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We present a framework for constructing generalized parton distributions (GPDs) using holographic
QCD in the large Nc limit, with a focus on low-x and finite skewness. Our approach utilizes holographic
amplitudes for exclusive electroproduction processes to extract the spin-j conformal (Gegenbauer)
moments of GPDs, which are then evolved to higher resolution scales using QCD evolution equations.
Our evolved GPDs (reconstructed from their evolved conformal moments) are applied to analyze the
electroproduction of ρ0;þ and ϕ mesons, and we account for nonperturbative contributions in the sþ u-
channel using holographic QCD. The results compare well with the existing experimental data. Our GPDs
provide detailed information about partonic distributions and are useful for future experimental studies and
global data analyses.
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I. INTRODUCTION

The general parton distributions (GPDs) provide a
comprehensive framework for addressing the longitudinal
momentum and spatial distributions of partons in hadrons.
They consolidate the physical content of form factors,
parton distribution amplitudes (DA), and parton distribu-
tion functions (PDFs) into a single framework. A number of
current and future electron machines, such as the EIC and
EIcC [1,2], will be dedicated to measuring them.
The GPDs capture several invariants of the off-forward

and nonlocal quark or gluon bilinears. In this work, we will
focus on the unpolarized quark and gluon GPDs Hðx; η; tÞ
and quark axial GPDs H̃ðx; η; tÞ in the large Nc limit.
For the quarks, they can be combined into valence (iso-
vector) and singlet GPDs. GPDs are a function of the
parton longitudinal momentum fraction x, the skewness
η ∼ ξ ¼ −Δþ=2Pþ, and the momentum transfer Δ2 ¼ −t.
Δþ and Pþ are the light front momentum transfer and
averaged momentum of the in-out protons, respectively.

The GPDs are characterized by two distinct kinematical
regions for fixed Mandelstam t and positive skewness:
the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
regions for jxj > ξ and the ERBL region for jxj < ξ. In
the DGLAP region with positive (negative) x, the GPDs
correspond to removing a quark (antiquark) with momen-
tum k and reinserting it with momentum kþ Δ. In the
ERBL region, the GPDs correspond to emitting a meson-
like quark-antiquark pair with momentum −Δ. As a result,
the forward limit with zero skewness of the GPDs coincides
with the quark and gluon PDFs, while the x-integrated
GPDs with finite skewness coincide with form factors.
GPDs play an important role in exclusive processes and

are at the cornerstone of hadronic tomography. Deeply
virtual Compton scattering (DVCS) is one of the processes
suggested for the empirical extraction of the GPDs [3,4].
Assuming factorization, the invariant Compton amplitudes
are usually expressed as integral transforms of the leading
twist-2 quark operators in the form of generalized sum
rules. The extraction of the quark GPDs requires their
inversion, usually using a perturbative analysis of the
pertinent moments. This is a nontrivial deconvolution
problem [5].
Holographic QCD provides a nonperturbative approach

to a variety of scattering processes in QCD in the double
limit of a large number of colors and strong ’t Hooft gauge
coupling. It is a proposal following on the AdS=CFT or
gauge/gravity duality established in string theory [6]. In
short, a strongly coupled gauge theory in four dimensions is
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dual to weakly coupled string theory in higher dimensions.
The original correspondence holds for type IIB superstring
theory in AdS5 × S5, but is commonly assumed to hold for
a string theory in a general background.
In this work, we propose to use holographic QCD with a

soft wall to evaluate electroproduction of photons and
mesons by combining the leading s- and t-channel
exchanges at finite skewness. The t-channel exchanges
are dominated by open and closed string exchanges in the
double limit, and they are dominant in the Regge
kinematics.
A key outcome from this construction is exclusive

amplitudes with a well-defined dependence on all kin-
ematical variables. This yields well-defined expressions for
the initial quark and gluon GPDs in the ERBL region to
evolve at higher resolution with the help of perturbative
renormalization group equations. The interface between the
perturbative and nonperturbative and stringy aspects of
QCD will be shown to set in for a gauge coupling αsðμ0Þ ∼
1
3
at a resolution μ0 ∼ 1.8 GeV.
In our analysis, the deconvolution problem is altogether

bypassed through the use of Gegenbauer moments for
pertinent GPDs. The holographic construction allows their
identification for any value of the conformal spin-j in the
large number of colors limit. Their spin-j resummation in
the GPDs can be carried explicitly in the ERBL region in
the Regge limit. The extension to the DGLAP region can be
sought using a reorganized Gegenbauer expansion. Once
evolved, the results can be used in any exclusive process.
They also should prove useful for the extraction of the
GPDs in global data analyses. For completeness, we note
the holographic GPDs analysis in [7].
To our knowledge, the holographic framework provides

the most economical way to encode the stringy properties
of QCD at low resolution, in line with the dual Veneziano
amplitudes and empirical Regge phenomenology. In the
double limit of large Nc and strong ’t Hooft coupling, the
holographic amplitudes capture the key aspects used in
QCD dispersive analyses, such as crossing symmetry,
unitarity, and spectral densities, all while enforcing the
essential symmetries of QCD with very few stringy
parameters.
The paper is structured as follows: In Sec. II, we use

large Nc arguments to extract the conformal moments of
GPDs from the holographic exclusive amplitudes for
electroproduction of mesons at low-x and low resolution
μ0 by matching the holographic exclusive amplitudes with
the exclusive amplitudes in QCD which are based on
factorization theorems. This matching is done explicitly for
the electroproduction of mesons, photons (DVCS), a pair of
pions, and a neutral pion. In Sec. III, the extracted
conformal moments of GPDs will be evoloved, to higher
resolution μ, using renormalization group equations
(RGEs). The evolved GPDs will also be reconstructed
using their evolved conformal moments. In Sec. IV, we use

the evolved singlet quark and gluon GPDs to analyze in
detail the electroproduction of neutral ρ0. The total and
differential cross sections are derived and compared to the
available data for a wide range of energies

ffiffiffi
s
p

and
momentum transfer. In Sec. V, we extend the analysis to
the electroproduction of ϕ, using the evolved gluon GPDs.
The results are compared to some existing data. In Sec. VI,
we make use of the evolved nonsinglet (valence) quark
GPDs to derive the total and differential cross sections for
the electroproduction of charged ρþ. The results are also
compared to existing data, mostly at low

ffiffiffi
s
p

. Our con-
clusions are in Sec. VII.
The notations and kinematics are summarized in

Appendix A and Appendix B, respectively. The matrix
elements defining the GPDs are detailed in Appendix C.
Appendix D provides the RGE for evolving these elements
to higher μ. Additionally, the QCD exclusive electropro-
duction amplitudes are summarized in Appendix E, which
should be compared with the corresponding holographic
amplitudes derived in Appendix H.
Finally, for better understanding of our results in the

main body of the paper, we recommend reading the
Appendixes A–E first.

II. CONFORMAL MOMENTS OF GPDs FROM
t-CHANNEL STRING EXCHANGE IN AdS=QCD

In this paper, we investigate the use of general parton
distributions in exclusive processes, such as leptoproduc-
tion of photons and hadrons, where factorization is
assumed to work. GPDs capture the off-forward partonic
content of a hadron, and their importance lies in their ability
to combine the physical content of form factors, parton
distribution amplitudes, and parton distribution functions in
a single framework. We focus on the unpolarized quark and
gluon GPDs Hðx; η; tÞ, and quark axial GPDs H̃ðx; η; tÞ, in
the large Nc limit.
We propose a method to determine the matrix elements

that define GPDs at some initial soft renormalization scale
μ ¼ μ0, which carries information on confinement and
chiral symmetry breaking, and then evolve them using the
renormalization group equation to higher μ. Our proposed
method involves using holographic QCD, a dual string
approach in AdS, in the double limit of large Nc and strong
’t Hooft coupling. We identify the twist-2 quark and gluon
GPD conformal moments at finite skewness η ≠ 0 and an
initial renormalization scale μ0 ∼Q0 using various exclu-
sive t-channel open and closed string exchange electro-
production amplitudes in soft-wall holographic QCD, as
detailed in Appendix H. The closed strings in soft-wall AdS
are dual to spin-j glueballs in QCD, while the open strings
attached to bulk filling Nf D9-branes in soft-wall AdS are
dual to spin-j vector and axial mesons.
We match various exclusive electroproduction ampli-

tudes in holographic QCD to various electroproduction
amplitudes in QCD, written in terms of quark and gluon
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GPDs based on the leading-order factorization theorems,
by matching their respective large-Nc dependence at fixed
’t Hooft coupling λs ¼ g2sNc. We determine the large-Nc
dependence of the exclusive processes in the holographic
side by using the bulk gravitational constant 2κ2 ∼ 1=N2

c

and the bulk D9-brane coupling constant g25 ∼ 1=Nc. The
matching of exclusive electroproduction amplitudes is
illustrated in Figs. 1–4.
We consider only tree-level Witten diagrams in AdS and

the leading-order exclusive electroproduction amplitudes in
QCD, as they are the only diagrams that contribute in the
large-Nc limit. The rules for the tree-level Witten diagrams
stem from the SUGRA fields and their couplings in bulk,
which are detailed in Appendix H. These rules enable us to
evaluate electroproduction of photons and mesons in holo-
graphic QCD, combining the leading s- and t-channel
exchanges at finite skewness, and resulting in exclusive
amplitudes withwell-defined dependence on all kinematical
variables.

In summary, this section presents the proposed method
for determining GPDs using holographic QCD in the large
Nc limit, and summarizes the key results of this paper.
The relevant notations and kinematics are summarized in
Appendix A and Appendix B, respectively. The matrix
elements that define GPD are detailed in Appendix C. The
RGE used to evolve the matrix elements to higher μ is
detailed in Appendix D. Furthermore, the exclusive electro-
production amplitudes in QCD are summarized in
Appendix E, which should be compared with the corre-
sponding holographic amplitudes derived in Appendix H
where we have illustrated the comparisons in Figs. 1–4.

A. Electroproduction of vector mesons

The leading order electroproduction amplitude for vector
mesons (with quark DA and gluon GPD) is of order g2s

Nc
as

illustrated in Fig. 1(a). In the large-Nc limit, it is of order
g2sNc
N2

c
¼ λs

N2
c
. This matches the 1

N2
c

dependence for the

FIG. 1. Electroproduction of a vector meson probing the gluon GPD: (a) leading QCD contribution in the Regge limit; (b) leading
Witten diagram in the large-Nc limit.

FIG. 2. Electroproduction of double pions probing the nonsinglet (valence) vector quark GPDs: (a) leading QCD contribution in the
Regge limit; (b) leading Witten diagram in the large-Nc limit.
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holographic vector meson electroproduction amplitude, using the corresponding tree-level Witten diagram illustrated in
Fig. 1(b). More specifically, the Nc dependence of the electroproduction of vector mesons written in terms of Gegenbauer
moments,

ALL
γ�p→Vpðs; t; Q0; ϵL; ϵ0LÞ ≈ e ×

1

4
×

1

N2
c
×

1

Q0

× λsðμ2Þ ×
�Z

1

0

dz
X
q

eq
ΦqðzÞ
zð1 − zÞ

�
×

1

mN
× ūðp2Þuðp1Þ

×
X∞
j¼2

1

ξj
×

1

Nj−2

�
5
2

� × �Z ξ

0

dx
ξ

�
1 −

x2

ξ2

�
× C5=2

j−2

�
x
ξ

��
× F g

jðξ; t; μ20Þ; ð2:1Þ

for even j ¼ 2; 4;…, matches the holographic result

ALL
γ�p→Vpðs; t; Q0; ϵL; ϵ0LÞ ∼ e ×

1

g5
× g5 × 2κ2 ×

1

2
×

1

Q0

× ½fV � ×
1

mN
× ūðp2Þuðp1Þ

×
X∞
j¼2

1

ξj
×

�
1

ΓðΔgðjÞ − 2Þ × ½Aðj; τ;ΔgðjÞ; tÞ þDηðj; τ;ΔgðjÞ; tÞ�
�
; ð2:2Þ

FIG. 3. Deeply virtual Compton scattering probing the singlet axial quark GPDs: (a) leading QCD contribution in the Regge limit;
(b) leading Witten diagram in the large-Nc limit.

FIG. 4. Electroproduction of neutral pion probing the nonsinglet (valence) axial quark GPDs: (a) leading QCD contribution in the
Regge limit; (b) leading Witten diagram in the large-Nc limit.
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for even j ¼ 2; 4;…, with the details of the derivation given
in Appendix H. The five-dimensional bulk gravitational
coupling is 2κ2 ¼ 8π2=N2

c, and g5 ∼ 1=
ffiffiffiffiffiffi
Nc
p

.
A comparison of (2.1) and (2.2) allows the extraction

of the Gegenbauer (conformal) moments of the gluon
GPDs

F g
jðη ∼ ξ; t; μ20Þ ∝

1

ΓðΔgðjÞ − 2Þ
× ½Aðj; τ;ΔgðjÞ; tÞ þDηðj; τ;ΔgðjÞ; tÞ�;

ð2:3Þ

with η ∼ ξ following from
ffiffiffi
s
p

≫ −t, with the details
of the kinematics given in Appendix B. The anomalous

dimension of the spin-j conformal gluon operator at
μ ¼ μ0 ∼Q0, and even j ¼ 2; 4;… is

ΔgðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
λ
p
ðj − j0gÞ

q
;

with j0g ¼ 2 − 2=
ffiffiffi
λ
p

, and the ’t Hooft coupling of QCD at
μ ¼ μ0 given by

λ≡ λsðμ0Þ ¼ 4παsðμ0ÞNc → 11.243:

Below we suggest the matching scale μ0 ¼ 1.808 GeV (see
Sec. D 4). In addition, we have set the Mandelstam variable
t ¼ −K2, and defined the η-independent gluonic spin-j
(with even j ¼ 2; 4;…) form factors of the proton (with
twist τ) as

Aðj; τ;ΔgðjÞ;−t ¼ K2Þ ¼ 21−ΔgðjÞ

ΓðτÞ
�
ðτ − 1ÞΓ

�
j − 2

2
þ τ −

ΔgðjÞ
2
þ 1

�
Γ
�
j − 2

2
þ ΔgðjÞ

2
þ τ − 1

�
× 2F̃1

�
aK
2

−
ΔgðjÞ
2
þ 2;

j − 2

2
þ τ −

ΔgðjÞ
2
þ 1;

aK
2
þ j − 2

2
þ τ þ 1;−1

�
þ Γ

�
j − 2

2
þ τ −

ΔgðjÞ
2
þ 2

�
Γ
�
j − 2

2
þ ΔgðjÞ

2
þ τ

�
× 2F̃1

�
aK
2

−
ΔgðjÞ
2
þ 2;

j − 2

2
þ τ −

ΔgðjÞ
2
þ 2;

aK
2
þ j − 2

2
þ τ þ 2;−1

��
; ð2:4Þ

where 2F̃1 is the regularized hypergeometric function, with
aK ¼ K2=4κ̃2T . The skewness or η-dependent spin-j Dη-
terms are given by

Dηðj;τ;ΔgðjÞ;−t¼K2Þ¼
�
d̂jðη;−K2Þ−1

�
× ½Aðj;τ;ΔgðjÞ;K; κ̃TÞ
−ASðj;τ;ΔgðjÞ;K; κ̃SÞ�; ð2:5Þ

where

ASðj; τ;ΔgðjÞ; K; κ̃SÞ≡Aðj; τ;ΔgðjÞ; K; κ̃T → κ̃SÞ ð2:6Þ

and

d̂jðη;−K2Þ ¼ 2F1

�
−
j
2
;
1 − j
2

;
1

2
− j;

4m2
N

K2
× η2

�
: ð2:7Þ

Note that the A-form factor for the spin-2 exchange is
given by

AðtÞ ¼ Aðj ¼ 2; τ;Δgðj ¼ 2Þ ¼ 4;−t ¼ K2Þ;

and the D-form factor for the same spin-2 exchange (the
spin-2 D-term) is given by

η2DðtÞ ¼ Dηðj ¼ 2; τ;Δgðj ¼ 2Þ ¼ 4;−t ¼ K2Þ:

Both form factors play an important role in the holographic
electroproduction of heavy mesons near threshold [8–10]
(and references therein).

B. Electroproduction of pion pair

The electroproduction amplitude for a pair of mesons
(with gluon DA and quark GPDs) at leading order is
order of g2s

Nc
. Therefore, in the large-Nc limit, it is of order

g2sNc
N2

c
¼ λs

N2
c
[see Fig. 2(a)]. We find the same 1

N2
c
dependence

for the holographic meson pair electroproduction amplitude
using the corresponding tree-level Witten diagram [see
Fig. 2(b)] and compare the Nc dependence of the electro-
production of pair mesons written in terms of Gegenbauer
momnents (2.8) and the holographic one (2.9) below:
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ALL
γ�p→ππpðs; t; Q0; ϵL;mππÞ ≈ e × λsðμ0Þ ×

4

N2
c
×

1

Q0

×

�Z
1

0

dz
ΦgðzÞ
zð1 − zÞ

�
×

1

2mN
× ūðp2Þuðp1Þ

×
X∞
j¼1

1

ξj
×

1

Nj−1ð32Þ
×

�Z
ξ

0

dx
ξ
C3=2
j−1

�
x
ξ

��
×
X
q

QqF
q
jðvalenceÞðη ∼ ξ; t; μ20Þ ð2:8Þ

for odd j ¼ 1; 3;…, and

ALL
γ�p→ππpðs; t; Q0; ϵL;mππÞ ∼ e ×

1

g5
× g5 × 2κ2 ×

1

4
×

1

Q0

× ½Aπ
gluonðmππÞ� ×

1

2mN
× ūðp2Þuðp1Þ

×
X∞
j¼1

1

ξj
×

1

ΓðΔqðjÞ − 2Þ × ½F 1ðj; τ;ΔqðjÞ; tÞ þDqηðj; τ;ΔqðjÞ; tÞ� ð2:9Þ

for odd j ¼ 1; 3;…, with the five-dimensional bulk gravi-
tational coupling 2κ2 ¼ 8π2=N2

c, and g5 ∼ 1=
ffiffiffiffiffiffi
Nc
p

. The
detailed derivation of (2.9) is given in Appendix H.
Comparing (2.8) to (2.9), we identify the conformal
moments

Fq
jðvalenceÞðη ∼ ξ; t; μ20Þ ∝

1

ΓðΔqðjÞ − 2Þ
× ½F 1ðj; τ;ΔqðjÞ; tÞ
þDqηðj; τ;ΔqðjÞ; tÞ�: ð2:10Þ

The anomalous dimension of the spin-j conformal valence
quark operator at μ ¼ μ0 ∼Q0, and odd j ¼ 1; 3;… is
given by

ΔqðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ
p
ðj − j0qÞ

q
;

with j0q ¼ 1 − 1=
ffiffiffi
λ
p

, and the ’t Hooft coupling at μ ¼ μ0
fixed as

λ≡ λsðμ0Þ ¼ 4παsðμ0ÞNc ¼ 11.243:

The t-dependent valence quark spin-j (with odd j ¼ 1; 3;
5; 7;…) form factors of the proton with twist τ ¼ d − s, is

F 1ðj; τ;ΔqðjÞ;−t ¼ K2Þ ∝ Aðj → jþ 1; τ;Δg → Δq; tÞ
ð2:11Þ

and the quark spin-j skewness dependent Dqη-terms are

Dqηðj;τ;ΔqðjÞ;tÞ

∝Dη

�
j→ jþ1;τ;Δg→Δq;t; κ̃T →

1

2
× κ̃V

�
; ð2:12Þ

whereA andDη are given by (2.4) and (2.5), respectively, for
odd j ¼ 1; 3; 5; 7;….
Note that the Dirac electromagnetic form factor

(ignoring the Pauli contribution) for the spin-1 exchange
is given by

F1ðtÞ ¼ F 1ðj ¼ 1; τ;Δqðj ¼ 1Þ ¼ 3;−t ¼ K2Þ:

C. DVCS amplitude

The DVCS amplitude in QCD at leading order is order of
N0

c [see Fig. 3(a)], and the NLO correction (due to the gluon

GPD contribution) is order of g2s ¼ g2sNc
Nc
¼ λs

Nc
and can be

ignored in the large-Nc and small ’t Hooft coupling limit.
Using the corresponding tree-level Witten diagrams [see
Fig. 3(b)], we find the same N0

c dependence for the
holographic DVCS amplitudes in the large-Nc limit [com-
pare the Nc dependence of the axial part of DVCS written
in terms of Gegenbauer moments (2.13) and the holo-
graphic DVCS (2.14) below],

ALT
γ�p→γpðs; t; Q0; ϵL; ϵ0TÞ ≈ ϵLμϵ

0�
Tν × N0

c × iεμνρσq̃σpρ ×
1

pþ
× ūðp2Þγþγ5uðp1Þ

×
4

Q2
0

×
X∞
j¼1

1

ξj−1
×

1

Nj−1

�
3
2

� × �Z ξ

0

dx
ξ
C3=2
j−1

�
x
ξ

��
×
X
q

Q2
qF̃

q
jðsingletÞðη ∼ ξ; t; μ20Þ ð2:13Þ

for odd j ¼ 1; 3;…, and
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ALT
γ�p→γpðs; t; Q0; ϵL; ϵ0TÞ ¼

1

g5
×

1

g5
× g5 × g35κcs ×

1

κ̃2N
ϵLμϵ

0�
Tν × iεμνρσq̃σ × ūðp2Þγργ5uðp1Þ

×
X∞
j¼1

1

ξj−1
×

1

ΓðΔqðjÞ − 2Þ × ½FAðj; τ;ΔqðjÞ; tÞ þDAηðj; τ;ΔqðjÞ; tÞ� ð2:14Þ

for odd j ¼ 1; 3;… with g5 ∼ 1=
ffiffiffiffiffiffi
Nc
p

and the Chern-
Simons coupling κcs ∼ Nc. The detailed derivation of
(2.14) is given in Appendix H. The matching of (2.13)
to (2.14) in leading order in 1=Nc, yields

F̃q
jðsingletÞðη ∼ ξ; t; μ20Þ ∝

1

ΓðΔqðjÞ − 2Þ
× ½FAðj; τ;ΔqðjÞ; tÞ
þDAηðj; τ;ΔqðjÞ; tÞ�; ð2:15Þ

where the spin-j axial form factors FAðj; τ;ΔqðjÞ; tÞ and
DAηðj; τ;ΔqðjÞ; tÞ are given by (H102) and (H105), re-
spectively, for odd j ¼ 1; 3;…. The anomalous dimension
of the spin-j conformal singlet axial quark operator at
μ ¼ μ0 ∼Q0 and odd j ¼ 1; 3;… is given by

ΔqðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ
p
ðj − j0qÞ

q
;

with j0q ¼ 1 − 1=
ffiffiffi
λ
p

.

Note that the axial electromagnetic form factor for the
spin-1 exchange is given by

FAðtÞ ¼ FAðj ¼ 1; τ ¼ 3;Δqðj ¼ 1Þ ¼ 3;−t ¼ K2Þ:

D. Electroproduction of neutral pion

Finally, the electroproduction amplitude for mesons
(with quark DAs and quark GPDs) at leading order is

order of CFg2s
Nc

with CF ¼ N2
c−1
2Nc

[see Fig. 4(a)]. Therefore, the
electroproduction amplitude for mesons (with quark DAs

and quark GPDs) at leading order is of order g2sNc
2Nc
¼ λs

2Nc
,

using CF ∼ Nc
2
in the large-Nc limit. We find the same 1

Nc

dependence for the holographic meson electroproduction
amplitude using the corresponding tree-level Witten dia-
gram [see Fig. 4(b)] and compare the Nc dependence of the
electroproduction of π0 written in terms of Gegenbauer
moments (2.16) and the holographic one (2.17) below:

ALL
γ�p→π0pðs; t; Q0; ϵL; ϵ0LÞ ≈ e ×

1

2
×

1

Nc
× λsðμ0Þ ×

1

Q0

×

�Z
1

0

dz
ΦπðzÞ
z

�
×

1

pþ
× uðp2Þγþγ5uðp1Þ ×

−1ffiffiffi
2
p

×
X∞
j¼2

1

ξj
×

1

Nj−1ð32Þ
×

�Z
ξ

0

dx
ξ

x
ξ
C3=2
j−1

�
x
ξ

��
×
�
QuF̃

u
jðvalenceÞðη ∼ ξ; t; μ20Þ −QdF̃

d
jðvalenceÞðη ∼ ξ; t; μ20Þ

�
ð2:16Þ

for even j ¼ 2; 4;…, and

ALL
γ�p→π0pðs; t; Q0; ϵL; ϵ0LÞ ¼ e ×

1

g5
× g25 × g5 × ½fπ� ×

1

2
×

1

Q0

×
1

pþ
× ūðp2Þγþγ5uðp1Þ ×

−1ffiffiffi
2
p

×
X∞
j¼2

1

ξj
×

1

ΓðΔqðjÞ − 2Þ × FAðj; τ;ΔqðjÞ; tÞ ×Oð1=NcÞ → 0 ð2:17Þ

for even j ¼ 2; 4;…, with g5 ∼ 1=
ffiffiffiffiffiffi
Nc
p

. The details of the
derivation of (2.17) can be found in Appendix H. Note that
the holographic amplitude (2.17) is 1=Nc suppressed since
there is no direct coupling between axial-axial-vector
mesons at tree level. Similarly, comparing (2.16) to
(2.17), the Gegenbauer (conformal) moments of the va-
lence axial GPDs at μ ¼ μ0 vanish,

F̃q
jðvalenceÞðη ∼ ξ; t; μ20Þ ¼ 0: ð2:18Þ

III. RG EVOLUTION OF QUARK AND GLUON
GPDs IN QCD

In the inclusive deep inelastic scattering (DIS) process,
the hadron’s partonic content varies with the probing virtual
photon’s Q2. In massless QCD, a scale-free theory, this
leads to scaling violations or logarithmic deviations from
free partons. DIS structure functions are convolutions
of perturbatively determined coefficient functions with
fixed Q2=μ2 and relevant PDFs at resolution μ, due to

QUARK AND GLUON GPDS AT FINITE SKEWNESS FROM … PHYS. REV. D 108, 086026 (2023)

086026-7



factorization. The PDFs’ evolution and mixing are deter-
mined by DGLAP, reflecting the RG flow independence of
the original structure functions.
Contrasting with PDFs (diagonal matrix elements of

gauge invariant bilocals), GPDs are off-diagonal (double
parton distributions) and follow the exclusive kernels’
evolution described by ERBL. The ERBL evolution can
be recast into a DGLAP evolution when expressed in terms
of hadronic DA moments. Similarly, GPDs’ evolution can
be transformed into a DGLAP-type evolution when
expressed in terms of Gegenbauer (conformal) moments,
as detailed in [11].
We provide a concise summary of the central RG

evolution results for conformal (Gegenbauer) moments
derived from the holographic construction at the initial
resolution μ0. See Appendix D for detailed derivations.
The evolved GPDs, reconstructed from the evolved
conformal moments, will be utilized in the electro-
production analysis of ρ0, ϕ, and ρþ vector mesons, and
compared with experimental data in Secs. IV, V, and VI,
respectively.

A. RG evolution of nonsinglet (valence) quark GPDs

The leading-order RG evolution of Gegenbauer (con-
formal) moments of valence (nonsinglet) vector quark
GPDs is given by (see Eq. 4.244 in [11])

Fq
jðvalenceÞðη; t; μ2Þ ¼ Fq

jðvalenceÞðη; t; μ20Þ ×
�
αsðμ20Þ
αsðμ2Þ

�
γqq;V;NSð0Þj−1 =β0

ð3:1Þ

for odd j ¼ 1; 3;…, where the input valence quark GPDs
Fq
jðvalenceÞðη; t; μ20Þ are given in (2.10). Hence, the evolved

valence quark GPDs Hq
valenceðx; η; t; μ2Þ are given by

Hq
valenceðx; η; t; μ2Þ ¼

1

η

X∞
j¼1

w
�
x
η

			 32�
ηj−1Nj−1ð32Þ

C3=2
j−1

�
x
η

�
× Fq

jðvalenceÞðη; t; μ2Þ; ð3:2Þ

for odd j ¼ 1; 3;…. Here the weight and normalization
factors are

wðxjνÞ ¼ ð1 − x2Þν−1=2;

Nj−1ðνÞ ¼ 21−2ν
Γ2ð1=2ÞΓð2νþ ðj − 1ÞÞ

Γ2ðνÞΓððj − 1Þ þ 1Þðνþ ðj − 1ÞÞ ;

and Cν
jðxÞ are the Gegenbauer polynomials.

B. RG evolution of singlet quark and gluon GPDs

The singlet quark and gluon GPDs mix under evolution.
Also as we noted earlier, the initial holographic input for
the singlet quark evolution vanishes in leading order in
1=Nc, simplifying the initial data.
The evolved conformal moments of singlet quark

Fq
jðsingletÞðη; t; μ2Þ and gluon F g

jðη; t; μ2Þ GPDs are

given by

X
q

Fq
jðsingletÞðη;t;μ2Þ

¼1

3
×
2
�
γqqð0Þj−1−γ−j−1

�
γþj−1−γ−j−1

×Fþj ðη;t;μ20Þ×
�
αsðμ20Þ
αsðμ2Þ

�
γþj−1=β0

þ1

3
×
−2
�
γqqð0Þj−1−γþj−1

�
γþj−1−γ−j−1

×F−
j ðη;t;μ20Þ×

�
αsðμ20Þ
αsðμ2Þ

�
γ−j−1=β0

;

ð3:3Þ

F g
jðη;t;μ2Þ

¼2×
2
�
γgqð0Þj−1

�
γþj−1−γ−j−1

×Fþj ðη;t;μ20Þ×
�
αsðμ20Þ
αsðμ2Þ

�
γþj−1=β0

þ2×
−2
�
γgqð0Þj−1

�
γþj−1−γ−j−1

×F−
j ðη;t;μ20Þ×

�
αsðμ20Þ
αsðμ2Þ

�
γ−j−1=β0

; ð3:4Þ

where

F�j ðη; t; μ20Þ ¼
1

4

γqgð0Þj−1
γqqð0Þj−1 − γ∓j−1

F g
jðη; t; μ20Þ: ð3:5Þ

For two flavor [up (u) and down (d)] quarks, we will also
assume that

P
q F

q
jðsingletÞðη; t; μ2Þ ∝ Fuþd

jðsingletÞðη; t; μ2Þ ∝
Fu−d
jðsingletÞðη; t; μ2Þ. Also note that the input gluon GPD

F g
jðη; t; μ20Þ is given in (2.3).
Finally, in terms of the evolved conformal (Gegenbauer)

moments (3.3)–(3.4), the evolved singlet quark and gluon
GPDs are given by
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X
q

Fq
singletðx; η; t; μ2Þ ¼

1

η

X∞
j¼2

w
�
x
η

			 32�
ηj−1Nj−1ð32Þ

C3=2
j−1

�
x
η

�
×
X
q

Fq
jðsingletÞðη; t; μ2Þ;

¼ 1

η
×

�
1 −

x2

η2

�
×
X∞
j¼2

1

ηj−1
×

1

Nj−1

�
3
2

� × C3=2
j−1

�
x
η

�
×
X
q

Fq
jðsingletÞðη; t; μ2Þ; ð3:6Þ

and

Fgðx; η; t; μ2Þ ¼ 1

η

X∞
j¼2

w
�
x
η

			 52�
ηj−2Nj−2

�
5
2

�C5=2
j−2

�
x
η

�
× F g

jðη; t; μ2Þ;

¼ 1

η
×
�
1 −

x2

η2

�
2

×
X∞
j¼2

1

ηj−2
×

1

Nj−2

�
5
2

� × C5=2
j−2

�
x
η

�
× F g

jðη; t; μ2Þ: ð3:7Þ

IV. ELECTROPRODUCTION OF LONGITUDINAL
ρ0 MESON WITH EVOLVED SINGLET QUARK

AND GLUON GPDs: A COMPARISON TO
EXPERIMENT

We now apply the preceding results to the electro-
production of vector mesons as illustrated in Fig. 1. In
this section, we will focus mostly on the electroproduction
of longitudinal neutral ρ0 and the comparison to the
available detailed data for this process. The extension to
the charged ρþ production, and the ϕ mesons, with

comparison to data will be discussed in the next sections.
Clearly, most of our analysis applies to heavier meson
production such as J=Ψ and ϒ with minor kinematical
changes.

A. Evolved quark GPD contribution for ρ0

To summarize, the electroproduction of neutral rho
meson (ρ0) in terms of quark DAs and quark GPDs is
given by (see Eqs. 219–221 in [12])

ALLðquarkÞ
γ�p→ρ0p ðs; t; Q; ϵL; ϵ0LÞ ¼ −e ×

CF

Nc
×
1

2
× ð4παsðμ2ÞÞ ×

1

Q
×

�Z
1

0

dz
ΦρðzÞ
z

�
×

1

pþ
fAρ0ph

þ þ Bρ0pe
þg; ð4:1Þ

where ΦρðzÞ is the neutral rho meson DA, and

Aρ0p ¼
Z

1

−1
dx

−1ffiffiffi
2
p ðQuHuðx; η; t; μ2Þ −QdHdðx; η; t; μ2ÞÞ



1

ξ − x − iϵ
−

1

ξþ x − iϵ

�
;

Bρ0p ¼
Z

1

−1
dx

−1ffiffiffi
2
p ðQuEuðx; η; t; μ2Þ −QdEdðx; η; t; μ2ÞÞ



1

ξ − x − iϵ
−

1

ξþ x − iϵ

�
: ð4:2Þ

Using CF ¼ N2
c−1
2Nc

, we can rewrite (4.1) as

ALLðquarkÞ
γ�p→ρ0p ðs; t; Q; ϵL; ϵ0LÞ ¼ e ×

1

2
×
1

2
×

�
1 −

1

N2
c

�
× 4π × αsðμ2Þ ×

1

Q
×

�Z
1

0

dz
ΦρðzÞ
z

�
×

1

pþ
× uðp2Þγþuðp1Þ ×

1ffiffiffi
2
p

×
Z

1

0

dxðQuHu
singletðx; η; t; μ2Þ −QdHd

singletðx; η; t; μ2ÞÞ ×



1

ξ − x − iϵ
−

1

ξþ x − iϵ

�
; ð4:3Þ

where we have defined Hq
singletðx; η; t; μ2Þ ¼ Hqðx; η; t; μ2Þ −Hqð−x; η; t; μ2Þ, and we have ignored the Pauli contribution

for −t ≪ 4m2
N. Using the conformal expansion of the singlet quark GPDs in the ERBL region, we can write the amplitude

(4.3) in terms of the conformal moments as
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ALLðquarkÞ
γ�p→ρ0p

ðs; t;Q;ϵL;ϵ0LÞ ¼ e×
1

2
×
1

2
×

�
1−

1

N2
c

�
× 4παsðμÞ×

1

Q
×

�Z
1

0

dz
ΦρðzÞ
z

�
×

1

2mN
× ūðp2Þuðp1Þ×

1ffiffiffi
2
p

×

�Z
1

0

dx
2x

ξ2− x2
×
�
QuHu

singletðx;η; t;μ2Þ−QdHd
singletðx;η; t;μ2Þ


þ iπ

�
QuHu

singletðξ;η; t;μ2Þ−QdHd
singletðξ;η; t;μ2Þ


− iπ

�
QuHu

singletð−ξ;η; t;μ2Þ−QdHd
singletð−ξ;η; t;μ2Þ

�
;

¼ e×
1

2
×
1

2
×

�
1−

1

N2
c

�
× 4παsðμÞ×

1

Q
×

�Z
1

0

dz
ΦρðzÞ
z

�
×

1

2mN
× ūðp2Þuðp1Þ×

1ffiffiffi
2
p

×

"
2

ξ
×
X∞
j¼2

1

ηj−1
×

1

Nj−1ð32Þ
×

"Z
η

0

dx
η

x
ξ

�
1− x2

η2

�
1− x2

ξ2

×C3=2
j−1

�
x
η

�#
×
�
QuFu

jðsingletÞðη; t;μ2Þ−QdFd
jðsingletÞðη; t;μ2Þ

þ iπ
�
QuHu

singletðξ;η; t;μ2Þ−QdHd
singletðξ;η; t;μ2Þ


− iπ

�
QuHu

singletð−ξ;η; t;μ2Þ−QdHd
singletð−ξ;η; t;μ2Þ

�
;

≈ e×
1

2
×
�
1−

1

N2
c

�
× 4παsðμÞ×

1

Q
×
�Z

1

0

dz
ΦρðzÞ
z

�
×

1

2mN
× ūðp2Þuðp1Þ×

1ffiffiffi
2
p

×
X∞
j¼2

1

ξj
×

1

Nj−1

�
3
2

�×�Z ξ

0

dx
ξ

x
ξ
C3=2
j−1

�
x
ξ

��
×
�
QuFu

jðsingletÞðη∼ ξ; t;μ2Þ−QdFd
jðsingletÞðη∼ ξ; t;μ2Þ;

ð4:4Þ
where in the last line we have used η ∼ ξ, and dropped the iπH contributions in the Regge limit. We can also rewrite the
amplitude (4.4) in a more compact form

ALLðquarkÞ
γ�p→ρ0p ðs; t; Q; ϵL; ϵ0LÞ ≈ e × fV × αsðμÞ ×

1

Q

X∞
j¼2

1

ξj
×N qðjÞ ×

�
QuFu

jðsingletÞðξ; t; μ2Þ −QdFd
jðsingletÞðξ; t; μ2Þ


×

1

2
ffiffiffi
2
p

mN

× ūðp2Þuðp1Þ; ð4:5Þ

where we have defined

N qðjÞ≡ 1

2
×

�
1 −

1

N2
c

�
× 4π ×

1

Nj−1

�
3
2

� × IqðjÞ; ð4:6Þ

and the integrals (with x̃ ¼ x=ξ.)

fV ¼
Z

1

0

dz
ΦρðzÞ
z

; IqðjÞ ¼
�Z

1

0

dx̃ x̃ C3=2
j−1ðx̃Þ

�
: ð4:7Þ

1. Resummation by j-contour

Following [13], we rewrite the sum over even j ¼ 2; 4;… in (4.5) as a contour integral in the complex j-plane

ALLðquarkÞ
γ�p→ρ0p

ðs; t;Q; ϵL;ϵ0LÞ≈−
Z
C

dj
4i

1þ e−iπj

sinπj
×

1

ξj
×

1

ΓðΔgðjÞ− 2Þ×N qðjÞ×
�
QuF̂

u
jðsingletÞðξ; t;μ2Þ−QdF̂

d
jðsingletÞðξ; t;μ2Þ

�
× e× fV × αsðμÞ×

1

Q
×

1

2
ffiffiffi
2
p

mN

× ūðp2Þuðp1Þ; ð4:8Þ
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where the contour C, shown in Fig. 5, is at the right most of
the branch point of

1

ΓðΔgðjÞ − 2Þ ¼
1

Γð ffiffiffi2p λ1=4ðj − j0gÞ1=2Þ

and enclosing the poles at even j ¼ 2; 4;…. Here we have
defined

F̂q
jðsingletÞðξ; t;μ2Þ ¼ ΓðΔgðjÞ− 2Þ× Fq

jðsingletÞðξ; t;μ2Þ ð4:9Þ

in order to reveal the branch point at j ¼ j0g ¼ 2 − 2=
ffiffiffi
λ
p

coming from our holographic input conformal
(Gegenbauer) moments of the gluon GPD at μ ¼ μ0 ∼Q0.
We evaluate the amplitude (4.8) by wrapping the j-plane

contour C to the left

ALLðquarkÞ
γ�p→ρ0p

ðs; t; Q; ϵL; ϵ0LÞ ≈ −
Z

j0g

−∞

dj
2i

1þ e−iπj

sin πj
×

1

ξj
× Im

�
1

ΓðiyÞ
�
×
�
QuF̂

u
jðsingletÞðξ; t; μ2Þ −QdF̂

d
jðsingletÞðξ; t; μ2Þ

�
×N qðjÞ × e × fV × αsðμÞ ×

1

Q
×

1

2
ffiffiffi
2
p

mN

× ūðp2Þuðp1Þ; ð4:10Þ

with iy ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
λ
p ðj0g − jÞ

q
. For, y → 0, we may approximate 1

ΓðiyÞ ≈ iyeiγEy with the Euler constant γE ≈ 0.577216, and

write Im½ 1
ΓðiyÞ� ≈ y cosðγEyÞ ≈ sinðyÞ for y → 0 or j → j0g. Therefore, for j → j0g, we find

ALLðquarkÞ
γ�p→ρ0p

ðs; t; Q; ϵL; ϵ0LÞ ≈
�
QuF̂

u
j0ðsingletÞðξ; t; μ2Þ −QdF̂

d
j0ðsingletÞðξ; t; μ2Þ

�
×N qðj0gÞ × efVαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ

× −
Z

j0g

−∞

dj
2

1þ e−iπj

sin πj
×

1

ξj
× sin

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
λ
p
ðj0g − jÞ

q �
: ð4:11Þ

2. Real and imaginary parts

We separate the amplitude (4.11) into its real and imaginary parts

ALLðquarkÞ
γ�p→ρ0p

ðs; t; Q; ϵL; ϵ0LÞ≡ALLðquarkÞ ¼ Re
�
ALLðquarkÞ�þ iIm

�
ALLðquarkÞ�;

with

Re
�
ALLðquarkÞ� ¼ N qðj0gÞ ×

�
QuF̂

u
j0qðsingletÞðξ; t; μ2Þ −QdF̂

d
j0qðsingletÞðξ; t; μ2Þ

�
× efVαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ × −
Z

j0g

−∞

dj
2

1þ cos πj
sin πj

×
1

ξj
× sin

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
λ
p
ðj0g − jÞ

q �
;

Im
�
ALLðquarkÞ� ¼ N qðj0qÞ ×

�
QuF̂

u
j0qðsingletÞðξ; t; μ2Þ −QdF̂

d
j0qðsingletÞðξ; t; μ2Þ


× efVαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ ×
Z

j0g

−∞

dj
2

1

ξj
× sin

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
λ
p
ðj0g − jÞ

q �
: ð4:12Þ

With the change of integration variable y2 ¼ 2
ffiffiffi
λ
p ðj0g − jÞ, we turn the imaginary part into a Gaussian integral that can be

evaluated exactly [with τ̃ ¼ logð1=ξÞ]

2 4 6

j0g

Im(j)

Re(j)

C

FIG. 5. Illustration of the integration contour C in the complex
j-plane used for computing the contour integral (4.8) with a
branch cut displayed for ReðjÞ ≤ j0g ¼ 2 − 2=

ffiffiffi
λ
p

.
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Im
�
ALLðquarkÞ� ¼ N qðj0gÞ ×

�
QuF̂

u
j0qðsingletÞðξ; t; μ2Þ −QdF̂

d
j0qðsingletÞðξ; t; μ2Þ


× efVαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ ×
1

ξj0g
×
Z

∞

−∞

dy

4πi
ffiffiffi
λ
p ye−τ̃y

2=2
ffiffi
λ
p
eiy;

¼ N qðj0gÞ ×
�
QuF̂

u
j0gðsingletÞðξ; t; μ2Þ −QdF̂

d
j0qðsingletÞðξ; t; μ2Þ


× efVαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ ×
1

ξj0g
×
� ffiffiffi

λ
p

=2π

1=2 ×

e−
ffiffi
λ
p

=2τ̃

τ̃3=2
: ð4:13Þ

Note the emergence of 1=ξj0g in the imaginary part of the
amplitude in (4.13) with j0g ¼ 2 − 2=

ffiffiffi
λ
p

. This follows
from the transmutation of the graviton with spin j ¼ 2,
to a Pomeron with spin j0g, after Reggeization.
We now compute the real part of the amplitude

Re½ALLðquarkÞ�, by first expanding its prefactor near j ¼ 2

1þ cos πj
sin πj

≃
2

πðj − 2Þ þOðj − 2Þ; ð4:14Þ

and establishing the identity ∂τ̃½e−2τ̃Re½ALLðquarkÞ�� ¼
−ð2=πÞe−2τ̃Im½ALLðquarkÞ� which gives us an approximation
for the real part

Re
�
ALLðquarkÞ� ≃N qðj0gÞ ×

�
QuF̂

u
j0qðsingletÞðξ; t; μ2Þ −QdF̂

d
j0gðsingletÞðξ; t; μ2Þ

�
× efVαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ × ð
ffiffiffi
λ
p

=2πÞ1=2 × 1

ξ2
×
Z

∞

τ̃
dτ̃0

2e−2τ̃
0=
ffiffi
λ
p

−
ffiffi
λ
p

=2τ̃0

πτ̃03=2
: ð4:15Þ

Small corrections in the order of OðIm½ALLðquarkÞ�=
logð1=ξÞÞ and OðIm½ALLðquarkÞ�= ffiffiffi

λ
p Þ to (4.15) can be

computed in a standard perturbation series but can be
ignored for ξ → 0 and fixed large

ffiffiffi
λ
p

.

3. Small-ξ regime

We then compute the integral in (4.15) in the small-ξ
regime, i.e., τ̃ ¼ logð1=ξÞ → ∞ at fixed large

ffiffiffi
λ
p

, where
the integral is dominated by its end point and can be
approximated by

Z
∞

τ̃
dτ̃0

2e−2τ̃
0=
ffiffi
λ
p

−
ffiffi
λ
p

=2τ̃0

πτ̃03=2
¼ � ffiffiffi

λ
p

=π

×e−2τ̃=

ffiffi
λ
p

×
e−
ffiffi
λ
p

=2τ̃

τ̃3=2
�
1þOð

ffiffiffi
λ
p

=τ̃Þ: ð4:16Þ
Finally, combining this approximation for Re½ALLðquarkÞ�
with the exact result for Im½ALLðquarkÞ� (4.13), we find the
complex amplitude with evolved singlet quark GPDs (for
input gluon GPDs part)

ALLðquarkÞ
γ�p→ρ0p ðs; t; Q; ϵL; ϵ0LÞ ≃

�
QuF̂

u
j0gðsingletÞðξ; t; μ2Þ −QdF̂

d
j0gðsingletÞðξ; t; μ2Þ

�
×

�� ffiffiffi
λ
p

=2π

1=2 ×

1

ξ2
×
� ffiffiffi

λ
p

=π

× e−2τ̃=

ffiffi
λ
p

×
e−
ffiffi
λ
p

=2τ̃

τ̃3=2

þ i ×
1

ξj0g
× ð

ffiffiffi
λ
p

=2πÞ1=2 × e−
ffiffi
λ
p

=2τ̃

τ̃3=2

�
×N qðj0gÞefVαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ;

≃
�
QuF̂

u
j0gðsingletÞðξ; t; μ2Þ −QdF̂

d
j0gðsingletÞðξ; t; μ2Þ

�
×N qðj0gÞ × efVαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ

×

�ð ffiffiffiλp =πÞ
ξ2−2=

ffiffi
λ
p þ i

ξ2−2=
ffiffi
λ
p
�
× ð

ffiffiffi
λ
p

=2πÞ1=2 × e−
ffiffi
λ
p

=2τ̃

τ̃3=2
: ð4:17Þ

Therefore, the full complex amplitude due to the evolved singlet quark GPDs is given by (4.17)
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ALLðquarkÞ
γ�p→ρ0p

ðs; t; Q; ϵL; ϵ0LÞ ∝
�
QuF̂

u
j0gðsingletÞðξ; t; μ2Þ −QdF̂

d
j0gðsingletÞðξ; t; μ2Þ

�
× fVαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ ×
�ð ffiffiffiλp =πÞ
ξ2−2=

ffiffi
λ
p þ i

ξ2−2=
ffiffi
λ
p
�
; ð4:18Þ

where we have approximated N qðj0gÞ × e × ð ffiffiffiλp =2πÞ1=2 × e−
ffiffi
λ
p

=2τ̃

τ̃3=2
to be a constant since it varies very slowly with s.

B. Evolved gluon GPD contribution for ρ0

In addition, the electroproduction of neutral rho meson (ρ0) in terms of quark DAs and gluon GPDs is given by (see
Eq. 282 in [14])

ALLðgluonÞ
γ�p→ρ0p ðs; t; Q; ϵL; ϵ0LÞ ¼ e ×

1

8
×

1

Nc
× 4π × αsðμ2Þ ×

1

Q
×

�Z
1

0

dz
X
q

eq
ΦqðzÞ
zð1 − zÞ

�

×
Z

1

−1
dx

Fgðx; η; t; μ2Þ
x



1

ξ − x − iϵ
−

1

ξþ x − iϵ

�
: ð4:19Þ

On the light front,

hþ ¼ ūðp2Þγþuðp1Þ ≈
pþ

2mN
× ūðp2Þuðp1Þ;

and ignoring the Pauli contribution Egðx; η; t; μ2Þ to Fgðx; η; t; μ2Þ for −t ≪ 4m2
N, we have

Fgðx; η; t; μ2Þ ≈ hþ

pþ
Hgðx; η; t; μ2Þ ¼ Hgðx; η; t; μ2Þ × 1

2mN
× ūðp2Þuðp1Þ; ð4:20Þ

which simplifies (4.19)

ALLðgluonÞ
γ�p→ρ0p

ðs; t; Q; ϵL; ϵ0LÞ ¼ e ×
1

8
×

1

Nc
×

1

Q
× 4π × αsðμ2Þ ×

1

2mN
× ūðp2Þuðp1Þ

×

�Z
1

0

dz
X
q

eq
ΦqðzÞ
zð1 − zÞ

�
×
Z

1

0

dx
Hgðx; η; t; μ2Þ

x
×



1

ξ − x − iϵ
−

1

ξþ x − iϵ

�
: ð4:21Þ

Using the conformal expansion of gluon GPDs, the amplitude (4.21) can be written in terms of the conformal moments of
gluon GPDs as

ALLðgluonÞ
γ�p→ρ0p ðs; t; Q; ϵL; ϵ0LÞ ¼ e ×

1

4
×

1

Nc
×

1

Q
× αsðμ2Þ ×

�Z
1

0

dz
X
q

eq
ΦqðzÞ
zð1 − zÞ

�
×

�
1

ξ2
×
Z

1

0

dx
Hgðx; η; t; μ2Þ�

1 − x2

ξ2

�
þ iπHgðξ; η; t; μ2Þ − iπHgð−ξ; η; t; μ2Þ

�
×

1

mN
× ūðp2Þuðp1Þ;

¼ e ×
1

4
×

1

Nc
×

1

Q
× αsðμ2Þ ×

�Z
1

0

dz
X
q

eq
ΦqðzÞ
zð1 − zÞ

�
×

1

mN
× ūðp2Þuðp1Þ

×

"
1

ξ2
×
X∞
j¼2

1

ηj−2
×

1

Nj−2

�
5
2

� × "Z η

0

dx
η

�
1 − x2

η2

�
2�

1 − x2

ξ2

� × C5=2
j−2

�
x
η

�#
× F g

jðη; t; μ2Þ

þ iπHgðξ; η; t; μ2Þ − iπHgð−ξ; η; t; μ2Þ
#
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≈ e ×
1

4
×

1

Nc
×

1

Q
× αsðμ2Þ ×

�Z
1

0

dz
X
q

eq
ΦqðzÞ
zð1 − zÞ

�
×

1

mN
× ūðp2Þuðp1Þ

×
X∞
j¼2

1

ξj
×

1

Nj−2

�
5
2

� ×
�Z

ξ

0

dx
ξ

�
1 −

x2

ξ2

�
× C5=2

j−2

�
x
ξ

��
× F g

jðξ; t; μ2Þ; ð4:22Þ

in the last line we have used η ∼ ξ. Note that the iπHg contribution vanishes for ξ ¼ �η. We can rewrite (4.22) more
compactly as

ALLðgluonÞ
γ�p→ρ0p ðs; t; Q; ϵL; ϵ0LÞ ≈ e × f0V × αsðμ2Þ ×

1

Q
×
X∞
j¼2

1

ξj
×N gðjÞ × F g

jðξ; t; μ2Þ ×
1

2
ffiffiffi
2
p

mN

× ūðp2Þuðp1Þ; ð4:23Þ

where we have defined

N gðjÞ≡ 1

4
×

1

Nc
× 2

ffiffiffi
2
p

×
1

Nj−2

�
5
2

� × IgðjÞ; ð4:24Þ

and the integrals (x̃ ¼ x=ξ)

f0V ¼
Z

1

0

dz
X
q

eq
ΦqðzÞ
zð1 − zÞ ;

IgðjÞ ¼
Z

1

0

dx̃ð1 − x̃2ÞC5=2
j−2ðx̃Þ: ð4:25Þ

The resummation by j-contour for the gluon GPD con-
tribution (4.23) is similar to the resummation for the singlet
quark GPDs, and the detailed derivation is given in
Appendix F. Here we only provide the final answer.
After the resummation by j-contour, the full complex

amplitude due to the evolved gluon GPD is given
by (F11) i.e.,

ALLðgluonÞ
γ�p→ρ0p

ðs; t; Q; ϵL; ϵ0LÞ

∝ F̂ g
j0g
ðξ; t; μ2Þ × ef0VαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ

×
1

ξ2−2=
ffiffi
λ
p ×

h� ffiffiffi
λ
p

=π
þ i

i
; ð4:26Þ

with j0g ¼ 2 − 2=
ffiffiffi
λ
p

, and τ̃ ¼ logð1=ξÞ. We have also

approximated N gðj0gÞ × e × ð ffiffiffiλp =2πÞ1=2 × e−
ffiffi
λ
p

=2τ̃

τ̃3=2
to be a

constant (that will be fixed by experimental data) since it
varies slowly with s.

C. Total quark and gluon GPDs contribution to the
electroproduction of ρ0

To summarize, we have found the singlet quark GPD
contribution to the ρ0 amplitude to be given by

ALLðquarkÞ
γ�p→ρ0p

ðs; t; Q; ϵL; ϵ0LÞ ∝
�
Qu

ˆ̂F
u
j0gðsingletÞðξ; t; μ2Þ −Qd

ˆ̂F
d
j0gðsingletÞðξ; t; μ2Þ

�
× fVαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ ×
�ð ffiffiffiλp =πÞ
ξ2−2=

ffiffi
λ
p þ i

ξ2−2=
ffiffi
λ
p
�

∝ Aquark
ρ0
ðs; t; QÞ × 1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ; ð4:27Þ

where we have normalized the singlet quark conformal moments using the lattice data from [15] as

ˆ̂F
uþd
jðsingletÞðξ; t; μ2Þ ¼ 0.526 ×

F̂uþd
jðsingletÞðξ; t; μ2Þ

F̂uþd
j¼2ðsingletÞðξ ¼ 0; t ¼ 0; μ2 ¼ 4 GeV2Þ ; ð4:28Þ

ˆ̂F
u−d
jðsingletÞðξ; t; μ2Þ ¼ 0.210 ×

F̂u−d
jðsingletÞðξ; t; μ2Þ

F̂u−d
j¼2ðsingletÞðξ ¼ 0; t ¼ 0; μ2 ¼ 4 GeV2Þ ; ð4:29Þ
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with F̂u�d
jðsingletÞðξ; t; μ2Þ ¼ ΓðΔgðjÞ − 2Þ × Fu�d

jðsingletÞðξ; t; μ2Þ
which is given in (3.3). Note that we have used the average

value of Auþd
2 ð−t ¼ 0Þ ¼ ˆ̂F

uþd
j¼2ðsingletÞðξ ¼ 0; t ¼ 0; μ2 ¼

4 GeV2Þ ¼ 0.526 from Table XV and Table XVI of [15].

We have also used the average value of Au−d
2 ð−t ¼ 0Þ ¼

ˆ̂F
u−d
j¼2ðsingletÞðξ ¼ 0; t ¼ 0; μ2 ¼ 4 GeV2Þ ¼ 0.210 from

Table IX and Table X of [15]. Also note that we have

ˆ̂F
u
jðsingletÞðξ; t; μ2Þ

¼ 1

2
×

�
ˆ̂F
uþd
jðsingletÞðξ; t; μ2Þ þ ˆ̂F

u−d
jðsingletÞðξ; t; μ2Þ

�
; ð4:30Þ

ˆ̂F
d
jðsingletÞðξ; t; μ2Þ

¼ 1

2
×

�
ˆ̂F
uþd
jðsingletÞðξ; t; μ2Þ − ˆ̂F

u−d
jðsingletÞðξ; t; μ2Þ

�
: ð4:31Þ

We have also found the gluon GPD contribution to the ρ0

amplitude to be

ALLðgluonÞ
γ�p→ρ0p

ðs; t; Q; ϵL; ϵ0LÞ

∝ ˆ̂F
g
j0gðξ; t; μ2Þ × f0VαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ

×

�ð ffiffiffiλp =πÞ
ξ2−2=

ffiffi
λ
p þ i

ξ2−2=
ffiffi
λ
p
�

∝ Agluon
ρ0
ðs; t; QÞ × 1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ; ð4:32Þ

with j0g ¼ 2 − 2=
ffiffiffi
λ
p

, τ̃ ¼ logð1=ξÞ, f0V ≈ fV , and we have
normalized the gluonic conformal moments using the
lattice data from [15] as

ˆ̂F
g
jðξ; t; μ2Þ ¼ 0.474 ×

F̂ g
jðξ; t; μ2Þ

F̂ g
j¼2ðξ ¼ 0; t ¼ 0; μ2 ¼ 4 Gev2Þ ;

ð4:33Þ

where F̂ g
jðξ; t; μ2Þ ¼ ΓðΔgðjÞ − 2Þ × F g

jðξ; t; μ2Þ is given in

(3.4). Note that we have used the fact that Ag
2ð−t¼ 0Þ ¼

ˆ̂F
g
j¼2ðξ¼ 0; t¼ 0;μ2 ¼ 4 Gev2Þ ¼ 1−Auþd

2 ð−t¼ 0Þ ¼ 1 −
ˆ̂F
uþd
j¼2ðsingletÞðξ¼ 0; t¼ 0;μ2 ¼ 4 GeV2Þ ¼ 1− 0.526¼ 0.474

from [15].

D. s+ u-channel contribution to the
electroproduction of ρ0

In this section, we first compute the sþ u-channel
contribution to DVCS, shown in Fig. 6(a), and generalize
the result to determine the sþ u-channel contribution to the
electroproduction of ρ0, shown in Fig. 6(b). See (4.56) for
the final answer to ρ0 electroproduction.
The holographic DVCS amplitude shown in Fig. 6(a)

involves the bulk Dirac fields

Ψ1p1=2p1
ðzÞ ¼ ðψRðzÞP� þ ψLðzÞP∓Þ × uðp1Þ;

Ψ̄1p2=2p2
ðz0Þ ¼ ūðp2Þ × ðψRðz0ÞP∓ þ ψLðz0ÞP�Þ;

Ψ1p=2pðzÞ≡Ψ1=2ðp; z; n ¼ 0Þ;
ψR=LðzÞ≡ ψR=Lðz; n ¼ 0Þ: ð4:34Þ

To proceed, we define

G̃sðp1 þ q;MnxÞ ¼ iGsðp1 þ q;MnxÞ

¼ iðp1 þ qþMnxÞ
ðp1 þ qÞ2 −M2

nx þ iϵ
ð4:35Þ

FIG. 6. (a) Holographic s-channel contribution to the electroproduction of a photon (DVCS). (b) Holographic s-channel contribution
to the electroproduction of a vector meson.
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in terms of which the Dirac contribution to the s-channel is

iϵμϵ0�ν T
μν
sðDiracÞðs; t;Q2; Q02Þ ¼

X
nx

iϵμϵ0�ν T
μν
sðDiracÞðnx; s; t;Q2; Q02Þ;

iϵμϵ0�ν T
μν
sðDiracÞðnx; s; t;Q2; Q02Þ ¼

Z
dz

ffiffiffi
g
p

e−κ̃
2z2 z

R

Z
dz0

ffiffiffiffi
g0

p
e−κ̃

2z02 z
0

R
× Ψ̄1p2

ðz0Þ × ð−iγνÞ ×
�
1

3
V0
νðq0z0ÞT0 þ V3

νðq0z0ÞT3

�
×
�
ψRðz0; nxÞPþ þ ψLðz0; nxÞP−

�
× G̃sðp1 þ q;MnxÞ ×

�
ψRðz; nxÞP− þ ψLðz; nxÞPþ

�
× ð−iγμÞ ×

�
1

3
V0
μðqzÞT0 þ V3

μðqzÞT3

�
Ψ1p1
ðzÞ þ

Z
dz

ffiffiffi
g
p

e−κ̃
2z2 z

R

Z
dz0

ffiffiffiffi
g0

p
e−κ̃

2z02 z
0

R

× Ψ̄2p2
ðz0Þ × ð−iγνÞ ×

�
1

3
V0
νðq0z0ÞT0 þ V3

νðq0z0ÞT3

�
×
�
ψRðz0; nxÞP− þ ψLðz0; nxÞPþ

�
× G̃sðp1 þ q;MnxÞ ×

�
ψRðz; nxÞPþ þ ψLðz; nxÞP−

�
× ð−iγμÞ

×

�
1

3
V0
μðqzÞT0 þ V3

μðqzÞT3

�
Ψ2p1
ðzÞ: ð4:36Þ

Setting q2 ¼ −Q2, we have 1
3
V0
μðqzÞT0 þ V3

μðqzÞT3 ¼ ϵμ × 1
2
VðQzÞ for the proton, we have

iϵμϵ0�ν T
μν
sðDiracÞðnx;s;t;Q2;Q02Þ¼

Z
dz

ffiffiffi
g
p

e−κ̃
2z2 z

R

Z
dz0

ffiffiffiffi
g0

p
e−κ̃

2z02 z
0

R

× ūðp2Þ×ð−iγνÞ×ϵ0�ν VðQ0z0Þ×
1

2

�
ψRðz0ÞψRðz0;nxÞPþþψLðz0ÞψLðz0;nxÞP−

�
× G̃sðp1þq;MnxÞ×ð−iγμÞ×

1

2

�
ψRðz;nxÞψRðzÞPþþψLðz;nxÞψLðzÞP−

�
×ϵμVðQzÞ×uðp1Þþ

Z
dz

ffiffiffi
g
p

e−κ̃
2z2 z

R

Z
dz0

ffiffiffiffi
g0

p
e−κ̃

2z02 z
0

R
× ūðp2Þ×ð−iγνÞ×ϵ0�ν VðQ0z0Þ

×
1

2

�
ψRðz0ÞψRðz0;nxÞP−þψLðz0ÞψLðz0;nxÞPþ

�
× G̃sðp1þq;MnxÞ×ð−iγμÞ

×
1

2

�
ψRðz;nxÞψRðzÞP−þψLðz;nxÞψLðzÞPþ

�
×ϵμVðQzÞ×uðp1Þ

¼ ūðp2Þ×ϵ0�ν ×
1

2

�
IRðQ0;nxÞP−þILðQ0;nxÞPþ

�
×ð−iγνÞ×G̃sðp1þq;MnxÞ×ð−iγμÞ

×
1

2

�
IRðQ;nxÞPþþILðQ;nxÞP−

�
×ϵμ×uðp1Þ

þ ūðp2Þ×ϵ0�ν ×
1

2

�
IRðQ0;nxÞPþþILðQ0;nxÞP−

�
×ð−iγνÞ× G̃sðp1þq;MnxÞ×ð−iγμÞ

×
1

2

�
IRðQ;nxÞP−þILðQ;nxÞPþ

�
×ϵμ×uðp1Þ ð4:37Þ

or more explicitly

¼ ūðp2Þ × ϵ0�ν × ð−iγνÞ × iGs
1ðp1 þ q;MnxÞ × ð−iγμÞ × ϵμ

×
1

4

�
IRðQ0; nxÞIRðQ; nxÞPþ þ ILðQ0; nxÞILðQ; nxÞP−

�
× uðp1Þ

þ ūðp2Þ × ϵ0�ν × ð−iγνÞ × iGs
2ðp1 þ q;MnxÞ × ð−iγμÞ × ϵμ

×
1

4

�
IRðQ0; nxÞILðQ; nxÞP− þ ILðQ0; nxÞIRðQ; nxÞPþ

�
× uðp1Þ

þ ūðp2Þ × ϵ0�ν × ð−iγνÞ × iGs
1ðp1 þ q;MnxÞ × ð−iγμÞ × ϵμ
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×
1

4

�
IRðQ0; nxÞIRðQ; nxÞP− þ ILðQ0; nxÞILðQ; nxÞPþ

�
× uðp1Þ

þ ūðp2Þ × ϵ0�ν × ð−iγνÞ × iGs
2ðp1 þ q;MnxÞ × ð−iγμÞ × ϵμ

×
1

4

�
IRðQ0; nxÞILðQ; nxÞPþ þ ILðQ0; nxÞIRðQ; nxÞP−

�
× uðp1Þ

¼ ūðp2Þ × ϵ0�ν × ð−iγνÞ × iGs
1ðp1 þ q;MnxÞ × ð−iγμÞ × ϵμ

×
1

4

�
IRðQ0; nxÞIRðQ; nxÞ þ ILðQ0; nxÞILðQ; nxÞ

�
× uðp1Þ

þ ūðp2Þ × ϵ0�ν × ð−iγνÞ × iGs
2ðp1 þ q;MnxÞ × ð−iγμÞ × ϵμ

×
1

4

�
IRðQ0; nxÞILðQ; nxÞ þ ILðQ0; nxÞIRðQ; nxÞ

�
× uðp1Þ; ð4:38Þ

where we have used the identities P2
� ¼ P�, P�P∓ ¼ 0,

and γμP� ¼ P∓γμ, and we have defined

G̃sðp1 þ q;MnxÞ ¼
iðp1 þ qþMnxÞ
ðp1 þ qÞ2 −M2

nx þ iϵ

¼ iGs
1ðp1 þ q;MnxÞ þ iGs

2ðp1 þ q;MnxÞ
ð4:39Þ

with

Gs
1ðp1 þ q;MnxÞ ¼

ðp1 þ qÞ
ðp1 þ qÞ2 −M2

nx þ iϵ
;

Gs
2ðp1 þ q;MnxÞ ¼

Mnx

ðp1 þ qÞ2 −M2
nx þ iϵ

; ð4:40Þ

we have also dropped the longitudinal contributions by
assuming ϵ · q ¼ ϵ0 · q0 ¼ 0.
Finally, after some simplification, we find

ϵμϵ
0�
ν T

μν
sðDiracÞðs; t;Q2; Q02Þ ¼ −

X
nx

�
ūðp2Þ × ϵ0�ν × γν ×Gs

1ðp1 þ q;MnxÞ × γμ × ϵμ

×
1

2

�
IRðQ0; nxÞIRðQ; nxÞ þ ILðQ0; nxÞILðQ; nxÞ

�
× uðp1Þ

þ ūðp2Þ × ϵ0�ν × γν × Gs
2ðp1 þ q;MnxÞ × γμ × ϵμ

×
1

2

�
IRðQ0; nxÞILðQ; nxÞ þ ILðQ0; nxÞIRðQ; nxÞ

�
× uðp1Þ

�
ð4:41Þ

for transverse ϵ; ϵ0 polarizations. ForQ02 ¼ 0, the sum is dominated by the ground state since IR=LðQ0 ¼ 0; nxÞ ¼ δ0;nx , and
we find

Tμν
sðDiracÞðs; t;Q2Þ ¼ −ūðp2Þ × γν ×Gs

1ðp1 þ q;M0Þ × γμ ×
1

2

�
IRðQ; 0Þ þ ILðQ; 0Þ

�
× uðp1Þ

þ ūðp2Þ × γν ×Gs
2ðp1 þ q;M0Þ × γμ ×

1

2

�
ILðQ; 0Þ þ IRðQ; 0Þ

�
× uðp1Þ;

¼ −C1ðQÞ × ūðp2Þ × γν ×Gsðp1 þ q;M0Þ × γμ × uðp1Þ: ð4:42Þ

Including the Pauli contribution in similar fashion, we find

ϵμϵ
0�
ν T

μν
s ðs; t;Q2Þ ¼ −ϵμϵ0�ν × ūðp2Þ × γν × Gsðp1 þ q;M0Þ × γμ ×

�
F1ðQÞ − F2ðQÞ

q
2M0

�
× uðp1Þ; ð4:43Þ

where we have also ignored the longitudinal contribution (by imposing ϵ · q ¼ 0) in order to write

ϵμ × σμνqν ¼ ϵμ × iðγμγν − ημνÞqν ¼ ϵμ × iγμq:
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The holographic proton Dirac and Pauli form factors F1;2ðQÞ are given in (4.55). The u-channel contribution follows by
inspection

ϵμϵ
0�
ν T

μν
u ðs; t;Q2Þ ¼ −ϵμϵ0�ν × ūðp2Þ × γμ ×

�
FP
1 ðQÞ − FP

2 ðQÞ
q

2M0

�
×Guðp1 − q;M0Þ × γν × uðp1Þ: ð4:44Þ

1. High-energy limit

In the high energy limit ðs; u ≫ M2
0Þ we can ignore the

target mass, and Gs;u simplify

Gsðp1þ q;M0Þ ¼
p1þ=qþM0

ðp1þ qÞ2 −M2
0þ iϵ

≈
p1þ q

ðp1þ qÞ2þ iϵ
;

Guðp1 − q;M0Þ ¼
p1 − qþM0

ðp1 − qÞ2 −M2
0þ iϵ

≈
p1 − q

ðp1 − qÞ2þ iϵ
:

ð4:45Þ

Using the light-cone kinematics [11]

1

ðp1 þ qÞ2 þ iϵ
≈

1

ðp · q̃Þ
1

1 − ξþ iϵ
; ð4:46Þ

with ξ the longitudinal momentum transfer or skewness,
and the spin reduction (for p⊥ ¼ px;y ¼ 0) [11]

γμGsðp1 þ q;M0Þγν ≃
1

ðp · q̃Þð1 − ξþ iϵÞ
�
Sμν;ρσ

�
1

2
ðp · q̃Þnσ þ

1

2
ð1 − ξÞpσ

�
γρ þ iεμνρσ

�
1

2
pσ þ q̃σ

�
γργ

5

�
:

we have for the sþ u-contribution

Tμν
sþu ¼ −ūðp2Þ × ½γμGsðp1 þ q;M0Þγν þ γνGuðp1 − q;M0Þγμ� ×

�
FP
1 ðQÞ − FP

2 ðQÞ
=q

2M0

�
× uðp1Þ

¼ 1

2p · q̃
Cp½−�
ð0Þ ðξÞ

n
ðp · q̃ÞSμν;ρσnσFp

ρ ðQÞ þ iεμνρσpσF̃
p
ρ ðQÞ

o
þ 1

2p · q̃
Cp½þ�
ð0Þ ðξÞ

n
2iεμνρσq̃σF̃

p
ρ ðQÞ

o
: ð4:47Þ

We have defined the spin structure

Sμν;ρσ ≡ ημρηνσ þ ημσηνρ − ημνηρσ

and the sum of the ratios

Cp½��
ð0Þ ðξÞ ¼

1

ξ − 1 − iϵ
� 1

ξþ 1 − iϵ
ð4:48Þ

The vector and axial form factors are

Fp
ρ ðQÞ ¼ pρ

�
hþ

pþ
FP
1 ðQÞ þ

eþ

pþ
FP
2 ðQÞ

�
¼ pρ × FpðQÞ;

F̃p
ρ ðQÞ ¼ pρ

�
h̃þ

pþ
FP
1 ðQÞ þ

ẽþ

pþ
FP
2 ðQÞ

�
¼ pρ × F̃pðQÞ;

ð4:49Þ

respectively, with the Dirac bilinears

eμ ¼ tνμq̃ν
2M0

; ẽμ ¼ t̃νμq̃ν
2M0

; ð4:50Þ

and the nucleon matrix elements

b ¼ ūðp2Þuðp1Þ; b̃ ¼ ūðp2Þγ5uðp1Þ;
hμ ¼ ūðp2Þγμuðp1Þ; h̃μ ¼ ūðp2Þγμγ5uðp1Þ;
tμν ¼ ūðp2Þiσμνuðp1Þ; t̃μν ¼ ūðp2Þiσμνγ5uðp1Þ: ð4:51Þ

2. TT and LL s + u-channel holographic DVCS amplitude

Contracting the sþ u-channel holographic amplitude
Tμν
sþu with the transverse polarization tensors ϵTμ and ϵ0�Tν,

we find

ϵTμϵ
0�
TνT

μν
sþuðs; t;Q2Þ ¼ −ϵT · ϵ0T ×

�
1

2
Cp½−�
ð0Þ ðξÞ × FpðQÞ

�
:

ð4:52Þ

Similarly, contracting the sþ u-channel holographic
amplitude Tμν

sþu with the longitudinal polarization tensors
ϵLμ and ϵ0�Lν, we find
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ϵLμϵ
0�
LνT

μν
sþuðs; t;Q2Þ ¼ −ϵL · ϵ0L ×

�
1

2
Cp½−�
ð0Þ ðξÞ × FpðQÞ

�
: ð4:53Þ

We will also use the approximation

hþ ¼ ūðp2Þγþuðp1Þ ≈
pþ

2mN
× ūðp2Þuðp1Þ; ð4:54Þ

and our holographic electromagnetic form factors FP
1;2ðQÞ

FP
1 ðQÞ ¼

�
aQ
2
þ τN

�
× BðτN; aQ þ 1Þ þ 0.448 ×

aQðaQðτN − 1Þ − 1Þ
ðaQ þ τNÞðaQ þ τN þ 1Þ × BðτN − 1; aQ þ 1Þ;

FP
2 ðQÞ ¼ 1.793 × τN × BðτN; aQ þ 1Þ;

FN
1 ðQÞ ¼ −0.478 ×

aQðaQðτN − 1Þ − 1Þ
ðaQ þ τN þ 1ÞðaQ þ τNÞ

× BðτN − 1; aQ þ 1Þ;

FN
2 ðQÞ ¼ −1.913 × τN × BðτN; aQ þ 1Þ; ð4:55Þ

where aQ ¼ Q2=4κ2N with Q2 ¼ −q2.

3. Generalization of s + u-channel contribution to DVCS to the electroproduction of ρ0

The holographic s-channel contribution to the electroproduction of ρ0 follows from the Witten diagram shown in
Fig. 6(b) which is readily obtained from the results (4.53)–(4.55) for the s-channel DVCS amplitude, shown in Fig. 6(a), by
assuming that the bulk wave function of the rho vector meson is independent of z, i.e., ϕVðzÞ ≈ g5 ×

fV
MV

)

ALLðsþu−channelÞ
γ�p→ρ0p

ðs; t; Q; ϵL; ϵ0LÞ ∝ e × g5 ×
h
ϵLμϵ

0�
LνT

μν
sþuðs; t;Q2Þ

i
× g5 ×

fV
MV

∝
Q
MV

× FP
1 ðQÞ ×

fV
MV

×
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ ×
1

1 − ξ2
;

∝ Asþu
ρ0
ðs; t; QÞ × 1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ; ð4:56Þ

where in the last line we have absorbed e ×
ffiffiffi
2
p

× g25 into the proportionality constant that will be fixed by experimental
data. We have also approximated ϵL · ϵ0L ≈ Q

MV
in the high energy limit.

E. Differential cross section for ρ0

Finally, combining the singlet quark (4.27) and gluon (4.32) GPD contributions, along with the s-channel contribution,
we have the total longitudinal differential cross section [including the real s-channel background amplitude (4.56)] for
electroproduction of ρ0 meson

dσLðρ0Þ
dt

¼ 1

16πs2
×
1

2

X
spin

				ALLðtotalÞ
γ�p→ρ0p

				2
¼ 1

16πs2
×
1

2

X
spin

				N s ×ALLðsþu−channelÞ
γ�p→ρ0p þN t ×

�
ALLðquarkÞ

γ�p→ρ0p þALLðgluonÞ
γ�p→ρ0p

�				2
¼ 1

16πs2
×
1

2
×

				N s ×Asþu
ρ0
þN t ×

�
Aquark

ρ0
þAgluon

ρ0

�				2; ð4:57Þ

where
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Asþu
ρ0
ðs; t; QÞ ¼ Q

MV
× FP

1 ðQÞ ×
fV
MV

×
1

1 − ξ2
;

Aquark
ρ0
ðs; t; QÞ ¼

�
Qu

ˆ̂F
u
j0gðsingletÞðξ; t; μ2Þ −Qd

ˆ̂F
d
j0gðsingletÞðξ; t; μ2Þ

�
× fVαsðμÞ

1

Q
×
�ð ffiffiffiλp =πÞ
ξ2−2=

ffiffi
λ
p þ i

ξ2−2=
ffiffi
λ
p
�
;

Agluon
ρ0
ðs; t; QÞ ¼ ˆ̂F

g
j0gðξ; t; μ2Þ × f0VαsðμÞ

1

Q
×

�ð ffiffiffiλp =πÞ
ξ2−2=

ffiffi
λ
p þ i

ξ2−2=
ffiffi
λ
p
�
: ð4:58Þ

Note that, in the last line of (4.57), we have summed over
the spin asX

s;s0
ūs0 ðp2Þusðp1Þūsðp1Þus0 ðp2Þ

¼ Tr

�X
s:s0

us0 ðp2Þūs0 ðp2Þusðp1Þūsðp1Þ
�

¼ 1

4
Tr
�
ðγμpμ

2 þmNÞðγμpμ
1 þmNÞ

�
¼ 8m2

N ×

�
1þ K2

4m2
N

�
≈ 8m2

N; ð4:59Þ

for K2

4m2
N
≪ 1 or p1 ∼ p2 which we are assuming in the high

energy limit s ≫ −t.

F. Total cross section for ρ0

Using (4.57), we can compute the total cross section by
employing the optical theorem as

σLðρ0Þ ¼
�
16π dσLðρ0Þ

dt

1þ ρ

�1=2

t¼0
; ð4:60Þ

where ρ is the ratio of the real and imaginary part of our

total complex amplitude ALLðtotalÞ
γ�p→ρ0p

defined in (4.57).

We have compared our total cross section (4.60) to
experimental data in Figs. 7–9. We have also compared
our total differential cross section (4.57) to experimental
data in Fig. 10. Note that throughout this paper, we use
the ’t Hooft coupling constant λ ¼ 11.243, mass scales
κ̃N ¼ κ̃V ¼ 0.402 GeV, and κ̃T ¼ 0.388 GeV.

G. Comparison to experiment for ρ0

Here, we present the comparison of our results with
experimental measurements. In Table I, we provide the
values of various parameters such as λ, τ, κ̃T;S, and κ̃N;V ,

which have been obtained previously by constraining
the electromagnetic and gravitational form factors and
the holographic J=ψ photoproduction in the high energy
limit [22]. These parameters are fixed and predetermined
for the GPDs under consideration here.
However, the normalization constants N t;s have

been determined empirically by fitting to the analyzed
cross sections shown in Figs. 7–10, as summarized in
Table I. It is important to note that the same normalization
constantsN t ¼ 1.687 andN s ¼ −131.503 have been used
for all the total cross section figures shown in Figs. 7–9.
However, different normalization constants N t;s have

been used for each bin in the differential cross section vs −t
shown in Figs. 10(a)–10(e). This is because the kinematic
factors of order Oð−t=Q2Þ have been ignored for both the
sþ u-channel and GPD contributions, which do not affect
the total cross sections (shown in Figs. 7–9) computed at
−t ¼ 0 using the optical theorem (4.60).
Furthermore, the values of the physical parameters

mN ¼ 0.94 GeV, mρ0;þ ¼ 0.775 GeV, and f0
ρ0;þ ¼ fρ0;þ ¼

0.216 GeV have been used throughout the analysis. In
Fig. 7, the solid blue curves are using the evolved singlet
quark (up and down) and gluon GPDs, the red curves are
the sum of the s-channel background and the evolved
singlet quark plus gluon GPDs [i.e., (4.60)], the brown data
points are from 4.2 GeV CLAS [16], yellow data points are
from CORNELL [23], cyan data points are from HERMES
[18], purple data points are from E665 [19], and black data
points are from 5.754 GeV CLAS [17].

V. ELECTROPRODUCTION OF LONGITUDINAL
ϕ MESON WITH EVOLVED GLUON GPD: A

COMPARISON TO EXPERIMENT

The electroproduction of the ϕ meson with the evolved
gluon GPD is similar to the gluon contribution to the ρ0

meson (4.32), and is given by

ALLðgluonÞ
γ�p→ϕp ðs; t; Q; ϵL; ϵ0LÞ ∝ ˆ̂F

g
j0gðξ; t; μ2Þ × f0VαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ ×
�ð ffiffiffiλp =πÞ
ξ2−2=

ffiffi
λ
p þ i

ξ2−2=
ffiffi
λ
p
�

∝ Agluon
ϕ ðs; t; QÞ × 1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ; ð5:1Þ
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FIG. 7. Longitudinal cross section for the electroproduction of neutral rho mesons versus W ¼ ffiffiffi
s
p

in GeV.
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where j0g ¼ 2 − 2=
ffiffiffi
λ
p

, τ̃ ¼ logð1=ξÞ and f0V ≈ fV . In
terms of (5.1), the total longitudinal differential cross
section for electroproduction of ϕ meson reads

dσLðϕÞ
dt

¼ 1

16πs2
×
1

2

X
spin

			N t ×ALLðgluonÞ
γ�p→ϕp

			2
¼ 1

16πs2
×
1

2

			N t ×Agluon
ϕ

			2; ð5:2Þ

where the total amplitudeAgluon
ϕ is defined in (5.1). We also

compute the total cross section using the optical theorem as

σLðϕÞ ¼
�
16π dσLðϕÞ

dt

1þ ρ

�1=2

t¼0
; ð5:3Þ

where ρ is the ratio of the real and imaginary part of the
total amplitude. We have compared our total cross sec-
tion (5.3) to experimental data in Figs. 11 and 12. Note that

these relations carry to heavier mesons J=Ψ and ϒ with
slight changes.

A. Comparison to experiment for ϕ

In Table I, we present the parameters for the AdS
construction with a soft wall: λ ¼ 11.243, τ ¼ 3, κ̃T;S ¼
0.388 GeV, and κ̃N;V ¼ 0.402 GeV, as well as the nor-
malization constants N t ¼ 0.200 and N s ¼ 0. We then
illustrate the longitudinal cross section for the electro-
production of phi mesons [N t ¼ 0.200 in Eq. (5.3)]
as a function of W ¼ ffiffiffi

s
p

and Q2 in Figss. 11 and 12,
respectively. The values of the physical parameters used
are mN ¼ 0.94 GeV, mϕ¼1.019GeV, and f0ϕ¼fϕ¼
0.233GeV.
It is important to note that the solid blue curve represents

the evolved gluon GPD only, as the strange singlet quark
GPD has been set to zero. Additionally, we assume the phi
meson’s coupling to the proton (gϕpp ¼ 0) to be zero,
effectively setting the s-channel background contribution
to zero. Experimental data points are included from various
sources: CLAS 2008 (orange) [24], CLAS 2001 (brown)
[25], HERMES 2000 (cyan) [29], ZEUS (gray) [26], H1
(pink) [27], and H1, ZEUS (black) [28]. Figures 5 and 7
from [29,30], respectively, also display these data points.

VI. ELECTROPRODUCTION OF LONGITUDINAL
ρ+ MESON WITH EVOLVED VALENCE QUARK

GPDs: A COMPARISON TO EXPERIMENT

The electroproduction of longitudinal charged rho meson
(ρþ) in terms of quark DAs and quark GPDs is given by
(see Eq. 219 with Eqs. 222 and 223 in [12])

ALL
γ�p→ρþnðs; t;Q; ϵL;ϵ0LÞ

¼ −e×
CF

Nc
×
1

2
× ð4παsðμ2ÞÞ×

1

Q
×

�Z
1

0

dz
ΦρþðzÞ

z

�
×

1

pþ
fAρþnhþ þBρþneþg; ð6:1Þ

where ΦρþðzÞ is the charged rho meson (ρþ) distribution
amplitude (DA), and

Aρþn ¼
Z

1

−1
dx
�
Huðx; η; t; μ2Þ −Hdðx; η; t; μ2Þ
 Qu

ξ − x − iϵ
−

Qd

ξþ x − iϵ

�
;

Bρþn ¼
Z

1

−1
dx
�
Euðx; η; t; μ2 − Edðx; η; t; μ2ÞÞ



Qu

ξ − x − iϵ
−

Qd

ξþ x − iϵ

�
: ð6:2Þ

FIG. 8. Longitudinal cross section for the electroproduction of
neutral rho mesons versus W ¼ ffiffiffi

s
p

in GeV, for Q2 ¼ 4 GeV2.
The solid blue curves show the evolved up and down singlet
quark and gluon GPDs. The red curves show the sum of the
s-channel background, the evolved up and down singlet quark,
and gluon GPD contribution at amplitude level [i.e., (4.60)]. Note
that here we have also rescaled our total cross section by an
overall factor of 103 since the unit of the cross section here is
in nb. The brown data points are from 4.2 GeV CLAS [16]; black
data points are from 5.754 GeV CLAS [17]; cyan data points are
from HERMES [18]; purple data points are from E665 [19]; gray
data points are from ZEUS [20]; and pink data points are
from H1 [21].
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FIG. 9. Longitudinal cross section for the electroproduction of neutral rho mesons versusQ2 in GeV2 for different values of Bjorken xB
as indicated in the alphabet label of each subfigure, except for the last subfigure where the value of W is added. The solid blue curves
show the evolved up and down singlet quark and gluon GPD contributions. The red curves show the sum of the s-channel background,
the evolved up and down singlet quark, and gluon GPD contributions at amplitude level. The black data points are from 5.754 GeV
CLAS [17].

QUARK AND GLUON GPDS AT FINITE SKEWNESS FROM … PHYS. REV. D 108, 086026 (2023)

086026-23



Using CF ¼ N2
c−1
2Nc

, and Qu ¼ þ2=3ðQd ¼ −1=3Þ, we can rewrite (6.1)–(6.2) as

ALL
γ�p→ρþnðs;t;Q;ϵL;ϵ0LÞ¼−e×

1

2
×

�
1−

1

N2
c

�
×4π×αsðμ2Þ×

1

Q
×

�Z
1

0

dz
ΦρþðzÞ

z

�
×

1

pþ
×uðp2Þγþuðp1Þ

×

�Z
1

0

dx
�
Hu

valenceðx;η;t;μ2Þ−Hd
valenceðx;η;t;μ2Þ


 ξ

2x
×

2x
ξ2−x2

�
þ
Z

1

0

dx
�
Hu

singletðx;η;t;μ2Þ−Hd
singletðx;η;t;μ2Þ


1
6
×

2x
ξ2−x2

�
þ iπ×Qu

�
Huðξ;η;t;μ2Þ−Hdðξ;η;t;μ2Þ− iπ×Qd

�
Huð−ξ;η;t;μ2Þ−Hdð−ξ;η;t;μ2Þ�; ð6:3Þ

FIG. 10. Longitudinal differential cross section for the electroproduction of neutral rho mesons versus −t in GeV2 for different values
ofQ2 and xB as indicated in the alphabet label of each subfigure. The solid blue curves show the evolved up and down singlet quark and
gluon GPD contributions. The red curves show the sum of the s-channel, the evolved up and down singlet quark, and gluon GPDs at
amplitude level [i.e., (4.57)]. Note that with increasing xB ≥ 0.34, that is, in (c) to (e), the contribution from the sþ u-channel starts to
control the t dependence in the large t regime. The black data points are from 5.754 GeV CLAS [17]; see Fig. 26 in [17].
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where we have defined Hq
valenceðx; η; t; μ2Þ ¼ Hqðx; η; t; μ2Þ þHqð−x; η; t; μ2Þ, Hq

singletðx; η; t; μ2Þ ¼ Hqðx; η; t; μ2Þ−
Hqð−x; η; t; μ2Þ, and we have ignored the Pauli contribution for −t ≪ 4m2

N.
Ignoring the singlet quark GPDs contribution in (6.3) by assuming Hu

singlet ¼ Hd
singlet, the longitudinal electroproduction

of ρþ meson with only evolved valence quark GPDs is given by

ALLðvalenceÞ
γ�p→ρþn ðs; t; Q; ϵL; ϵ0LÞ ¼ −e ×

1

2
×
1

2
×

�
1 −

1

N2
c

�
× 4παsðμÞ ×

1

Q
×

�Z
1

0

dz
ΦρþðzÞ

z

�
×

1

2mN
× ūðp2Þuðp1Þ

×

�Z
1

0

dx
ξ

2x
×

2x
ξ2 − x2

× ðHu
valenceðx; η; t; μ2Þ −Hd

valenceðx; η; t; μ2ÞÞ

þ iπ ×Qu

�
Huðξ; η; t; μ2Þ −Hdðξ; η; t; μ2Þ − iπ ×Qd

�
Huð−ξ; η; t; μ2Þ −Hdð−ξ; η; t; μ2Þ�;

¼ −e ×
1

2
×
1

2
×

�
1 −

1

N2
c

�
× 4παsðμÞ ×

1

Q
×

�Z
1

0

dz
ΦρþðzÞ

z

�
×

1

2mN
× ūðp2Þuðp1Þ

×

�
1

ξ
×
X∞
j¼1

1

ηj−1
×

1

Nj−1ð32Þ
×

�Z
η

0

dx
η

�
1 − x2

η2

�
1 − x2

ξ2

× C3=2
j−1

�
x
η

��
×
�
Fu
jðvalenceÞðη; t; μ2Þ − Fd

jðvalenceÞðη; t; μ2Þ
�

þ iπ ×Qu

�
Huðξ; η; t; μ2Þ −Hdðξ; η; t; μ2Þ − iπ ×QdðHuð−ξ; η; t; μ2Þ −Hdð−ξ; η; t; μ2Þ�;

≈ −e ×
1

2
×

�
1 −

1

N2
c

�
× 4παsðμÞ ×

1

Q
×

�Z
1

0

dz
ΦρþðzÞ

z

�
×

1

2mN
× ūðp2Þuðp1Þ

×
X∞
j¼1

1

ξj
×

1

Nj−1ð32Þ
×

�Z
ξ

0

dx
ξ
C3=2
j−1

�
x
ξ

��
×
�
Fu
jðvalenceÞðη ∼ ξ; t; μ2Þ − Fd

jðvalenceÞðη ∼ ξ; t; μ2Þ
�
;

ð6:4Þ

TABLE I. Summary of the values we used for the predetermined parameters (λ ¼ 11.243, τ ¼ 3,
κ̃T;S ¼ 0.388 GeV, κ̃N;V ¼ 0.402 GeV) of holographic QCD with a soft wall and the overall normalization
constants N t;s which are fitted to the pertinent cross-section data, according to the corresponding (colored) figures
for the neutral rho (ρ0), phi (ϕ), and charged rho (ρþ) meson production.

Holographic QCD (this work) λ τ κ̃T;S (GeV) κ̃N;V (GeV) N tðμb × GeV2Þ N sðμb × GeV2Þ
σLðρ0Þ vs W or Q2

Figs. 7–9 (blue) 11.243 3 0.388 0.402 1.687 0
Figs. 7–9 (red) 11.243 3 0.388 0.402 1.687 −131.503
dσLðρ0Þ

dt vs −t
Figs. 10(a) (blue) 11.243 3 0.388 0.402 6.319 0
Figs. 10(a) (red) 11.243 3 0.388 0.402 6.319 −5.662 × 10−7

Figs. 10(b) (blue) 11.243 3 0.388 0.402 194.649 0
Figs. 10(b) (red) 11.243 3 0.388 0.402 194.649 −5.454 × 10−7

Figs. 10(c) (blue) 11.243 3 0.388 0.402 125.468 0
Figs. 10(c) (red) 11.243 3 0.388 0.402 125.468 −196.937
Figs. 10(d) (blue) 11.243 3 0.388 0.402 1206.470 0
Figs. 10(d) (red) 11.243 3 0.388 0.402 1206.470 −838.781
Figs. 10(e) (blue) 11.243 3 0.388 0.402 342.628 0
Figs. 10(e) (red) 11.243 3 0.388 0.402 342.628 −767.554
σLðϕÞ vs W or Q2

Figs. 11–12 (blue) 11.243 3 0.388 0.402 0.200 0
σLðρþÞ vs W
Figs. 14 (blue) 11.243 3 0.388 0.402 724.513 0
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with odd j ¼ 1; 3;…, and in the last line we have used η ∼ ξ. Again, the iπHu;d contributions vanish for ξ ¼ �η. We can
also rewrite (6.4) more compactly as

ALLðvalenceÞ
γ�p→ρþn ðs; t; Q; ϵL; ϵ0LÞ ≈ −e × fþV × αsðμÞ ×

1

Q
×
X∞
j¼1

1

ξj
×N qðvalenceÞðjÞ ×

�
Fu
jðvalenceÞðξ; t; μ2Þ − Fd

jðvalenceÞðξ; t; μ2Þ
�

×
1

2mN
× ūðp2Þuðp1Þ; ð6:5Þ

where we have defined

N qðvalenceÞðjÞ≡ 1

2
×

�
1 −

1

N2
c

�
× 4π ×

1

Nj−1ð32Þ
× IqðvalenceÞðjÞ; ð6:6Þ

and the integrals (with x̃ ¼ x=ξ)

fþV ¼
Z

1

0

dz
ΦρþðzÞ

z
; IqðvalenceÞðjÞ¼

�Z
1

0

dx̃C3=2
j−1ðx̃Þ

�
;

ð6:7Þ

A. Final amplitude for ρ+

The resummation by j-contour for the valence quark
GPDs contribution (6.5) is similar to the resummation for
the singlet quark and gluon GPDs (albeit using a different
integration contour shown in Fig. 13), and the detailed
derivation is given in Appendix G. Here we only provide
the final answer.
After the resummation of (6.5) using the contour integral

(G1) with the integration contour C in the complex j-plane,
shown in Fig. 13, and using the result for Re½ALLðvalenceÞ�
given in (G8) and Im½ALLðvalenceÞ� given in (G6), the full
complex amplitude with the evolved valence quark GPDs is
given by

ALLðvalenceÞ
γ�p→ρþn ðs; t;Q; ϵL; ϵ0LÞ ∝

�
F̂u
j0qðvalenceÞðξ; t;μ2Þ− F̂d

j0qðvalenceÞðξ; t;μ2Þ
�
×

�
ð
ffiffiffi
λ
p

=4πÞ1=2 × 1

ξ
× ð

ffiffiffi
λ
p

=2πÞ× e−τ̃=
ffiffi
λ
p

×
e−
ffiffi
λ
p

=4τ̃

τ̃3=2

þ i×
1

ξj0q
× ð

ffiffiffi
λ
p

=4πÞ1=2 × e−
ffiffi
λ
p

=4τ̃

τ̃3=2

�
×N qðvalenceÞðj0qÞ× ð−1Þ× efþVαsðμÞ

1

Q
1

2mN
ūðp2Þuðp1Þ;

FIG. 11. Longitudinal cross section for the electroproduction of
phi mesons versus W ¼ ffiffiffi

s
p

in GeV for Q2 ¼ 3.8 GeV2 (solid
blue curves) in (5.3) with N t ¼ 0.2. The solid blue curves are
only with the evolved gluon GPD. The orange data point is from
CLAS 2008 [24]; brown data point is from CLAS 2001 [25];
cyan data point is from HERMES 2000; gray data points are from
ZEUS [26]; and pink data points are from H1 [27].

FIG. 12. Longitudinal cross section for the electroproduction of
phi mesons versus Q2 in GeV2 for W ¼ ffiffiffi

s
p ¼ 75 GeV (solid

blue curve) in (5.3) with N t ¼ 0.2. The solid blue curve is only
with the evolved gluon GPD. The black data points are from H1,
ZEUS [28].
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∝
�
ˆ̂F
u
j0qðvalenceÞðξ; t; μ2Þ − ˆ̂F

d
j0qðvalenceÞðξ; t; μ2Þ


× ð−1Þ × fþVαsðμÞ

1

Q
1

2mN
ūðp2Þuðp1Þ ×

�ð ffiffiffiλp =2πÞ
ξ1−1=

ffiffi
λ
p þ i

ξ1−1=
ffiffi
λ
p
�
;

∝ Avalence
ρþ ðs; t; QÞ × 1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ; ð6:8Þ

where we have absorbed e ×N qðvalenceÞðj0qÞ × ð
ffiffiffi
λ
p

=4πÞ1=2 × e−
ffiffi
λ
p

=4τ̃

τ̃3=2
into the normalization constant as it varies slowly

with s. We have also defined the normalized and flavor separated quark conformal moments as

ˆ̂F
uþd
jðvalenceÞðξ; t; μ2Þ ¼ 0.151 ×

F̂q
jðvalenceÞðξ; t; μ2Þ

F̂q
j¼3ðvalenceÞðξ ¼ 0; t ¼ 0; μ2 ¼ 4 GeV2Þ ;

ˆ̂F
u−d
jðvalenceÞðξ; t; μ2Þ ¼ 0.070 ×

F̂q
jðvalenceÞðξ; t; μ2Þ

F̂q
j¼3ðvalenceÞðξ ¼ 0; t ¼ 0; μ2 ¼ 4 GeV2Þ ;

ˆ̂F
u
jðvalenceÞðξ; t; μ2Þ ¼

1

2
×
�
ˆ̂F
uþd
jðvalenceÞðξ; t; μ2Þ þ ˆ̂F

u−d
jðvalenceÞðξ; t; μ2Þ

�
;

ˆ̂F
d
jðvalenceÞðξ; t; μ2Þ ¼

1

2
×
�
ˆ̂F
uþd
jðvalenceÞðξ; t; μ2Þ − ˆ̂F

u−d
jðvalenceÞðξ; t; μ2Þ

�
; ð6:9Þ

where the normalization coefficients are fixed using the
lattice data in [15], and F̂q

jðvalenceÞðξ; t; μ2Þ ¼ ΓðΔqðjÞ −
2Þ × Fq

jðvalenceÞðξ; t; μ2Þ is given in (3.1). Note that we have

used the average value of Auþd
3 ð−t ¼ 0Þ ¼ ˆ̂F

uþd
j¼3ðvalenceÞðξ ¼

0; t ¼ 0; μ2 ¼ 4 GeV2Þ ¼ 0.151 from Table XV and Ta-

ble XVI of [15]. We have also used the value of Au−d
3 ð−t ¼

0Þ ¼ ˆ̂F
u−d
j¼3ðvalenceÞðξ ¼ 0; t ¼ 0; μ2 ¼ 4 GeV2 ¼ 0.070Þ

from Table IX of [15].

B. Differential and total cross sections for ρ+

Finally, using the valence quark GPDs contribution (6.8),
we have the total longitudinal differential cross section for
electroproduction of ρþ meson

dσLðρþÞ
dt

¼ 1

16πs2
×
1

2

X
spin

			N t ×ALLðvalenceÞ
γ�p→ρþn

			2
¼ 1

16πs2
×
1

2

			N t ×Avalence
ρþ

			2: ð6:10Þ

We also calculate the total cross section using the optical
theorem as

σLðρþÞ ¼
�
16π dσLðρþÞ

dt

1þ ρ

�1=2

t¼0
; ð6:11Þ

where ρ is the ratio of the real and imaginary part
of our total complex amplitude. We have compared our
total cross section (6.11) to the experimental data in Fig. 14.
We fix the value of the normalization parameter N t by the
charged rho meson data as detailed in the next subsec-
tion below.

C. Comparison to experiment for ρ+

In this section, we present our result for the electro-
production of charged rho mesons (ρþ) and its comparison
to experimental data. First, we list the parameters used in
our AdS construction with a soft wall, namely λ ¼ 11.243,
τ ¼ 3, κ̃T;S ¼ 0.388 GeV, κ̃N;V ¼ 0.402 GeV, and the
normalization constantsN t ¼ 724.513 andN s ¼ 0, which
are given in Table I.
Next, we show the longitudinal cross section for the

electroproduction of ρþ mesons versus W ¼ ffiffiffi
s
p

in GeV in
Fig. 14. In these figures, we have used the evolved valence
up and down quark GPDs [i.e., (6.11)] withN t ¼ 724.513.
We have also used the values of the physical
parameters mN ¼ 0.94 GeV, mρ0;þ ¼ 0.775 GeV, and

FIG. 13. Illustration of the integration contour C in the complex
j-plane used for computing the contour integral (G1), with a
branch cut displayed for ReðjÞ ≤ j0q ¼ 1 − 1=

ffiffiffi
λ
p

.
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FIG. 14. Longitudinal cross section for the electroproduction of charged rho mesons (ρþ) versus W ¼ ffiffiffi
s
p

in GeV. The blue curve
shows the evolved valence up and down quark GPDs, i.e., (6.11). The black data points are from 5.776 GeV CLAS [31].
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f0
ρ0;þ ¼ fρ0;þ ¼ 0.216 GeV. It is important to note that we

have assumed that the coupling of the ρþ meson to the
proton and neutron (gρþpn) is zero and we have set the
s-channel contribution to zero, that is, N s ¼ 0.
In the comparison of our results with experimental data,

in Fig. 14, the black data points are from the 5.776 GeV
CLAS experiment [31] (see Fig. 4 of [31]).

VII. SUMMARY AND CONCLUSION

In this paper, we have presented a framework for
constructing general parton distributions at low-x and finite
skewness using holographic QCD in the double limit of
large Nc and strong gauge coupling. We have first con-
structed holographic amplitudes for exclusive electro-
production processes, dominated by bulk spin-j gravitons
and vector or axial meson exchanges in AdS, which are
dual to pomerons and Reggeons in QCD, respectively. By
comparing the holographic exclusive amplitudes with the
corresponding exclusive amplitudes in QCD, which are
based on factorization theorems, we have extracted the
spin-j conformal moments of GPDs and constructed
the GPDs.
Using the holographically fixed conformal moments

of GPDs at the initial or low renormalization scale
μ ∼ μ0 ∼ 1.8 GeV, we have used one-loop pQCD evolution
equations to obtain their counterparts at a higher renorm-
alization scale μ > μ0, which enhances the perturbative
partonic content at low-x in addition to the nonperturbative
one captured by the holographic construction at the low
renormalization scale.
We have used our evolved GPDs to specifically deter-

mine the exclusive longitudinal electroproduction of neu-
tral rho (ρ0), phi (ϕ), and charged rho (ρþ) mesons, using
the factorization theorems in QCD, and compared them to
the existing data from CLAS, HERMES, and H1 experi-
ments. Specifically, in the data analysis of the longitudinal
electroproduction of ρ0, we have found that the holographic
GPDs (similar to previous GPD models) alone cannot
explain the low

ffiffiffi
s
p

data, and we have accounted for the
nonperturbative physics coming from the s-channel.
We have successfully determined such nonperturbative

contribution in the s-channel using holographic QCD
and found that its contribution at low

ffiffiffi
s
p

is in good
agreement with the experimental data. We expect the
holographic s-channel contribution to play a key role in
the future experimental extraction of GPDs at JLab and
future EIC.
Our extracted quark and gluon GPDs for fixed skewness

η provide explicit and detailed dependence on the kin-
ematical variables t and η, with their moments satisfying all
the polynomiality conditions in η. They should prove useful
for extracting the GPDs using global data analysis and
carry detailed tomographic information about the partonic
distributions inside a nucleon after Fourier transforming to
coordinate space with respect to t.
Additionally, our framework can be extended to longi-

tudinal heavier vector mesons such as J=Ψ and ϒ, and
yields detailed predictions for exclusive processes such as
the electroproduction of photons in DVCS or the longi-
tudinal electroproduction of single and double axial
mesons.
In conclusion, this paper provides a powerful framework

for constructing GPDs at low-x and finite skewness using
holographic QCD in the large Nc limit. We have demon-
strated the potential of this approach for analyzing exclu-
sive electroproduction processes and provided useful
results for future experimental studies and global data
analyses.
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APPENDIX A: NOTATIONS

Here, we summarize the key notations used for the GPDs
and their conformal (Gegenbauer) moments:

HqðxÞ≡ quark GPDs;

H̃qðxÞ≡ axial quark GPDs;

HgðxÞ≡ gluon GPDs;

Hq
valenceðxÞ≡ valence quark GPDs; which are HqðxÞ þHqð−xÞ;

Hq
singletðxÞ≡ singlet quark GPDs; which are HqðxÞ −Hqð−xÞ;

H̃q
valenceðxÞ≡ valence axial quark GPDs; which are H̃qðxÞ − H̃qð−xÞ;
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H̃q
singletðxÞ≡ singlet axial quark GPDs; which are H̃qðxÞ þ H̃qð−xÞ;
Fq
jðvalenceÞ ≡ conformal ðGegenbauerÞmoments of valence quark GPDs;

Fq
jðsingletÞ ≡ conformal ðGegenbauerÞmoments of singlet quark GPDs;

F̃q
jðvalenceÞ ≡ conformal ðGegenbauerÞmoments of valence axial quark GPDs;

F̃q
jðsingletÞ ≡ conformal ðGegenbauerÞmoments of singlet axial quark GPDs;

F g
j ≡ conformal ðGegenbauerÞmoments of gluon GPD:

APPENDIX B: KINEMATICS

Here, we summarize the pertinent kinematics for the
GPDs, see Fig. 15. Following [11], we define

q̃ ¼ 1

2
ðqþ q0Þ; p ¼ 1

2
ðp1 þ p2Þ;

Δ ¼ p1 − p2 ¼ q0 − q: ðB1Þ

q̃2 ¼ −Q̃2; ξ ¼ Q̃2

2p · q̃
; η ¼ Δ · q̃

2p · q̃
: ðB2Þ

Q2 ¼ −q2; Q02 ¼ −q02; xB ¼
Q2

2p1 · q
; ðB3Þ

Q̃2 ¼ 1

2

�
Q2 þQ02 þ Δ2

2

�
; ðB4Þ

ξ ¼ Q2 þQ02 þ Δ2=2
2Q2=xB −Q2 þQ02 þ Δ2

;

η ¼ Q2 −Q02

2Q2=xB −Q2 þQ02 þ Δ2
; ðB5Þ

Q02¼
�
1−

η

ξ

�
Q̃2−

Δ2

4
; Q2¼

�
1þη

ξ

�
Q̃2−

Δ2

4
; ðB6Þ

and

xB ¼
ðξþ ηÞQ̃2 − ξΔ2=4

ð1þ ηÞQ̃2 − ξΔ2=2
: ðB7Þ

We also introduce a pair of light-cone vectors such
that n2 ¼ n�2 ¼ 0 and n · n� ≡ nμn�μ ¼ 1. They can be
chosen as

nμ ≡ 1ffiffiffi
2
p ð1; 0; 0;−1Þ; n�μ ≡ 1ffiffiffi

2
p ð1; 0; 0; 1Þ: ðB8Þ

Any four-vector aμ can be decomposed into its light-cone
components as

aμ ¼ aþn�μ þ a−nμ þ aμ⊥; ðB9Þ

with

aþ≡ a · n¼ 1ffiffiffi
2
p ða0þ azÞ; a− ≡ a · n� ¼ 1ffiffiffi

2
p ða0 − azÞ:

ðB10Þ

Scalar products are written as

a · y≡ aμyμ ¼ aþy− þ a−yþ − a⊥ · y⊥: ðB11Þ

The light-cone derivatives are defined as follows:

∂
þ ¼ ∂

∂a−
; ∂

− ¼ ∂

∂aþ
; ∂

μ
⊥ ¼

∂

∂a⊥μ
: ðB12Þ

APPENDIX C: QUARK AND GLUON GPDs FROM
THEIR CONFORMAL (GEGENBAUER)

MOMENTS

The framework for analyzing the evolution equations for
the GPDs consists of defining the operators in the OPE in
the representations of the conformal group. The conformal
operators transform multiplicatively under renormalization.
As a result, the anomalous dimensions of conformal

FIG. 15. Illustration of the kinematic variables defined in
(B1)–(B7).
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operators are only labeled by spin-j, in reference to the
conformal spin of the composite operator [11] (and
references therein). In this section, we will briefly review
the relevant quark and gluon spin-j operators, which enter
the leading GPDs at twist-2. The spin-j operators are the
Gegenbauer moments of the various quark and gluon
GPDs.

1. Quark and gluon operators

a. Quarks

We define leading-twist bilocal quark operators as [11]

Oqqðw−
1 ; w

−
2 Þ ¼ ψ̄ðw−

1 Þ½w−
1 ; w

−
2 �γþψðw−

2 Þ; ðC1Þ

Õqqðw−
1 ; w

−
2 Þ ¼ ψ̄ðw−

1 Þ½w−
1 ; w

−
2 �γþγ5ψðw−

2 Þ; ðC2Þ

where we have added the Wilson line in the adjoint
representation

½w−
1 ; w

−
2 �ab ¼ P exp

�
g
Z

w−
1

w−
2

dw0−fabcAþc ðw0−; 0⊥Þ
�

to respect gauge invariance.

b. Gluons

We define the two-dimensional tensors [11]

g⊥μν ≡ gμν − nμn�ν − nνn�μ; ðC3Þ

ε⊥μν ≡ εαβρσg⊥αμg⊥βνn�ρnσ; ðC4Þ

where the totally antisymmetric tensor is normalized
as ε0123 ¼ 1.

We also define the gauge potential in the light-cone
gauge

A⊥ ≡ Ax þ iAy; Ā⊥ ≡ Ax − iAy; ðC5Þ

and the gluon field-strength tensors

∂
þA⊥ ¼ Fþx − iF̃þx ¼ i

�
Fþy − iF̃þy


;

∂
þĀ⊥ ¼ Fþx þ iF̃þx ¼ −i

�
Fþy þ iF̃þy


;

Fþμ½−�⊥ ¼ Fþμ⊥ − iF̃þμ⊥ ; Fþμ½þ�⊥ ¼ Fþμ⊥ þ iF̃þμ⊥ ; ðC6Þ

with the dual gluon field strength defined as
F̃μν ≡ 12εμνρσFρσ, so that F̃þ μ

⊥ ¼ εμν⊥ Fþ ⊥
ν for two-

dimensional transverse indices.
Using these definitions we introduce the leading-twist

gluonic operators [11]:

Oggðw−
1 ; w

−
2 Þ ¼ Fþμa ðw−

1 Þ½w−
1 ; w

−
2 �abgμνFνþ

b ðw−
2 Þ; ðC7Þ

Õggðw−
1 ; w

−
2 Þ ¼ Fþμa ðw−

1 Þ½w−
1 ; w

−
2 �abiε⊥μνFνþ

b ðw−
2 Þ; ðC8Þ

2. Operator matrix elements and GPDs

We define the spinor bilinears [11] as

b ¼ ūðp2Þuðp1Þ; b̃ ¼ ūðp2Þγ5uðp1Þ;
hμ ¼ ūðp2Þγμuðp1Þ; h̃μ ¼ ūðp2Þγμγ5uðp1Þ;
tμν ¼ ūðp2Þiσμνuðp1Þ; t̃μν ¼ ūðp2Þiσμνγ5uðp1Þ: ðC9Þ

The matrix elements for quark operators can be decom-
posed in terms of the above spinor bilinears as

hp2jOqqð−w−; w−Þjp1i ¼
Z

1

−1
dxe−ixp

þw−fhþHqðx; η;Δ2Þ þ eþEqðx; η;Δ2Þg

≡ pþ
Z

1

−1
dxe−ixp

þw−
Fqðx; η;Δ2Þ; ðC10Þ

hp2jÕqqð−w−; w−Þjp1i ¼
Z

1

−1
dxe−ixp

þw−
n
h̃þH̃qðx; η;Δ2Þ þ ẽþẼqðx; η;Δ2Þ

o
≡ pþ

Z
1

−1
dxe−ixp

þw−
F̃qðx; η;Δ2Þ: ðC11Þ

Similarly, the matrix elements for gluon operators can be decomposed in terms of the spinor bilinears as

hp2jOggð−w−; w−Þjp1i ¼
1

4
pþ
Z

1

−1
dx e−ixp

þw−fhþHgðx; η;Δ2Þ þ eþEgðx; η;Δ2Þg

≡ ðp
þÞ2
4

Z
1

−1
dxe−ixp

þw−
Fgðx; η;Δ2Þ; ðC12Þ
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hp2jÕggð−w−; w−Þjp1i ¼
1

4
pþ
Z

1

−1
dx e−ixp

þw−
n
h̃þH̃gðx; η;Δ2Þ þ ẽþẼgðx; η;Δ2Þ

o
≡ ðp

þÞ2
4

Z
1

−1
dxe−ixp

þw−
F̃gðx; η;Δ2Þ: ðC13Þ

3. Spin-j quark and gluon operators

Classically, massless 4D QCD is invariant under the
conformal group SOð4; 2Þ with 15 generators (1-dilatation,
4-conformal, 4-translation, 6-Lorentz). The OPE expansion
on the light cone involves Wilsonian operators which
transform covariantly under the Lorentz group SOð3; 1Þ
but not under the conformal group SOð4; 2Þ. Since SLð2Þ on
the light front is a subgroup of the conformal group, away to
reorganize theWilsonian expansion is in terms of conformal
tensors of spin j ¼ 1

2
ðdþ sÞ (the eigenvalue of the collinear

subgroup of the conformal operator) where the twist is
τ ¼ d − s [11]. More specifically, the twist-2 vector quark
and gluon operators are (see Eq. 4.138 in [11])

Oqq
j ¼ ψ̄ði∂þÞj−1γþC3=2

j−1

�
D
↔þ

=∂þ
�
ψ ;

Ogg
j ¼ Fþμði∂þÞj−2C5=2

j−2

�
D
↔þ

=∂þ
�
Fμþ; ðC14Þ

and the twist-2 axial-vector quark operator is

Õqq
j ¼ ψ̄ði∂þÞj−1γþγ5C3=2

j−1

�
D
↔þ

=∂þ
�
ψ : ðC15Þ

Here D
↔þ

is the symmetrized long derivative on LFþ. Cν
nðxÞ

are the Gegenbauer polynomials, a generalization of the
Legendre polynomials to (2νþ 2)-D space. Their explicit
form in terms of hypergeometric functions is

Cν
nðxÞ ¼

�
nþ 2νþ 1

n

��
xþ 1

2

�
2

× 2F1

�
−n;−n − νþ 1

2
; νþ 1

2
;
x − 1

xþ 1

�
ðC16Þ

with support in ½−1;þ1�, and the orthonormalization with
weight factor wðxjνÞ ¼ ð1 − x2Þν−1=2,Z

1

−1
dxð1−x2Þν−1

2Cν
nðxÞCν

mðxÞ¼
π21−2νΓðnþ2ν

ðnþνÞγ2ðνÞΓðnþ1Þδmn:

ðC17Þ

4. Conformal moments of quark and gluon GPDs

a. Valence vector quark

The conformal (Gegenbauer) moments of the valence
vector quark GPDs are directly related to the matrix

elements of the spin-j conformal operators in QCD (see
Eq. 4.243 in [11])

Fq
jðvalenceÞðη;t;μ20Þ¼ηj−1

Z
1

0

dxC3=2
j−1

�
x
η

�
Fq
valenceðx;η;t;μ20Þ

¼ðpþÞ−ðj−1Þ−1hp2jOqq
j ð0Þjp1i ðC18Þ

for odd j ¼ 1; 3;…. The valence and x-even combination

Fq
valenceðx; η; μ2Þ ¼ Fqðx; η; μ2Þ þ Fqð−x; η; μ2Þ

stands for either Hq
valenceðx; η; μ2Þ or Eq

valenceðx; η; μ2Þ.

b. Singlet vector quark

The conformal (Gegenbauer) moments for the vector-
singlet combinations are also related to the spin-j con-
formal operators by (see Eq. 4.243 in [11])

Fq
jðsingletÞðη; t; μ20Þ ¼ ηj−1

Z
1

0

dxC3=2
j−1

�
x
η

�
Fq
singletðx; η; t; μ20Þ

¼ ðpþÞ−ðj−1Þ−1hp2jOqq
j ð0Þjp1i ðC19Þ

for even j ¼ 2; 4;…. The valence and x-odd combination

Fq
singletðx; η; μ2Þ ¼ Fqðx; η; μ2Þ − Fqð−x; η; μ2Þ

is either Hq
singletðx; η; μ2Þ or Eq

singletðx; η; μ2Þ.

c. Singlet axial quark

The conformal (Gegenbauer) moments of the singlet
axial quark GPDs are related to the conformal operators
in QCD via (straightforward generalization of Eq. 4.243
in [11] for the axial GPDs)

F̃q
jðsingletÞðη; t; μ20Þ ¼ ηj−1

Z
1

0

dxC3=2
j−1

�
x
η

�
F̃q
singletðx; η; t; μ20Þ

¼ ðpþÞ−ðj−1Þ−1hp2jÕqq
j ð0Þjp1i ðC20Þ

for odd j ¼ 1; 3;…. Again, the x-even singlet combination

F̃q
singletðx; η; t; μ2Þ ¼ F̃qðx; η; t; μ2Þ þ F̃qð−x; η; t; μ2Þ

will refer to either H̃q
singletðx; η; t; μ2Þ or Ẽq

singletðx; η; t; μ2Þ.
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d. Valence axial quark

The conformal (Gegenbauer) moments for the axial-
valence combinations are tied to the spin-j twist-2 axial
operator (straightforward generalization of Eq. 4.243
in [11] for the axial GPDs),

F̃q
jðvalenceÞðη; t; μ20Þ ¼ ηj−1

Z
1

0

dxC3=2
j−1

�
x
η

�
F̃q
valenceðx; η; t; μ20Þ

¼ ðpþÞ−ðj−1Þ−1hp2jÕqq
j ð0Þjp1i; ðC21Þ

for even j ¼ 2; 4;…. The x-odd valence axial combination

F̃q
valenceðx; η; t; μ2Þ ¼ F̃qðx; η; t; μ2Þ − F̃qð−x; η; t; μ2Þ

will refer to either H̃q
valenceðx; η; t; μ2Þ or Ẽq

valenceðx; η; t; μ2Þ.

e. Gluons

For gluon operators, we have (see Eq. 4.284 in [11])

F g
jðη; t; μ20Þ ¼ 2ηj−2

Z
1

0

dxC5=2
j−2

�
x
η

�
Fgðx; η; t; μ20Þ

¼ 4ðpþÞ−ðj−1Þ−1hp2jOgg
j ð0Þjp1i ðC22Þ

for even j ¼ 2; 4;….

5. Reconstruction of quark and gluon GPDs from their
conformal moments

The conformal (Gegenbauer) moments can be inverted
using their orthonormality (C17) to give the quark and
gluon GPDs at a given resolution in explicit form. We now
give the inversion with explicit support in jxj ≤ η, and
briefly comment on the inversion in the full support jxj ≤ 1.

a. Valence vector quark

The valence vector quark GPD follows by inversion (see
Eq. 4.242 in [11]),

Hq
valenceðx; η; t; μ20Þ ¼

1

η

X∞
j¼1

w
�
x
η j 32
�

ηj−1Nj−1

�
3
2

�C3=2
j−1

�
x
η

�
Fq
jðvalenceÞðη; t; μ20Þ;

¼ 1

η
×

�
1 −

x2

η2

�
×
X∞
j¼1

1

ηj−1
×

1

Nj−1

�
3
2

� × C3=2
j−1

�
x
η

�
× Fq

jðvalenceÞðη; t; μ20Þ; ðC23Þ

for odd j ¼ 1; 3;…, with

NjðνÞ ¼ 21−2ν
Γ2ð1=2ÞΓð2νþ jÞ

Γ2ðνÞΓðjþ 1Þðνþ jÞ: ðC24Þ

b. Singlet vector quark

Similarly, the singlet vector quark GPD is (see Eq. 4.264 in [11])

Hq
singletðx; η; t; μ20Þ ¼

1

η

X∞
j¼2

w
�
x
η j 32
�

ηj−1Nj−1

�
3
2

�C3=2
j−1

�
x
η

�
Fq
jðsingletÞðη; t; μ20Þ

¼ 1

η
×

�
1 −

x2

η2

�
×
X∞
j¼2

1

ηj−1
×

1

Nj−1

�
3
2

� × C3=2
j−1

�
x
η

�
× Fq

jðsingletÞðη; t; μ20Þ ðC25Þ

for even j ¼ 2; 4;….

c. Valence axial quark

The valence axial quark GPD is

H̃q
valenceðx; η; t; μ20Þ ¼

1

η

X∞
j¼2

w
�
x
η j 32
�

ηj−1Nj−1

�
3
2

�C3=2
j−1

�
x
η

�
F̃q
jðvalenceÞðη; t; μ20Þ

¼ 1

η
×

�
1 −

x2

η2

�
×
X∞
j¼2

1

ηj−1
×

1

Nj−1

�
3
2

� × C3=2
j−1

�
x
η

�
× F̃q

jðvalenceÞðη; t; μ20Þ ðC26Þ

for even j ¼ 2; 4;….
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d. Singlet axial quark

The singlet axial quark GPD is

H̃q
singletðx; η; t; μ20Þ ¼

1

η

X∞
j¼2

w
�
x
η j 32
�

ηj−1Nj−1

�
3
2

�C3=2
j−1

�
x
η

�
× F̃q

jðsingletÞðη; t; μ20

¼ 1

η
×

�
1 −

x2

η2

�
×
X∞
j¼1

1

Nj−1

�
3
2

� × 1

ηj−1
× C3=2

j−1

�
x
η

�
× F̃q

jðsingletÞðη; t; μ20Þ ðC27Þ

for odd j ¼ 1; 3;….

e. Gluons

The gluon GPD is (see Eq. 4.264 in [11])

Hgðx; η; t; μ20Þ ¼
1

η

X∞
j¼2

w
�
x
η j 52
�

ηj−2Nj−2

�
5
2

�C5=2
j−2

�
x
η

�
F g
jðη; t; μ20Þ;

¼ 1

η
×

�
1 −

x2

η2

�
2

×
X∞
j¼2

1

ηj−2
×

1

Nj−2

�
5
2

� × C5=2
j−2

�
x
η

�
× F g

jðη; t; μ20Þ ðC28Þ

for even j ¼ 2; 4;….

APPENDIX D: RG EVOLUTION OF QUARK AND
GLUON GPDs IN QCD

1. RG evolution of nonsinglet (valence) quark GPDs

The leading-order RG evolution of Gegenbauer
moments of valence (nonsinglet) vector quark GPDs is
given by (see Eq. 4.244 in [11])

Fq
jðvalenceÞðη; t; μ2Þ ¼ Fq

jðvalenceÞðη; t; μ20Þ ×
�
αsðμ20Þ
αsðμ2Þ

�
γqq;V;NSð0Þj−1 =β0

ðD1Þ
for odd j ¼ 1; 3;…, where the input valence quark GPDs
Fq
jðvalenceÞðη; t; μ20Þ are given in (2.10), and the vector non-

singlet anomalous dimensions are

γqq;Vð0Þj ¼−CF

�
−4ψðjþ2Þþ4ψð1Þþ 2

ðjþ1Þðjþ2Þþ3

�
:

ðD2Þ

The Euler ψ-function is given in terms of the harmonic
numbers

ψðnÞ ¼ d
dn

lnΓðnÞ ¼ ψð1Þ þ
Xn−1
k¼1

1

k
ðD3Þ

with the Euler constant γE ¼ −ψð1Þ ≈ 0.577216.

The leading and one-loop RG evolution equation for the
valence (nonsinglet) vector quark GPDs is given by (see
Eq. 4.240 in [11])

d
d ln μ

Hq
valenceðx; η; t; μ2Þ

¼ −
αsðμ2Þ
2π

Z
1

−1

dy
η
kqqð0Þ

�
x
η
;
y
η

�
Hq

valenceðy; η; t; μ2Þ þOðα2sÞ:

ðD4Þ

kqqð0Þðx=η; y=ηÞ is the leading-order quark-quark generalized

exclusive kernel (see Eq. 4.38 in [11] for its explicit form),
with Gegenbauer polynomials C3=2

j−1ðxÞ as eigenfunctions,Z
1

−1

dx
η
C3=2
j−1

�
x
η

�
kqqð0Þ

�
x
η
;
y
η

�
¼ γqq;Vð0Þj−1C

3=2
j−1

�
y
η

�
: ðD5Þ

Conversely, since the exclusive kernel is diagonal in the
Gegenbauer basis which is complete in L2½−1; 1�, the
explicit solution to (D4) is (see Eq. 4.242 in [11])

Hq
valenceðx; η; t; μ2Þ

¼ 1

η

X∞
j¼1

wðxη j 32Þ
ηj−1Nj−1ð32Þ

C3=2
j−1

�
x
η

�
Fq
jðvalenceÞðη; t; μ2Þ ðD6Þ
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for odd j ¼ 1; 3;…. Here the weight and normalization
factors are

wðxjνÞ ¼ ð1 − x2Þν−1=2;

Nj−1ðνÞ ¼ 21−2ν
Γ2ð1=2ÞΓð2νþ ðj − 1ÞÞ

Γ2ðνÞΓððj − 1Þ þ 1Þðνþ ðj − 1ÞÞ :

2. RG evolution of singlet quark and gluon GPDs

The combined singlet vector quark and gluon GPDs,

Fðx; η; t; μ2Þ≡
�P

qF
q
singletðx; η; t; μ2Þ

Fgðx; η; t; μ2Þ
�
; ðD7Þ

evolve in leading order as (see Eq. 4.264 in [11])

Fðx; η; t; μ2Þ ¼ 1

η

X∞
j¼2

Ej

�
x
η

�
Fjðη; t; μ2Þ ðD8Þ

for even j ¼ 2; 4;…, with the matrix valued coeffcients

EjðxÞ ¼
 
Ej−1ðxj 32Þ 0

0 Ej−2ðxj 52Þ

!
;

EjðxjνÞ ¼
wðxjνÞ
ηjNjðνÞ

Cν
jðxÞ: ðD9Þ

Note that we do not need to reexpand the GPDs using
additional orthogonal polynomials, since our input
GPDs are nonzero only for −η < x < η. Equation (D8)
is invertible

Fjðη; t; μ2Þ ¼
Z

1

0

dx

0@ ηj−1C3=2
j−1ðx=ηÞ 0

0 ηj−2C5=2
j−2ðx=ηÞ

1CA
× Fðx; η; t; μ2Þ; ðD10Þ

thanks to the ortogonality and completeness of the
Gegenbauer polynomials.
Equation (D10) evolves as (see Eq. 4.271 in [11])

Fjðη; t; μ2Þ ¼ Ej−1ðμ2; μ20ÞFjðη; t; μ20Þ; ðD11Þ

with the evolution operator

Ejðμ2;μ20Þ¼Pþj

�
αsðμ20Þ
αsðμ2Þ

�
γþj =β0þP−

j

�
αsðμ20Þ
αsðμ2Þ

�
γ−j =β0

; ðD12Þ

given in terms of the projection operators

P�j ¼
�1

γþj − γ−j
ðγð0Þj − γ∓j Þ; ðD13Þ

constructed from the eigenvalues of the leading-order
anomalous dimension matrix

γð0Þj ¼
 
γqqð0Þj γqgð0Þj
γgqð0Þj γggð0Þj

!
ðD14Þ

as

γ�j ¼
1

2

 
γqqð0Þj þ γggð0Þj �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
γqqð0Þj − γggð0Þj

�
2 þ 4γgqð0Þjγ

qg
ð0Þj

r !
:

ðD15Þ

The projection operators have the properties

ðP�j Þ2 ¼ P�j ; Pþj P
−
j ¼ 0; Pþj þ P−

j ¼ 1; ðD16Þ

and

γð0Þj ¼ γþj P
þ
j þ γ−j P

−
j : ðD17Þ

Note that, at leading- ¼ order, the evolution operator
satisfies the equation (see Eq. 4.272 in [11])

d
d ln αsðμ2Þ

Ejðμ2; μ20Þ ¼ −
1

β0
γð0ÞjEjðμ2; μ20Þ ðD18Þ

with the boundary condition

Ejðμ20; μ20Þ ¼ 1 ¼
�
1 0

0 1

�
:

In addition, the leading-order diagonal anomalous
dimensions are given by (see Eq. 4.152–4.159 in [11])

γqq;Vð0Þj ¼−CF

�
−4ψðjþ2Þþ4ψð1Þþ 2

ðjþ1Þðjþ2Þþ3

�
;

ðD19Þ

γqg;Vð0Þj ¼ − 24NfTF
j2 þ 3jþ 4

jðjþ 1Þðjþ 2Þðjþ 3Þ ; ðD20Þ

γgq;Vð0Þj ¼ − CF
j2 þ 3jþ 4

3ðjþ 1Þðjþ 2Þ ; ðD21Þ
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γgg;Vð0Þj ¼ −CA

�
−4ψðjþ 2Þ þ 4ψð1Þ

þ 8
j2 þ 3jþ 3

jðjþ 1Þðjþ 2Þðjþ 3Þ −
β0
CA

�
; ðD22Þ

and

γqq;Að0Þj ¼ −CF

�
−4ψðjþ 2Þ þ 4ψð1Þ þ 2

ðjþ 1Þðjþ 2Þ þ 3

�
;

ðD23Þ

γqg;Að0Þj ¼ − 24NfTF
1

ðjþ 1Þðjþ 2Þ ; ðD24Þ

γgq;Að0Þj ¼ − CF
jðjþ 3Þ

3ðjþ 1Þðjþ 2Þ ; ðD25Þ

γgg;Að0Þj ¼−CA

�
−4ψðjþ2Þþ4ψð1Þþ 8

ðjþ1Þðjþ2Þ−
β0
CA

�
:

ðD26Þ

We can rewrite the RG evolution of the singlet
Gegenbauer moments (D11) more explicitly in terms of

the projection operators as

Fjðη; t; μ2Þ ¼ Pþj−1Fjðη; t; μ20Þ ×
�
αsðμ20Þ
αsðμ2Þ

�
γþj−1=β0

þ P−
j−1Fjðη; t; μ20Þ ×

�
αsðμ20Þ
αsðμ2Þ

�
γ−j−1=β0

: ðD27Þ

And, using

P�j−1Fjðη;t;μ20Þ¼
�2

γþj−1−γ−j−1

�γqqð0Þj−1−γ∓j−1
γgqð0Þj−1

�
F�j ðη;t;μ20Þ

ðD28Þ

with

F�j ðη; t; μ20Þ ¼
1

4

γqgð0Þj−1
γqqð0Þj−1 − γ∓j−1

F g
jðη; t; μ20Þ; ðD29Þ

we find the evolved singlet quark and gluon GPDs in matrix
form as

Fjðη; t; μ2Þ ¼
2

γþj−1 − γ−j−1

� γqqð0Þj−1 − γ−j−1

γgqð0Þj−1

�
Fþj ðη; t; μ20Þ ×

�
αsðμ20Þ
αsðμ2Þ

�
γþj−1=β0

þ −2
γþj−1 − γ−j−1

� γqqð0Þj−1 − γþj−1

γgqð0Þj−1

�
F−
j ðη; t; μ20Þ ×

�
αsðμ20Þ
αsðμ2Þ

�
γ−j−1=β0

;

¼

0BB@
2
�
γqqð0Þj−1−γ

−
j−1


γþj−1−γ

−
j−1

2
�
γgqð0Þj−1


γþj−1−γ

−
j−1

1CCAFþj ðη; t; μ20Þ
�
αsðμ20Þ
αsðμ2Þ

�
γþj−1=β0 þ

0BB@
−2
�
γqqð0Þj−1−γ

þ
j−1


γþj−1−γ

−
j−1

−2
�
γgqð0Þj−1


γþj−1−γ

−
j−1

1CCAF−
j ðη; t; μ20Þ

�
αsðμ20Þ
αsðμ2Þ

�
γ−j−1=β0

;

¼

0BB@
2
�
γqqð0Þj−1−γ

−
j−1


γþj−1−γ

−
j−1

Fþj ðη; t; μ20Þ
�

αsðμ20Þ
αsðμ2Þ

�
γþj−1=β0

2
�
γgqð0Þj−1


γþj−1−γ

−
j−1

Fþj ðη; t; μ20Þ
�

αsðμ20Þ
αsðμ2Þ

�
γþj−1=β0

1CCAþ
0BB@

−2
�
γqqð0Þj−1−γ

þ
j−1


γþj−1−γ

−
j−1

F−
j ðη; t; μ20Þ

�
αsðμ20Þ
αsðμ2Þ

�
γ−j−1=β0

−2
�
γgqð0Þj−1


γþj−1−γ

−
j−1

F−
j ðη; t; μ20Þ

�
αsðμ20Þ
αsðμ2Þ

�
γ−j−1=β0

1CCA;

¼

0BB@
2
�
γqqð0Þj−1−γ

−
j−1


γþj−1−γ

−
j−1

Fþj ðη; t; μ20Þ
�

αsðμ20Þ
αsðμ2Þ

�
γþj−1=β0 þ −2

�
γqqð0Þj−1−γ

þ
j−1


γþj−1−γ

−
j−1

F−
j ðη; t; μ20Þ

�
αsðμ20Þ
αsðμ2Þ

�
γ−j−1=β0

2
�
γgqð0Þj−1


γþj−1−γ

−
j−1

Fþj ðη; t; μ20Þ
�

αsðμ20Þ
αsðμ2Þ

�
γþj−1=β0 þ −2

�
γgqð0Þj−1


γþj−1−γ

−
j−1

F−
j ðη; t; μ20Þ

�
αsðμ20Þ
αsðμ2Þ

�
γ−j−1=β0

1CCA: ðD30Þ

Therefore, we explicitly find

Fjðη; t; μ2Þ ¼

0B@
P
q
Fq
jðsingletÞðη; t; μ2Þ

F g
jðη; t; μ2Þ

1CA; ðD31Þ
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whereX
q

Fq
jðsingletÞðη; t; μ2Þ

∝
2
�
γqqð0Þj−1 − γ−j−1

�
γþj−1 − γ−j−1

× Fþj ðη; t; μ20Þ ×
�
αsðμ20Þ
αsðμ2Þ

�
γþj−1=β0

þ
−2
�
γqqð0Þj−1 − γþj−1

�
γþj−1 − γ−j−1

× F−
j ðη; t; μ20Þ ×

�
αsðμ20Þ
αsðμ2Þ

�
γ−j−1=β0

;

ðD32Þ

F g
jðη;t;μ2Þ∝

2
�
γgqð0Þj−1

�
γþj−1−γ−j−1

×Fþj ðη;t;μ20Þ×
�
αsðμ20Þ
αsðμ2Þ

�
γþj−1=β0

þ
−2
�
γgqð0Þj−1

�
γþj−1−γ−j−1

×F−
j ðη;t;μ20Þ×

�
αsðμ20Þ
αsðμ2Þ

�
γ−j−1=β0

;

ðD33Þ

for even j ¼ 2; 4;…. Note that we fix the proportionality
constants in the above equations (D32) and (D33)
by demanding that

P
q F

q
jðsingletÞðη; t; μ2 ¼ μ20Þ ¼ 0, and

F g
jðη; t; μ2 ¼ μ20Þ ¼ F g

jðη; t; μ20Þ, i.e.,

X
q

Fq
jðsingletÞðη;t;μ2Þ

¼1

3
×
2
�
γqqð0Þj−1−γ−j−1

�
γþj−1−γ−j−1

×Fþj ðη;t;μ20Þ×
�
αsðμ20Þ
αsðμ2Þ

�
γþj−1=β0

þ1

3
×
−2
�
γqqð0Þj−1−γþj−1

�
γþj−1−γ−j−1

×F−
j ðη;t;μ20Þ×

�
αsðμ20Þ
αsðμ2Þ

�
γ−j−1=β0

;

ðD34Þ

F g
jðη; t; μ2Þ

¼ 2 ×
2
�
γgqð0Þj−1

�
γþj−1 − γ−j−1

× Fþj ðη; t; μ20Þ ×
�
αsðμ20Þ
αsðμ2Þ

�
γþj−1=β0

þ 2 ×
−2
�
γgqð0Þj−1

�
γþj−1 − γ−j−1

× F−
j ðη; t; μ20Þ ×

�
αsðμ20Þ
αsðμ2Þ

�
γ−j−1=β0

:

ðD35Þ

Finally, in terms of the evolved conformal (Gegenbauer)
moments (3.3)–(3.4), the evolved singlet quark and gluon
GPDs are given by

X
q

Fq
singletðx; η; t; μ2Þ ¼

1

η

X∞
j¼2

w
�
x
η j 32
�

ηj−1Nj−1

�
3
2

�C3=2
j−1

�
x
η

�
×
X
q

Fq
jðsingletÞðη; t; μ2Þ;

¼ 1

η
×

�
1 −

x2

η2

�
×
X∞
j¼2

1

ηj−1
×

1

Nj−1

�
3
2

� × C3=2
j−1

�
x
η

�
×
X
q

Fq
jðsingletÞðη; t; μ2Þ ðD36Þ

and

Fgðx; η; t; μ2Þ ¼ 1

η

X∞
j¼2

w
�
x
η j 52
�

ηj−2Nj−2

�
5
2

�C5=2
j−2

�
x
η

�
× F g

jðη; t; μ2Þ;

¼ 1

η
×

�
1 −

x2

η2

�
2

×
X∞
j¼2

1

ηj−2
×

1

Nj−2

�
5
2

� × C5=2
j−2

�
x
η

�
× F g

jðη; t; μ2Þ: ðD37Þ

3. Evolution of quark and gluon GPDs to the asymptotic regime μ → ∞
For completeness, we summarize the asymptotic forms of the GPDs at infinite resolution, which are fixed by the free

parton model and are dominated by the leading spin-1 or spin-2 Gegenbauer moments. More explicitly, the asymptotic
GPDs for nonsinglet (valence) quark GPDs are (see Eq. 4.245 in [11])

Hq
valenceðx; η; t; μ2 → ∞Þ ¼ 3

4
×
1

η
×

�
1 −

x2

η2

�
× Fq

1ðtÞ × θðη − jxjÞ;

Eq
valenceðx; η; t; μ2 → ∞Þ ¼ 3

4
×
1

η
×

�
1 −

x2

η2

�
× Fq

2ðtÞ × θðη − jxjÞ: ðD38Þ
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For singlet quark GPDs, they are (see Eqs. 4.289 and 4.290 in [11])

X
q

Hq
singletðx; η; t; μ2 → ∞Þ ¼ 15

4

Nf

4CF þ Nf
×
1

η
×
�
1 −

x2

η2

�
×
1

η
×
x
η
×
X
q

n
AqðtÞ þ η2DqðtÞ

o
× θðη − jxjÞ;

X
q

Eq
singletðx; η; t; μ2 → ∞Þ ¼ 15

4

Nf

4CF þ Nf
×
1

η
×
�
1 −

x2

η2

�
×
1

η
×
x
η
×
X
q

n
EqðtÞ − η2DqðtÞ

o
× θðη − jxjÞ: ðD39Þ

And, for gluon GPDs, they are (see Eqs. 4.291 and 4.292 in [11])

Hgðx; η; t; μ2 → ∞Þ ¼ 15

8

4CF

4CF þ Nf
×
1

η
×

�
1 −

x2

η2

�
2

×
n
AgðtÞ þ η2DgðtÞ

o
× θðη − jxjÞ;

Egðx; η; t; μ2 → ∞Þ ¼ 15

8

4CF

4CF þ Nf
×
1

η
×

�
1 −

x2

η2

�
2

×
n
EgðtÞ − η2DgðtÞ

o
× θðη − jxjÞ: ðD40Þ

4. Matching λ in soft-wall holographic QCD
to λsðμ20Þ in pQCD

In our previous work [8], we fixed the ’t Hooft coupling
λ ¼ 11.243 in the soft-wall holographic QCD by using the
photoproduction data for J=Ψ. Now, we suggest to map this
fixed and large ’t Hooft coupling in holographic QCD to the
running ’t Hooft coupling in pQCD, which will allow us to
determine the value of the initial scale μ0. More specifi-
cally, the running ’t Hooft coupling λsðμ20Þ ¼ g2sðμ20ÞNc ¼
αsðμ20Þ × 4π × Nc at μ ¼ μ0 maps onto

λsðμ20Þ ¼ λ ¼ 11.243 ðD41Þ

which translates to

αsðμ20Þ ¼
λsðμ20Þ
4πNc

¼ λ

4πNc
¼ 11.243

4πNc
¼ 0.298: ðD42Þ

This result is remarkably close to the value of 1
3
commonly

used to initialize pQCD evolutions. This is welcome since
our holographic description is set to describe the non-
perturbative physics at μ0. Therefore, using αsðμ20Þ ¼ 0.298
in the two-loop exact transcendental equation for the QCD
running coupling constant αsðμ2Þ [11]

−β0 ln
μ2

Λ2

MS

¼ 4π

αsðμ2Þ
−
β1
β0

ln

�
−

4π

β0αsðμ2Þ
−
β1
β20

�
ðD43Þ

with

β0 ¼
4

3
TFNf −

11

3
CA; ðD44Þ

β1 ¼
10

3
CANf þ 2CFNf −

34

3
C2
A; ðD45Þ

and

TF ¼
1

2
; CF ¼

N2
c − 1

2Nc
; CA ¼ Nc; ðD46Þ

we find the input scale μ0 ¼ 1.808 GeV (or μ20 ¼
3.269 GeV2), using Nc ¼ Nf ¼ 3, and ΛMS ¼ 0.34 GeV.

APPENDIX E: EXCLUSIVE
ELECTROPRODUCTION OF MESONS AND

PHOTON WITH TWIST-2 QUARK AND GLUON
GPDs IN QCD

In this section of the appendix, we review the various
amplitudes for electroproduction of mesons and photon
with twist-2 quark and gluon GPDs in QCD.

1. Electroproduction of vector mesons with twist-2
gluon GPD in QCD

In pQCD, the twist-2 gluon GPD drives the near-forward
electromagnetic production of heavy vector mesons
such as charmonia and bottomonia, in the Regge limit,
as illustrated in Fig. 1(a). More specifically, the gluon
GPDs contribution Fgðx; η; t; μ2Þ to the longitudinal vector
meson electroproduction amplitude is given by (see
Eq. 282 in [14])
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ϵLμϵ
0�
LνTtðwith gluon GPDsÞ ¼ ALL

gluon ¼ e ×
1

8
×

1

N2
c
× g2sðμ2ÞNc ×

1

Q

×

�Z
1

0

dz
X
q

eq
ΦqðzÞ
zð1 − zÞ

�
×
Z

1

−1
dx

Fgðx; η; t; μ2Þ
x

�
1

ξ − x − iϵ
−

1

ξþ x − iϵ

�
: ðE1Þ

In leading order in 1=Q and αs, the meson structure function enters as a constant through the integral of the pertinent quark
flavor combination in the meson DA ΦqðzÞ. On the light front

hþ ¼ ūðp2Þγþuðp1Þ ≈
pþ

2mN
× ūðp2Þuðp1Þ;

and ignoring the Pauli contribution Egðx; η; t; μ2Þ to Fgðx; η; t; μ2Þ for Q ≫
ffiffiffiffiffi
−t
p

, we have

Fgðx; η; t; μ2Þ ≈ hþ

pþ
Hgðx; η; t; μ2Þ ¼ Hgðx; η; t; μ2Þ × 1

2mN
× ūðp2Þuðp1Þ; ðE2Þ

which simplifies to

ALL
gluonðξ; t; μ2Þ ¼ e ×

1

4
×

1

N2
c
×

1

Q
× λsðμ2Þ ×

�Z
1

0

dz
X
q

eq
ΦqðzÞ
zð1 − zÞ

�
×

1

ξ2
×
Z

1

0

dx
Hgðx; η; t; μ2Þ
ð1 − x2

ξ2
Þ ×

1

mN
× ūðp2Þuðp1Þ;

ðE3Þ
where we have defined the running ’t Hooft coupling constant in QCD as λsðμ2Þ≡ g2sðμ2ÞNc.
The gluon GPD at μ ¼ μ0 can be written in terms of their Gegenbauer (conformal) moments F g

j−2ðη; t; μ20Þ as

Hgðx; η; t; μ20Þ ¼
1

η

X∞
j¼2

wðxη j 52Þ
ηj−2Nj−2ð52Þ

C5=2
j−2

�
x
η

�
F g
jðη; t; μ20Þ × θðη − jxjÞ;

¼ 1

η
×

�
1 −

x2

η2

�
2

×
X∞
j¼2

1

ηj−2
×

1

Nj−2ð52Þ
× C5=2

j−2

�
x
η

�
× F g

jðη; t; μ20Þ × θðη − jxjÞ; ðE4Þ

for even j ¼ 2; 4;…, where we used the weight and normalization factors as

wðxjνÞ ¼ ð1 − x2Þν−1=2; Nj−2ðνÞ ¼ 21−2ν
Γ2ð1=2ÞΓð2νþ ðj − 2ÞÞ

Γ2ðνÞΓððj − 2Þ þ 1Þðνþ ðj − 2ÞÞ :

And, using the conformal expansion of gluon GPDs (E4) in the amplitude (E3), we find

ALL
gluonðξ; t; μ20Þ ¼ e ×

1

4
×

1

N2
c
×

1

Q0

× λsðμ2Þ ×
�Z

1

0

dz
X
q

eq
ΦqðzÞ
zð1 − zÞ

�
×

�
1

ξ2
×
Z

1

0

dx
Hgðx; η; t; μ20Þ
ð1 − x2

ξ2
Þ

þ iπHgðξ; η; t; μ20Þ þ iπHgð−ξ; η; t; μ20Þ
�
×

1

mN
× ūðp2Þuðp1Þ;

¼ e ×
1

4
×

1

N2
c
×

1

Q0

× λsðμ2Þ ×
�Z

1

0

dz
X
q

eq
ΦqðzÞ
zð1 − zÞ

�
×

1

mN
× ūðp2Þuðp1Þ

×

"
1

ξ2
×
X∞
j¼2

1

ηj−2
×

1

Nj−2ð52Þ
×

"Z
η

0

dx
η

�
1 − x2

η2

�
2�

1 − x2

ξ2

� × C5=2
j−2

�
x
η

�#
× F g

jðη; t; μ20Þ

þ iπHgðξ; η; t; μ20Þ þ iπHgð−ξ; η; t; μ20Þ
#
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≈ e ×
1

4
×

1

N2
c
×

1

Q0

× λsðμ2Þ ×
�Z

1

0

dz
X
q

eq
ΦqðzÞ
zð1 − zÞ

�
×

1

mN
× ūðp2Þuðp1Þ

×
X∞
j¼2

1

ξj
×

1

Nj−2ð52Þ
×

�Z
ξ

0

dx
ξ

�
1 −

x2

ξ2

�
× C5=2

j−2

�
x
ξ

��
× F g

jðξ; t; μ20Þ; ðE5Þ

where in the last line we have used η ∼ ξ, and dropped the iπHg contributions as they vanish in the Regge kinematics.

2. DVCS with twist-2 quark GPDs in QCD

The leading order pQCD deep virtual Compton scattering (DVCS) amplitude written in terms of quark GPDs in the twist-
2 approximation is given by [11] (see Eq. 5.32 there)

Tμν
with quark GPDs ¼

1

2p · q̃

Z
1

−1
dx
X
q

Cq½−�
ð0Þ ðx; ξÞ

n
ðp · q̃ÞSμν;ρσnσFq

ρðx; η;ΔÞ þ iεμνρσpσ

�
xF̃q

ρðx; η;ΔÞ
�o

þ 1

2p · q̃

Z
1

−1
dx
X
q

Cq½þ�
ð0Þ ðx; ξÞ

n
2iεμνρσq̃σF̃

q
ρðx; η;ΔÞ

o
: ðE6Þ

The tree-level coefficient functions are

Cq½��
ð0Þ ðx; ξÞ ¼

Q2
q

ξ − x − iϵ
� Q2

q

ξþ x − iϵ
≡Q2

q × C½��ð0Þðx; ξÞ; ðE7Þ

and the distributions in the twist-2 approximation are given by

Fq
ρðx; η;ΔÞ ¼ pρ

�
hþ

pþ
Hqðx; η;ΔÞ þ eþ

pþ
Eqðx; η;ΔÞ

�
¼ pρ × Fqðx; η;ΔÞ; ðE8Þ

F̃q
ρðx; η;ΔÞ ¼ pρ

�
h̃þ

pþ
H̃qðx; η;ΔÞ þ ẽþ

pþ
Ẽqðx; η;ΔÞ

�
¼ pρ × F̃qðx; η;ΔÞ: ðE9Þ

a. Vector contribution

By contracting (E6) with the transverse TT polarization tensors, we can separate the vector contribution to DVCS as

ϵTμϵ
0�
TνT

μν
with quark GPDs ¼ −ϵT · ϵ0T ×

1

2

Z
1

−1
dx
X
q

Cq½−�
ð0Þ ðx; ξÞ × pþ × Fqðx; η;ΔÞ: ðE10Þ

The singlet vector quark GPDs at μ ¼ μ0 can be written in terms of their conformal (Gegenbauer) moments
Fq
jðsingletÞðη; t; μ20Þ as

Hq
singletðx; η; t; μ20Þ ¼

1

η

X∞
j¼2

w
�
x
η

			 32�
ηj−1Nj−1

�
3
2

�C3=2
j−1

�
x
η

�
Fq
jðsingletÞðη; t; μ20Þ

¼ 1

η
×

�
1 −

x2

η2

�
×
X∞
j¼2

1

ηj−1
×

1

Nj−1

�
3
2

� × C3=2
j−1

�
x
η

�
× Fq

jðsingletÞðη; t; μ20Þ; ðE11Þ

for even j ¼ 2; 4;…, where we used the weight and normalization factors as

wðxjνÞ ¼ ð1 − x2Þν−1=2; Nj−1ðνÞ ¼ 21−2ν
Γ2ð1=2ÞΓð2νþ ðj − 1ÞÞ

Γ2ðνÞΓððj − 1Þ þ 1Þðνþ ðj − 1ÞÞ :
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And, using the conformal expansion of singlet quark GPDs (E11) in the vector part of the amplitude (E10), we find

ϵTμϵ
0�
TνT

μν
with quark GPDs ¼ −ϵT · ϵ0T ×N0

c ×
1

2mN
× ūðp2Þuðp1Þ×

1

2

�Z
1

0

dx
X
q

Q2
q ×

2x
ξ2 − x2

×Hq
singletðx;η; t;μ20Þ

þ iπ
X
q

Q2
q ×Hq

singletðξ;η; t;μ20Þ þ iπ
X
q

Q2
q ×Hq

singletð−ξ;η; t;μ20Þ
�
;

¼ −ϵT · ϵ0T ×N0
c ×

1

2mN
× ūðp2Þuðp1Þ

1

2

241
ξ
×
X∞
j¼2

1

ηj−1
×

1

Nj−1

�
3
2

�× 2

"Z
η

0

dx
η

x
ξ

�
1− x2

η2

�
1− x2

ξ2

×C3=2
j−1

�
x
η

�#

×
X
q

Q2
q × Fq

jðsingletÞðη; t;μ20Þ þ iπ
X
q

Q2
q ×Hq

singletðξ;η; t;μ20Þ þ iπ
X
q

Q2
q ×Hq

singletð−ξ;η; t;μ20Þ
35

≈ −ϵT · ϵ0T ×N0
c ×

1

2mN
× ūðp2Þuðp1Þ

×
X∞
j¼2

1

ξj
×

1

Nj−1

�
3
2

�× �Z ξ

0

dx
ξ
×
x
ξ
×C3=2

j−1

�
x
ξ

��
×
X
q

Q2
q × Fq

jðsingletÞðξ; t;μ20Þ ðE12Þ

for even j ¼ 2; 4;…, and, in the last line, we have used η ∼ ξ. The iπHq contribution vanishes at ξ ¼ �η.

b. Axial contribution

By contracting (E6) with the longitudinal-transverse LT polarization tensors, we can separate the axial contribution to
DVCS as

ϵLμϵ
0�
TνT

μν
with quark GPDs ¼

1

2p · q̃

Z
1

−1
dx
X
q

Cq½þ�
ð0Þ ðx; ξÞ

n
ϵLμϵ

0�
Tν × 2iεμνρσq̃σpρ × F̃qðx; η;ΔÞ

o
: ðE13Þ

The singlet axial-vectror quark GPDs at μ ¼ μ0 can be written in terms of their Gegenbauer (conformal) moments
F̃q
jðsingletÞðη; t; μ20Þ as

X
q

Q2
qH̃

q
singletðx; η; t; μ20Þ ¼

1

η
×
�
1 −

x2

η2

�
×
X∞
j¼1

1

Nj−1

�
3
2

� × 1

ηj−1
× C3=2

j−1

�
x
η

�
×
X
q

Q2
qF̃

q
jðsingletÞðη; t; μ20Þ ðE14Þ

for odd j ¼ 1; 3;…. And, using the conformal expansion of the axial-vector singlet quark GPDs (E14) in the axial part of
the DVCS amplitude (E13), we find

ϵLμϵ
0�
TνT

μν
with quark GPDs ¼ ϵLμϵ

0�
Tν × N0

c × iεμνρσq̃σpρ ×
1

pþ
× ūðp2Þγþγ5uðp1Þ

×
2

Q2
× ξ ×

�Z
1

0

dx
2ξ

ξ2 − x2
×
X
q

Q2
qH̃

q
singletðx; η; t; μ20Þ þ iπ

X
q

Q2
qH̃

q
singletðξ; η; t; μ20Þ

þ iπ
X
q

Q2
qH̃

q
singletð−ξ; η; t; μ20Þ

�
;

¼ ϵLμϵ
0�
Tν × N0

c × iεμνρσq̃σpρ ×
1

pþ
× ūðp2Þγþγ5uðp1Þ
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×
2

Q2
×

�X∞
j¼1

1

ηj−1
×

2

Nj−1

�
3
2

� ×

�Z
η

0

dx
η

1 − x2

η2

1 − x2

ξ2

× C3=2
j−1

�
x
η

��
×
X
q

Q2
qF̃

q
jðsingletÞðη; t; μ20Þ

þ iπ
X
q

Q2
qH̃

q
singletðξ; η; t; μ20Þ þ iπ

X
q

Q2
qH̃

q
singletð−ξ; η; t; μ20Þ

�
;

≈ ϵLμϵ
0�
Tν × N0

c × iεμνρσq̃σpρ ×
1

pþ
× ūðp2Þγþγ5uðp1Þ

×
4

Q2
×
X∞
j¼1

1

ξj−1
×

1

Nj−1

�
3
2

� ×

�Z
ξ

0

dx
ξ
C3=2
j−1

�
x
ξ

��
×
X
q

Q2
qF̃

q
jðsingletÞðη ∼ ξ; t; μ20Þ; ðE15Þ

for odd j ¼ 1; 3;…. In the last line we have used η ∼ ξ and dropped the iπH̃q in the Regge limit.

3. Pair meson electroproduction with nonsinglet (valence) vector quark GPDs in QCD

In leading order in αs, the amplitude for electroproduction of a pair of pions (or any other pair of mesons) in pQCD
is illustrated in Fig. 2(a). It is given in terms of gluon DA of mesons, and quark GPDs as (see Eq. 283 in [14] and Eq. 10
in [32])

ALL
γ�p→ππpðs;t;Q;ϵL;mππÞ¼ e×

2×4παs
Nc

1

Q

Z
1

0

dz
ΦgðzÞ
zð1− zÞ×

Z
1

−1
dx
X
q

QqFqðx;η; t;μ2Þ
�

1

ξ−x− iϵ
þ 1

ξþx− iϵ

�
: ðE16Þ

In leading order, ΦgðzÞ is the gluon distribution amplitude for the emission of two pions, with z a gluon-parton fraction of
the 2-pion longitudinal momentum in the final state. Fqðx; η; t; μ2Þ is the unpolarized and skewed quark parton distribution
in the nucleon, with both skewed Dirac and Pauli form factors. In the Regge limit with s ≫ −t, we can ignore the Pauli
contribution and rewrite (E16) as

ALL
γ�p→ππpðs; t; Q; ϵL;mππÞ ¼ e ×

2g2sNc

N2
c

1

Q

�Z
1

0

dz
ΦgðzÞ
zð1 − zÞ

�
×

1

2mN
× ūðp2Þuðp1Þ

×
Z

1

0

dx
X
q

QqH
q
valenceðx; η; t; μ2Þ

�
1

ξ − x − iϵ
þ 1

ξþ x − iϵ

�
: ðE17Þ

The nonsinglet (valence) vector quark GPDs at μ ¼ μ0 can be written in terms of their conformal (Gegenbauer) moments
Fq
jðvalenceÞðη; t; μ20Þ as

Hq
valenceðx; η; t; μ20Þ ¼

1

η

X∞
j¼1

w
�
x
η

			 32�
ηj−1Nj−1

�
3
2

�C3=2
j−1

�
x
η

�
Fq
jðvalenceÞðη; t; μ20Þ × θðη − jxjÞ;

¼ 1

η
×

�
1 −

x2

η2

�
×
X∞
j¼1

1

ηj−1
×

1

Nj−1

�
3
2

� × C3=2
j−1

�
x
η

�
× Fq

jðvalenceÞðη; t; μ20Þ × θðη − jxjÞ; ðE18Þ

for odd j ¼ 1; 3;…, where we have used the weight and normalization factors as

wðxjνÞ ¼ ð1 − x2Þν−1=2; Nj−1ðνÞ ¼ 21−2ν
Γ2ð1=2ÞΓð2νþ ðj − 1ÞÞ

Γ2ðνÞΓððj − 1Þ þ 1Þðνþ ðj − 1ÞÞ :

And, using the conformal expansion (E18) in the amplitude (E17), we find
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ALL
γ�p→ππpðs; t; Q0; ϵL;mππÞ ¼ e × λsðμ0Þ ×

2

N2
c
×

1

Q0

×

�Z
1

0

dz
ΦgðzÞ
zð1 − zÞ

�
×

1

2mN
× ūðp2Þuðp1Þ

×

�Z
1

0

dx
2ξ

ξ2 − x2
×
X
q

QqH
q
valenceðx; η; t; μ20Þ þ iπ

X
q

QqH
q
valenceðξ; η; t; μ20Þ

þ iπ
X
q

QqH
q
valenceð−ξ; η; t; μ20Þ

�
;

¼ e × λsðμ0Þ ×
2

N2
c
×

1

Q0

×

�Z
1

0

dz
ΦgðzÞ
zð1 − zÞ

�
×

1

2mN
× ūðp2Þuðp1Þ

×

242
ξ
×
X∞
j¼1

1

ηj−1
×

1

Nj−1

�
3
2

� × "Z η

0

dx
η
×
1 − x2

η2

1 − x2

ξ2

× C3=2
j−1

�
x
η

�#
×
X
q

QqF
q
jðvalenceÞðη; t; μ20Þ

þ iπ
X
q

QqH
q
valenceðξ; η; t; μ20Þ þ iπ

X
q

QqH
q
valenceð−ξ; η; t; μ20Þ

35;
≈ e × λsðμ0Þ ×

4

N2
c
×

1

Q0

×

�Z
1

0

dz
ΦgðzÞ
zð1 − zÞ

�
×

1

2mN
× ūðp2Þuðp1Þ

×
X∞
j¼1

1

ξj
×

1

Nj−1

�
3
2

� × �Z ξ

0

dx
ξ
C3=2
j−1

�
x
ξ

��
×
X
q

QqF
q
jðvalenceÞðη ∼ ξ; t; μ20Þ; ðE19Þ

for odd j ¼ 1; 3;…. In the last line, we have used η ∼ ξ, and dropped the iπHq contributions as they vanish in the Regge
limit.

4. Neutral pion electroproduction with nonsinglet (valence) axial quark GPDs in QCD

In the leading-twist expansion, the pQCD electroproduction of neutral pion (π0) in Fig. 4(a) can be written in terms of the
meson DAs and the nucleon axial quark GPDs (see Eq. 230 with Eqs. 231 and 232 in [12])

ALL
γ�p→π0pðs; t; Q; ϵL; ϵ0LÞ ¼ e ×

CF

Nc
×
1

2
× ð4παsÞ ×

1

Q
×

�Z
1

0

dz
ΦπðzÞ
z

�
×

1

pþ



Aπ0Nh̃

þ þ Bπ0Nẽ
þ
�
; ðE20Þ

where Φπ0ðzÞ is the pion distribution amplitude (DA),

Aπ0p ¼
Z

1

−1
dx

−1ffiffiffi
2
p
�
QuH̃uðx; η; t; μ2Þ −QdH̃dðx; η; t; μ2Þ

�
 1

ξ − x − iϵ
−

1

ξþ x − iϵ

�
;

Bπ0p ¼
Z

1

−1
dx

−1ffiffiffi
2
p
�
QuẼuðx; η; t; μ2Þ −QdẼdðx; η; t; μ2Þ

�
 1

ξ − x − iϵ
−

1

ξþ x − iϵ

�
: ðE21Þ

Using the Casimir CF ¼ N2
c−1
2Nc

≈ Nc
2
in the large-Nc limit, and defining the ’t Hooft coupling constant as g2sNc ¼ λs, we can

rewrite (E20) as

ALL
γ�p→π0pðs; t; Q; ϵL; ϵ0LÞ ¼ e ×

1

2
×
1

2
×

1

Nc
× λs ×

1

Q
×

�Z
1

0

dz
ΦπðzÞ
z

�
×

1

pþ
× uðp2Þγþγ5uðp1Þ ×

−1ffiffiffi
2
p

×
Z

1

0

dx
�
QuH̃u

valenceðx; η; t; μ2Þ −QdH̃d
valenceðx; η; t; μ2Þ

�
 1

ξ − x − iϵ
−

1

ξþ x − iϵ

�
; ðE22Þ

where we have ignored the Pauli contribution for s ≫ −t.
The nonsinglet (valence) axial quark GPDs at μ ¼ μ0 can be written in terms of their Gegenbauer (conformal) moments

F̃q
jðvalenceÞðη; t; μ20Þ as
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H̃q
valenceðx; η; t; μ20Þ ¼

1

η

X∞
j¼2

w
�
x
η

			 32�
ηj−1Nj−1

�
3
2

�C3=2
j−1

�
x
η

�
F̃q
jðvalenceÞðη; t; μ20Þ

¼ 1

η
×
�
1 −

x2

η2

�
×
X∞
j¼2

1

ηj−1
×

1

Nj−1

�
3
2

� × C3=2
j−1

�
x
η

�
× F̃q

jðvalenceÞðη; t; μ20Þ ðE23Þ

for even j ¼ 2; 4;…. And, using the conformal expansion of axial-vector valence quark GPDs (E23) in the π0 production
amplitude (E22), we find

ALL
γ�p→π0pðs; t; Q0; ϵL; ϵ0LÞ ¼ e ×

1

2
×
1

2
×

1

Nc
× λsðμ0Þ ×

1

Q0

×

�Z
1

0

dz
ΦπðzÞ
z

�
×

1

pþ
× uðp2Þγþγ5uðp1Þ ×

−1ffiffiffi
2
p

×

�Z
1

0

dx
2x

ξ2 − x2
×
�
QuH̃u

valenceðx; η; t; μ20Þ −QdH̃d
valenceðx; η; t; μ20Þ

�
þ iπ

�
QuH̃u

valenceðξ; η; t; μ20Þ −QdH̃d
valenceðξ; η; t; μ20Þ

�
þ iπ

�
QuH̃u

valenceð−ξ; η; t; μ20Þ −QdH̃d
valenceð−ξ; η; t; μ20Þ

��
;

¼ e ×
1

2
×
1

2
×

1

Nc
× λsðμ0Þ ×

1

Q0

×

�Z
1

0

dz
ΦπðzÞ
z

�
×

1

pþ
× uðp2Þγþγ5uðp1Þ ×

−1ffiffiffi
2
p

×

�
2

ξ
×
X∞
j¼2

1

ηj−1
×

1

Nj−1

�
3
2

� × �Z η

0

dx
η

x
ξ

�
1 − x2

η2

�
1 − x2

ξ2

× C3=2
j−1

�
x
η

��

×
�
QuF̃

u
jðvalenceÞðη; t; μ20Þ −QdF̃

d
jðvalenceÞðη; t; μ20Þ

�
þ iπ

�
QuH̃u

valenceðξ; η; t; μ20Þ −QdH̃d
valenceðξ; η; t; μ20Þ

�
þ iπ

�
QuH̃u

valenceð−ξ; η; t; μ20Þ −QdH̃d
valenceð−ξ; η; t; μ20Þ

��
;

≈ e ×
1

2
×

1

Nc
× λsðμ0Þ ×

1

Q0

×

�Z
1

0

dz
ΦπðzÞ
z

�
×

1

pþ
× uðp2Þγþγ5uðp1Þ ×

−1ffiffiffi
2
p

×
X∞
j¼2

1

ξj
×

1

Nj−1

�
3
2

� × �Z ξ

0

dx
ξ

x
ξ
C3=2
j−1

�
x
ξ

��

×
�
QuF̃

u
jðvalenceÞðη ∼ ξ; t; μ20Þ −QdF̃

d
jðvalenceÞðη ∼ ξ; t; μ20Þ

�
ðE24Þ

for even j ¼ 2; 4;…. Again, in the last line, we have used η ∼ ξ, and dropped the iπH̃ contributions.

APPENDIX F: DETAILS ON THE RESUMMATION BY THE j-CONTOUR FOR GLUON GPD
CONTRIBUTION IN THE ELECTROPRODUCTION OF ρ0

1. Resummation by j-contour

We first rewrite the sum over even j ¼ 2; 4;… in (4.23) as

ALLðgluonÞ
γ�p→ρ0p

ðs; t; Q; ϵL; ϵ0LÞ ¼ −
Z
C

dj
4i

1þ e−iπj

sin πj
×

1

ξj
×

1

ΓðΔgðjÞ − 2Þ ×N gðjÞ × F̂ g
jðξ; t; μ2Þ

× e × f0V × αsðμÞ ×
1

Q
×

1

2
ffiffiffi
2
p

mN

× ūðp2Þuðp1Þ; ðF1Þ
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where the contour C is at the rightmost of the branch
point of

1

ΓðΔgðjÞ − 2Þ ¼
1

Γð ffiffiffi2p λ1=4ðj − j0gÞ1=2Þ
;

and leftmost of the poles at even j ¼ 2; 4;…. Here we have
defined

F̂ g
jðξ; t; μ2Þ ¼ ΓðΔgðjÞ − 2Þ × F g

jðξ; t; μ2Þ ðF2Þ

to make explicit the branch point at j ¼ j0g ¼ 2 − 2=
ffiffiffi
λ
p

,
originating from the holographic input conformal
(Gegenbauer) moments of gluon GPD at μ ¼ μ0 ∼Q0.
We now evaluate the input gluon GPD part of the

evolved gluon GPD

ALLðgluonÞ
γ�p→ρ0p ðs; t; Q; ϵL; ϵ0LÞ ¼ −

Z
C

dj
4i

1þ e−iπj

sin πj
×

1

ξj
×

1

ΓðΔgðjÞ − 2Þ ×N gðjÞ × F̂ g
jðξ; t; μ2Þ

× e × f0V × αsðμÞ ×
1

Q
×

1

2
ffiffiffi
2
p

mN

× ūðp2Þuðp1Þ: ðF3Þ

by wrapping the j-plane contour C to the left

ALLðgluonÞ
γ�p→ρ0p

ðs; t; Q; ϵL; ϵ0LÞ ≈ −
Z

j0

−∞

dj
2i

1þ e−iπj

sin πj
×

1

ξj
× Im

�
1

ΓðiyÞ
�
×N gðjÞ × F̂ g

jðξ; t; μ2Þ

× e × f0V × αsðμÞ ×
1

Q
×

1

2
ffiffiffi
2
p

mN

× ūðp2Þuðp1Þ; ðF4Þ

where we have defined

iy ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
λ
p
ðj0g − jÞ

q
:

For y → 0, we may approximate 1
ΓðiyÞ ≈ iyeiγEy with the Euler constant γE ≈ 0.577216 and write Im½ 1

ΓðiyÞ� ≈ y cosðγEyÞ ≈
sinðyÞ for y → 0 or j → j0g. Therefore, for j → j0g, we find

ALLðgluonÞ
γ�p→ρ0p

ðs; t; Q; ϵL; ϵ0LÞ ≈N gðj0gÞF̂ g
j0g
ðξ; t; μ2Þ × ef0VαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ

× −
Z

j0g

−∞

dj
2

1þ e−iπj

sin πj
×

1

ξj
× sin

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
λ
p
ðj0g − jÞ

q �
: ðF5Þ

2. Real and imaginary parts

We separate the amplitude (F5) into its real and imaginary parts

ALLðgluonÞ
γ�p→ρ0p

ðs; t; Q; ϵL; ϵ0LÞ≡ALLðgluonÞ ¼ Re
�
ALLðgluonÞ�þ iIm

�
ALLðgluonÞ�;

Re
�
ALLðgluonÞ� ¼ N gðj0gÞ × F̂ g

j0g
ðξ; t; μ2Þ × ef0VαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ

× −
Z

j0g

−∞

dj
2

1þ cos πj
sin πj

×
1

ξj
× sin

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
λ
p
ðj0g − jÞ

q �
;

Im
�
ALLðgluonÞ� ¼ N gðj0gÞ × F̂ g

j0g
ðξ; t; μ2Þ × ef0VαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ

×
Z

j0g

−∞

dj
2

1

ξj
× sin

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
λ
p
ðj0g − jÞ

q �
: ðF6Þ

With the change of integration variable y2 ¼ 2
ffiffiffi
λ
p ðj0g − jÞ, we turn the imaginary part into a Gaussian integral that can be

evaluated exactly [with τ̃ ¼ logð1=ξÞ]
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Im
�
ALLðgluonÞ� ¼ N gðj0gÞ × F̂ g

j0g
ðξ; t; μ2Þ × ef0VαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ ×
1

ξj0g
×
Z

∞

−∞

dy

4πi
ffiffiffi
λ
p ye−τ̃y

2=2
ffiffi
λ
p
eiy;

¼ N qðj0gÞ × F̂ g
j0g
ðξ; t; μ2Þ × ef0VαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ ×
1

ξj0g
× ð

ffiffiffi
λ
p

=2πÞ1=2 × e−2
ffiffi
λ
p

=4τ̃

τ̃3=2
: ðF7Þ

We compute the real part of the amplitude Re½ALLðgluonÞ�
by first expanding its prefactor near j ¼ 2

1þ cos πj
sin πj

≃
2

πðj − 2Þ þOðj − 2Þ; ðF8Þ

and establishing the identity ∂τ̃½e−2τ̃Re½ALLðgluonÞ�� ¼
−ð2=πÞe−2τ̃Im½ALLðgluonÞ� which gives us an approximation
for the real part

Re
�
ALLðgluonÞ� ≃N gðj0gÞ × F̂ g

j0g
ðξ; t; μ2Þ

× ef0VαsðμÞ
1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ

×
� ffiffiffi

λ
p

=2π

1=2 ×

1

ξ2

×
Z

∞

τ̃
dτ̃0

2e−2τ̃
0=
ffiffi
λ
p

−
ffiffi
λ
p

=2τ̃0

πτ̃03=2
: ðF9Þ

Small corrections in the order of OðIm½ALLðgluonÞ�=
logð1=ξÞÞ and OðIm½ALLðgluonÞ�= ffiffiffi

λ
p Þ to (F9), can be

computed in a standard perturbation series but can be
ignored for ξ → 0 and fixed large

ffiffiffi
λ
p

.

3. Small-ξ regime

We then compute the integral in (F9) in the small-ξ
regime, i.e., τ̃ ¼ logð1=ξÞ → ∞ at fixed large

ffiffiffi
λ
p

where the
integral is dominated by its end point, and can be
approximated by

Z
∞

τ̃
dτ̃0

2e−2τ̃
0=
ffiffi
λ
p

−
ffiffi
λ
p

=2τ̃0

πτ̃03=2
¼ � ffiffiffi

λ
p

=π

× e−2τ̃=

ffiffi
λ
p

×
e−
ffiffi
λ
p

=2τ̃

τ̃3=2
�
1þOð

ffiffiffi
λ
p

=τ̃Þ:
ðF10Þ

Finally, combining this approximation for Re½ALLðgluonÞ�
with the exact result for Im½ALLðgluonÞ� (F7), we find the full
complex amplitude with evolved gluon GPD (for input
gluon GPD part)

ALLðgluonÞ
γ�p→ρ0p ðs; t; Q; ϵL; ϵ0LÞ ≃N gðj0gÞF̂ g

j0g
ðξ; t; μ2Þ × ef0VαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ

×

�
ð
ffiffiffi
λ
p

=2πÞ1=2 × 1

ξ2
× ð

ffiffiffi
λ
p

=πÞ × e−2τ̃=
ffiffi
λ
p

×
e−
ffiffi
λ
p

=2τ̃

τ̃3=2
þ i ×

1

ξj0g
× ð

ffiffiffi
λ
p

=2πÞ1=2 × e−
ffiffi
λ
p

=2τ̃

τ̃3=2

�
;

≃N gðj0gÞF̂ g
j0g
ðξ; t; μ2Þ × ef0VαsðμÞ

1

Q
1

2
ffiffiffi
2
p

mN

ūðp2Þuðp1Þ

×
1

ξ2−2=
ffiffi
λ
p ×

h
ð
ffiffiffi
λ
p

=πÞ þ i
i
× ð

ffiffiffi
λ
p

=2πÞ1=2 × e−
ffiffi
λ
p

=2τ̃

τ̃3=2
; ðF11Þ

with j0g ¼ 2 − 2=
ffiffiffi
λ
p

and τ̃ ¼ logð1=ξÞ.

APPENDIX G: DETAILS ON THE RESUMMATION BY THE j-CONTOUR FOR VALENCE QUARK
GPDs CONTRIBUTION IN THE ELECTROPRODUCTION OF ρ+

1. Resummation by j-contour

We rewrite the sum over odd j ¼ 1; 3;… in (6.5) as contour integrals in the complex j-plane

ALLðvalenceÞ
γ�p→ρþn ðs; t; Q; ϵL; ϵ0LÞ ≈

Z
C

dj
4i

1 − e−iπj

sin πj
×

1

ξj
×

1

ΓðΔqðjÞ − 2Þ ×N qðvalenceÞðjÞ
�
F̂u
jðvalenceÞðξ; t; μ2Þ − F̂d

jðvalenceÞðξ; t; μ2Þ
�

× ð−1Þ × e × fþV × αsðμÞ ×
1

Q
×

1

2mN
× ūðp2Þuðp1Þ; ðG1Þ
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where the contour C is at the rightmost of the branch point of

1

ΓðΔqðjÞ − 2Þ ¼
1

Γðλ1=4ðj − j0qÞ1=2Þ

and leftmost of the poles at odd j ¼ 1; 3;…. Here we have defined

F̂q
jðvalenceÞðξ; t; μ2Þ ¼ ΓðΔqðjÞ − 2Þ × Fq

jðvalenceÞðξ; t; μ2Þ ðG2Þ

in order to reveal the branch point at j ¼ j0q ¼ 1 − 1=
ffiffiffi
λ
p

coming from our holographic input conformal (Gegenbauer)
moments of valence quark GPDs at μ ¼ μ0 ∼Q0.
We evaluate the amplitude (G1) by wrapping the j-plane contour C to the left,

ALLðvalenceÞ
γ�p→ρþn ðs; t; Q; ϵL; ϵ0LÞ ≈

Z
j0q

−∞

dj
2i

1 − e−iπj

sin πj
×

1

ξj
× Im

�
1

ΓðiyÞ
�
×
�
F̂u
jðvalenceÞðξ; t; μ2Þ − F̂d

jðvalenceÞðξ; t; μ2Þ
�

×N qðvalenceÞðjÞ × ð−1Þ × e × fþV × αsðμÞ ×
1

Q
×

1

2mN
× ūðp2Þuðp1Þ; ðG3Þ

where we have defined

iy ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ
p
ðj0q − jÞ

q
:

For y → 0, we may approximate 1
ΓðiyÞ ≈ iyeiγEy with the Euler constant γE ≈ 0.577216 and write Im½ 1

ΓðiyÞ� ≈ y cosðγEyÞ ≈
sinðyÞ for y → 0 or j → j0q. Therefore, for j → j0q we find

ALLðvalenceÞ
γ�p→ρþn ðs;t;Q;ϵL;ϵ0LÞ≈N qðvalenceÞðj0qÞ×ð−1Þ×e×fþV ×αsðμÞ×

1

Q
×

1

2mN
× ūðp2Þuðp1Þ

×
�
F̂u
j0qðvalenceÞðξ;t;μ2Þ− F̂d

j0qðvalenceÞðξ;t;μ2Þ
�
×
Z

j0q

−∞

dj
2

1−e−iπj

sinπj
×
1

ξj
×sin

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ
p
ðj0q−jÞ

q �
:

ðG4Þ

2. Real and imaginary parts

We separate the amplitude (G4) into its real and imaginary parts

ALLðvalenceÞ
γ�p→ρþn ðs; t; Q; ϵL; ϵ0LÞ≡ALLðvalenceÞ ¼ Re

�
ALLðvalenceÞ�þ iIm

�
ALLðvalenceÞ�;

with

Re
�
ALLðvalenceÞ� ¼ N qðvalenceÞðj0qÞ ×

�
F̂u
j0qðvalenceÞðξ; t; μ2Þ − F̂d

j0qðvalenceÞðξ; t; μ2Þ


× ð−1Þ × efþVαsðμÞ
1

Q
1

2mN
ūðp2Þuðp1Þ ×

Z
j0q

−∞

dj
2

1 − cos πj
sin πj

×
1

ξj
× sin

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ
p
ðj0q − jÞ

q �
;

Im
�
ALLðvalenceÞ� ¼ N qðvalenceÞðj0qÞ ×

�
F̂u
j0qðvalenceÞðξ; t; μ2Þ − F̂d

j0qðvalenceÞðξ; t; μ2Þ
�

× ð−1Þ × efþVαsðμÞ
1

Q
1

2mN
ūðp2Þuðp1Þ ×

Z
j0q

−∞

dj
2

1

ξj
× sin

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ
p
ðj0q − jÞ

q �
: ðG5Þ

With the change of integration variable y2 ¼ ffiffiffi
λ
p ðj0q − jÞ, we turn the imaginary part into a Gaussian integral that can be

evaluated exactly
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Im
�
ALLðvalenceÞ� ¼ N qðvalenceÞðj0qÞ ×

�
F̂u
j0qðvalenceÞðξ; t; μ2Þ − F̂d

j0qðvalenceÞðξ; t; μ2Þ
�

× ð−1Þ × efþVαsðμÞ
1

Q
1

2mN
ūðp2Þuðp1Þ ×

1

ξj0q
×
Z

∞

−∞

dy

2πi
ffiffiffi
λ
p ye−τ̃y

2=
ffiffi
λ
p
eiy;

¼ N qðvalenceÞðj0qÞ ×
�
F̂u
j0qðvalenceÞðξ; t; μ2Þ − F̂d

j0qðvalenceÞðξ; t; μ2Þ
�

× ð−1Þ × efþVαsðμÞ
1

Q
1

2mN
ūðp2Þuðp1Þ ×

1

ξj0q
× ð

ffiffiffi
λ
p

=4πÞ1=2 × e−
ffiffi
λ
p

=4τ̃

τ̃3=2
; ðG6Þ

with τ̃ ¼ logð1=ξÞ.
We compute the real part of the amplitude Re½ALLðvalenceÞ� by first expanding its prefactor near j ¼ 1

1 − cos πj
sin πj

≃ −
2

πðj − 1Þ þOðj − 1Þ; ðG7Þ

and establishing the identity ∂τ̃½e−τ̃Re½ALLðvalenceÞ�� ¼ −ð2=πÞe−τ̃Im½ALLðvalenceÞ� which gives us an approximation for the
real part,

Re
�
ALLðvalenceÞ� ≃N qðvalenceÞðj0qÞ ×

�
F̂u
j0qðvalenceÞðξ; t; μ2Þ − F̂d

j0qðvalenceÞðξ; t; μ2Þ
�

× ð−1Þ × efþVαsðμÞ
1

Q
1

2mN
ūðp2Þuðp1Þ × ð

ffiffiffi
λ
p

=4πÞ1=2 × 1

ξ
×
Z

∞

τ̃
dτ̃0

2e−τ̃
0=
ffiffi
λ
p

−
ffiffi
λ
p

=4τ̃0

πτ̃03=2
: ðG8Þ

Small corrections in the order of OðIm½ALLðvalenceÞ�=
logð1=ξÞÞ and OðIm½ALLðvalenceÞ�= ffiffiffi

λ
p Þ to (G8) can be

computed in a standard perturbation series but can be
ignored for ξ → 0 and fixed large

ffiffiffi
λ
p

.

3. Small-ξ regime

We then compute the integral in (G8) in the small-ξ
regime, i.e., τ̃ ¼ logð1=ξÞ → ∞ at fixed large

ffiffiffi
λ
p

where the
integral is dominated by its end point and can be approxi-
mated byZ

∞

τ̃
dτ̃0

2e−τ̃
0=
ffiffi
λ
p

−
ffiffi
λ
p

=4τ̃0

πτ̃03=2

¼ � ffiffiffi
λ
p

=2π

× e−4τ̃=

ffiffi
λ
p

×
e−
ffiffi
λ
p

=4τ̃

τ̃3=2

�
1þOð

ffiffiffi
λ
p

=τ̃Þ
�
: ðG9Þ

APPENDIX H: DETAILS OF THE
HOLOGRAPHIC CALCULATIONS

A simple way to capture AdS=CFT duality in the
nonconformal limit is to model it using a slice of AdS5
with various bulk fields with assigned anomalous dimen-
sions and pertinent boundary values in the so-called
bottom-up approach which we will follow here using
the conventions in our recent work in DIS scattering
[8,33]. We consider AdS5 with a soft wall with a back-
ground metric gMN ¼ ðημν;−1ÞR2=z2 with the flat metric

ημν ¼ ð1;−1;−1;−1Þ at the boundary. Confinement will be
described by a harmonic background dilaton ϕ ¼ κ̃N

2z2.

1. Bulk vector mesons

The vector meson fields L, R are described by the bulk
effective action [34,35]

SM ¼ −
1

4g25

Z
d5xe−ϕðzÞ

ffiffiffi
g
p

gMPgNQ

× Tr
�
FL

MNF
L
PQ þ FR

MNF
R
PQ

�
þ
Z

d5x
�
ωL
5 ðAÞ − ωR

5 ðAÞ
�

ðH1Þ

with the Chern-Simons contribution

ω5ðAÞ ¼
Nc

24π2

Z
d5xTr

�
AF2 þ 1

2
A3F −

1

10
A5

�
: ðH2Þ

Here F ¼ dA − iA2 and A ¼ AaTa with T0 ¼ 3
4
12 and

Ti ¼ 1
4
τi, with the form notation subsumed. Also the vector

fields are given by V ¼ ðRþ LÞ=2 and the axial-vector
fields are given by A ¼ ðR − LÞ=2. The coupling g5 in (H1)
is fixed by the brane embeddings in bulk, or phenomeno-
logically as 1=g25 ≡ Nc=ð12π2Þ [36].
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The flavor gauge fields solve

□Vμ þ zeκ̃
2
Nz

2

∂z

�
e−κ̃

2
Nz

2 1

z
∂zVμ

�
¼ 0;

□Vz − ∂z

�
∂μVμ

 ¼ 0; ðH3Þ

subject to the gauge condition

∂μVμ þ zeκ
2z2
∂z

�
e−κ

2z2 1

z
Vz

�
¼ 0; ðH4Þ

with the boundary condition Vμðz; yÞjz→0 ¼ ϵμðqÞe−iq·y.
The non-normalizable solutions are

Vμðz;yÞ¼ϵμðqÞe−iq·yΓ
�
1þ Q2

4κ̃2V

�
κ̃2Nz

2U
�
1þ Q2

4κ̃2N
;2; κ̃2Nz

2

�
;

Vzðz;yÞ¼
i
2
ϵðqÞ ·qe−iq·yΓ

�
1þ Q2

4κ̃2V

�
zU
�
1þ Q2

4κ̃2V
;1; κ̃2Vz

2

�
;

ðH5Þ

with Uða; b;wÞ the confluent hypergeometric functions of
the second kind.

2. Bulk Dirac fermions

The bulk Dirac fermion action in a sliced AdS5 is

SF ¼
1

2g25

Z
d5xe−ϕðzÞ

ffiffiffi
g
p �

LF1 þ LF2


þ 1

2g25

Z
d4x

ffiffiffiffiffiffiffiffiffiffi
−gð4Þ

q �
LUV1 þ LUV2


: ðH6Þ

The Dirac and Pauli contributions to LF1;2 are respectively

LDirac1;2 ¼
�
i
2
Ψ̄1;2eNAΓAðD⃗L;R

N − D⃖L;R
N ÞΨ1;2

− ð�M þ VðzÞÞΨ̄1;2Ψ1;2

�
;

LPauli1;2 ¼ �2g25 × ηΨ̄1;2eMA e
N
Bσ

ABFL;R
MNΨ1;2; ðH7Þ

with VðzÞ ¼ κ̃2z2, eNA ¼ zδNA , σAB ¼ i
2
½ΓA;ΓB�, and

ωμzν ¼ −ωμνz ¼ 1
z ημν. The Dirac gamma matrices ΓA ¼

ðγμ;−iγ5Þ are chosen in the chiral representation. They
satisfy the flat anticommutation relation fΓA;ΓBg ¼ 2ηAB.
The left and right covariant derivatives are defined as

D⃗X¼L;R
N ¼ ∂

!
N þ

1

8
ωNAB½ΓA;ΓB�− iXa

NT
a ≡ D⃗N − iXa

NT
a;

D⃖X¼L;R
N ¼ ∂

 
N þ

1

8
ωNAB½ΓA;ΓB� þ iXa

NT
a ≡ D⃖N þ iXa

NT
a:

ðH8Þ

The nucleon doublet refers to

Ψ1;2 ≡
 
Ψp1;2

Ψn1;2

!
: ðH9Þ

The nucleon fields in bulk form an isodoublet p, n
with 1,2 referring to their boundary chirality 1; 2 ¼ � ¼
R, L [37]. They are dual to the boundary sources
Ψp1;2 ↔ Op;� and Ψn1;2 ↔ On;� with anomalous dimen-
sions �M ¼ �ðΔ − 2Þ ¼ �ðτ − 3=2Þ.
The equations of motion for the bulk Dirac chiral

doublet is

�
ieNAΓADL;R

N −
i
2
ð∂NϕÞeNAΓA −

��M þ VðzÞ�Ψ1;2 ¼ 0:

ðH10Þ

The normalizable solutions to (H10) are

Ψ1ðp; z; nÞ ¼ ψRðz; nÞΨ0
RðpÞ þ ψLðz; nÞΨ0

LðpÞ;
Ψ2ðp; z; nÞ ¼ ψRðz; nÞΨ0

LðpÞ þ ψLðz; nÞΨ0
RðpÞ; ðH11Þ

with the normalized bulk wave functions

ψRðz;nÞ¼ zΔ× ψ̃Rðz;nÞ¼ nRξ̃
τ−3

2

N Lðτ−2Þn ðξ̃NÞ×zΔ;

ψLðz;nÞ¼ zΔ× ψ̃Lðz;nÞ¼ ñLξ̃
τ−1
N Lðτ−1Þn ðξ̃NÞ× zΔ: ðH12Þ

Here Δ ¼ τ þ 1
2
, ξ̃N ¼ κ̃2Nz

2, LðαÞn ðξ̃Þ are the generalized

Laguerre, and nR ¼ nL
ffiffiffiffiffiffiffiffiffiffi
τ − 1
p

and nL ¼ κ̃−ðτ−2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ΓðτÞp

.
The free Weyl spinors are Ψ0

R=LðpÞ ¼ P�uðpÞ and

Ψ̄0
R=LðpÞ ¼ ūðpÞP∓, and the free boundary spinors satisfy

ūðpÞuðpÞ ¼ 2mN;

2mN × ūðp0ÞγμuðpÞ ¼ ūðp0Þðp0 þ pÞμuðpÞ: ðH13Þ

The fermionic spectrum Reggeizes m2
n ¼ 4κ̃2Nðnþ τ − 1Þ.

The assignments 1 ¼ þ and 2 ¼ − at the boundary are
commensurate with the substitutions ψR;L ↔∓ ψL;R by
parity.
Using the Dirac 1-form currents

JaNL ¼
∂LDirac1

∂La
N
¼ Ψ̄1eNAΓATaΨ1;

JaNR ¼
∂LDirac2

∂Ra
N
¼ Ψ̄2eNAΓATaΨ2; ðH14Þ

and Pauli 2-form currents
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JaMN
L ¼ ∂LPauli1

∂La
MN
¼ þ2g25 × ηaΨ̄1eMA e

N
Bσ

ABTaΨ1;

JaMN
R ¼ ∂LPauli2

∂Ra
MN
¼ −2g25 × ηaΨ̄2eMA e

N
Bσ

ABTaΨ2; ðH15Þ

we can rewrite (H7) with the explicit isoscalar (a ¼ 0) and isovector (a ¼ 3) contributions:

LF1 þ LF2 ⊃
i
2
Ψ̄1eNAΓAðD⃗N − D⃖NÞΨ1 −

�
M þ VðzÞΨ̄1Ψ1 þ

i
2
Ψ̄2eNAΓAðD⃗N − D⃖NÞΨ2 − ð−M þ VðzÞΨ̄2Ψ2

þ V0
NJ

0N
V þ A0

NJ
0N
A þ V3

NJ
3N
V þ A3

NJ
3N
A þ V0

MNJ
0MN
V þ A0

MNJ
0MN
A þ V3

MNJ
3MN
V þ A3

MNJ
3MN
A ðH16Þ

with JaNV;A ¼ JaNL � JaNR and JaMN
V;A ¼ JaMN

L ∓ JaMN
R .

3. Bulk glueballs

The graviton in the bulk of AdS space is dual to a
glueball on the boundary. The graviton tensor hμν can be
decomposed into its transverse and traceless part, h, and its
tracefull part, f, using [38]. The decomposition is given by

hμν ¼ ϵTTμν hþ ϵTμνf − kμkνH þ kμA⊥
ν þ kνA⊥

μ ðH17Þ

where kμϵTTμν ¼ ημνϵTTμν ¼ 0 and ϵTμν ¼ 1
4
ημν. In a gauge

where A⊥
μ ¼ 0, the equation of motion for h decouples,

but the equations for f, H, and φ are coupled (see
Eqs. 7.16–20 in [38]). Diagonalizing the equations shows
that f satisfies the same equation of motion as h [38]. It is
important to note that f couples to Tμ

μ of the gauge theory,
while H couples to kμkνTμν ≡ 0 (see Eq. 7.6 of [38]).
The effective action for the graviton (ημν → ημν þ hμν)

and dilaton fluctuations (ϕ → ϕþ φ) follows from the
Einstein-Hilbert action plus dilaton by expanding to quad-
ratic order, and after adding the background de-Donder
gauge fixing term. The result is

S ¼
Z

d5x
ffiffiffi
g
p

e−2ϕðLhþf þ LφÞ; ðH18Þ

with

Lhþf ¼ −
1

4g̃25
gμνηλρηστ∂μhλσ∂νhρτ

þ 1

8g̃25
gμνηαβηγσ∂μhαβ∂νhγσ;

Lφ ¼ þ
1

2g̃25
gμν∂μφ∂νφ; ðH19Þ

and g̃25 ¼ 2κ2 ¼ 16πGN ¼ 8π2=N2
c. Here gμν is the AdS

metric.

For the graviton in the axial gauge hμz ¼ hzz ¼ 0. The
pertinent couplings follow from linearizing the action (H6)
by replacing ημν → ημν þ hμν,

hΨ̄Ψ∶ −
ffiffiffiffiffiffiffi
2κ2
p

2

Z
d5x

ffiffiffi
g
p

hμνT
μν
F ;

hAA∶ −
ffiffiffiffiffiffiffi
2κ2
p

2

Z
d5x

ffiffiffi
g
p

hμνT
μν
V ; ðH20Þ

with the energy-momentum tensors

Tμν
F ¼e−ϕ

i
2
zΨ̄γμ↔∂

ν

Ψ−ημνLF;

Tμν
V ¼−e−ϕ

�
z4ηρσημβηνγFV

βρF
V
γσ−z4ημβηνγFV

βzF
V
γz

�
−ημνLV:

ðH21Þ

4. t-channel spin-2 glueball exchange

In the soft-wall model the normalized wave function
for spin-2 glueballs is given by [39] (note that the
discussion in [39] is for general massive bulk scalar
fluctuation but can be used for a spin-2 glueball which
has an effective bulk action similar to massless bulk scalar
fluctuation)

Jhðmn; zÞ≡ ψnðzÞ ¼ cnz4L2
nð2ξ̃TÞ; ðH22Þ

with ξ̃T ¼ κ̃2Tz
2 and

cn ¼
�
24κ̃6TΓðnþ 1Þ
Γðnþ 3Þ

�1
2 ¼ 4κ̃3Tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðnþ 2Þðnþ 1Þp ; ðH23Þ

which is determined from the normalization condition
(for the soft-wall model with background dilaton
ϕ ¼ κ̃2Tz

2)
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Z
dz

ffiffiffi
g
p

e−ϕjgxxjψnðzÞψmðzÞ ¼ δnm: ðH24Þ

Therefore we have

Fn¼
1ffiffiffi
2
p

κ

�
−

1

z03
∂z0ψnðz0Þ

�
z0¼ϵ
¼−

4ffiffiffi
2
p

κ
cnL2

nð0Þ; ðH25Þ

with ψnðz → 0Þ ≈ cnz4L2
nð0Þ and with L2

nð0Þ ¼
�
2þn
n


. We

can also rewrite the normalized wave function of glueballs
(H74) in terms of Fn as

ψnðzÞ ¼ −
ffiffiffi
2
p

κ × Fn ×
1

4
×

1

κ̃4T
×

1

L2
nð0Þ

× ξ̃2TL
2
nð2ξ̃TÞ:

ðH26Þ

Also note that m2
n ¼ 8κ̃2Tðnþ 2Þ,

F2
n ¼

16

2κ2
×

16κ̃6T
ðnþ 2Þðnþ 1Þ × ðL

2
nð0ÞÞ2: ðH27Þ

For spacelike momenta (t ¼ k2 ¼ −K2), we have the
bulk-to-bulk propagator near the boundary

Gðz→0;z0Þ≈z4

4

X
n

ffiffiffi
2
p

κFnψnðz0Þ
K2þm2

n
¼ z4

4
HðK;z0Þ; ðH28Þ

where, for the soft-wall model [39,40]

HðK;zÞ¼
X
n

ffiffiffi
2
p

κFnψnðz0Þ
K2þm2

n
;

¼4z4Γ
�
aK
2
þ2

�
U

�
aK
2
þ2;3;2ξ̃T

�
¼Γ
�
aK
2
þ2

�
U

�
aK
2
;−1;2ξ̃T

�
¼ΓðaK

2
þ2Þ

ΓðaK
2
Þ
Z

1

0

dxx
aK
2
−1ð1−xÞexp

�
−

x
1−x
ð2ξ̃TÞ

�
;

ðH29Þ

with ξ̃T ¼ κ̃2Tz
2, aK ¼ K2=4κ̃2T , and we have used the

transformation Uðm; n; yÞ ¼ y1−nUð1þm − n; 2 − n; yÞ.
Equation (H29) satisfies the normalization condition
Hð0; zÞ ¼ HðK; 0Þ ¼ 1.
For example, the t-channel spin-2 glueball exchange

contribution to electroproduction of vector mesons is
given by

iAh
γ�T=Lp→Vpðs; tÞ ¼

X
n

iÃh
γ�T=Lp→Vpðmn; s; tÞ

iÃh
γ�T=Lp→Vpðmn; s; tÞ ¼

1

g5
× ð−iÞVμν

hγ�T=LV
ðq; q0; k; mnÞ

× G̃μναβðmn; kÞ
× ð−iÞVαβ

hΨ̄Ψðp1; p2; k; mnÞ; ðH30Þ

with the bulk vertices (defining t ¼ k2 ¼ Δ2

and k ¼ Δ ¼ p2 − p1 ¼ q − q0)

Vμν
hγ�T=LV

ðq; q0; k; mnÞ≡
� δSkhγ�T=LV

δðϵμνhðk; zÞÞ
�
Jhðmn; zÞ ¼

ffiffiffiffiffiffiffi
2κ2

p
×
1

2

Z
dz

ffiffiffi
g
p

e−ϕz4Kμν
T=Lðq; q0; ϵ; ϵ0; zÞJhðmn; zÞ;

Vαβ
hΨ̄Ψðp1; p2; k; mnÞ≡

�
δSk

hΨ̄Ψ
δðϵαβhðk; zÞÞ

�
Jhðmn; zÞ ¼ −

ffiffiffiffiffiffiffi
2κ2

p
×
1

2

Z
dz

ffiffiffi
g
p

e−ϕzΨ̄ðp2; zÞγαpβΨðp1; zÞJhðmn; zÞ; ðH31Þ

where we have defined the kinematic factors [in the high energy limit s ≫ −t with p ¼ ðp1 þ p2Þ=2 ≈ p1, and qμ ≈ q0μ] as

Kμν
T ðq; q0; ϵT; ϵ0T; zÞ ≈ −qμqν × Vγ�ðQ; zÞVVðMV; zÞ≡ qμqν × KTðQ;MV; zÞ;

Kμν
L ðq; q0; ϵL; ϵ0L; zÞ ≈ −qμqν ×

1

QMV
× ∂zVγ� ðQ; zÞ∂zVVðMV; zÞ≡ qμqν × KLðQ;MV; zÞ; ðH32Þ

using

Vγ� ðQ; zÞ ¼ ξ̃Γð1þ aQÞUð1þ aQ; 2; ξ̃Þ ¼ ξ̃

Z
1

0

dx
ð1 − xÞ2 x

aQ exp

�
−

xξ̃
1 − x

�
;

VVðMV; zÞ≡ ϕ0ðzÞ ¼ g5 ×
fV
MV

× 2ξ̃L1
0ðξ̃Þ; ðH33Þ

with aQ ¼ Q2=ð4κ̃2VÞ and ξ̃ ¼ κ̃2Vz
2.
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The full bulk-to-bulk spin-2 glueball (graviton) propa-
gator Gμναβðmn; k; z; z0Þ is given by [41,42]

Gμναβðmn;k;z;z0Þ¼Jhðmn;zÞ×G̃μναβðmn;kÞ×Jhðmn;z0Þ;
ðH34Þ

where themassive spin-2 boundary propagator G̃μναβðmn; kÞ
is given by

G̃μναβðmn; kÞ ¼ Pμν;αβðmn; kÞ ×
−i

k2 −m2
n þ iϵ

; ðH35Þ

with the massive spin-2 projection operator Pμν;αβðmn; kÞ is
defined as

Pμν;αβðmn; kÞ ¼
1

2

�
Pμ;αPν;β þ Pμ;βPν;α −

2

3
Pμ;νPα;β

�
;

ðH36Þ

which is written in terms of the massive spin-1 projection
operator

Pμ;αðmn; kÞ ¼ ημα − kμkα=m2
n: ðH37Þ

For z → 0, t ¼ −K2, and focusing on the transverse part
of the boundary propagator, i.e.,

G̃μναβðmn; kÞ ≈
1

2
ημαηνβ ×

−i
k2 −m2

n þ iϵ

(as we did in [8]), we can simplify (H30) as

iAh
γ�T=Lp→Vpðs; tÞ≈

1

g5
× ð−iÞVμν

hγ�T=LV
ðq;q0; kÞ×

�
−i
2
ημαηνβ

�
× ð−iÞVαβ

hΨ̄Ψðp1; p2; kÞ; ðH38Þ

with

Vμν
hγ�T=LV

ðq; q0; kÞ ¼
ffiffiffiffiffiffiffi
2κ2

p
×
1

2

Z
dz

ffiffiffi
g
p

e−ϕz4Kμν
T=Lðq; q0; ϵ; ϵ0; zÞ

z4

4
;

Vαβ
hΨ̄Ψðp1; p2; kzÞ ¼ −

ffiffiffiffiffiffiffi
2κ2

p
×
1

2

Z
dz

ffiffiffi
g
p

e−ϕzΨ̄ðp2; zÞγμpνΨðp1; zÞHðK; zÞ: ðH39Þ

However, if we instead use the full massive spin-2 boundary propagator G̃μναβðmn; kÞ (H35), we find (particularly for
longitudinal vector meson production)

Ah
γ�Lp→Vpðs; tÞ ¼

1

g5
× 2κ2 ×

1

QMV
× Vhγ�LV

ðQ;MVÞ ×
1

mN
× ūðp2Þuðp1Þ ×

X∞
n¼0

�
qμqνPμν;αβðmn; kÞpα

1p
β
1

�
× VhΨ̄ΨðK;mnÞ;

ðH40Þ
with

Vhγ�LV
ðQ;MVÞ ¼ −

1

2

Z
dz

ffiffiffi
g
p

e−ϕz4∂zVγ� ðQ; zÞ∂zVVðMV; zÞ
z4

4
;

VhΨ̄ΨðK;mnÞ ¼ −
1

2

Z
dz

ffiffiffi
g
p

e−ϕzðψ2
RðzÞ þ ψ2

LðzÞÞ ×
ffiffiffi
2
p

κFnψnðzÞ
K2 þm2

n
: ðH41Þ

Following [43], we can evaluate

qμqνPμν;αβðmn; kÞpα
1p

β
1 ¼ ðp1 · qÞ2 ×

�
1þ 4

3

p2
1

m2
n
× η2

�
ðH42Þ

using the general result (see Eq. 279 in [43])

qμ1qμ2…qμjPμ1μ2…μj;ν1ν2…νjðmn; kÞpν1
1 p

ν2
1 …p

νj
1

¼ ðp1 · qÞj × d̂jðη; m2
nÞ ðH43Þ

where d̂jðη; m2
nÞ, for even j ¼ 2; 4;… is a polynomial

of skewness η of degree j which can be written

explicitly in terms of the hypergeometric function

2F1ða; b; c; dÞ as

d̂jðη; m2
nÞ ¼ 2F1

�
−
j
2
;
1 − j
2

;
1

2
− j;−

4p2
1

m2
n
× η2

�
: ðH44Þ

Note that we have also replaced p2 ∼ p2
1 by −p2

1 and −Δ2

by m2
n in Eq. 279 of [43], since we are using the massive

spin-1 projection operator Pμ;αðmn; kÞ ¼ −ημα þ kμkα=m2
n

instead of the massless one Pμ;αðΔ ¼ kÞ ¼ ημα − kμkα=Δ2

used in [8] for the conformal case with ημα ¼ ð−;þ;þ;þÞ
signature.
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Therefore, using (H42) in (H40), we find

Ah
γ�Lp→Vpðs; tÞ ¼ −

1

g25
× 2κ2 ×

1

QMV
× Vhγ�LV

ðQ;MVÞ ×
1

mN
× ūðp2Þuðp1Þ

× ðp1 · qÞ2 × ½AðK; κ̃TÞ þ η2DðK; κ̃T; κ̃SÞ� ðH45Þ

with the A and D gravitational form factors [8–10]

AðK; κ̃TÞ≡ 1

2

Z
dz

ffiffiffi
g
p

e−ϕzðψ2
RðzÞ þ ψ2

LðzÞÞ ×
X∞
n¼0

ffiffiffi
2
p

κFnψnðzÞ
K2 þm2

n
;

¼ 1

2

Z
dz

ffiffiffi
g
p

e−ϕzðψ2
RðzÞ þ ψ2

LðzÞÞ ×HðK; zÞ;

¼ Að0Þ × 6 ×
Γð2þ aK

2
Þ

Γð4þ aK
2
Þ × 2F1

�
3;
aK
2
;
aK
2
þ 4;−1

�
; ðH46Þ

and

DðK; κ̃TÞ≡ 1

2

Z
dz

ffiffiffi
g
p

e−ϕzðψ2
RðzÞ þ ψ2

LðzÞÞ ×
X∞
n¼0

4

3

p2
1

m2
n
×

ffiffiffi
2
p

κFnψnðzÞ
K2 þm2

n
;

¼ 1

2

Z
dz

ffiffiffi
g
p

e−ϕzðψ2
RðzÞ þ ψ2

LðzÞÞ ×
X∞
n¼0

4

3

p2
1

k2
×

ffiffiffi
2
p

κFnψnðzÞ
−k2 þm2

n
;

¼ −
4

3

m2
N

K2
× AðK; κ̃TÞ: ðH47Þ

Following our arguments in [10,44], we also replace

DðK; κ̃TÞ → DðK; κ̃T; κ̃SÞ

¼ −
4

3

m2
N

K2
× ½AðK; κ̃TÞ − ASðK; κ̃SÞ�; ðH48Þ

where

ASðK; κ̃SÞ ¼ Að0Þ × 6 ×
Γð2þ ãK

2
Þ

Γð4þ ãK
2
Þ

× 2F1

�
3;
ãK
2
;
ãK
2
þ 4;−1

�
; ðH49Þ

with ãK ¼ K2=4κ̃2S.

5. t-channel spin-j glueball exchange

In the soft-wall model, the spin-j glueballs’ normalized
wave functions are given in terms of the generalized

Laguerre polynomials as [8,9]

ψnðj; zÞ ¼ cnðjÞzΔLΔgðjÞ−2
n ð2ξ̃TÞ; ðH50Þ

where ξ̃T ¼ κ̃2Tz
2, and the normalization coefficients are

cnðjÞ ¼
�
2ΔgðjÞκ̃2ðΔgðjÞ−1Þ

T Γðnþ 1Þ
Γðnþ ΔgðjÞ − 1Þ

�1
2

; ðH51Þ

with

ΔgðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
λ
p
ðj − j0gÞ

q
; ðH52Þ

where j0g ¼ 2 − 2=
ffiffiffi
λ
p

for closed strings.
The non-normalized bulk-to-boundary propagators for

spin-j glueballs are given in terms of Kummer’s (confluent
hypergeometric) function of the second kind and its integral
representation as (for spacelike momenta k2 ¼ −K2)

Hðj; K; zÞ ¼ zΔU

�
aK
2
þ ΔgðjÞ

2
;ΔgðjÞ − 1; 2ξ̃T

�
¼ zΔgðjÞð2ξ̃TÞ2−ΔgðjÞU

�
ãðjÞ; b̃ðjÞ; 2ξ̃T

�
¼ zΔgðjÞð2ξ̃TÞ2−ΔgðjÞ 1

ΓðãðjÞÞ
Z

1

0

dxxãðjÞ−1ð1 − xÞ−b̃ðjÞ exp
�
−

x
1 − x

ð2ξ̃TÞ
�
; ðH53Þ
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where

aK ¼
K2

4κ̃2T
; ãðjÞ ¼ aK

2
þ 2 −

ΔgðjÞ
2

; b̃ðjÞ ¼ 3 − ΔgðjÞ ðH54Þ

and we have used the transformation Uðm; n; yÞ ¼ y1−nUð1þm − n; 2 − n; yÞ. The bulk-to-bulk propagator can also be
approximated as (for spacelike momenta k2 ¼ −K2)

Gðj; z → 0; z0Þ ≈ ψnðj; z → 0Þ
ð ffiffiffi2p κÞF nðjÞ

× ð
ffiffiffi
2
p

κÞ
X
n

F nðjÞψnðj; z0Þ
K2 þm2

nðjÞ

¼
2ΔgðjÞ−2Γ

�
aK
2
þ ΔgðjÞ

2

�
ΓðΔgðjÞ − 2Þ × κ̃

2ΔgðjÞ−4
T ×

zΔgðjÞ

ΔgðjÞ
×Hðj; K; z0Þ; ðH55Þ

where we used

Hðj; K; z0Þ ¼
X
n

ffiffiffi
2
p

κF nðjÞψnðj; z0Þ
K2 þm2

nðjÞ
;

F nðjÞ ¼
Cðj; K; ϵÞffiffiffi

2
p

κ
× ð− ffiffiffi

g
p

e−ϕjgxxj∂z0ψnðj; z0ÞÞjz0¼ϵ;

Cðj; K; ϵÞ ¼ Hðj; K; ϵÞ; ðH56Þ

with ψnðj; z → 0Þ ≈ cnðjÞzΔLΔgðjÞ−2
n ð0Þ for the soft-wall model.

For example, the electroproduction of vector mesons [using the spin-j glueball bulk-to-boundary propagator (H55)] is
given by [9]

Ah
γ�L=Tp→Vpðj; s; tÞ ¼ −

1

g5
× 2κ2 × Vμν

hγ�L=TV
ðj; Q;MVÞ ×

1

mN
× ūðp2Þuðp1Þ

×
X∞
n¼0
½qμ1qμ2…qμjPμ1μ2…μj;ν1ν2…νjðmn; kÞpν1

1 p
ν2
1 …p

νj
1 � × VhΨ̄Ψðj; K;mnÞ; ðH57Þ

where

Vhγ�L=TV
ðj; Q;MVÞ ¼

1

2

Z
dz

ffiffiffi
g
p

e−ϕz4þ2ðj−2Þ × KT=LðQ;MVÞ ×
zΔgðjÞ−ðj−2Þ

ΔgðjÞ
× κ̃

2ΔgðjÞ−4
V ×

1

ΓðΔgðjÞ − 2Þ ;

VhΨ̄Ψðj; K;mnÞ ¼
1

2

Z
dz

ffiffiffi
g
p

e−ϕz1þ2ðj−2Þðψ2
RðzÞ þ ψ2

LðzÞÞz−ðj−2Þ

×

ffiffiffi
2
p

κF nðjÞψnðj; zÞ
K2 þm2

nðjÞ
× 2ΔgðjÞ−2Γ

�
aK
2
þ ΔgðjÞ

2

�
× κ̃

j−2þΔgðjÞ
T ; ðH58Þ

with

ΔgðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
λ
p
ðj − j0gÞ

q
;

aK
2
¼ K2

8κ̃2T
; j0g ¼ 2 −

2ffiffiffi
λ
p ; ðH59Þ

and

KTðQ;MV; zÞ≡ −Vγ�ðQ; zÞVVðMV; zÞ;

KLðQ;MV; zÞ≡ −
1

QMV
× ∂zVγ� ðQ; zÞ∂zVVðMV; zÞ: ðH60Þ
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Finally using (H43)

qμ1qμ2…qμjPμ1μ2…μj;ν1ν2…νjðmn; kÞpν1
1 p

ν2
1 …p

νj
1 ¼ ðp1 · qÞj × d̂jðη; m2

nÞ ðH61Þ

in (H57), we find

Ah
γ�L=Tp→Vpðj; s; tÞ ¼ −

1

g5
× 2κ2 × Vμν

hγ�L=TV
ðj; Q;MVÞ × ðp1 · qÞj ×

1

mN
× ūðp2Þuðp1Þ

× ½Aðj; τ;ΔgðjÞ; K; κ̃TÞ þDηðj; τ;ΔgðjÞ; K; κ̃T; κ̃SÞ�; ðH62Þ

where we have defined the spin-j moments (or spin-j form factors), for even j ¼ 2; 4; :., as

Aðj; τ;ΔgðjÞ; K; κ̃TÞ ¼
1

2

Z
dz

ffiffiffi
g
p

e−ϕz1þ2ðj−2Þðψ2
RðzÞ þ ψ2

LðzÞÞz−ðj−2Þ

×
X
n

ffiffiffi
2
p

κF nðjÞψnðj; zÞ
K2 þm2

nðjÞ
× 2ΔgðjÞ−2Γ

�
aK
2
þ ΔgðjÞ

2

�
× κ̃

j−2þΔgðjÞ
T ;

¼ 1

2

Z
dz

ffiffiffi
g
p

e−ϕz1þ2ðj−2Þðψ2
RðzÞ þ ψ2

LðzÞÞz−ðj−2Þ

×Hðj; K; zÞ × 2ΔgðjÞ−2 × Γ
�
aK
2
þ ΔgðjÞ

2

�
× κ̃

j−2þΔgðjÞ
T ;

¼ 21−ΔgðjÞ

ΓðτÞ
�
ðτ − 1ÞΓ

�
j − 2

2
þ τ −

ΔgðjÞ
2
þ 1

�
Γ
�
j − 2

2
þ ΔgðjÞ

2
þ τ − 1

�
× 2F̃1

�
aK
2

−
ΔgðjÞ
2
þ 2;

j − 2

2
þ τ −

ΔgðjÞ
2
þ 1;

aK
2
þ j − 2

2
þ τ þ 1;−1

�
þ Γ

�
j − 2

2
þ τ −

ΔgðjÞ
2
þ 2

�
Γ
�
j − 2

2
þ ΔgðjÞ

2
þ τ

�
× 2F̃1

�
aK
2

−
ΔgðjÞ
2
þ 2;

j − 2

2
þ τ −

ΔgðjÞ
2
þ 2;

aK
2
þ j − 2

2
þ τ þ 2;−1

��
; ðH63Þ

where 2F̃1 is the regularized hypergeometric function, and we have defined the generalized Dη-terms at finite skewness
η ≠ 0 and even j ¼ 2; 4;… as

Dηðj; τ;ΔgðjÞ; K; κ̃TÞ ¼
1

2

Z
dz

ffiffiffi
g
p

e−ϕz1þ2ðj−2Þðψ2
RðzÞ þ ψ2

LðzÞÞz−ðj−2Þ ×
X∞
n¼0

�
d̂jðη; m2

nÞ − 1
�
×

ffiffiffi
2
p

κF nðjÞψnðj; zÞ
K2 þm2

nðjÞ

× 2ΔgðjÞ−2 × Γ
�
aK
2
þ ΔgðjÞ

2

�
× κ̃

j−2þΔgðjÞ
T ;

¼ 1

2

Z
dz

ffiffiffi
g
p

e−ϕz1þ2ðj−2Þðψ2
RðzÞ þ ψ2

LðzÞÞz−ðj−2Þ ×
�
d̂jðη; k2Þ − 1

�
×
X∞
n¼0

ffiffiffi
2
p

κF nðjÞψnðj; zÞ
−k2 þm2

nðjÞ

× 2ΔgðjÞ−2 × Γ
�
aK
2
þ ΔgðjÞ

2

�
× κ̃

j−2þΔgðjÞ
T ;

¼
�
d̂jðη;−K2Þ − 1

�
×Aðj; τ;ΔgðjÞ; K; κ̃TÞ: ðH64Þ

Generalizing our arguments in [9] for j ¼ 2 to an arbitrary even j ≥ 2, we replace

Dηðj; τ;ΔgðjÞ; K; κ̃TÞ → Dηðj; τ;ΔgðjÞ; K; κ̃T; κ̃SÞ ¼
�
d̂jðη;−K2Þ − 1

�
× ½Aðj; τ;ΔgðjÞ; K; κ̃TÞ −ASðj; τ;ΔgðjÞ; K; κ̃SÞ�;

ðH65Þ
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with

ASðj;τ;ΔgðjÞ;K; κ̃SÞ≡Aðj;τ;ΔgðjÞ;K; κ̃T → κ̃SÞ: ðH66Þ

6. t-channel spin-1 meson exchange

In the soft-wall model the normalized wave function for
spin-1 (vector) mesons is given by [45]

ϕnðzÞ ¼ cnκ̃2Vz
2L1

nðκ̃2Vz2Þ≡ JVðmn; zÞ; ðH67Þ

with cn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ðnþ 1Þp

which is determined from the
normalization condition (for the soft-wall model with
background dilaton ϕ ¼ κ̃2Vz

2)

Z
dz

ffiffiffi
g
p

e−ϕðgxxÞ2ϕnðzÞϕmðzÞ ¼ δnm: ðH68Þ

Therefore, we have

Fn ¼
1

g5

�
−e−ϕ

1

z0
∂z0ϕnðz0Þ

�
z0¼ϵ
¼ −

2

g5
cnðnþ 1Þκ̃2V;

ðH69Þ

with ϕnðz → 0Þ ≈ cnκ̃2Vz
2ðnþ 1Þ. If we define the decay

constant as fn ¼ −Fn=mn, we have

ϕnðzÞ ¼ g5 ×
fn
mn

× 2κ̃2Vz
2L1

nðκ̃2Vz2Þ: ðH70Þ

Note that for z → 0, we can write the bulk-to-bulk
propagator as

Gðz → 0; z0Þ ≈ ϕnðz → 0Þ
−g5Fn

X
n

−g5Fnϕnðz0Þ
k2 −m2

n

¼ z2

2

X
n

−g5Fnϕnðz0Þ
k2 −m2

n
¼ z2

2
Vðk; z0Þ: ðH71Þ

For spacelike momenta (t ¼ k2 ¼ −K2), we have the bulk-
to-bulk propagator near the boundary

Gðz → 0; z0Þ ≈ z2

2

X
n

g5Fnϕnðz0Þ
K2 þm2

n
¼ z2

2
VðK; z0Þ; ðH72Þ

where [45]

VðK;zÞ¼g5
X
n

FnϕnðzÞ
K2þm2

n

¼ κ̃2Vz
2

Z
1

0

dx
ð1−xÞ2x

aK exp
�
−

x
1−x

κ̃2Vz
2

�
; ðH73Þ

with the normalization Vð0; zÞ ¼ VðK; 0Þ ¼ 1, and we
have defined aK ¼ K2

4κ̃2V
.

7. t-channel spin-j meson exchange

The spin-1 transverse bulk gauge field defined as
zVμðmn; zÞ obeys the same bulk equation of motion as a
bulk massive scalar field ϕ̃nðj ¼ 1; zÞ with m2R2 ¼ −3.
Therefore, the spin-j normalized meson wave functions
JVðmnðjÞ; zÞ can be expressed in terms of the wave
functions of massive scalar fields ϕ̃nðj; zÞ which are given,
for the soft-wall model, in terms of the generalized
Laguerre polynomials as [39]

zJVðmnðjÞ; zÞ≡ ϕ̃nðj; zÞ ¼ cnðjÞzΔqðjÞLΔqðjÞ−2
n ðξ̃Þ; ðH74Þ

with ξ̃ ¼ κ̃2Vz
2. The normalization coefficients are

cnðjÞ ¼
�
2κ̃

2ðΔqðjÞ−1Þ
V Γðnþ 1Þ

Γðnþ ΔqðjÞ − 1Þ
�1

2

; ðH75Þ

and the dimension of the massive scalar fields (with an
additional mass coming from the massive open string states
attached to the D9- or D7-branes) ΔqðjÞ is given by

ΔqðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þm2R2 þ R2

α0
ðj − 1Þ

r
¼ 2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ
p
ðj − j0qÞ

q
; ðH76Þ

where, in the last line, we have used the fact that
m2R2 ¼ −3, the open string quantized mass spectrum
m2

jR
2 ¼ ðj − 1ÞðR2=α0Þ ¼ ffiffiffi

λ
p ðj − 1Þ for open strings

attached to the D9-brane in bulk, and we have defined
j0q ¼ 1 − 1=

ffiffiffi
λ
p

.
We now recall that the non-normalized bulk-to-boundary

propagators of massive scalar fields are given in terms of
Kummer’s (confluent hypergeometric) function of the
second kind, and their integral representations are (for
spacelike momenta k2 ¼ −K2)
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Ṽðj; K; zÞ ¼ zΔqðjÞU
�
aK þ

ΔqðjÞ
2

;ΔqðjÞ − 1; ξ̃

�
¼ zΔqðjÞξ̃2−ΔqðjÞU

�
âðjÞ; b̂ðjÞ; ξ̃

�
¼ zΔqðjÞξ̃2−ΔqðjÞ 1

ΓðãðjÞÞ
Z

1

0

dxxâðjÞ−1ð1 − xÞ−b̂ðjÞ

× exp

�
−

x
1 − x

ξ̃

�
; ðH77Þ

with ξ̃ ¼ κ̃2Vz
2

aK¼
K2

4κ̃2V
; âðjÞ¼aKþ2−

ΔqðjÞ
2

; b̂ðjÞ¼3−ΔqðjÞ

ðH78Þ

after using the identity Uðm; n; yÞ ¼ y1−nUð1þm − n;
2 − n; yÞ. Therefore, the bulk-to-bulk propagator of spin-
j mesons (defined as massive bulk scalar fields) can be
approximated at the boundary as (for spacelike momenta
k2 ¼ −K2)

G̃ðj; z → 0; z0Þ ≈ −
�
ϕ̃nðj; z → 0Þ
g5F̃ nðjÞ

�
×
X
n

g5F̃ nðjÞϕ̃nðj; z0Þ
K2 þm2

nðjÞ

¼ ðκ̃2VÞΔqðjÞ−2 zΔqðjÞ−1

ΔqðjÞ − 1

×
ΓðΔqðjÞ − 2þ aKÞ

ΓðΔqðjÞ − 2Þ Ṽðj; K; z0Þ; ðH79Þ

where we have defined the non-normalized bulk-to-
boundary propagator of spin-j mesons (which are defined
as massive spin-j scalar fields) as

Ṽðj; K; z0Þ ¼
X
n

g5F̃ nðjÞϕnðj; z0Þ
K2 þm2

nðjÞ
; ðH80Þ

with the mass spectrum of massive spin-j scalar

fields m2
nðjÞ ¼ 4κ̃2Vðnþ ΔqðjÞ

2
Þ, and we have also

defined

F̃ nðjÞ ¼
C̃ðj; K; ϵÞ

g5

�
−
ffiffiffi
g
p

e−ϕðgxxÞ2∂z0 ϕ̃nðj; z0Þ
�
z0¼ϵ

;

C̃ðj; K; ϵÞ ¼ Ṽðj; K; ϵÞ ðH81Þ

with ϕ̃nðj; z → 0Þ ≈ cnðjÞzΔqðjÞ−2LΔqðjÞ−2
n ð0Þ for the soft-

wall model.
Note that the bulk-to-boundary propagator of spin-j

mesons (H80) is equivalent to the spin-j glueball
bulk-to-boundary propagator (H77) with the replacements
j → jþ 1;Δg → Δq; κ̃T → 1

2
× κ̃V in (H77), i.e.,

Ṽðj;K;z;Δq;fκVÞ
≡H

�
j→ jþ1;K;z;Δg→Δq; κ̃T →

1

2
× κ̃V

�
: ðH82Þ

8. Electroproduction of vector mesons with t-channel
spin-j closed string exchange in AdS

a. Spin-2 glueball t-exchange

The diffractive production vector mesons in holo-
graphy is mediated by bulk spin-2 gravitons near thresh-
old and their Reggeized contribution to the Pomeron
away from treshold. The t-channel spin-2 graviton
(spin-2 glueball resonances) contribution to the transverse
and longitudinal vector meson production amplitude at
finite skewness, η ≠ 0, is illustrated in Fig. 1(b) with the
result

ATT
γ�p→Vpðs; t; Q;MV; ϵT; ϵ0TÞ ¼ e ×

1

g5
× 2κ2 ×

�
s
κ̃2T

�
2

× IðQ;MVÞ ×
κ̃4T
κ̃4V

×
1

4
× ½AðK; κ̃TÞ þ η2DðK; κ̃T; κ̃SÞ� ×

1

mN
× uðp2Þuðp1Þ;

ALL
γ�p→Vpðs; t; Q;MV; ϵL; ϵ0LÞ ¼ e ×

1

g5
× 2κ2 ×

�
s
κ̃2T

�
2

× IðQ;MVÞ ×
κ̃4T
κ̃4V

×
1

4
×
1

3
×

Q
MV

× ½AðK; κ̃TÞ þ η2DðK; κ̃T; κ̃SÞ� ×
1

mN
× ūðp2Þuðp1Þ: ðH83Þ

A detailed account of this result can be found in [9] to which we refer the reader for completeness. The spin-2 gravitational
form factors AðK; κ̃TÞ and DðK; κ̃T; κ̃SÞ are given by
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AðK; κ̃TÞ≡ 1

2

Z
dz

ffiffiffi
g
p

e−ϕzðψ2
RðzÞ þ ψ2

LðzÞÞ ×
X∞
n¼0

ffiffiffi
2
p

κFnψnðzÞ
K2 þm2

n
;

¼ 1

2

Z
dz

ffiffiffi
g
p

e−ϕzðψ2
RðzÞ þ ψ2

LðzÞÞ ×HðK; zÞ;

¼ 6 ×
Γ
�
2þ aK

2

�
Γ
�
4þ aK

2

� × 2F1

�
3;
aK
2
;
aK
2
þ 4;−1

�
;

DðK; κ̃T; κ̃SÞ≡ −
4

3

m2
N

K2
× ½AðK; κ̃TÞ − ASðK; κ̃SÞ�; ðH84Þ

with

ASðK; κ̃SÞ ¼ Að0Þ × 6 ×
Γ
�
2þ ãK

2

�
Γ
�
4þ ãK

2

� × 2F1

�
3;
ãK
2
;
ãK
2
þ 4;−1

�
; ðH85Þ

with ãK ¼ K2=4κ̃2S.
The bulk-to-boundary vector propagators associated to the incoming virtual photon and outgoing vector meson in Fig. 1

set the scale factors in (H83) namely (ξ̂≡Qz):

IðQ; κ̃VÞ ¼
�
κ̃V
Q

�
4

×
1

2

Z
∞

0

dξ̂e
−ξ̂2

κ̃2
V

Q2 ξ̂−1 × Vγ� ðξ̂ÞVVðξ̂MV=QÞ ×
ξ̂4

4

¼ fV
MV

× g5 ×

 
3

1
32

Q6

κ̃6V
þ 3

4
Q4

κ̃4V
þ 11

2
Q2

κ̃2V
þ 12

!

¼ 1

2

fV
MV

× g5 ×

0B@ 3�
Q2

4κ̃2V
þ 3
��

Q2

4κ̃2V
þ 2
��

Q2

4κ̃2V
þ 1
�
1CA;

J ðQ; κ̃VÞ ¼
�
κ̃V
Q

�
4

×
1

2

Z
∞

0

dξ̂e
−ξ̂2

κ̃2
V

Q2 ξ̂−1 × ∂ξ̂Vγ� ðξ̂Þ × ∂ξ̂VVðξ̂MV=QÞ ×
ξ̂4

4

¼ −
fV
MV

× g5 ×

 
1

1
32

Q6

κ̃6V
þ 3

4
Q4

κ̃4V
þ 11

2
Q2

κ̃6V
þ 12

!

¼ −
1

3
× IðQ;MVÞ: ðH86Þ

b. Spin-j glueball t-exchange

Away from threshold, the diffractive electroproduction of vector mesons involve heavier spin-j gravitons which
are the holographic dual of spin-j glueballs at the boundary. More specifically, the spin-j glueball exchange contribution to
Fig. 1(b) can be written as

ATT
γ�p→Vpðj; s; t; Q;MV; ϵT; ϵ0TÞ ¼

2κ2

g5
×
X∞
j¼2

�
κ̃T
κ̃V

�
8−3ΔgðjÞþj−2

×
4

ΔgðjÞ
×

1

ΓðΔgðjÞ − 2Þ

×
1

4j=2
× Iðj;Q; κ̃VÞ × ½Aðj; τ;ΔgðjÞ; KÞ þDηðj; τ;ΔgðjÞ; KÞ� ×

1

mN
× ūðp2Þuðp1Þ;
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ALL
γ�p→Vpðj; s; t; Q;MV; ϵL; ϵ0LÞ ¼

2κ2

g5
×
X∞
j¼2

�
κ̃T
κ̃V

�
8−3ΔgðjÞþj−2

×
4

ΔgðjÞ
×

1

ΓðΔgðjÞ − 2Þ

×
1

4j=2
×

2

jþ ΔgðjÞ
×

Q
MV

× Iðj; Q; κ̃VÞ × ½Aðj; τ;ΔgðjÞ; KÞ þDηðj; τ;ΔgðjÞ; KÞ�

×
1

mN
× ūðp2Þuðp1Þ ðH87Þ

for even j ¼ 2; 4…, with the spin-j form factors

Aðj; τ;ΔgðjÞ; K; κ̃TÞ≡ 21−ΔgðjÞ

ΓðτÞ
�
ðτ − 1ÞΓ

�
j − 2

2
þ τ −

ΔgðjÞ
2
þ 1

�
Γ
�
j − 2

2
þ ΔgðjÞ

2
þ τ − 1

�
× 2F̃1

�
aK
2

−
ΔgðjÞ
2
þ 2;

j − 2

2
þ τ −

ΔgðjÞ
2
þ 1;

aK
2
þ j − 2

2
þ τ þ 1;−1

�
þ Γ

�
j − 2

2
þ τ −

ΔgðjÞ
2
þ 2

�
Γ
�
j − 2

2
þ ΔgðjÞ

2
þ τ

�
× 2F̃1

�
aK
2

−
ΔgðjÞ
2
þ 2;

j − 2

2
þ τ −

ΔgðjÞ
2
þ 2;

aK
2
þ j − 2

2
þ τ þ 2;−1

��
; ðH88Þ

where 2F̃1 is the regularized hypergeometric function, and the skewness η dependent spin-j Dη-terms are also given by

Dηðj; τ;ΔgðjÞ; K; κ̃T; κ̃SÞ ¼
�
d̂jðη;−K2Þ − 1

�
× ½Aðj; τ;ΔgðjÞ; K; κ̃TÞ −ASðj; τ;ΔgðjÞ; K; κ̃SÞ�; ðH89Þ

where

ASðj; τ;ΔgðjÞ; K; κ̃SÞ≡Aðj; τ;ΔgðjÞ; K; κ̃T → κ̃SÞ ðH90Þ

and

d̂jðη;−K2Þ ¼ 2F1

�
−
j
2
;
1 − j
2

;
1

2
− j;

4m2
N

K2
× η2

�
: ðH91Þ

We have also defined the dimensionless scale functions

Iðj; Q; κ̃VÞ≡
�
κ̃2V
Q2

�
−1
2
ð−ΔgðjÞ−jþ2þ4Þ

×

�
κ̃V
Q

�
4

×
1

2

Z
∞

0

dξ̂e
−ξ̂2

κ̃2
V

Q2
ξ̂ΔgðjÞþjþ2−5

4
× Vγ� ðξ̂ÞVVðξ̂MV=QÞ

¼ 1

2

fV
MV

× g5 ×
Γ
�

Q2

4κ̃2V
þ 1
�

Γ
�

Q2

4κ̃2V
þ 1

2
ðjþ ΔgðjÞ þ 2Þ

� × �jþ ΔgðjÞ
2

�
×
1

4
Γ2

�
jþ ΔgðjÞ

2

�

¼ 1

2

fV
MV

× g5 ×
Γ
�

Q2

4κ̃2V
þ 1
�

Γ
�

Q2

4κ̃2V
þ 1

2
ðjþ ΔgðjÞÞ − 2

� × �jþ ΔgðjÞ
2

�
×
1

4
Γ2

�
jþ ΔgðjÞ

2

�

×
1�

Q2

4κ̃2V
þ 1

2
ðjþ ΔgðjÞÞ

��
Q2

4κ̃2V
þ 1

2
ðjþ ΔgðjÞÞ − 1

��
Q2

4κ̃2V
þ 1

2
ðjþ ΔgðjÞÞ − 2

� ;
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J ðj; Q; κ̃VÞ≡
�
κ̃2V
Q2

�
−1
2
ð−ΔgðjÞ−jþ2þ4Þ

×

�
κ̃V
Q

�
4

×
1

2

Z
∞

0

dξ̂e
−ξ̂2

κ̃2
V

Q2
ξ̂ΔgðjÞþjþ2−5

4
× ∂ξ̂Vγ� ðξ̂Þ × ∂ξ̂VVðξ̂MV=QÞ;

¼ −
1

2

fV
MV

× g5 ×
Γ
�

Q2

4κ̃2V
þ 1
�

Γ
�

Q2

4κ̃2V
þ 1

2
ðjþ ΔgðjÞ þ 2Þ

� × 1

4
Γ2

�
jþ ΔgðjÞ

2

�

¼ −
�

2

jþ ΔgðjÞ
�
× Iðj; Q;MVÞ: ðH92Þ

We also have

ΔgðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
λ
p
ðj − j0gÞ

q
; ðH93Þ

with j0g ¼ 2 − 2=
ffiffiffi
λ
p

for closed strings.

9. DVCS with t-channel open string exchanges in AdS

a. Spin-2 vector contribution

The spin-2 vector meson contribution to the transverse
holographic DVCS amplitude at finite skewness, η ≠ 0, is
illustrated in Fig. 3(b). Its explicit contribution to the TT
holographic amplitude is

ATT
γ�p→γpðs;t;Q;ϵT;ϵ0TÞ

¼−ϵT ·ϵ0T×
1

g25
×g25×

�
s
κ̃2N

�
2

×
1

4
Ivector
singletðQ; κ̃NÞ×

1

4

× ½AqðKÞþη2DqðKÞ�×
1

2mN
× ūðp2Þuðp1Þ×Oð1=NcÞ;

ðH94Þ

where we have defined

AqðKÞ ¼ Aqðj ¼ 2; τ;Δqðj ¼ 2Þ; KÞ;
η2DqðKÞ ¼ Dqηðj ¼ 2; τ;Δqðj ¼ 2Þ; KÞ;

Ivector
singletðQ; κ̃NÞ ¼ Oð1=NcÞ; ðH95Þ

with Aqðj; τ;ΔqðjÞ; KÞ defined below in (H97).

b. Spin-j vector contribution

The spin-j vector mesons contribution is given by (for
even j ¼ 2; 4;…)

ATT
γ�p→γpðs;t;Q;ϵT;ϵ0TÞ

¼ ϵT ·ϵ0T×
1

g25
×g25×

1

2mN
× ūðp2Þuðp1Þ×Oð1=NcÞ

×
X∞
j¼2

1

4j=2
×

�
s
κ̃2N

�
j
×
1

4
Ivector
singletðj;Q; κ̃NÞ×

1

ΓðΔqðjÞ−2Þ
× ½Aqðj;τ;ΔqðjÞ;KÞþDqηðj;τ;ΔqðjÞ;KÞ�: ðH96Þ

We have defined the quark spin-j form factors, for even
j ¼ 2; 4;…, as

Aqðj; τ;ΔqðjÞ; K; κ̃VÞ

≡A
�
j → jþ 1; τ;Δg → Δq; K; κ̃T →

1

2
× κ̃V

�
; ðH97Þ

and the quark spin-j skewness dependent Dqη-terms as

Dqηðj; τ;ΔqðjÞ; KÞ

≡Dη

�
j → jþ 1; τ;Δg → Δq; K; κ̃T →

1

2
× κ̃V

�
;

ðH98Þ

where A and Dη are given by (H88) and (H89), respec-
tively. The polynomial d̂jðη; m2

nÞ is also the same as for the
spin-j glueballs (for even j ¼ 2; 4;…) (H91).We have also
defined the dimensionless scale factors as

Ivector
singletðj; Q; κ̃NÞ ¼ Oð1=NcÞ ðH99Þ

and

ΔqðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þm2R2 þ R2

α0
ðj − 1Þ

r
¼ 2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ
p
ðj − j0qÞ

q
ðH100Þ

for even j ¼ 2; 4;… with m2R2 ¼ −3. Note that j0q ¼
1 − 1=

ffiffiffi
λ
p

refers to open strings attached to Nf D9-branes

(Reggeons), which is to be contrasted with j0g ¼ 2 − 2=
ffiffiffi
λ
p

for the closed strings (Pomerons).
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c. Spin-j axial-vector contribution

The arguments for the vector meson exchange can be extended to the axial vector meson exchange in bulk. In particular,
the spin-j axial meson exchange (for odd j ¼ 1; 3;…) contribution to the DVCS amplitude is

ALT
γ�p→γpðs; t; Q; ϵL; ϵ0TÞ ¼

1

g5
×

1

g5
× g5 × g35κcs ×

1

κ̃2N
ϵLμϵ

0�
Tν × iεμνρσq̃σ × ūðp2Þγργ5uðp1Þ

×
X∞
j¼1

1

κ̃2ðj−1ÞN

sj−1 × I axial
singletðj; Q; κ̃NÞ ×

1

ΓðΔqðjÞ − 2Þ
× ½FAðj; τ;ΔqðjÞ; KÞ þDAηðj; τ;ΔqðjÞ; KÞ�; ðH101Þ

with the Chern-Simons coupling κcs ¼ Nc
24π2

. We have defined the spin-j axial form factors as

FAðj; τ;ΔqðjÞ; tÞ≡ Ã
�
j → jþ 1; τ;Δg → Δq; K; κ̃T →

1

2
× κ̃V

�
; ðH102Þ

with

Ãðj; τ;ΔgðjÞ; KÞ ¼
21−ΔgðjÞ

ΓðτÞ
�
ðτ − 1ÞΓ

�
j − 2

2
þ τ −

ΔgðjÞ
2
þ 1

�
Γ
�
j − 2

2
þ ΔgðjÞ

2
þ τ − 1

�
× 2F̃1

�
aK
2

−
ΔgðjÞ
2
þ 2;

j − 2

2
þ τ −

ΔgðjÞ
2
þ 1;

aK
2
þ j − 2

2
þ τ þ 1;−1

�
− Γ
�
j − 2

2
þ τ −

ΔgðjÞ
2
þ 2

�
Γ
�
j − 2

2
þ ΔgðjÞ

2
þ τ

�
× 2F̃1

�
aK
2

−
ΔgðjÞ
2
þ 2;

j − 2

2
þ τ −

ΔgðjÞ
2
þ 2;

aK
2
þ j − 2

2
þ τ þ 2;−1

��
; ðH103Þ

and the anomalous dimension of the spin-j conformal singlet axial-vector quark operator at μ ¼ μ0

ΔqðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ
p
ðj − j0qÞ

q
; ðH104Þ

with j0q ¼ 1 − 1=
ffiffiffi
λ
p

. The skewness or η-dependent spin-j DAη-terms are given by

DAηðj; τ;ΔqðjÞ; KÞ ¼
�
d̂jðη; tÞ − 1

�
× ½FAðj; τ;ΔqðjÞ; K; κ̃VÞ − FASðj; τ;ΔqðjÞ; t; κ̃SÞ�; ðH105Þ

where

FASðj; τ;ΔqðjÞ; K; κ̃SÞ≡ FAðj; τ;ΔqðjÞ; K; κ̃V → κ̃SÞ: ðH106Þ

In principle, we can also calculate the scale factor Iaxial
singletðj; Q; κ̃NÞ very precisely, using the two virtual photon coupling

to one axial meson derived in [33]. However, we do not need its precise form to extract the moments of axial spin-j (odd
j ¼ 1; 3;…) or axial singlet moments.

10. Pair meson electroproduction with t-channel open string exchange in AdS

a. Spin-1 vector meson t-exchange

The t-channel spin-1 vector meson resonances contribution to the transverse holographic pair meson production
amplitude at finite skewness, η ≠ 0, is illustrated in Fig. 2(b). The bulk t-exchange refers to a spin-1 meson, coupled in bulk
to the bulk-to-boundary virtual photon of momentum q, and a spin-2 bulk-to-boundary graviton of momentum q0 decaying
to a ππ pair at the boundary with momentum p1π and p2π respectively. Specifically, the contribution is
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ALL
γ�p→ππpðs; t; Q; ϵL;mππÞ ¼ −e ×

1

g5
× g5 × 2κ2 ×

1

κ̃2Ns
ϵLμpνT

μν
πðgluonÞðq0Þ × Ivector

valenceðQ; κ̃NÞ × F1ðKÞ

×
1

2mN
× ūðp2Þuðp1Þ; ðH107Þ

where Tμν
πðgluonÞðq0Þ is the gravitational form factor of the pion (or any other meson) in the timelike region, and we have

defined the dimensionless functions

F1ðKÞ ¼ F 1ðj ¼ 1; τ;Δqðj ¼ 1Þ; KÞ;

Ivector
valenceðQ; κ̃NÞ ¼

1

8
×

�
κ̃N
Q

�
5

×
1

2

Z
∞

0

dξ̂e
−ξ̂2

κ̃2
N
Q2 ξ̂−1 × ∂ξVγ�ðξ̂Þ ×

ξ̂4

4
×
ξ̂2

1

¼ −
1

8
×
Q2

κ̃2N
×
225π

2048
×
Γ
�

Q2

4κ̃2N
þ 1
�

Γ
�

Q2

4κ̃2N
þ 9

2

� ; ðH108Þ

with ξ̂≡Qz, and F 1ðj; τ;ΔqðjÞ; KÞ defined below in (H110).

b. Spin-j vector meson t-exchange

The extension of the holographic spin-1 exchange in bulk near threshold extends to the spin-j exchange away from
threshold, using a similar Witten diagram as in Fig. 2(b). Specifically, the spin-j vector meson exchange in bulk contribution
reads

ALL
γ�p→ππpðs; t; Q; ϵL;mππÞ ¼ −e ×

1

g5
× g5 × 2κ2 ×

1

κ̃2Ns
ϵLμpνT

μν
πðgluonÞðq0Þ ×

1

2mN
× ūðp2Þuðp1Þ

×
X∞
j¼1

1

κ̃2ðj−1ÞN

sj−1 × Ivector
valenceðj; Q; κ̃NÞ ×

1

ΓðΔqðjÞ − 2Þ × ½F 1ðj; τ;ΔqðjÞ; KÞ þDqη�; ðH109Þ

for odd j ¼ 1; 3;…. We have defined the spin-j vector form factors as

F 1ðj; τ;ΔqðjÞ; KÞ≡Aqðj; τ;ΔqðjÞ; K; κ̃VÞ ðH110Þ

for odd j ¼ 1; 3;…. The spin-j vector form factors Aq and Dqη are given by (H97) and (H98), respectively. We have also
defined the scale factors

Ivector
valenceðj; Q; κ̃NÞ ¼

1

8
×

�
κ̃N
Q

�
1þΔqþj

×
1

2

Z
∞

0

dξ̂e
−ξ̂2

κ̃2
N
Q2 ξ̂−1þ2ðj−1Þ × ∂ξVγ� ðξ̂Þ ×

ξ̂4

4
×
ξ̂ΔqðjÞ−1−ðj−1Þ

1

¼ −
1

8
×
Q2

κ̃2N
×

1

32
× Γ
�
1

2
ðjþ ΔqðjÞ þ 3Þ

�
2

×
Γ
�

Q2

4κ̃2N
þ 1
�

Γ
�

Q2

4κ̃2Nþ1
2
ðΔqðjÞþjþ5Þ

� ; ðH111Þ

with the anomalous dimension

ΔqðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þm2R2 þ R2

α0
ðj − 1Þ

r
¼ 2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ
p
ðj − j0qÞ

q
: ðH112Þ

Here m2R2 ¼ −3, and j0q ¼ 1 − 1=
ffiffiffi
λ
p

for open strings attached to Nf D9 bulk filling branes.
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11. Neutral pion electroproduction with t-channel open string exchange in AdS

a. Spin-j axial meson t-exchange

The holographic dual of the neutral pion production as shown in in Fig. 4(b) involves the bulk spin-j axial meson
exchange (even j ¼ 2; 4;…)

ALL
γ�p→π0pðs; t; Q; ϵL; ϵ0LÞ ¼ e ×

1

g5
× g25 ×

1

κ̃4N
× ϵ0L · p × ūðp2ÞϵL · γγ5uðp1Þ

×
X∞
j¼2

1

κ̃2ðj−2ÞN

sj−2 ×
fπ
mπ

× g5 × I axial
valenceðj; Q; κ̃NÞ ×

1

ΓðΔvaðjÞ − 2Þ
× ½FAðj; τ;ΔvaðjÞ; KÞ þDAηðj; τ;ΔqðjÞ; KÞ�; ðH113Þ

where the scale factor

Iaxial
valenceðj; Q; κ̃NÞ ¼ Oð1=NcÞ; ðH114Þ

and FA and DAη are given by (H102) and (H105), respectively, for even j ¼ 2; 4;….
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