πþπ−π0π0 is studied in the center-of-mass energy region 1.05–2.00 GeV
using data with an integral luminosity of about 35 pb−1 collected with the SND detector at the
VEPP-2000 eþe− collider. In the energy range under study, the value of the measured Born cross section
varies from 0.7 to 18 nb. The statistical uncertainty of the cross section is 2%–23%, while the systematic
uncertainty is in the range of 3.0%–14.2%. The results are consistent with previous measurements but
have better accuracy.
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I. INTRODUCTION

The process eþe− → πþπ−π0π0 dominates in the had-
ronic cross section in the center-of-mass (c.m.) energy
region E≡ ffiffiffi

s
p

from 1.2 to 2 GeV and gives a contribution
to the hadronic vacuum polarization that is significant for
the calculation of the muon anomalous magnetic moment
ðg − 2Þμ [1]. In this energy region, the process eþe− →
πþπ−π0π0 has four main intermediate states: ωð782Þπ0,
a1ð1260Þπ, f0ð980Þρ, and ρþρ− [2], the diagrams for
which are shown in Fig. 1. In the region of 1–1.5 GeV,
the largest contribution to the eþe− → πþπ−π0π0 cross
section comes from the ωð782Þπ0 mechanism. A character-
istic feature of this mechanism is a narrow peak near the
ω-meson mass in the πþπ−π0 invariant mass spectrum.
Therefore, it is easily separated both from other mecha-
nisms and from background processes.

This work presents the measurement of the eþe− →
ωð782Þπ0 → πþπ−π0π0 cross section in the SND experi-
ment at the VEPP-2000 eþe− collider. We study in detail
all possible sources of systematic uncertainties in the cross
section measurement for the πþπ−π0π0 final state. The
results of this study will be used in the future for precision
measurement of the total cross section of the process
eþe− → πþπ−π0π0 including all its intermediate states.
The eþe− → ωπ0 cross section below 2 GeV is saturated

with the contributions of the isovector resonances
ρ≡ ρð770Þ, ρ0 ≡ ρð1450Þ, and ρ00 ≡ ρð1700Þ. The param-
eters of these resonances are extracted from the fit to the
cross section energy dependence with the vector meson
dominance (VMD) model [3]. This dependence can be
also used to predict the hadronic spectrum for the decay
τ → ωπντ [4] and its branching fraction [3], and, therefore,
to test the vector current conservation hypothesis with
high precision.
The cross section of the process eþe− → ωπ0 has

previously been measured independently in two channels:
ω → πþπ−π0 and ω → π0γ. Measurements in the ω → π0γ
channel were carried out with the ND [5], SND [6,7],
and CMD-2 [8] detectors at the VEPP-2M collider at c.m.
energies below 1.4 GeV, at the KLOE [9] experiment near
the ϕ-meson resonance, and with the SND [3] detector at
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VEPP-2000 below 2 GeV. The measurements in the
ω → πþπ−π0 channel were carried out at the DM2 [10]
experiment in the energy range 1.35–2.4 GeV, at the VEPP-
2M collider with CMD-2 [11] and SND [6,12,13] detectors
below 1.4 GeV, at the KLOE [9] experiment near ϕ, at the
BESIII [14] experiment in the range 2.00–3.08 GeV, and at
the BABAR [2] experiment using the initial state radiation
(ISR) method in the range 0.92–2.50 GeV.

II. EXPERIMENT

SND is a general-purpose nonmagnetic detector [15–18]
(Fig. 2). Since 2010, SND has been collecting data at
the VEPP-2000 electron-positron collider operating in
the 0.3–2 GeV energy range [19]. Another detector,
CMD-3 [20], is also installed at the collider and collects
data simultaneously with SND.
The SND detector consists of the electromagnetic

calorimeter, the drift chamber, Cherenkov counters, and
the muon system. The calorimeter consists of 1640 NaI(Tl)
crystals arranged in three spherical layers with a total
thickness of 13.4 radiation lengths and covers 95% of the
total solid angle (from 18° to 162° in polar angle). The nine-
layer drift chamber used to detect tracks of charged
particles covers 94% of the total solid angle and has a
resolution of 0.45° for azimuthal angle and 0.8° for the
polar angle. Aerogel Cherenkov counters are used for
π − K separation. The muon system is located around
the calorimeter and is separated from it by the iron absorber.
It consists of proportional tubes and scintillation counters
separated by iron plates and is used, in particular, to
suppress the cosmic-ray background.
The analysis is based on data collected by SND in 2011

and 2012 by scanning the c.m. energy region from 1.05 to
2 GeV with a step size of about 25 MeV. Data with a total
integrated luminosity of 34.5 pb−1 were recorded at 53
energy points. The beam energy Eb was controlled using
magnetic field measurements in the collider bending

magnets. In 2012, it was also measured at several points
using the backscattering-laser-light system [21,22]. The
CMD-3 detector, by measuring the momenta of the final
particles in the reactions eþe− → eþe− and eþe− → pp̄,
obtained corrections to the energy [23], which are used in
this work. The accuracy of the c.m. energy determination is
6 and 2 MeV for the 2011 and 2012 datasets, respectively.
To simulate the process under study, an event generator

based on Ref. [24] is used. It can simulate the intermediate
states ωð782Þπ0, a1ð1260Þπ, f0ð980Þρ, and ρþρ−, sepa-
rately, and in any combinations taking into account the
interference between their amplitudes. The generator
includes the emission of additional photons from the initial
state [25,26]. To calculate the spectrum of the ISR photons,
it is necessary to know the Born cross-section energy
dependence. For the process under study, it is determined
iteratively using data.
The detector response is simulated using the GEANT4

framework [27]. The simulation takes into account spurious
photons and charged tracks arising from superimposing
beam-induced background on the events of interest. To do
this, background events recorded during the experiment
with a special random trigger are mixed with the simulated
events of the process under study as well as physical
background processes.
The luminosity is determined using the events of the

elastic scattering eþe− → eþe− with a systematic uncer-
tainty of 2% [28].

III. EVENT SELECTION

Events with two charged particles coming from the beam
interaction region and at least four photons with energies
above 25 MeV are selected for analysis. Pairs of photons
with an invariant mass in the range of 70–200 MeV are
considered as π0 candidates. An event must have at least
two such candidates. At energies above 1.8 GeV, to
suppress the background from multiphoton processes such

FIG. 1. The Feynman diagrams for the main intermediate states contributing to the process eþe− → πþπ−π0π0: (a) ωð782Þπ0,
(b) a1ð1260Þπ, (c) f0ð980Þρ, (d) ρþρ−. The symbol ρ0 denotes a resonance of the ρ family.
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as eþe− → πþπ−3π0 and πþπ−4π0, the number of photons
nγ in an event is required to be less than 6. At energies
below 1.1 GeV, the background from the process eþe− →
KþK− is suppressed by the condition on the angle between
the directions of charged particles ΔΨ < 160°.
Selected events are then kinematically fitted to the

hypothesis eþe− → πþπ−π0π0 with six constraints: four
conditions of total energy and momentum balance and two
conditions that the invariant masses of photon pairs are
equal to the π0 mass. If there are several photon combi-
nations with two π0 candidates in an event, then the
combination with the best χ2 of the kinematic fit (χ24π) is
chosen. The χ24π distribution for selected data and simu-
lated events is shown in Fig. 3. The condition χ24π < 40 is
imposed.
For each event that passed the selection conditions, the

invariant masses for two πþπ−π0 combinations are calcu-
lated, and the mass value (m3π) closest to the ω mass is
chosen. Events with 650 < m3π < 900 MeV are selected
for further analysis.

IV. BACKGROUND PROCESSES

The contribution of background processes other than
eþe− → πþπ−π0π0 is calculated using simulation. The
following processes with two charged particles are studied:
eþe− → πþπ−π0, πþπ−3π0, πþπ−4π0, πþπ−η, πþπ−π0η,

πþπ−2π0η, KK̄, KK̄π, KþK−η and KþK−π0π0. In events
of the processes with less than 4 photons in the final state,
additional photons originate from ISR, beam-induced
background, nuclear interaction of charged pions/kaons
in the calorimeter, kaon decays, and splitting of
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FIG. 3. The distribution of χ2 of the kinematic fit in the
hypothesis eþe− → πþπ−π0π0 for selected experimental events
(points with error bars). The solid histogram is the sum of
simulated distributions for signal and background. The distribu-
tions are normalized basing on the results of the fit to the m3π

spectrum. The green shaded histogram represents the distribution
for the process eþe− → πþπ−π0π0 with intermediate states other
than ωπ0. The red shaded histogram shows the expected con-
tribution from other background processes.

FIG. 2. The schematic view of the SND detector: beam pipe (1), drift chamber (2), aerogel Cherenkov counters (3), NaI(Tl)
crystals (4), phototriodes (5), iron absorber (6), muon proportional tubes (7), iron plates (8), muon scintillation counters (9), and
focusing solenoids of the VEPP-2000 collider (10).
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electromagnetic showers. Processes with four charged
particles were also studied, but their contribution is found
to be negligible.
The number of events of each background process at

each energy point is calculated as

Nbkg ¼ σbkgεbkgL;

where σbkg is the visible cross section of the background
process [see Eq. (4)] calculated using existing data on the
Born cross section, εbkg is its detection efficiency for the
eþe− → ωπ0 selection conditions determined using simu-
lation, and L is the integrated luminosity collected at a
given energy point.
The largest background contribution at E < 1.2 GeV

comes from the processes eþe− → KK̄, which have a
large cross section due to the proximity of the ϕð1020Þ
resonance. To suppress the background from the process
eþe− → KþK− at E < 1.1 GeV, the special condition,
mentioned in Sec. III, is applied to the angle between
the directions of charged particles ΔΨ < 160°. The value,
160°, was chosen to reach maximum background suppres-
sion at the acceptable efficiency loss.
In the region 1.2 < E < 1.7 GeV, the main background

process is eþe− → πþπ−π0ðγÞ, usually with an additional
photon emitted from the initial state. The Born cross
section for the process eþe− → πþπ−π0 is taken from
Refs. [29–31], and for processes eþe− → KK̄ from
Refs. [32–34].
Above 1.7 GeV, the processes eþe− → πþπ−3π0 and

eþe− → πþπ−4π0 give the main contributions to back-
ground events. To suppress events of the latter process at
energies above 1.8 GeV, the restriction on the number of
photons nγ < 6 is used. After imposing this condition, the
process eþe− → KþK−π0π0 becomes the dominant back-
ground source. The Born cross sections for these processes
are taken from Refs. [35–38]. For the background process
eþe− → πþπ−3π0, the intermediate states πþπ−η and
ωπ0π0 are simulated separately. As shown in Ref. [35],
these two contributions saturate the eþe− → πþπ−3π0

cross section below 1.8 GeV. For the rest of the eþe− →
πþπ−3π0 cross section, the uniform pion phase space
distribution is used. In the process eþe− → πþπ−4π0, with
the exception of theωη intermediate state, the pions are also
generated uniformly over phase space.
The contributions of three background processes,

eþe− → πþπ−π0, πþπ−3π0, and KþK−, are estimated
individually from data. To do this, a simultaneous fit to
the m3π distributions in two classes of events is performed
with a sum of signal and background distributions. The first
class includes events with χ24π < 40 passing the condition c̄,
while the second class includes events satisfying the
conditions c and χ24π < 100. Here c is the condition used
to select events of a specific background process: χ23π < 10

for πþπ−π0, χ25π < 20 for πþπ−3π0, and ΔΨ > 165° for
KþK−. In the case of the πþπ−3π0 process, the additional
conditions χ26π > 20 and nγ ≤ 6 are imposed on events of
the both classes to suppress eþe− → πþπ−4π0 background.
The parameters χ23π , χ

2
5π and χ26π are χ2 of the kinematic

fits in the hypotheses eþe− → πþπ−π0, πþπ−3π0, and
πþπ−4π0, respectively. They are calculated in the same
way as χ24π , except the number of photon pairs bound to
the π0 invariant mass is different. In the fit to the m3π

distributions, the free parameters are the number of signal
events in each class and the scale factor for the background
process under study. The contributions of remaining back-
ground processes are fixed at the calculated values. The
first class is needed mainly to determine the ratio between
the number of ωπ0 events and the number of background
events from other mechanisms of the eþe− → πþπ−π0π0
process. The second class, enriched with background
events passed the selection conditions as close as possible
to the nominal ones, is needed to determine the scale factor
for the background process under study. This factor is
applied to the event number from background MC to obtain
the expected number of background events that is used in
the fitting of πþπ−π0 invariant mass (Sec. V).
For the process eþe− → πþπ−π0, the obtained scale

factor is 0.85� 0.16 for E < 1.2 GeV, 1.96� 0.24 for
E > 1.6 GeV and varies linearly between these values at
1.2 < E < 1.6 GeV. For eþe− → KþK−, it is 1.50� 0.04
for E < 1.12 GeV and 1.00� 0.14 above. For eþe− →
πþπ−3π0, the scale factor is 0.30� 0.03 over the entire
energy range.
A similar procedure is used to estimate the total con-

tribution of other background processes. In this case, the
first and second classes include events with χ24π < 40 and
60 < χ24π < 100, respectively, while the process specific
conditions are not used. For the three processes discussed
above, the found scale factors are applied. The scale factor
1.2� 0.3 found for the entire energy range is consistent
with unity. Low statistical accuracy does not allow to study
its energy dependence. Therefore, in further analysis, it is
fixed equal to unity with a systematic uncertainty of 50%.
The relative contribution of different background proc-

esses to the number of selected events, calculated by
simulation and corrected by the scale factors defined above,
is shown in Fig. 4.

V. DETERMINING THE NUMBER
OF e + e− → ωπ0 EVENTS

The number of ωπ0 events at each energy point is
determined from the fit to the m3π distribution with a
sum of signal and background distributions. The m3π

distributions for selected experimental events in four
energy points are shown in Fig. 5.
The fit is performed by an unbinned maximum like-

lihood method using RooFit [39]. The shape of signal and
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FIG. 5. The distribution of the πþπ−π0 invariant mass closest to the ω mass for selected data events with E ¼ 1050, 1280, 1900, and
2000 MeV (points with error bars). The solid curve is the result of the fit to the data distribution with a sum of signal and background
distributions described in the text. The green hatched region is the fitted contribution from background πþπ−π0π0 events with
intermediate states other than ωπ0. The red shaded region is the expected background from other processes.
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background distributions is determined from simulation
using the kernel estimation technique [40]. The contribu-
tions of the intermediate states ωπ0, ρþρ−, a1π, and f0ρ
(Nωπ0 , Nρþρ− , Na1π , and Nf0ρ) are free fit parameters, while
the contributions from background processes other than
πþπ−π0π0 are fixed at the calculated values, as described
in Sec. IV. The numbers of eþe− → ωπ0 events (Nωπ)
obtained from the fit to the m3π distributions at different
energy points are listed in Table IV with their statistical
uncertainties.
Incorrect simulation of the angular and energy distribu-

tions of detected particles can lead to a difference between
the m3π distributions in data and simulation. This is
especially significant for the relatively narrow signal
distribution. The difference is parametrized by the shift
(Δm) of the simulated signal distribution and its Gaussian
smearing (σG). To determine these parameters, we fit to
the m3π distribution for all energy points shown in Fig. 6.
It is found that the best agreement between data and
simulation is achieved when the simulation is shifted by
Δm ¼ 1.4� 1.0 MeV to the right and smeared with
σG ¼ 5.5� 2.0 MeV. The introduction of Δm and σG
changes the fitted number of ωπ0 events by 1%.
It should be noted that the used parametrization of the

background from πþπ−π0π0 events by the sum of distri-
butions for three intermediate states does not take into
account the interference between their amplitudes. This
means that the obtained numbers of events for mechanisms
a1π, f0ρ and ρþρ− have no physical meaning. We assume
that such a parametrization provides enough freedom to
describe the background spectrum observed in data and
correctly determine the total number of background events.
To estimate the possible systematic uncertainty associated
with the description of the πþπ−π0π0 background shape, an
alternative fit is performed in the model with only one
background mechanism a1π. This mechanism dominates in
the πþπ−π0π0 background at energies below 1.5 GeV [41]
and remains significant at higher energies. The difference

between the two parametrizations of the πþπ−π0π0 back-
ground in the number of fitted signal events does not
exceed 0.4% at E < 1.5 GeV and reaches 3.9% at 2 GeV.
This difference is taken as an estimate of the model
uncertainty in the number of ωπ0 events.
The systematic uncertainty arising from the subtraction

of background from processes other than eþe− →
πþπ−π0π0 is estimated by varying the contribution of each
background process by one standard deviation. For the
eþe− → 5π (6π) process, the model uncertainty is also
taken into account, which is estimated from the difference
in detection efficiency between simulations using the phase
space model and the ωπ0π0 (ωη) model. The total system-
atic uncertainty due to this background subtraction is less
than 0.6%.
Another source of systematic uncertainty in the number

of signal events is the interference between ωπ0 and other
mechanisms of the eþe− → πþπ−π0π0 process. Because of
the finite resolution of the πþπ−π0 mass measurement, all
sign-alternating interference effects leading to distortion of
the ω-meson line shape are not visible in data distributions.
The interference only leads to an increase or decrease in the
number of signal events determined from the fit relative to
the true one. The interference effect is studied with the
Monte Carlo event generator mentioned in Sec. II, which
includes the four intermediate states ωπ0, ρþρ−, a1π, and
f0ρ. We calculate the difference in cross section between
simulations with (σ1 þ σ2 þ σint) and without (σ1 þ σ2)
interference for each background intermediate state
paired with the ωπ0 state and obtain the overlap integral
σint=

ffiffiffiffiffiffiffiffiffi
σ1σ2

p
. The Monte-Carlo integration is performed

over a phase space restricted by the condition 760 <
mtruth

3π < 820 MeV. Using the overlap integrals, the
background-to-signal ratio determined from the fit to the
data m3π spectrum, and the information about the f0ρ
relative fraction from Ref. [2], we can calculate the shift
in the number of ωπ0 events due to the interference. The
values of the overlap integrals depend on the relative phases
between the amplitudes.Wevary them from0 to 2π to obtain
the maximum deviation in the number of signal events. This
deviation is taken as an estimate of the systematic uncer-
tainty associatedwith the interference of theωπ0mechanism
with other mechanisms contributing to the πþπ−π0π0 final
state. It does not exceed 0.5% at 1.05GeVand 13% at 2GeV.
The relatively small value of the uncertainty is due to the
narrowness of the ω resonance.

VI. DETECTION EFFICIENCY

The detection efficiency for the process eþe− → ωπ0 →
πþπ−π0π0 calculated from the simulation is shown in
Fig. 7. The decrease in the efficiency above 1.5 GeV is
associated with a drop in the eþe− → ωπ0 Born cross
section in this region (see Sec. VII). As a result of this drop,
the fraction of events with the emission of an energetic
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FIG. 6. The fit to the m3π distribution for all energy points
taking into account the mass shift and smearing of the simulated
signal distribution.
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photon from the initial state, which are rejected by the
condition χ24π < 40, increases. Steps in the efficiency at
energies of 1.1 and 1.8 GeV arise due to changes in the
selection conditions at these points. The nonstatistical
scatter in the values of the detection efficiency between
neighboring energy points is caused by the change in the
experimental conditions during the data taking, in particu-
lar, by the change in the number of bad channels in the
calorimeter.
The inaccuracy of simulation of the angular and energy

distributions of the reconstructed particles leads to a
difference between simulation and data in the detection
efficiency. Therefore, the corrections to the detection
efficiency associated with the selection conditions are
obtained using data. They are listed in Table I. It is seen
from Table I that the photon loss correction is calculated
together with the correction for the condition χ24π < 40.
This is due to the fact that a fake photon, which arises, for
example, due to the nuclear interaction of charged pions
with the detector material or the beam-induced background,
can be added to the event with a lost photon. Such an event
passes the condition nγ ≥ 4 and with high, but not 100%,
probability will be rejected by the condition on χ24π . Since
the fake photons are poorly simulated, it is expedient to
determine both corrections together.

The corrections are calculated as follows:

ð1 − δeffÞ ¼
�
N1 þ N2

N1

�
data

��
N1 þ N2

N1

�
MC

; ð1Þ

where N1 is the number of ωπ0 events selected with the
standard condition, and N2 is the number of ωπ0 events
that are added after loosening the condition. The numbers
N1 and N2 in data are obtained from the fit to the m3π

spectrum.
To find the correction for photon loss and the condition

χ24π < 40, a special kinematic fit is applied to events with
nγ ≥ 3 in the hypothesis eþe− → πþπ−π0π0, which uses
the parameters of only three photons. The parameters of the
fourth photon are determined from the fit. The condition
χ24π;lost γ < 2 is imposed on χ2 of this fit. To suppress beam
background events, the condition on total energy deposition
in the calorimeter Etot=Eb > 0.75 is used. Then, for one of
the two tracks, chosen randomly, the difference between z
coordinates of the interaction point and the point at the
track closest to the beam axis is required to be jz0j <
7.5 cm (the z axis is oriented along the colliding beams).
The number of beam background events satisfying this
condition is determined from the fit to the z0 distribution in
the range jz0j < 15 cm. The signal events have a normal
distribution in z0, while the beam background is uniform
with a slight slope. The shape of the m3π distribution for
beam background events is determined using events from
the regions 7.5 < jz0j < 15 cm, in which the contribution
of signal events is negligible. The number N1 includes
events satisfying the standard condition χ24π < 40, and N2

includes events with χ24π > 40 and events with nγ ¼ 3. The
m3π spectra obtained with the two selection conditions are
fitted simultaneously. The free fit parameters are N1, N2,
Nρþρ−=Nωπ0 , Na1π=Nωπ0 , and Nf0ρ=Nωπ0 . It is found that
the correction calculated using Eq. (1) is independent of
energy. Its average value is listed in Table I.
To calculate the correction for track loss in the tracking

system, a kinematic fit is carried out in the hypothesis
eþe− → πþπ−π0π0 using the parameters of one charged
particle and four photons. The fit recovers the parameters
of the missing charged particle. In the case of events with
two charged tracks, a candidate for the kinematic fit is
chosen randomly. The condition χ2

4π;lost π� < 3 is imposed

on χ2 of the kinematic fit. The beam background is
suppressed by the condition jz0j < 5 cm. Its residual
contribution is determined in the same way as for the
photon loss correction. The results of the fit to the z0
distributions for events with one and two charged tracks are
shown in Fig. 8. The number N1 includes events containing
two charged particles, andN2 includes events with only one
charged particle. The correction value determined by the
method described above is given in Table I. This correction
also does not depend on the energy.
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FIG. 7. Detection efficiency of the process eþe− → ωπ0 →
πþπ−π0π0, calculated from the simulation, taking into account
the corrections determined using experimental data.

TABLE I. The corrections to the detection efficiency.

Correction 1þ δeff

Photon loss and χ24π < 40 −1.4� 2.0%
Track loss −1.1� 0.7%
nγ < 6 þ0.3� 1.0%
ΔΨ < 160° −0.4� 0.1%

Total at E < 1.1 GeV −2.9� 2.1%
Total at 1.1 < E < 1.8 GeV −2.5� 2.1%
Total at E > 1.8 GeV −2.2� 2.3%

STUDY OF THE PROCESS eþe− → ωπ0 → πþπ−π0π0 … PHYS. REV. D 108, 092012 (2023)

092012-7



The corrections for the conditions ΔΨ < 160° and
nγ < 6 are calculated in a similar way. The obtained values
of the total efficiency correction for three energy ranges
with different selection conditions are listed in Table I. The
detection efficiency corrected for the difference between
data and simulation is listed in Table IV.

VII. BORN CROSS SECTION

The Born cross section for the process eþe− → ωπ0 →
πþπ−π0π0 can be factorized as [42]

σbornðEÞ ¼
4πα2

E3
jFγωπðEÞj2PfðEÞ; ð2Þ

where FγωπðEÞ is the form factor for the transition γ�ωπ0,
and PfðEÞ is a factor describing the phase space of
the final state ωπ0. In the infinitely narrow ω-meson

approximation, PfðEÞ ¼ Bðω → πþπ−π0Þp3
π0
=3, where

Bðω → πþπ−π0Þ is the ω → πþπ−π0 branching fraction
and pπ0 is the π0 momentum. A more precise expression
takes into account the finite ω-resonance width, and the
dependence of the πþπ−π0 phase space on its four-
momentum q2 squared [43]:

PfðEÞ ∝
Z ffiffiffiffiffi

q2
p

Γω→3πðq2Þp3
π0
ðE; q2Þ

ðq2 −m2
ωÞ2 þ q2Γ2

ωðq2Þ
dq2; ð3Þ

where Γω→3πðq2Þ and Γωðq2Þ are the mass-dependent
partial and total widths of the ω meson. Equation (3) does
not take into account the interference between two three-
pion combinations. The calculation taking into account
the interference is performed by the Monte Carlo method.
Figure 9 (left) shows the mass spectrum of the πþπ−π0
system compared to the Breit-Wigner formula for the ω
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FIG. 8. The z0 distribution for data events (points with error bars) with χ24π;lost π� < 3. The curve is the result of the fit described in the
text. The left (right) panel represents events with two (one) charged tracks.
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resonance. The tail in the distribution at large q2 ¼ m2
3π is

explained by the fast growth of the partial width Γω→3π with
increasing q2. The presence of this tail leads to a significant
difference between PfðEÞ for πþπ−π0 and the expression
obtained for the narrow ω meson or the phase space for the
decay of ω → π0γ.
To limit too fast growth of the partial widths of the

resonances, the q2-dependent Blatt-Weiskopf factors can
be introduced, which can strongly modify the theoretical
predictions both for the tail in the mass spectrum πþπ−π0
and PfðEÞ dependencies. At present, the form of these
factors is not known exactly. This introduces a model
uncertainty in the measured cross section. For m3π >
0.9 GeV, it is impossible to experimentally distinguish
between ωπ0 events and events of other mechanisms of
the eþe− → πþπ−π0π0 process. The number of events
ωπ0 in this region has to be extrapolated from the region
m3π < 0.9 GeV using a model.
To eliminate this model dependence, the ωπ0 cross

section can be determined by introducing the constraint
m3π < 0.9 GeV. This constraint is imposed on both data
and simulated events. In particular, the detection efficiency
and the factor PfðEÞ are calculated from events with
mtruth

3π < 0.9 GeV. The factor PfðEÞ redefined in this
way is shown in Fig. 9 (right). It is seen that its energy
dependence is close to that for a narrow resonance. It
should be noted that the value of the form factor FγωπðEÞ is
independent of the ωπ0 cross section definition.
The visible cross section σvis is related to the Born cross

section σborn according to the formula [25]

σvisðEÞ ¼
Z

1

0

Fðx; EÞσborn
�
E

ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p �
dx; ð4Þ

where Fðx; EÞ is a function describing the probability of
energy loss xE=2 due to radiation from the initial state. This
formula can be rewritten as

σvisðEÞ ¼ σbornðEÞð1þ δradðEÞÞ; ð5Þ

where δradðEÞ is the radiative correction.
The visible cross section is obtained from the exper-

imental data using the formula

σvis;i ¼
Nexp;i

Liεi
; ð6Þ

where Nexp;i is the number of selected ωπ0 events, Li is the
integrated luminosity, and εi is the detection efficiency for
the ith energy point. To obtain the experimental values
of the Born cross section, the data on the visible cross
section are fitted by the integral (4), in which the theoretical
model (2) is used for the Born cross section, the parameters

of which are determined from the fit. Then, using the
theoretical model, the radiative correction is calculated as

δradðEÞ ¼
σvisðEÞ
σbornðEÞ

− 1: ð7Þ

The values of the Born cross section are calculated from
σvis;i using Eq. (5).
The form factor in Eq. (2) in the VMD model is

parametrized as follows [7,42]:

FγωπðEÞ ¼
gρωπ
fρ

X3
i¼0

AiM2
i e

iϕi

M2
i − E2 − iEΓiðEÞ

; ð8Þ

where the summation is over four isovector resonances
ρð770Þ, ρð1450Þ, ρð1700Þ, and ρð2150Þ, andMi, Γi, and ϕi
are masses, widths and phases of these resonances.
Coupling constants fρ and gρωπ are calculated from the
decay widths ρ → eþe− and ω → π0γ [32], respectively. To
describe the shape of the ρð770Þ resonance, the energy-
dependent width is used:

Γ0ðEÞ ¼ Γ0ðM0Þ
�
M0

E

�
2
�
E2 − 4m2

π

M2
0 − 4m2

π

�
3=2

þ g2ρωπ
4π

PfðEÞ;

ð9Þ

where the first term corresponds to the decay ρ → πþπ−,
and the second to the decay ρ → ωπ0. For excited reso-
nances, energy-independent widths are used. The param-
eters of ρð770Þ are fixed at the Particle Data Group (PDG)
values [32], M0 ¼ 775 and Γ0 ¼ 149.4 MeV, and ϕ0 ≡ 0.
The parameters A0, A1, A2, A3, ϕ1, ϕ2, ϕ3, M1, M3, Γ1

and Γ3 are determined by the fit. The data on the cross
section eþe− → ωπ0 are weakly sensitive to the parameters
of the ρð1700Þ resonance. Its mass and width are varied in
the fit near the PDG values with their Gaussian errors:
M2 ¼ 1.72� 0.02 and Γ2 ¼ 0.25� 0.10 GeV [32].
To more accurately determine the contribution of the

ρð770Þ resonance (parameter A0), the SND data obtained at
the VEPP-2M collider at energies below 1.02 GeV [6,7,13]
are added to the fit. Some of these measurements were
made in the ω → π0γ channel. For them, the cross section
was recalculated using the ratio of the branching fractions
Bðω→π0γÞ=Bðω→πþπ−π0Þ¼0.0992�0.0023 [44] and
the ratio of the phase spaces for the final states
πþπ−π0π0 and π0π0γ.
At the energy E > 1.9 GeV, the behavior of the

Born cross section begins to be determined by the
ρð2150Þ resonance observed in the BABAR and BESIII
experiments [2,14,45]. The parameters of this resonance
cannot be entirely determined from our data. To fix the
ρð2150Þ parameters, the BABAR [2] data in the energy
range above 1.5 GeV and the BESIII [14] data below
2.5 GeV are added to the fit. To take into account possible
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systematic shifts between measurements performed in
different experiments, the BABAR and BESIII data are
multiplied by the scale factors SBABAR and SBESIII, which
are determined from the fit. The addition of the BABAR
measurements is necessary because our and BESIII data do
not overlap in energy. It should be noted that the extraction
of the ωπ0 signal in the BESIII [14] and BABAR [2]
experiments is based on the fit to the πþπ−π0 mass
spectrum with the sum of the ω-resonance line shape
and the nonresonant background distribution. The ω line
shape is described by the convolution of the Breit-Wigner
distribution with the detector resolution function. As can be
seen from Fig. 9 for such an approach, an adequate
description of the energy dependence of the phase volume
is the narrow resonance approximation. Therefore, for
inclusion to the fit and comparison with the SND data,
the BESIII and BABARmeasurements are multiplied by the
ratio of the phase spaces shown in Fig. 9 (right) as “πþπ−π0

(m < 0.9 GeV)” and “p3.” For BESIII data, this factor is
approximately 1.02.
The parameters obtained from the fit in the model

described above are listed in the “Model 1” column of
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FIG. 10. The Born cross section for the process eþe− → ωπ0 → πþπ−π0π0 in the energy range 0.9–2.4 GeV fitted with the VMD
model. The data used in the fit from this work and other experiments: SND 2000 [6,7], SND 2009 [13], BABAR [2], and BESIII [14],
are shown. The solid (dashed) curve represents the result of the fit with Model 1 (Model 2). The bottom plot shows the ratio of data
points to the fit in Model 1. The yellow boxes show the systematic uncertainty of the new data, while the statistical uncertainty is
denoted by error bars.

TABLE II. The parameters of the two models of the Born cross
section obtained from the fit described in the text.

Parameter Model 1 Model 2

A0 0.894� 0.006 0.916� 0.012
A1 0.584� 0.003 0.164� 0.003
M1, GeV 1.614� 0.002 1.523� 0.004
Γ1, GeV 0.492� 0.004 0.368� 0.006
ϕ1, rad 3.106� 0.004 6.083� 0.019
A2 0.370� 0.003 0.002� 0.001
M2, GeV 1.723� 0.002 ≡1.720
Γ2, GeV 0.371� 0.003 ≡0.250
ϕ2, rad 0.300� 0.006 2.984� 0.633
A3 0.042� 0.001 0.005� 0.000
M3, GeV 2.095� 0.004 2.088� 0.006
Γ3, GeV 0.270� 0.003 0.211� 0.008
ϕ3, rad 5.820� 0.020 6.003� 0.081
A4 0.602� 0.009
M4, GeV 1.183� 0.006
Γ4, GeV 0.548� 0.009
ϕ4, rad 3.300� 0.010
SBABAR 1.028� 0.022 1.020� 0.022
SBESIII 0.884� 0.025 0.876� 0.026
χ2=ndf 102.5=90 81.9=86
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Table II. The result of this fit is shown in Fig. 10 as a solid
curve. Although the fit has an acceptable χ2=ndf¼102=90,
where ndf is the number of degrees of freedom, the
description of the data in the 1.1–1.3 GeV region does
not seem entirely satisfactory. For example, five points in
a row in the range 1.07–1.17 GeV lie above the fitting
curve. This may be due to incorrect description of the tail
of the subthreshold resonance ρð770Þ and the shape of the
ρð1450Þ resonance in Model 1. Within the approach used,
the problem is solved by adding one more resonance with
a mass of about 1.1 GeV (Model 2). In this model, the
mass and width of ρð1700Þ have been exactly fixed at
their PDG values. The fit results are shown in Table II in
the column “Model 2.” The fitting curve is shown in
Fig. 10 as a dotted line. Model 2 has a substantially
lower χ2=ndf ¼ 82=86.
The difference of the coefficients SBABAR and SBESIII

from unity and from each other is within the systematic
uncertainties near 2 GeV, which are 10% for BABAR [2],
8%–12% for BESIII [14] and 6.6% for SND. Here, the
systematic uncertainty associated with interference, which
is common for all three measurements, is excluded from
the SND error.
Model 1 is used to obtain the Born cross section and

radiative correction. The difference in the radiative correc-
tion between Models 1 and 2 is taken as an estimate of its
systematic error. The obtained cross section values are
listed in Table IV and shown in Fig. 10.

The procedure for determining the Born cross section
described above is actually a numerical solution of the
integral equation (4), in which a theoretical model is used for
regularization. The obtained values of the Born cross section
are correlated. To determine the covariance matrix, a series
of 10,000 pseudoexperiments is used. Data is generated
according to a theoretical model with variances correspond-
ing to the statistical errors in the number of signal events.
The statistical uncertainties of the Born cross section in
Table IVand in Fig. 10 correspond to the diagonal elements
of the covariance matrix. The full covariance matrix is given
in the Supplemental Material [46].
The following effects, discussed in previous sections,

contribute to the systematic uncertainty in the cross section.
The accuracy of the luminosity measurement is 2%. The
uncertainty of the efficiency corrections is 2.1%–2.3%
depending on the energy. The model uncertainty arising
from background subtraction from non-ωπ0 mechanisms
of the process eþe− → πþπ−π0π0 varies in the range
0.4%–3.9%. The systematic uncertainty coming from the
subtraction of background processes other than eþe− →
πþπ−π0π0 is less than 0.6%. The uncertainty coming from
the interference ofωπ0 with other intermediate mechanisms
of the eþe− → πþπ−π0π0 process varies from 0.5% at
1 GeV to 13.3% at 2 GeV. The model uncertainty of the
radiative correction does not exceed 4.3%. The systematic
uncertainties from different sources in five energy ranges
and their quadratic sum are listed in Table III.

TABLE III. Contributions to the systematic uncertainty in the Born cross section from different sources.

E, MeV 1000–1200 1200–1400 1400–1600 1600–1800 1800–2000

Luminosity 2.0% 2.0% 2.0% 2.0% 2.0%
Efficiency correction 2.1% 2.1% 2.1% 2.1%–2.3% 2.3%
Background 0.0%–0.2% 0.0%–0.1% 0.0%–0.2% 0.2%–0.6% 0.3%–0.6%
Interference 0.5%–1.1% 1.1%–2.4% 2.4%–4.1% 4.1%–9.4% 8.3%–13.3%
Model 0.4% 0.4% 0.4%–0.9% 0.9%–2.4% 2.4%–3.9%
Radiative correction 0.0%–0.3% 0.0%–0.4% 0.0%–0.7% 0.4%–3.4% 0.1%–4.3%
Total 3.0%–3.2% 3.2%–3.8% 3.8%–5.1% 5.1%–10.7% 9.7%–14.2%

TABLE IV. The c.m. energy (E), selected number of ωπ0 events (Nexp), integrated luminosity (L), detection
efficiency (ε), Born cross section for the process eþe− → ωπ0 → πþπ−π0π0 (σborn) with constraint
mtruth

3π < 0.9 GeV, and radiative correction (δrad). For the number of events, the statistical error is quoted. For
the Born cross section, the first error is statistical, and the second is systematic.

E, MeV Nexp IL; nb−1 ε σborn, nb δrad

1049.7 1048.2� 45.4 420 0.296 9.37� 0.42� 0.28 −0.100
1072.7 1618.2� 49.2 554 0.299 10.74� 0.34� 0.33 −0.092
1099.0 1780.1� 51.3 560 0.290 11.98� 0.37� 0.37 −0.083
1121.4 2078.4� 54.7 543 0.328 12.65� 0.35� 0.39 −0.077
1148.4 2032.9� 56.3 495 0.319 13.84� 0.40� 0.43 −0.071
1170.6 2429.1� 63.1 547 0.327 14.56� 0.39� 0.46 −0.066

(Table continued)
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VIII. CONCLUSION

The cross section of the process eþe−→ωπ0→
πþπ−π0π0 has been measured in the SND experiment
at the VEPP-2000 eþe− collider in the energy range
1.05–2.00 GeV. The statistical uncertainty of the measure-
ment is 2%–23%, while the systematic uncertainty is
3.0%–14.2%.

Comparison of the current SND measurement with
results of previous experiments is shown in Fig. 11, where
the ratio of the CMD-2 [8], SND 2003 [12], SND 2016 [3],
KLOE [9] and BABAR [2] data to the result of the fit to
our data in Model 1 is shown. All the measurements are in
good agreement with each other in the region under study
1.05–2.00 GeV. The most accurate previous measurements

TABLE IV. (Continued)

E, MeV Nexp IL; nb−1 ε σborn, nb δrad

1196.7 2440.0� 64.6 570 0.312 14.61� 0.40� 0.46 −0.061
1246.1 2245.1� 62.9 481 0.322 15.28� 0.45� 0.51 −0.053
1270.4 2503.4� 76.9 511 0.324 15.91� 0.50� 0.55 −0.050
1275.3 3511.7� 79.1 744 0.318 15.61� 0.37� 0.54 −0.049
1319.1 2782.8� 69.8 569 0.317 16.12� 0.42� 0.59 −0.043
1343.5 2966.9� 71.6 599 0.321 16.08� 0.41� 0.59 −0.040
1353.3 4129.6� 86.3 845 0.317 16.03� 0.36� 0.59 −0.038
1368.1 3076.9� 75.0 625 0.314 16.25� 0.41� 0.61 −0.036
1417.3 3011.0� 74.6 601 0.316 16.30� 0.43� 0.62 −0.026
1432.1 5100.3� 97.7 1034 0.313 16.11� 0.34� 0.62 −0.023
1442.0 2242.6� 63.9 474 0.313 15.42� 0.46� 0.60 −0.020
1466.8 3027.1� 74.9 623 0.314 15.65� 0.41� 0.62 −0.012
1491.7 6817.8� 111.6 1520 0.310 14.47� 0.26� 0.60 −0.001
1511.7 3934.1� 87.0 925 0.298 14.14� 0.34� 0.61 0.010
1516.7 2121.4� 62.5 511 0.301 13.60� 0.41� 0.59 0.013
1541.7 2006.0� 62.8 575 0.298 11.33� 0.37� 0.52 0.032
1566.8 1613.2� 57.0 540 0.289 9.79� 0.36� 0.48 0.057
1592.0 2380.1� 70.5 1021 0.265 8.05� 0.26� 0.41 0.091
1592.0 1130.0� 46.4 464 0.275 8.13� 0.35� 0.42 0.091
1617.3 1156.2� 48.1 548 0.265 7.01� 0.31� 0.39 0.136
1642.7 843.0� 40.0 506 0.247 5.65� 0.28� 0.39 0.192
1668.2 636.7� 37.5 485 0.235 4.44� 0.28� 0.32 0.259
1673.3 999.4� 49.3 909 0.228 3.79� 0.20� 0.28 0.273
1693.7 467.3� 32.7 489 0.216 3.33� 0.25� 0.27 0.329
1714.2 419.2� 32.0 501 0.200 3.02� 0.24� 0.26 0.384
1719.4 418.8� 32.5 542 0.201 2.75� 0.23� 0.24 0.397
1745.1 294.7� 26.8 527 0.186 2.07� 0.20� 0.19 0.457
1755.5 422.2� 34.6 941 0.174 1.75� 0.15� 0.17 0.479
1771.0 218.9� 23.5 503 0.171 1.68� 0.19� 0.17 0.512
1796.9 150.4� 18.2 410 0.149 1.56� 0.19� 0.17 0.571
1796.9 379.1� 30.0 1018 0.145 1.64� 0.14� 0.18 0.571
1823.0 169.5� 18.4 530 0.139 1.40� 0.16� 0.15 0.640
1838.6 262.0� 26.3 910 0.127 1.34� 0.14� 0.14 0.687
1849.1 81.5� 16.9 436 0.127 0.86� 0.18� 0.09 0.717
1870.1 147.0� 20.9 672 0.115 1.06� 0.16� 0.10 0.782
1872.2 199.3� 20.8 939 0.113 1.05� 0.12� 0.10 0.788
1891.2 121.5� 16.4 620 0.109 0.97� 0.14� 0.10 0.841
1901.7 81.7� 13.0 498 0.103 0.85� 0.14� 0.08 0.864
1901.7 148.1� 17.5 959 0.103 0.81� 0.10� 0.08 0.864
1922.9 62.2� 13.4 677 0.098 0.50� 0.11� 0.05 0.889
1928.2 87.8� 12.7 624 0.098 0.76� 0.11� 0.08 0.890
1944.1 105.2� 17.6 935 0.092 0.65� 0.11� 0.07 0.878
1954.8 38.0� 8.6 432 0.086 0.55� 0.13� 0.06 0.858
1965.4 90.0� 14.0 745 0.086 0.77� 0.12� 0.08 0.828
1981.5 61.9� 12.6 515 0.086 0.79� 0.16� 0.09 0.768
1986.8 60.8� 12.0 644 0.088 0.62� 0.13� 0.07 0.746
2008.3 46.2� 9.6 587 0.084 0.57� 0.12� 0.08 0.650
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were carried out in the BABAR experiment in the πþπ−π0π0

channel [2], and in the SND experiment in the π0π0γ
channel [3]. The BABAR data have a statistical accuracy
comparable to our measurement up to 1.5 GeVand slightly
better at higher energies, but worse (about 10%) systematic
uncertainty. Moreover, BABAR [2] did not study the model
uncertainty associated with the interference between differ-
ent states that contribute to the process eþe− → πþπ−π0π0.
Our estimate of this uncertainty given in Table III can be
applied to the BABAR data as well. In the SND measure-
ment in the π0π0γ channel, on the contrary, the systematic
uncertainty is smaller (2.7%–5.2%), while the statistical
uncertainty is larger. In general, our new measurement can
be characterized as the most accurate in the energy region
under study at the present time.
The maximum contribution to the systematic uncertainty

of our measurement above 1.2 GeV comes from the model
error associated with the interference of the ωπ0 mechanism
with other mechanisms of the process eþe− → πþπ−π0π0,
as well as from the uncertainty related to background
subtraction from these mechanisms. Reduction of these
uncertainties is possible only with the use of amplitude

analysis of the process eþe− → πþπ−π0π0 preferably
together with the process eþe− → πþπ−πþπ−, as it was
done in Ref. [41]. However, more promising, in our opinion,
is the increase in statistics in the SND experiment for the
eþe− → ωπ0 → π0π0γ channel. In this channel, the model
uncertainty associated with interference with the intermedi-
ate state ρ0π0 can be significantly reduced taking into
account the results of the Dalitz plot analysis in the process
eþe− → πþπ−π0 [31].
The measured cross section of the process eþe− →

ωπ0 → πþπ−π0π0 together with SND data [6,7,13] below
1.05 GeV and the BABAR [2] and BESIII [14] data above
1.5 GeV is well described by the vector dominance model
with four known resonances of the ρ family. The obtained
parameters of the resonances are given in Table II
(Model 1).
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