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We propose a general hydrodynamic framework for systems with spontaneously broken approximate
symmetries. The second law of thermodynamics naturally results in relaxation in the hydrodynamic
equations and enables us to derive a universal relation between damping and diffusion of pseudo-
Goldstones. We discover entirely new physical effects sensitive to explicitly broken symmetries. We focus
on systems with approximate U(l) and translation symmetries, with direct applications to pinned
superfluids and charge density waves. We also comment on the implications for chiral perturbation theory.
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Symmetry has proved to be a powerful organizational
tool in physics for characterizing and classifying phases of
matter. Knowledge about the symmetries of a physical
system, and whether these are spontaneously broken by
the low-energy ground state, is often sufficient to develop
an effective theory describing its long-distance late-
time behavior. Symmetries are useful even when they
are only approximate. The canonical example of this is
the extremely successful effective theory for pions as
Goldstones of spontaneously broken SU(2) chiral sym-
metry. In this context, due to nonzero quark masses, the
symmetry is only approximate and the effective theory can
be systematically corrected to account for the pion mass.

In this paper, we draw general lessons about effective
theories featuring this pseudospontaneous pattern of sym-
metry breaking. We are interested in physical systems
where an approximate global symmetry is spontaneously
broken by the low-energy ground state, which can be
modeled by a slightly massive pseudo-Goldstone field
¢(x). The explicitly broken symmetry also means that
the associated Noether charge conservation is weakly
violated, giving rise to physical effects such as relaxation,
damping, and pinning. Pseudospontaneous symmetry
breaking is common across the phase space of matter
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due to inherent defects, inhomogeneities, and impurities in
materials. Examples include pinned crystals [1,2], charge
density waves [3—6], pinned superfluids [7,8], electrons in
graphene [9], pinned nematics [10,11], and pions in chiral
perturbation theory [12—16], among many others.

In recent years, there have been several efforts toward
developing hydrodynamic techniques for systems with
spontaneously broken approximate symmetries, aimed at
explaining experimental and holographic results; see, e.g.,
[5,6,17-27]. The goal of this paper is to formulate a
complete hydrodynamic theory for thermal systems exhib-
iting pseudospontaneous symmetry breaking based on the
second law of thermodynamics. A similar entropic con-
struction appeared in [14,15] for chiral perturbation theory,
however, the authors only focused on the pion mass and did
not consider more general dissipative effects induced by
explicitly broken SU(2) chiral symmetry.

The key accomplishment of our construction is to show
that damping of pseudo-Goldstones and charge (or momen-
tum) relaxation follow from the second law of thermody-
namics. In particular, we derive the relation Q = D k§
among the pseudo-Goldstone damping rate €, attenuation
D, and correlation length 1/k, first noted in holographic
models [18,20,22]. We emphasize that our derivation only
relies on the second law; see [11] for a derivation using the
Schwinger-Keldysh effective field theory or locality of the
equations of motion [28].

Surprisingly, we find that dissipative effects also lead to
certain new transport coefficients in the hydrodynamic
theory that have not been identified in past literature. Most
significantly, the well-known Josephson relation for a U(1)
superfluid 9,¢p = cyp + - - - [31-34], where p is the chemi-
cal potential and ¢y is the charge of the condensate,
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modifies to 0,¢p = Acyp + - - - when the U(1) symmetry is
explicitly broken. The charge renormalization factor 1 is a
dissipative transport coefficient that is an artifact of explicit
symmetry breaking. In particular, 4 is a physical parameter
and can be measured by its own Kubo formula. Similar
physics also arise in the context of pinned crystals, where
the Josephson equation for the displacement field ¢’
takes the form 0,6¢' = Acyu’ + - - -, where u' is the fluid
velocity and c, signifies the inverse lattice spacing scale.
Another such coefficient A; enters the entropy/heat flux of
pinned crystals at leading order as s' = (s + Az)u' + - - -.
Physically, the coefficients of this type result in a modi-
fication of the speed of sound dependent on the strength of
explicit symmetry breaking.

I. PINNED SIMPLE DIFFUSION

To highlight the striking features of our construction, we
start with a simple toy model with a conserved density n
associated with a global U(1) symmetry. In a phase where the
symmetry is spontaneously broken, the low-energy equilib-
rium configurations of the system can be described by the
free energy F = [d?x(F(¢h) — Koxp), written as a func-
tional of the Goldstone field ¢(x). Here K is an external
source coupled to ¢b. The free energy obeys a shift symmetry
¢$(x) = ¢(x) = c,A, where ¢, denotes the charge of the
condensate. This forbids a mass term like F ~ 1 m?¢? in the
free energy, rendering the Goldstone massless.

The situation is qualitatively different when the U(1)
symmetry is only approximate, because the shift symmetry
need not be respected. In practice, we find it convenient to
artificially manifest the symmetry by introducing a back-
ground field ®(x) that transforms as ®(x) - ®(x) — A.
We can say that the background explicitly breaks the U(1)
symmetry by picking out a preferred phase ®. We can now
write a mass term in F, i.e.,

1 . 1
F=-p+ zfsaiqba'(ﬁ + Efzmz(f/’) —c, @) (1)

where ¢ is a bookkeeping parameter that controls the
strength of explicit symmetry breaking. The thermody-
namic pressure p and superfluid density f can generically
depend on the thermodynamic parameters such as temper-
ature and chemical potential. The free energy F with (1)
can be understood as a generalized Ginzburg-Landau
model that accounts for explicit symmetry breaking with
an arbitrary source ®@; see, e.g., [35]. The mass term can be
thought of as an “elastic potential” that tends to align the
phase ¢ with the background phase ®. Varying (1) results
in a configuration equation for ¢, i.e.,

f5(0:0' — k§p) + cym**® + Koy =0, (2a)

where k, = £m/+/f is the finite inverse correlation length
for ¢, demoting it to a massive pseudo-Goldstone.

Typically, this massive field can be integrated out from
the long-wavelength effective theory. However, if the sym-
metry is still approximately preserved, i.e., £ is sufficiently
small, the pseudo-Goldstone can still affect the long-
wavelength spectrum. The static Ward identity associated
with the restored U(1) symmetry in (1) reads

0;j' = cpKex — cym*C*(dp — ¢, @), (2b)

where j' = —c,f,0'¢. This can be derived using the usual
Noether procedure or coupling the system to an external
U(1) gauge field; see the Appendix for further details. As
expected, the mass term results in a violation of charge
conservation even in the absence of external sources.

When we leave thermal equilibrium, we can no longer
start with a free energy and must rely on the framework of
hydrodynamics to proceed. First, we have a Josephson
equation giving dynamics to ¢ which, generalizing (2a), we
take to have the schematic form

K+ K., =0, (3a)

for some yet-unknown operator K. We also have a U(1)
conservation equation, generalizing (2b), describing the
dynamics of charge density n, i.e.,

6,n+0iji = _C¢K_fL, (3b)

where L is some operator causing explicit symmetry
breaking. We will also need a new energy conservation
equation implementing the first law of thermodynamics,

o€ + 0;¢' = —K,¢p — £L0,®. (3¢)

where €, €' are the energy density and flux, respectively. A
derivation of these conservation laws can be found in the
Appendix. To complete these equations, we must give a set
of constitutive relations for j*, ¢/, K, L in terms of n, €, ¢, ®,
arranged order by order in gradients. We implement the
gradient counting scheme where ¢ ~ O(07!), making its
gradients O(d"); see [36,37]. We ascribe the scaling O(0)
to the symmetry breaking parameter £ and require that all
dependence on the background phase ® must appear with a
factor of ¢, so that setting £ = O restores the symmetry.
It is also convenient to define the phase misalignment
w = £ - cy®) ~ ).

An important ingredient in hydrodynamics is the local
second law of thermodynamics. It necessitates the existence
of an entropy density s’ and flux s’ such that

0,s' + 0;s' >0, (4)
is satisfied for every solution of the conservation equations;

see [38]. Despite being an inequality, this requirement is
extremely powerful and is known to give strong constraints
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on the constitutive relations [39]. At leading order in
gradients, we simply have s’ = s(e,n,0;pd'¢p,y). We
can define the temperature 7', chemical potential y, “super-
fluid density” f, pseudo-Goldstone mass parameter m, and
the grand-canonical free-energy density F via

1 .
Tds = de — pdn — Efsd(diqﬁd’gb) — m?ydy,

F=e¢—Ts" —pun. (5)

The entropy density will, in general, admit gradient correc-
tions. We consider these in the Appendix.

For clarity, let us assume the dynamics to be isothermal,
ie., T =T, so that energy conservation decouples from
the charge conservation and Josephson equations. In this
case, the second law constraints result in

ji = _Ctﬁfsald) - Gnaiﬂ’
K = 0;(f0'¢p) — ¢m*y — 54 (01p — cypt) = €0, (0,@ — ),
L = cymy = £65(0,® — p) — 6, (01p — cypt). (6)

Setting 4 = pg and 9,0/ cy = 0,® = py, at leading order in
gradients, we recover the equilibrium version of these
equations derived from (1). We also find four dissipative
coefficients o,,0,,04, 0, that satisfy the inequality rela-
tions o,,04 >0 and 6¢ > o2/ o4 We provide a detailed
derivation in the Appendix.

II. LINEARIZED FLUCTUATIONS

To highlight the physical implication of this model, we
set © = pyt, Ko =0, and linearly expand the equations
around the solution y = uy, ¢ = cyuot. We find

Jji=—c,fs0'6¢p — D, d6n,

)«ng .
0,60 = =L 5n — Q¢ + D40,0'59,
X

/L = liwg&p +Ton + cy(1 = 1) f,0:06p.  (Ta)

)

We have defined the susceptibility y, sound speed vy,
pinning frequency g, charge attenuation D,, charge
relaxation I', pseudo-Goldstone attenuation D, damping
Q, and a new coefficient 4 as

on f ’m?
2 2278 2 2.2
X =75 vy = Ay, Wy = A°c ,
w TG O
f2 2
D, =2, r:—(aq,—a—X),
X X oy
m? ¢
D¢:§, o="" =145 (7b)
% % 4Oy

Solving the equations and assuming ¢ ~ O(k), we find a
damped sound mode with dispersion relations

0 = 41/} + 2K —%(18(1),, +Dy)+T+Q). (8)

The second law constraints imply that D, D,,Q,I" > 0,
ensuring that the sound mode remains stable.

From (7), it is possible to make a few interesting
observations. For instance, we have proved the damping-
attenuation relation

Q - D¢k2, (9)

where ko = wy/v, [40]. We also see that our model
naturally gives rise to charge relaxation I', without needing
to introduce it by hand. Interestingly, we also find a new
coefficient 4 # 1 appearing in front of the on term in the
Josephson equation. It renormalizes the Goldstone charge
¢4 and modifies the speed of sound in the presence of small
explicit symmetry breaking.

Since 4 renormalizes the charge ¢, it might be tempting
to brush it off as unphysical by rescaling ¢y — c,;/A.
However, the flux j in (7) depends on the bare charge
¢, directly and hence retains information about 4 following
the rescaling. This can be culminated into an independent
Kubo formula for 4, i.e.,

, GR(0=0,k=0)

2= ,
"G (0 =0.k=0)

(10)

where v, is read off using the singularity structure of the
dispersion relations (8). Therefore, 1 is a physical observ-
able for a U(1) superfluid with explicit symmetry breaking.
More details regarding the correlation functions can be
found in the Appendix.

This discussion can be extended to account for temper-
ature and momentum fluctuations, leading to a theory of
explicitly broken superfluids. This theory was recently
considered in the holographic context in [8]. It will be
interesting to revisit their results in the view of our new A
coefficient, along with other similar coefficients that can
appear in the energy flux and stress tensor. We will discuss
this in more detail in another publication.

III. PINNED VISCOELASTIC CRYSTALS

The hydrodynamic theory for pinned crystals can be
constructed similar to the U(1) case. In d spatial dimen-
sions, a static configuration of a crystal can be described by
the spatial distribution of its lattice sites ¢'=!+4(x), called
the “crystal fields.” We can define the strain tensor as
ury = 5 (hyy = 815/ cy), where hyy is the inverse of A" =
0'¢'0;¢p” and ¢, is a constant parametrizing the “inverse
lattice spacing.”
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When the crystal is homogeneous, the theory obeys a
global spatial shift symmetry ¢'(x) — ¢'(x) + c,a’, and
@' can be understood as Goldstones of spontaneously
broken translations. However, when the crystal has slight
inhomogeneities, possibly due to defects or impurities,
this shift symmetry can be violated. Analogous to the U(1)
case, we artificially manifest the symmetry by introducing
a set of background fields @/(x), shifting as ®/(x) —
®!(x) + a’. In the present case, ®!(x) can be interpreted as
describing the spatial configuration of a fixed background
lattice coupled to our physical crystal of interest. This
allows us to introduce a mass term in the free-energy
density

m2
3 vy,

(11)

where y' = £(¢' — c,®') is the “misalignment tensor.”
Here p is the thermodynamic pressure, while B and G are
bulk and shear moduli, respectively; all these coefficients
can arbitrarily depend on the thermodynamic parameters
such as temperature and chemical potential. /, J, ... indices
are raised/lowered using h", hy;.

To describe the dynamical evolution of this system,
we need to formulate the theory of pinned viscoelastic
hydrodynamics following the construction of [36,37]. First,
analogous to (3a), we have a set of Josephson equations for
the crystal fields

1 2

K;+ K =0, (12a)
where K; is an unknown operator and K$*' are sources
coupled to ¢'. Assuming the crystal to exhibit Galilean
symmetry, we also have momentum conservation and
continuity equations

o + 0,7 = K0l + €L, 0D,

op + 0 =0, (12b)
where 7' is the momentum density, 7%/ is the stress tensor, p
is the mass density, and L; is an operator causing explicitly
broken translations. These have to be supplemented with
the energy conservation equation arising from the first law
of thermodynamics,
0,6 + 0;¢' = —K,;0,¢' — £L,;0,®". (12¢)
We can now proceed and derive a set of constitutive
relations for 7Y,¢/,K,, L, in terms of 7', e p, !, @,
arranged in a gradient expansion, and obtain constraints
due to the second law of thermodynamics.
Atleading order in gradients, the entropy density is given
by s' = s(e, p. k" y!), where e = ¢ — 1 pii® is the “internal

energy density” and u’ = z'/p is the fluid velocity. We
can define the temperature 7, chemical potential y, elastic
stress tensor r;;, pseudo-Goldstone mass m, and free-
energy F via

1
Tds = de — udp + 3 rdh — mPy,dy!
F=e-Ts" — pp. (13)

The entropy density can also admit first order gra-
dient corrections, which we consider in detail in the
Appendix.

Similar to the U(1) case, restricting to an isothermal
regime, i.e., T = T, energy conservation decouples and we
obtain the allowed set of constitutive relations,

i :puiuf Fi — r e]lelj —21’]() u] Cakukéu
dgp’ do’
K ——0 (r”ej’)—fm l//1—6¢h1] d fﬁxhlj d[
do’ dg’
L; = C¢m21111 —Cloghi —— dr —ohy—— dr (14)

where el = 0,4, d/dt = 9, + u'0;, and angular brackets
denote a symmetric-traceless combination of indices.
The five dissipative coefficients 7,(,0y,04,0, follow
the inequalities 7,{,04 >0 and o > o/ 64 A detailed
derivation relaxing the isothermal assumption appears in
the Appendix.

IV. LINEAR PINNED CRYSTALS

In the small strain regime, the equation of state of
the crystal can be written as (11), except that ¢, in the
definition of u;; should be replaced by a thermodynamic
coefficient a(T, u), such that a(T, uy) = c,. The thermo-
dynamic derivatives of « play an important role as
expansion coefficients [37]. Setting ® = x/ and K¢ =0,
and expanding around ¢ = ¢ x', u = py, u' = 0, we can
obtain

7 = (p + Ba,,6u)87 — 250" ul) — 05
B o 2G .,
— 0 8rST — Z=3lisgpi,
“ “
0,6¢" = Acyu’ — Q8" +v,0'u

+2D}a,0k6¢) + D}aio,s4".

L = —

L @Rsdi — T — (A= 1)Baydy
Cp

A—1 . o

+ 5 (B3 05" + 2GaaYs¢?), (15a)
“p

where 6¢' = —5i5¢p". We have defined pinning frequency

@y, mass expansion coefficient a,,, pseudo-Goldstone
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attenuation D(/L)’”, damping Q, momentum relaxation I", and

coefficients 4, y,, as

2m? dln B
R =1 " o — —d a ym:_c{/)ﬂ’
p ou 0y
G B+24G £ m?
Dy =", 1%2444443 ="
O ) O
2 2 14
r:—2<%—“—x), A=14+22¢ (15b)
[)C(/) O'¢ C¢0¢

Looking at the mode spectrum, we obtain a damped sound
mode in the longitudinal and transverse sectors similar to (8).
We also find a crystal diffusion mode in the longitudinal
sector. These are given in the Appendix. Lifting the iso-
thermal assumption leads to an energy diffusion mode
coupled with crystal diffusion; see, e.g., [37].

Analogous to the U(1) case, using (15) we recover the
damping-attenuation relation from [18,20,22]

Q= DR, (16)
where k) = wy/v, with v3 = 2°G/p. The momentum
relaxation I" also arises naturally in our model, along with
the coefficient A affecting the Josephson equation. Upon
including thermal fluctuations, we find another damping-
attenuation relation similar to (16) in the energy flux. We also

find a new pinning-sensitive coefficient Ay in the energy flux;
see the Appendix for more details.

V. DISCUSSION

In this paper we introduced a general hydrodynamic
framework for dissipative systems with spontaneously
broken approximate symmetries. Our construction builds
upon the technology of forced fluid dynamics from [41,42],
by systematically coupling the hydrodynamic equations to
pseudo-Goldstone fields ¢(x) and fixed background phase
fields ®(x), responsible for spontaneously and explicitly
breaking the symmetries, respectively [43]. We illustrated
how the interplay between the two field ingredients gives
rise to physical effects such as damping, pinning, and
relaxation. In particular, we showed that the elusive relation
between the damping Q and attenuation Dy of pseudo-
Goldstones follows simply by imposing the second law of
thermodynamics in the presence of background fields
®(x). The second law also requires the relaxation coef-
ficient I' to be non-negative.

In addition to providing a rigorous mathematical
language for systems with pseudospontaneously broken
symmetries, we also found entirely new physical effects
that have not been discussed in previous literature.
Namely, we discovered new transport coefficients sensi-
tive to the explicit nature of symmetry breaking that
modify the hydrodynamic and Josephson equations at

the thermodynamic level. These coefficients result in a
modification of the speed of the damped sound mode and
affect the hydrodynamic correlators in a nontrivial way.

We primarily focused on systems with approximate U(1)
or approximate spatial translation symmetry. However,
the framework developed here is equally relevant for
other physical situations exhibiting a pseudospontaneous
pattern of symmetry breaking. For instance, a hydrody-
namic theory for pions recently appeared in [14], featuring
a pseudospontaneously broken SU(2) chiral symmetry
[12,13,49]. In particular, [14] noted that the damping-
attenuation relation (9) for pions follows from the second
law of thermodynamics. However, their analysis does not
include additional pinning-sensitive coefficients such as 4.
It is straightforward to generalize the U(1) case analyzed
here to an SU(2) pion field ¢* coupled to a fixed back-
ground SU(2) phase ®“, where a, b, ... denote SU(2) Lie
algebra indices. The linearized Josephson equation will
take the schematic form

0,69 = A,0u" — Q6" + Dy, 0,069, (17)

with the damping-attenuation relation Q“;, = D¢ bk%. The
coefficient 4%, is equal to &7 in the absence of explicit
symmetry breaking, but can acquire corrections when the
symmetry is weakly broken, modifying the mode spectrum
of chiral perturbation theory.

Holographic models with pseudospontaneous pattern of
symmetry breaking have been discussed in multiple works;
see, e.g., [18-27]. It would be interesting to develop the
relativistic versions of the hydrodynamic theories formu-
lated in this paper and revisit their holographic applications
in light of the new transport coefficients that we have
identified. We leave this direction for future work.
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APPENDIX

1. Details of pinned simple diffusion

In this appendix we provide details of the second law
analysis in the pinned simple diffusion model, including the
coupling of conserved currents to external sources. We do
not assume the system to be isothermal as in the bulk of
the paper.
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Static Ward identities.—We start with a quick derivation
of the static U(1) Ward identity (2b). We can gauge the
restored U(1) symmetry in the free energy (1) by intro-
ducing a spatial gauge field A; transforming as usual, i.e.
A; = A; + 0;A. The gauged free energy is given by

F=-ptyf&dtymyt  (A])
where & = 0;¢p + c4A;. The U(1) flux j’ can be read off as
the response of the free energy F = f dx(F — Ko@) to
fluctuations in the background gauge field, j' = —5F/5A;,
which reduces to —c,, f+0'¢ used in (2b) when the gauge
field is switched off.

More generally, we can parametrise the infinitesimal
variation of the free energy density F as

5 / dxF — — / dx(jiA, + K6+ £L5®).  (A2)

which defines the operators K and L. Accounting for the
source term K¢, it immediately follows that the con-
figuration equation for ¢ is simply
K+ K. =0. (A3)
The Ward identity (2b) follows from requiring the
variation (A2) to vanish under a symmetry transformation
0A; = 0;\, ¢ = —cy4A, and 6@ = —A. This results in
0;j' = —c,K - L, (A4)
which leads to (2b) after using the configuration equations
and substituting the explicit form of L.

Conservation laws.—Next, let us derive the conservation
laws (3) in the presence of explicit symmetry breaking, in
particular the energy conservation equation that is absent in
equilibrium. Let us consider that our system of interest is
described by an effective action S[¢, @]. We couple the
action to the external gauge field A,, A; to gauge the U(1)

symmetry. Using this, we can define the gauge covariant
derivatives of ¢ and @ as

=09+ C(/)sz
g, =00+ A,

é:i = a,gb + C(/)Al'v
We also introduce the “clock form” n,, n; to gauge the time-
translation symmetry. The clock form is the non-relativistic
analogue of the time-component of the relativistic metric
field g,;, g,;; see e.g. [50,51] for a detailed discussion. In flat
space, the clock form takes the values n, = 1, n; = 0.
These external sources couple to the charge, energy
densities and the respective fluxes via the action variation

68 = /dtddx(mSAt + ji6A; — edn, — €'6n;

+ K&¢p + £L5D). (A6)

We have included the variation with respect to ¢ and @ for
completeness, which defines the non-equilibrium versions
of the operators K and L. The action is required to be
invariant under infinitesimal gauge transformations

A, = 0,A,
5(1) = —C(/)A,

5Ai — 0,-/\,

oD = —A. (A7a)
It is also required to be invariant under infinitesimal time-
translations parametrised by some parameter y/, i.e.

0A, = x'0,A; + A0,
6A; = 1'0,A; + A0y,
on, = y'om, + n, 0",
on; = y'om; + n, 0y,
o = x'0,9,
6® = y'0,®. (A7b)
These are nothing but Lie derivatives of the respective
fields along the diffeomorphism vector y'd,. The invariance
of S under the gauge transformations (A7) result in the U(1)
conservation equation
on+0;j' = —cyK — L. (A8)
On the other hand, the invariance under (A7b) results in the
energy conservation equation
0,6 + Oiei = Eiji — K§I — fLEI, (Ag)
where we have identified the background electric field
E; = 0;A, — 0,A;, and tuned the background to flat space-
time by setting n, = 1, n; = 0.
Finally, adding the source term K., to the action, the
classical equation of motion for ¢ reads
K+ K. =0. (A10)
Second law constraints.—Let us parametrise the entropy
density as
st=s5+S8, (All)
where S represent the possible gradient corrections. Using

the thermodynamic relations (5) and the conservation
equations, we find
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i Lo if 0 _Ei
alst—l-@is :—FS(),T—j <5,?—?>

1 4 .
- T’C(ét - Czﬁﬂ) - ?E(Et —1)+0,85+9,S',
(A12)

where we have identified the constitutive relations

¢ =—f,&&+ &,
J=—cpf &+ TN

K = 0;(f,&) — tmy + K,
L= c(/,mzl// + L,

i1 i Mo i
S—TS Tj + S (A13)

The right-hand side of (A12) is required to be a positive
semi-definite quadratic form. Truncating at first order in
gradients, there are two kinds of solutions to (A12). First,
we have the “non-hydrostatic sector”, where S, S’ are
identically zero and we simply have

Lei ™ Yy Ve o,T
ths _ v el Yi,(/, Voo To;7 - E;
ICnhs a J/lé(ﬁ ]//fw;) 0y Ox gt — CpH
Lans Vo 7o 0x 0o (&= p)
(Al14)

The objects appearing in the matrix here have to be
constructed out of the zero-gradient structures 6, €'/,
and &, supplemented with coefficients that are arbitrary
functions of T, u, d'¢0;¢, w. If we were only interested in
the terms that contribute linearly to the constitutive rela-
tions, we can ignore any dependence on &, d'¢p0;¢h, and .
Further imposing parity-symmetry, we have the allowed
coefficients

pr—y g

(A15)

K = k6, oy = 0,07,

/
U(p, 6‘1)7 Oy, Oy,

while all vector coefficients vanish. All coefficients are
functions of T and u. Onsager’s reciprocity relations
[52,53] further impose the off-diagonal coefficients to be
the same, ' = y and ¢/, = 6. The entropy production rate
(or the dissipative function) can be obtained by substituting
(A14) into (A12); we find

95" + 05 = %a,.TalT + 2y(3iT<d,~ " —')

T T
u E; u E
T ) i _ =
* 6"<8’T T) (a T T)
o 280 _
+ 7¢ (& —epp)’ + = (& = cymu) (B = )
’o
o (B =) 20 (A16)
The second law results in the inequality relations
K,04 20, 6, > 7*/k, oo > 0%/0,.  (A17)

In addition, we have the “hydrostatic sector” that does
not contribute to entropy production. It is characterised by
corrections to the entropy density

S = f10,& —% =, (A18)
In equilibrium, these terms show up as corrections to the
free energy density F given in (1). The factor of £ in front
of f, is necessary because all dependence on ® must
be expressible as a combination involving . Indeed
cylB; =& — d;y. The coefficient f, characterises the
response of the system due to a background superfluid
velocity due to the presence of ®. Note that we could
include another similar term in the entropy/free energy
density that goes as

(A19)

However this term comes with two powers of £, one for
each occurrence of @, and hence is counted at second
derivative order in our counting scheme. Hence, we will
drop it in our following discussion.

If we only focus on linear corrections to the constitutive
relations, (A12) means that we only need to consider the
entropy density up to quadratic order in fields. Therefore,
without loss of generality, we can take the coefficient f, to
be constant, while f; can be taken to be a linear function of
€ and n. Plugging (A18) into (A12), we derive the hydro-
static constitutive relations

Eps = —CyTHOf1 = Epf (& + ¢y )
‘7{15 = _C(/)Taifl - I/ﬂ‘]_“s(gl + C(]ﬁE‘i)

: 7] 0 ) - .
’Chs = Tal'alfl + C{/)TG(/, ,l/li + L aifl + L”fS(),-E’,
de on
['hs = ]saifi’ (AZO)
along with
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S'=—f10,& + (afl fYH)(ft—Cqsﬂ)
/7
+Poem -, (a21)

where we have used the first-order equations of motion

Coi)s O (A22)

o€ = cr/)/"a(/)(é:t - = Cy0yp (& - C(/n“)-
Demanding S to be invariant under time-reversal sym-
metry, the coefficient f; is not allowed. Additionally, it
can be checked that the coefficient f; does not contribute to
the linearised equations of motion, when coupled to a
homogeneous background ® = yyt. Note also that, lin-

early, these coefficients can be removed by a redefinition of

the pseudo-Goldstone field ¢ — ¢ + (Tf, + foyw/cy)/ [
and are only physical if one has an unambiguous macro-
scopic notion of the pseudo-Goldstone field. For these
reasons, we have not considered these coefficients in the
remainder of our discussion.

Modes.—Focusing on isothermal fluctuations and
employing the definitions in (7), we can obtain the damped
sound modes

1
W= j:\/a)% + 32— (F—Q+ (D, — D¢)k2>2
i
-2 (kZ(D,, +D,) +F+Q). (A23)

Expanding this expression for k> <« 1, we find

] 1
a):—%(l“—k!l)i (@i -3 -0p

j 2_Lr-Q)(D,-D
—ik2<Dn+D¢iivx =D, "’)>. (A24)
2 03— -Q)

The sound modes (8) in the main text can be obtained from
here by ignoring the O(¢£*, #2k?) corrections, i.e. assuming
(O > F, Q.

Correlation functions.—We now consider the hydro-
dynamic predictions for the retarded correlation functions
of various observables. To this end, we consider the
equations of motion following from (7), but turning on
the gauge field A,, A;. Using (3b), we can then obtain the
equations

0,6n = —I'dny + D, (0;0'6n, + y0,0,A")
2

/145

L (0,060 + cy0,AT) — —a)05¢

0,6 = Ay L 5y — Q6 + Dy(0,08¢ + c,0,A7),  (A25)
X

where 6n, = y(6u — A,). Note that in (A25), the Goldstone
charge ¢ only enters via its renormalised combination Ac,
except for the terms coupling to the background gauge field
A;. This means that in the absence of sources, one could
have simply considered Acy as the “new” charge of the
Goldstone, and concluded that the renormalisation factor A
is not independently physical. However, we can probe the
original bare charge c, of the Goldstone by coupling the
system to background sources, in which case the renorm-
alisation factor A does acquire a physical meaning of
its own.

To be more concrete, let us compute the retarded
correlation functions of various observables by varying
with respect to the respective background sources. As a
function of frequency @ and zero wavevector k, we find

o(w + Q)
GF () = [ -1 ,
(@) I( * (w+ D) (0 +iQ) — w%)
e w(w+il)
GR (w) =—2 (-1 ,
(@) = ( Mot D@+ iQ) - )
—iwicy

Gip(@) = (0 + i) (0w + Q) —

Gf/,( w) = cjf 6 — i, w8,

(A26)

while all other correlators vanish. Since the flux correlator
is obtained by performing variations with respect to the
background gauge field A;, we see that it is sensitive to bare
charge ¢4, while the other correlators are only sensitive to
the renormalised charge Ac,. This allows us to isolate the
Kubo formula for A in (10).

2. Second law constraints in pinned
viscoelastic hydrodynamics

We now give details about the second law analysis
for pinned viscoelastic hydrodynamics. We introduce a
gauge field A,, A;, which can be used to compute the
correlations of n, z; respectively. For technical simplicity,
we will omit introducing sources for 7%/, €', ¢, which would
require using Newton-Cartan geometry; see e.g. [54]. The
energy and momentum conservation equations take the
form

o€+ 0,6 = E;jl — K;0,¢' — €L;0,®,
o' + 0777 = E'p+ FlUj, + K;0'¢p" + £L,0' @',

on+ o =0, (A27)

while the Josephson and continuity equations remains the
same as (12a)—(12b). We parametrise the entropy density
to be

st=s5+S8, (A28)
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where the thermodynamic entropy density s is defined in
(13) and S denotes gradient corrections. Using the thermo-
dynamic relations in (13), we can obtain

. 1 .. |
atst + aisl = —FglalT ——Tl]aiuj
1 .d¢! ¢ d<I>’
——K——=L;— S 0;S',  (A29
T4 T 4 Ta” T (A29)
where we have identified the constitutive relations
ei = ((;‘ — ]:)ui + I”]Je[ie'l, + TUMJ + (C/‘i’
' = pu'ul — F6U — ryelie!l + T,
K, = =0i(rye’’) = tmPy; + Kf,
L; = cymy; + L,
) A )
st =s'u' + ?S’ + S (A30)

Here ¢! = 0;¢" and e! = 9,¢".

Similarly to the U(1) case, the right-hand side of (A29) is
required to be a positive semi-definite quadratic form. This
results in the “non-hydrostatic” constitutive relations

7Eins ol x™ ~Tpy Vol T
7 B I L YA 2y B WL
Krllhs - 7¢’; )(¢lzd 6;/)] o7y % ! ’
cy rol zoll oy of ) \Ca®
(A31)

where all the objects in the coefficient matrix have to be
made out of 87, €V, 9,®, supplemented with arbitrary
transport coefficients that are functions of T, u, A/, y'. We
have already imposed the Onsager’s reciprocity relations in
the matrix above. Assuming the crystal to be isotropic and
parity-preserving, and focusing only on the terms that
contribute to the linearised constitutive relations, we find

aéj _ 065”’ ’,Iijkl _ l,l<5ik5jl _ 5515jk) + <€_2”> 5ij5kl’

¢ _ o _
01]—0(/,]1]], O'IJ—O'q)h[J,

J’(/)§ = 7/(/;35’ 7@5 = 7@65, o7y = 0oxhyy, (A32)

and all others zero. All coefficients are functions of 7" and p.

The second law results in a set of inequality constraints on
these coefficients

n, Ca O¢, 0y >0, op = Gi/ﬁqg. (A33)

For the “hydrostatic sector”, we need to consider the

most general first order gradient corrections in S. It was

already found in [36,37] that, assuming the crystal to be
isotropic, there are no allowed terms in the absence of the
background field ®’. However, in the presence of @' we
can include the term

1-
S= ?fm/”, (A34)

where

—_—

1J _

"= (=20, Fy?) + ¢ — fcéé”), (A35)

is defined so that, linearly, we have y// ~ fcéa(’ 5®7). We
can further require that £, is at least linear in fluctuations,
because the constant contribution can be removed using a

total derivative term d;6®'. We hence have

fig = ahyy 4 Cpyg u®* (A36)
where @(T, g) = 0. This coefficient can be understood as
the response of the crystal to a background strain due to the
presence of the background lattice. Ignoring non-linear
terms in the constitutive relations, we have

€, =0,
Tllqjg = —(fflj - VKLCKLl])ai¢laj¢J
a_ a 1J si
- (Ts-i-,uﬂ)a +p0p hyy' Y,
K = 0,(Cyrpr*to'e’),
E?S = _C¢ai(]_cuai¢1), (A37)
along with
A . dg! o do!
i o Jr 20 J T
S f11< Vi T Ce ¢ dr >
- CKL[J}’ KLo! Q{)J 4’1 (A38)

We can remove one component of C;x; using the
redefinition of pseudo-Goldstone fields ¢/ — ¢’ + ay’.

3. Linear pinned viscoelastic crystals

Linearising the equations on a homogeneous background
®! = x!, we can obtain the Josephson equation

0,6¢' = Acq;ui — Q8¢ + ¥, 0'u + yr0'T
+2D0,006¢" + D)o 069", (A39)

where
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c
Ym = Ba,,  vr=-L(yy—Bar),
O O¢
odna dlna
=—d , =—d A40
Ay a’u ar aT ( )

Here «,, is the mass expansion coefficient, while az is
the thermal expansion coefficient. For the conservation
equations, we find

= (e +p+ Tip)u' + TQ8¢" — k,,0'p — k'T
Ty o
C; (D00, 50" + 2D 50,0 841).
y 26
o = p, o — 220 gtispi ~ 2B giig st
€y €y
- 2;70 W) — Couks — £X

¢Li=—"L

w§op’ — T’ — Ard'T — £0, X7, (A41)

C )
where we have further defined the mechanical pressure p,,,

mass conductivity «,,, thermal conductivity «, heat damping
coefficient €, and a new coefficient 1; as

Pm=p—ABdéIna,

T T
Ky = 2t Ba,,, k=To,+ 1o (y¢ — Bay),
O¢ O¢
Yo m? 14 Oy
Qs:(ﬁi’ Ap = — Yo ——7¢ | (A42)
CpO¢ Cop O
as well as
cpXU =2 (G - >a<f5¢f>
C¢0¢

+ 5,,((3 _ O
CpO¢

Note that X%/ identically drops out from the equations of
motion, and is the only contribution that contains f,;.
However, X'/ still non-trivially affects the stress tensor and
respective correlation functions. For the record, let us also
note the heat/entropy flux

B) (059" + dba) + cd,aa) )

(A43)

s = (s + A + Q60 — K—’”a’p - fal‘T
~ 10 (D)oot + 2D4a,dlsg0). (A44)
c
¢
From here, we derive another damping-attentuation
relation in energy/entropy/heat flux

Q, y"’ DLk2, (A45)

where k3 = #*m?/G. This relation recently appeared in
[11], Where the authors derived it using the locality of
hydrodynamic constitutive relations. We also find a new
coefficient A; that modifies the energy and entropy flux at
thermodynamic level, and contributes to sourcing momenta.

4. Mode spectrum of pinned viscoelastic crystals

We can use the linearised equations of motion to derive
the mode spectrum of pinned viscoelastic hydrodynamics.
In the transverse sector, we find a phonon sound mode with
the dispersion relation similar to the U(1) case, namely

w==+\/wj+ ik — (1<2(DL +D;)+T+Q), (A46)

where

12G
A =" pi=" (A47)
p p
The longitudinal sector is considerably more involved.
Focusing on isothermal configurations, we find a damped
sound mode and a crystal diffusion mode

w = £,/ wf + vik*

: 2 2
i o Pm Qk

—— | Dsks————=5+T+Q|,
2( ' vﬁ;ﬂ w} + vﬁk2

12

A48
P (A48)

where we have defined

2 Pnlx+R(B+24GG)
[ P
p(vf —pul)® 424
pl = Lo
opY) P

(A49)

along with mechanical mass density p,, = p + ABa,, and
susceptibility y = dp/du. We have taken £ ~ O(0) in the
expressions above. We again note that A non-trivially
affects the various speeds of mode propagation. While
solving the linearised equations, it is useful to note that in
the isothermal limit, yéu = 6p — Ba,,/ c¢5k5¢k.

Turning back on the background fields, we can compute
the following correlation functions at zero momentum
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y o(w+iQ)
GRi j(w’k_o)_p51]<_1+ . B >’
' (w+il)(w+iQ) — v}
ij 72,2 .
Gk -(a)k:O):éu cp e o(w+il)
P pw} (w+iN)(w+iQ)—wj)’
jwlc 07
GE (. k=0)=—— " (A50)

(w+iD)(@+iQ) —w}’

Computing 7'/ correlators is beyond the scope of this work
and would require coupling the system to curved space.
Note that the coefficients (A36) do not affect these three
correlators above.

5. Comparison with previous works

In the previous version of our paper, we pointed out
certain discrepancies with the work of [11]. These have
now been resolved by the authors of [11] in an updated
version of their paper; we present a detailed comparison
below.

Let us start with the U(1) model. Our constitutive
relations in (7) trivially reduce to those in [11] upon setting
the transport coefficients 6, = f, = 0 (resulting in 1 = 1)
and matching the conventions ¢ — —¢, A, = —A,, A; = —A;
and ¢y = 1. Our results also match with [8] in this limit
upon matching the conventions ¢ — —¢. In an updated
version of their paper, the authors of [11] verified that their
formalism does allow for nonzero o, and f, in the presence
of background gauge fields. We find the new mapping
between various coefficients

N A2 fs+2f]_€s ~2 2m?
Xnn = X Cs =— > Wy = s
X X
Dn:g, l’\)(ﬁ:(l_l’ﬂax/azﬁ)(fs"i_zfjs)’
X O¢
. 2 Z
F:—<U<D—6—X>,
X Oy
—Cf Loy
pe s a0y (as))
fs+2l’ﬂfs 0-615

For clarity, we have denoted all the coefficients in [11] with
a hat and kept ¢, = 1.

To compare our results with [11] in the pinned crystal
case, we need to perform the following transformations to
the constitutive relations

il = 7+ £X 4 20G(05¢' — 510, 54),

Li— L+ 0;X7, (A52)

which leave the equations of motion invariant at the
linearised level. X/ was defined in (A43) and we have
set ¢, = 1. Note, however, that the transformed quantities
should not be used to reliably predict the hydrodynamic
correlation functions involving stress. Focusing on d = 2
spatial dimensions, this results in

s = (s + dr)u + Q04— - 20T

il = p,.87 = 21Galisp) — A(B + G)5'0,0¢*
— 27/10<’u1> - é’()kuktsij,
0,00" = Ju' — Q5 + 7,0 + yr'T
+2D0,006¢" + D)oo 54*. (AS3)

These should be compared to [11] in the Galilean setting,
i.e. upon setting j' = z'. Note that the displacement field v’
of [11] is identified with our 8¢', their fluid velocity v’ is
our u', their heat current j, is our T's". Firstly, the Galilean
constraint implies for their transport coefficients

(A54)

We have again used a hat for the coefficients in [11] to
avoid confusion. The mapping between the remaining
coefficients follows as

p - pl‘f’l’ Xﬂﬂ - p’
. Ba, . _ Bar
X}’MH B_’_—G B X&ﬂu B—f——G )
G B T
0 oy > 21 64),
N 1 .
E=—, V3h = 7T (A55)
O¢

With these identifications, we find that the results of [11]
exactly match our (A53), modulo the new coefficients A and
Ar due to explicit symmetry breaking.
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