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One of the critical components of loop quantum gravity and cosmology (LQC)—the Thiemann
regularization procedure—is nonunique. Different choices of particular prescriptions lead to models that
differ in both mathematical structures and physical predictions. Here we briefly recall a set of such
prescriptions proposed in the literature in the context of isotropic LQC on the example of a flat universe
with massless scalar matter content. For the one least investigated so far, further called the Yang-Ding-Ma
prescription, a detailed analysis of its mathematical structure and resulting quantum dynamics is performed,
confirming and extending the results obtained so far by phenomenological methods. To probe the
dynamics, a relatively robust method (working in the approximation of the macroscopic universe) of
evaluating quantum trajectories is devised. This method is a variant of a semiclassical treatment that allows
one to express the trajectories analytically as a function of the internal clock and a set of certain central
moments—constants of motion encoding quantum corrections up to an arbitrary order in a systematic
manner. As a test of the method’s robustness, an analogous evaluation of the quantum trajectory in volume
is performed for those of other prescriptions, for which it is applicable. The limitations of the treatment are
further briefly discussed.
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I. INTRODUCTION

Loop quantum gravity (LQG) [1,2]—one of the more
popular approaches used to build a consistent quantum
description of both spacetime geometry and matter—has
undergone significant progress in recent decades. Thanks to
implementing an unorthodox quantization procedure
known as polymer quantization [3], which sidesteps the
quantum mechanics uniqueness theorems, it offers hope for
predicting new phenomena in physical processes involving
high energies and gravitational fields. These in turn might
provide an explanation for newly observed features in
precise cosmological measurements [4,5] or offer a solution
for black hole information loss paradox [6,7]. On the one
hand, the applied quantization significantly alters the
classical properties of geometry, for example, predicting
the discrete nature of geometry quantities (i.e., discrete
spectra of operators measuring areas and volumes), offering
a solid prospect for a new physics. On the other hand, it
poses a series of hard challenges.
One of the challenges is an enormous complication

of its mathematical structure, which makes extracting
physical predictions enormously challenging on the tech-
nical level. For example, while there exists a set of solid
frameworks allowing one to define the dynamics of

quantum space [8–10], actual evaluations of the dynamical
evolution are so far restricted to ultrasimple unphysical
states [11] and phenomenological semiclassical approaches
[12]. To overcome this problem, researchers turn to various
simplifications of LQG. One of the most known and most
radical is loop quantum cosmology (LQC) [13–15], con-
structed via application of the mathematical methodology
of LQG to descriptions of highly symmetric spacetimes,
usually cosmological ones. This framework is sufficiently
simple to allow for making precise dynamical predictions
on the genuine quantum level in the case of the simplest
models (homogeneous spacetimes) [16,17] and further to
extrapolate the genuine quantum results via phenomeno-
logical methods to more realistic scenarios (for example,
cosmological perturbations). This in turn allowed one to
find some predictions regarding, for example, spectra of the
cosmic microwave background [4,5] or the yet unobserved
gravitational wave background [18]. However, these
results, obtained with various levels of rigor, are not
predictions of LQG per se. Instead, they are obtained
via a framework that is to a high degree independent from
it, and reconciling the cosmological sector of LQG with
LQC is an ongoing task.
The second challenge is the very same mechanism

that offered hope for yet undiscovered new physical
phenomena—the sidestepping of the quantum mechanics
uniqueness theorems, which poses a danger that various
choices made to resolve the quantization ambiguities may

*maciej.kowalczyk@uwr.edu.pl
†tomasz.pawlowski@uwr.edu.pl

PHYSICAL REVIEW D 108, 086010 (2023)

2470-0010=2023=108(8)=086010(32) 086010-1 © 2023 American Physical Society

https://orcid.org/0000-0002-8514-5019
https://orcid.org/0000-0002-5592-4804
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.086010&domain=pdf&date_stamp=2023-10-11
https://doi.org/10.1103/PhysRevD.108.086010
https://doi.org/10.1103/PhysRevD.108.086010
https://doi.org/10.1103/PhysRevD.108.086010
https://doi.org/10.1103/PhysRevD.108.086010


lead to different dynamical predictions. One of the principal
sources of such ambiguities is the so-called Thiemann
regularization—a process of rewriting the local differential
quantities (such as curvature) via extended ones (holono-
mies and fluxes), which are then being quantized [19].
While probing the consequences of such ambiguities in full
LQG is extremely difficult due to insufficient control over
the dynamics, one can probe them in LQC, which (as
implementing the very same methodology) is a direct
analog of LQG in simpler settings. There indeed, the
analysis of the dynamics of the simplest (isotropic) models
have shown that different choices (regularization prescrip-
tions), while recovering the classical relativity in the low
energy limit, do provide different predictions in a high
energy “near classical singularity” regime, often leading to
significant qualitative changes in some aspects (see, for
example, a comparison of the results of [17] with [20]).
In the context of the simplest isotropic LQC, so far three

regularization prescriptions have been proposed and stud-
ied in the literature. They all differ in a way one reexpressed
the so-called Lorentzian term of the Hamiltonian constraint
[21] in terms of holonomies and the volume operator. The
first proposal we consider (further referred to as the
mainstream LQC) [17] is based on splitting said term onto
a linear combination of the spatial Ricci scalar and the part
of the Hamiltonian constraint proportional to the curvature
of the Ashtekar connection (the so-called Euclidean part).
The second one [22] implements strictly the algorithm of
reexpressing the exterior curvature originally proposed by
Thiemann for full LQG [23]. The mathematical structure
and the physics of quantum models resulting from these
choices have been investigated in detail. The third one [22]
is based on a simple first order approximation of the
curvature operator in terms of the Ashtekar connection. Its
studies so far involved only phenomenological studies of
the dynamics (via the zeroth order effective dynamics [24])
and an analysis of the stability of the eigenvalue problem
[25]. The conclusions of the latter indicated that, unlike for
the previous prescriptions, the physical Hilbert space, if it
exists, is spanned by some unidentified proper subspace of
the solutions to that problem. Thus, to establish the validity
of this prescription a detailed analysis of the resulting
quantummodel is necessary. We perform this analysis here,
probing in particular the self-adjointness properties of the
evolution generator and explicitly constructing the physical
Hilbert space and physically meaningful observables.
Furthermore, the quantum trajectories of the system are
determined analytically by a newly introduced quite gen-
eral recipe that for physically relevant states permits one to
include quantum corrections of arbitrary order.
It is also worth mentioning that generalizations on a

more fundamental level have also been considered in the
literature. In particular, the consequences of modifying the
original reduced holonomy-flux algebra, using the so-
called flux-covariant holonomies [26] (see also further

application in black hole models [27]), have been probed.
While the preliminary studies suggested significant mod-
ifications to the dynamics, the subsequent rigorous studies
in [28] have shown that the new algebra has the same
Poisson structure as the original one and the dynamical
predictions of the model are the same as those of main-
stream LQC.
The paper is organized as follows: We begin by briefly

recalling the LQC quantization procedure in the context
of the simplest cosmological model—the flat Friedmann-
Lemaitre- Robertson-Walker (FLRW) universe—in Sec. II,
in particular outlining the constructions and main properties
of three regularization prescriptions discussed in the
literature. Next, in Sec. III we will study in detail the
properties of the quantum evolution generator (an equiv-
alent of a quantum Hamiltonian operator) constructed with
the use of the third regularization prescription listed in the
previous paragraph. In particular, the self-adjointness of the
evolution generator (thus the uniqueness of the quantum
evolution will be probed through the deficiency analysis in
Sec. III C. Subsequently, the spectral properties of the
evolution generator will be studied and an analog of the
energy eigenbasis of the geometry Hilbert space will be
explicitly contructed. These results will then be used in
Sec. IVA to construct physical Hilbert space and physical
observables. Subsequently, Sec. V will be dedicated to
determining the quantum trajectories—in this case volume
(and its variance) as a function of the matter clock. For that,
a relatively general method of evaluating the expectation
value of the relevant observables analytically will be
presented and used. Said method, under a quite natural
physical assumption—a large “energy” (momentum of the
clock field) of the universe—will allow one to capture
quantum corrections up to arbitrary order. For complete-
ness, we will also apply our method to derive the quantum
trajectories for the remaining two prescriptions and the
geometrodynamical analog of the studied model, thus
giving higher order quantum corrections to the results
obtained via the (zeroth order) effective dynamics. Finally,
we will conclude in Sec. VI with a discussion of the results
and the perspectives on applying presented trajectory
probing method in a wider set of models.

II. REGULARIZATIONS IN LQC—FLAT
FLRW UNIVERSE

Let us start with recalling the basic structure of the
example model to be used for our studies—the LQC
quantized flat isotropic FRLW universe admitting the
massless scalar field as a matter content. This model
(and its treatment) has been already extensively presented
in the literature (see, for example, [17,20,29]). Being a
quantization of a classical theory with constraints, it
follows the so-called Dirac quantization program, where
the quantum theory is built in steps: the kinematical one
(ignoring the constraints) and the implementation of the
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constraints in order to construct the physical one. We start
with kinematics.

A. Classical description and kinematics

Here we follow directly [30] with further improvements
proposed in [17] and [31]. The point of departure is the
restriction of the canonical formulation of general relativity
in terms of Ashtekar variables [32] to isotropic spacetimes.
First, we choose a foliation by homogeneity surfaces and
introduce an auxiliary structure—a constant (in comoving
coordinates) orthonormal spatial triad oeai and its dual
cotriad oωi

a, which in turn forms a fiducial metric
oqab ¼ δij

oωi
a
oωj

b. By partial gauge fixing we now can
express the physical metric in terms of that fiducial
structure, lapse function NðtÞ, and the scale factor aðtÞ
via ds2 ¼ −N2ðtÞdt2 þ a2ðtÞoq. Next, we introduce
Ashtekar variables: densitized triad Ea

i and connection
Ai
a, further fixing the (still partial) gauge by requiring that

they are proportional to oeai τ
i and oωa

i τ
i, respectively.1 To

express the relation precisely we introduce a pair of global
variables ðv; bÞ related with a scale factor aðtÞ and the
Hubble parameter HrðtÞ as follows:

jvj ¼ ð2πγGℏ
ffiffiffiffi
Δ

p
Þ−1a3ðtÞ

≕ α−1a3ðtÞ; b ¼ γ
ffiffiffiffi
Δ

p
Hr; ð2:1Þ

where γ is the Barbero-Immirzi parameter2 and Δ is the so-
called area gap of LQC.3 The Poisson bracket between
these variables equals then

fb; vg ¼ 2

ℏ
; ð2:2Þ

and the Ashtekar variables can be written down in the
following precise form:

Ea
i ¼

�
αv
Vo

�2
3oeai ; Ai

a ¼ 6πγGℏb

�
v

α2Vo

�1
3oωi

a; ð2:3Þ

where Vo is the volume (with respect to oq) of the so-called
fiducial cell (denoted further as V)—a certain compact

region of the universe used to regulate otherwise infinite
integrals over homogeneity surfaces. The choice of vari-
ables ðv; bÞ, while appearing to be rather cumbersome, is,
in fact, made for convenience4—it is, in fact, tailored to the
procedure of Thiemann regularization further in, where it
simplifies the structure of operators significantly.
The symmetries and partial gauge fixing drastically

simplify the algebra of constraints normally featured in
the triad formulation of General Relativity (GR)—the only
constraint that is not automatically satisfied is the
Hamiltonian (scalar) one. In chosen variables, it takes
the form

Hg ¼ HE − 2ð1þ γ2ÞT; ð2:4Þ

where HE and T denote the so-called Euclidean and
Lorentzian parts, respectively [15,19],

HE ¼ 1

2κ

Z
V
d3xϵijk

EaiEbjffiffiffiffiffiffiffiffiffiffiffiffiffi
detðhÞp Fk

ab;

T ¼ 1

2κ

Z
V
d3x

EaiEbjffiffiffiffiffiffiffiffiffiffiffiffiffi
detðhÞp Kj

½aK
i
b�; ð2:5Þ

where Fk
ab is the curvature of Ashtekar connection Ai

a and
Ki

a encodes the exterior curvature

Fk
ab ¼ ∂aAk

b−∂bAk
aþ ϵkijAi

aA
j
b; Ki

a ¼Ka
boωi

b: ð2:6Þ

The quantization of the geometry degrees of freedom on
the kinematical level follows that of [30]. The kinematical
Hilbert space is the space of square summable functions on
the Bohr compactification of the real line with the Haar
measure dμ and is spanned by a basis formed out of almost
periodic functions. The algebra of basic objects promoted
to operators—a restriction of the holonomy-flux algebra—
consists of (i) holonomies of Ai

a along straight lines
generated by oeai and (ii) fluxes of Ei

a across unit squares
(which for the isotropic geometries is sufficient to separate
the points on the phase space). The eigenstates of the fluxes
(ii) form a convenient basis fjvigv∈R, while the holono-
mies (i) can be expressed in terms of shift operators

p̂jvi ≔ sgnðvÞV̂2
3jvi; V̂jvi ¼ αjvjjvi;

N̂jvi ≔ beib
2 jvi ¼ jvþ 1i; ð2:7Þ

where the operator V̂ corresponds to the (physical) volume
of the fiducial cell. The scalar product on the Hilbert space
is the discrete one,

1Thematrices τi are proportional to Pauli matrices τi ¼ ði=2Þσi.
2In the actual numerical calculations further in the article we

will use the value determined from black hole entropy counting
[33] equaling approximately γ ≈ 0.2375… as derived in [34,35],
in order to keep the compatibility with the previous numerical
works. Note that at present there is no consensus on this exact
value being the correct one (see, for example, [36]); however,
changing the value of γ to other values listed in the literature will
not modify the results in any qualitative way.

3The area gap is chosen to equal twice the lowest nonvanishing
eigenvalue of the area operator in LQG, which is the lowest area
of a surface pierced by a nontrivial edge of the LQG graph. For
the reasoning behind this quasiphenomenological input see, for
example, [31,37].

4In principle, one could safely work with (oriented) V ¼
a3sgnðvÞ and Hr for which fHr; Vg ¼ 4πG, which would then
yield the same final results, just lengthening the intermediate
formulas.
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hvjv0i ¼ δv;v0 ; ð2:8Þ

The matter degrees of freedom, in our case correspond-
ing to a homogeneous massless scalar field (minimally
coupled to gravity), are represented by a canonical pair:
field ϕ and its canonical momentum pϕ such that
fϕ; pϕg ¼ 1. Its coupling contributes to the Hamiltonian
constraint as an additive term

Ctot ¼ H þ C0
ϕ; C0

ϕ ¼ p2
ϕ

2V
; ð2:9Þ

where H is given by (2.4).
The specified matter field is quantized with standard

textbook methods of quantum mechanics (using
Schrödinger representation). The Hilbert space is the
standard Lebesgue one, and the canonical variables are
promoted to standard multiplication and derivative oper-
ators, respectively. Finally, the total kinematical Hilbert
space is the product

Hkin ¼ Hgr ⊗ Hϕ ≔ Σ2ðR; dμÞ ⊗ L2ðR; dϕÞ: ð2:10Þ

Having at our disposal kinematical Hilbert space and the
set of fundamental operators we can now proceed with the
next step of the Dirac program—expressing the constraint
as an operator.

B. Constraints in LQC models

As a first step in constructing the quantum counterpart of
(2.9) we note that as a constraint it can be multiplied by a
lapse function without changing the resulting physics. A
particularly convenient choice is (following [29]) selecting
N ¼ 2V as then NCtot attains an explicitly separable form.
The main problem, one has to deal with at this step is the

fact that in loop quantization there are no quantum
counterparts of the connection/triad5 or the curvature.
Thus, before quantizing NCgr has to be rewritten in terms
of holonomies and fluxes in a process known as the
Thiemann regularization. Its main drawback is that there
is no unique distinguished way of performing it—it is
always based on the chosen construction.
Let us start with the Euclidean part NHE, for which there

is one accepted construction choice, discussed in detail
in [21,30] with subsequent corrections in [17]. There, the
terms involving triads in (2.5) are rewritten as

ϵijk
EaiEbjffiffiffiffiffiffiffiffiffiffiffiffiffi
detðhÞp ¼

X
k

4sgnðpÞ
κλV

1
3

0

ϵabcδkcTrðhðλÞi fðhðλÞi Þ−1; VgτiÞ;

ð2:11Þ

while the curvature term Fk
ab is approximated via holon-

omies along a small square loop (a plaquet) □ij,

Fk
ab ¼ −2 lim

Ar□→0
Tr
�hðλÞ

□ij
− 1

λ2V
2
3

0

�
τkδiaδ

j
b; ð2:12Þ

where hðλÞ
□ij

is the holonomy around square □ij. However,

realizing the classical limit Ar□ → 0, while well defined in
classical theory, will not be possible in loop quantization
due to the lack of continuity of the family of holonomy
operators. Therefore, instead of taking that limit, we set the
length of the loop side via a quasiphenomenological input
from full LQG demanding that its physical area be twice
the smallest nonzero eigenvalue of the area operator from
LQG [30]—the smallest nonzero area value of the surface
pierced by a single LQG graph edge labeled by a
fundamental SUð2Þ representation (j ¼ 1=2), which choice
is motivated by studies on reconciling LQC with LQG (see,
for example, [31,37]). That value is exactly the area gap Δ
introduced in (2.1). This sets the fiducial length of the
plaquet edge to

λ ¼ μ̄ðv; bÞ ¼
ffiffiffiffi
Δ

p
ðαjvjÞ−2

3; ð2:13Þ

which gives the final regularized form of HE,

HE ¼ −
2sgnðvÞ
κγμ̄3

X
ijk

ϵijkTrðhðμ̄Þi hðμ̄Þj ðhðμ̄Þi Þ−1ðhðμ̄Þj Þ−1

× hðμ̄Þk fðhðμ̄Þk Þ−1; VgÞ: ð2:14Þ

The quantization procedure itself forHE has been carried
out in detail in [17,21]: after implementing (2.13) and
(2.14), reexpressing quantum holonomies and volumes in
terms of operators (2.7)

V̂¼ αjvjI; ĥðμ̄Þk ¼ 1

2
ðN̂þ N̂−1Þ− ðN̂− N̂−1Þiτk; ð2:15Þ

and choosing symmetric factor ordering, we arrive at the
final form

dNHE ¼ 12πGγ2½
ffiffiffiffiffiffi
jvj

p
ðN̂2 − N̂−2Þ

ffiffiffiffiffiffi
jvj

p
�2: ð2:16Þ

At this point the reason for a bit involved choice of
representing the connections and triad in (2.3) becomes
apparent—the choice is, in fact, tailored to an implemented
regularization procedure.
Now, we proceed with implementing the regularization

for the Lorentzian part. Here, however, there is no con-
sensus regarding the prescription choice. For the specified
(restriction of the) holonomy-flux algebra and the funda-
mental representation of holonomies, there are, in fact,

5In LQC, due to symmetries, one can introduce a triad operator
identifying it with a flux across the unit square. This is, however,
not possible in full LQG.
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three proposals substantially discussed in the literature. We
will introduce and briefly discuss them below.

1. Mainstream loop quantum cosmology

The earliest and most popular regularization prescription
in LQC is based on an observation that on the classical level
Ki

a can be rewritten as Ki
a ¼ 1

γ ðAk
a − Γi

aÞ; thus,

EaiEbjKj
½aK

i
b� ¼

1

2γ2
ϵijkEaiEbjðFk

ab − Ωk
abÞ; ð2:17Þ

withΩk
ab being the curvature of spin connection Γi

a. Thanks
to that, the Lorentzian part is constituted by two terms: one
proportional to the Euclidean part, and one corresponding
to the Ricci curvature (vanishing for a flat geometry). But
for flat model Ωk

ab ¼ 0, thus the Lorentzian part is only
proportional to the Euclidean part and can be subsumed
into it. Such a procedure has been implemented, for
example, in the original studies of the isotropic universe
dynamics in LQC [17,21]. The final result (for flat
geometry) then reads

T̂ ¼ 1

2γ2
ĤE: ð2:18Þ

It is, however, worth pointing out that this procedure is
not tied to LQC only. The discussed splitting of the
Lorentzian part of the Hamiltonian constraint can be
implemented also in full GR, and thus in full LQG
(provided an adequate three-dimensional (3D) Ricci cur-
vature operator can be constructed). Viable proposals for
the curvature operator needed here have been introduced
already in [38], making the prescription applicable in the
full theory context.
The procedure of completing the quantization program

and extracting the physical prediction for this prescription
has been originally carried out in [17,21]. Since these steps
will be discussed in this paper in greater detail in the context
of a prescription not yet fully analyzed,wewill skip it for this
one, just recalling the main results. The systematic pro-
cedure of solving the quantum Hamiltonian constraint
(finding its kernel) had led to a picture, where the field ϕ
could be used as a matter clock and the evolution (with
respect to that clock) was generated by the square root of the
operator Θ̂ ¼ − dNCgr—a non-negative definite second order
difference operator, which has been shown to be self-adjoint
[39], thus generating a unique unitary evolution. The
evolution picture resulting from it featured a contracting
large semiclassical universe which at Planckian matter
energy densities bounced back into an expanding one
(preserving semiclassicality). The exact bounce point is
identified by a specific (critical) value of matter-energy
density ρc ≈ 0.41ρPL.

2. Strict Thieman regularization

Another possibility is the algorithm proposed originally
by Thiemann [19] for full LQG. There, one expresses Ki

a
via a Poisson bracket:

Ki
a ¼

1

κγ3
fAi

a; fHE; Vgg; ð2:19Þ

which in cosmological settings (in improved dynamics
scheme [17]) reduce to

Ki
a ¼ −

2

3κγ3μ̄
hðμ̄Þi fðhðμ̄Þi Þ−1; fHE; Vgg; ð2:20Þ

where hðμ̄Þi is a holonomy along an edge of a plaquet
defined in Sec. II B [see Eq. (2.13)]. This approach was
originally applied in the context of LQC in [22] while the
mathematical properties of the Hamiltonian constraint and
the resulting dynamics were analyzed in detail in [40].
Unlike in mainstream LQC, here the (square of the)
evolution generator Θ is a difference operator of the fourth
order. Furthermore, instead of admitting a unique self-
adjoint extension, it admits an entire [Uð1Þ labeled]
one-dimensional family of them, each extension choice
corresponding to a particular reflective condition at v ¼ ∞.
This means that determining the unitary evolution uniquely
requires supplementing additional boundary data. The
resulting dynamics picture (the same for each extension)
significantly altered the mainstream LQC bounce picture: a
large semiclassical contracting universe undergoes a
bounce at a bit lower critical density in comparison to
the mainstream LQC (about 0.19ρPl) but then, instead of
reentering classical expansion, it undergoes very rapid
inflation as the quantum gravity effects mimic a very large
(about 1.03l−2

Pl ) cosmological constant. The inflating uni-
verse reaches an infinite scale factor for a finite value of the
scalar field time, then reflects from it (with the details of
reflection governed by the choice of the self-adjoint
extension), deflates back, undergoes a second bounce,
and only after that reenters the expansion epoch accurately
described by GR.

3. Yang-Ding-Ma regularization

Along with implementation of the strict Thiemann
regularization to isotropic cosmology [22], yet another
prescription has been proposed. It is based on the idea of
approximating the extrinsic curvature 1-form via

Ki
a ¼

1

γ
Ai
a: ð2:21Þ

Upon implementing it the Lorentzian part of the gravita-
tional Hamiltonian constraint becomes
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T ¼ 1

2κγ2

Z
V
d3x

EaiEbjffiffiffiffiffiffiffiffiffiffiffiffiffi
detðhÞp Aj

½aA
i
b�: ð2:22Þ

On the classical level, it is still equivalent to T provided in
(2.5). In the isotropic setting it reduces to

T ¼ −
2sgnðvÞ
κ2γ3

ϵijkTrðcτicτjfcτk; VgÞ;

cðb; vÞ ¼ 6πγGℏ

α
2
3

bjvj13: ð2:23Þ

To rewrite it in terms of the holonomies, the following
identities have been implemented [22]:

cτi ¼ lim
μ̄→0

1

2μ̄
ðhðμ̄Þi − ðhðμ̄Þi Þ−1Þ; ð2:24aÞ

fcτk; Vg ¼ hðμ̄Þk fðhðμ̄Þk Þ−1; Vg ð2:24bÞ

[where again, instead of taking the limit λ → 0, the value
λ ¼ muðv; bÞ provided in (2.13) was taken], and thus the
Lorentzian part of the gravitational Hamiltonian constraint
becomes

T ¼ sgnðvÞ
2κ2γ3μ̄3

X
ijk

ϵijkTr
�
ðhðμ̄Þi − ðhðμ̄Þi Þ−1Þðhðμ̄Þj − ðhðμ̄Þj Þ−1Þ

× hðμ̄Þk fðhðμ̄Þk Þ−1; Vg
�
: ð2:25Þ

Preliminary studies of the (possible) dynamics resulting
from this prescription have been performed in [22] already.
The evolution picture again features a single bounce as a
transition between contracting and expanding epochs
(both large semiclassical), just happening at a bit different
critical energy density—about 1.73ρPl. However, these
studies have been performed via the zeroth order effective
dynamics—a heuristic method that already implicitly
assumes the existence of a sufficiently large semiclassical
sector of the quantum theory. Neither the structure of the
physical Hilbert space nor the uniqueness of the evolution
has been probed. What is more worrisome, the studies of
the numerical von Neumann stability of the eigenvalue
problem of the quantum evolution generator in [25]
indicated that the existence of sufficiently large physical
Hilbert space, let alone the presence of a semiclassical
sector, is not trivial. For this reason, we will supplement the
missing genuine quantum analysis for this prescription in
the subsequent sections.

III. YANG-DING-MA REGULARIZATION
IN LOOP QUANTUM COSMOLOGY

From now on we will focus on the Yang-Ding-Ma
regularization recalled above. Having at our disposal the
Hamiltonian constraint in the regularized form we can now

proceed with constructing its quantum counterpart and
verifying the self-adjointness of its gravitational part. The
material presented here consisted of a part of the master
thesis [41] of one of the authors.

A. Regularization and Θ̂ in volume representation

We start by pointing out that, because the quantization of
the gravitational part and scalar field part has been carried
separately, we are able to treat kinematical Hilbert space as
a tensor product of Hgr and Hϕ.
By assembling together all the terms of the Hamiltonian

constraint using (2.4), (2.9), (2.14), and (2.25), promoting
holonomies and volumes to operators, substituting them
with chosen fundamental operators V̂; N̂ via (2.15), and
promoting ðϕ; pϕÞ to operators, we can write the total
Hamiltonian constraint as

Ĉtot ¼ 1gr ⊗ ðiℏ∂ϕÞ2 − Θ̂ ⊗ 1ϕ: ð3:1Þ

where Θ̂ in symmetric ordering takes the form

Θ̂ ¼ −3πGℏ2γ2
ffiffiffiffiffiffi
jv̂j

p
ðN̂2jv̂jN̂2 − sN̂jv̂jN̂ þ 2ðs − 1Þjv̂j

− sN̂−1jv̂jN̂−1 þ N̂−2jv̂jN̂−2Þ
ffiffiffiffiffiffi
jv̂j

p
ð3:2Þ

with s ¼ 4ð1þ γ2Þγ−2.
Let us focus for a moment on the properties of Θ̂. From

(3.2) we immediately see that it is a difference operator of
the fourth order. Furthermore (similar to the other two
prescriptions), it naturally splits Hgr onto subspaces
(preserved by its action) Hϵ of restrictions of gravitational
states to those supported on the lattices

Lϵ ¼ fϵþ 4n; n∈Zg; ϵ∈ ½0; 4�: ð3:3Þ

An important feature for further studies is that, whileHgr in
itself is nonseparable, each Hϵ is separable. Provided that
observables are constructed in a way that they also leaveHϵ

invariant, the latter become superselection sectors. One can
thus choose one of them and restrict the analysis to it. For
further studies, we choose the one corresponding to ϵ ¼ 0.
This choice is distinguished by historical reasons, as in
earlier works it has been selected to avoid a perception of
removing the singularity by hand by jumping over v ¼ 0
eigenstates. Consequently, most works implementing the
selection of a single ϵ sector followed this choice. One has
to remember, however, that there is no physical argument
for selecting a particular value of ϵ and one can work as
well with different choices. A priori it is even possible to
consider all the sectors at once by building an integral
Hilbert space [42] which is also separable.
Furthermore, the operator (3.1) is symmetric under

transformation v → −v (triad orientation change). Since
there is no need for probing the orientation (no fermionic
matter) in constructing observables, we will preserve that
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property. Therefore Hϵ (in particular Hϵ¼0) can be further
divided onto two superselection sectors: symmetric and
antisymmetric. We choose to work with the symmetric one
from now on. This choice, while natural, is not singled out
physically. One can work as well with the antisymmetric
sector.
Choices of different sectors (regarding both ϵ and

symmetry/antisymmetry) have been studied in detail in
context of the mainstream LQC regularization (see, for
example, [21,43–45]). While the mathematical details
(such as the exact structure of the Hilbert space or the
exact form of the point discrete spectrum of operators)
could differ, the predicted physics was in all cases the same.
Consider now an eigenvalue problem for Θ̂ on a chosen

superselection sector. An eigenfunction eω corresponding
to the eigenvalue ω2 [only the positive part of Θ̂ can
contribute to the kernel of (3.1)] must satisfy a recurrence
relation

f−4eωðvþ 4Þ ¼ f−2eωðvþ 2Þ þ ðω2 − f0ÞeωðvÞ
− fþ4eωðv − 4Þ þ fþ2eωðv − 2Þ; ð3:4Þ

where

fþ4 ¼
ffiffiffi
v

p ffiffiffiffiffiffiffiffiffiffiffi
v − 4

p
jv − 2j; f−4 ¼

ffiffiffi
v

p ffiffiffiffiffiffiffiffiffiffiffi
vþ 4

p jvþ 2j;
ð3:5aÞ

fþ2 ¼ s
ffiffiffi
v

p ffiffiffiffiffiffiffiffiffiffiffi
v − 2

p
jv − 1j; f−2 ¼ s

ffiffiffi
v

p ffiffiffiffiffiffiffiffiffiffiffi
vþ 2

p jvþ 1j;
ð3:5bÞ

f0 ¼ 2ðs − 1Þv2: ð3:5cÞ

Since the functions supported at v ¼ 0 again decouple, the
solutions to this recurrence relation are uniquely deter-
mined by the free data specified on v ¼ 2 and v ¼ 4; thus

the space of solutions has dimension 2. Attempts to find the
solutions eω numerically have shown that the problem is
unstable. Generically the solutions grow exponentially as it
is shown (for particular eigenvalue ω ¼ 10) in Fig. 1(a).
This is an unfortunate difference with respect to the other
two prescriptions discussed here—in volume representa-
tion, the eigenfunctions of Θ̂ cannot be numerically
evaluated from initial data.
The instability of these solutions was first identified via a

von Neuman stability analysis in [25] where the large
volume behavior of the equation has been studied. Here we
recall the roots of this equation:

1; 1; ð3:6aÞ

2þ γ2 − 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2

p
γ2

;
2þ γ2 þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2

p
γ2

; ð3:6bÞ

where, while the first pair is made of two identical roots
equal to one, in the second pair at least one is clearly greater
than unity. This gives hope that physical Hilbert space is
spanned by some smaller proper subspace of the space of
solutions to the initial value problem. Such an expectation
has indeed been stated in [25], and subsequently, the
second pair of roots has been excluded for consideration
of the effective dynamic. Here, we will provide verification
to this expectation by studying the properties of Θ in the
momentum b representation—an approach which has
proven to be very successful for the other two regulariza-
tions [29,40].

B. Operator Θ̂ in b representation

We begin with defining a type of a Fourier trans-
formation of a wave function expressed in v variable to
the momentum b as

FIG. 1. An example of a (generic) solution to an initial value problem corresponding to an eigenvalue equation [(a) here corresponding
to ω ¼ 10] is compared against the actual element of the energy eigenbasis [(b) an example of ekðvÞ for k ¼ 20, marked by dots]. In the
latter we observe the exponential suppression in a classically forbidden (subbounce) region and a convergence to a WDW standing wave
(marked by a solid curve) in a large volume limit.
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½Fψ �ðbÞ ¼
X
v∈Lϵ

1ffiffiffiffiffiffijvjp ψðvÞeivb2 ; ð3:7Þ

where (unlike in the other two prescriptions) the domain
of b is a circle of the unit radius rather than a half unit.
The functions symmetric in v are transformed into ones
satisfying reflection symmetry about b ¼ π (as the point
antipodal to b ¼ 0 on the unit circle), that is,

ψðvÞ ¼ ψð−vÞ ⇔ ½Fψ �ðbÞ ¼ ½Fψ �ð2π − bÞ: ð3:8Þ

The inverse of the above transformation is

½F−1ψ �ðvÞ ¼ 1

π

ffiffiffiffiffiffi
jvj

p Z
2π

0

dbψðbÞe−ivb2 : ð3:9Þ

Following (2.8) the scalar product in the volume repre-
sentation takes the form

hψ1jψ2i ¼
X
v∈Lϵ

ψ̄1ðvÞψ2ðvÞ; ð3:10Þ

which in b representation transforms into

hψ1jψ2i¼
1

π2
X
v∈Lϵ

jvj
Z

dbdb0ψ̄1ðb0Þeivb
0

2 ψ2ðbÞe−ivb2 : ð3:11Þ

Unfortunately, in the general form, it cannot be compacted
to a single integral due to the presence of the absolute value
of the volume. One can, however, introduce projections P�

onto positive/negative v, that is, ½P�ψ �ðvÞ ¼ θð�vÞψðvÞ,
which for chosen superselection sector ϵ ¼ 0 are orthogo-
nal. Then on each subspace, the product simplifies to a
local form

hψ1jψ2i� ¼ � 1

π2
X
v∈Lϵ

Z
dbdb0ψ̄1ðb0Þvψ2ðbÞe−i

vðb−b0Þ
2

¼ � 1

π

Z
dbdb0ψ̄1ðb0Þð−2i∂bÞψ2ðbÞδðb − b0Þ

¼ ∓ 2i
π

Z
dbψ̄1ðbÞ∂bψ2ðbÞ; ð3:12Þ

and the whole scalar product can be expressed as

hψ1jψ2i ¼ hPþψ1jPþψ2iþ þ hP−ψ1jP−ψ2i−: ð3:13Þ

At this point it is worth noting that since we have chosen to
work with the symmetric states, the entire information
about the wave function is contained in the positive v
domain. Thus, in principle, one could restrict ourselves to
work with non-negative and greater than 2 values of v for
which the inner product formula (3.12) features the minus
sign and only the first term in (3.13) is relevant. This feature
will become useful further in the paper.

Applying the above decomposition, it is straightforward
to find the action of the volume and the shift operator

½V̂ψ �ðbÞ ¼ −½2iα∂bðPþ − P−Þψ �ðbÞ;

½N̂ψ �ðbÞ ¼
�

1ffiffiffiffiffiffijv̂jp exp

�
ib
2

� ffiffiffiffiffiffi
jv̂j

p
ψ

�
ðbÞ; ð3:14Þ

which allows one to write the operator Θ̂ as a differential
operator of the second order

Θ̂ ¼ 12πGℏ2γ2
�
ðsinðbÞ∂bðPþ − P−ÞÞ2

−
4ð1þ γ2Þ

γ2

�
sin

�
b
2

�
∂bðPþ − P−Þ

�
2
�

¼ −12πGℏ2γ2ðfðbÞ∂2b þ hðbÞ∂bÞ; ð3:15Þ

where

fðbÞ ¼ 4sin2
�
b
2

��
1þ γ2

γ2
− cos2

�
b
2

��
;

hðbÞ ¼ sinðbÞ
�
1þ γ2

γ2
− cosðbÞ

�
: ð3:16Þ

Note that fðbÞ is explicitly positive on b∈ ð0; 2πÞ, and thus
the total constraint (3.1) is [on the domain ð0; 2πÞ ×R] a
hyperbolic partial differential equation. Now, we wish to
introduce a new variable as a function of b so that the
equation for evolution takes the strict Klein-Gordon (KG)
form. After application of the chain rule, along with
condition

γ2fðbÞ
�
dx
db

�
2

¼ 1; ð3:17Þ

xðbÞ can be integrated out analytically, giving

xðbÞ ¼ − tanh−1
� ffiffiffi

2
p

cosðb
2
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2þ γ2 − γ2 cosðbÞ
p �

; ð3:18Þ

where a sign is set by the requirement that ∂bxðbÞ > 0 and
the free additive constant has been fixed by demanding that
xðb ¼ πÞ ¼ 0, making xðbÞ antisymmetric with respect to
b ¼ π. Under this choice, due to (3.8) the symmetry in v
will be equivalent to the symmetry in x. On the boundaries
of the domain in b the new variable reaches the following
limits:

lim
b→0

xðbÞ ¼ −∞; lim
b→2π

xðbÞ ¼ ∞; ð3:19Þ

and thus, the set ð0; 2πÞ is transformed onto the whole real
line. Furthermore, xðbÞ is differentiable on the whole
domain.
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In the new coordinate the operator Θ̂ now reads

Θ̂ ¼ −12πGℏ2
∂
2
x; ð3:20Þ

and the scalar product takes the form

hψ1jψ2i ¼ hPþψ1jPþψ2iþ þ hP−ψ1jP−ψ2i−;

hψ1jψ2i� ¼ ∓ 2i
π

Z
∞

−∞
dxψ̄1ðxÞ∂xψ2ðxÞ: ð3:21Þ

Now it is also easy to reexpress in the new coordinate
the volume operator: after expressing dx

db as a function of x
we get

V̂ ¼ −i
αffiffiffiffiffiffiffiffiffiffiffiffiffi

γ2 þ 1
p fðxÞ∂xðPþ − P−Þ; ð3:22Þ

where fðxÞ ¼ ðγ2 tanh2ðxÞ þ 1Þ coshðxÞ.
This coordinate system and the newly found simple

forms of Θ̂ and V̂ will be used next in the studies of the self-
adjointness of Θ̂ and the dynamics.

C. Deficiency analysis

Let us start with verifying the self-adjointness of Θ̂ first.
One of the very convenient explicit methods of doing so is
the analysis of the deficiency subspaces [46]. Those are
defined in the space dual to Hgr as spaces of normalizable
functions satisfying

∀ϕ∈Dðϕ�jΘ̂ ∓ iIjϕi ¼ 0; ð3:23Þ

where D is a domain where the action of Θ̂ is well defined.
We choose for it the Schwartz space.
The dimensionality of the eigenspaces corresponding to

pure imaginary eigenvalues does not change when the
eigenvalue is rescaled by a positive real factor. Thus,
instead of working with Θ̂ given by (3.20) directly we
can define operator Θ̃ such that

Θ̂ ¼ 12πGℏ2Θ̃: ð3:24Þ

For that operator, the deficiency functions ψ� must satisfy
the differential equation

∂
2
xψ

� ¼ �iψ�; ð3:25Þ

which is straightforward to solve analytically. The solutions
are of the form

ψþ¼cþ
�
exp

�
1þiffiffiffi

2
p x

�
þexp

�
−
1þiffiffiffi

2
p x

��
≕cþψo;

ψ−¼c−
�
exp

�
1−iffiffiffi
2

p x

�
þexp

�
−
1−iffiffiffi
2

p x

��
¼c−ψ̄o; ð3:26Þ

where c� ∈C.
To probe their normalizability, we estimate their behav-

ior in v representation for large jvj. Because of the
symmetry of ψ� and the form of the solutions (3.26) it
is enough to check the function ψo for large positive v. We
proceed with plugging it into the transform (3.9) and using
the stationary phase method. First, let us decompose ψo
onto the modulus and phase

ψoðvÞ ¼
ffiffiffiffiffiffijvjp
π

Z
2π

0

dbjψoðbÞjeiφðbÞe−vb
2 : ð3:27Þ

The dominant contributions to the above integral will come
from the neighborhoods of the critical points, where
∂bφðbÞ ¼ v=2. Because of the form of ψo those correspond
to large positive values of xðbÞ, for which ϕoðbÞ can be very
accurately approximated by its first (exponentially ampli-
fied) term. Thus for large v

ψoðvÞ ≈
Z

2π

0

dbe
xðbÞffiffi

2
p
eið

xðbÞffiffi
2

p −vb
2
Þ: ð3:28Þ

The critical points [for which ½∂bx�ðb⋆Þ − v=2 ¼ 0] are the
solutions to the equation

fðbÞ ¼ 4

γ2v2
; ð3:29Þ

where f is a function defined in (3.16). For large v there are
two solutions: one close to b ¼ 0 and one close to b ¼ 2π;
however, we can neglect the first one as near it the integrand
of (3.28) will be exponentially suppressed.
Expanding function fðbÞ (up to a leading term) we find

the approximate solution for the critical point of interest

b⋆ ≈ 2π −
2

v
: ð3:30Þ

Similarly expanding the trigonometric functions in (3.18)
and rewriting artanh in terms of logarithms we arrive to an
approximation on xðb⋆Þ,

xðb⋆Þ ≈
1

2
lnðv2Þ: ð3:31Þ

Using the relation (3.17), the formula (3.16) for fðbÞ,
applying the expansion into power series, and substituting
(3.30) we also obtain estimates of the derivatives of x,
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x0ðb⋆Þ ≈
v
2
; x00ðb⋆Þ ≈

v2

4
: ð3:32Þ

Now, applying the stationary phase approximation to (3.28)
for the critical point b⋆ we get

ψoðvÞ ≈
ffiffiffi
v

p
π

e
xðb⋆Þffiffi

2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p
π

x00ðb⋆Þ

s
exp

�
i

�
xðb⋆Þffiffiffi

2
p −

vb⋆
2

þ π

4

��
;

ð3:33Þ

and finally substituting (3.31) and (3.32) we arrive to an
estimate on the magnitude for large positive v,

jψoðvÞj ∼ v
ffiffi
2

p
−1
2 : ð3:34Þ

Since the power is strictly positive, ψo is not normalizable
on Hgr. Thus, hψþjψþi and hψ−jψ−i are not finite unless
both the coefficients c� vanish. Thus, both deficiency
subspaces are spanned only by a zeroth vector, meaning

dimðKþÞ ¼ 0; dimðK−Þ ¼ 0: ð3:35Þ

As a consequence, the operator Θ̂ is essentially self-adjoint
on the domain D [46].
Having established the self-adjointness of Θ̂ we can now

calculate its spectrum and calculate the basis of Hgr

following from its spectral decomposition.

D. Energy basis on Hgr

For the reasons that will become apparent in Sec. IVA
[essentially due to negative definiteness of ∂2ϕ and the form
of the Hamiltonian constraint (3.1)] only the positive part of
the operator Θ is relevant for the description of the studied
system. As a consequence, the eigenvalue problem relevant
for its spectral decomposition can be formulated as

p2
ϕψ ¼ ω2ℏ2ψ ¼ Θ̂ψ : ð3:36Þ

Given the form (3.20) of Θ solving it in b representation is
straightforward:

ψkðbÞ ¼ Nþ
k e

ikxðbÞ þ N−
k e

−ikxðbÞ;

ωðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
12πG

p
k; k ≥ 0; ð3:37Þ

where N�
k are normalization constants. In particular, the

symmetric eigenstates will be described by the following
eigenfunctions:

ψkðbÞ ¼ Nk cosðkxðbÞÞ; ð3:38Þ

where Nk is again a normalization constant; thus, in the
symmetric sector the eigenspaces are nondegenerate.

As in b representation the inner product onHgr does not
have a simple local form, so normalizing (3.38) is a bit
involved. First, by transforming ψk back to v representation
(see Appendix B) we observe that in the large v limit it
converges to a certain combination (reflected plane wave)
of eigenfunctions of the geometrodynamical (Wheeler-
DeWitt) analog of the studied model (recalled in more
detail in Appendix A). Namely, from (B16) we have

ψkðvÞ ¼ Nk
4ffiffiffi
π

p k sinh

�
kπ
2

�
½Γð−ikÞe−ikðσ0þlnð2ÞÞekðvÞ

þ ΓðikÞeikðσ0þlnð2ÞÞe−kðvÞ� þOðjvj−3=2Þ
¼ Nkð2

ffiffiffi
k

p
þOðe−kπ

2 ÞÞ½e−ikϕoðkÞekðvÞ
þ eikϕoðkÞe−kðvÞ þOðjvj−3=2Þ�; ð3:39Þ

where ek are the elements of the orthonormal basis of
gravitational Hilbert space in the Wheeler-DeWitt (WDW)
analog of the model (A6) and the k-dependent phase offset
ϕo is defined via relation

ΓðikÞe−ikðσ0þlnð2ÞÞ ≕ jΓðikÞje−ikϕoðkÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

π

k sinhðkπÞ
r

e−ikϕoðkÞ; ð3:40Þ

while σ0 is given by (B8).
By inserting the above formula into the inner product on

Hgr, noting that the contributions involving the remnant are
finite, and approximating the sum over (a portion of the)
lattice Lϵ¼0 by an integral. we arrive to the estimate (B17),

hψkjψk0 i¼
16kN2

k

sinhðkπÞsinh
2

�
kπ
2

�
δðk−k0Þþfðk;k0Þ

¼8kN2
kð1þOðe−kπ=2ÞÞδðk−k0Þþfðk;k0Þ; ð3:41Þ

where f is a function. This, the asymptotic behavior (3.39),
the fact that the spectrum of the WDW counterpart Θ of Θ
(see Appendix A) is continuous, and SpðΘÞ ¼ Rþ allow us
to conclude that the (positive part of the) spectrum of Θ is
also continuous and SpðΘÞ ¼ Rþ. In consequence the
function f must vanish, and we can explicitly construct
the orthonormal basis ekk∈Rþ , where (B18)

ekðbÞ ¼
1

2
ffiffiffi
k

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinhðkπÞp

sinhðkπ=2Þ cosðkxðbÞÞ

¼ 1ffiffiffiffiffi
2k

p ð1þOðe−kπ=2ÞÞ cosðkxðbÞÞ: ð3:42Þ

Having at our disposal elements of the basis in gravi-
tational Hilbert space, we can now make a final comment
on the instability of the eigenvalue problem described in
Sec. III A. By choosing to work with symmetric eigenstates
described by formula (3.38), we can go back to volume
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representation by applying transform (B2). A result of such
a transformation [the basis element ekðvÞ for k ¼ 20] is
presented in Fig. 1(b) (marked by red dots) along with a
combination of eigenfunctions of the Wheeler-DeWitt
model (blue line) described via (B16), which, in fact, is
a large v limit to which the chosen basis element converges.
One can, in particular, see the same qualitative features as
those of an evolution operator eigenfunction in mainstream
LQC: (i) a suppression below the bounce point, (ii) regular
oscillatory behavior in a classically allowed region, and
(iii) the convergence to a certain standing wave in the
Wheeler-DeWitt analog of the model studied. It is note-
worthy that for this prescription standard numerical meth-
ods allow one to reliably determine the eigenfunctions only
for relatively small k. For larger ones the numerical noise
partially masks the subbounce suppression, not allowing
for a reliable application of the result in the genuine
quantum analysis such as the one of [21]. Nevertheless
(as the analytical studies of Sec. III D have shown), this
function behaves well on its respective domain, and the
whole set with a scalar product will form a proper
gravitational Hilbert space which is a subspace of the
solutions to (3.1). This deficiency of numerical methodol-
ogy is the main reason why the analytical method of
probing the dynamics has been used instead.
Since many relevant physical observables (for example,

volume) involve the projection operators p� onto a
particular orientation of v, it is necessary to determine
how these projections act on our basis elements. For that,
let us introduce a pair of projectors P̃� projecting onto the
subspaces of left-hand/right-hand moving plane waves in
an x coordinate. On the symmetric basis element they act as
follows:

½P̃�ek�ðbÞ ¼
Nk

2
e�ikxðbÞ; ð3:43Þ

where Nk is again provided by (B18). By relatively simple
calculations (see again Appendix B) one can show that
[following (B23)]

½P�ek�ðbÞ ¼
sinhðkπ=2Þ
sinhðkπÞ ½e�kπ

2 ½P̃þek�ðbÞ þ e∓kπ
2 ½P̃−ek�ðbÞ�

¼ ½P̃�ek�ðbÞ þO

�
e−kπffiffiffi

k
p

�
: ð3:44Þ

In consequence, the action of P� on states peaked about
large k (the class relevant for the description of large
universes) is with great accuracy approximated by the
action of P̃�.

IV. DYNAMICS

Having at our disposal the quantum Hamiltonian
constraint (3.1) of which all components are essentially

self-adjoint, we now can proceed with the next step of the
Dirac program—solving the quantum constraint and con-
structing a set of physically meaningful observables. For
this, we can directly apply the procedure already used in
mainstream LQC [21] originating from group averaging
techniques [47].

A. Physical Hilbert space and observables

Given that the quantum Hamiltonian constraint has an
explicit separable form (3.1) where both component oper-
ators are essentially self-adjoint, it is also essentially self-
adjoint; thus, its exponents UðλÞ ≔ expðiλĈtotÞ form a
group of unitary transformations. Then one can build a
rigging map [47]

H�
phy ∋ ηjψi ¼

�Z
R
dλUðλÞjψi

�†

¼
Z
R
dλhψ je−iλĈtot ; ð4:1Þ

projecting onto the (dual of the) physical Hilbert space, of
which the inner product is also induced via η

ðηψ jηχÞ¼
Z
R
dλhχjU−1ðλÞjψi¼

Z
R
dλhχje−iλĈtot jψi: ð4:2Þ

On the Hilbert space Hgr we choose an orthonormal
basis of the eigenstates ðekj of the Θ operator [given in
(3.42)] and the eigenstates ðfωj of the operator i∂ϕ
(corresponding to the eigenvalue ω) and decompose the
states jψi, jχi in it:�
ðekj ⊗ ðeωj

�
jψi≕ψðk;ωÞ;�

ðekj ⊗ ðeωj
�
jχi≕ χðk;ωÞ; k∈Rþ;ω∈R: ð4:3Þ

The action of the constraint Ĉtot on the chosen basis yields�
ðekj⊗ ðeωj

�
Ĉtot¼ℏ2ðω2−12πGk2Þ

�
ðekj⊗ ðeωj

�
ð4:4Þ

which in turn (together with the orthonormality of
the selected basis) allows one to easily evaluate the
integral (4.2)

ðηψ jηχÞ ¼
Z
Rþ

dk
k
ψ̄ðk; βkÞχðk; βkÞ

þ
Z
Rþ

dk
k
ψ̄ðk;−βkÞχðk;−βkÞ; ð4:5Þ

where β ¼ ffiffiffiffiffiffiffiffiffiffiffi
12πG

p
. As a consequence, each physical state

can be represented by a pair of spectral profiles. For
example in the ðv;ϕÞ representation
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ψðv;ϕÞ ¼
Z
Rþ

dkψþðkÞekðvÞeiβkϕ

þ
Z
Rþ

dkψ−ðkÞēkðvÞe−iβkϕ: ð4:6Þ

Per similarity with the Klein-Gordon equation (with ϕ
being an analog of time), the two above terms are
interpreted as positive/negative energy ones, respectively,
and constitute superselection sectors. In the Klein-Gordon
system one usually restricts attention to the positive
energy sector only. Following that, we will apply this
restriction here [thus setting ψ−ðkÞ ¼ 0 and dropping the
þ marker in ψþðkÞ], though the negative sector can
easily be included with just minor adjustments to the
calculations.6

The constraint Ĉtot can be rewritten as a product of
commuting operators

Ĉtot ¼ Ĉþ
totĈ

−
tot; Ĉ�

tot ≔ �iℏI ⊗ ∂ϕ −
ffiffiffiffi
Θ

p
⊗ I; ð4:7Þ

where Ĉ�
tot annihilates the positive/negative energy parts of

the physical state, respectively. Thus, the restriction to the
positive energy sector can be implemented already on
the level of the group averaging procedure by selecting the
rigging map

H�
phy ∋ ηþjψi ¼

�Z
R
dλUþðλÞjψi

�†

¼
Z
R
dλhψ je−iλĈþ

tot ; ð4:8Þ

which yields the space of physical states corresponding
to (4.6) with ψ− set to zero and the physical scalar
product

hηψ jηχi ¼
Z
Rþ

dkψ̄ðkÞχðkÞ; ð4:9Þ

which is the textbook inner product for the Klein-Gordon
system.
The structure above is the same as the decomposition

with respect to the energy basis of states in Hgr; thus, one
can easily construct a unitary (inner product preserving)
transformation

Uϕ∶ Hphy → Hgr; ½UϕΨ�ðkÞ ¼ ΨðkÞeiβkϕ; ð4:10Þ

casting the wave function of the physical state onto its
constant ϕ slice. Thus, the physical state can be reinter-
preted as an evolution (with respect to the field ϕ) of
geometry states. That evolution is described by a family of
unitary operators Uϕo;ϕ ≔ U−1

ϕ Uϕo
. Such a procedure is

known as a deparametrization on a quantum level and the
field ϕ attains a role of an internal clock.
This picture further allows us to easily construct out of

any geometry observable Ô a family of Dirac observables
Ôϕ ¼ U−1

ϕ ÔUϕ measuring “quantity O at a given moment
of ϕ”7—the so-called partial observables [50,51].
Following the existing LQC literature, we will focus our
attention on the volume at fixed ϕ and the scalar field
momentum (measuring the “energy” with respect to the
scalar field “time”) of whose action on the state represented
by a wave function in ðx;ϕÞ variables reads

V̂ϕ0
Ψðx;ϕÞ≔ U−1

ϕ0
V̂Uϕ0

Ψðx;ϕÞ ¼ αeiðϕ−ϕ0Þ
ffiffiffi
Θ

p
jvjΨðx;ϕ0Þ;

p̂ϕΨðx;ϕÞ ¼ −iℏ∂ϕΨðx;ϕÞ; ð4:11Þ

where α is the constant defined in (2.1). Note that
on physical states p̂ϕ ¼ ffiffiffiffi

Θ
p

, thus p̂ϕ is a constant of
motion.
To probe the system dynamics we need to evaluate the

expectation values of the selected observables (4.11). In
practice, evaluating them boils down to the evaluation of
the expectation values of the kinematical observables V̂,ffiffiffiffi
Θ

p
at the respective slices of the constant value of ϕ.

Since the states most relevant from the cosmological
point of view are those that are semiclassical in at least
one epoch of the evolution and describe a large universe,
in further studies, we will focus on the states that are
sharply peaked at pϕ ≫

ffiffiffiffi
G

p
ℏ and for which at least at

one ϕhV̂n
ϕi < ∞. As the wave function has a simple

analytic form in variable x, we will be performing the
calculations either in the x representation or directly in
the energy spectrum of Θ (further denoted as the k
representation).

B. Observables in energy representation

In the x variable the volume operator takes (modulo the
projections P�) a quite simple form (3.22). Furthermore, by
(3.44) the projections P� can be approximated by the
projections onto left-hand/right-hand moving plane waves
P̃� of which action on the chosen basis is again simple
(3.43). This, in particular, allows one to write an approxi-
mation of the inner product as

6In the case when the evolution is parametrized by a massless
scalar field restriction to a positive energy sector only may not
admit a semiclassical sector [48]. In such cases adding small tails
in the negative energy sector is needed in order to regularize the
infinities and restore the large subset of semiclassical states. This
issue will be discussed in more detail further in the paper in
Sec. V B 4.

7Such observables can also be constructed directly through
group averaging; see, for example, [49] for the details.
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hΨ1jΨ2i ¼ hUϕΨ1jUϕΨ2i≕ hΨ1ϕjΦ2ϕi

¼ 2i
π

�Z
∞

−∞
dx½P̃−Ψ1ϕ�ðxÞ∂x½P̃−Ψ2ϕ�ðxÞ −

Z
∞

−∞
dx½P̃þΨ1ϕ�ðxÞ∂x½P̃þΨ2ϕ�ðxÞ

��
1þOðe−hkiπÞ

�
¼ −

4i
π

�Z
∞

−∞
dx½P̃þΨ1ϕ�ðxÞ∂x½P̃þΨ2ϕ�ðxÞ

��
1þOðe−hkiπÞ

�
; ð4:12Þ

where in the first equality we applied the (straightforward
to see in v representation) equality between physical (4.9)
and geometry inner products and in the third one we
approximated the form (3.21) of the geometry inner
product with P� substituted with P̃�. In the last equality,
we took advantage of the symmetry of considered states.
For further simplification let us consider an approxima-

tion of the operators P̃� where Nk in (3.43) is replaced with
its approximation, that is,

½P�ek�ðxÞ ≔
1

2
ffiffiffiffiffi
2k

p e�ikx ⇒ ½P�ψ �ðxÞ

¼ 1

2
ffiffiffi
2

p
Z þ∞

0

dk
ψðkÞffiffiffi

k
p e�ikx: ð4:13Þ

Then, we can introduce an approximate inner product

hΨ1ϕjΨ2ϕi∼

≔ −
4i
π

Z
∞

−∞
dx½PþΨ1ϕ�ðxÞ∂x½PþΨ2ϕ�ðxÞ; ð4:14Þ

which approximates the exact inner product (4.12) again up
to the (multiplicative) correction ð1þOðe−hkiπÞÞ.
The operator V̂ can be approximated in a similar fashion

(with the correction of the same order). Before doing that,
let us, however, consider its slightly more general form,
namely

V̂ ¼ −iAfðxÞ∂xðPþ − P−Þ; ð4:15Þ

where A and fðxÞ are, respectively, constant and function
depending on x. An advantage of such a generalization is
that we will be able to apply the results of the calculations
to all the prescriptions presented in this article, just
inserting the value of A and the form of fðxÞ appropriate
for the prescription we choose to analyze. Then, we
approximate (4.15) by

Ṽ ¼ −iAfðxÞ∂xðPþ − P−Þ: ð4:16Þ

Note that when evaluating the expectation values hV̂ni∼ on
the symmetric states we can again approximate the operator
Ṽ by

Ṽþ ≔ −iAfðxÞ∂xPþ; ð4:17Þ

as the corrections due to neglecting crosstermsP−Pþ are of
the same order as in the previous approximations. Thus
for the calculations of the quantum trajectories VðϕÞ ¼
hΨV̂ϕΨi we will be using that form of the operator.
For further evaluations, it is more convenient to rewrite

the expectation value of Ṽ∼ in explicitly symmetric form

hṼþi¼−
4A
π

Z
∞

−∞
dx½PþΨ̄�ðxÞ∂xðfðxÞ∂x½PþΨ�ðxÞÞ

¼ 4A
π

Z
∞

−∞
dxð∂x½Pþ�Ψ̄�ðxÞÞfðxÞ∂x½PþΨ�ðxÞ: ð4:18Þ

Plugging the form (4.13) of Pψ into the above we get

hṼþ
ϕ i ¼ hUϕΨjṼþUϕΨi

¼ A
2π

Z
∞

−∞

Z
∞

0

Z
∞

0

dxdkdk0
�
∂x

Ψ̄ðk0Þffiffiffiffi
k0

p e−ik
0xe−iβk

0ϕ
�
fðxÞ∂x

ΨðkÞffiffiffi
k

p eikxeiβkϕ

¼ A
2π

Z
∞

−∞

Z
∞

0

Z
∞

0

dxdkdk0Ψ̄ðk0Þ
ffiffiffiffi
k0

p
fðxÞΨðkÞ

ffiffiffi
k

p
eiðk−k0ÞðxþβϕÞ: ð4:19Þ

Our goal is to reexpress the trajectory as a function of ϕ and
some constants of motion. One way of achieving that is to
rewrite the above expression (including all the operators)
entirely in k representation. This requires performing an
integral over x explicitly. To do that we expand function f
into Taylor series

fðxÞ ¼
X∞
n¼0

1

n!
fðnÞð0Þxn; ð4:20Þ

and further note that the action of x̂PþUϕ can be
written as
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½x̂PþUϕΨ�ðx;ϕÞ ¼
1

2
ffiffiffi
2

p
Z

∞

0

dkx
ψðkÞffiffiffi

k
p eikðxþβϕÞ ¼ 1

2
ffiffiffi
2

p
Z

∞

0

dk
ψðkÞffiffiffi

k
p ð−i∂k − βϕÞeikðxþβϕÞ

¼
��

i∂k −
i
2k

− βϕI

�
PþUϕΨ

�
ðx;ϕÞ: ð4:21Þ

Analogously

½x̂nPþUϕΨ�ðx;ϕÞ ¼
1

2
ffiffiffi
2

p
Z

∞

0

dk
ψðkÞffiffiffi

k
p ð−i∂k − βϕÞneikðxþβϕÞ: ð4:22Þ

Plugging the above into (4.19) we get

hṼþ
ϕ i ¼

A
2π

X∞
n¼0

Z
∞

−∞

Z
∞

0

Z
∞

0

dxdkdk0ψ̄ðk0Þ
ffiffiffiffi
k0

p
e−ik

0xe−iβk
0ϕ ð−1Þn

n!
fðnÞð0ÞψðkÞ

ffiffiffi
k

p
ði∂k þ βϕÞneikxeiβkϕ

¼ A
2π

X∞
n¼0

Z
∞

−∞

Z
∞

0

Z
∞

0

dxdkdk0ψ̄ðk0Þ
ffiffiffiffi
k0

p 1

n!
fðnÞð0Þði∂k þ βϕÞnψðkÞ

ffiffiffi
k

p
eiðk−k0Þxeiβðk−k0Þϕ

¼ A
X∞
n¼0

Xn
l¼0

�
n

1

�
1

n!
fðnÞð0ÞðβϕÞn−l

Z
∞

0

dkψ̄ðkÞ
ffiffiffi
k

p
ði∂kÞlψðkÞ

ffiffiffi
k

p

¼ A
X∞
l¼0

1

l!
fðlÞðβϕÞ

Z
∞

0

dkψ̄ðkÞ
ffiffiffi
k

p
ði∂kÞl

ffiffiffi
k

p
ψðkÞ

¼ A
X∞
l¼0

1

l!
fðlÞðβϕÞh

ffiffiffi
k

p
ði∂kÞl

ffiffiffi
k

p
i; ð4:23Þ

where to get to the expressions in the second, third, and
fourth lines we, respectively, performed integration by parts
n times (to act on the spectral profile), performed a
binomial decomposition of ði∂k þ βϕÞn, and finally re-
grouped and summed up all the terms by the order of the
derivative of f. In the last one, we identified the integral as
the expectation value of an operator

ffiffiffi
k

p ði∂kÞl
ffiffiffi
k

p
.

Similar, though a bit more tedious, calculations can be
performed to find the trajectory of ðṼþ

ϕ Þ2, needed to
determine the dispersion (variance) of the state. The
repetition of all the steps performed for (4.23) yields

hfVþ
ϕ
2i¼ 1

2
A2

X∞
l¼0

1

l!
hðlÞðβϕÞh

ffiffiffiffiffi
k3

p
ði∂kÞl

ffiffiffi
k

p
þ

ffiffiffi
k

p
ði∂kÞl

ffiffiffiffiffi
k3

p
i

ð4:24Þ
where hðlÞðyÞ ≔ ½∂lyf2�ðyÞ.
Both the formulas (4.23) and (4.24) will next be used to

determine the quantum trajectories (both expectation values
and variances) for the prescriptions described in this article,
with a particular focus on the Yiang-Ding-Ma prescription.

V. QUANTUM TRAJECTORIES

Given the form of a function f (known once a particular
prescription is selected), the results (4.23) and (4.24) allow

us to determine [up to corrections of the order Oðe−hkiπÞ]
both the trajectory and variance of VðϕÞ as an explicit
function of ϕ and two sequences of expectation values of
operators that are manifestly Dirac observables (thus
correspond to constants of motion). However, as the
expectation values of these observables may grow with
l, it is a priori not known whether under reasonable
semiclassicality conditions the series on the right-hand
side of (4.23) and (4.24) do converge. Therefore, it is
beneficial to reexpress the expectation values of discussed
Dirac observables via quantities more adapted to the notion
of semiclassicality. Very useful examples of such quantities
are the central moments in the so-called Hamburger
decomposition—a central component of the semiclassical
effective dynamics [52].

A. Semiclassical form of constants of motion

Our point of departure here is an observation that the
operators acting in k representation as k̂ and i∂k form
(modulo ℏ factor) a Heisenberg algebra, as ½k̂; i∂k� ¼ −iI.
Therefore, it is possible to define for them a set of central
moments introduced in Appendix C. It is straightforward to
check by inspection that the rescaling of the structure
constant in the algebra does affect neither the construction
(C1) and (C2) of the moments nor the decomposition of the
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composite operators (C3), though it will affect the Poisson
brackets between the moments. Given that, let us define the
auxiliary moments G̃ab as follows:

G̃a;b≔
Xa
k¼0

Xb
l¼0

ð−1ÞðaþbÞ−ðkþlÞ
�
a

k

��
b

l

�
hk̂ia−khi∂kib−lF̃k;l;

F̃a;b≔ hk̂aði∂kÞbi: ð5:1Þ

We then will attempt to express the expectation values of
composite operators present in the expressions for hṼþ

ϕ i
(4.17) and hðṼþ

ϕ Þ2i (4.24) in terms of these moments.
Because in their slightly different form this step will be
performed for the volume and its square separately.
However, at this step we have to strengthen our restrictions
on the studied semiclassical states, further requiring the
following:
(1) All the expectation values hk̂i, hi∂ki, F̃a;b are finite.
(2) The state is peaked at large “energy” hk̂i ≫ 1.
(3) On top of the above, the expectation values of

the negative powers of k must also remain finite:

∀ n∈Nhck−ni < ∞.
The reason for the last condition will become apparent
further in this section. Note that all the expectation values
involved in these conditions are constants of motion; thus,
the properties required will not be lost in the process of
dynamical evolution.

1. Volume

Let us focus our attention on the volume trajectory
described via formula (4.23). To express its right-hand side
by central moments, we first need to express the operatorsffiffiffi
k

p ði∂kÞl
ffiffiffi
k

p
in terms of the Weyl-ordered ones. In the first

step, we commute the operators
ffiffiffi
k

p
and ði∂kÞl in a

symmetric fashion to bring the square roots together into
integer powers

ffiffiffi
k

p
ði∂kÞl

ffiffiffi
k

p
¼ 1

2
ðkði∂kÞl þ

ffiffiffi
k

p
½ði∂kÞl;

ffiffiffi
k

p
�

þ ði∂kÞlk − ½ði∂kÞl;
ffiffiffi
k

p
�

ffiffiffi
k

p
Þ

¼ 1

2
ðkði∂kÞl þ ði∂kÞlkÞ þ

1

2
½

ffiffiffi
k

p
; ½ði∂kÞl;

ffiffiffi
k

p
��:

ð5:2Þ

By comparing the first term in the second line with the
McCoy formula for Weyl-ordered (further denoted by ∶ · ∶)
product operator

XnPk ¼ 1

2n

Xn
i¼0

�
n

i

�
XiPkXn−i ð5:3Þ

for X ¼ k̂, Y ¼ i∂k, we get

ffiffiffi
k

p
ði∂kÞl

ffiffiffi
k

p
¼ ∶kði∂kÞl∶þ

1

2
½

ffiffiffi
k

p
; ½ði∂kÞl;

ffiffiffi
k

p
��: ð5:4Þ

In the next step, we need to deal with the double
commutator appearing above. To do that, we recall the
(proven in [53]) useful formula allowing us to expand the
commutator involving function of one of the terms,

½Pl; fðXÞ� ¼
Xl

k¼1

ð−1Þkþ1

�
l

k

�
½P; X�kPl−kfðkÞðXÞ: ð5:5Þ

By applying it to both
ffiffiffi
k

p
terms in (5.4) we get

½
ffiffiffi
k

p
; ½ði∂kÞl;

ffiffiffi
k

p
��

¼
Xl

a¼1

Xl−a
b¼1

ð−1ÞðaþbÞ
�
l

a

��
l − a

b

�
× iaþbði∂kÞl−a−bð∂ak

ffiffiffi
k

p
Þð∂bk

ffiffiffi
k

p
Þ: ð5:6Þ

At this moment we note that all the terms in the above
expansion will have operators being products of natural
powers of i∂k and negative integer powers of k̂. Since we
are considering semiclassical states peaked at large k, we
can estimate the expression by its leading term

½
ffiffiffi
k

p
; ½ði∂kÞl;

ffiffiffi
k

p
�� ¼ lðl − 1Þ

8

�
ði∂kÞl−2

1

k
þ 1

k
ði∂kÞl−2

�
þOðhki−2Þ: ð5:7Þ

Treatingd1=k as a composite operator one could convert it to a
series involving hki and momentsG0n; however, the relation
(C3) cannot be immediately applied to the whole leading
term of (5.7) as it is not Weyl ordered. Thus, we resort to a

slightly more “primitive” approach: rewrite d1=k as

1̂

k
¼

d1
k0 þ ðk − k0Þ

¼
X∞
n¼0

ð−1Þn
knþ1
0

ðk̂ − k0IÞn; ð5:8Þ

for some chosen constant k0. Provided that the expectation
value hki of the state is sufficiently close to k0, the above
series will be convergent. Plugging this back into (5.7) and
grouping the terms by the power of k we get

1

2
h½

ffiffiffi
k

p
; ½ði∂kÞl;

ffiffiffi
k

p
��i ¼ lðl − 1Þ

16

1

k0

X∞
n¼0

Xn
a¼0

ð−1Þnþa

kn−a0

�
n

a

�
× hði∂kÞl−2kn−a þ kn−aði∂kÞl−2i;

ð5:9Þ

which subsequently can be converted toWeyl ordering by the
rule (C5), giving
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1

2
h½

ffiffiffi
k

p
; ½ði∂kÞl;

ffiffiffi
k

p
��i ¼ lðl − 1Þ

8

1

k0

X∞
n¼0

Xn
a¼0

Xminðn−a;l−2Þ

j¼0

1

kn−a0

zðn; a; l; jÞhkn−a−2jði∂kÞl−2−2jiWeyl; ð5:10aÞ

zðn; a; l; jÞ ≔ ð−1Þnþa

�
n

a

� ði=2Þ2j
ð2jÞ!

ðn − aÞ!
ðn − a − 2jÞ!

ðl − 2Þ!
ðl − 2 − 2jÞ! : ð5:10bÞ

At this moment we can apply the rule (C3) (for expressing the composite operators in terms of the central moments) to the
expectation values under the sum. Applying the result of this step to (5.2) and then to (4.23), we finally get

hcVϕi ¼ A
X∞
l¼0

Xl

i¼0

1

i!
1

ðl − iÞ! f
ðlÞðβϕÞhi∂kil−iðhkiG̃0;i þ G̃1;iÞ

þ A
8k0

X∞
l¼2

X∞
n¼0

Xn
a¼0

Xminðn−a;l−2Þ

j¼0

Xn−a−2j
b¼0

Xl−2−2j
c¼0

Babcjlnðhki; hi∂ki; k0ÞG̃b;c; ð5:11Þ

where the first set of terms comes from the Weyl-ordered term in (5.2) and the coefficients Babcjlnðhki; hi∂ki; k0Þ are

Babcjlnðhki; hi∂ki; k0Þ ≔
ði=2Þ2j
ð2jÞ!

n!
a!b!c!

ð−1Þnþahkin−a−2j−b
kn−a0 ðn − a − 2j − bÞ!

fðlÞðβϕÞhi∂kil−2−2j−c
ðl − 2 − 2j − cÞ! : ð5:12Þ

Now we would like to change the order of summation in
(5.11) to group terms involving the sameGmoments. For the
first terms, it is straightforward. In the second one, the desired
order is bcjlna. First, we note that summation over l
commutes with summation over n and a, and the same

happens betweenb and c. Furthermore, by inspection,within
the investigated sum we have minðn − a; l − 2Þ ¼ n − a.
Given that, by performing a set of consecutive translations
(exchange of neighboring summations), we can rewrite the
sum as

X∞
l¼2

X∞
n¼0

Xn
a¼0

Xminðn−a;l−2Þ

j¼0

Xn−a−2j
b¼0

Xl−2−2j
c¼0

Babcjlnðhki; hi∂ki; k0ÞG̃b;c

¼
X∞
b¼0

X∞
c¼0

X∞
j¼0

X∞
l¼2þ2jþc

X∞
n¼2jþb

Xn−2j−b
a¼0

Babcjlnðhki; hi∂ki; k0ÞG̃b;c: ð5:13Þ

Let us now sum over n and a those terms in B that depend on them. By (consecutively) substituting m ¼ n − 2j − b,
regrouping the terms so that we distinguish a binomial ðmaÞ and the terms not depending on particular summation index are
brought outside the sum, applying the binomial theorem, and setting k0 → hki, we get

X∞
n¼2jþb

Xn−2j−b
a¼0

n!
a!

ð−1Þnþahkin−a−2j−b
kn−a0 ðn − a − 2j − bÞ! ¼

ð−1Þð2jþbÞ

kð2jþbÞ
0

X∞
m¼0

Xm
a¼0

ð−1Þmþa ðmþ 2jþ bÞ!
a!ðm − aÞ!

hkim−a

km−a
0

¼ ð−1Þð2jþbÞ

kð2jþbÞ
0

X∞
m¼0

ðmþ 2jþ bÞ!
m!

Xm
a¼0

�
m

a

�
ð−1Þm−a hkim−a

km−a
0

¼ ð−1Þð2jþbÞ

kð2jþbÞ
0

X∞
m¼0

ðmþ 2jþ bÞ!
m!

�
1 −

hki
k0

�
m

¼ ð−1Þð2jþbÞ

hkið2jþbÞ ð2jþ bÞ!: ð5:14Þ

Note that, while setting k0 ¼ hki is in general not possible in the semiclassical effective dynamics, it can be performed here
as our basic operators are constants of motion. and in consequence, we never need to probe the dynamics of central
moments. By continuity of all the terms ð1 − hki=k0Þm as k0 → hki only those form ¼ 0 contribute, giving the last equality
above.

MACIEJ KOWALCZYK and TOMASZ PAWŁOWSKI PHYS. REV. D 108, 086010 (2023)

086010-16



In the next step, we perform the summation over l of
those terms in B that depend on it. Remarkably, they gather
to Taylor series that correspond to certain derivatives of f at
the argument shifted by hi∂ki, that is,

X∞
l¼2þ2jþc

fðlÞðβϕÞhi∂kil−2−2j−c
ðl − 2 − 2j − cÞ!

¼ fðcþ2jþ2Þðβϕ − hi∂kiÞ: ð5:15Þ

By plugging both the results above back to (5.11) [with
sums already reordered via (5.13)], we arrive to a final form
of the (modified) volume trajectory

hṼþ
ϕ i ¼ A

X∞
l¼0

1

l!
fðlÞðβϕ − hl∂kiÞðhkiG̃0;l þ G̃1;lÞ

þ A
8hki

X∞
b¼0

ð−1Þb
b!

X∞
c¼0

1

c!
G̃b;c

×
X∞
j¼0

ð−1Þj
22jð2jÞ! ð2jþ bÞ!fðcþ2jþ2Þðβϕ − hi∂kiÞ

× hki−2j−b: ð5:16Þ

Note that all the terms in the second line are proportional to
the negative powers of hki, and thus under our assumptions
regarding the considered class of states they are small
corrections to be neglected in further analysis. Given that
the corrections between hV̂ϕi and hṼþ

ϕ i are much smaller,
we can write the final form of the (approximated) volume
trajectory as

hV̂ϕi ¼ A
X∞
l¼0

1

l!
fðlÞðβϕ − hl∂kiÞðhkiG̃0;l þ G̃1;lÞ

þOðhki−1Þ: ð5:17Þ

2. Volume squared and variance

Let us now turn our attention to the trajectory of the
squared volume operator hV̂ϕi, a component needed to
control the variance of the semiclassical state during the
evolution. As in the case of the volume itself, we will use
the approximate operator Ṽþ

ϕ . Our point of departure is
formula (4.24). The procedure of its conversion to the series
involving the central moments is a repetition of the one
already employed for the volume itself. Its first step is the
transformation [analogous to the one leading to (5.4)] of the
expectation values of h

ffiffiffiffiffi
k3

p
ði∂kÞl

ffiffiffi
k

p þ ffiffiffi
k

p ði∂kÞl
ffiffiffiffiffi
k3

p
i to

those of the Weyl ordered operator

1

2
ðh

ffiffiffiffiffi
k3

p
ði∂kÞl

ffiffiffi
k

p
þ

ffiffiffi
k

p
ði∂kÞl

ffiffiffiffiffi
k3

p
iÞ

¼hk2ði∂kÞliWeylþ
1

2
h½

ffiffiffi
k

p
;½ði∂kÞl;

ffiffiffi
k

p
��kþk½

ffiffiffi
k

p
;½ði∂kÞl;

ffiffiffi
k

p
��i

ð5:18Þ

and a double commutator remnant, which we expect to be a
small correction. By (i) applying the expansion (5.5),
(ii) expanding the negative powers of k̂ around some
chosen k0 (5.8), and (iii) grouping the terms by monomials
in k̂, i∂k we arrive to an analog of (5.9)

1

2
ðh

ffiffiffiffiffi
k3

p
ði∂kÞl

ffiffiffi
k

p
iþh

ffiffiffi
k

p
ði∂kÞl

ffiffiffiffiffi
k3

p
iÞ

¼hk2ði∂kÞliWeylþ
lðl−1Þ

8
hði∂kÞl−2iþOðhki−1Þ: ð5:19Þ

Plugging this result back into (4.24) and implementing the
following: (i) the formula (C6), (ii) the process of summa-
tion reordering analogous to (5.13), and (iii) the simplifi-
cation upon setting k0 → hki we get an approximation

hðṼþ
ϕ Þ2i ¼ A2

X∞
i¼0

Xi

a¼0

1

ði− aÞ!a!f
ði−aÞðβϕ− hi∂kiÞ

× fðaÞðβϕ− hi∂kiÞðhki2G̃0;i þ 2hkiG̃1;i þ G̃2;iÞ

þ A2

8

X∞
i¼0

Xiþ2

a¼0

ðiþ 2Þðiþ 1Þ
ðiþ 2− aÞ!a!f

ðiþ2−aÞðβϕ− hi∂kiÞ

× fðaÞðβϕ− hi∂kiÞG̃0;i þOðhki−1Þ; ð5:20Þ

where the expectation value hðṼþ
ϕ Þ2i can again be replaced

with hV̂2
ϕi as the difference between the two is of

subleading order with respect to the correction on the
right-hand side of the above equation.
The variance of the state at given ϕ is given by the

standard deviation formula

σðVϕÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hV2

ϕi − hVϕi2
q

ð5:21Þ

to which we can directly plug (5.20) and the square of
(5.16) which in turn is of the form
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hṼþ
ϕ i2 ¼ A2

X∞
i¼0

X∞
i0¼0

1

i!
fðiÞ

1

i0!
fði0Þðhki2G̃0;iG̃0;i0 þ 2hkiG̃0;iG̃1;i0 þ G̃1;iG̃1;i0 Þ

þ A2

4

X∞
i¼0

1

i!

X∞
b¼0

ð−1Þb
b!

X∞
c¼0

1

c!

X∞
j¼0

ð−1Þj
22jð2jÞ! ð2jþ bÞ!fðiÞfðcþ2jþ2Þhki−2j−bG̃b;cG̃0;i

þ A2

4hki
X∞
i¼0

1

i!

X∞
b¼0

ð−1Þb
b!

X∞
c¼0

1

c!

X∞
j¼0

ð−1Þj
22jð2jÞ! ð2jþ bÞ!fðiÞfðcþ2jþ2Þhki−2j−bG̃b;cG̃1;i

þ A2

64hki2
X∞
b;b0

X∞
c;c0

X∞
j;j0

ð−1Þjþj0þbþb0 ð2jþ bÞ!ð2j0 þ b0Þ!
22ðjþj0Þb!b0!c!c0!ð2jÞ!ð2j0Þ!

fðcþ2jþ2Þfðc0þ2j0þ2Þ

hkið2jþbþ2j0þb0Þ G̃b;cG̃b0;c0 ð5:22Þ

[where fðaÞ ≔ fðaÞðβϕ − hi∂kiÞ] and of which the last two lines are a remnant of the order Oðhki−1. As a result, the squared
variance σ2ðV̂ϕÞ ¼ hV̂2

ϕi − hṼþ
ϕ i2 þOðe−hkiπÞ takes the form

σ2ðVϕÞ ¼ A2
X∞
i¼0

�
hki2

�Xi

a¼0

1

ði − aÞ!a! f
ði−aÞfðaÞG̃0;i −

X∞
i0¼0

1

i!
1

i0!
fðiÞfði0ÞG̃0;iG̃0;i0

�

þ 2hki
�Xi

a¼0

1

ði − aÞ!a! f
ði−aÞfðaÞG̃1;i −

X∞
i0¼0

1

i!
1

i0!
fðiÞfði0ÞG̃0;iG̃1;i0

�

þ
�Xi

a¼0

1

ði − aÞ!a! f
ði−aÞfðaÞG̃2;i −

X∞
i0¼0

1

i!
1

i0!
fðiÞfði0ÞG̃1;iG̃1;i0

�

þ
�
1

8

Xiþ2

a¼0

ðiþ 2Þðiþ 1Þ
ðiþ 2 − aÞ!a! f

ðiþ2−aÞfðaÞG̃0;i −
1

4

X∞
i0¼0

1

i!
1

i0!
fðiÞfði0þ2ÞG̃0;iG̃0;i0

��
þOðhki−1Þ: ð5:23Þ

Note that the terms in the last two lines will give a
contribution to the variance itself (5.21), which will be
of the order Oðhki−1, and thus under the approximations
taken they can again be neglected.
At this point, we have at our disposal the trajectory of

volume at given ϕ [of a general form given by (4.15)] and
its variance given up to corrections Oðhki−1Þ expressed in
terms of the explicit functions of ϕ, expectation values hki,
hi∂ki, and the auxiliary central moments G̃a;b. We will now
apply them to particular prescriptions discussed in this
article.

B. Applications

Before proceeding with applying the results of the
previous subsection we need to reexamine briefly our
construction of central moments. Since the commutator
between k̂ and i∂k is not proportional to ℏ, the moments
G̃ab do not reproduce the usual hierarchy of corrections,
where each order scales with the appropriate power of ℏ.
Also, with k being dimensionless, the physical interpreta-
tion of the operators is not immediately obvious. These
issues are, however, easy to fix. First, we note that the
action of the “energy” (the scalar field momentum) operator
p̂ϕ ¼ ffiffiffiffi

Θ
p

(4.11) in k representation takes a simple form

p̂ϕ ¼ ℏβk̂. On the other hand, the operator iβ−1∂k is the
canonical momentum of p̂ϕ and the form in which hi∂ki
enters the expressions describing volume trajectory
and variance indicates that iβ−1∂k can be interpreted as a
certain shift (offset) in ϕ. Let us then denote it by ϕ̂0.
Consequently, our canonical pair of basic observables
will be

p̂ϕ ¼ ℏβk̂; ϕ̂0 ≔ iβ−1∂k; ½ϕ̂0; p̂ϕ� ¼ iℏI: ð5:24Þ

For this pair, we can now build a set of central moments via
(C1). Comparing it with the definition of the auxiliary ones
(5.1), we see that they are related in a simple way,

Gab ¼ ℏaβa−bG̃a;b; ð5:25Þ

which allows one to easily convert the results of this
section. In particular, the trajectory of the volume (5.17) in
new variables reads

hcVϕi ¼
A
ℏ

X∞
i¼0

βi−1

i!
fðiÞðβðϕ − ϕ0ÞÞðpϕG0;i þG1;iÞ

þOðp−1
ϕ Þ; ð5:26Þ
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where pϕ ≔ hp̂ϕi and ϕ0 ≔ hϕ̂0i. Similarly, the square of the variance (5.23) takes the form

σ2ðVϕÞ ¼
A2

ℏ2

X∞
i¼0

�
p2
ϕ

�Xi

a¼0

βi−2

ði − aÞ!a! f
ði−aÞfðaÞG0;i −

X∞
i0¼0

βiþi0−2

i!i0!
fðiÞfði0ÞG0;iG0;i0

�

þ 2pϕ

�Xi

a¼0

βi−2

ði − aÞ!a! f
ði−aÞfðaÞG1;i −

X∞
i0¼0

βiþi0−2

i!i0!
fðiÞfði0ÞG0;iG1;i0

�

þ
�Xi

a¼0

βi−2

ði − aÞ!a! f
ði−aÞfðaÞG2;i −

X∞
i0¼0

βiþi0−2

i!i0!
fðiÞfði0ÞG1;iG1;i0

�

þ ℏ2

�
1

8

Xiþ2

a¼0

ðiþ 2Þðiþ 1Þβi−2
ðiþ 2 − aÞ!a! fðiþ2−aÞfðaÞG0;i −

1

4

X∞
i0¼0

βiþi0−2

i!i0!
fðiÞfði0þ2ÞG0;iG0;i0

��
þOðp−1

ϕ Þ: ð5:27Þ

Note that the terms in the fourth line will give a nontrivial
contribution also when we set all the moments Ga;b for
aþ b ≥ 2 to zero, which corresponds to a partial classical
limit. In that case we have

σ20ðVϕÞ ¼
A2

4β2
ðfð1Þðβðϕ − ϕ0ÞÞÞ2 þOðp−1

ϕ Þ; ð5:28Þ

however, upon applying the same partial limit to (5.26) [of
which result we denote as V0ðϕÞ] we get

σ20ðVϕÞ
V2
0ðϕÞ

¼ ℏ2

4

�
f0ðβðϕ − ϕ0ÞÞ
fðβðϕ − ϕ0ÞÞ

�
2

þOðp−1
ϕ Þ; ð5:29Þ

and thus σ0ðV jphiÞ is suppressed by ℏ with respect to the
volume. Furthermore, in the case of the actual quantum
evolution of states satisfying the assumptions stated at the
beginning of this section (where variances do not vanish),
σ2ðVϕÞ will be dominated by (nonvanishing) terms propor-
tional to p2

ϕ; thus, the contribution of the “free” (not
multiplied by any central moment of second and higher
order) to the variance σðVϕÞ itself will be of the order
Oðp−1

ϕ Þ which we neglected in our approximation.
These results are valid for a wide class of models—in

general, they can be directly applied to those for which (i) the
Hamiltonian constraint can be brought to a Klein-Gordon
form (3.1), where (ii) the evolution operator can again be
brought by introducing an appropriate coordinate to a form of

the second order derivative, and for which (iii) the volume
operator can be expressed in the form (4.15). As mentioned
earlier, in the context of a flat FRLWuniversewith a massless
scalar field this applies in particular to the mainstream LQC
and Yang-Ding-Ma prescription, as well as to a geometro-
dynamical analog of the model. One has to remember,
however, that the derivation of (5.26) and (5.27) employs a
semiclassical treatment, which in turn is sensitive to the
existence of a sufficiently large sector semiclassical in selected
variables. This is not always the case. One such counterex-
ample is the prescription based on strict Thiemann regulari-
zation, which we will also briefly discuss below. Let us start
with the least investigated Yang-Ding-Ma prescription.

1. Yang-Ding-Ma prescription

In this prescription, the action of the volume operator is
given in (3.22), which is a specific case of (4.15) with

A ¼ αffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ 1

p ;

fðxÞ ¼ ðγ2tanh2ðxÞ þ 1Þ coshðxÞ

¼ ðγ2 þ 1Þ coshðxÞ − γ2

coshðxÞ : ð5:30Þ

Plugging these forms of A and f into (5.26) we arrive to an
expression for the volume trajectory

hcVϕi ¼
γ

ffiffiffiffiffiffiffiffiffiffi
πGΔ

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðγ2 þ 1

p
Þpϕðγ2tanh2ðβðϕ − ϕ0ÞÞ þ 1Þ coshðβðϕ − ϕ0ÞÞ

þ 2πγG
ffiffiffiffi
Δ

pffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ 1

p �
ðγ2 þ 1Þ sinhðβðϕ − ϕ0ÞÞ þ γ2

sinhðβðϕ − ϕ0ÞÞ
cosh2ðβðϕ − ϕ0ÞÞ

�
G1;1

þ γðπGÞ3=2 ffiffiffiffi
Δ

pffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ 1

p �
ðγ2 þ 1Þ coshðβðϕ − ϕ0ÞÞ − γ2

cos2ðβðϕ − ϕ0ÞÞ − 2

cos3ðβðϕ − ϕ0ÞÞ
�
ðpϕG0;2 þ G1;2Þ

þ 2πγG
ffiffiffiffi
Δ

pffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ 1

p X∞
i¼3

ð12πGÞði−1Þ=2
i!

fðiÞðβðϕ − ϕ0ÞÞðpgG0;i þ G1;iÞ þOðp−1
ϕ Þ; ð5:31Þ
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where we distinguished the corrections of up to second
order, furthermore explicitly evaluating the first two deriv-
atives of f from the rightmost expression in (5.30).
Remarkably, the term in the first line of the above equation

(corresponding to the zeroth order semiclassical approxima-
tion) agrees with the trajectory derived heuristically in [54].
The second order corrections are proportional to the variance

of ϕ̂0—G0;2—and the correlation G1;1 out of which the first
one will be dominant as being further multiplied by pϕ. The
variance of pϕ does not influence the trajectory, which is a
general feature visible already in (5.26).
Similarly, we can evaluate the variance, pluggingA and f

into (5.27). This yields

σ2ðVϕÞ ¼
A2

ℏ2
p2
ϕ

�
ðγ2 þ 1Þ sinhðβðϕ − ϕ0ÞÞ þ γ2

sinhðβðϕ − ϕ0ÞÞ
cosh2ðβðϕ − ϕ0ÞÞ

�
2

G0;2

þ A2

ℏ2
2pϕ

�
ðγ2 þ 1Þ sinhðβðϕ − ϕ0ÞÞ þ γ2

sinhðβðϕ − ϕ0ÞÞ
cosh2ðβðϕ − ϕ0ÞÞ

��
ðγ2 þ 1Þ coshðxÞ − γ2

coshðxÞ
�
G1;1

þ δσ2ðVϕÞ þOðp0
ϕÞ; ð5:32Þ

where δσ2ðVϕÞ depends on corrections of the third and
higher order and OðpϕÞ will give to the variance σðVϕÞ a
correction of the order Oðp−1

ϕ Þ, neglected under approx-
imations taken. We see that, just as in the case of the
corrections to hV̂ϕi the dominant contribution to σðVϕÞwill
come from the variance of ϕ̂0.
Let us now reexamine the “free” term (5.29). While it is

suppressed by ℏ, it could in principle grow to macroscopic
level if for some ϕ the ratio f0ðβðϕ − ϕ0ÞÞ=fðβðϕ − ϕ0ÞÞ
becomes large. However, a direct inspection shows that for
f given by (5.30) we have

∀ x∈R

				 f0ðxÞfðxÞ
				 < 1.02; lim

x→�∞

f0ðxÞ
fðxÞ ¼ �1: ð5:33Þ

This excludes the possibility of an uncontrollable growth of
the term under scrutiny.
Finally, understand the role of the correlation G1;1 let us

compare the relative variances of volume at the distant
future and past. At this time we will neglect the corrections
of the third and higher order as well as the corrections of the
order Oðp−1

ϕ Þ. Then, from (5.31) and (5.32) and from the
observation that

lim
x→�∞

fðnÞðxÞe−jxj ¼ ð�1Þn γ
2 þ 1

2
; ð5:34Þ

it follows that

�
lim
ϕ→∞

− lim
ϕ→−∞

� σ2ðVϕÞ
hV̂ϕi2

≈ 2β2
G1;1

pϕ

�
lim
ϕ→∞

− lim
ϕ→−∞

� fð1Þðβðϕ − ϕ0ÞÞ
fðβðϕ − ϕ0ÞÞ

¼ 4β2
G1;1

pϕ
: ð5:35Þ

As a consequence, the difference in squared relative
variances of the volume in the distant future and past is
(within the approximation implemented) proportional to
the relative correlation G1;1=pϕ. Since due to the Schwartz
inequality the correlation is bound by variances

G2;0G0;2 ≥
1

4
ðG1;1Þ2; ð5:36Þ

the possible loss of semiclassicality between the distant
future and past is severely restricted.

2. Mainstream LQC

For this prescription, originally formulated in [17] the
total Hamiltonian constraint is in the same form (3.1);
however, the operator Θ in v representation is a difference
operator of second order, and the sectors invariant under its
actions are regular lattices in v separated by 4 instead of 2.
Barring this minor difference, the division into the super-
selection sectors is the same, and the usual studies focus on
a single sector of symmetric functions supported on a
lattice v∈ 4Z. Also here it is convenient to transform to b
representation (see [29] for the original implementation of
this representation with slightly different variables), where
b is a canonical momentum defined through (2.1) and (2.2).
The transformation between the representations is very
similar to the one already discussed and will be again given
by (3.8) and (3.9) with one modification, that the summa-
tion in (3.8) is performed over lattice v∈ 4Z and the
integration in the inverse transform (3.9) is performed over
the range b∈ ½0; π�. The evolution operator is positive
definite, essentially self-adjoint [39], and in b representa-
tion the evolution operator Θ takes the form

Θ ¼ −12πGℏ2ðsinðbÞ∂bÞ2; ð5:37Þ
thus becoming the second order differential operator.
Introducing auxiliary function x ≔ lnðtanðb=2ÞÞ we bring
Θ to an explicit Klein-Gordon form, namely
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Θ ¼ −12πGℏ2
∂
2
x: ð5:38Þ

The physical Hilbert space is spanned by the energy
eigenbasis

ekx ¼ Nk cosðkxÞ;
½Θek�ðxÞ ¼ 12πGℏekðxÞ ¼ β2ℏ2ekðxÞ; ð5:39Þ

where by considerations analogous to the ones inAppendixB
(see in particular [55]) the normalization factor is

Nk ¼
1ffiffiffi
k

p ð1þOðe−kπ=2ÞÞ: ð5:40Þ

Similarly, the physical inner product can again be approxi-
mated [up to a remnant Oðe−hkiπÞ] by (4.14) with the

projections onto left-hand/right-hand moving plane wave
components given again by (4.13).
The observable corresponding to the volume in x

representation takes the form of (4.15) with

A ¼ α ¼ 2πγGℏ
ffiffiffiffi
Δ

p
; fðxÞ ¼ coshðxÞ; ð5:41Þ

and can again be approximated by the operator Ṽþ given in
(4.17) (with the same correction order); thus the construc-
tion of semiclassical moments and the results of Sec. VA,
as well as the initial (nonprescription specific) part of
Sec. V B can be applied here. In particular, the trajectory of
the volume in ϕ [calculated by plugging (5.41) into (5.26)]
can be explicitly calculated up to an arbitrary semiclassical
quantum correction order

hcVϕi ¼
γ

ffiffiffiffiffiffiffiffiffiffi
πGΔ

p ffiffiffi
3

p pϕ coshðβðϕ − ϕ0ÞÞ þ
γ

ffiffiffiffiffiffiffiffiffiffi
πGΔ

p ffiffiffi
3

p sinhðβðϕ − ϕ0ÞÞ
X∞
i¼1

β2i−1

ð2i − 1Þ! ðpϕG0;2i−1 þ G1;2i−1Þ

þ γ
ffiffiffiffiffiffiffiffiffiffi
πGΔ

p ffiffiffi
3

p coshðβðϕ − ϕ0ÞÞ
X∞
i¼1

β2i

ð2iÞ! ðpϕG0;2i þG1;2iÞ þOðp−1
ϕ Þ

¼ γ
ffiffiffiffiffiffiffiffiffiffi
πGΔ

p ffiffiffi
3

p pϕCV coshðβðϕ − ðϕ0 þ δϕÞÞÞ þOðp−1
ϕ Þ; ð5:42Þ

where the constants

CV ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1þ

X∞
i¼1

β2i

ð2iÞ!
�
G0;2i þ G1;2i

pϕ

��
2

−
�X∞

i¼1

β2i−1

ð2i − 1Þ!
�
G0;2i−1 þG1;2i−1

pϕ

��
2

s
; ð5:43aÞ

δϕ ¼ 1

β
tanh−1

��X∞
i¼1

β2i−1

ð2i − 1Þ!
�
G0;2i−1 þ G1;2i−1

pϕ

��
=

�
1þ

X∞
i¼1

β2i

ð2iÞ!
�
G0;2i þG1;2i

pϕ

���
ð5:43bÞ

correspond to relative change due to quantum corrections
of the bounce volume and the shift of the bounce (scalar
field) time, respectively.
Similarly, [plugging (5.41) into (5.27)] one can express the

square of the variance involume up to arbitrary order, though
the expression will be quite long. Thus, for compactness we
will expand only the second order terms, just as in (5.32),
leaving the higher order corrections as δσ2ðVϕÞ,
σ2ðVϕÞ ¼ 4π2γ2G2Δðp2

ϕsinh
2ðβðϕ − ϕ0ÞÞG0;2

þ pϕ sinhð2βðϕ − ϕ0ÞÞG1;1Þ þ δσ2ðVϕÞ
þOðp0

ϕÞ: ð5:44Þ
The potentially problematic free term (5.29) remains
suppressed also in this prescription as f0ðxÞ=fðxÞ ¼
tanhðxÞ∈ ½−1; 1�.

3. Wheeler-DeWitt analog

The applicability of the trajectory evaluation method
introduced in this article is not restricted to just the models
based on polymer quantization and, in particular, can easily
be applied to the geometrodynamical (also known as
Wheeler-DeWitt) quantization of the cosmological model
studied here. We briefly recall its main properties in
Appendix. A. Before proceeding, let us note, however,
that in this model the evolution operator can easily be
written in the Klein-Gordon form without shifting to the
representation momentum b [with the transformation now
defined through (A8)]. Indeed, via a simple rescaling of
physical states by a fixed function of v and introducing for
symmetric states the variable y ¼ ln jvj, we bring Θ again
to the form Θ ¼ 12πGℏ2

∂
2
y. In this variable the volume

operator will read V ¼ α expðyÞ, and thus the problem of
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finding the trajectories reduces to a textbook one. Despite
that, we will proceed with working in b representation as
follows: (i) it will serve as a test for out method in a new
setting, and (ii) it may be more convenient to apply than
the volume one in some more complicated models (for
example, the ones admitting a nonvanishing cosmological
constant; see [43,56]).
The transformation to b representation, the form of the

evolution operator, and the energy eigenbasis are presented
in detail in Appendix A 1. The trajectory extraction
procedure is a repetition of the one used in the previous
subsubsection; however, there are two crucial differences
affecting its detailed implementation:
(1) If the requirement that the state is symmetric in v

(thus in b) is dropped, the transformation bringing
the evolution operator

Θ ¼ −12πGℏ2ðb∂bÞ2 ð5:45Þ

to the explicit Klein-Gordon form needs to use two
copies of real coordinate

R ∋ x� ¼ lnð�bÞ: ð5:46Þ

Fortunately, upon restricting to the symmetric states
only one coordinate x ≔ ln jbj suffices.

(2) Upon restriction to symmetric states, the energy
eigenbasis is twofold degenerate [see (A5)–(A7)]
and the variable (analog of a wave number) k spans
the whole real line. The sign of k now distinguishes
left-hand moving (or contracting in v) for k < 0 and
right-hand moving (or expanding in v) plane waves.
In b representation they correspond to (respec-
tively) right-hand/left-hand moving plane waves
(A15), not the standing waves such as in LQC
models considered earlier. In consequence, the
approximation of the volume by (4.17), crucial
for simplifying the calculations, will not hold in
general.

The first property implies that working with variable x
requires one to pick one sign of b. To deal with the second
problem we note that the (specified at the beginning of
Sec. VA) assumptions regarding the semiclassical states we
are working with imply, in particular, that the bulk of the
considered state is necessarily located on one orientation
(sign) of k, with the contribution supported on the opposite
one being at best a negligible tail. Therefore, we can
approximate the state by its restriction (cutoff) to its
dominating orientation and subsequently split the family
on considered semiclassical states onto those peaked about
positive and negative k, respectively.
Using the volume operator as defined in (4.15) requires a

knowledge on the action of the projection operators P� on
the basis states (A15). That action has been determined in

Appendix A 1 and after applying an analogous to (3.40)
splitting of ΓðikÞ onto modulus and phase can be written as

½F ðP�ekÞ�ðbÞ ¼
ΓðikÞffiffiffi
2

p
π
e∓sgnðbÞkπ

2e−ik ln jb2j

≕
e∓sgnðbÞkπ

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πk sinhðkπÞp eiφðkÞe−ik ln jbj: ð5:47Þ

For large jkj these projections to great accuracy are
projections onto the appropriate semi-axis of k,

½F ðP�ekÞ�ðbÞ ¼
θð∓ sgnðbÞkÞffiffiffiffiffiffiffiffi

πjkjp ðeiφðkÞe−ik ln jbj þOðe−kπÞÞ;

ð5:48Þ

though, unlike in LQC prescriptions, after projection a
nontrivial phase shift by φðkÞ remains. This, however,
corresponds to freedom of choice of the basis; thus, we can
choose to work with one rotated appropriately to compen-
sate for this offset

Ψðv;ϕÞ ¼
Z
R
dkΨ̃ðkÞe−iφðkÞekðvÞ; ð5:49Þ

which in turn will simplify (5.47), eliminating the phase
rotation term. Then upon setting x ≔ lnðbÞ we can adapt
the definition (4.17) introducing a pair of operators

Ṽ� ≔ ∓iAfðxÞ∂xPþ ¼ ∓i
γℏ

ffiffiffiffiffiffiffi
πG

pffiffiffi
3

p expðxÞ∂x;

½P�e−iφðkÞek�ðxÞ ≔
θð∓kÞffiffiffiffiffiffiffiffi

πjkjp e−ikx; ð5:50Þ

of which Ṽþ will extract the part corresponding to k < 0

(expanding in v) from v > 0 and Ṽ− will extract part
corresponding to k > 0 (contracting in v) from v < 0. This
pair will then replace Ṽþ in the evaluations of Sec. VA.
Note that this will change the relation between the auxiliary
and physical variables (5.24) as well as the central moments
(5.25), as we want to keep P̂ϕ non-negative. Thus

p̂ϕ ¼ ℏβjkj ¼ −σβk; ϕ̂0 ¼ −iσβ−1∂k;

Ga;b ¼ ð−σÞaþbℏaβa−bG̃a;b; ð5:51Þ

where σ ¼ þ1 for the ever-expanding (peaked about
k0 < 0) and σ ¼ −1 for the ever-contracting (peaked about
k0 > 0) semiclassical states.
Applying the above, we arrive to the following results

regarding the volume trajectory and the (squared) variance
(which now can be presented with all the orders of
semiclassical corrections):
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hV̂ϕi ¼
γ

ffiffiffiffiffiffiffiffiffiffi
πGΔ

p ffiffiffi
3

p expðσβðϕ − ϕ0ÞÞ
�
pϕ þ

X∞
i¼1

ð−σβÞi
i!

�
pϕG0;i þG1;i

��
þOðp−1

ϕ Þ; ð5:52aÞ

σ2ðVϕÞ ¼
γ2πGΔ

3
expðσβðϕ − ϕ0ÞÞ

X∞
i¼1

�
p2
ϕ

�Xi

a¼0

ð−σβÞi
ði − aÞ!a!G

0;i −
X∞
i0¼0

ð−σβÞi
i!

ð−σβÞi0
i0!

G0;iG0;i0
�

þ 2pϕ

�Xi

a¼0

ð−σβÞi
ði − aÞ!a!G

1;i −
X∞
i0¼0

ð−σβÞi
i!

ð−σβÞi0
i0!

G0;iG1;i0
�

þ
�Xi

a¼0

ð−σβÞi
ði − aÞ!a!G

2;i −
X∞
i0¼0

ð−σβÞi
i!

ð−σβÞi0−1
i0!

G1;iG1;i0
��

þOðp0
ϕÞ: ð5:52bÞ

At this point several comments are in order:

(1) While it is known that for the model under consid-
eration the quantum trajectory coincides with the
classical one, in the above equation we see an
explicit dependence of V on ℏ. Note, however, that
(due to the exponential form of the trajectory)
rescaling of V is equivalent to a shift in ϕ0 which
in turn is equivalent to certain k-dependent rotation
of the basis vectors. Thus, that dependence is
spurious—tied to our choice of the basis.

(2) The calculations of hV̂ϕi and σ2ðVϕÞ can be (much
more easily) performed directly in v representation
[using the original basis (A6)], where V is a
multiplication operator. In terms of the variables
and central moments defined analogously to (5.51)
they will take the form (D9)8 (see Appendix D for
the calculations)

hV̂ϕi ¼
γ

ffiffiffiffiffiffiffiffiffiffi
πGΔ

p ffiffiffi
3

p pϕ exp

�
σβðϕ − ϕ0Þ − ln

�
pϕ

βℏ

��
×
X∞
l¼0

ð−σβÞl
l!

G0;l; ð5:53aÞ

σ2ðV̂ϕÞ¼
γ2πGΔ

3
p2
ϕexp

�
2σβðϕ−ϕ0Þ−2ln

�
pϕ

βℏ

��
×
X∞
l¼0

ð−σβÞl
l!

�
2lG0;l−

Xl

n¼0

�
l

n

�
G0;nG0;l−n

�
;

ð5:53bÞ

which (i) no longer contains corrections proportional
to the negative powers of pϕ, and (ii) differs from
(5.52) being, in fact, much simpler. The reason for
this difference is a discrepancy in the expectation
values and moments involving the operator i∂k in

both approaches, as the nontrivial phase rotation
(5.49) changes their values.

As we can see, with very few minor corrections, the
proposed computation technique works very well also
when applied to the Wheeler-DeWitt description.
Let us now focus on the last prescription listed explicitly

in our work—the one following from the strict application
of the Thiemann regularization algorithm.

4. Strict Thiemann regularization

The model resulting from applying this regularization
prescription differs in a few crucial points from the other
ones. First of all, while after transforming to b representa-
tion (with transformation rules the same as for mainstream
LQC) it is still possible to bring the evolution operator to
Klein-Gordon form, the whole Hamiltonian constraint
changes the signature depending on the value of the
coordinate xðbÞ, namely,

Θ ¼ −12πG sgnðjxj − π=2Þ∂2x; ð5:54Þ

where xðbÞ is known explicitly in analytic form (see [40] for
the details). Furthermore, Θ admits a one-dimensional
family of self-adjoint extensions distinguished by gluing
conditions at x ¼ �π=2. The Hilbert space is spanned
by energy eigenstates which have a form of standing
(reflected) plane wave for jxj > π=2 and are exponentially
suppressed for x∈ ½−π=2; π=2�, which is a classically for-
bidden region. Spectrum of the positive part of Θ is
continuous (in fact, SpðjΘjÞ ¼ Rþ) and on the subspace
of states symmetric in v (which is equivalent to symmetry
in x) nondegenerate. Therefore, physical states have in the
energy representation the same structure as in other pre-
scriptions, the only element that differs is the exact form of
energy eigenstates. One could thus expect that the technique
of extracting the quantum trajectories presented in this paper
should work also for this model. Because of the standing
wave form of the eigenstates, even the approximation of the
volume operator proposed in (4.17) seems to be possible.

8To bring the expression to the form similar to (5.52) we
rescaled the global constant, compensating the rescaling by a shift
inside the exponent.
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The rotating components of the energy eigenstates have
nontrivial k and extension dependent phase shifts; thus, in
reexpressing the operators, such as Ṽþ

ϕ , in k representation
one would need to account for them. This, however, is just a
technical detail. It follows then that by applying our
procedure one would arrive to a definite expression for
thevolume trajectory and dispersion. It is even quite possible
that in zeroth order the result would agree with the heuristic
effective dynamics. Does it mean that our calculation
procedure works also in this case?
Unfortunately, the answer to this question is in the

negative. The reason for that lies in the assumptions that
allowed us to derive the expressions (5.26) and (5.27). In
particular, the implementation of the Taylor expansion9 in
(4.23) assumes finiteness of the expectation values.
However, the action of the operator V̂ϕ actually leads
outside the physical Hilbert space. There is no semiclassical
sector where the states of spectral profiles ΨðkÞ belonging
to Schwartz space would have a finite volume. This
problem has already been discussed in [40] and in more
detail in the model admitting a positive cosmological
constant [56] which shares this feature. There, the problem
has been circumvented by using, instead of V, a regularized
volume corresponding to some globally bounded function
of V. A suitable generalization of the computation pro-
cedure implementing such regularized observables, if
possible, is a matter for potential future research.
One final issue that needs discussing is an apparent

discrepancy of our results regarding trajectories with the
result of [48]. There, it was reported that for both the
mainstream LQC prescription and the Wheeler-DeWitt
analog of the model studied here, the states disperse
immediately once only the positive energy sector is included.
This problem is encountered already in the textbook example
of the Klein-Gordon equation, once we consider expðxÞ as a
position observable of interest (in which case the large
semiclassical sector is known to exist). One of the possible
solutions to the problem is to include both positive and
negative energy sectors. Then a small negative energy tail can
regularize the singularity. One can apply the very same
approach here. Then, sincewe consider states peaked sharply
at large k (in the positive energy sector) such a tail, besides
providing the necessary regularization, would be much
smaller than the terms already neglected within the approxi-
mation taken. Thus, in the method devised here, we sidestep
the problem indicated [48] without apparent consequences
on the dynamical predictions.

VI. CONCLUSIONS

In this paper, we explored the freedom in the Thiemann
regularization procedure in loop quantum gravity in the

context of loop quantum cosmology. Using an example of a
flat Friedmann-Lemaitre-Roberton-Walker universe with a
massless scalar field we reviewed and compared the three
regularization prescriptions substantially discussed in the
literature so far. Two of them have been analyzed in detail
in the literature on the genuine quantum level. Since for the
third one (here denoted as the Yang-Ding-Ma prescription)
the studies so far focused mainly on quantum kinematics
and phenomenology of the dynamics, we performed a
rigorous analysis of this model. This brought that pre-
scription to the same footing as the other considered
models.
In more detail, in the analysis of the Yang-Ding-Ma

prescription, we reexamined the properties of the so-called
evolution operator (in the model playing the role of a square
of the Hamiltonian), in particular establishing its essential
self-adjointness (through an analysis of its deficiency
subspaces) and subsequently identifying its spectrum.
Further construction of an equivalent of the “energy”
eigenbasis allowed us to explicitly build a physical
Hilbert space via group averaging—a technique already
used in the literature for the other prescriptions. Despite
being (in volume representation) a difference operator of
the fourth order, the evolution operator has shown proper-
ties very similar to the second order one in the mainstream
LQC: its spectrum is [within the probed superselection
sector—the sector of symmetric states supported on Lϵ¼0

(3.3)] nondegenerate and the eigenfunctions forming the
basis of the geometry (or gravitational) Hilbert space have a
form of standing waves reflected a certain “distance” from
the classical singularity and in a large volume limit
converge to a standing wave of the geometrodynamical
(Wheeler-DeWitt) analog of the studied model. This
ensures the existence of a large semiclassical sector within
the model at least in the distant future or past. These
properties allowed in turn to apply here a convenient set of
partial observables already used in LQC to probe the
quantum dynamics.
To extract physical predictions we analyzed the trajec-

tory (and variances) of the volume of the (portion of the)
universe at a given value of the scalar field (working as
internal clock). Unlike in other prescriptions though,
instead of resorting to numerical methods (here a bit more
difficult to implement due to specific properties of the
Yang-Ding-Ma prescription) here, we devised a relatively
simple (though sometimes computationally tedious) ana-
lytical method based on evaluating the desired expectation
values on the variable classically corresponding to the
canonical momentum of the volume) and transforming the
result to a form of an explicit function of the scalar field
“time” and a series of the so-called central (Hamburger)
moments built off a canonical pair of Dirac observables
(both constants of motion): the scalar field momentum p̂ϕ

and a certain “scalar field offset” ϕ̂0. That method allowed
us in particular to find the explicit form of the trajectory in

9Here the expansion would need to be performed about some
x0 within a classically allowed region instead of x ¼ 0.
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volume VðϕÞ ¼ hV̂ϕi (and its variance) of the universe
sharply peaked at a large value of scalar field momentum up
to an arbitrary order of quantum corrections.
Application of this method to the Yang-Ding-Ma pre-

scription produced an expression for VðϕÞ and its variance
out of which we wrote down in an explicit closed form the
terms up to second order (leaving remaining ones as
expressed through nth order derivatives of a certain
function). The leading (zeroth order) term was shown to
agree with the already known effective trajectory derived
by phenomenological methods, thus confirming the con-
clusions drawn from the latter: the existence of two large
epochs of the contracting and expanding universe (evolving
to great accuracy as predicted by general relativity) con-
nected by a single quantum bounce, happening at certain
critical energy density of the scalar field, of which value
differs from that of mainstream LQC but remains of
Planck order.
The leading (second) order of corrections is a combi-

nation of terms proportional to the variance in the offset ϕo
and its correlation with pϕ (with the first one dominating
the correction). The very same terms enter the leading order
of the variance. The expression for the latter has been used
to probe the possible semiclassicality loss between the
distant future and past. The difference of the asymptotic
(future and past) relative variances is to the leading order
bounded by the correlation pϕ − ϕ0, which provides a
severe limitation on the growth of the variances (at distant
time) as that correlation is in turn bounded by the variances
of ϕ0 and pϕ.
To check the robustness of the method, it was applied

also to the mainstream LQC and (after minor adaptation) to
the Wheeler-DeWitt analog. There, as the models are a bit
simpler, it was possible to write in a compact form explicit
closed formulas for all orders of corrections to VðϕÞ.
Again, the leading order terms agreed with those found
via phenomenological methods, and the corrections were
governed by the second and higher order central moments
of pϕ and ϕ0.
However, to show also the limitations of the technique a

discussion of an application of it to a model based on strict
Thiemann regularization was also included. While its blind
application would yield definite results, they will not be
reliable due to lack (in the model) of the large sector that is
semiclassical in variables used by the method. This
emphasizes the need to check the structure of the physical
Hilbert space and the action of observables of interest in it
before fully trusting semiclassical methods.
One of the most prominent pros of the implemented

method is its robustness. It allows the control of the
dynamics of the quantum state without resorting to numeri-
cal methods for a wide variety of models, in either LQC or
geometrodynamics. Its strength is particularly visible in the
Yang-Ding-Ma model, where using the standard numerical
methods of LQC to probe the genuine quantum mechanics

is quite difficult due to instabilities. The presented alter-
native is directly applicable to other isotropic models, such
as the ones with a cosmological constant [as the volume
still has the form (4.15) there], or models with different
matter clocks, as well as the anisotropic ones (such as
Bianchi I; see in particular [57]). It may also constitute a
good point of departure for generalization to the inhomo-
geneous ones.
However, one still needs to remember that, despite

including contributions from all orders of quantum correc-
tions the method devised here is not exact. To deal with the
commutators with

ffiffiffi
k

p
we introduced an approximation,

neglecting in VðϕÞ and σðVϕÞ the terms scaling with
negative powers of pϕ. While these terms could in principle
be included, this would make all the expressions much
more complicated. Furthermore, to be able to perform the
expansion we needed to strengthen the restrictions on
the semiclassical states we are working with, requiring
that the states under consideration have finite expectation
values of hp̂n

ϕi. This assumption, however, does not appear
restrictive when we consider the states to be interesting
from a physical point of view—sharply peaked at large
values of scalar field momentum (or the other equivalent of
the energy in cases of using different matter fields as
clocks). The strengthened restriction is, however, tied to a
specific calculation in rewriting specific expectation values
in terms of those of Weyl-ordered operators, and thus may
not be a necessary condition for the approach to work.
Some comments are also in order in regards of the

choices of superselection sectors discussed in Sec. III A and
applied in the rest of the article. There, following earlier
works in LQC, we decided to focus on the subspace ofHgr
of the states symmetric with respect to reflection in v and
supported on the set (3.3) for ϵ ¼ 0. These choices, while
seeming natural, are not singled out by any physical
argument. Any other choice [in selecting a value of ϵ or
(anti)symmetry] is allowed. The methods of identifying the
physical Hilbert space and determining the quantum
trajectories introduced in this paper can easily be applied
to different ϵ and/or antisymmetric states. The main differ-
ence is that for generic ϵ the transformation (3.7) into b
representation will introduce a nontrivial constant phase
shift in the periodicity conditions. Also, symmetric/anti-
symmetric states will now be supported on the union of two
lattices. This will enforce slight changes in the form of the
energy eigenstates of the Θ operator as functions of the x
variable to accommodate the new quasiperiodicity con-
ditions. Furthermore, the necessity to work with unions of
two lattices and the (anti)symmetry no longer imposing
constraints within one lattice generically will introduce a
twofold degeneration of the energy eigenstates. Another
potential complication is the necessity of reexamining the
accuracy of the approximations of the volume operator by
(4.17), as the original calculations employed the ability of
splitting Hϵ¼0 onto two uncoupled sectors supported on
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v > 0 and v < 0, respectively. However, the general
properties of the objects involved will be preserved. The
effects of different choices have already been tested in the
context of mainstream LQC, in particular for the model
considered here [21] and even more thoroughly for its
extension to the case of a negative cosmological constant
[43]. There, no differences (besides slight shifting of the
discrete parts of spectra) in physical predictions were
found. This and the similarity of the general form of the
quantum Hamiltonian constraint between various regula-
rizations offer a compelling argument in support of the
robustness of our results also in the case of the Yang-Ding-
Ma regularization. Proving it rigidly, however, would
require a series of explicit tests for different sector choices,
which has not been done here.
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APPENDIX A: WHEELER-DEWITT ANALOG
OF THE MODEL

Here we briefly recall the main features of a quantum
cosmological model constructed via treating the classical
model of the flat FRLW universe with massless scalar field
via methods of geometrodynamics—the so-calledWheeler-
DeWitt (WDW) model [58]. Such a model has been
extensively discussed in the literature (for the details
relevant for our work see, for example, [21]). The starting
point is the same as in the case of LQC quantization—the
canonical formulation of GR reduced to the isotropic
setting, as in Sec. II A. One can choose to use the triad
formalism, with partial gauge fixing and variables defined
as in (2.3), though it is not necessary—one can start with
the Arnowitt-Deser-Misner (ADM) formalism, relating the
global coefficients ðv; bÞ with the scale factor and the
Hubble parameter as in (2.1). Both approaches are math-
ematically equivalent.
Subsequently one applies to the pair of variables ðv; bÞ

the standard textbook Schrödinger quantization procedure.
As a consequence, the family of holonomies along straight
lines is now continuous, allowing one, in particular, to take
the limit in (2.12). As a consequence, the gravitational
component of the Hamiltonian constraint reduced to just a
simple function of v and b,

H ¼ −
3πGℏ2

2α
vb2; ðA1Þ

where α is the constant defined in (2.1). Coupling to it the
massless scalar field [described by a standard canonical pair
ðϕ; pϕÞ] and choosing the lapse N ¼ 2V we arrive to a total
Hamiltonian constraint of the form

Ctot ¼ p2
ϕ − 3πGℏ2v2b2: ðA2Þ

Since the process of quantization involves standard quan-
tum mechanics procedures, the kinematical Hilbert space
of the system will be just the product of two Lebesgue
spaces

Hkin ¼ L2ðR; dvÞ ⊗ L2ðR; dϕÞ: ðA3Þ

Upon promoting basic variables to operators this constraint
takes the form of a Klein-Gordon equation

Ĉtot ¼ −Igr ⊗ ℏ2
∂
2
ϕ − Θ ⊗ Iϕ;

Θ ¼ −12πGℏ2ð
ffiffiffiffiffiffi
jvj

p
∂v

ffiffiffiffiffiffi
jvj

p
Þ2: ðA4Þ

By applying to it the group averaging procedure and
subsequently choosing the superselection sectors corre-
sponding to states of positive energy10 and symmetric in v
one arrives to the following form of physical states:

Ψðv;ϕÞ ¼
Z
R
dkΨ̃ðkÞekðvÞeiωðkÞϕ; ðA5Þ

where the energy eigenstates ek take the form11

ekðvÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffi
4πjvjp eik ln jvj ðA6Þ

and the dispersion relation ωðkÞ is

ωðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
12πG

p
jkj: ðA7Þ

This is an equivalent of a decomposition of a solution to
the KG equation onto plane waves, where the eigenstates
for k < 0=k > 0 correspond to the outgoing (expanding)/
incoming (collapsing) waves, respectively.

1. Hubble rate representation

For the purpose of comparison with the LQC model
studied in this article it is convenient to also recall the form
of the physical states, inner products, and observables
expressed in momentum b representation. That form has
been considered in detail already in [29] (with further
corrections in [55]). In what follows we will use the
conventions and notation from Appendix C of [40] further
providing some minor corrections.

10This is the standard choice for the Klein-Gordon equation.
Here we consider the scalar field as an evolution parameter—an
internal clock. In such a case, the momentum pϕ plays the role of
“energy” of the system.

11The normalization factor differs from that in [40] since here
we integrate over both orientations of v.
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Unlike in LQC, here b̂ is a well-defined operator, and
we can pick a basis formed off its generalized eigenstates.
One can define the transformation (and its inverse) from the
v basis to it as

½Fψ �ðbÞ ¼ 1

2
ffiffiffi
π

p
Z
R

dvffiffiffiffiffiffijvjp ψðvÞeivb2 ;

½F−1ψ �ðvÞ ¼
ffiffiffiffiffiffijvjp

2
ffiffiffi
π

p
Z
R
dbψðbÞe−ivb2 : ðA8Þ

The basic operators take in the new representation the form

v̂ ¼ −2i∂b;
ffiffiffiffiffiffi
jv̂j

p
b̂

1ffiffiffiffiffiffijv̂jp ¼ 2ibI; ðA9Þ

however, due to the presence of jvj in the transformation,
the inner product of Hgr cannot be expressed locally.
Fortunately, one can introduce a projection onto orthogonal
subspaces H� supported on the positive/negative v,

P�∶Hgr →H� ⊂Hgr; ½P�ψ �ðvÞ¼ψðvÞθð�vÞ; ðA10Þ

where θ is the Heaviside step function. On these subspaces
the induced inner product can be expressed in a local form

hψ jχi ¼ hψ jPþχiþ þ hψ jP−χi−;

hψ jχi� ¼ ∓2i
Z
R
dbψðbÞ∂bχðbÞ: ðA11Þ

The volume operator can now also be expressed in a
simple way,

V̂ ¼ αjv̂j ¼ −2iα∂bðPþ − P−Þ: ðA12Þ

While the projection operatorsP� cannot bewritten down as
easily, their action on the basis elements can be evaluated.
For the details, we refer the reader to Appendix C of [40].
Here we present the result, correcting some minor sign
discrepancies

½F ðP�ek�ðbÞ ¼
ffiffiffi
2

p

4π

Z
R�

dv
jvj e

ik ln jvjeivb2

¼ ΓðikÞffiffiffi
2

p
π
e∓sgnðbÞkπ

2e−ik ln jb2j: ðA13Þ

Note that one sign of b is always suppressed, with the
suppression factor exponential in jkj. Thus, for large jkj the
projected base function can be approximated as

∀ jkj≫ 1; ½F ðP�ek�ðbÞ≈ θð∓kbÞ ΓðikÞ
2

ffiffiffi
2

p
π
ejkjπ2e−ik ln jb2j:

ðA14Þ

Summing up the two terms in (A13) we finally write the
full basis element12

½Fek�ðbÞ¼
ΓðikÞffiffiffi
2

p
π
cosh

�
π

2
k

�
e−ik ln jb2j≕Bke−ik ln j

b
2
j: ðA15Þ

Using known mathematical formula ΓðzÞΓð−zÞ ¼
−π=ðz sinðπzÞÞ one can evaluate the normalization factor
explicitly as

jBkj ¼
coshðkπ=2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πk sinhðkπÞp ¼ 1

2
ffiffiffiffiffiffiffiffi
πjkjp �

1þO

�
e−jkjπ=2ffiffiffiffiffijkjp ��

:

ðA16Þ

APPENDIX B: WHEELER-DEWITT LIMIT
OF LQC MODEL

In the case of the prescriptions already analyzed in the
literature in detail: mainstream LQC and strict Thiemann
regularization (presented in Sec. II B 1 and Sec. II B 2,
respectively), it was possible to identify a well-defined
geometrodynamic (WDW) limit of each model. Namely,
each LQC energy eigenfunction asymptotically approached
some combination of its analog in theWDWapproach. This
feature allowed one to look at the loop quantum geometry
modifications as a process of “scattering” of the WDW
universe, while on a technical level it was possible to
evaluate (fix) the normalization of the LQC energy eigen-
functions (see Appendix A. 2 of [59] and Appendix D. 3 of
[40]). It is thus expected that the model following from the
Yiang-Ding-Ma prescription shares the same features. We
will verify this expectation below.
Our point of departure is the (determined up to a

normalization factor) analytic form of the symmetric
energy eigenfunctions (corresponding to the eigenvalue
ω2) in b representation

ψkðbÞ ¼ Nk cosðkxðbÞÞ; ω ¼ βk; ðB1Þ
where xðbÞ is defined via (3.18).
Since in the b representation the inner product has no

simple form (unless the states are projected onto a
particular orientation of v, which is difficult to control in
the b representation itself), it is beneficial to convert the
above eigenfunction to v representation. This is provided
via the transformation (3.9),

F−1ψðvÞ ¼
ffiffiffiffiffiffijvjp
2π

NkðξkðvÞ þ ξ−kðvÞÞ;

ξkðvÞ ≔
Z

2π

0

dbeikxðbÞe−ivb
2 : ðB2Þ

12Note the change in the formula with respect to (C16) of [40]
resulting from sign corrections in (A13). This change does not,
however, affect the large k behavior of ek; thus, the approx-
imations taken for the normalization of eβ;k in [40] remain valid.
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Because of the symmetry of ψ it is enough to evaluate the
above integral for v > 0 only. To do so, we analytically
extend the integrand to the complex plane and consider a
contour integral over the closed path

SkðvÞ ¼ lim
ϵ→0;R→∞

I
Cðϵ;RÞ

dbeikxðbÞe−vb
2 ; ðB3Þ

where the contourCðϵ; RÞ is defined as follows (see Fig. 2):

Cðϵ; RÞ ≔ ½ϵ; 2π − ϵ� ∪ ½2π − ϵ; 2π − ϵ − iR�
∪ ½2π − ϵ − iR; ϵ − iR� ∪ ½−iR; ϵ�: ðB4Þ

By direct inspection the integrand of (B3) is regular inside
the contour. Furthermore, the integral over ½2π − ϵ − iR;
ϵ − iR� vanishes in the limit R → ∞. Thus, by Cauchy
theorem

ξkðvÞ ¼ −i
Z

∞

0

dλe−
vλ
2 eikxð−iλÞ þ i

Z
∞

0

dλe−
vðλ−2iπÞ

2 eikxð2π−iλÞ

¼ −i
Z

∞

0

dλe−
vλ
2 eikxð−iλÞ þ i

Z
∞

0

dλe−
vλ
2 e−ikxðiλÞ

¼ −
Z

∞

0

dλe−
vλ
2 ðIk þ I†kÞ; ðB5Þ

where Ik ≔ ieikxð−iλÞ and in the second line we used the fact
that under our selection of the superselection sector we
have v∈ 2Zþ and the antisymmetry xð2π − iλÞ ¼ −xðiλÞ.
Next, we separate out the singular terms of the integrand

(singular at b∈ f0; 2πg) by defining the function

σðλÞ ≔ xð−iλÞ − ln ð−iλÞ þ ln ð2π þ iλÞ ðB6Þ

and rewriting Ik as

Ik ¼ iðeikσð−iλÞeik ln ð−iλÞe−ik ln ð2πþiλÞ

− aþeik ln ð−iλÞ − a−e−ik ln ð2π−iλÞÞ
þ iaþeik ln ð−iλÞ þ ia−e−ik ln ð2π−iλÞ; ðB7Þ

where constants a� are determined by the requirement that
the first term is free from the logarithmic singularity at
b∈ f0; 2πg and is equal to

aþ ¼ expðikσ0Þ; a− ¼ expð−ikσ0Þ ¼ āþ;

σ0 ≔ σð0Þ − lnð2πÞ ¼ ln

�
1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2

q �
: ðB8Þ

Under that choice, it is convenient to rewrite the first term
of Ik using well-known identity ea − ab ¼ 2ie

aþb
2 sin a−b

2

so that

Ik ¼ −2eik ln ð−iλÞeik
2
ðσ−lnð2πþiλÞþσ0Þ

× sin

�
k
2
ðσ − ln ð2π þ iλÞ − σ0Þ

�
þ iaþeik ln ð−iλÞ

≕ δIk þ Ik; ðB9Þ
where δIk and Ik denote the first term and the second term,
respectively. The latter is easy to integrate, with the result
being proportional to the WDW analog model basis
function (A6)Z

∞

0

dλe−
vλ
2 Ik ¼ ieikσ0

Z
∞

0

dλe−
vλ
2 eik lnð−iλÞ

¼ −
2k
jvj e

ikðσ0þlnð2ÞÞekπ
2 ΓðikÞe−ik ln jvj

¼ −4
ffiffiffiffiffiffi
π

jvj
r

eikðσ0þlnð2ÞÞekπ
2 ΓðikÞe−kðvÞ: ðB10Þ

To estimate the integral of δIk we split it into the regular and
singular terms

δIkðλÞ ¼ fðλÞgðλÞ; ðB11Þ

where

fðλÞ¼eik lnð−iλÞ;

gðλÞ¼e
ik
2
ðσðλÞ−lnð2πþiλÞþσ0Þ sin

�
k
2
ðσðλÞ− lnð2πþ iλÞ−σ0Þ

�
:

ðB12Þ
By Taylor expanding g about λ ¼ 0 we get

gðλÞ ¼ kð3γ2 − 1Þ
96

eik ln σ0λ2 þOðλ3Þ: ðB13Þ

This allows one to bound the modulus of the integral
of δIk as

FIG. 2. The integration contour Cðϵ; RÞ of (B3).
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				Z ∞

0

dλe−
vλ
2 δIkðλÞ

				≤Z
∞

0

dλe−
vλ
2 jfðλÞjjgðλÞj

¼ kð3γ2−1Þ
6

e
kπ
2 jvj−3þOðv−4Þ; ðB14Þ

where to get the last expression we applied the expansion
(B13) and the equality jfðλÞj ¼ expðkπ=2Þ.
Plugging the above estimate and (B10) back into (B5) we

arrive to the following result:

ξkðvÞ ¼ 4

ffiffiffiffiffiffi
π

jvj
r

ke
kπ
2 ½Γð−ikÞe−ikðσ0þlnð2ÞÞekðvÞ

þ ΓðikÞeikðσ0þlnð2ÞÞe−kðvÞ� þOðv−2Þ: ðB15Þ

Subsequently, inserting the above into (B2) we finally get

ψkðvÞ ¼ Nk
4ffiffiffi
π

p k sinh

�
kπ
2

�
½Γð−ikÞe−ikðσ0þlnð2ÞÞekðvÞ

þ ΓðikÞeikðσ0þlnð2ÞÞe−kðvÞ� þOðjvj−3=2Þ; ðB16Þ

which by symmetry of ψðvÞ is valid also for v < 0.
Consider now a scalar product of two eigenfunctions. By

repeating the reasoning already discussed in Appendix D. 3
of [40], that is, by noting the following:
(1) since the leading terms in (B16) decay as jvj−1=2,

while the corrections decay as jvj−3=2 all the cross
terms and products of corrections in the inner
product will have a finite contribution, and

(2) within the domain of jvj > 1 the sum in the LQC
inner product can be approximated by an integral,
with the approximation error being again finite,

we can write the scalar product as

hψkjψk0 i ¼
16

π
k2N2

ksinh
2

�
kπ
2

�
jΓðikÞj2δðk− k0Þ þ fðk; k0Þ;

ðB17Þ

where fðk; k0Þ can a priori be singular at k ¼ k0. However,
the orthogonality of eigenspaces for k ≠ k0 implies
fðk; k0Þ ¼ 0. Consequently, applying the identity already
used in Appendix A 1 jΓðikÞj2 ¼ π=ðk sinhðkπÞÞ we can
determine Nk corresponding to a normalized eigenfunction
[denoted as ekðvÞ]

Nk ¼
1

4
ffiffiffi
k

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinhðkπÞp

sinhðkπ=2Þ ¼
1

2
ffiffiffiffiffi
2k

p ð1þOðe−kπ=2ÞÞ: ðB18Þ

Let us go back to the function ξkðvÞ. For v > 0 it is given
by Eq. (B15). To determine it for negative v we apply the
symmetry following from (3.9) ξkð−vÞ ¼ ξ−kðvÞ, which
gives

∀ v < 0ξkðvÞ ¼ −4
ffiffiffiffiffiffi
π

jvj
r

ke−
kπ
2 ½Γð−ikÞe−ikðσ0þlnð2ÞÞekðvÞ

þ ΓðikÞeikðσ0þlnð2ÞÞe−kðvÞ� þOðjvj−2Þ:
ðB19Þ

Together with (B15) this result allows one to write down the
(defined in Sec. III B) projections P� of ekðvÞ onto
positive/negative v semilattices as combinations of ξ�k,

½P�ek�ðvÞ ¼
1

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jvj

2k sinhðkπÞ

s
½e�kπ

2 ξkðvÞ þ e∓kπ
2 ξ−kðvÞ�:

ðB20Þ
Define now the left-hand/right-hand moving components
of ekðbÞ,

e�k ðbÞ ≔
Nk

2
e�xðbÞ: ðB21Þ

Their transform into v representation is given in terms of ξ
functions

½F−1e�k �ðvÞ ¼
ffiffiffiffiffiffijvjp
2π

Nkξ�kðvÞ; ðB22Þ

which after plugging back into (B20), substituting the value
of Nk via (B18), and switching back to b representation
gives

½P�ek�ðbÞ ¼
sinhðkπ=2Þ
sinhðkπÞ ½e�kπ

2 eþk ðbÞ þ e∓kπ
2 e−k ðbÞ�

¼ e�k ðbÞ þO

�
e−kπffiffiffi

k
p

�
: ðB23Þ

In consequence, for large k the projection onto positive/
negative v corresponds (to great precision) to the projection
onto left-hand/right-hand moving plane waves in the xðbÞ
variable.

APPENDIX C: CENTRAL MOMENTS
OF SEMICLASSICAL STATES

Consider a one-dimensional quantum system admitting a
pair of fundamental observables being quantum counter-
parts of classical canonical ones and forming a Heisenberg
algebra ½X̂; P̂� ¼ iℏI. Their expectation values form a pair
of coordinates13 on the space of quantum states, though this
set is obviously incomplete—one cannot reproduce the
state just by knowing their values. One of the possible

13More precisely, the classes of equivalence of states with
respect to relation jΨ1i ∼ jΨ2i ⇔ jΨ1i ¼ λjΨ2i; λ∈Cnf0g—the
so-called rays form a manifold [60] equipped with a metric
induced by the Hilbert space scalar product. One can then
consider coordinates on that manifold.
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ways of completing the coordinate system originates from
the Hamburger decomposition and is based on the con-
struction of the so-called central moments [52,61] defined
per analogy with such statistical mechanics Gab ¼
“hðX − X̄ÞaðP − P̄Þbi”, namely,

Ga;b ≔
Xa
k¼0

Xb
n¼0

ð−1Þaþb−k−n
�
a

k

��
b

n

�
× hPia−khXib−nhP̂kX̂niWeyl

¼ ”hðP̂ − hPiÞaðX̂ − hXiÞbi”; ðC1Þ

where the last expression is the intuition of the definition,
out of which the precise definition (the middle expression)
is inferred by a binomial decomposition. All the operators
are ordered in the completely symmetric (Weyl) factor
ordering. Together with the expectation values X ≔
hX̂i; P ≔ hP̂i they form a Poisson algebra, with Poisson
brackets uniquely determined by the conditions

fhF̂a;bi; hF̂c;dig ¼ −
i
ℏ
h½F̂a;b; F̂c;d�i;

F̂a;b ≔ ðX̂aŶbÞWeyl: ðC2Þ

A huge advantage of such a coordinate system is that it
admits a hierarchy of quantum corrections with respect to
the order n ¼ aþ b. In particular, the first order moments
always vanish and the second order ones fG20; G02; G11g
correspond to the state’s variance in X, P, and their
correlation, respectively. In particular, this set allows for
a precise definition of semiclassical states as those for
which the values of Gab decay sufficiently fast with
the order.
Remarkably, the expectation value of each sufficiently

well-behaved composite observable Ô ≔ fðX̂; P̂Þ can be
decomposed in terms of the above moments

OðX:P;Ga;bÞ ≔ hfðX̂; P̂ÞiWeyl

¼
X∞
a;b¼0

1

a!b!
∂
aþbf

∂
aX∂bP

Ga;b; ðC3Þ

where G00 ¼ 1 and G10 ¼ G01 ¼ 0. This applies in par-
ticular to the Hamiltonian, thus allowing one to determine a
full set of equations of motion for the variables fX;P:Gabg
as Hamilton’s equations.
In practical applications one often needs to express in

terms of central moments an expectation value of some
operator that is not necessarily Weyl-ordered. In that, it is
useful to have some transformation formulas. We recall
here a few of such following [62] and applied to operators
of the type PkXl:

(i) a transformation from arbitrary to Weyl factor
ordering

hP̂kX̂nix ¼
Xminðk;nÞ

j¼0

aj
k!

ðk− jÞ!
n!

ðn− jÞ!hP̂
k−jX̂n−jiWeyl;

ðC4Þ

where aj are some coefficients depending on the
ordering rule used in h·j·ix, evaluated as coefficients
in the expansion of the kernel of the generalized
Weyl transform [63].

(ii) a transformation from a two-term symmetric factor
ordering h·j·is (for which the only nonvanishing co-
efficients equal a2j ¼ ði=2Þ2j=ð2jÞ!; see Sec. IV. A of
[62] for the details)

hP̂kX̂nis ≔
1

2
hPkXn þ XnPki

¼
Xminðk;nÞ
j¼0

ðiℏ=2Þ2j
ð2jÞ!

k!
ðk − 2jÞ!

n!
ðn − 2jÞ!

× hP̂k−2jX̂n−2jiWeyl: ðC5Þ

Finally the Weyl-ordered monomials of ðP;XÞ can be
expressed in terms of ðX;P;GabÞ via an inverse of (C1),

hP̂kX̂niWeyl ¼
Xk
i¼0

Xn
j¼0

�
n

j

��
k

i

�
hPik−ihXin−jGi;j: ðC6Þ

APPENDIX D: TRAJECTORY OF WDW ANALOG
IN VOLUME REPRESENTATION

A variation of the method introduced in Sec. V can be
used to evaluate the quantum trajectory of the volume VðϕÞ
(and its variance) for the Wheeler-DeWitt analog of the
studied model in v representation directly. To do so, we
note that on the sector of symmetric states the scalar
product can be evaluated on the domain v > 0 only,

hΨjΨ0i ¼ 2

Z
Rþ

dvΨðvÞΨ0ðvÞ: ðD1Þ

Here, it is again convenient to work with the energy
eigenbasis (A6). A semiclassical state sharply peaked at
large (positive or negative) jkj ≫ 1 can be approximated by

Ψσðv;ϕÞ ¼
Z
R
dkΨðkÞθð−σkÞ 1ffiffiffiffiffiffiffiffiffiffiffi

4πjvjp eikðx−σβϕÞ; ðD2Þ

where σ ¼ 1 for the states peaked about k0 < 0 and −1 for
these peaked about k > 0.
Setting x ≔ lnðvÞ we can write the expectation value of

V̂ϕ as
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hV̂ϕi ¼
2α

4π

Z
R
dx

Z
R2

dkdk0Ψ̄σðk0Þe−ik0ðx−σβϕÞ

× expðxÞΨσðkÞeikðx−σβϕÞ; ðD3Þ
where ΨσðkÞ ¼ ΨðkÞθð−kσÞ. By Taylor expanding ex in
x ¼ 0, substituting the operators x̂n ¼ ði∂k þ σβϕÞ,
expanding the powers by binomial theorem we get

hV̂ϕi ¼ α

Z
R
dkΨ̄σðkÞ

X∞
n¼0

Xn
j¼0

1

n!

�
n

j

�
ðσβϕÞn−jði∂kÞjΨσðkÞ

¼ α
X∞
n¼0

Xn
j¼0

1

n!

�
n

j

�
ðσβϕÞn−jhði∂kÞji: ðD4Þ

Now, introducing (auxiliary) central moments

G̃0;l ¼
Xl

j¼0

�
l

j

�
ð−hi∂kiÞl−jhði∂kÞji

¼ ”hði∂k − hi∂kiIÞli” ðD5Þ

(where again, the last expression represents an intuition),
reexpressing the terms hði∂kÞji by them [using the trans-
formation formula (C2)] and reordering the sums we arrive
to the following form of the expectation value

hV̂ϕi ¼ α
X∞
l¼0

X∞
n¼l

Xn
j¼l

1

n!

�
n

j

��
j

l

�
ðσβϕÞn−jhi∂kij−lG̃0;l

¼ α
X∞
l¼0

X∞
n¼0

Xn
j¼0

1

n!l!

�
n

j

�
ðσβϕÞn−jhi∂kijG̃0;l

¼ α exp ðσβϕþ hi∂kiÞ
X∞
l¼0

1

l!
G̃0;l: ðD6Þ

Similarly, one can evaluate the expectation value of the
squared volume at a given ϕ

hV̂2
ϕi ¼

2α2

4π

Z
R
dx

Z
R2

dkdk0Ψ̄σðk0Þe−ik0ðx−σβϕÞ

× expð2xÞΨσðkÞeikðx−σβϕÞ

¼ α2 expð2ðσβϕþ hi∂kiÞÞ
X∞
l¼0

2l

l!
G̃0;l ðD7Þ

[which is performed exactly as the derivation of (D6) with
the only changes α ↦ α2 and expðxÞ ↦ expð2xÞ], which in
turn allows one to evaluate the square of variance

σ2ðV̂ϕÞ ¼ hV̂2
ϕi− hV̂ϕi2

¼ α2 expð2ðσβϕþ hi∂kiÞÞ

×
X∞
l¼0

�
2l

l!
G̃0;l −

1

l!

Xl

n¼0

�
l

n

�
G̃0;nG̃0;l−n

�
; ðD8Þ

where in the second term we reordered the summation to
group all the components by their total order. Note that the
terms for l ¼ 0; 1 vanish, and thus the second order term is
(as expected) the first nontrivial one.
To bring these results to a more physically meaningful

form, in the last step we perform the change of variables the
same way, as done in (5.51). Thus,

hV̂ϕi ¼ α exp ðσβðϕ − ϕ0ÞÞ
X∞
l¼0

ð−σβÞl
l!

G0;l; ðD9aÞ

σ2ðV̂ϕÞ ¼ α2 expð2σβϕ − ϕ0ÞÞ

×
X∞
l¼0

ð−σβÞl
l!

�
2lG0;l −

Xl

n¼0

�
l

n

�
G0;nG0;l−n

�
:

ðD9bÞ
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