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Motivated by recent analogies between the large-q complex Sachdev-Ye-Kitaev (cSYK) model and
charged black holes, we aim to find a concrete gravitation theory with a matching partition function.
Our main focus is to match the thermodynamics of the (0þ 1)-dimensional cSYK model, with that of a
(1þ 1)-dimensional gravitational model. We focus on a model of deformed Jackiw-Teitelboim gravity,
characterized by some unknown dilaton potential function and unknown dilaton-to-Maxwell field
coupling. By finding the general solutions, we are able to find the Lagrangian which produces the same
partition function and equation of state as that of the considered SYK model. We go beyond showing that
the thermodynamics overlaps by also showing that the Lyapunov exponents, characterizing the degree of
chaos, overlap close to the second-order phase transition. In the low-temperature rescaled regime, there
remain open questions about the Lyapunov exponents, given that our analysis ignores the black hole
backaction which can be large in this regime.
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I. INTRODUCTION AND OUTLINE

The Sachdev-Ye-Kitaev (SYK) model is a simple quan-
tum model that proposes a gravity-condensed matter
correspondence. One of its key findings is the emergence
of conformal symmetry with nearly AdS2 geometry in its
configuration space of reparametrization modes [1], which
is also observed in black holes. Both systems are also
maximally chaotic [2,3]. Significant progress has been
made in understanding this duality, including the discovery
that fluctuations away from conformality are described
by a Schwarzian action [4], which is also the boundary
theory of Jackiw-Teitelboim (JT) gravity. There is a wealth
of literature on the connections between the SYK models
and JT gravity [3–15]. The chaotic-integrable transition
in the SYK model can be achieved by introducing a
generalized SYK model with an additional one-body
infinite-range random interaction [16]. This transition is
interpreted as the Hawking-Page phase transition (PT) in
the bulk gravity [16].

Attempts have been made to extend such holographic
analogies to charged black holes by considering complex
SYK (cSYK) models [17]. The cSYK model exhibits a
second-order phase transition in the maximally chaotic
regime, which is believed to be associated with a universal
class of phase transitions in spherical Reissner-Nordström
(RN)–anti-de Sitter (AdS) black holes [18,19]. On a
thermodynamic level, analogies have been drawn between
RN black holes and van der Waals liquid-gas phase
transition, and recently also to the phase transition found
in the cSYK models [17,18]. Similar phase transitions can
be found in (1þ 1)-dimensional deformed JT gravity if a
dilaton coupling is included [7]. The power laws associated
with the continuous phase transition match those of the
cSYK model. Given this, it is natural to ask how explicit
one can make such analogies. For instance, would it be
possible to have a gravitational model with the exact same
thermodynamic potential and equation of state? Similar
questions can be asked about the Lyapunov exponents
reflecting the degree of chaos found in the respective
models.
In this paper, we give partial answers to these questions.

We explore the phase structure of deformed JT gravity and
the cSYK model by comparing their partition functions.
Our focus is on the on-shell physics, which corresponds to
the solutions that minimize the action and characterize the
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leading order thermodynamics. To achieve this, we con-
sider the q=2-body interacting complex SYK model. One
can then derive the exact thermodynamic potential in
powers of 1=q. On the cSYK side, we place emphasis
on the fluctuations away from on shell, described by the
Schwarzian [20], by neglecting the q-dependent contribu-
tions. In the context of holography, the focus is usually
placed on these off-shell fluctuations [21,22]. Typically,
these fluctuations cannot be ignored at nonzero temper-
atures. The resulting action can be expanded around the
conformal solution to yield fluctuations described by the
Schwarzian action. However, by expanding in 1=q, we find
that they are subleading, in orders of 1=q, to the on-shell
contributions [20]. The 1=q expansion, however, goes
beyond this, also providing information about the harmonic
oscillator-like phase, where conformal symmetry is
strongly broken [23,24]. This is because it provides the
full phase diagram to leading order in 1=q, hence it is not
restricted to certain charge densities or low temperatures.
As for finding the candidate bulk dual, we start with a

rather general model of deformed JT gravity. It is charac-
terized by a dilaton potential energy U and a dilaton
coupling W to Maxwell fields. In the context of the
charged SYK model, such a theory has been proposed
before as the low-energy dual [8]. Since the focus was
placed on the low-energy limit, the considered deforma-
tions were power laws. To capture the thermodynamics
away from the strictly low-energy limit, we must consider
more general deformations W and U. This is possible,
since, like large-q cSYK, the generally deformed model
admits exact solutions [25]. Starting with some unknown
potentials W and U, we calculate various quantities. For
instance, we find the general form of the equation of state
(EOS), which is related to the Hawking temperature TH, the
Wald entropy SW and the Arnowitt-Deser-Misner (ADM)
mass M. We also find the associated Gibbs free energy G.
All of these quantities are given in terms of the unknown
functions U andW, which we constrain such that we obtain
the same thermodynamics as the cSYK model.
By expressing the charge density as a function of the

entropy, we are able to show that the same thermodynamic
relations hold for both models. This relation allows us to
identify the enthalpy on the SYK side, while the ADM
mass corresponds to the enthalpy on the gravitational
side. Equating these two enthalpies, we show that the
equations of state also match. This requirement then fixes
the potentials, identifying the sought deformation. It is
further shown that their partition functions exactly match
ZcSYK ¼ ZdJT, in the regimes of interest. With this bulk
dual, we go on to describe its gravitational properties, such
as its scalar curvature, and how it relates to the condensed
matter system.
We find two different dictionaries which still provide

the same thermodynamics, These correspond to the two
different analogies that one can draw between the van der

Waals liquid, RN black holes, and the complex SYK
model [18,24].

II. THE q-DEPENDENT cSYK MODEL

We start from the q=2-body interacting cSYKmodel [26]

Ĥ ¼ J
X

1≤i1<���<iq=2≤N
1≤j1<���<jq=2≤N

X
i1���iq=2
j1���jq=2c

†
i1
� � � c†iq

2

cjq
2

� � � cj1 ; ð1Þ

with a conserved U(1) charge density Q̂¼ 1
N

P
i c

†
i ci− 1=2,

with expectation values Q∈ ½−1=2; 1=2�, where c†, c are
fermionic creation and annihilation operators, respectively.
Here N is the number of lattice sites, hence the thermo-
dynamic limit corresponds to taking N → ∞. The cou-
plings, X, are complex random variables with zero mean,

and a variance jXj2 ¼ ½q−1ðq=2Þ!�2½2=N�q−1. We will work
in the grand canonical ensemble

ZcSYK ¼ tr exp
�
−β½Ĥ − μNðQ̂ − 1=2Þ��:

By considering q=2-body interactions instead of two-
body interactions, one may solve the SYK model exactly,
treating 1=q as an expansion parameter. It was first pointed
out by Davison et al. in [21] that the equilibrium state
described by H (1) tends to free fermions, for any nonzero
charge densityQ ¼ Oðq0Þ, in the large q limit. This can be
seen in the effective interaction strength

J ðQÞ≡ J½1 − 4Q2�q=4−1=2 ð2Þ

going to zero as q → ∞. Even for small charge densities
J ðQÞ ∼ e−qQ

2

J. To avoid this tendency, Davison et al.
considered an altered HamiltonianHaltðβμÞ, where the bare
system coupling J → JaltðβμÞ grows as a function of
inverse temperature β and chemical potential μ to com-
pensate for the effective suppression. The acquired βμ
dependence of HaltðβμÞ, however, leads to starkly different
thermodynamics from H (1), for any q [23,27], as
discussed in Appendix E.
By not making any changes to the Hamiltonian (1),

we preserve the nontrivial thermodynamics at small
fluctuations Q ¼ Oðq−1=2Þ away from Q ¼ 0 [17].
Remarkably, this unaltered cSYK model leads to a
liquid-gas phase diagram which bares a striking
resemblance to the small-large black hole phase
diagrams found in black hole thermodynamics. The
“liquid” and “gaseous” phases reflect their respective
(charge) densities, as seen in Fig. 2. In particular (1)
exhibits a phase transition below a critical temperature
Tc ¼ Oðq−1Þ or critical chemical potential μc ¼ Oðq−3=2Þ
[17] because the temperature is q dependent and the
scaling transformation given in [21] is broken. Explicitly
the critical point is at
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Tc ¼ 2J ðQcÞ=q; μc ¼ 6TcQc; Qc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3=ð2qÞ

p
:

ð3Þ

Regarding the relation to gravity, there are two regimes
of interest, the first considers a scaling T ¼ q−1T̃, μ ¼
q−3=2μ̃, where quantities with a tilde are q independent.
Around the transition point, the strongly coupled cSYK
model dominates due to the relatively small charge den-
sities. This rescaled regime corresponds to the IR regime,
small βJ , hence both phases are maximally chaotic,
reflected in their Lyapunov exponents saturating the
Maldacena-Shenker-Standford (MSS) bound λL→2πT [3].
This feature is shared with black holes. In particular, it is
shared by both large and small black hole phases in the
extended space [18]. The corresponding phase transition
also shares a universality class with that of the cSYK
model. Both cases have mean-field critical exponents.
We further consider a second rescaled regime T ¼ q−2T̄,

μ ¼ q−2μ̄, where barred quantities are held fixed as q → ∞,
with the corresponding phase diagram given in Fig. 1. The
gaseous phase in this regime corresponds to an uncharged,
Q ¼ 1=q (in the large q limit), and maximally chaotic SYK
model. The liquid phase becomes incompressible and has
an exponentially small entropy which tends to zero. The
incomprehensibility stems from it reaching a maximal
charge density, which is of the order Q ¼ Oðq0Þ. As noted
before, such a large density fully suppresses the SYK
interactions, yielding a free noninteracting model. The
nonzero to zero entropy drop is analogous to the black
hole to the thermal radiation Hawking-Page transition.

In the large q limit, the jump in charge density from
1=q to 1=2, caused by a small perturbation μ0 ¼ 4J=q2 to
the chemical potential, is reminiscent of spontaneous
symmetry breaking. To see how this behavior of the charge
density nearby the coexistence line emerges, we can go
back to the first scaling regime and plot the chemical
potential μ̃ as a function of charge density Q̃. One can
directly find that as the decreasing of the temperature T̃, the
charge density of liquid phase Q̃l goes to infinity which
implies that the corresponding nonrescaled charge density
Ql is the order ofOðq0Þ as the rescaled temperature T̃ goes
to zero. At the same time, the charge density of the gas
phase vanishes. This phenomenon indicates the jump in the
charge density we described above. This highlights a
difference between the two rescaled regimes. In the first
regime, close to the critical point, the liquid and gaseous
charge densities are of the same order. As such, for the
specific rescaled quantities ðμ̃; T̃; Q̃Þ, the limit as q → ∞ is
well defined.
In the regime associated with the zero T limit, we have

two different scalings in the charge density, namely Q ¼
Oð1=qÞ and Q ¼ Oðq0Þ. As such, the two charge densities
diverge from one another. For any finite, but large q, the
phase transition still exists. In the limit q → ∞, one can,
however, argue that this phase transition no longer makes
sense due to this diverging separation. Similarly, the limit
of a spherical to a flat Euclidean space as the parameter
k → 0 [28], the phase transition also disappears, in which
the parameter k represents the topological parameter of the
RN-AdS black hole [29]. In this sense, one might be able to
associate k with 1=q.

III. THE DEFORMED JT GRAVITY MODEL

We consider general deformed JT gravity [30] together
with coupling to a Maxwell field [25], with action

FIG. 1. Schematic phase diagram for our particular deformed
JT and cSYK models in different q-scaling regimes under the
large-q limit condition. The upper regime encompasses the
critical end point of the coexistence line. Close to the origin,
there is a near-extremal phase transition.

FIG. 2. The chemical potential μ̃ as a function of the charge
density Q̃; the dashed lines of different colors represent the
real physically acceptable solution which satisfies the Maxwell
area law.
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I½φ; A� ¼ G−1
N

Z
M
d2x

ffiffiffiffiffiffi
−g

p
Lðφ; AÞ þ Ibdy:

Here the boundary action contribution Ibdy, described in
Appendix A 2, regularizes the theory. In (1þ 1) dimen-
sions, the constant GN is dimensionless in natural units
ℏ ¼ c ¼ 1. Its inverse will play the role of the large
parameter N selecting out the on-shell solution in the
classical limit. To have a well-defined limit, we must focus
on “intensive” quantities, for instance focusing on the
intensive bulk Lagrangian density

Lðφ; AÞ ¼ φ

4π
R2 þ PUðφÞ −WðφÞ

4
FðAÞ2; ð4Þ

instead of L=GN. Here Fμν ¼ ∂μAν − ∂νAμ is the electro-
magnetic tensor and R2 is the two-dimensional Ricci
scalar. The dilaton φ couples to the electromagnetic field
via a termWðφÞ. The field also has its own potential energy
PUðφÞ, where we have a thermodynamic pressure term P.
This pressure is associated with a negative cosmological
constant [19], which is the pressure of empty space. Since
the characteristic length scale is associated with the scalar
curvature at the conformal boundary, we would assume it to
be related in some way to the interacting contribution of the
quantum system.
We assume the black hole solution, in the Schwarzschild

gauge, takes the form ds2 ¼ −fðrÞdt2 þ dr2=fðrÞ. Solving
the Euler-Lagrange equations, see Appendix A, we find the
dilaton field solution (A11) φ ¼ γr, where γ is the dilaton
coupling strength. Setting γ ¼ 1 amounts to measuring
distance in units of γ. We also have the emblackening
factor (A15)

fðrÞ=ð4πÞ ¼ −M þ PVðrÞ −QBAtðrÞ=2; ð5Þ

for some integration constantM and black hole charge QB.
Here we have defined the antiderivatives

VðrÞ ¼
Z

drUðrÞ; AtðrÞ ¼ QB

Z
dr

1

WðrÞ : ð6Þ

By definition, the event horizon is at the root r ¼ rH of
fðrÞ, i.e., fðrHÞ ¼ 0. With this, (5) implies

M ¼ PV th þQBΦth=2; V th ≡ VðrHÞ;
Φth ≡ −AtðrHÞ; ð7Þ

where we have defined the thermodynamic quantities as (6)
evaluated at the horizon φ0 ¼ rH. For instance, in black
hole chemistry, the pressure is conjugate to the volume [31]
leading to the identification of V th as the thermodynamic
volume. We identify, as usual, the Hawking temperature
as TH ≡ f0ðrHÞ=ð4πÞ which is the conjugate to the Wald

entropy [32] SW ¼ rH. As such the function MðS; P;QBÞ
satisfies the differential relation

dM ¼ ΦthdQB þ V thdPþ THdSW; ð8Þ

which is the first law of (black hole) thermodynamics [19],
which also serves to define the thermodynamic volume.
Indeed, it can be identified as the ADM mass [33]. In
considering Φth to be the black hole’s chemical potential
[25], we may also view it as an enthalpy. From (8), using
SW ¼ rH, we may also obtain the EOS

TH ¼
�
∂M
∂SW

�
P;QB

¼ PV 0ðrHÞ −
QB

2
A0
tðrHÞ; ð9Þ

where, unless specified otherwise, derivatives are evaluated
keeping P and QB constant, V 0ðrHÞ≡ ð∂rHVðrHÞÞP;QB

.
The thermodynamic potential which selects out the favor-

able state is the Gibbs free energy [19] GðTH; P;QBÞ ¼
M − THSW. This is identified with the on-shell action (A24)
of the uncharged black hole dual to the described charged
system. All other expressions would remain unchanged if
we had instead worked with this uncharged dual from the
start. The Gibbs free energy also arises naturally in the
dimensionality reduction of (3þ 1)-dimensional charged
black holes [25].

IV. MATCHING THE PARTITION FUNCTIONS

Our goal is to find the gravitational Lagrangian dual
to the cSYK model, which is defined by the yet to be
determined potentials U,W. Equivalently, we may focus on
the related antiderivatives V, At defined in (6). We do this
by focusing on the large q cSYK model’s grand potential,

Ω≡ −T lnZcSYK=N ¼ Eþ ð1=2 −QÞμ − TS; ð10Þ

with the interaction energy [24]

E ∼ −2ϵðQÞ=q2; ϵðQÞ≡ J ðQÞ sinðπv=2Þ ð11Þ

and entropy density S ¼ S2ðQÞ − ðπv=qÞ2=2, as shown in
Appendix C, where

S2ðxÞ≡ −
1 − 2x

2
ln

���� 1 − 2x
2

���� − 1þ 2x
2

ln

���� 1þ 2x
2

����; ð12Þ

which is an even function of x. Here v is the solution to the
closure relation J ðQÞ=T ¼ πv secðπv=2Þ [20], which is
also related to the Lyapunov exponent as λL ¼ 2πTv.
The phase transition is reflected in the EOS [Eq. (43)

of [24]],

T ¼ μ − 4Qϵ=q
2tanh−1ð2QÞ ; ð13Þ
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becoming three-to-one for T < Tc, or μ < μc, where the
critical temperature and critical chemical potential scales
as Tc ¼ Oð1=qÞ and μc ¼ Oðq−3=2Þ. Equation (13) is q
dependent since, for example, it breaks the scaling sym-
metry T → T=q2, μ → μ=q2, and Q → Q=q. Note that this
equation is invalid for Q ¼ 0, amounting to division by
zero, in which case the temperature becomes an indepen-
dent free parameter. One may show that this EOS remains
valid for large q, for any polynomial (in q) scaling for
temperature and chemical potential [17], i.e., the cases we
consider.
To have matching thermodynamics, we not only require

the same thermodynamic potentials Ω, G, but also match-
ing equations of states. If the quantity Ωþ TS

H ∼ −2ϵðQÞ=q2 þ ð1=2 −QÞμ ð14Þ

satisfies the same relation as the mass (9)

T ¼
�
∂H
∂S

�
μ;J

¼
�
∂Q
∂S

�
μ;J

�
∂H
∂Q

�
μ;J
; ð15Þ

i.e., yields the same EOS, then it can also be identified with
the enthalpy. The above relation may be rewritten as

β

�
∂H
∂Q

�
μ;J

¼
�
∂S
∂Q

�
μ;J

¼ −2tanh−1ð2QÞ − ∂Q
ðπv=qÞ2

2
;

ð16Þ

where unless specified otherwise, we assume that μ, J are
kept constant, meaning that v0ðQÞ≡ ð∂QvðQÞÞμ;J. Using
the closure relation βJ ðQÞ cosðπv=2Þ ¼ πv, the left-hand
side of (16) reduces to

−2βϵ0ðQÞ=q2 − βμ ¼ 4QβϵðQÞ=q − π2v0ðQÞv=q2 − βμ:

Finally, from (13), we have 4Qβϵ=q ¼ βμ − 2tanh−1ð2QÞ,
which leaves the right-hand side of (16), thus finishing the
proof identifying H as an enthalpy. Considering (9) and
(15) we note that the same equation of state is obtained if
we identify the temperatures and entropies and enthalpies
with another which also then implies that G ¼ Ω, since
G ¼ M − THSW and Ω ¼ H − TS. This (partial) diction-
ary is summarized in Table I. With these identifications,
one finds not only an isomorphism between the EOSs
and thermodynamic potentials, but equivalent partition
functions

ZdJT ¼ e−βNG ¼ ZcSYK ¼ e−βNΩ:

Since the thermodynamics is uniquely encoded by the
partition function and EOSs, we also have the exact phase
diagram matching Fig. 1. The same holds true in the

maximally chaotic regime, where the phase diagram has
been given in [17].
To further specify the dictionary, we consider the differ-

ential relations of the two models. For the cSYK model, we
have �

∂Ω
∂J

�
μ;T

¼ E
J
;

�
∂Ω
∂μ

�
J;T

¼ 1

2
−Q ð17Þ

while for the gravitational model’s Gibbs free energy, we
have �

∂G
∂Q2

B

�
P;T

¼ Φth

2QB
;

�
∂G
∂P

�
QB;T

¼ V th: ð18Þ

By comparing these two, we note the two possible options
given in Table II.
This choice will not influence the thermodynamics,

except for its interpretation on the black hole side. So that
we do not restrict ourselves to a particular choice, we
typically use the notation on the condensed matter side.
These two options in fact directly overlap with the two
different analogies which can be drawn between the van der
Waals liquid, RN black holes, and the charged SYK
model [18,24].

A. Equivalence of thermodynamics

Since we know the thermodynamics match, we can
consider the equation of state (13) in the context of the
black hole’s thermodynamics. Below a critical chemical
potential, associated with either charge [dictionary (a) of
Table II] or pressure [dictionary (b) of Table II], or
temperature, (13) becomes three-to-one. The Wald entropy
is equal to the horizon radius, but also equal to the cSYK

TABLE I. Dictionary between the thermodynamics of the
q-dependent cSYK model and deformed JT (dJT) gravity. Each
row identifies the two quantities which equate to another.

Model cSYK dJT

Large parameter N 1=GN
Enthalpy H (9) M (7)
Entropy density S SW
Temperature T (13) TH (9)
Thermodynamic potential Ω (10) G

TABLE II. Dictionary relations for parameter and conjugate
pairs.

cSYK dJT (a) dJT (b)

μ, 1=2 −Q Q2
B,

Φth
2QB

P, V

J, E=J P, V Q2
B,

Φth
2QB
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entropy rH ¼ SðQÞ, given the dictionary in Table I. As
such the three different charge densities Q correspond to
three different entropies (horizon radii), i.e., three different
states as plotted in Fig. 3. These entropies

S ∈
�
Slarge BH;Sunstable BH;Ssmall BH

	
;

correspond to three different horizon radii; hence we have a
large black hole, a small unstable black hole and a small
stable black hole, as expected from a charged extended
space system [18]. Those with a positive specific heat,
corresponding to negative horizon curvature, are the stable
phases [30].
These entropies exactly correspond to the phases of the

gaseous, unstable liquid, and stable liquid phases of the
cSYK model, reflected in the different charge densities Q.
These three phases are seen in the three-to-one behavior
in the rescaled chemical potential μ̃ðQÞ (or temperature)
as a function of entropy S̃ðQÞ. Between the temperature
μ̃1 ∼ μ̃2, there are three different phases corresponding to
the three different horizon radii. The thermodynamically
preferred radius corresponds to the minimum Gibbs free
energy between the three.
It is important to note that since the partition functions

and equations of states exactly overlap, given the dictionary
of Table I, we are guaranteed to have equivalent thermo-
dynamics for both dual models. This means that they share
the same critical exponents, given in Table III, hence the
same universality class. Here we take a moment to describe
the thermodynamics from the gravitation perspective. This
is done by translating the known results for the q body
cSYK model [17] into gravitational language via the
dictionary.
To get some idea of the interpretations on the gravita-

tional side, let us for the moment consider (b) of Table II.

The charge density is provided in color on these diagrams
and is then directly related to the thermodynamic volume of
the black hole V th ¼ 1=2 −Q. Note that when we approach
the boundary, we consider smaller values of Q, corre-
sponding to larger volumes.
Various power laws emerge as the critical point ðPc; TcÞ

is reached which can differ from the critical exponents. This
is due to a feature well known in the field of statistical
mechanics known as field mixing [34]. The prototypical
example is that of the van der Waals liquid. These effective
power laws are still physically relevant. For instance,
the specific heat will diverge as CP ∝ jT − Tcj−2=3, i.e.
αP ¼ 2=3. Given its relation to the Ricci scalar (25),
we note that this ensures a finite horizon curvature. It
remains well defined at constant volume CV ∝ T ∼ t0, as is
common to the RN system [35]. The remaining effective
exponents can be obtained from [17], and are listed in
Table III.
The equivalence is over the entire coexistence line,

meaning that we have the same thermodynamics also in
the regime where the quantum model has a chaotic-to-
nonchaotic transition T ¼ Oðq−2Þ, P ¼ Oðq−2Þ. Here the
chaotic phase corresponds to the maximally large black
hole rH ¼ rmax. The nonchaotic phase on the quantum side
corresponds to an evaporated black hole, where the horizon
radius goes to zero rH → 0. This transition occurs at a
pressure P0 ¼ 4QB=q2. We will further consider the degree
of chaos, a dynamical property, in the next section.

V. METRIC DUAL TO THE cSYK MODEL

To make the mapping more explicit, we must fully
specify the functions U andW which define the dJT model.
Extending the identification rH ¼ SðQÞ to all radii, we
have the equation r ¼ SðxÞ, or the inverse xðrÞ ¼ S−1ðrÞ.
When evaluated at the horizon, we find the order parameter
Q ¼ xðr ¼ rHÞ. We perform this inversion in various
regimes in Appendix C 1. Given the above, we can fully
specify the functions V and At, hence U and W, given (6).
In other words, we can fully specify the particular defor-
mation. Using the relations in (6), we have that

Q0ðrHÞ ¼

−2=WðrHÞ ðaÞ
−UðrHÞ ðbÞ

FIG. 3. The red, green, and blue curves represent the three
phases of black hole, small, medium, and large, respectively. The
dashed line stands for the thermodynamically favorable solution,
in which the area of both sides is the same (Maxwell area law).
The yellow line and brown lines are for T̃ ¼ T̃crit and T̃ > T̃crit
respectively.

TABLE III. Table of critical (upper) and effective (bottom)
exponents.

α β γ δ

0 1=2 1 3

αμ βμ γμ αQ γQ

2=3 1=3 2=3 0 1
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which is equal to 1=S0ðQÞ. With this, we note that S0ðQÞ
measures the coupling to the Maxwell fields given dic-
tionary (a), while dictionary (b) yields the reciprocal dilaton
potential. Hence, (a) identifies the U(1) charges on the
gravitational side with that of the condensed matter side.
Using either (a) or (b) in Table II would yield the enthalpy
“functions”

PVðrÞ −QBAtðrÞ=2 ¼ μ½1=2 − xðrÞ� − 2ϵðxðrÞÞ=q2: ð19Þ

Here the second term stems from the relation with the
interaction energy density function (11)

ϵðxÞ≡ J ðxÞ sinðπvðxÞ=2Þ; J ðxÞ ∼ ½1 − 4x2�q=4J:
ð20Þ

Using (19) we find the metric corresponding to the cSYK
model, defined by the emblackening factor (5) written
directly in terms of the dual condensed matter model’s
parameters

fðrÞ=ð4πÞ ¼ μ½Q − xðrÞ� þ 2ϵðQÞ=q2 − 2ϵðxðrÞÞ=q2:
ð21Þ

The roots of this function yield the horizons. The largest
root is the event horizon rH of the black hole, i.e.,
xðrHÞ ¼ Q. The smaller root r−, corresponding to large
x, is the Cauchy horizon. For instance, where the inter-
action energy becomes exponentially small ϵðxÞ ∼ e−qx

2

we
have a root at xðr−Þ ¼ Qþ 2ϵðQÞ=ðμq2Þ.
As before, the temperature is obtained from the function

f0ðrHÞ. For other values of r, we define the function

T ðxÞ≡ f0ðrðxÞÞ
4π

¼ μ − 4xϵðxÞ=q
2tanh−1ð2xÞ ; ð22Þ

where T ¼ T ðQÞ. With this, the closure relation becomes

J ðxÞ=T ðxÞ ¼ πvðxÞ secðπvðxÞ=2Þ: ð23Þ

Solving (23) in the limiting cases, we find

ϵðxÞ
J ðxÞ ∼

(
1þOðT 2ðxÞ=J 2ðxÞÞ;
J ðxÞ
μ tanh−1ð2xÞ; for x ¼ Oðq0Þ: ð24Þ

Evaluating (22) at the horizon, where xðrHÞ ¼ Q, yields the
cSYK EOS (13) as expected from a dual theory.
Evaluated at the horizon, the curvature may be written as

R2ðrHÞ ¼ −4π
�
∂TH

∂SW

�
μ;J

¼ −
4πTH

Cμ
; ð25Þ

where Cμ is the heat capacity at constant chemical potential

Cμ ≡ TH

�
∂SW

∂TH

�
μ;J
: ð26Þ

For Q ¼ Oðq0Þ, the SYK interactions are suppressed,
yielding a near-free system Q ∼ tanhðβμ=2Þ=2 with spe-
cific heat Cμ ∼ 2ðβμÞ2e−βμ as entropy tends to zero
(Q → 1=2). This means that the curvature at the horizon
blows up as the dual system becomes a free Fermi gas,
as was found in [36]. In this sense, the mapping is a
weak-strong duality. An analogy would be how the shear
viscosity diverges in the free theories with holographic
duals considered in [37,38].
Given the above discussion, we can now gain an idea of

the metric dual to the cSYK model. Recall that the stable
phases have positive specific heat. Noting that fð1ÞðrHÞ ¼
4πTH and fð2ÞðrHÞ ¼ 4πTH=Cμ, we may express the near-
horizon emblackening factor as

fðrH þ δÞ ¼ 4πTHδð1þ δ=ð2CμÞÞ þOðδ3Þ: ð27Þ

As such the stable phases, above and near the horizon, will
have a positive concave-up emblackening factor.

A. Need for an IR cutoff

As x → 1=2, the interaction energy contributions are
fully suppressed, leaving a free theory. As such, we need
only invert S2ðxÞ, which yields

xðrÞ ∼ 1

2
−

r
lnð1=rÞ ⟶

r→0þ
1=2: ð28Þ

We have rH ¼ 0 corresponding to Q ¼ 1=2. We, however,
exclude this point from our space, i.e., r > 0. From this,
we also note that r ≥ rH, i.e., when xðrÞ ≤ Q. A naive
calculation of x, when x is small, yields the inverse
xðrÞ ∼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðln 2 − rÞ=2p

. The diverging second derivative at
r ¼ Sð0Þ would also yield a diverging scalar curvature
R2ðrÞ ¼ −fð2ÞðrÞ. This simple expression is due to the
simplicity of the two-dimensional static metric we have,
yielding simple Christoffel symbols.
As mentioned in Sec. IV, the EOS (13) is not valid for

Q ¼ 0, seen in its diverging temperature. This is because,
on the condensed matter side, it determines the chemical
potential

μ ¼ 2T tanhð2QÞ þ 4Qϵ=q

rather than the temperature. As such, Q ¼ 0, directly
implies μ ¼ 0, leaving T a free variable. In the form of
(13), we are thus effectively dividing by zero, whenQ ¼ 0.
Since this corresponds to a zero charge SYK model, this
point r ¼ ln 2 is also where the EOS (13) fails. We fix this
by limiting our scope to small but nonzero charge densities.
On the gravitational side, this means that we consider a
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minimal x ¼ xmin ≠ 0. This is equivalent to introducing an
IR cutoff radius rmax. The square root is then modified to

xðrÞ ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2min þ ðrmax − rÞ=2

q
⟶
r→rmax xmin: ð29Þ

As such, to have a well-defined theory, we should have
some nonzero minimum value Q ¼ xmin. Such a minimum
appears when considering a particular IR cutoff rmax.
We choose this cutoff such that our theory will satisfy
two conditions:

(i) Given the cutoff we have access to the full liquid-gas
coexistence line of the SYK model.

(ii) The scalar curvatureR2ðrmaxÞ remains finite for any
finite value of q. This condition would, for instance,
be violated given an emblackening factor fðrÞ ∝ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rmax − r

p
, which has both a diverging temperature

function [related to f0ðrÞ] and scalar curvature
[related to fð2ÞðrÞ].

One choice in cutoff is such that we include the
minimum charge density which occurs along the coexist-
ence line in the cSYK model, xmin ¼ 1=q [17]. Given that
the entropy function relates x to the radius, we substitute
this value to find

rmax ¼ ln 2 −
4þ π2 þOðq−2Þ

2q2
: ð30Þ

Note that for both the first or second rescaled regimes

μ ¼ q−3=2μ̃ ¼ Oðq−3=2Þ; μ ¼ q−2μ̄ ¼ Oðq−2Þ ð31Þ

we are guaranteed a small temperature function at the cutoff

T ðxmin ¼ 1=qÞ ∼ qμ=4 − J=qþOðq−3=2Þ: ð32Þ

Further motivations for this choice are provided in
Appendix D. From the above, we also note the end point
of the coexistence line μ0 ¼ 4J=q2, corresponding to zero
temperature. At the boundary T ðxminÞ, (26) is given by
βCμ ∼ 16=μ, for μ of order q−3=2 or lower. Now using (26),
we find the scalar curvature R2ðrHÞ ¼ −4πT=Cμ, yielding
the boundary curvature R2ðrmaxÞ ¼ −πq3μ=4 which is
indeed finite for any finite q, hence our chosen cutoff
satisfies condition (ii). Dictionary (b) in Table II is required
if we wish to identify the pressure with the cosmological
constant, as standard in black hole chemistry [19]. A
different cutoff would yield a different curvature. Since
the cutoff is not unique, one could view this specific cutoff
as being the most appropriate in that it yields the expected
curvature.
From the above, we note that in the near-extremal limit,

we are left with fðrÞ ∝ −πqJðr − rHÞ2. Close to the cutoff,
for small δ ¼ q2ðr − rmaxÞ, we have (D8) f0ðrÞ ¼ qπμð1−
δ=2Þ−1=2 − qπμ0, implying the emblackening factor

fðrÞ ¼ fðrmaxÞ þ qπ½μ − μ0�δ=2þ
qπμ
8

δ2 þOðδ3Þ ð33Þ

working to explicit order Oðq−1Þ.
There are multiple other choices of cutoffs that would

satisfy both of the above conditions. One could also consider
UV cutoffs to regularize the theory at smaller distances.

VI. COMPARISON OF LYAPUNOV EXPONENTS

In this section, we wish to compare the dynamical
properties of the two models with matching thermodynam-
ics. While it was true that the choice of particular dictionary
in Table II did not affect the thermodynamics, the same
cannot be said about the dynamics. This is because we are
choosing which cSYK term should be identified with the
electrical field. Here we will consider both cases. We focus
on their Lyapunov exponents measuring the sensitivity to
initial conditions. We write the Lyapunov exponent as
λL ¼ 2πvT. For the SYK model, v is the solution to the
closure relation (23) βJ ðQÞ ¼ πv secðπv=2Þ. In the max-
imally chaotic regime T ¼ q−1T̃, μ ¼ q−3=2μ̃ where tilde
accented quantities are q independent, it is solved by

v ¼ 1 − 2q−1T̃=J ðQÞ þOðq−2Þ ⟶q→∞
1: ð34Þ

The liquid phase becomes near integrable in the second
rescaled regime β ¼ q2β̄, μ ¼ q−2μ̄, where barred quan-
tities are held fixed as q → ∞. In this same regime, the
gaseous phase remains maximally chaotic. The tendency
to integrability is driven by its large charge density Q ¼
Oðq0Þ which suppresses the effective coupling J ðQÞ∼
Je−qQ

2

, leading to an exponentially small Lyapunov
exponent v ¼ q2β̄J ðQÞ=π⟶q→∞0.
For a nonextremal black hole, the maximal Lyapunov

exponent is usually given by the surface gravity κ ¼
f0ðrHÞ=2 ¼ 2πTH [39] which is MSS bound [3]. We find
λL by focusing on the near-horizon trajectory of a charged
particle close to the black hole. The corresponding equa-
tions of motion are [40] ṙ ¼ πrf, ṫ ¼ −½πt þQeAt�=f and

π̇r ¼ −π2r=ð2f0Þ − ṫ2f0=2 −QeA0
tṫ; ð35Þ

where πt and πr are the t and r components of particle
momentum, respectively. The particle’s charge is given by
Qe and At ¼ −Φ. Note that we are focusing on the
particle’s geodesic for a nondynamic metric. As such, an
implicit assumption is the particle’s backreaction on the
metric can be ignored.
The two-velocity’s normalization condition ẋνẋν ¼ −1,

for massive particles, implies that 1 ¼ fṫ2 − ṙ2=f.
Substituting the above expressions leaves the two solutions
ṫ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2r þ 1=f

p
. Using this, the equations of motion of ρ ¼

ðr; πrÞ are ∂tρ ¼ ρ̇=ṫ ¼ FðρÞ, with
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F1ðρÞ ¼
πrfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

π2r þ 1=f
p ;

F2ðρÞ ¼ −
π2r=f0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2r þ 1=f

p − f0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2r þ 1=f

p
2

−QeA0
t:

We next linearize these equations around the fixed point ρ0,
Fðρ0Þ ¼ 0, to first order FðρÞ ¼ Kðρ0Þðρ − ρ0Þ, where

Kðρ0Þ ¼
�
∂rF1 ∂πrF1

∂rF2 ∂πrF2

�����
ρ¼ρ0

ð36Þ

is the Jacobian matrix. Slight perturbations away from a
fixed point, the dynamics is described by ρ ¼ etKðρ0Þρ0. In
terms of the phase space ðr; πrÞ, we have a fixed point at
πr ¼ 0 and for massive particles the additional condition
that

Qe ¼ −
f0ðriÞ

2fðriÞ1=2A0
tðriÞ

: ð37Þ

From here we can either find the corresponding initial ri
given a charge Qe, or we can just consider any ri, but set
the charge accordingly. The results are equivalent, but the
analysis is simpler for the latter. For massive particles,
the matrix K is off diagonal K11 ¼ K22 ¼ 0, with K12 ¼
f3=2 and

K21 ¼ f−3=2
ðf0=2Þ2 −QeA

ð2Þ
t f3=2 − ffð2Þ=2

�
: ð38Þ

It has eigenvalues λ� ¼ � ffiffiffiffiffiffiffiffiffiffiffi
detK

p
, where the largest eigen-

value is the Lyapunov exponent λþ. To get a measure of
how much MSS bound is saturated, we focus on vdJT ≡
λþ=κ close to the horizon ri ¼ rH þ δ, explicitly given by

vdJTðδÞ ¼
f0ðrH þ δÞ
f0ðrHÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χðδÞ

p
∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χðδÞ

p
; ð39Þ

where we have defined

χðδÞ≡ 2fðrH þ δÞ
f0ðrH þ δÞ

�
Að2Þ
t ðrH þ δÞ
A0
tðrH þ δÞ −

fð2ÞðrH þ δÞ
f0ðrH þ δÞ

�
: ð40Þ

When vdJT ¼ 1, the system is maximally chaotic, in the
sense of saturating the MSS bound. Using the near horizon
emblackening factor, we find (27)

2fðrH þ δÞ
f0ðrH þ δÞ ∼ δ

2Cμ þ δ

Cμ þ δ
;

fð2ÞðrH þ δÞ
f0ðrH þ δÞ ∼

1

Cμ þ δ
: ð41Þ

Let us further assume that

Að2Þ
t ðrH þ δÞ
A0
tðrH þ δÞ ¼ 1

Φ0
thðrHÞ=Φð2Þ

th ðrHÞ þ δ
ð42Þ

is of orderOðδ0Þ. If we now take the limit as δ → 0, without
specifying any dependence on q, TH we get one of two
results. For T ≠ 0, we have a nonextremal black hole and
vdJTðδÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þOðδÞp

→ 1. In other words, at finite β, we
obtain a Lyapunov exponent saturating the MSS bound.
This is in both phases, which agrees with the Lyapunov
exponents of the gaseous and liquid phases in the rescaled
regime T ¼ q−1T̃, μ ¼ q−3=2μ̃ of the cSYK model [17].

A. Near-extremal case

We now wish to compare to the results in the second
rescaled regime T ¼ q−2T̄, μ ¼ q−2μ̄. As TH → 0, so does
the specific heat, meaning that

2fðrH þ δÞ
f0ðrH þ δÞ → δ;

fð2ÞðrH þ δÞ
f0ðrH þ δÞ →

1

δ
: ð43Þ

With this (39) reduces to

χðδÞ ¼ δ½Oðδ0Þ − δ−1� ¼ OðδÞ − 1 ð44Þ

meaning vdJTðδÞ → 0, corresponding to an extremal black
hole with emblackening factor fðrÞ ¼ fð2ÞðrHÞδ2=2. An
exception to the above occurs if the electrical potential
contribution leads to a perfect cancellation between the two
bracketed terms (40) such that v in (39) remains equal to 1.
We have assumed that (42) remains of order δ0. To assess
the validity of this assumption we calculate (42) for both
possible dictionaries (a) and (b) of Table II. We write this as
deviations from the specific heat

Cða=bÞ ≡Φð1Þ
th ðrHÞ

Φð2Þ
th ðrHÞ

¼ Cμ − δða=bÞ� ð45Þ

such that

χðδÞ≡ δ
2Cμ þ δ

Cμ þ δ

�
1

Cμ þ δ − δða=bÞ�
−

1

Cμ þ δ

�
: ð46Þ

Here we use the a=b to denote the cases given the two
dictionaries in Table II. In this notation, a perfect cancel-

lation will occur if δða=bÞþ goes to zero. Here Φth ∝ Q − 1=2
for dictionary (a) and Φth ∝ E ¼ H þ ðQ − 1=2Þμ for
dictionary (b). With this, we have

Φð1Þ
th ðrHÞ ¼



Q0ðrHÞ ðaÞ
T þ μQ0ðrHÞ ðbÞ;

where we have used the enthalpy relation ∂SH ¼ T. Further,
recalling that Cμ ¼ T∂TS, we have the second derivatives
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Φð2Þ
th ðrHÞ ¼



Qð2ÞðrHÞ ðaÞ
T=Cμ þ μQð2ÞðrHÞ ðbÞ;

whereQð2ÞðSÞ ¼ −Sð2ÞðQÞ=S0ðQÞ3. For the noninteraction
system we find S0

0 ¼ −β̄ μ̄ and Sð2Þ
0 ¼ −ðβ̄ μ̄Þ2Cð0Þ

μ . As
such, without any interactions, one finds that (45) is exactly

equal to Cð0Þ
μ , in other words, the same term as in (41).

However, there are still contributions stemming from the
interactions. Now for the lower boundary Q → 1=2, where

Cð0Þ
μ ∼ 2ðβ̄ μ̄Þ2e−β̄ μ̄,

δðaÞ− ∼
ðπv=2Þ2

2
ðβ̄ μ̄Þ2; δðbÞ− ∼ Cð0Þ

μ =2

and for the upper boundary Q → 1=q, we find

δða=bÞþ ∼ 2
v − 1

q
þ 2ð2þ π2Þ=q2

π4 − 4π2 − 2
: ð47Þ

From the above, a perfect cancellation χðδÞ → 0 in the
larger black hole if we first take the q → ∞ limit in (47).
This then implies that the large black hole is still maximally
chaotic in the sense that vdJT → 1. This result would then
match with the gaseous Majorana-like (Q ¼ 0) SYK phase
at low temperature.
The same can happen in the smaller black hole depend-

ing on how the limit is taken. The smaller black hole seems
rather badly behaved in terms of the emblackening factor.
Especially when considering the black hole charge to be
the conjugate driving the phase transition, one should also
consider a possible free AdS phase. In other words, one
should perform a similar analysis to that of Hawking and
Page [41], examining the free energy of the pure AdS
solutions to determine when and how this crossover occurs.
This would modify the interpretation of the low-temper-
ature regime.
Given the above analysis, one should also note its

possible limitation. This lies in the fact that for the extremal
black hole the charge of the test particle (37) tends to
diverge at the fixed point. For such a diverging charge, it is
unlikely that one can ignore the backreaction from the
charged particle [42].

VII. CONCLUSION

Previous analogies between RN-AdS black holes with
spherical event horizons and the van der Waals liquid have
been drawn in the past due to their similar phase structure
[18]. However, on the dual field theory side, there is a lack
of equivalent holographic descriptions in the literature. In
this work, we provided such a holographic description
between the (0þ 1)-dimensional cSYK model and (1þ 1)-
dimensional JT gravity with a particular deformation. In
particular, we have provided a deformed JT gravitational
model with a matching partition function to the q=2-body

interacting cSYK model for large q. Moreover, together
with matching equations of states, we have an exact
equivalence in the thermodynamics. We achieved this by
introducing a deformed JT gravity model characterized by a
dilaton potential UðφÞ and dilaton-to-Maxwell field cou-
pling WðφÞ, and deriving the black hole metric in terms of
the physical quantities of the cSYK model.
One of the original reasons for believing that the SYK

model should have a holographic dual was its maximal
Lyapunov exponent, which is also found in gravitation
theories [2]. As such, we went beyond the thermodynamic
description and also considered the chaotic nature of the
black hole. Close to the second-order phase transition, both
liquid and gaseous phases of the cSYK model are max-
imally chaotic. We estimated the Lyapunov exponent on the
gravitational side via linear stability analysis. This indi-
cated the standard maximal Lyapunov exponents associated
with both large and small black hole phases. As such, in
the first rescaled regime of the phase diagram, we not
only found the same thermodynamics but also the same
Lyapunov exponents.
It is known that the Lyapunov exponents of black holes

in the extremal limit tend to zero. This is a side effect of
the MSS bound 2πT tending to zero since the extremal
limit corresponds to the zero temperature limit. As such
we focused on the ratio v ¼ λL=ð2πTÞ. For the cSYK
model, the liquid phase would remain maximally chaotic
v ¼ 1, while the gaseous phase becomes regular v → 0.
Depending on the choice of dictionary, and how the limits
are taken, one can get different results for the small and
large black holes.
The situation becomes more complicated when discus-

sing stable nonmaximally chaotic phases. In the cSYK case
this merely requires a balance in density and temperature
such that 0 < v < 1. Finding such a regime is even possible
around the coexistence line for q rescalings which we have
not considered in this work. Nonmaximally chaotic results
for black holes appear more difficult to obtain. Indeed, it is
possible to exceed the MSS bound in black holes [40].
Given the above example of perfect cancellation between
the two bracketed terms in (40), one could consider the
possibility of near-perfect cancellation leading to a non-
maximally chaotic black hole. The concerns regarding
the validity of the linear stability analysis in this regime
would, however, remain. This highlights the need for a
more in-depth analysis taking the black hole backaction
into account.
Open questions also remain in terms of the appropriate

UV and IR cutoffs to prevent unphysical behavior in
the black hole. As an example, for ordinary (1þ 3)-
dimensional black hole chemistry the smaller black hole’s
radius does not shrink to zero [18]. When setting the charge
to zero, the black hole no longer exists at T ¼ 0. A natural
question is whether some interpretation changes could
yield similar results.

JAN C. LOUW, SIZHENG CAO, and XIAN-HUI GE PHYS. REV. D 108, 086014 (2023)

086014-10



The provided dictionaries directly overlap with the
analogies between the charged SYK model and charged
black holes provided in [17]. As such this paper directly
serves as an answer to said paper, by both showing that the
analogies can be used as dictionaries. In conclusion, our
results encourage the use of holography away from the low-
temperature regime, i.e., beyond the near-extremal regime.
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APPENDIX A: EXTREMIZING THE ACTION

In this appendix, we find and solve the Euler-Lagrange
equations associated with the deformed JT gravity action,

I½φ; A� ¼ 1

GN

Z
M
d2x

ffiffiffiffiffiffi
−g

p
Lðφ; AÞ þ Ibdy;

with boundary action contribution Ibdy, described in
Appendix A 2, which cancels any divergences. The bulk
Lagrangian (4) is given by

Lðφ; AÞ ¼ φ

4π
R2 þ PUðφÞ −WðφÞ

4
FðAÞ2; ðA1Þ

with dimension l−2 and a dimensionless dilaton field φ.
We assume the black hole solution, in the Schwarzschild
gauge, takes the form ds2 ¼ −fðrÞdt2 þ dr2=fðrÞ in
Lorentzian signature. For such a metric, in (1þ 1) dimen-
sions, the Ricci scalar takes the form

R2ðrÞ ¼ −fð2ÞðrÞ: ðA2Þ

Varying with A yields ∇μWFμν. Because of the sym-
metry of the Christoffel symbols and the asymmetry of
Fμν ¼ 2∂½μAν�, this reduces to ∂μWF01 ¼ 0 which is
solved by

F01 ¼ QB=W; F2 ¼ −2Q2
B=W

2: ðA3Þ

Varying with φ yields PU 0 −W 0F2=4 ¼ −R2=ð4πÞ,
which together with the on-shell relations (A2) and (A3)
becomes

fð2ÞðrÞ ¼ 2π∂φ½2PUðφÞ −Q2
B=WðφÞ�: ðA4Þ

Noting that the Einstein tensor is zero in two dimensions,
varying with g leaves only [25]

∇μ∇ν
φ

π
¼ gμν

�
∇2

φ

π
− 2PU þW

F2

2

�
− 2WFμρF

ρ
ν: ðA5Þ

Here we have used the identity [43, Eq. (20.22)]

δR2 ¼ ½R2�μνδgμν − ð∇μ∇ν − gμν□Þδgμν

and used integration by parts. Using (A4), the dilaton
equation (A5) reduces to the coupled set of differential
equations

f0ðrÞ∂2rφ ¼ −2∂r½fðrÞ∂2rφ�; ∂
2
τφ ¼ fðrÞ2∂2rφ; ðA6Þ

where we have performed a Wick rotation to imaginary
time t → {τ. Together, these equations reduce to ∂

2
rφ ¼

2cfðrÞ−3=2 and ∂
2
τφ ¼ 2c

ffiffiffiffiffiffiffiffiffi
fðrÞp

, for some constant c. The
latter equation is solved by

φðτ; rÞ ¼ τðbþ cτÞ
ffiffiffiffiffiffiffiffiffi
fðrÞ

p
þ RðrÞ; ðA7Þ

for some τ independent function RðrÞ and constants b, c.
Inserting (A7) into the former equation fðrÞ3=2∂2rφ ¼ 2c,

2c ¼ fðrÞ3=2Rð2ÞðrÞ − τðbþ cτÞ f
0ðrÞ2 − 2fðrÞfð2ÞðrÞ

4
:

ðA8Þ

Note that only the last term in (A8) has time depen-
dence. Since this equation should hold for all τ, these τ
dependent parts must cancel, i.e., either b ¼ c ¼ 0 or
f0ðrÞ2 ¼ 2fðrÞfð2ÞðrÞ. The latter equation is solved by
fextðrÞ ¼ z−2, where z ¼ m=ðr − rHÞ, where m is some
constant and rH is the event horizon radius. In the JT case
where W ¼ 0 (or the charge QB ¼ 0) and U ¼ φ, we
would find that

fJTðrÞ ¼ 2πPðr − rþÞðr − r−Þ: ðA9Þ

Hence, we note that the solution fextðrÞ is that of an
extremal (zero temperature) black hole r� → rH. However,
as r → ∞, we also find that fJTðrÞ → fextðrÞ. This leaves
the most general extremal solution to the dilaton (A7),

φextrðτ; rÞ ¼
aþ bτ þ c½τ2 þm2z2�

z
þ d: ðA10Þ

In general, however, for nonzero temperatures, the sol-
ution must therefore have c ¼ b ¼ 0, i.e.,φðrÞ ¼ RðrÞ, with
(A6) indicating that φð2ÞðrÞ ¼ 0, which is solved by

φðrÞ ¼ γrþ φ0 ðA11Þ

for some coupling strength γ. For such a time-independent
solution, (A3)
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F01 ¼ QB=WðφÞ ¼ ∂tAr − ∂rAt ðA12Þ

is also time independent. As such, we may choose the gauge
∂tAr ¼ 0, meaning that At is the antiderivative

AtðrÞ ¼
QB

γ

Z
dφ

1

WðφÞ : ðA13Þ

1. Emblackening factor solutions
in the nonextremal case

From (A11), γdr ¼ dφ, and we may integrate (A4) over
r to yield

γf0ðrÞ=ð2πÞ ¼ 2PUðφÞ −Q2
B=WðφÞ þ 2T0: ðA14Þ

Here we have allowed for the possibility of some integra-
tion constant 4πT0 would amounts to a shift in temperature
T0 and adding a linear term T0φ0 to the enthalpy. We will
later see that this term has no effect on the physics.
Integrating once more yields

γfðrÞ=ð2πÞ ¼ 2PVðrÞ −QBAtðrÞ þ 2T0r − 2M; ðA15Þ

where M is some to-be-determined/interpreted integration
constant, and we have defined the antiderivatives

VðrÞ ¼ γ−1
Z

dφUðφÞ; ΦðrÞ ¼ −AtðrÞ; ðA16Þ

where ΦðrÞ ¼ −AtðrÞ is the electrical potential at r, with
respect to the horizon. Further, at the horizon rH,
fðrHÞ ¼ 0, we find

M ¼ PV th þQBΦth=2þ T0rH; ðA17Þ

where V th ≡ VðrHÞ is the thermodynamic volume and
Φth ≡ΦðrHÞ. Setting γ ¼ 1 amounts to measuring r in
units of γ.

2. Free energy

While working in Euclidean signature τE ¼ {t, the
periodicity βH ¼ 4π=f0ðrHÞ in the metric is required to
avoid a conical singularity. We associate the free energy
with the on-shell action F=GN ¼ I�E=βH þ I�bdy=βH. Substi-
tuting the on-shell solutions into the bulk Lagrangian
density (A1) yields

L ¼ −
rþ φ0

4π
fð2ÞðrÞ þ PV 0ðrÞ −QBΦ0ðrÞ=2; ðA18Þ

which may be rewritten as

L ¼ −
½ðrþ φ0Þfð1ÞðrÞ − fðrÞ�0

4π
þ ∂r½PV −QBAt=2�:

ðA19Þ

Further, the Euclidean action takes the form

GNI�E ¼ −
Z

βH

0

dτ
Z

rmax

rH

drL ðA20Þ

which, together with (B3) and (B4), leaves us with the on-
shell action

F ¼ −
½rH þ φ0�f0ðrHÞ − fðrHÞ

4π
þ PV th −QBΦth=2þ C:

ðA21Þ

We leave the proof that the appropriate boundary terms
allow us to set C ¼ 0, for Appendix B. Noting f0ðrHÞ ¼
4πTH allows us to identify the conjugate to the temperature
SW ¼ rH þ φ0 with theWald entropy. Since we expect zero
entropy when the black hole evaporates to zero rH → 0, we
set φ0 ¼ 0. Lastly, since fðrHÞ ¼ 0, we are then left with
the free energy

F ¼ M −QBΦth − THSW: ðA22Þ

Having identified the entropy and temperature, one may
show that M, defined in (A17), is the mass [25,33].
From this, one may obtain the Hawking temperature TH ≡
1=βH as�
∂M
∂SW

�
QB;P

¼ TH ¼ PV 0
thðSWÞ þQBΦ0

thðSWÞ=2þ T0:

ðA23Þ

Together (A22) and (A23) define the thermodynamics
of the system. We note that T0 shifts the definition of
temperature. Because of our freedom in choosing the
potentials defining the temperature relation, we may set
T0 ¼ 0 without loss of generality.

3. The Gibbs free energy and the uncharged dual

In black hole chemistry, the pressure and thermodynamic
volume are conjugate to another [31]. This leads to the
identification of the ADM mass with the enthalpy, indicat-
ing that QBΦth=2 is the interaction energy. Further, the
thermodynamic potential which selects out the favorable
state is the Gibbs free energy [19]

G ¼ M − THSW; ðA24Þ

with differential dG ¼ −SWdTH þ V thdPþΦthdQB.
Let us now consider the uncharged case by setting the

term WðφÞFðAÞ2 equal to zero in (4). Following this, we
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make the replacement PU → PU −Q2
B=ð2WÞ. One may

note that this leaves all the equations of motion the same
as the charged case [25,44]. Such a replacement is also
equivalent to replacing the varying Maxwell field with its
on-shell part in the action. This replacement does, however,
yield a single difference—a sign flip in the above on-shell
action (A22) in the charged term

GNI�uncharged dual

βH
¼ PV th þQBΦth=2 − THSW: ðA25Þ

Recalling the expression for the ADM mass (A17) we note
that (A25) is the Gibbs free energy G. This is somewhat
reminiscent of the relations between the canonical ensem-
bles. In the first case, we originally allowed the electro-
magnetic field to vary, leading to the F . Instead, replacing
the Maxwell field by its on-shell part, we no longer treat
it as its own independent parameter. This then yields the
Gibbs free energy.

APPENDIX B: LOW ENERGY EFFECTIVE
ACTION AND COUNTERTERMS

1. Gravitational boundary term

Here we show how the appropriate boundary term
counters perfectly the divergences to yield a constant part
in (A21):

C ¼ φmaxf0ðrmaxÞ − fðrmaxÞ
4π

− ½PV −QBΦ=2�jr¼rmax
þ Ibdy

βH

ðB1Þ

which is perfectly canceled by the boundary action
Ibdy ¼ Ict þ IGHY. This is composed of two parts, counter
and the Gibbons-Hawking-York (GHY) terms given by

Ict ≡ 1

GN

Z
∂M

dτ
ffiffiffi
h

p
Lct; IGHY ≡ −

1

GN

Z
∂M

dτ
ffiffiffi
h

p
φK;

ðB2Þ

respectively. The induced metric and extrinsic curvature of
the boundary r ¼ rmax entering the above are given by h ¼
fðrmaxÞ [7] and K ¼ −∂rmax

ffiffiffi
h

p
, respectively, yielding (B2)

GNI�GHY
βH

¼ −
φðrmaxÞf0ðrmaxÞ

4π
: ðB3Þ

The on-shell counter Lagrangian, on the boundary, we
require is

Lct ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrmaxÞ

p
4π

þ PV −QBΦ=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrmaxÞ

p ;

which yields the on-shell contribution

GNI�ct
βH

¼ fðrmaxÞ
4π

þ ½PV −QBΦ=2�jr¼rmax
: ðB4Þ

Substituting (B3) and (B4) into (B1), we see how the
divergences cancel to zero C ¼ 0.

APPENDIX C: cSYK ENTROPY FORM

In this section, we show that the complex SYK model
has an entropy of the form

SðQÞ ¼ S2ðQÞ − ðπv=qÞ2=2: ðC1Þ

We do this by using the Maxwell relation

−
�
∂S
∂Q

�
T;J

¼
�
∂μ

∂T

�
Q;J

; ðC2Þ

together with the EOS

T ¼ μ − 4Qϵ=q
2tanh−1ð2QÞ ; ðC3Þ

rewritten in the form

μ ¼ 2Ttanh−1ð2QÞ þ 4Qϵ=q; ðC4Þ

where ϵ≡ J ðQÞ sinðπv=2Þ and the noninteracting part
corresponds to S0

2ðQÞ ¼ −2tanh−1ð2QÞ. As such, we are
left to show that the corrections SI ¼ S − S2 satisfy

−q
�
∂SI

∂Q

�
T;J

¼
�
∂Qϵ

∂T

�
Q;J

ðC5Þ

or explicitly, for (C1) to hold, we must show that

ð∂QvÞT;Jπ2v=q ¼ 2πQJ ðQÞ cosðπv=2Þð∂TvÞQ;J: ðC6Þ

From the closure relation (23)

βJ ðQÞ ¼ πv secðπv=2Þ ðC7Þ

this relation reduces to ð∂QvÞT;J=q ¼ 2QTð∂TvÞQ;J. To
find the derivatives of v, we differentiate both sides of the
closure relation with respect to some variable x,

∂x ln½βJ ðQÞ� ¼ ∂x ln½πv secðπv=2Þ� ¼ aðvÞ∂x ln v;

where 1=bðvÞ!v→0
v and 1=bðvÞ!v→1

1 − v is explicitly given
by bðvÞ ¼ aðvÞ=v with

aðvÞ≡ 1þ πv tanðπv=2Þ=2 ¼ 1þ βϵ=2:

So we have ð∂QvÞT;J ¼ bðvÞ−1∂Q lnJ ðQÞ and ð∂TvÞQ;J ¼
−bðvÞ−1∂T lnT. As such, we only have left to show that
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∂Q ln½J ðQÞ�=q ¼ −2Q, which follows from the definition
of effective interaction, for small charge densities,
lnJ ðQÞ ∼ −qQ2. For larger charge densities, the SYK
contribution is exponentially suppressed in q and the theory
is only described by the noninteracting part. As such, we
have shown that (C1) holds.
One may show that this entropy remains correct even

for zero charge density. This may be verified using the
differential (17) at μ ¼ Q ¼ 0 together with the closure
relation (C7).

1. Inverse function of two-state entropy

Here we find the inverse function r ¼ S−1
2 ðxÞ to the two-

state entropy function (12)

S2ðxÞ≡ −
1 − 2x

2
ln

���� 1 − 2x
2

���� − 1þ 2x
2

ln

���� 1þ 2x
2

����: ðC8Þ

For x ¼ 1=2 − σ, S2ðxÞ ¼ σ½1 − ln σ� þOðσ2Þ, where
r ¼ σ1=2½1 − ln σ1=2� is solved by σ1=2 ¼ e1þW−1ð−r=eÞ,
which is the product log function [45]

W−1ð−rÞ ¼ lnðrÞ − lnð− lnðrÞÞ þO
�
lnð− lnðrÞÞ

lnðrÞ
�
: ðC9Þ

With this, the solution may be written as σ1=2ðrÞ ∼ −r= ln r.
Around x ¼ 0, S2ðxÞ ¼ ln 2 − 2x2 þOðx4Þ, solved by

xðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ln 2 − r�=2

p
þOðln 2 − rÞ3=2: ðC10Þ

Close to the IR cutoff xðr → rmaxÞ ¼ xmin, for x ¼
Oðq−2Þ, we should consider the full entropy function (C1)

SðxÞ ¼ ln 2 −
4x̄2 þ ðπvÞ2

q2
þOðq−4Þ:

Assuming T ðxÞ ¼ oðq0Þ, we have vðxÞ ¼ 1þ oðq0Þ. Here
we are using little o notation, where oðq0Þ, means sub-
leading in q0, e.g., 1= ln q. In terms of the radii we have the
equation rðxÞ ∼ rmax þ 2ðx2min − x2Þ, which is solved by

xðrÞ ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2min þ ðrmax − rÞ=2

q
: ðC11Þ

2. Specific heat

The typical Majorana SYK model has thermodynamics
matching the cSYK model at half-filling Q ¼ 0. For this
case, we note that the entropy is merely given by
S ¼ ln 2 − ðπv=qÞ2=2. The corresponding specific heat,
Cμ ¼ T∂TS, is then found by considering how v changes
with temperature, as described by the closure relation (C7).
Such an analysis eventually reveals Cμ ∼ 2ðπ=qÞ2T=J as
T → 0. Since the equation of state, as written in (C3), is no

longer valid for Q ¼ 0, a natural question is whether this
specific heat can still be obtained from the general analysis.
Here we show that this is indeed the case.
For the full specific heat, we consider�

∂S
∂T

�
μ;J

¼
�
∂Q
∂T

�
μ;J
S0
2ðQÞ −

�
∂v
∂T

�
μ;J

�
π

q

�
2

v:

As before, we will assume, unless stated otherwise, that
μ, J is kept constant. We relate ∂Tv to ∂TQ, by considering
both the EOS and the closure relation (C7) yielding�

∂v
∂T

�
μ;J

¼ −
β þ 2qQ∂TQ

bðvÞ

and

�
∂Q
∂T

�
μ;J

∼
1 − 4Q2

4

βS0
2ðQÞ −Q∂TðπvÞ2=q

1þ ð1 − 2qQ2Þβϵ=q

which together yields

�
∂Q
∂T

�
μ;J

¼ 1 − 4Q2

4T
S0
2ðQÞ þ 2π2Q½v=bðvÞ�=q

1þ βϵ=q −Q2½2βϵþ π2v=bðvÞ� :

The general expression reads

q2Cμ ¼ T

�
∂Q
∂T

�
μ;J

�
q2S0

2ðQÞ þ 2qQ
π2v
bðvÞ

�
þ π2v
bðvÞ :

ðC12Þ

As Q → 0, only the final expression π2v=bðvÞ → 2π2T=J
remains where v ¼ 1–2T=J þO2ðT=JÞ, hence specific
heat Cμ ∼ 2ðπ=qÞ2T=J. This corresponds to a large neg-
ative curvature R2ðln 2Þ ∼ −2Jq2=π.

APPENDIX D: IR CUTOFF DETAILS

We choose this cutoff such that our theory will satisfy
two conditions:

(i) Given the cutoff we have access to the full coex-
istence line of the SYK model.

(ii) The scalar curvatureR2ðrmaxÞ remains finite for any
finite value of q. This condition would, for instance,
be violated given an emblackening factor fðrÞ ∝ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rmax − r

p
, which has both a diverging temperature

function [related to f0ðrÞ] and scalar curvature
[related to fð2ÞðrÞ].

With these conditions in mind, let us consider the radius
as a function of xmin when xmin ¼ x̄min=q. This can be done
since the entropy function relates these two r ¼ SðxÞ.
Expanding the entropy function around x̄min ≤ Oðq0Þ,
we find
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rmax ¼ ln 2 −
4x̄2min þ ðπvðxminÞÞ2 þOðq−2Þ

2q2
: ðD1Þ

Note that this maximal event horizon radius tends to
the maximal entropy of a two-state system rmax ¼
Smax⟶

q→∞
ln 2, which is also the von Neumann entropy of

maximally entangled Bell states.

1. Condition (i): Physics along the coexistence line

For x̄min=q, we will find a temperature function (22)
of the order T ðxminÞ ¼ oðq0Þ, for μ ≤ Oðq−3=2Þ, which
includes the entire coexistence line. Let us see this
explicitly. In the second-order PT regime μ ¼ μ̃q−3=2,
yielding

T ðxminÞ ∼
q−1=2μ̃
4x̄min

− Je−x̄
2
min=q=q ðD2Þ

which is of the order Oð1=qÞ for the chaotic-to-nonchaotic
PT regime, μ ¼ μ̄=q2.
For T ðxminÞ ¼ oðq0Þ the closure relation (23) yields

vðxminÞ ¼ 1þ oðq0Þ. This also shows how, on the quantum
side, the maximally large black hole (rH ¼ rmax) corre-
sponds to a maximally chaotic SYK model. This is seen in
the Lyapunov exponent λL ¼ 2πTv saturating the MSS
bound 2πT for vðxðrHÞÞ → 1. As such we are left with

rmax ¼ ln 2 −
4x̄2min þ π2 þ oðq0Þ

2q2
: ðD3Þ

The second condition can only be violated for certain
choices of xmin. An example would be to demand that xmin
be an exact root of T , i.e., when μ ¼ 4xϵðxÞ=q. Because of
the closure relation (23), we know that this root ðT ðxÞ ¼ 0Þ
implies that vðxÞ ¼ 1, i.e., μ ¼ 4xJ ðxÞ=q. For small
x ¼ x̃=

ffiffiffi
q

p
, this yields the equation μ̃=ð4JÞ ¼ x̃e−x̃

2

. This
is solved by the product log function W0,

x̃ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−W0ð−μ̃2=ð8J2ÞÞ

2

r
⟶
μ̃→0

μ̃=ð4JÞ

which is real for μ̃=J ≤ ð8=eÞ1=2 < 2. Limiting ourselves to
only such values of the chemical potential unfortunately
would limit our scope to only the line of first-order phase
transitions. This is because the second-order phase tran-
sition occurs at μ̃c=J ¼ ð6=eÞ3=2 > 3.
There does, however, exist one case where T ðxminÞ

should be close to zero. This is when the rH ¼ rmax, i.e., for
a near-extremal maximally large black hole. This phase is
stable when μ0 ¼ μ̄0=q2. Here μ̄0 ¼ 4J is the end point of
the coexistence line plotted in Fig. 1. This phase should
have a temperature of order q−2, T ¼ T̄q−2. Substituting
this into (D2), for a maximally large black hole, we find

T ðxminÞ ∼ J
1 − x̄minð1 − x̄2min=qÞ

x̄minq
ðD4Þ

which is of order q−2 when

x̄min ¼ 1þ 1 − ȳ=J
q

; ðD5Þ

for some “freely” chosen ȳ. Substituting this result back
into (D4), we find that T ðxminÞ ¼ ȳ=q2. This allows us to
consider charge densities up to the minimum charge density
which occurs along the coexistence line xmin ¼ 1=q [17].
Substituting (D5) into (D3) we are left with

rmax ¼ ln 2 −
4þ π2 þOðq−2Þ

2q2
; ðD6Þ

which is independent of μ=J. We also have

T ðxmin ¼ 1Þ ∼ q−1=2μ̃=4 − J=qþOðq−3=2Þ: ðD7Þ

Note that while we have written this equation for the scaling
μ ¼ Oðq−3=2Þ, it remains valid for μ ¼ Oðq−2Þ. In that case,
it may be written as T ðxmin ¼ 1Þ ∼ ½μ̄=4 − J�=q, which is
zero at the end point of the coexistence line μ̄ ¼ 4J.
Together with the expression (C11), we have near the

cutoff, so small δ ¼ q2ðr − rmaxÞ,

f0ðrÞ ¼ qπμð1 − δ=2Þ−1=2 − qπμ0 ðD8Þ

which yields the scalar curvature −fð2ÞðrmaxÞ=2 ¼ q3μ=4.
Now using (26), we find the scalar curvature

R2ðrHÞ ¼ −4πT=Cμ. At the IR boundary Q ¼ 1=q,
βϵ → πv tanðπv=2Þ, for which (C12) reduces to

q2Cμ ∼
π2v
bðvÞ þ

4

1þ βϵ=q
∼
2π2

βJ
þ 4

1þ βJ=q
; ðD9Þ

where we have replaced βϵ=q ¼ βJ=qþOðT=qÞ and
v=bðvÞ → 2T=J, We may evaluate this at the boundary
using (D9)

R2ðrmaxÞ ∼ −4πq2=
�
2π2

J
þ 4

T ðrmaxÞ þ J=q

�
; ðD10Þ

yielding

R2ðrmaxÞ ∼ −πq3=2μ̃=4: ðD11Þ

Note that this is in agreement with the above result (D8).
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APPENDIX E: ALTERED VS STANDARD
SYK MODEL

Here, we discuss the thermodynamic analysis of the
altered large-q SYK model HaltðβμÞ introduced by
Davison et al. in Appendix C (Large q expansion of the
SYK model) of [21].
Since the models are identical up to a choice in coupling,

the self-energies are also equivalent. The difference
arises in the effective coupling from (C8) of [21] J ðQÞ ¼
JðβμÞ=cðβμÞ, where cðβμÞ≡ ½2 coshðβμ=2Þ�q=2−1 ∼
e2q½βμ=4�2 for large q, for any βμ ¼ Oðq0Þ. To counteract
this, one can rescale the bare coupling, which directly
enters the Hamiltonian, as JðβμÞ → J0cðβμÞ. This yields
an altered Hamiltonian HaltðβμÞ. This βμ dependent
Hamiltonian drastically changes the thermodynamics of
the standard temperature-independent SYK Hamiltonian

with some differences listed in Table IV. For instance, the
lack of a negative compressibility [(C22) in [21]] in
HaltðβμÞ, is an indication that HðβμÞ does not have a
phase transition. In contrast, the unaltered Hamiltonian (1)
has a quantitatively and qualitatively similar phase diagram
to its finite q equivalents [17,23,27].
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