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Three-point functions of conserved currents in 4D CFT: General formalism
for arbitrary spins
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We analyze the general structure of the three-point functions involving conserved higher-spin currents
J = Joia(j) belonging to any Lorentz representation in four-dimensional conformal field theory. Using
the constraints of conformal symmetry and conservation equations, we computationally analyze the general
structure of three-point functions (J,, J5,J%,) for arbitrary spins and propose a classification of the results.
For bosonic vectorlike currents with i = j, it is known that the number of independent conserved structures
is 2 min(s;) + 1. For the three-point functions of conserved currents with arbitrarily many dotted and
undotted indices, we show that in many cases the number of structures deviates from 2 min(s;) + 1.
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I. INTRODUCTION

In conformal field theory (CFT), it is known that the
general structure of three-point functions of conserved
currents is highly constrained by conformal symmetry. A
systematic approach to study three-point functions of
primary operators was introduced in [1,2] (see also
Refs. [3—12] for earlier works), which presented an analysis
of the general structure of three-point functions involving
the energy-momentum tensor and conserved vector cur-
rents. The analysis of three-point functions of conserved
higher-spin bosonic currents was later undertaken by
Stanev [13—15] (see also [16,17]) in the four-dimensional
case, and by Zhiboedov [18] in general dimensions." In four
dimensions (4D) it was shown that the number of inde-
pendent structures in the three-point function of conserved
bosonic vector-like currents J, ., increases linearly with
the minimum spin. This is quite different to the results found
in three dimensions (3D), where it has been shown by many
authors [37—43] that there are only three possible indepen-
dent conserved structures for currents of arbitrary integer/
half-integer spins. The aim of this paper is to study three-
point functions of conserved currents belonging to arbitrary
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'The study of correlation functions of conserved currents has
also been extended to superconformal field theories in diverse
dimensions [19-36].
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Lorentz representations in 4D CFT. An approach to this
problem was outlined in [16], however, it did not study
correlation functions when the operators are all conserved
currents.

In this paper we provide a complete classification of
three-point functions of conserved currents J(;)4(j), With 7,
j =1 in four-dimensional conformal field theory. Such
currents satisfy the conservation equation

T pagi-vypaii-1) = 0 (1.1)
and possess scale dimension A; = s + 2, where the spin s
is given by s = %(l + j). To classify the possible three-
point functions of currents J,()4j), we find it more
convenient to parametrize them in terms of their spin, s,
and an integer, ¢ = i — j, as follows:

J(s.9) = Ja(s+9a(s-9)- (1.2)
With this convention ¢ is necessarily even/odd when s is
integer/half-integer valued. Note that the Hermitian con-
jugate of J ) is J (5 _4), hence, we introduce j(s_q) = J(5—g)
and view ¢ as being non-negative, taking values
q=0,1,...,25s — 2. The case ¢ = 0 corresponds to “stan-
dard” bosonic conserved currents J,0) = Jo()a(s)-
Likewise, for ¢ =1 we obtain pairs of (higher-spin)
“supersymmetry-like” currents J, 1y = J o, Ha(s=h)» J ()=
Js=1) = Ja(s—tya(s+1)» Where s is necessarily half-integer

valued. For example, by setting s = % we obtain supersym-

metry currents. In nonsupersymmetric settings, the currents
with i = j (i.e., ¢ = 0) were constructed explicitly in terms
of free fields in [44].
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For the three-point functions of conserved currents, there
are essentially only two possibilities to consider as a result
of the notation (1.2):

o L, oy (2T (33)

sran 0T, ) 2T, (53)). (13)
Any other possible three-point functions are equivalent to
these up to permutations of the points or complex con-
jugation. The main aim of this paper is to develop a general
formalism to study the structure of the three-point corre-
lation functions (1.3), where we assume only the con-
straints imposed by conformal symmetry and conservation
equations. In doing so we essentially provide a complete
classification of all possible conserved three-point func-
tions in 4D CFT. The three-point functions of currents with
q = 0, 1 have been studied in e.g. [13,16-18]. For bosonic
conserved currents (g; = 0), it is known that three-point
functions of conserved currents with spins s;, $,, §3 are
fixed up to 2 min(sy, s, s3) + 1 solutions in general. We
show that the same result also holds for three-point
functions involving conserved currents with ¢ = 1. The
three-point functions of currents J(, .y with g > 2, however,
are relatively unexplored in the literature. Conserved
currents with ¢ > 2 naturally arise in superconformal field
theories in four-dimensions. As an example, consider a
N = 2 superconformal field theory possessing a conserved
higher-spin supercurrent, J 4(;)4(s) With s > 1, satisfying
the following superfield conservation equation [45]:

D} T pefs-1yats) = O (1.4)

where D? is the spinor covariant derivative in AN =2
superspace, and i =1, 2 is an iso-spinor index. The
component structure of these supercurrents was elucidated
in [46,47]. The N =2 supercurrent J a(s)a(s) can be
decomposed into the following collection of independent
conformal A/ = 1 supercurrent multiplets (see [46,47] for
more details):

Jatsyats)» ats+1)ats)» Jats+1)ats+1) }- (1.5)

These N =1 supercurrents, in turn, contain a multiplet
of conserved component currents [48]. In particular, the
N =1 supercurrent, J,,(Hl),-,(s),z contains a conserved
component current, Sg(s42)a(s)> defined as follows:

Sats+2)a(s) = Dada(s+1yats) | (1.6)

*This supercurrent was constructed explicitly in terms of a free
massless hypermultiplet in [49].

where implicit symmetrization among all a-indices is
assumed. Hence, the A =2 higher-spin supercurrent
T a(s)a(s) contains a conserved component current
Sa(s+2)a(s)» Which corresponds to ¢ = 2 in our convention

above. The AN = 2 supercurrents have been constructed
explicitly for the free hypermultiplet and vector multiplet
in [46,47].

The formalism, which augments the approach of [1] with
auxiliary spinors, is suitable for constructing three-point
functions of (conserved) primary operators in any Lorentz
representation. Our approach is exhaustive in the sense that
we construct all possible structures for the three-point
function consistent with the conformal properties of the
fields. We then systematically extract the linearly indepen-
dent structures and impose the constraints arising from
conservation equations, reality conditions, properties under
inversion, and symmetries under permutations of spacetime
points. The calculations are automated for arbitrary spins,
and as a result we obtain the three-point function in an
explicit form which can be presented up to our computa-
tional limit, s; = 10. However, this limit is sufficient to
propose a general classification of the results.

We would like to point out that though the formalism
developed in this paper is conceptually similar to the one
developed for three-dimensional CFT in [43], there are two
important differences. First, in three dimensions, three-
point functions of conserved currents can have at most three
independent structures (two parity-even and one parity-
odd), whereas in four dimensions the number of conserved
structures (generically) grows linearly with the minimum
spin. Second, for three-point functions in 3D CFT an
important role is played by the triangle inequalities
51 < 55+ 83, 59 <51 + 83, 53581+, (1.7)
For three-point functions involving conserved currents
which are within the triangle inequalities, there are two
parity-even solutions and one parity-odd solution. However,
if any of the triangle inequalities are not satisfied then the
parity-odd solution is incompatible with conservation equa-
tions [37-43]. This statement has been proven in the light-
cone limit in [38,39] (see also [40] for results in momentum
space). However, we found that in 4D CFT the triangle
inequalities appear to have no significance.

The content of this paper is organized as follows. In
Sec. II we review the properties of the conformal building
blocks used to construct correlation functions of primary
operators in four dimensions. We then develop the formal-
ism to construct three-point functions of primary operators
of the form J,;)4(j)» Where we demonstrate how to impose
all constraints arising from conservation equations, reality
conditions and point switch symmetries. In particular, we
utilize an index-free auxiliary spinor formalism to construct
a generating function for the three-point functions, and we
outline the pertinent aspects of our computational approach.
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In Sec. III, we demonstrate our formalism by analyzing the
structure of three-point functions involving conserved
vector currents, ‘“supersymmetry-like” currents and the
energy-momentum tensor. We reproduce the known results
previously found in [1,13,18]. We then expand our dis-
cussion to include three-point functions of higher-spin
currents belonging to any Lorentz representation, and
provide a classification of the results. For this the structure
of the solutions is more easily identified by using the
notation J s 4, J (s.q) for the currents as outlined above. In
particular, we show that special attention is required for
three-point functions of the form (J (51’q>‘7/(.3‘2,q)']/(ls ,0)) With

q > 2. In this case the formula for the number of indepen-
dent conserved structures is found to be quite nontrivial. The
Appendix A is devoted to mathematical conventions and
various useful identities. In Appendix B we provide some
examples of the three-point functions (J(, o /(s /(5. o))

for which the number of independent conserved structures
differs from 2 min(sy, s, s3) + 1. Then, as a consistency
check, in Appendix C we provide further examples of three-
point functions involving scalars, spinors and conserved
currents to compare against the results in [16].

II. CONFORMAL BUILDING BLOCKS

In this section we will review the group theoretic
formalism used to compute correlation functions of primary
operators in four dimensional conformal field theories. For
a more detailed introduction to the formalism as applied to
correlation functions of bosonic primary fields see [1]. Our
4D conventions and notation are outlined in Appendix A.

A. Two-point functions

Consider 4D Minkowski space M3, parametrized by
coordinates x”, where m = 0, 1, 2, 3 are Lorentz indices.
For any two points, x;, x,, we construct the covariant two-
point functions

Xiom = (X1 = X2) - (2.1)
The two-point functions can be converted to spinor notation
using the conventions outlined in Appendix A:
)C?g = (5m)aax12m’

X12aa = (Gm)a&XIZm s

X = - Ex?gXIZao‘c- (2.2)

In this form the two-point functions possess the following
useful properties:

aa _ 2 sa ao L _y2 sa
X3 X125 = — X120, X3 %100 = ~X120)- (2.3)

Hence, we find

) xo‘ux
() = =3

P (2.4)

We also introduce the normalized two-point functions,
denoted by X,

X12aa o — s
B

Xoaa = W, X12X1260 = (2~5)

From here we can now construct an operator analogous to
the conformal inversion tensor acting on the space of
symmetric traceless tensors of arbitrary rank. Given a two-
point function, x, we define the operator

Zawax) () = Xa, (@ - Xay)a)- (2.6)
along with its inverse
TeWalk) (x) = glanla | gaa), (2.7)

The spinor indices may be raised and lowered using the
standard conventions as follows:

I”(k)a(k) (x) = enn €T ik (x), (2.8a)
j‘fl(k)a(k> (x) — 8&];‘,[ .. ‘S&kykj'}"(k)(l(k> (.x) (28b)
Now due to the property
Zayatt) (%) = (=) Loz (%) (2.9)
we have the following useful relations:
Ia(k)d(k) (xlz)ja(k)ﬂ(k> (le) = 55@1 .. 5{:‘;; . (2 10a)
jﬂ(k)a(k) (xIQ)Ia(k)d(k) ()C21> = 5E£i .. 5@3 . (2 10b)

The objects (2.6) and (2.7) prove to be essential in the
construction of correlation functions involving primary
operators of arbitrary spins. Indeed, the vector representa-
tion of the inversion tensor may be recovered in terms of the
spinor two-point functions as follows:

1
L () = =3 Tr(5,,3,8). (2.11)

Now let ®@ 4 be a primary field with dimension A, where A
denotes a collection of Lorentz spinor indices. The two-

point correlation function of ®@ 4 and its conjugate dA is
fixed by conformal symmetry to the form

‘ _ IAA(XH)

(@4(x1) P4 (x2)) = NCAL (2.12)
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where 7 is an appropriate representation of the inversion
tensor and c is a constant complex parameter. The denom-
inator of the two-point function is determined by the
conformal dimension of ® ,, which guarantees that the
correlation function transforms with the appropriate weight
under scale transformations.

B. Three-point functions

Given three distinct points in Minkowski space, x;, with
i=1, 2, 3, we define conformally covariant three-point
functions in terms of the two-point functions as in [1]

X Xk x;
ik Xj 2 ij
Xy="%-F. Xy=-X; Xj=—"57. (213)
iT2 T2 J J T x% X2
ik Jk ik jk

where (i, j,k) is a cyclic permutation of (1, 2, 3). For
example, we have

X xn x2
Xn="2-3. Xh,==5%. (214
12 2 2 12 )
X3 X3 X13X23

There are several useful identities involving the two- and
three-point functions and the conformal inversion tensor.
For example we have the useful algebraic relations

Ima(xl?a)lan(xB) = Ima(x12)1an(X13)7
2

X
Inzn(XZS)X?z = %XISm, (2153)
13
Imu(x23)lan(xl3) = Ima(XZI)Ian(X32)’
X
Lun(%13)XT, = 5= X3, (2.15b)
23

and the differential identities

1 1 2
O X 13 = 5 L (X13), O X 13 = — 5 Lyn(X23).
13 X23

(2.16)

The three-point functions also may be represented in spinor
notation as follows:

Xijaa = (Gm)aaX?}’ Xijoa = (xﬁcl )ayX?f(x;k‘

o (2.17)
These objects satisfy properties similar to the two-point
functions (2.3). Indeed, it is convenient to define the

normalized three-point functions, X, and the inverses,

ijs

(X3
. X.. . ) Xaoa
Xijor = 7oine Xi)“=-—r.  (218)
(Xij) / Y Xij

Now given an arbitrary three-point building block X, it is
also useful to construct the following higher-spin operator:

Zawyan)(X) = X(ay (@ Yae) (2.19)
along with its inverse
_'Zo'z(k)a(k) (X) _ X'(il, (o B .5\(1'1,()(1/() . (220)

These operators have properties similar to the two-point
higher-spin inversion operators (2.6) and (2.7). There are
also some useful algebraic identities relating the two- and
three-point functions at various points, such as

Ia&(XIZ) = I(lj/(xl?a)j'-w(xn):zy(l(x%)’

T (x13) L (X12) 27 (x13) = Z°(X32). (2.21)
These identities are analogous to (2.15a) and (2.15b), and
admit generalizations to higher-spins, for example

Zetr®) (%13)Z w5 0) (X12)Z7090) (x13) = TW) (X35).
(2.22)

In addition, similar to (2.16), there are also the following
useful identities:

2 . _
Tzaa(xl3)zd”(xl3)’

1 60
a((m)Xn = _x
13

. 2 ) _
G(Z)X‘fg = X—Ia"(x%)la”(xB). (2.23)

aa 2
23

These identities allow us to account for the fact that
correlation functions of primary fields can obey differ-
ential constraints which can arise due to conservation
equations. Indeed, given a tensor field 7 4(X), there are
the following differential identities which arise as a
consequence of (2.23):

1 . -
9 1 (I(ITA(XIZ) = 71‘(10—()‘-13)1{)”(}613)7{,—{;7-A(X12)’
W x% 0X13
(2.24a)
U 9
0)aa? A(X12) = =5 To%(%23) L5 (%23) 55,55 7 4(X12)-
23 0X13
(2.24b)

Now let @, W, I1 be primary fields with scale dimensions
A, A,, and A; respectively. The three-point function may
be constructed using the general ansatz
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<q)A1 (xl )TAZ (xz)HA3 (X3>>
_ 7:(I)A, A (X13)I(2)A2A2 (x23)
(x13)% (x35) %

where the tensor H A, Ay Ay encodes all information about

Hz a4, X12),  (2.25)

the correlation function, and is constrained by the con-
formal symmetry as follows:

(1) Under scale transformations of Minkowski space
X" > x™ = 172x", the three-point building blocks
transform as X" > X" = J2X™. As a consequence,
the correlation function transforms as

(D4, (x]) W 4, (x2)TLg, (x5))
= (A2)2F ATy (x))W g, (02)TLy, (33)),  (2.26)

which implies that H obeys the scaling property

H.;\].;leg (A,ZX) — (lZ)A}‘Az—Al H;‘wz\zfl} (X)’

vV 21eR\{0}. (2.27)
This guarantees that the correlation function trans-
forms correctly under scale transformations.

(ii) If any of the fields @, V¥, Il obey differential
equations, such as conservation equations, then
the tensor H is also constrained by differential
equations. Such constraints may be derived with
the aid of identities (2.24a) and (2.24b).

(iii) If any (or all) of the operators @, W, I1 coincide, the
correlation function possesses symmetries under
permutations of spacetime points, e.g.

(@4, (x1) g (x2)T g, (x3))

= (=1) D@ 4 (23) @ 4, (31 )Ty, (x3)),  (2.28)
where €(®) is the Grassmann parity of ®. As a
consequence, the tensor H obeys constraints which
will be referred to as “point-switch symmetries.” A
similar relation may also be derived for two fields
which are related by complex conjugation.

The constraints above fix the functional form of H (and
therefore the correlation function) up to finitely many
independent parameters. Hence, using the general for-
mula (2.29), the problem of computing three-point corre-
lation functions is reduced to deriving the general
structure of the tensor H subject to the above constraints.

1. Comments on differential constraints

For three-point functions of conserved currents, we must
impose conservation on all three space-time points. For x,
and x,, this process is simple due to the identities (2.24a)
and (2.24b), and the resulting conservation equations
become equivalent to simple differential constraints on

‘H. However, conservation on x5 is more challenging due to
a lack of useful identities analogous to (2.24a) and (2.24b)
for x;. To correctly impose conservation on xj, consider
the correlation function (® 4 (x1)¥ 4, (x2)14,(x3)), with
the ansatz

(D4, (x1)P 4, (32) Ly, (x3))
:I(I)AIA'(XB)I(Z) Az(xza)

(x%3)A‘ (x23)A2 HAAZA} Xiz)- (229)
We now reformulate the ansatz with IT at the front
(T, (x3) W 4, (%2) D 4, (1))
A 2) A
fIG)A} (o) 2 >A2 2(x21) ~A3A2A1 (X3).  (2.30)

2 VA5 (.2 \A
(x3) % (x3) ™
These two correlators are the same up to an overall sign due

to Grassmann parity. Equating the two ansatz above yields
the following relation:

3 2\ A, )
Haa,a, (X32) = (xf3)%™4 <%> ZW 4 A (x3)

X723
x I (XIZ)I(Z)A’ 4 (x23)
xI0 ) (x13)H,4 A2A3(X12) (2.31)

Now suppose H(X) (with indices suppressed) is composed
of finitely many linearly independent tensor structures,
Pi(X), ie. H(X)=>;a;P;(X) where a; are constant
complex parameters. We define H(X) = >_; a;P;(X), the
conjugate of H, and also H°(X) = _;a;P;(X), which
we denote as the complement of H. As a consequence
of (2.21), the following relation holds:

(X%X%z)ArAZ_A‘I(l)AI A1 (x13)

(x13)

HZIAMB (X32) =
x I<2)A2A2(x13)f(3);l3““3

X HA1A2A3 (XIZ)' (232)
After inverting this identity and substituting it directly
into (2.31), we apply (2.21) to obtain an equation relating

H¢ and H

(X2)M=8TC) 3 R OHS, 5, (X).

A (2.33)

H a4, (X) =
Conservation on x3 may now be imposed by using (2.24a),
with x; <> x3. In principle, this procedure can be carried
out for any configuration of the fields.

If we now consider the correlation function of three
conserved primaries Jo(; ja(j,)» J J! 217 )? where

/3(12)/3(12)
s =3(i1 +Jj1)s 52 =3 (ir + ja), 83 = 3 (i3 + j3), then the
general ansatz is
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1

atiato 1 i F2M a0 () = Gasaiz s

-,Z-a(il)d(l (XIS)Z_'- ) « (i )(xl3)

X Ty (023 Ly V) o) Moty o i) (K12), - (2:34)
where A; = s; + 2. The constraints on H are then as follows:
(i) Homogeneity:
Recall that H is a homogeneous tensor field satisfying
, 2% — ()2\A3—Ay—A,
Hatiyatiptinptinrinita) A X) = A3 e aipaitiniinn (X)- (2.35)
It is often convenient to introduce ﬂa( el BB i)iGs) (X)), such that
As—Ay-A 4
HatiyatinpGitinistin) X) = X788 it sty X): (2.36)
where Ha ()ai)BU B (is)iGy) (X)) 1s homogeneous degree 0 in X, i.e.
» . 2 _ 1 .
Hatiyatinptiptiartiaitin) A X) = Fagatiy i (X)- (2.37)
(i1) Differential constraints:
After application of the identities (2.24a) and (2.24b) we obtain the following constraints:
Conservation atx;: 0 Huu(j, —1yaati,—1)p0)ji ) (is)7(is) (X) = 0, (2.38a)
: . B . _
Conservation atxs: O Ha(s, ati a1 izt (X) = 0 (2.38b)
Conservation atx; : aWHa dGB iy e #is—1) (X) = 0, (2.38¢)
where
Hatiati sty (X) = )89 T 0 0 (X) T 71 ()
Fatiatinp i GeGontin K- (2.39)
|
(iii) Point-switch symmetries: Mo ai BB )i (X)
If the fields J and J’ coincide, then we obtain the <_1) (PP
following point-switch identity = Hatiatinpi)iniin (X)- - (2:42)
Haiyyatipinptnr s (X) Similarly, if the fields at J, J' at x; and x,
= (=1 M i va s v niGa (=X).  (2.40) respectively possess the same spin and are conjugate
(n)alin)piPlnr(is)r(2) to each other, i.e. J'=J, we must impose a
where ¢(J) is the Grassmann parity of J. Likewise, if combiped reality{point—switch condition using the
the fields J and J” coincide, then we obtain the following constraint
constraint
3 Heoiat gt s (X)
Heoiivatistinitingiiy (X) a(in)a(j)pGi)AGr(is)i(is)
a(in)a(j)B(2)B)r (1)1 (i) _
= (=D D H e it vati i (=X, 2.43
) Y i (X). (241) (=D H g itnaGoatorin (—X). (243)
(iv) Reality condition: where ¢(J) is the Grassmann parity of J.

If the fields in the correlation function belong to
the (s, s) representation, then the three-point func-
tion must satisfy the reality condition

Working with the tensor formalism is quite messy and
complicated in general, hence, to simplify the analysis we
will utilize auxiliary spinors to carry out the computations.
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2. Generating function formalism

Analogous to the approach of [43] we utilize auxiliary
spinors to streamline the calculations. Consider a general
spin-tensor  H 4, 4,4,(X), where A, = {a(i;).a(j)}
Ay ={p(i2). B(j2)}. A3 ={r(i5).7(j3)} represent sets
of totally symmetric spinor indices associated with the
fields at points x;, x, and x5 respectively. We introduce sets
of commuting auxiliary spinors for each point; U = {u, it}
at x;, V.= {v, 0} at x,, and W = {w, w} at x3, where the
spinors satisty

u? = eaﬁu“u/’ =0, = edﬁﬁ"’ﬁ/’ =0,

P =1"=0, w=w=0. (2.44)

Now if we define the objects
UA = peinaln) =y y®g® ., q%, (2.45a)
VA = VLB = b Pagh P, (2.45b)
WA = Wri)ils) = wri | wrswh s, (2.45¢)

then the generating polynomial for H is constructed as
follows:
HXGU, VW) =Hy a4, (X)UAVAWA (2.46)

The tensor H can then be extracted from the polynomial by
acting on it with the following partial derivative operators:

o _ 9 1 9 0 0 0
oUA — ouali) iy 1 Lou™ " ou®n ot T g
(2.47a)
o _ o 1 9 a0 9 0
VA gyPWLIBR) iyl o T P gph T b
(2.47b)
o o 1 9 0 0 0
oW gWrEU) iyl awn T gwls gwlt T gwin
(2.47¢)

The tensor H is then extracted from the polynomial as
follows:

o 9 0
——H(X;U,V.W).

T UA gV oW s (248)

Hoa, a4, (X)

The polynomial H, (2.46), is now constructed out of scalar
combinations of X, and the auxiliary spinors U, V, and W
with the appropriate homogeneity. Such a polynomial can
be constructed out of the following monomials:

P, = saﬂv“wﬂ, P, = 8aﬂwauﬂ, P; = eaﬂu“vﬂ,

(2.49a)
Py = e,,u"t,

(2.49b)

Py = e, ;i@

Q2 — Xm-,w“ﬁ"’, Q3 — Xaa”"@a’

(2.49¢)
Ql = j\((ldwava’ Q2 = )’\((lduawd’ Q3 = f((m,[]aﬁa’
(2.49d)

A

Zy = Roav®0%,  Zy = KW,

(2.49¢)

_ ¥ ana
Z, = Xqu®u®,

To construct linearly independent structures for a given
three-point function, one must also take into account
the following linear dependence relations between the
monomials:

7,73+ PP, — 0,0, =0, (2.50a)
ZIZ3 + PZPZ - Q2Q2 = 0, (250b)
ZIZZ + P3P3 - Q3Q3 = 0, (250(:)

Z\P\+ P,05+ P30, =0,
(2.51a)

Z\P, + P,03+ P30, =0,

ZyPy+ P30+ P1Q3=0,  Z,P,+ P30, + P05 =0,

(2.51b)

Z3P3+ P10y + P,0, =0.
(2.51¢)

Z3P3+P1Q2+P2Q1:O,

Z,0, + P,P3+ 0,05 =0,
(2.52a)

Z,0+ PyP3 - 0,05 =0,

7,0, + P3P+ 030, =0,
(2.52b)

7,05+ P3Py — 030, =0,

7305+ PP+ 0,0, =0.
(2.52¢)

7303+ PP, —0,0,=0,

These allow elimination of the combinations Z;Z;, Z;P;,
Z;P;, Z;0;, Z;0,. There are also the following relations

involving triple products:
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P\PyP3 + P10,05 + P,050, + P30,0, =0, (2.53a)
PyP3Py + P,030; + P30,0, + P10,0; =0, (2.53b)
P3P Py + P30,0, + P10,05 + P,050, =0,  (2.53¢)
P\PyP3 + P10,05 + P,030, + P30,0, =0, (2.54a)
PyP3Py + Py0301 + P30,05 + P10,05 =0, (2.54b)
P3P Py + P30,05 + P10205 + P,030, =0, (2.54c)
P\P,05 — P\Py03 + 010,05 — 00,05 =0, (2.55a)
PyP30y — PaP30y + 010,05 — 010,03 =0, (2.55b)
P3P0y — P3P0y + 010,05 — 010,03 =0, (2.55¢)

which allow for elimination of the products P;P;Py,
P;P;P;, P;P;0;. These relations (which appear to be
exhaustive) are sufficient to reduce any set of structures
in a given three-point function to a linearly independent set.

The task now is to construct a complete list of possible
(linearly independent) solutions for the polynomial H for a
given set of spins. This process is simplified by introducing
a generating function, F(X; U, V, W|I'), defined as follows:

F(X:U,V,WIF) = P} Py Py PY PR PY 01 0% 05 01 0F
x QRZNZR 73, (2.56)

where the non-negative integers, I’ = Uie{1,2.3}{kiv k;,

1,1, r;}, are solutions to the following linear system:

ky+ks+ri+15+10=j.
(2.57a)

k2+k3+r1+l3+72:i1,

ki+ks+ry+1+15=j,,
(2.57b)

k1+k3+72+11+73:i2,

ki+ky+rs+h+1 = js.
(2.57¢c)

k1+k2+r3+12+71 :i3,

Here iy, i, i3, Ji, j2, j3 are fixed integers corresponding to
the spin representations of the fields in the three-point
function. From here it is convenient to define

As == (iy + iy + iz = j1 = jo = J3)- (2.58)

| =

Using the system of equations (2.57), we obtain

As =k +ky + ks — ky — ky — ks, (2.59)

in addition to
ki + ky + k3 <min(i; + is, i1 + i3,i5 + i3), (2.60a)
ki + ky + ky < min(jy + jo. ji + j3. J2 + j3)- - (2.60b)

Hence, the conditions for a given three-point function to be
nonvanishing are

—min(j; + ja. ji + j3. j2 + J3)

SAS Smll’l(ll +i2,i1 +i3,i2+i3). (261)

Indeed, this is the same condition found in [16]. Now given a
finite number of solutions I';, I =1,...,N to (2.57) for a
particular choice of iy, i», i3, ji, j2, J3, the most general
ansatz for the polynomial H in (2.46) is as follows:

N
H(X:U. V. W) = X828 N ", F(X: U V. WD),
=1
(2.62)

where a; are a set of complex constants. Hence, constructing
the most general ansatz for the generating polynomial H is
now equivalent to finding all non-negative integer solutions
I'; of (2.57). Once this ansatz has been obtained, the linearly
independent structures can be found by systematically
applying the linear dependence relations (2.50)—(2.55).

Let us now recast the constraints on the three-point
function into the auxiliary spinor formalism. Recalling
that sy = 5 (iy + j1), 52 = 5 (i + /o), 53 = 3 (i3 + Jj3), first
we define:

T, (x13U) = Jagiyyagiy) () U0, (2.63a)
T (023 V) = Tl () VAR, (2.63b)
I3 (3 W) = J70 6 (o3 Wrt)i), (2.63c)

where, to simplify notation, we denote J(, ,) =J,. The
general ansatz can be converted easily into the auxiliary
spinor formalism, and is of the form

(5, (x1: UM, (23 V)JS, (333 W))
I(il-jl>(x13; U, ﬁ)z(i2~j2)(x23; V’ ‘7)

(xi3)™ (x33)%

x H(X 1 U,V W),

(2.64)

where A; = s; + 2. The generating polynomial, H(X; U,
V, W), is defined as
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HXU VW) = Mot yat)pti)bliar(ia)iGy)
x (X) Ui yGa)BG:) wris)is) ,

(2.65)
where
76D (x;U,0) =78 (U, )
= YO T 0 (1) Ty, (X)W’
(2.66)

is the inversion operator acting on polynomials degree (i, ;)
in (ii, ). It should also be noted that U/ has index structure
conjugate to U. Sometimes we will omit the indices (i, j) to
streamline the notation. After converting the constraints
summarized in the previous subsection into the auxiliary
spinor formalism, we obtain:
(i) Homogeneity:
Recall that H is a homogeneous polynomial
satisfying the following scaling property:

HAX; Uiy, j1), V(izs j2), W(is, J3))
= ()8R MH (X Uiy, 1), V(ias o) Wiz, J3))
(2.67)

where we have used the notation U(iy, j;), V(i2, jo),
W(is, j3) to keep track of homogeneity in the
auxiliary spinors (u, ), (v,?), and (w,w). For
compactness we will suppress the homogeneities
of the auxiliary spinors in the results.
(i1) Differential constraints:
First, define the following three differential oper-

ators:
_ ] a a __ qad a a
V75X gue oné” 27X % opd”
9 0
D, = 0% . 2.68
37X G g (2.68)

Conservation on all three points may be imposed
using the following constraints:

Conservation at x : DH(X,U,V,W)=0,

(2.69a)

Conservation at x, : DyH(X;U,V,W) =0,

(2.69b)

DyH(X; U, V, W) =0,
(2.69¢)

Conservation at x5 :

where, in the auxiliary spinor formalism, H is

computed as follows:

H(X; UV, W)= (X228 (V,VYH (XU, V. W),
(2.70)

Using the properties of the inversion tensor, it can be

shown that this transformation is equivalent to the
following replacement rules for the building blocks:

Py — 0y, P,—>—-P,, P3;—>-0; (2.71a)
P> 0Q, Py,—>-P,, P3;—>-0; (2.71b)
0 —»-P, 0,—=0, 03—=P; (27Ic)
0, — —Py, 0, = 0y, 03— P3 (2.71d)
Z, -7, Zy > =25, Z3—>Z;. (2.71e)

(iii) Point switch symmetries:
If the fields J and J' coincide (hence i; = i,
J1 = Jj»), then we obtain the following point-switch
constraint
H(X;U,V,W) = (1) DH(=-X;V,U,W), (2.72)
where (/) is the Grassmann parity of J. Similarly, if
the fields J and J” coincide (hence i; = i3, j; = j3)
then we obtain the constraint
HX;U, VW) = (=1)VH(=X;W,V,U). (2.73)
(iv) Reality condition:
If the fields in the correlation function belong to

the (s, s) representation, then the three-point func-
tion must satisfy the reality condition

HX;U,V,W)=H(X;U,V,W). (2.74)
Similarly, if the fields at J, J' at x; and x,
respectively possess the same spin and are conjugate
to each other, i.e. J'=J, we must impose a
combined reality/point-switch condition using the
following constraint

H(X; U, V,W) = (=1)VH(=X;V,U, W), (2.75)
where ¢(J) is the Grassmann parity of J.

3. Inversion transformation

In general, whenever parity is a symmetry of a CFT, so too
is invariance under inversions. An inversion transformation
7 maps fields in the (i, j) representation onto fields in the

086017-9



EVGENY 1. BUCHBINDER and BENJAMIN J. STONE

PHYS. REV. D 108, 086017 (2023)

complex conjugate representation, (j, i).3 Hence, inversions
map correlation functions of fields onto correlation functions
of their complex conjugate fields. In particular, if the fields in
a given three-point function belong to the (s, s) representa-
tion then it is possible to construct linear combinations of
structures for the three-point function which are eigenfunc-
tions of the inversion operator. We denote these as parity-
even and parity-odd solutions respectively. Indeed, given a
tensor H 4, 4,4, (X) = X85~ 2=8F 4 4 4 (X), the following
inversion formula holds:

M5 A (x)T1
(X)HA,A2A3(_X)-

Az (X)I(3) oA

As

Ho 2,2, (%) =
(2.76)

Hence, we notice that under Z, H transforms into the
complex conjugate representation. An analogous formula
can be derived using the auxiliary spinor formalism. Given
a polynomial H(X;U,V, W) = X2 2-MF(X, U, V, W),
the following holds:

HE XU VW) =Ty (U, U)Iy(V,V)Ix(W, W)

x H(=X:T, V. W). (2.77)
It is easy to understand this formula as the monomials (2.49)
have simple transformation properties under Z:

PiS-P, Q>0 Zi> 7, (278)
with analogous rules applying for the building blocks P;, Q;.
Since, for primary fields in the (s,s) representation the
three-point maps onto itself under inversion, it is possible to

classify the parity-even and parity-odd structures in H using
(2.77). By letting H(X) = A (X) + A (X), we have

HHI (XU, V. W) = iIX(U NIx(V,V)Ix(W, W)
E(—x; 0,7, W). (2.79)

Structures satisfying the above property are defined as
parity-even/odd for overall sign +/—. This is essentially
the same approach used to classify parity-even and parity-
odd three-point functions in 3D CFT [43], which proves to
be equivalent to the classification based on the absence/
presence of the Levi-Civita pseudotensor. However, it is
crucial to note that in three dimensions the linearly
independent basic monomial structures comprising H are
naturally eigenfunctions of the inversion operator. The same
is not necessarily true for three-point functions in four
dimensions due to (2.78), as the monomials (2.49) now map
onto their complex conjugates. Hence, we are required to

*For a more detailed discussion of parity transformations in 4D
CFT, see [16].

take non-trivial linear combinations of the basic structures
and use the linear dependence relations (2.50)—(2.55) to
form eigenfunctions of the inversion operator. Our classi-
fication of parity-even/odd solutions obtained this way is in
complete agreement with the results found in [13].

III. THREE-POINT FUNCTIONS
OF CONSERVED CURRENTS

In the next subsections we analyze the structure of three-
point functions involving conserved currents in 4D CFT.
We classify, using computational methods, all possible
three-point functions involving the conserved currents
J(5.9)s j(s,q) for s; < 10. In particular, we determine the
general structure and the number of independent solutions
present in the three-point functions (1.3). As pointed out in
the introduction, the number of independent conserved
structures generically grows linearly with the minimum
spin and the solution for the function H(X;U,V,W)
quickly becomes too long and complicated even for
relatively low spins. Thus, although our method allows
us to find H(X;U,V,W) in a very explicit form for
arbitrary spins (limited only by computer power), we find
it practical to present the solutions when there is a small
number of structures. Such examples involving low spins
are discussed in Sec. III A. In Sec. IIIB we state the
classification for arbitrary spins. Some additional examples
are presented in Appendix B.

A. Conserved low-spin currents

We begin our analysis by considering correlation func-
tions involving conserved low-spin currents such as the
energy-momentum tensor, vector current, and “‘supersym-
metry-like” currents in 4D CFT. Many of these results are
known throughout the literature, but we derive them again
here to demonstrate our approach.

1. Energy-momentum tensor and vector
current correlators

The fundamental bosonic conserved currents in any
conformal field theory are the conserved vector current,
V ., and the symmetric, traceless energy-momentum tensor,
T,..- The vector current has scale dimension Ay, = 3 and
satisfies 0"V,, = 0, while the energy-momentum tensor
has scale dimension Ay = 4 and satisfies the conservation
equation 0"'T,,, = 0. Converting to spinor notation using
the conventions outlined in Appendix A, we have:

Vad(x) = (o-m)aavm(x>’
T(alaz)(dldz)(x) = (Gm)(a](o‘zl (7n)a2)d2)Tmn(x)-

(3.1)
These objects possess fundamental information associated
with internal and spacetime symmetries, hence, their
three-point functions are of great importance. The possible
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three-point functions involving the conserved vector
current and the energy-momentum tensor are:

(Vaa(x)Vg(22) Vi (x3)),

<Var'z(xl)Vﬂﬂ(XZ)TyQ)j/(Z) ()C3)>, (323)
(Ta@a@) (1) Tpa)pe) (2) Vi (63)),
(Ta@a@) ()T p0)30) (2) Ty2)52) (X3))- (3.2b)

Let us first consider (VVV). By using the notation for the
currents J ), J (s.¢)» this corresponds to the general three-
point function (J (1.0).121.0)]2’1’0)).

Correlation function (J (,’O)JE].O)J’(/I .0)>. The general ansatz
for this correlation function, according to (2.34) is

a0 (02) 1 (x3))
_ Zaal (x13)jaa/ (x13)Iﬂﬁ/ (x23)j'/;ﬁ/(x23)

(x%3)3 (x%3)3

Ha’a’ﬁ’ﬁ’y;‘/(xl2)'
(3.3)

Using the formalism outlined in Sec. II B 2, all information
about this correlation function is encoded in the following
polynomial:

H(X U, VW) = Hygpp(X)USVIIW? . (3.4)
Using Mathematica we solve (2.57) for the chosen spin
representations of the currents and substitute each solution
into the generating function (2.56). This provides us with

the following list of (linearly dependent) polynomial
structures:

{Q,Q2Q3,Z,ZZZ3,P3Q2P1,Plle_’l,PlQ3P2,P222P2,
X P2Q1P3,P3Z3I_’3, QlZllePf&pZQ]s 0,2,0,,

X P1P305, 037503, PP, 03, 010,03} (35)
Next, we systematically apply the linear dependence
relations (2.50) to these lists, reducing them to the follow-
ing sets of linearly independent structures:

{010,035, P30, Py, PQ3P,, P01 P35, 010,05}, (3.6)

Note that application of the linear-dependence relations
eliminates all terms involving Z; in this case. Since this
correlation function is composed of fields in the (s, s)
representation, the solutions for the three-point function
may be split up into parity-even and parity-odd contribu-
tions. To do this we construct linear combinations for the
polynomial ’H(X ;U,V,W) which are even/odd under
inversion in accordance with (2.79):

A1(010,05 + 010:03) + Ay (P30,P, — 0,0,0;)
+ A3(P1Q3P; — 010,03) + Ay(P2,01P3 — 0,0,05)
+ B(010,03 — 0,0,0;3). (3.7)

We note here (and in all other examples) that the parity-
even contributions possess the complex coefficients A;,
while the parity-odd solutions possess the complex coef-
ficients B;. It can be explicitly checked that these structures
possess the appropriate transformation properties. Next,
since the correlation function is overall real, we must
impose the reality condition (2.74). As a result, we find that
the parity-even coefficients A; are purely real, i.e., A; = a;,
while the parity-odd coefficients B; are purely imaginary,
ie., B; =1b;.

We must now impose the conservation of the currents.
Following the procedure outlined in Sec. II B 2 we obtain a
linear system in the coefficients a;, b; which can be easily
solved computationally. We find the following solution for
H(X;U,V,W) consistent with conservation on all three
points:

% (010,05 + 2P,05P, — Q1Q2Q3)
as
X3

ib _
+ 27 (01005 - 0,0,05).

+ =5 (P30,P) =3P, 03P, + P,0P5 + 0,0,05)

(3.8)

The only remaining constraints to impose are symmetries
under permutations of spacetime points, which apply when
the currents in the three-point function are identical, i.e.
when J = J' = J". After imposing (2.72) and (2.73), only
the structure corresponding to the coefficient b survives.
However, the a;, a, structures can exist if the currents are
non-Abelian. This is consistent with the results of [1,2,1 3].4

The next example to consider is the mixed correlator
(VVT). To study this case we may examine the correlation
function (J(10)/{; o)/ (2.0))-

Correlation function (J(I,O)J’(I’O)J’(’z’())). Using the general
formula, the ansatz for this three-point function is
<Jaa(x1)J;;/;(xz)J;l(z)y(z) (x3))
. Zo® (x13)Ls" (x13)1'/5ﬂ’ (x23)j/3ﬂ/ (x23)

(x%3 )3 (x%3 )3

X Haapppie) (Xi2)-

(3.9)

“The coefficient b, is related to the chiral anomaly of the CFT
under consideration when it is coupled to a background vector
field [2]. This anomaly exists in chiral theories which are not
invariant under parity and, thus, admit a parity-odd contribution.
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All information about this correlation function is encoded in the following polynomial:
H(X:U. V. W) = Hyap ) X) UV WD), (3.10)
After solving (2.57), we find the following linearly dependent polynomial structures:

{P\P,P Py, PyQ,0,P, P30y, Z3 P\, P3Z5P3, 03235053, 212,73, P\ Q3Z3Py, PyZ,Z3P5, 00,0323, P, 0, Z3 P,
012,230, P,0,P,01, P3Z3P,0,, 0,2,Z50,, Py 0,P1 0y, P\ Z3P30,. 010,0,0,, P1P,0,0,, P\ Z, Z3 P,
P2Z3P03.2;0,0,0;}. (3.11)

We now systematically apply the linear dependence relations (2.50)—(2.55) to obtain the linearly independent structures

{P20,0,P,,P\P,P\Py, P,0,P,0,,P,0,P0,,0,0,0,0,.P1P,0,0,}. (3.12)

Next, we construct the following parity-even and parity-odd linear combinations which comprise the polynomial
HX; U, V. W):

A (P20,0,P, + P P,0,0,) + AyP\PyP Py + A3Py 0, P20 + AP Q2P 05 + A50,0,0,0,
+ B1(P,0,0,P, — P1P,0,0,). (3.13)

We now impose conservation on all three points to obtain the final solution for H(X; U, V, W)

_ - - - - - - 2 _
;1712 <P2Q1Q2P1 + P10>,P 0+ P01 P01 + P1P,0,0, —§Q1Q2Q1Q2>

ay

1 I 1 I I 1 - ib _ -
+P <—EP2Q1P2Q1 —§P1Q2P1Q2 + P\P,P P, +§Q1Q2Q1Q2> +X—21(P2Q1Q2P1 - P1P,0,0,). (3.14)

In this case, only the parity-even structures (proportional to a; and a,) survive after setting J = J'. Hence, this correlation

function is fixed up to two independent parity-even structures with real coefficients.
The number of polynomial structures increases rapidly for increasing s;, and for the three-point functions (TTV), (TTT)

we will present only the linearly independent structures and the final results after imposing parity, reality, and conservation

on all three points. For (77V) we may consider the correlation function (J20)J{, )/} ¢))» Which is constructed from the

following list of linearly independent structures:
{P3010,03P3, P30,P\P3, P,P301P3, 010,03503, P1 03P, 03, P30,03P, 03, P, 0, 03P3 03,
P3P30,0,03,050,0,03}. (3.15)

We now construct linearly independent parity-even and parity-odd solutions consistent with (2.79). Then, after imposing all
the constraints due to reality and conservation, we obtain the final solution for H(X; U, V,W):

_ _ - - - - 7 _ 7 o
% <3P1Q%P2Q3 +P30,0,03P3+2P30,03P 05+ 2P,0,03P305 + P53 P30, 0,05 +§Q1Q2Q%Q3 —§Q3Q1Q2Q§>

a - _ _ - - - -
+X§<P%Q2P1P3+P2P3Q1P%—6P3Q2Q3P1Q3—2P3P3Q1Q2Q3—7P1Q%P2Q3—6P2Q1Q3P3Q3

17 - - -, 21 ~ ib - . | 3
+?Q3Q1Q2Q§ —7Q1Q2Q%Q3> +X_51 <P3Q1Q2Q3P3 —P3P30,0,0; —§Q1Q2Q§Q3 +§Q3Q1Q2Q%>- (3.16)
After setting J = J' and imposing the required symmetries under the exchange of x; and x, we find that b, = 0, while a,,
a, remain unconstrained. Hence, the correlation function (T7TV) is fixed up to two parity-even structures with real

coefficients.
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The final fundamental three-point function to study is (77TT), and for this we analyze the correlation function
(J <2Y0)J2270)J ’(/2’0)>. In this case there are 15 linearly independent structures to consider:

{Q%Q% %1P3Q1Q%Q3P11P§Q%p%’PlQlQZQ%PbP%Q%P%7P2Q%Q2Q3P3v
P3Q1Q2p3Q1Q2’PZQIQSPZQ]QS’PlQZQSPIQZQS» QIQZQSQIQZQ?M

P30%P3, P30,P10,0,0;. P,03P,0,0,05. P,0,P30,0,03, 010303}

(3.17)

From these structures we construct linear combinations that are even/odd under parity, analogous to the previous examples.
Then, after imposing reality and conservation on all three points we obtain the following solution for H(X; U, V,W):

i (QR030% +2PR03P3 ~2010:0,010:05 + 2P1010:03P: — 2P10:P20,0:0; + 01 0303)

X4

a2 > - 5 - 17 2% - - -
+ =7 | P2Q10203P3 + P30,0503P, —?P1Q1Q2Q3P2 +2P,0,03P,0,03

R -~ _ 20 - U
+3010,03010,05 + P01 P30,0,05 - ?P%Q§P§ -3070303

_ - - - - - 23 -
+2P10,03P 0,05 + P30,P,10,0,03 +?P1Q3P2Q1Q2Q3>

19 16

a = = - - = =
5 (P%Q%P% + 35 PIOIPE + 5 P1010203P, —2010:03010,0;

- - = - 22 o
+ P3OTP; —2P20,03P,0,05 — 2P10,05P1 0,05 — =3 19392010205

—=3P30,0,P30,0, —2P;0,P,0,0,0; — 2P,0,P;0,0,0; +3Q%Q%Q§)

b i o o o
+IX—1(Q%Q%Q§ +2P10,0,03P, + 0710303 —20,0,030,0,0; — 2P, 03P,0,0,05)

ib,

X

In this case only three of the structures (corresponding to
the real coefficients a;, a,, as) survive the point-switch
symmetries upon exchange of x, x, and x3. Hence, (TTT)
is fixed up to three parity-even structures with real
coefficients.

In all cases we note that the number of independent
structures (prior to imposing exchange symmetries) is
2 min(sy, 55, 53) + 1 in general, where min(sy,s,,s3)+1
are parity-even and min(sy, s,, s3) are parity-odd. These
results are in agreement with [1,13-15,18] in terms of the
number of independent structures, however, our construc-
tion of the three-point function is quite different.

2. Spin-3/2 current correlators

In this section we will evaluate three-point functions
involving conserved fermionic currents. The most impor-
tant examples of fermionic conserved currents in 4D CFT
are the supersymmetry currents, Q,, ,, Qm,(-,, which appear
in A-extended superconformal field theories. Such fields
are primary with dimension Ay, = Ay = 7/2, and satisfy

(P,030,05P; + P30,030:P, —3P,0,0,03P; + 0,0,0;0,0,0;
—P,0,P30,0,05 — P30,P10,0,05 + 3P, 03P,0,0,0; — 010303).

(3.18)

the conservation equations 0"Q,,, = 0, 6"‘Qmﬁ =0. In
spinor notation, we have:

Qaa,/} (x) = (Gm)ad Qm,/}’ (x) .
(3.19)

Qaip(¥) = (6") a6 Cmp(x),

The correlation functions involving supersymmetry cur-
rents, vector currents, and the energy-momentum tensor are
of fundamental importance. The four possible three-point
functions involving Q, V and T which are of interest in
N =1 superconformal field theories are

<Qa(2)(’l('xl )Qﬁ(z)ﬁ (xz)Vyy (x3))s

(Qa)a(*1) Qp(2)p (%2) Ty 2)52) (X3)) (3.20a)
(Qu2)a(x1) Qpay (%2) V3 (x3)),
(Qa)a(*1) Q2 (x2) Ty 252) (x3))- (3.20b)
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These three-point functions were analyzed in [17] using
a similar approach, but we present them again here for
completeness and to demonstrate our general formalism.
Note that in the subsequent analysis we assume only
conformal symmetry, not supersymmetry.

We now present an explicit analysis of the general
structure of correlation functions involving Q, Q, V,and T
that are compatible with the constraints of conformal
symmetry and conservation equations. Using our conven-
tions for the currents, we recall that Q=Jg; ),
0= J3/2.1)- Let us first consider (QQV), for which we
may analyze the general structure of the correlation
function <J(3/2!1)Jz3/2.1)1’(’1’0)>.

Correlation function <J(3/2,1)J’(3/2_1)J’(’1.0)>. Using the
general formula, the ansatz for this three-point function:
|

<‘]a(2)a (xl )‘];;(2)/'}<x2>‘];/7 (X3)>

_ L) P (x13) 15" (xw)zﬁ(z)ﬁ/(z) (x23)Z (x23)
(x%3)7/2 (x%3)7/2

x Haw@pp ey (Xiz)

(3.21)

Using the formalism outlined in Sec. II B 2, all information
about this correlation function is encoded in the following
polynomial:

H(X;U VW) =Hesppry, (XY UCCVIIW - (3.22)

After solving (2.57), we find the following linearly
dependent polynomial structures in the even and odd
sectors respectively:

{0.2,Z,P,.0,03Z,P),0,0,03P5,Z,Z,Z3P3, P30, P P3P\ Z P P3,P,Q3P,P3, P, Z, P, P5,
P,QP3,P3Z3P3,P1P30,.0,Z1P30,,P3P,P301,0,Z,P30,.2,Z,P, 01, 0,03P05.03Z3P3 05,

P2PIP3Q3721P1Q1Q3’Q3P2Q1Q3’P3Q1Q2Q3}~

Next we systematically apply the linear dependence
relations (2.50)—(2.55) and obtain the following linearly
independent structures:

{010,03P5, P;0,P Py, P,0 P}, 0,05P, 05,
03P,0,05.P30,0,05}. (3.24)

We now impose conservation on all three points and find
that the solution for H(X;U,V,W) is unique up to a
complex coefficient, A = a; +1a;:

A, N R P
X 010,05P3 +§P2Q1P3 +§P3Q2P1P3

1. .~ _ 2 - -2
—§P3Q1Q2Q3—§Q2Q3P1Q3—§Q3P2Q1Q3>- (3.25)
However, this three-point function is not compatible with

the point-switch symmetry associated with setting J = J'.
|

(3.23)

Therefore we conclude that the three-point function (QQV)
must vanish in general.

Correlation  function (J(3/2‘1)J’(3/2q1)J’(’1’0)>. Using the
general formula we obtain the following ansatz:

<Ja(2)a (x; )J/ﬁ/;(z) <x2)lely (x3))
va a(z)d/(z) (x13 )j aa/ (x) B)Iﬁﬁ/ (x23 )j ﬁ(z)ﬂ/(z) (x23)

(x%3)7/ : (x%3)7/ :

X Hoywp @y (X12)-

(3.26)

The tensor three-point function is encoded in the following
polynomial:

H(X, U, V, W) — H(z(‘l(Z)/)’(Z)/)’W (X) Uad(Z) Vﬁ(2>ﬂ WW. (3 27)

After solving (2.57), we find the following linearly
dependent polynomial structures:

{010,2,2,.P30,Z,P,, P\Z,Z,P5, P3Q,0,P5, P10, Z, P35, P| P3Py P35, 010,03 05. Z,Z,Z505,
P30,P,03,P\Z,P 03, P,Q3P,03, PyZ,P,03, P,QP303, P3Z3P305, 0,Z, 0,03, P3P,0, 05,

Q222Q2Q3,P1P3Q2Q3, QSZSngPZPIng Q1Q2Q§}

(3.28)

Next we systematically apply the linear dependence relations (2.50) to this list, which results in the following linearly

independent structures:

{P30,0,P3,0,0,03053, P;0,P, 05, P,03P, 05, P,0,P;0;. 0,0,03}.

(3.29)
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We now construct the ansatz for this three-point function using the linearly independent structures above. After imposing

conservation on all three points the final solution is

X4

A I 1 I - 3. -
+X_?‘ (P3Q2P1Q3 —§P1Q3P2Q3 + P,0,P303 +ZQ1Q2Q§>-

Therefore we see that the correlation function (J(3/51)/;

A - 3 e A - - _
< (PsQlePs +35P10:P20; - ZQ1Q2Q§) + 37 (P103P203 = 010203 + 010205 03)

(3.30)

3 /2,1)J/(/1,0)> and, hence, (QQV), is fixed up to three independent

complex coefficients. After imposing the combined point-switch/reality condition on Q and Q, we find that the complex
coefficients A; must be purely imaginary, i.e., A; = id;. Hence, the correlation function (QQV) is fixed up to three

independent real parameters.

Next we determine the general structure of (QQT) and (QQT), which are associated with the correlation functions

(i3 /2‘1)1’(3 . 1)J/(/2,0)>’ (i /Q.I)J’G /2’1)1’(’2_())) respectively using our general formalism. Since the number of structures grows

rapidly with spin, we will simply present the final results after conservation. For (/3 /2,1)-]/(3 /2’1>J’(’2,0)> we obtain a single

independent structure (up to a complex coefficient):

Al
e

1 - = 7 - - 5. - _
+5P1Q3P%Q1 +ZP2Q1P2P3Q1 —szQ%Q2Q3)'

_ 7 -, 1 - - 5 - - Y AN
<Q1Q3Q%P1 +ZP3Q%P% +§P1Q3Q2P1P2 —ZQ1Q3Q2P2Q1 —5010,P3;0,02 —§Q2P1Q1Q2Q3

(3.31)

This solution is manifestly compatible with the point-switch symmetry resulting from setting J = J', hence, (QQT) is

unique up to a complex parameter. On the other hand, for (J 3/2, 1)7’(

structures proportional to complex coefficients

J//

B o)> we obtain four independent conserved

3/2.1)

A 0 6 6 6 10
X3 Q1Q3Q2+?P1Q2P1Q2Q3 +7P2Q1P2Q1Q3 +7P1P2Q1Q2Q3 —7Q1Q2Q1Q2Q3

A _ _ _ o _ o - - _ - -
+X_§(P2Q2Q%P3 + P3030,P, — P,0,P,0,05 — P,0,P1 0,05 — P1P,0,0,0; + 0,0,0,0,05)

A3

X

After imposing the combined point-switch/reality condi-
tion, we find that the complex coefficients A; must be
purely real. Hence, the three-point function (QQT) is fixed
up to four independent real parameters. The results (3.25)
and (3.30)—(3.32) are in agreement with those found
in [17].

B. General structure of three-point functions
for arbitrary spins

In four dimensions, three-point correlation functions of
bosonic higher-spin conserved currents have been analyzed
in the following publications [13,18] (see [20,24,34] for
supersymmetric results). For three-point functions involv-
ing bosonic currents J(; g) = Jo(4)4(s)> the general structure

of the three-point function (J, ,0>J’(S2’0) J ’(/s 2‘0)> was found to

be fixed up to the following form [18,37,38]:

3 13 33 S o\ L Ad o, o
P1Q1Q2Q3P2 _7P2Q1P2Q1Q3 _ﬁP1P2Q1Q2Q3 _7P1Q2P1Q2Q3 +ﬁQ1Q2Q1Q2Q3 +FP1Q3P2-

(3.32)

2 min(sy,$,.53)+1

V5107 (50007 (55.0)) = arJ (5,0 (5,07 (5.0 1
=1

(3.33)

where a; are real coefficients and (J 1,0)J/(s2,0)'],(/s 3V0)> ; are

linearly independent conserved structures.” Among these
2 min(sy, s5,53) + 1 structures, min(sy,s,,s3) + 1 are
parity-even while min(sy, s,,s3) are parity odd. For
correlation functions involving identical fields we must
also impose point-switch symmetries. The following
classification holds:

*Note that if the reality condition is not imposed, the three-
point function is fixed up to 2 min(s;) + 1 structures with
complex coefficients.
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(i) For three-point functions (J(,0\J(, /7, ) there are

(5.0)¥ (5.0)
2s + 1 conserved structures, s + 1 being parity even
and s being parity odd. When the fields coincide,
i.e. J =J' the number of structures is reduced to
the s + 1 parity-even structures in the case when the
spin s is even, or to the s parity-odd structures in the
case when s is odd.

(ii) For three-point functions (J (Slso)Jz.v].O)J£{v2,0)>’ there
are 2 min(sy,s,)+ 1 conserved structures,
min(sy, s,) + 1 being parity even and min(sy, s,)
being parity odd. For J = J’, the number of struc-
tures is reduced to the min(s;, s,) + 1 parity-even
structures in the case when the spin s, is even, or to
the min(s;,s,) parity-odd structures in the case
when s, is odd.

Note that the above classification is consistent with the

results of [13], and we have explicitly reproduced them

up to s; = 10 in our computational approach.

Now let us discuss three-point functions involving
currents with g = 1, which define “supersymmetrylike”
fermionic higher-spin currents. The possible correlation
functions that we can construct from these are
<J(Slvl)]/(sz,l)J/({Yg.O)> and <J(sl,l)J/(s2,1)J/(/s3,0)>- Note that for
s1 =8, =3/2 and s3 = 1, 2 we obtain the familiar three-
point functions (3.20). Based on our computational analysis
we found that the three-point function (J (S],I)J’(SZ!I)J’(’%O))

is fixed up to a unique structure after conservation in
general. On the other hand, we found that three-point

functions of the form <](Sl~1)j2s2.1)"/(/s;,0)> are fixed up to

2 min(sy, s,,s3) + 1 independent conserved structures.
It’s important to note that for these three-point functions
there is no notion of parity-even/odd structures.

We now dedicate the remainder of this section to
classifying the number of independent structures in the
general three-point functions

J/ J// > , < J( J/ J” > ,

(52:q2)" (53.93) s1:01)Y (s2.42)" (53.93)

" (3.34)

51.41)
for arbitrary (s;, ¢;). We investigated the general structure
of these three-point functions up to s; = 10. Provided that
the inequalities (2.61) are satisfied, we conjecture that the
following classification holds in general:

; . . , "
(i) For thr_ee-pomt functions <J(51~¢Il)J(Sz,qz)‘](x3.q3)>’

<J(s1,q1>J/(Aq2,q2)J/({Y3,q3)> with g; # ¢, # g3, there is a
unique solution in general. Similarly, the three-point
function is also unique for the cases: (i) ¢; =0,

g2 # g3, and (i) ¢; = ¢, = 0 with g3 # 0.
(ii) For three-point functions (J s, o)/, J{;, o)) there s
a unique solution up to a complex coefficient.
However, for the case where s; = s, (fermionic or
bosonic) and J = J’, the structure survives the
resulting point-switch symmetry only when s; is

an even integer.

(iii)

@iv)

086017-16

j/ J//
$1:9)% (s2,9)" (3.0)
obtain quite a nontrivial result which we will now
explain. The number of structures, N(sy, 5», 53;g),

obeys the following formula:

For three-point functions (J ) we

N(s1,82,8359) =2 min(sy, sp,53) + 1

— max <%— ls3 — min(sl,s2)|,0>,
(3.35)

where s, s, are simultaneously integer/half-integer,
for integer s5. This formula can be arrived at using
the following method. Let us fix sy, s, and let g > 2.
By varying s; and computing the resulting con-
served three-point function, one can notice that if s3
lies within the interval

min(sy, s,) —% < s3 < min(sy,s,) +g, (3.36)

then the number of structures is decreased from
2 min(sy, s, 53) + 1 by

q .
SN(s1,52,53,q) = > |s3 —min(sy, $5)].  (3.37)

For s; outside the interval (3.36) there is
always 2 min(sy, s, s3) + 1 structures in general.
It should also be noted that (3.35) is also valid
for ¢ =0, 1 (by virtue of the max() function). In
these cases the additional term does not contribute
and we obtain N(sy,s,,53;0) = N(sy,5,,53;1) =
2 min(sy, $5,83) + 1.

As examples, below we tabulate the number of
structures in the conserved three-point functions
5101 (5,907 (5,0 for some fixed sy, s, while
varying g and ss3. Let us recall that ¢ is necessarily
even/odd when s is integer/half-integer valued. In
addition, since J s 4) = Jy(s19a(s-9) it follows that

the maximal allowed value of ¢ in the above
correlation function is 2 min(sy, s,) — 2. Explicit
solutions for particular cases are presented in
Appendix B.

The highlighted values are within the interval
(3.36) defined by s, s,, and ¢, and we have used
color to identify the pattern in the number of
structures. Analogous tables can be constructed
for any choice of sy, s, and it is easy to see that
the results are consistent with the general for-
mula (3.35), which appears to hold for all such
correlators within the bounds of our computational
limitations (s; < 10).

For three-point functions (J(Sl,q)j’(xl.q)J’("YZ’())) the
number of structures adheres to the formula (3.35).
However, for J = J', we must impose the combined



THREE-POINT FUNCTIONS OF CONSERVED CURRENTS IN 4D ...

PHYS. REV. D 108, 086017 (2023)

point-switch/reality condition. After imposing this

constraint we find that the free complex parameters

must be purely real/imaginary for s, even/odd.
The above classification appears to be complete, and we
have not found any other permutations of fields/spins
which give rise to new results.
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APPENDIX A: 4D CONVENTIONS
AND NOTATION

Our conventions closely follow that of [50]. For the
Minkowski metric #,,, we use the “mostly plus” conven-
tion: 7,,,, = diag(—1, 1, 1, 1). Spinor indices on spin-tensors
are raised and lowered with the SL(2, C) invariant spinor

metrics
0 -1 0 1
g”ﬂ = s gaﬁ = s 8(1]/8}//} — 6{1/}’
1 0 -1 0
(Ala)

0 -1 iy 0 1 ¥ 4
Eap = , Y= . g€l =60
1 0 -1 0

(Alb)

Given the spinor fields ¢,, ¢, the spinor indices a = 1, 2,
@ = 1,2 are raised and lowered according to the following
rules:

o = gaﬂ¢ﬂ’ P* = saﬂd)ﬁ?
bo =eapd. P =Ty

It is also useful to introduce the complex 2 x 2 o-matrices,

defined as follows:
(0 1 >
(o3 1= .
1 0

1 0
70 (0 1>’
0 —i 1 0
= (i 0)’ “ (0 —1>'
The o-matrices span the Lie group SL(2, C), the universal
covering group of the Lorentz group SO(3,1). Now let

o, = (09,0), we denote the components of ¢,, as (o,,)
and define:

(A2)

(A3)

ad

(‘~7m)£m = €aﬂeaﬁ(0'm)ﬂﬂ' (A4)

It can be shown that the o-matrices possess the following
useful properties:

(Gmén + 0}15m)a/} = _277mn5/a}1 (ASa)
(GnOn + 800) "5 = =215, (A5b)
Tr(6m&n> = _27]1nn9 (ASC)
(6") il BV = —2805. (A5d)

The o-matrices are then used to convert spacetime indices
into spinor ones and vice versa according to the following
rules:

1

Xa(;r = (Gm) X Xm = _E (6m)(mxaa' (A6)

aa“m>

For imposing conservation equations on three-point

functions, one must act on the generating function (2.56)

with the operators (2.68). For this, the following identities
for the derivatives of the monomials Q;, Z; are useful:

. 1 oy oo
28Q, = -3 (2v*w* + X**Q,), (A7a)
i 1 apd 4 Y
90, = —}(Zw "+ X*Q,), (A7b)
i 1 a=a Laa
Qs = —}(ZM " 4+ X9 Q5), (AT7c)
& 1 and Y aa
07, = —}(2u u* 4+ X*Z,), (A8a)
i 1 a 7,0 Laa
K7, = —}(21) 1" 4+ X*Z,), (A8b)
. 1 ¥ fo
Ky =-+ 2w W + X*Z3). (A8c)

Analogous identities for derivatives of Q; may be
obtained by complex conjugation.

APPENDIX B: EXAMPLES OF THREE-POINT
FUNCTIONS (J s, o0J /(SM)J /(;3‘0) )

In this appendix we provide some examples of three-
point functions (J J’(’S 2.0)>. In particular, we com-

Sl'q>J/(32»II)
pute two of the examples presented in Tables I and II to
illustrate the decrease in the number of independent

conserved structures for particular values of g. Due to
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TABLE L. No. of structures in <J(Sl~‘1)‘7/(,Y2.q)],(IS3.0)> for sy =5, TABLE IL No. of structures in (J, »J7, J7, o) for

q 59, 53,

S2:6. 51:9/2,52:11/2, (52.q)" (53
§3 $3

q 1 2 3 4 5 6 7 8 9 q 1 2 3 4 5 6 7 8
0 3 5 7 9 11 11 11 11 11 1 3 5 7 9 10 10 10 10
2 3 5 7 9 10 11 11 11 11 3 3 5 7 8 9 10 10 10
4 3 5 7 8 9 10 11 11 11 5 3 5 6 7 8 9 10 10
6 3 5 6 7 8 9 10 11 11 7 3 4 5 6 7 8 9 10
8 3 4 5 6 7 8 9 10 11

*ON =1; 6N = 2; 0N = 3.

*6N =1; *6N = 2; *6N = 3; *ON =4.

. . N HX:U. V. W) = Hoaopop@nei)
the large size of the solutions for increasing s;, we only (a9 yAI0H2) wr2)i(2)
present the simplest cases. (XU v wrin®) - (Bl)
First let wus consider the three-point function
<J<sl,q)J’(ssz’(’%o)) with s; =5, s,=6, ¢g=28 and
s3 = 2. Using our formalism, all information about this = There are 13 possible linearly independent structures that
correlation function is encoded in the following polynomial: can be constructed in this case:

{P\P;030,P308. P, 010,0:P; 0], P;0,0,P, 0,08, P;010,P;0,0]. P, 0,0,0:P,08. P, P3;0,0,P, P; 0},
P,0,05P,0,08, P,03P;0,08. P\ P,0,0,05.0,010,03. P,P;0,P108%, 010,050,038, P10 P, P,0%}. (B2)

We now impose conservation on all three points. The following solution is obtained:

Ay 27 11 9 11 2 D N
X7\ 189 Q1Q 0,03 - P 1P10,0,09 + P 10;P P, 0% — 378Q 0,0,0,0%
1 11 1
P1Q1Q3P2Q1Q3 __PlQ 10,0;P;0% + = PsQ2Q2P3Q1Q7 +P P3Q2Q2P2Q3>
A 1 11 o
+X_121< 0,010,03 - P 1P10,0,08 + P2Q3P P,08 - Q 0,050,058 - 216 P,0,0;P,0,08

——PzQ P;0,0% — 1Q2Q2Q3P3Q7 + P1P30,0,P P30 — P3Q%Q2P3Q1Q§>

+ 25 (30010:03 - PiPL010:03 + 1101002103 + PROSPI PO —§Q%Q2Q3Q1Q§ -2r1010::0,0%)
+§11 ( 0,070,035 - —P 1P1010,05 + P1P;0,P1 0% + PLO3P P, 05 — Q%Q2Q3Q1Q§ —2P30,0,P10,03
- PI0I0P008 -3 P00, ). (8

where A; are complex coefficients. Hence we see that this three-point function is fixed up to four independent conserved

structures. Recall that for ¢ = 0, the three-point function (J(,, ,)J /(sz,q)']/(/sg,())> reduces to a three-point function of vectorlike

currents. Hence, we should expect 2 min(sy, s5,53) + 1 =5 independent structures. Similar results can be obtained for
other values of ¢ and s3, which are contained in Table L.

Next, let us consider the three-point function <J(-v]-q)j’(sz,q)J/({Y3.0)> with s, =9/2, s, = 11/2, g =7 and 53 = 2. All
information about this correlation function is encoded in the following polynomial:

HXU. V. W) = Hoaspopponie (XU O VIR WEIe), (B4)

In this case there are also 13 possible linearly independent structures:
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{P,P;010,P303.P,070,0:P;05. P, P30, P3(

1.P3010,P30,05.P,0,0,05P,0].P,0,0;P,0,0],
010,0;0,01,P30,0,P,0,0}. P, P30,0,P, P;08. P,0}1P;0,01. P\P,0,0,08, P20 P, P,0}. 0, 010,03}

(BS)

We now impose conservation on all three points, and the following solution is obtained:

Ay

X0 P P1Q1Q2Q3+ P2Q3P P,0]

( 0,070,08 -

504

A,
+X10< 0,010,0% - —PPQ Q2Q3+ PQ3P P2Q7——Q2Q2Q3Q1Q3

25 _ o
- ﬁQ%Q2Q3Q1QZ

115 n a7 S 2 5 A6 L b A2A DD A6 2n. B2AS
P,0,05P,0,0; P1Q1Q2Q3P3Q3 + P3Q1Q2P3Q1Q3 +P1P3Q1Q2P3Q3>

P 0,0:P,0,0]

——PzQ%P3Q1Q; __PIQ%Q2Q3P3Q2 + P, P30,0,P P; 05 ——P3Q%Q2P3Q1Q2>

A
X'O < 0,070,035 — P\P,0,0,0% + P10,0,05P,0} + P1Q3P, P,0] ——Q2Q2Q3Q1Q3 ——P1Q1Q3P2Q1Q3>

+X_£40< 0107005 - _P P,0,0,08 + P P;0,P30] + P;Q3P P, 0] —

13 - _ -
—§P1Q1Q3P2Q1Q§ —EPzQ%P3Q1Q§)7

where A; are complex coefficients. Hence we see that this
three-point function is fixed up to four independent con-
served structures. Recall that for the ¢ = 1 case we expect
2 min(sy, 55, s3) + 1 =5 independent structures. Similar
results are obtained for other values of g and s;, and with
further testing we obtain Table II.

APPENDIX C: THREE-POINT FUNCTIONS
INVOLVING SCALARS AND SPINORS

In this appendix we provide some examples of three-
point functions involving scalars, spinors and a conserved
tensor operator. The results here serve as a consistency
check against those presented in [1,16].

1. Correlation function (00'J ;)

Let O, O’ be scalar operators of dimension A; and A,
respectively. We consider the three-point function
(00'J 5)). According to the formula (2.61), a three-point
function can be constructed only if J is in the (s,s)
representation. Using the general formula, the ansatz for
this three-point function is:

1
<0(x1)0l(x2)‘]y(s);'/(s) ()C3)> = A Hy(s);'/(s) (XIZ)'

(xf3) 1 (x33) %

(C1)

All information about this correlation function is encoded
in the following polynomial:

Q%Q2Q3Q1Q§ —2P30,0,P,0,0}
(B6)
|
H(X; W) = H,y o)) (X)W, (C2)

We recall that H satisfies the homogeneity property
H(X) = X 272-07F(X), where F(X) is homogeneous
degree 0. The only possible structure for ’H(X) is

H(X; W) = AZS, (C3)
where A is a complex coefficient. After imposing con-

servation on x5 using the methods outlined in Sec. II B 2,
we find

DyH(X; W) =A(A) — Ay) (1) (s 1) Z§7 X818 7573,

(C4)

Hence, we find that this three-point function is compatible
with conservation on x; only for A; = A,. When the
scalars O, O’ coincide, then the solution satisfies the
point-switch symmetry associated with exchanging x;
and x, only for even s. This result is in agreement with [16].

2. Correlation function (yy'J 4))

Let y, @' be spinor operators of dimension A; and A,
respectively. We now consider the three-point function
(w'J (s 4)). According to the formula (2.61), a three-point
function can be constructed only if J belongs to the
representations (s, s), (s—1,s+1) or (s+1,s—1)
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(the latter two corresponding to ¢ = 2). First consider the
(s, s) representation. Using the general formula, the ansatz
for this three-point function is

<wa(x1)y/ﬂ(x2)J (5)7(s)(X3))
T (03) 2 (3)
(xf3) %1 (x33) %
All information about this correlation function is encoded
in the following polynomial:

H(l//i’

»X12).  (C5)

H(X; U, V. W) = Hegy(5)5(5) (X)USVEWIEITS) - (C6)

We recall that H satisfies the homogeneity property
H(X) = X¥t2-2-07F(X), where H(X) is homogeneous
degree 0. In this case there are two possible linearly
independent structures for ﬂ(X ):

H(X;U,V,W) = A P,P,Z5" + A,0,0,757",  (C7)
where A and A, are complex coefficients. After imposing
conservation on x; using the methods outlined in Sec. II B

2, we find

DyH(X; U, V., W)
= (A; = Ay) (1) (A + (s* + 5 — 1)A) 01 P,

+ (82 45— 1A + 42)Pr 01} 252X 880573 ()
Hence, we find that this three-point function is automati-
cally compatible with conservation on x; for A; = A,.
For A; # A, itis simple to see that conservation is satisfied
only for s = 1, which results in A; = —A, and, hence,
the solution is unique. However, for s > 1 there is no
solution in general. In the case where y = y/, we also
have to impose the combined point-switch/reality con-
dition, which results in the coefficients A; being purely

real/imaginary for s even/odd. This result is consistent
with [16].

Now let us consider the (s + 1,5 — 1) representation,
with s > 1. Note that the analysis for (s—1,s+1) is
essentially identical and will be omitted. Using the general
formula, the ansatz for this three-point function is

<Wa( ( 2)‘] (s+1)'(s—1)(x3)>
LA )T ()

(xi3)%1 (x35)%

All information about this correlation function is encoded
in the following polynomial:

H, aply(s+1)y(s— 1)(X12) (C9)

H(X;U,V, W) (X)UYW D761

(C10)

= Hepy(s+1)p(s-

We recall that H satisfies the homogeneity property
H(X) = X*2-2-07(X), where H(X) is homogeneous
degree 0. In this case there is only one possible structure for

A

H(X):

H(X;U,V,W) = AP,0,Z5", (C11)
where A is a complex coefficient. After imposing con-
servation on x5 using the methods outlined in Sec. II B 2,
we find

DyH(X, U, V. W) = A(A; = Ay — 1)(=1)5T(s2 + 5 = 2)

X Py PyZy 2 XA ~8e 3, (C12)

Hence, we find that this three-point function is automati-
cally compatible with conservation on x; for A, = A; — 1.
For A, # A — 1 there is no solution in general (recall that
s > 1). This result is also consistent with [16].
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