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Local term in the anomaly-induced action of Weyl quantum gravity
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The finite local conformally noninvariant R> term emerges in the one-loop effective action of the model

of quantum gravity based on the Weyl-squared classical action. This term is related to the IR contribution

to the conformal anomaly, which in a wide class of regularization schemes is determined by the second
Schwinger-DeWitt (or Gilkey-Seeley) coefficient of the heat kernel expansion for inverse propagators of
the theory. The calculation of this term requires evaluating the contributions of the fourth-order derivative

minimal and of the second-order nonminimal operators in the tensor and vector sectors of the theory,

corresponding to metric, ghost, and gauge-fixing operators. To ensure the correctness of existing formulas,

we derived (and confirmed) the result using a special technique of calculations, based on the heat-kernel

representation of the Euclidean Green’s function and the method of universal functional traces.

DOI: 10.1103/PhysRevD.108.086018

I. INTRODUCTION

Conformal models play a very special role in modern
quantum field theory and there is an extensive literature
about various aspects of these theories. One of the important
facts in even spacetime dimensions is that the local con-
formal symmetry is violated by the conformal (trace)
anomaly (7%,), starting from the one-loop level [1,2].
Violation of local conformal symmetry comes in the
form of local and nonlocal terms in the effective action,
generating this anomaly. Breakdown of local Weyl
invariance in classically conformally invariant theories
with (T%,,) = 0 s the result of regularization and subtraction

“barvin @td.Ipi.ru
"guilhermehenrique @unifei.edu.br
ikalugin.ae @phystech.edu

Sohtan @ncu.edu.tw
lilyashapiro2003 @ufjf.br

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2023/108(8)/086018(16)

086018-1

of UV divergences by local diffeomorphism invariant
counterterms. In curved spacetime, when gravity plays
the role of an external classical background, one-loop
divergences of the classically conformal matter field theory
has been proven to be universally Weyl invariant [3]. For
Weyl-squared quantized conformal gravity, the same state-
ment has a more involved status. Initially it has been derived
with the use of the Fradkin-Vilkovisky conformization
procedure [4] in [5], then confirmed in [6] and passed
verification by direct calculations in [7].1

Despite conformal invariance of one-loop divergences,
their subtraction from the regularized effective action entails

'Modulo quantum anomalies, local gauge invariance of
counterterms generically follows to all loops of perturbation
expansion in the class of local background covariant gauges [8],
but their application in the case of Weyl squared quantum gravity
stumbles upon the problem of the search for such gauges
satisfying the condition of background covariance for both
diffeomorphism and conformal gauge transformations. Various
approaches to this problem include [5], but can be circumvented
by direct calculations confirming Weyl invariance of one-loop
divergences in the conformally noncovariant background gauges
as was done in [6,7,9]. Gauge independence of this result is
discussed below in Sec. III.

Published by the American Physical Society
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nonvanishing (7%,), the structure of this trace anomaly
reflecting the structure of divergences. According to the
general classification of the possible terms composing
anomaly in the purely metric sector of the four dimensional
theory (we restrict ourselves with this dimension only)
[10,11], the expression for (T%,) consists of the following
three types of terms: (i) conformally covariant square of the
Weyl tensor C;,.5 = R, .5 — 2R, +5R* (its densitized
version \/§Cﬁmﬂ being conformally invariant); (ii) topologi-
cal invariant Gauss-Bonnet term E, = R}, — 4R, + R’
(its densitized version /gE, being conformally invariant up
to the addition of the total derivative term) and, finally,
(iii) the total derivative [IR-term.

All these structures, when they are densitized, i.e.,
multiplied by /g, represent the trace of the functional
variational derivatives of certain metric functionals. The
principal difference between them is that this functional is
nonlocal for \/gcﬁmﬂ and /gE, and local only for the last

total derivative contribution due to the relation

2 g / 4 2
——0u— [ d*x\/gR” = 12L0R.
\/§ H 59 \/_

nw

(1.1)

This relation shows that the [JR-term in the quantum trace
anomaly can be modified or even completely removed by
adding a finite term [ d*x,/gR? to the classical action of
gravity theory. This is legitimate for quantum theory of
conformal matter in external gravitational field, where such
afinite term belongs to the so-called vacuum part of the action
(involving only classical background metric field). The
vacuum action may not follow the symmetry of the quantum
fields and does not affect the number of active degrees of
freedom. Thus, the [IR-term in the semiclassical anomaly is
renormalization ambiguous (see e.g., [12], the detailed
analysis of this issue in [13] and further developments for
metric-scalar models in [ 14]) and this opens the way for fixing
the coefficient of the R?-term according to observations as is
usually done in high-energy particle physics, e.g., related to
the Starobinsky model of inflation [15,16] (see [17-21] for
more recent developments concerning the anomaly-induced
inflation and further references).

For quantized metric of Weyl invariant gravity theory,
the situation is qualitatively different. Its classical action is

1 1 1

where C* =, is the square of the Weyl tensor,
Ey=R;,.;—4R;, +R* is the Gauss-Bonnet integrand
and 4, p and & are coupling constants of the dynamical,
topological and total derivative terms. The action satisfies

the conformal Noether identity

ZW_o. (1.3)

According to the existing tradition, 7% is called the trace of
the metric stress tensor. Correspondingly, the violation of
the identity (1.3) with Sy, replaced by the quantum effective
action I is called the quantum trace anomaly.

The different status of the theory (1.2) from that of a
conformal matter in external gravitational field is that the
counterterms needed to cancel the Czwﬂ and E, anomalies
are nonlocal, and their nonlocality contradicts the concept
and the rules of renormalization by local counterterms [22].
Now these metric functionals no longer belong to the
vacuum (external field) sector of the theory and carry
quantum degrees of freedom of the theory. In higher-order
loops of semiclassical expansion the nonvanishing one-
loop anomaly will irrecoverably destroy renormalizability
of the theory and its Ward identities providing its unitarity,
as this was originally stated in [23,24]. The [IR part of the
anomaly will also make the theory inconsistent because the
finite local R*>-counterterm needed for its cancellation is
itself conformally not invariant. Therefore, consistency of
the renormalization scheme would require introducing this
term already at the classical level, which would mean the
loss of local Weyl invariance from the very beginning of the
quantization procedure.

Despite inconsistency of the Weyl theory (1.2) at the
quantum level, there was much interest in this model
considered in the series of papers [5-7,9,25] where the
Weyl squared and Gauss-Bonnet terms of the trace anomaly
were fully calculated while its IR part was ignored. Lack
of interest in this contribution might be explained by the
fact that it is usually considered to be ambiguous
and depending on the chosen regularization and renorm-
alization scheme. For instance, in zeta function regulari-
zation [26] or in the covariant cutoff of the lower limit of
the proper time integral [13], the [JR-term enters the
anomaly as the trace of the coincidence limit of the
coefficient a, of the Schwinger-DeWitt expansion, i.e., it
is proportional to the corresponding term in the one-loop
divergence. On the contrary, in the dimensional regulari-
zation, it is ambiguous and strongly depends on the details
of analytic continuation into the complex plane of space-
time dimensionality [2,12,27].

On the other hand, the [IR might be important in various
implications because its contribution to the finite nonzero
(T*,) in view of Eq. (1.1) is responsible for a finite R*-term
in effective action, and this term represents the core of the
Starobinsky model of inflation [15,16]. In addition to this,
the knowledge of IR in the anomaly allows one to pose the
question of complete calculation of the surface terms in the
one-loop divergences of the theory and their dependence on
the boundary conditions at spacetime boundaries. As the
trace anomaly in fact represents the spacetime integrand of
the one-loop divergences—the local Schwinger-DeWitt
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coefficient a, (or Gilkey-Seeley E, coefficient) [28,29], its
LIR part after integration gets washed out from the
spacetime bulk M and reduces to the surface integral
Jord A2V R over the boundary £ = dM, whereas another
part of this surface integral comes from the boundary part
of the Gilkey-Seeley coefficient E;. This issue was a
subject of a very preliminary analyses [5] and never fully
considered within Weyl invariant gravity theory. All this
explains our interest in the [1R part of the trace anomaly in
Weyl gravity theory.

Thus, the derivation of the term [JR in the one-loop
trace anomaly is the main subject of the present work. As
we will see the calculation of this term requires not only the
use of known algorithms for the minimal fourth-
order operator [5,9,30,31], but also the generalization of
the algorithms for the nonminimal second-order vector
operator [5,9,30,32].

Though the [IR term was ignored in previous calcu-
lations in conformal gravity [5-7,9,25], its calculation in
generic curvature squared nonconformal theory was suc-
cessfully accomplished [5]. We emphasize again that the
status of this term in nonconformal case is different because
the relevant R? term in the classical action is not forbidden
by the requirement of local Weyl invariance and is subject
to the renormalization and experimental adjustment in the
subtraction point.

The paper is organized as follows. In Sec. I we explain
the role of LIR term in quantum field theory on classical
curved background and in conformal quantum gravity and
emphasize the fundamental difference between the two
cases. In the subsequent sections, we describe the calcu-
lation of the [JR-type anomaly in the Weyl conformal
gravity. Section III discusses the background field method
in the conformal quantum gravity, presents the results for
Hessian operators and introduces gauge fixing condition.
On top of this, we repeat the proof of [33] of the gauge-
fixing independence of the result for the one-loop
divergences in this theory. Section IV gives the final forms
of Faddeev-Popov ghosts and weight operator contributing
to the one-loop divergences along with the tensor sector
coming from quantum metric. In Sec. V we briefly
summarize the algorithms for the heat-kernel-based
algorithms for the minimal fourth-derivative operators
acting in space of arbitrary fields [5,9,30,31] and for the
nonminimal second-order vector operator [32]. Most of the
calculational efforts of the present work consisted in
the verification of this result by the method of universal
functional traces of [30]. We report on this extensive
calculation in Sec. VI and show that the mentioned
algorithm of [32] is confirmed. Section VII reports on
the final derivation of the anomaly [IR term by using these
algorithms. In Sec. VIII we present the conclusions and
final discussions of the conformal symmetry breakdown in
Weyl quantum gravity by the local term. Throughout the
paper we use Euclidean notations.

II. TRACE ANOMALY AND INDUCED
ACTION OF GRAVITY

Let us briefly review the conformal anomaly and
derivation of the anomaly-induced action [24,34]. In the
discussion of this subject, we shall pay special attention to
the ambiguities related to the choice of regularization and to
the difference between conformal theories in external
gravitational field and conformal quantum gravity.

The starting classical theory of the fields ®; and the
metric, is conformal, i.e., its action S, satisfies the
conformal Noether identity, that is a generalization of (1.3),

\;E{Zgﬂ,, 50 chbéfp }s 0, (2.1)

were w; is the conformal weight of the field ®; and S is the
action of gravity and fields ®;. In the purely gravitational
sector, the action has the form (1.2), and the form of
conformal actions of scalars, fermions and vectors can be
found, e.g., in [35] or elsewhere. In pure quantum gravity or
on shell of matter fields, when 6S/6®; = 0, the Noether
identity (2.1) reduces to (1.3). In this sense, conformal
quantum gravity and semiclassical theories are similar.
Another common point is that, at the one-loop level, the
identity (1.3) gets violated, i.e., acquires a nonvanishing
mean value

2 oI’
<Tﬂﬂ> g/,w 5& 0

f 0

In the case of quantum matter fields, the trace anomaly
corresponds to the violation of conformal symmetry in the
finite vacuum part of effective action. Depending on the
regularization scheme, the expression for (7%,) is propor-
tional to the local one-loop divergences modulo the [IR
term which is the object of our prime interest. In quantum
theory of conformal matter fields, these divergences and
trace anomaly consist of the C?, E4, and [JR [3]. Thus
within the existing classification of invariants [10,11]

(2.2)

(T")) = wC? + bE, + cR, (2.3)
where @, b, and ¢ depend on the fields content of the
model. Equation (2.2) can be used to find the part of the full
effective action, which is responsible for the anomaly and
also called induced effective action.

The anomaly can be integrated using the relations (1.1)

and \/g(E, —30R) = /3( 4——DR+4A4G) where the
metrics g,, and g,, are related by g,, = g,w ° and

Ay =P + 2RV, V, — RD 4= (V”R)V (2.4)

is the fourth-order Hermitian conformal invariant
operator [36,37] acting on a scalar field of zero conformal
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weight. The covariant solution of Eq. (1.1) has the
form

Cina = 8:(0) +5 / /} C*(x)G(x. ) (E4 - DR) }

b 2 2

3c+2b
- R2(x).
36 / (x)

Here S.(g,,) is arbitrary conformally invariant functional
of metric, serving as an integration constant for this
solution. This term is important for short distance behavior
of stress-tensor correlators [38] or in the model of initial
conditions for inflationary cosmology driven by a
conformal field theory [39,40], but for the purposes of
our paper it is largely irrelevant (see, e.g., the discussion
in [41]). The next two terms include the conformal Green
function G(x,y) of the operator A, and are free of
ambiguities. On the other hand, the situation is more
complex with the local term f \/§R2, which is directly
related to the CJR-type anomaly owing to the relation (1.1).

In semiclassical theories, one can modify [JR-term in the
anomalous trace simply by adding the f \/§R2 term to the
classical action. This procedure can be also hidden in the
details of dimensional or Pauli-Villars regularizations [13].
However the corresponding ambiguities are in fact equiv-
alent to adding a classical [ \/§R2 term. In a semiclassical
model, this vacuum term does not produce changes in the
quantum theory because the metric is not quantized.
However, things change if we add such a term in the
theory of conformal quantum gravity, because this oper-
ation violates the classical conformal symmetry, increases
the number of degrees of freedom and changes the quantum
theory.

(2.5)

III. BACKGROUND FIELD METHOD
AND GAUGE FIXING

For a one-loop calculation, we shall use the background
field method, as it was done in the previous works in the
same model, starting from [5]. The first step is to separate
the metric field into background g,, and quantum A,
counterparts,

(3.1)

The one-loop calculations include contribution of the
Hessian for the fluctuation #,,, so we need to expand
the action up to second order in this field. One detail makes
our calculation different from what was done before. We
need only the [JR-type term and, therefore, can restrict our
attention to the linear in curvature tensor terms, since other
contributions were calculated and verified in [5-7,9].

9w — g;w = 9w + h;w'

In what follows, we use standard condensed notations of
DeWitt [29]. The unity operator and the covariant deriv-
atives obeying the Leibnitz rule read as

1
5;w,aﬂ = E (gpagvﬂ + gﬂﬂgva) > vuA = (vyA) +Avy’ (32)

In the framework of usual Faddeev-Popov approach, we
add the background-invariant gauge-fixing term fixing the
diffeomorphism invariance for the quantum fields,

Sof :/d“x\/g)(ﬂY"”)(y, (3.3)

with the gauge condition y, and the gauge fixing operator
Y# of the general form
Xu = Vol +7V,h, YW =y g0+ y,VFVY, (3.4)
where £ is the trace, h = ¢"“h,,,, while 7 and y, , are three
gauge-fixing parameters. For arbitrary choice of these
parameters, the calculations become complicated. The total
Hessian contributed by the sum of the action (1.2) and the
gauge-fixing term (3.3) is a nonminimal fourth-order
operator. On the other hand, there is a unique special
choice of the gauge-fixing parameters [7,9,25].

T:—Z,

1 1
=_, =——, 3.5
71 3 72 6 ( )
that reduces this Hessian to the minimal form. Then, the

quadratic form of the action reads as

2 1 v a
St(:ozif = Z/ d4x\/§hﬂ Hﬂb,(lﬁh’ ﬁv (36)

where

H = le.a/;

=12+ V"V, V,+ NPV, +U.  (3.7)

At this point, we encounter a special feature of conformal
gravity, which has not only diffeomorphism invariance, but
also conformal symmetry. For the gauge fixing of con-
formal symmetry we follow [5,9] and choose the degen-
erate (delta function type) gauge ¢ = ¢g*“h,, = 0. This
means that the quantum metric fluctuation in the path
integral h,,, becomes traceless and the unity matrix in the
metric sector is a projector operator to the subspace of
traceless tensors (the hat indicating the action of the tensor

matrix objects in the space of tensors)

A 1
1= 5ﬂy,aﬂ - Zg/wgaﬂ' (38)

After some algebra, we get the following elements of the
operator (3.7):
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S0 2 4 4 4
V 2—3 Owapd”’ + 5 Rg,,ﬂc‘)' po +3R O —|—3RW5
+ 2le5bﬁf’ - 4Rﬁg,,ﬂ5§ — 4Rﬁg,/ﬂ5z + 4Rﬂayﬂgp + 25”,/_aﬂR/’“, (3.9)
i ] V'R VR —2(VuR)g,y5: — 2(V,R, )5
N 3 ﬂD(lﬂ( )__( a/i) g( a )guﬁ " ( u Vﬂ) a
+ 4(vaR/w)52 + 4(v(1R;4/)’)51/} - 4(vaR;/3)gy/3 + 4(vﬂmeﬁ)’ (310)
and
. 1
U= ~3 Su.ap(CIR) — (V VoR)gup + 5 (V V,R5) + 2(0R ) Gyp + 2(CIR 1) (3.11)

Before starting the calculations, let us comment on the
important question about the gauge-fixing dependence.
Repeating the arguments of [33,35] (and those of [5] for
a general higher-derivative quantum gravity) this issue may
be stated as follows. As is well-known, the gauge and
parametrization dependence of the one-loop effective action
is proportional to classical equations of motion [42—45].
In view of locality of UV divergences [46,47] in the
theory (1.2), the difference between its divergences Argw)
calculated in different background-covariantgauges [8],
which necessarily has dimensionality 4 and is proportional
to equations of motion, can only be of the following
form [33]:

oS
AF&R [0 / d4xgﬂ,, 6gW

uv

(3.12)

(other powers of 6Sy/dg,, are obviously excluded for
dimensional reasons). Therefore, in view of the conformal
symmetry of the classical action (1.3), it is vanishing. Thus,
in the conformal theory (1.2) in this class of gauges the one-
loop divergences are parametrization and gauge-fixing
independent. Hence, we can safely use the simplest choices
of variables and gauge-fixing conditions.

IV. GAUGE GHOSTS AND GAUGE-FIXING
OPERATOR

The general expression for the one-loop effective action
in Euclidean notations reads [5] (see also [48,49] and the
recent review in [50])

1 .1 N .
F:5TrlogH—§Tr10gY—TrlogM, (4.1)

where Tr denotes the functional trace, H is defined in (3.7),
the gauge-fixing operator

V= ymw = % <gﬂ”[| - %VﬂV”>, (4.2)

is defined in (3.4) and (3.5), and M = Mﬂa is the Hessian of
the action of ghost fields responsible for diffeomorphism
gauge transformations,

uv,o
oh,,

My, = (4.3)

with the generator of diffeomorphism transformations
Ruva = =91V — 9ua V- This operator is built with the
diffeomorphism gauge conditions in (3.4) and (3.5).
Regarding the conformal gauge 7 =0 we note that its
ghost field does not contribute to the effective action (4.1)
owing to the nondynamical (nonderivative) nature of its
conformal ghost sector.” Thus, we get

In both cases of operators (4.2) and (4.4) we meet the
problem of calculating Trlog £ for the nonminimal vector
operator

F=F! =08 — V'V, + P! (4.5)

with a generic value of the parameter 4 and some potential
term PL.

*This is a nontrivial and very helpful corollary of the choice
of the diffeomorphism gauge (3.4) and (3.5). In the full set of
diffeomorphism and conformal gauge conditions (y,.¢),
¢ =g"h,, the full Faddeev-Popov operator has a block
matrix form with the off-diagonal element (Jy,/6h,,)R,,,, where
R, = gu is the linearized generator of the conformal trans-
formation of 4,,. But in the gauge (3.4) with the parameter
7=—1/4 of (3.5) this block turns out to be vanishing, so
that the total ghost determinant factorizes into the product of
DetM 5 and the determinant of its conformal-conformal block
(6¢p/6h,,)R,, = 4. The latter one is ultralocal and does not
contribute to the effective action.
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V. THE ALGORITHMS FOR ANOMOLIES AND
DIVERGENCES

One-loop UV divergences and anomalies in curved
spacetime can be covariantly calculated by using the heat
kernel of the corresponding wave operators of the theory.
For the effective action built in terms of the functional
determinants of the second-order operators F and the
fourth-order operators H, the heat kernels of these oper-
ators can be represented in the form of asymptotic
expansions at small values of the proper time s — O,

P 6(x.3) s = 4ﬂs)d/22 naf(x). ()

and

o)l = (47rs1/2 7 Z s"Paj(x),  (5.2)

where d is the spacetime dimension, and a5 (x) are
respectively the local Schwinger-DeWitt [29,30] coeffi-
cients of the operators / and H related to the Gilkey-Seeley
coefficients [28] EXH(x) by

an"! (x) = (4n) P E3,) (x).

(5.3)

These heat kernels generate by integration over the
proper time parameter the contributions to the Euclidean
effective action I'=1TrInF =1 [®dse™"/s coming
from the operator F and correspondingly from H. Their
divergent parts read respectively as

1 A 1
ETrlog Flg, = ——/ d*x\/g tr af, (5.4)
€

%Trlogmdiv = —z/ d*x\/g tr aXt, (5.5)
where tr denotes the matrix trace with respect to the indices
of the second Schwinger-DeWitt coefficient a, and
€= (47)*(4—n) = 0 is the parameter of dimensional
regularization with n denoting the regularized spacetime
dimension. To avoid the ambiguities related to this
regularization [12,13], one can use the covariant cutoff
in the proper-time regularization with the dimensionless
parameter L. — oo representing the ratio of the dimensional
UV cutoff and the renormalization scale (see [30])

1 logL?

e 32n

(5.6)

Note the difference in coefficients in (5.4) and (5.5)
associated with the fact that the operator H is quartic in
derivatives (that is, it has the dimension four in units of

mass and the corresponding conformal weight —4),
whereas weight —2 operator F is quadratic in derivatives.
This weight plays important role in the generation of trace
anomaly, which can be most easily demonstrated within
zeta-functional regularization as follows.

Consider a symmetric Weyl-covariant operator A of the
conformal weight —2w (correspondingly the weight of the
field acted upon by H being w), which transforms under
the infinitesimal conformal rescaling 3,9, = +206g,, as

8,8 = —w(cH + Ho). The conformal transform of its
“effective action” I' = %log H, expresses in zeta function
regularization in terms of the particular value of the zeta
function, ¢(z|x) = tr(=H)7%8(x,y)|,_,, at z = O—the
value which is given in 4-dimensional massless theories
in terms of the local Schwinger-DeWitt (or Gilkey-Seeley)
coefficient (5.3), £(0|x) = trE% (x). Namely,
(Th) = =6, =wl(O]x) =wtr Eff (x).  (5.7)
Thus, when the both operators F and H are individually
Weyl invariant with respect to local conformal transforma-
tions, their functional determinants supply the total trace

anomaly with the following contributions expressible in
terms of the second Schwinger-DeWitt coefficient

tr a4 (x) H atl (x)
TM(F) — 2 , (H) 2 , 5.8
M) =2 @) =220 (58
in accordance with their conformal weights —2w = —2 and
—2w = —4, respectively.

In Weyl gravity theory the fourth-order operator A given
by (3.7) and nonminimal second-order operators F =
(M,,, Y") given by Egs. (4.2) and (4.3) are not individu-
ally Weyl covariant, because the chosen diffeomorphism
and conformal gauges are not background covariant with
respect to the local conformal subgroup of the full set of
gauge transformations. However, these operators are inter-
twined by Ward identities which provide the expression
(3.12) for gauge conditions variation of the one-loop
divergences, which in its turn occurs to be vanishing also
off shell in view of the discussion above. Thus, the
deviation of the actual conformal transformations from
the expressions (5.8) above in fact cancels out in the total
sum of contributions into effective action (4.1), which
generate the overall trace anomaly

<Tz(x)>:%ﬂz(mag(x)—trag(x)—ztray(x)). (5.9)

This expression thus turns out to be the integrand of the
overall set of the one-loop divergences of the model,

F|div =

1
—- / d*x\/g(2wal —wa¥ —2wal).  (5.10)
€
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Note, however, that unless we include the surface terms at
the boundary of spacetime, which are disregarded in this
four-dimensional integral, the [JR contributions—the
object of our prime interest—are completely washed out
from the right-hand side of (5.10) because they do not
contribute to the interior of spacetime domain. But they
enter the right hand side of (5.9). They are ambiguous, as it
was already remarked, in the dimensional regualarization,
but in the zeta-functional regularization appear as uniquely
defined ingredients of the relevant Schwinger-DeWitt
(or Gilkey-Seeley) coefficients. Our goal is to calculate
them here.

Let us start the calculation of various terms of (5.9)
with the contribution of the minimal fourth-derivative
operator (3.7). We shall ignore in what follows all the terms
which are not of the desired [JR type, as they are not of our
interest. The reader can easily find the corresponding
expressions in [5,30] or in [31,32,51]. The expression for
the LJR-type terms for the fourth order minimal operator was
derived in [31] using the heat-kernel method. The formula
obtained in [31] is equivalent, for the operator (3.7), to

tr afl(x) = —tr{15 (OR) + 9DV

| A
VVVP" —V,N* = Uy, 5.11
SEAAALEE LA NE

It is worth mentioning that this expression passes the test
of representing the fourth-order derivative operator as a
product of two minimal second order ones [5] and
calculating the divergent part of its functional determinant.
The details of this verification sound as follows. For the
basic second-order operator, the divergent part is [29]

~

1 R 1, i .
(5.12)
Taking the particular form of the fourth-derivative operator
O=(0+1)>
TrlogO = 2Trlog(ﬁ + ﬁ) ,

=0 + 210+ 2(VA) V, + (O1),
(5.13)

we identify this with the special version of (3.7), when

vre=200gre, NP =2(VrIl), OU=(0M). (5.14)

At this point, we can establish the form of the possible
divergences of the [IR-type. These divergences should be
the total derivative expressions constructed from V*°, N”
and U. taking into account the dimension of these building
blocks, we arrive at the expression for divergences which has

four unknown coefficients a; 4, that are still to be defined,

.....

1 .

ETrlogH|diV = /d4x\/_ tr { OR + a,V,V, V"
+a2D‘7+a3Vpr+a4f]}, (515)

From the nontotal derivative terms we know that a, = —1

(e.g., [5,30]). Other coefficients can be obtained using
different doubling tricks [5]. In this case, we can identify
VPVGV/’” = 20011 and IV = 8II1. Using these relations
and (5.13), we arrive at the equation

2611 +8a2+2a3—|—a4 :§ (516)
Since Eq. (5.11) fits this condition, we conclude that it has
passed this partial check.

Let us now consider the contribution of the nonminimal
vector operator (4.5). The algorithms for the divergences in
this case is known from [5] and [30]. However, in both
cases the formula for divergences did not include the total
derivative terms, such as [JR, (JP and V”VﬂPﬂ”, where
P = P*g,,. The algorithm for these terms was obtained
in [32]. The final result for the vector operator (4.5),

al = (ab)y, wal = (af )ti» reads

tr af = ¢\0P + ¢, V*VPP 4+ ¢ OR, (5.17)
with the coefficients
842—214+6 24-1
=-— log(1—2),
C 364(1-7) + o7 og(1-2)
13024+64-24 A+4
=-— log(1—-4
=" San-n e el
13312 —-1681—60 A2—51—2
== - log(1-12), (5.18
“u 3604(1—1) p lel=4.  (518)

where we keep enumeration of the coefficients adopted
in [32]. To have an additional verification, in the next section
we present an alternative derivation of the contribution of
minimal-vector operator, by using a different approach.

VI. NEW DERIVATION FOR NONMINIMAL
VECTOR OPERATOR

Consider the vector field operator (4.5)

F=F' =06 — VY, + PV, (6.1)

Coincidence limit of the heat kernel has Schwinger-DeWitt
expansion given by [29,30]

1

7)[1/2 g'? [a’éy(x, x) +df (x,x)s

sF5ll —
€ U(xvy)|y=x (471’5

ot (x,x)$2 - } (6.2)
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where the a,(x, x) are the coincidence limits of the two-
point Schwinger-DeWitt coefficients a},,(x,y) labeled
above by one argument ay,(x) = ah,(x, x).

We intend to find total derivative terms in the second
Schwinger-DeWitt coefficient @}, (x,x) which determine
the corresponding one-loop divergences in the effective
action. For the matrix trace of d ,(x, x) there are three such
structures with some numerical coefficients a, b, and c,

ay,(x,x)=al0R+bOOP+cV,V'P;, P=P,. (63)
These terms cannot be extracted from the integral quantity

like Tre*f or Trlog F because under integration over
|

1

spacetime they get washed out and materialize as surface
terms at the boundary which we do not control. Therefore,
let us extract them from the local quantity. The simplest
object is the coincidence limit of the Green’s function

1 0 !
gt = [Tdserdyne (64)

Unfortunately, however, @}, (x, x) is contained in the UV
finite part of this quantity which for massless operator is
badly IR divergent within the local Schwinger-DeWitt
expansion (6.2). Therefore we have to consider the massive
Green’s function

ol = [T sy,
o dse™sm 1
_ /2| LM H H 2 .
— A —(4m)d/zg [aob(x, x) +dy,(x,x)s + ab (x,x)s* + }
L p[=9 -9
_ /2 2) _n 2) _u K .
- (4ﬂ)d/2g |:(m2)1_% dg, (¥, x) + () ay,(x. x) + P, dy, (%, X) + -+ (6.5)
for d - 4. Then d} (x, x)/16z is the coefficient of 1/m? I P 1 (6.10)
in the inverse mass expansion of a massive Green’s F—m? F\Fy+M’ ’
function.
Let us calculate this Green’s function by the method of  (here we have introduced the abbreviations
universal functional traces of [30]. In the lowest order in
curvatures, we have )
1 5 Fy=0-m?, FZ:D—lml. (6.11)
" v -
—— =Kaq ~t (6.6)
F—-m (D—mz)(D—%) . .
-4 We expand (6.10) in the inverse powers of F|F,,
where | . |
" , Rt KZ(—])PMPW. (6.12)
K=K!= <D ~1 ,1> 5+ 0 /IWVD. (6.7) p=0

More precisely, we can derive the exact equality:

m2

(F/é - mzéﬁ)K,”,’ = (D - m2) (D - m

>5’; + My, (6.8)

where the perturbation operator M’ equals

2

O —m> _JR,,V*V*

A
M=
1-4

] /I(RZ+PZ)V“V,,+P’J<

—A(V”RW)V"—g(VDR)V” —%(V”V,,R). (6.9)

From (6.8), we find

We then find
My=1, M,=M, M,,H:MMp—k[Fle,Mp] (6.13)

For our purposes of finding linear VVR and VVP terms,
we need the above operators up to p = 3 with

My = MM, + [F\Fy,M,] = M* + [FIFZ,M}

= [O.M](Fy + F>) + O, [0, M]] +- -+, (6.14)

where only O(R) terms are kept. We also have
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M3 = MM, + [F\F,,M,] = [F1F27M2} + - = [0, [O.M][(Fy + F2)* + - -, (6.15)

where we keep only those terms linear in the curvature with two derivatives. Then the single and double commutators of [
with M are also needed:

22
(0.MY) = == | Vy(Rh + Pi) V999, + 2(VePL)V, F,
A
— 2U(VyR, ) VPVV [D(Rf; + P/:,)} VeV, + (OPY)F,
— AOR,) VIV = 24(V VR, )VPN® — AV, V,R)VOVF + ... (6.16)
|
[=N=NY5] = 9 V(R 4 PY)|VIVAVeY K25, = 63, v),
’ ’ v 1— /1 yVp a a v F1F2 y=x F1 y=x
ALY S A 6%
+A(VIVEP))VVaF) + VY ),
— 4A(V, V4R, )VIVIVIVE 4. (6.17) - 1F2
(6.18)
up to terms O(R?), O(RP) and higher derivatives of the  The 1/m? term from the first term can be obtained from
curvatures. (6.5) and is given by
A. M,)-term Ou
. ’ o . g2z (%) (6.19)
Let us explicitly calculate the contribution of the first 1672m2

term in (6.12),
That from the second term in (6.18) is calculated as

Ly o syl = 297 iy /°°d dr ex [( +00 2( 4! )]5( )|
— a = O0(X,Y) oy = 7 « s s -—m-(s+— X 9) ey
T=2° “@-m)@-) =TT A P -2 Yy
1/2 00 _mzn_TaA 1 H
:/lg / dyye dzﬁ/da<w_g_><va_@>
L=2Jo (4my)¥? Jo 2y 2y
x A2 (a5 + a5y + a5 + )|y (6.20)

where we have used proper time representations for both massive Green’s functions (s- and #-integrals) and made a change
of integration variables s, — y,a, s = ay, t = (1 —a)y, with 0 < s+t =y < co. We have also used the Schwinger-
DeWitt expansion (A6) and pulled exp(—a(x, y)/2y) to the left through two covariant derivatives. Here 6, = V,0(x, y) and
similarly o*.

Only two terms containing VVR survive here after differentiation and taking the coincidence limits. These are where V#
acts on o, times a5’ [they give (V"Ua)azmﬂy:x = azD /(x,x)] and where both derivatives act on a}. They have a needed
dimensionality, and contain the needed VVR terms. Taking in these two terms the integral over y (which can be done
directly in d = 4, because these terms are UV finite) we get

A 5 g"? [ da 1 o
\V/Av; v — \V/avi Oa _ H
-2 ”(D—m2)(|j—_¢ji)6(x’y)‘y=)‘ /116ﬂ2m2A =g | Vedn ) mg @)
log(1 —2) 1 o
=—gl/2=2 L \VrV aPe(x, y) — = a5 H(x, 6.21
g 167[21712 |: aalp ()C y) 2a2u (x y) y:x+ ( )
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Using the coincidence limits (4.32) and (4.33) of [30] for the vector field Schwinger-DeWitt coefficients a';, (X, y),
n=0,1,..., of the operator (15,:

1 2
VAV a4 (x Ve = ——0OR)+—VIV,R+---, (6.22)
15 15
ay ¥ (x,x) = %DRéﬂ (6.23)
one finally has

F\Fy

1/2 1 2 1
K% 8(x, )]y = g_{ [ — —|——log(1 —2)|ORs, —Blog(l - 1)VFV, R —i—EDR’,f log(1—2) +-- }

1672m? 30 60
(6.24)

B. M,-term
The rest of the terms can be calculated by using the formulas given in Appendix A. Using (6.7) and (6.9) and retaining
only the terms with V2R and V2P, we have, for the second term in (6.12),

1
FiF,

1 A A
KM 120 _|=ZVrV R + OPY + ———_VHV P
(KM Y. 3 = 0 =[5 PR+ Ot 4 900,

1

2
- [IL_A C(RH 4 PHa) + <1L/1> VAV 5 (RP* + Pﬂ"‘)} V.V,

- R
1 2 1 22
= V#V,R V,VFR, ;) V*VF
a1 (VVARIE F2F2+1 ( 2 F1F2
p)
+ 175 [ VYR +OR, | VY, F2F2 +- } (6.25)
Using the results in Appendix A in (6.25), one gets the result for M;-term,
—(KM)} ! =g'/? -4 (VAV,R) —&I + y—z—yﬂ—y I
' FiF3 167°m? 27107 \4 .
2
+(OPy) |:Il,0 +g11,1} + (VIV,P) {711,0 +%11.1] }, (6.26)

where the integrals 7, , here and below are defined in  The derivative operator is put to the right, and to the order
(A10) in Appendix A and we need, we find

.

_ (KM,); =[O, My]F,(F + Fs)
|ia

(6.27)

A
+m[m MV, (F\ + F;)
Note that [IR}-term does not appear in this order at all.

+ [0, [0, ML) (Fy 42F>)
A
C. M,-term +n (O.[0,M%]]V+V,
Using (A1), we have for the third term in (6.12),
+1—_/1[V/‘Va,[D,M‘;H(F1+F2)+-~-. (6.29)
(KM,), = KG[O, MZ)(Fy + F,) + K4 [0, [0, M2]] +
=[O0, M9KE(F, + Fy) + [ K4 [0 Mi’ﬂ (F) + F,) Us_ing the results in_Appendix A, we can calculate each
) term in (6.29). Collecting these terms, we find the M, term
+ [0, O M) Ko+ - (6.28)  which reads

086018-10



LOCAL TERM IN THE ANOMALY-INDUCED ACTION OF WEYL ... PHYS. REV. D 108, 086018 (2023)

1 g (2
(KM,)., FiE =~ Te2m? 14 {2/111,1 + Mo+ (y =40+ (y =302+ (v — 3)12.1} ORY

1
+3 [2 FA(L = Do+ 42 = D)1y +2(4 =30 o+ Ay + 2115

+ 4

s

v+ 61, + yﬂz,z] P

+

(12 + Ly + 1) [ (20R + OP + 2VV#P,y) + 2V4V, P|

+

(37 = 42) (I + o) + By = 62112 = 2(1 = W) (1o + 211 1) | V9, R

+

(r +8)la + (v + D)1 + 271, | V, VP

Bl RIS B> oo

_|_

81,1+ 46,0+ 3711, + By +4), + 2}/12’2} V"V”P(w}. (6.30)

D. M;-term
We find that the M;-term is

—(KM5)y = — [4yvyV/;(R’é + P)VIVPNOV, F, + 4(VPVPY)V 4V, F3
— 4A(V, V4R, ) VI VIVIVF, + 4V V(RS + P4) VAV VIVAVY,
+ 4y (VPP VY F, — 4y/1(vyv/,,1ew)mwwww} (Fy + Fy)2. (6.31)

By use of the results in Appendix A, this gives

1 g'/? =311, +3L, + 10 Li3+3Ly+ 131 Ips
—(KMs) —— = 2 [(ORM)2 * 1703 : 2131 J03
(KM 5751 = Tomzme | RV 6 T 6 6
311’2‘1‘612,1 +I3’0 11_34’3[2_24’13’1
+yA
3 6
Li3+31, + 13, n 31, + 6l + 13,0)

1
+(OPy) <3+ 2(L =21y +1p0) + 4

3 3
=311, + 31, + 130 —Ip3 Ii3+30,+ 15,
6 ty 2

L343+ 15,
12 ’

+ (VAVeP,, + V VP2 (y

+ (wva)z<

+ yA(8{200R + 0P + 2V*VPP 5} 4 2VFV, P)

(6.32)

E. The total result
Collecting all the results up to the M5 terms and substituting the result of the integrals from Appendix A, we get
g'?
360(4x)>m?(1 — 2)A?

—10(6 — 212 + 842)(0OP) — 10(=24 + 6 + 13&2)(vavﬂp,,,,,)}

—trG(x, x) ~ [,1{(60 1682 — 13322)00R

+30(1 —x){(z + 52— 22)(CR) + 2(24 — 1)(CIP)

+2(4 + z)(vavﬁpaﬁ)} log(1 — /1)] . (6.33)
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On the other hand, the result in [32] is

A 1
tr E4(x) = ——5d5 ,(x,x)

(47)?

1
= (47[)2 (CIDP+C2vavﬂP{lﬂ+C11DR),

(6.34)

with the coefficients given in (5.18). Thus, this result agrees
with Eq. (6.33).

2 27

1 74 8 8 2
tr &5] = tr{l?,’jé”’”'“ﬁDR + 7gMbDRaﬁ - ggl/ﬁDRﬂa + gl:lR

The rule of taking trace should take into account that the
unite matrix is the projector to the traceless states, such that,

e.g.,

1
tr5ﬂb,aﬂ = <5M af Zg” gaﬁ> 5/411,01/3 =9. (72)

In this way, after small algebra, we get

13
tr aff = —[OR.

35 (7.3)

For the nonminimal vector operators, we have to apply
the results (5.17) and (5.18) to the operators (4.2) and (4.4).
In the first case, P*¥ =0 and A= 1/3. After a small
algebra, we get

9l1 8 (3
wral =4 ——"log(2) R,
i {720 3°g<2>}

For the ghost operator M, we have P* = RM and
A = —1/2. The calculations give, in this case,

247 5 (3
wal =0 2o 2) Lor.
i {540 12 Og(z)}

Substituting these results in (5.9) we get

(7 3 159

where we explicitly indicated that this is a total derivative
part of the full trace anomaly. Other terms in the anomaly
can be recovered from the integrand of the one-loop
divergences in Weyl gravity model, which can be
found in [6] or [7,9]. As we have mentioned above, the
result quoted in (7.6) cannot be modified by adding a
finite classical R? term, and the last enters into the

(7.4)

(7.5)

<TZ (x ) > |total derivative

VIL. FINAL RESULT FOR THE ANOMALOUS [JR
TERM

Let us now apply the algorithm for the minimal fourth-
order operator (5.11) and for the nonminimal vector
operator (5.17), to derive the one-loop total-derivative
divergence in the theory (1.2).

We start from the tensor sector. The intermediate
expressions for the elements of the general formula (5.11),
with the elements (3.9)—(3.11), can be found in
Appendix B. Summing up these expressions, we arrive at

20

4 20
navp —27V”V,,Raﬁ—|—9V”VaRDﬁ—|—279uﬁVﬂvaR}. (71)

[
anomaly-induced action only in the form defined by the
anomaly and the relation (1.1).

At this point, we can formulate the complete version of
Eq. (2.2) for the effective action of gravity induced by
conformal anomaly in Weyl-squared quantum conformal
gravity. This equation has the form

2 L —
<TZ(X)> = =9 S
V9 Guw

where we stressed the fact that the equation is for the finite
renormalized part ['yopom Of the effective action with the
divergences are subtracted in the process of renormaliza-
tion. According to [6,7,9] and (7.6) the coefficients are

= wC?+ bE,+ cR, (7.7)

1199

(47)2 15 °
1 87

(47)? 20°

1 [T Io 3 159

T @ 27%2) Ts0 )
The solution of Eq. (7.7) has the general form (2.5) and, as
usual, it includes a conformal invariant functional of the metric

S., playing the role of an integration constant for the equation.
This functional is not controlled by the trace anomaly.

c (7.8)

VIII. CONCLUSIONS

We have presented original calculation of the LIR term in
the one-loop trace anomaly of Weyl gravity model with the
action (1.2). The mapping of this anomaly to one-loop
divergences of the theory runs within the framework of the
zeta-function regularization or the regularization by the
covariant proper time cutoff in the heat kernel. Functional
integration of the CJR anomaly term yields a finite local R?
term in the one-loop effective action. Unlike the semi-
classical theory, this term cannot be “removed” by adding a
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“finite counterterm.” This situation demonstrates that the
local conformal invariance gets violated at the one-loop
level. This violation is related not only to the nonlocal terms
shown in (2.5), but also to the local R* term. Starting from
the second loop, one has to take this term into account,
modify propagator by adding the dynamical scalar mode,
modify vertices, etc. This confirms that the local conformal
symmetry cannot be exact at the quantum level and, more-
over, its violation beyond one-loop approximation cannot be
controlled [23] unless some mechanisms like supersym-
metry are used for the cancellation of anomalies [24].

Despite this set of intrinsic inconsistencies and regulari-
zation ambiguities of the above type, the calculation of
anomalous [IR terms still makes sense for the sake of the
potential analysis of the boundary terms in one-loop
divergences and in view of cosmological implications of
the related R terms in the Starobinsky model of modified
gravity theory. Let us also note that since in dimensional
and Pauli-Villars regularizations there are ambiguities on
the way from divergences to the trace anomaly, it would be
certainly interesting to make derivation within nonlocal
covariant curvature expansion of [52,53]. In particular, it is
worth deriving the form factors of the R* term for the
minimal fourth-order and nonminimal second-order vector
operators. However, this challenging calculation is beyond
the scope of the present work and we postpone it for future.

Let us mention two important aspects of the conformal
anomaly. First, while the local conformal symmetry is
violated by both local and nonlocal terms, the global
symmetry still holds in the anomaly-induced action
(2.5). This shows that the destinies of these two symmetries
at the quantum level are very much different. Unlike the
anomaly which was discussed above, the violation of the
global symmetry requires the presence of a dimensional
parameter, which may emerge either from an interaction
with massive fields or from the phase transition and
dimensional transmutation, as discussed in [54,55].

The only way to use local conformal symmetry in
quantum theory is by assuming the corresponding hier-
archy, as it was discussed in [7]. One can start with the
theory that has both C? and R? terms, but the coefficient of
the last is very small, such that its contributions in loops get
strongly suppressed. There is a chance that this hierarchy
may hold at higher loops. This scheme enables one to
preserve the advantages of conformal theory, including the
compact and useful form of anomaly-induced action.

|

1 . ( 1)111+n2
@ = my @ =m0 = D))
)
)T

ny+ny

(

['(n

1 2
ﬁ\/ dttn1+n2—1 / daa"l_l(l _ a)nz—le—tm‘(a)etl:!é(x’ y>7
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APPENDIX A: DETAILS OF THE
CALCULATIONS

In this appendix, we summarize formulae necessary
for the evaluation of the Green’s functions performed
in Sec. VL

M, and M; take the following skeleton form in the
needed approximation

M, = [LLM|(F, + F») +

O.O.M]] +---, (Al

My =[O, [O,M]|(Fy 4+ F2)* +- -, (A2)

and the expansion (6.12) starts with the following four
terms which contribute to needed VVR and VVP
structures

1 1 1 1
=K — KM —— + KM
F—m? F,F, F2F2 HEM FF3

1

FiF;

Note that the coefficient functions in (A3) are differential
operators K, KM, KM,, KM; which contain the mass
parameter only in combinations F, F, given by (6.11) or
their powers. Therefore, the final answer is a linear
combination of the following massive universal traces

1

va, . "vazn Wé(x’ y)|y=x7

(A4)
where n; + n, —n = 3 and the restriction on n, n; and n,
follows from their dimensionality ~1/m?. To evaluate this,
we need the proper time representation in terms of the heat
kernel

/ dsldszsm 1 ;lz—l (x|+x2)I:I—(s]m%+s2m§)5(x,y)

(AS)
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where we have made the change of variables s; = at, s, = (1 — a)t and m?*(a) = m3a + m3(1 — @). Substitution of the

Schwinger-DeWitt expansion for the [l-operator [29]

Al/z(x x/)
esljéﬂ X, x/ — : 1/2
W) = gyan 9

P )e 5 (gt (6, 0) + ) (e, 2)s o+ aB ()5 -,

(A6)

then gives the final result with a given accuracy in curvatures. Here o(x, x') is a geodesic interval given by one half of the

square of the distance along the geodesic between x and ¥, A(x,x’) = —g(x)~"/2 det(—0 /) g(x)

the Schwinger-DeWitt coefficients for the [J-operator.
We need to keep only the first term to obtain

Z =
172 and a, ) (x, x') are

_1/2v v 1 5( )| (_1)n1+n2 /oo d”n|+ﬂz—1 /‘1 J ’11—1(1 )n 1
ar Y, 7 o, O\ - = aa —-a)?
g v Ve g pm O = T PG ny) o @) Sy
x e‘f’"2<“>V,,l Ve, e“’()‘*>'>/2’|yzx 4.
1 1-2 (1 a" ' (1—a)=! ()
= - do——————— g/ oan, + s A7
2”(n1—1)!(n2—1)!16ﬂ2m2[) T et (A7)
[
where we have taken into account that (—1)"""1%"2 = —1 in We also need
view of the above restriction, ellipses denote terms other
than (CJR) and (CJP) structures, and we have used the 1
totally symmetric tensor built of the metric [30] va] "'vazn ﬁé(x, y)|y:x' (A12)
1
Vi -V, e 0020 4o First recall that
= (Vg —04,/21)...(Vy, =04, [20)1],_, + - | 1)
" __ " dssm=leshr, Al3
= <_Z> oy (A8) Fi' o I(n) A (AL3)
So we get
1 2
0o = Gap G = Gep Ty + eI+ GG - (AI9)
Vo Vo —=6(x,9)|,—
It proves useful to introduce the notation for the I O (e )y
a-integrals, (=) [
= 1/2—/ ds sV, ..V, es(x,y)|,_,
F(n]) 0 1 2n y

L ogn(l—a)™
Im.nz(/l):A daﬁ. (A10)

This integral can be easily evaluated for integer n;, n, by
using Mathematica or other software.

Next, it follows from (A7) that for all n;, n, and the
number of derivatives 2n = 2(n; + n, —3), the needed
massive universal functional traces read

1
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+...,

where we have chosen n = n; — 3.

APPENDIX B: TENSOR CONTRIBUTION
IN OJR-TYPE DIVERGENCES

Let us list the particular results necessary to evaluate the
general formula (5.11) in (7.1) for the tensor sector. These
are derived from (3.9) and (3.10).
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N 1 8 4 4
(v/)vﬁvpo-);w,aﬂ = g 6/11/,(1[)’(DR) - 5 (vﬂvaR)gu/} + g (vﬂvuRa/}) + g (vav/}R;w) + Z(VDVI)’R/MI) + 4(DR;4(11//})’ (Bl)
N 2 4 4
(Dv)yy,aﬂ = gélw,aﬂ(DR) + gg/w(DRaﬂ> + ggaﬂ(DR/w) - 6(DR/4a)gyﬂ + 16(|:|R/mz/ﬁ)7 (BZ)
. 1 4 8
(v/lN )m/,a/} = gé/,w,aﬂ(DR> - g (vﬂvvRa/J’) - g (vﬂvaR)gy[)’ - Z(VﬂvaRyﬂ)
+ 4<vav/7’Rpw) + 4(vvv/ile) + 4(DR/ww/3)’ (BS)

where symmetrization y <> v, a <>  and (u,v) <> (a, ) should be understood.
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