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In classical dynamics, Eisenhart lift connects the dynamics of null geodesics in a Brinkmann spacetime
with a continuous family of Hamiltonian systems by means of a suitable projection. In this work we explore
the possibility of building a model for quantum dynamics of massless particles propagating inside a
Brinkmann spacetime from the Einsenhart lift. As a result, we describe spatial tunneling between regions
classically disconnected for a certain class of null geodesics because of curvature. Also we describe
entangled states arising from observers who have limited access to the whole Brinkmann space. Finally we
explore the possibility of finding a quantum field theory behind these quantum phenomena.
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I. INTRODUCTION

In a microscopic scale, mass particles in a scalar
potential evolve showing a collection of phenomena
characteristic of quantum mechanics as, for example,
quantum tunneling, barrier penetration, etc. As a particular
example we can choose the scalar potential of Newtonian
gravity and, therefore, we would expect that the micro-
scopic dynamics of a mass particle subjected to gravity
follows the rules of quantum mechanics as a response to
the Newtonian gravitational potential. However, gravity is
driven by curvature, not by means of a scalar potential. On
the other hand, in the framework of general relativity,
massless particles follow null geodesics that see curvature.
So a natural question arises: Do massless particles respond
to spacetime curvature, in a microscopic scale, following
the rules of quantum mechanics? Note that we are taking
about a scale in which particles behave following quantum
mechanics but gravity is still described by classical (i.e. no
quantum) general relativity.

The role of curvature in quantum mechanics has been
considered many times in literature. Early works explored
the generalization of quantum mechanics in Euclidean
space to Riemannian manifolds. In this way, in [1] the
role of the curvature was computed through the constraint
of the dynamics to curved submanifolds of Euclidean
space. On the other hand, in [2] the curvature was
incorporated in a natural way by means of a connection
in the fiber bundle of complex number over the space. Each
model brings different results and problems, and nowadays
it is not clear what the correct answer is. With respect to the
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modeling of the quantum dynamics for geodesics in curved
spacetimes, it has been addressed both in the framework of
quantum geometry [3,4], where non-commutative spaces
serve as play model for quantum gravity, and in the context
of quantum correcting to gravity [5—10]. Finally, issues
concerning whether gravity sees quantum physics were
considered in [11] and, more recently, in [12,13].

In this work we propose an approach different from
the ones previously mentioned. Here we do not pretend to
develop any quantum model for gravity or to introduce
quantum corrections to gravity. Neither do we build a
covariant formulation of quantum mechanics. Our point of
view is to move in a scale where gravity is well described
by general relativity but particles exhibit quantum dynam-
ics, and describe this quantum dynamics for a selected set
of observers. For achieving this goal, our point of departure
is the Eisenhart lift.

The FEisenhart lift arises in classical dynamics as an
attempt to geometrize the dynamics of Hamiltonian systems
[14,15]. Being more specific, the Eisenhart mechanism
works [lifting the dynamics of some Hamiltonian system
to a higher dimensional space by introducing two additional
coordinates. The key point is that the lifted trajectories
correspond to null geodesics in a pseudo-Riemannian
space with Lorentzian signature, such that the coupling
constant to scalar and vector potentials appearing in the
original Hamiltonian system corresponds to a conserved
quantity over null geodesics. This conserved quantity is
related to a covariantly conserved Killing vector and, thus,
the null geodesics are in a Brinkmann spacetime [16—19].
As a consequence, the inverse of the Eisenhart lift gives
a projection of the dynamics of null geodesics in a
Brinkamnn space over a continuous uniparametric family
of Hamiltonian systems depending on the coupling constant.

© 2023 American Physical Society
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Based on the connection previously mentioned between
null geodesics and a continuous family of Hamiltonian
systems, in this paper we propose to define quantum
dynamics for massless particles in Brinkmann space-
times by quantizing the dynamics in each one of the
Hamiltonian systems of the continuous family served by
the Eisenhart lift. In some way this is not a new idea, since
second quantization in quantum field theory is carried out
by decomposing the field in a continuum of modes and,
then, describing each mode by means of the quantum
harmonic oscillator.

The paper is organized as follow: In Sec. II we discuss
briefly the Eisenhart lift and its relation with null geodesics
in Brinkmann spacetimes, setting the connection between
null geodesics and a continuous family of reduced
Hamiltonian systems. In Sec. III, as a warmup exercise,
we pay some attention to the Eisenhart lift of autonomous
and natural Hamiltonian systems. In Sec. IV we define
quantum dynamics for massless particles in Brinkmann
spacetimes from this continuous family of reduced
Hamiltonian systems, giving special emphasis on stationary
Brinkamnn spacetimes. In Sec. V we extract some conse-
quences from the model previously developed, and we
describe quantum tunneling and entanglement for null
particles in Brinkmann spacetimes. Finally, in Sec. VI,
the possibility of finding a quantum field theory behind the
quantum mechanical model developed is explored, while in
Sec. VII some conclusions and future work are addressed.

II. EISENHART LIFT AND BRINKMANN SPACES

The FEisenhart lift connects the dynamics of
Hamiltonian systems with the dynamics of null particles
in a pseudo-Riemannian manifold. In this section we
show briefly how this is done and the connection with
Brinkmann spaces. Deeper details in the Eisenhart lift
can be found in Refs. [14,15] while, for Brinkamnn
spaces, canonical texts as Refs. [17,20] can serve as a
complete view of the subject.

A. The Eisenhart lift briefly

Let (F,w,H(4)) be a Hamiltonian system, where
w=>.dq Ndp;, i=1,...n, F=T*Q,, and 1 is the
coupling constant to external potentials. The Eisenhart lift
consists in building a new Hamiltonian system (F, Q, H),
with Q=w+du Adp,+dv A p,, F=T"Q,» and,

1_.. Dy Do P>
= _gi/ 2V A. P A/ P L )
H 53 <p, > Al> <p,, > A,,) 5 @+ Popu
(1)
such that

H/l :H<ﬂ’)|t—>u +j'puv (2)

where the subscript A means “valued over p, = 4. In the
most general case, (F,w,H(1)) is a non-autonomous
and non-natural Hamiltonian system with scalar potential
¢(t. q), vector potential A;(t, ¢), and kinetic metric g;;(z, q)
given by

_ 1 1
gi/:gi/|u—>t’ §0:—§(D|u_,,, AiZEAi‘u—n' (3)

We impose the condition that det(g) # 0 for any value of ¢
and ¢'. Then, positiveness of the kinetic term fixes g;;
as a uniparametric family of Riemannian metrics over the
configuration space Q, for each value of 7. From now on
we shall call (F,Q,H) the lifted Hamiltonian system,
while we shall call (F,w, H(1)) the reduced Hamiltonian
system with coupling A.

The “magic” of the Eisenhart lift is that the lifted
Hamiltonian covers the dynamics of the reduced
Hamiltonian. For showing this fact, note that v is a cyclic
coordinate in the lifted Hamiltonian Eq. (1) and, therefore,
there are curves from the lifted Hamiltonian flow that
satisfies p, = 1. Then,

oM, OH(A)
aqi aql 1—=u

oM, OH(A)
api apl 1—u

SN

bl

and the Hamiltonian system (F, Q. H) includes the
dynamics of (F,w,H(4)) for each value of the
coupling 1. For p, = 4, the set of equations of motion is
completed with

i=2,

1
b= _Zf_}ij-Ai(zpj —1A;) =A@+ p,.

. L.
Pu = _gaugij(zpi _)"Al)(zpj _/I‘Aj)

A_ e
+ Zgijau-Ai(zpj —1A;) + ?auq)a

Note that the value of the momentum p, = 4 gives the
coupling of the reduced system to the scalar and vector
potentials Eq. (3) and, so, the coupling becomes dynamical
in the lifted system.

Obviously, not all curves of the Hamiltonian flow in
(F,Q,H) project over the Hamiltonian flow of the
reduced system (F,w, H(J,)) for some fixed coupling
Ao, since we have to choose the curves with p, = 4. In

a mathematical language, defining lA“,lO as the set of curves

in Q,,, solving the lifted equations of motion for p, = 4,
the projection,

72 Q2> 0 (q'...q"uv)=(q"....q"), (6)
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induces a map,

a:ly, —T, (7)
where I' is the set of curves in Q, solving the equations of
motion in (F,w, H(4y)). Even under the restriction to the
sector p, = A of the lifted dynamics, the map Eq. (6) is not
a one-to-one map. Since the u coordinate replaces the time
in the original Hamiltonian system, the lifted Hamiltonian
is autonomous and, therefore,

&, = Hl, ) (8)

for any curve y(t)ef“,lo, is a conserved quantity. This
conserved quantity does not arise from the dynamics in the
configuration space Q, and, therefore, it is a free parameter.
Thus, the inverse of the map Eq. (7) gives an infinite set
of curves in IA]O for each curve in I', one curve for each
possible value of e,. Fixing a value ¢, gives a one-to-one
map. For simplicity we decide to fix ¢, = 0 and, then, we
get the bijection:

Al ~T, 9)

where f20 is the set of curves in Q,_, solving the lifted
equations of motion with p, = 4y and ¢, = 0.

The power of the Eisenhart lift resides on the fact that the
lifted Hamiltonian is homogeneous of second degree in
momenta. As a consequence the lifted Lagrangian formally
coincides with the lifted Hamiltonian, and a shortcompu-
tation gives

Lo @, 1
[,:Eg,»jqq/—kzuz—i-u(v—i—ifliq). (10)

This Lagrangian can be reinterpreted as the one for affine-
parametrized geodesics in Q,_, with metric

ds* = 2dvdu + (®(u, q)du + A;(u, q)dq")du
+9;j(u. q)dq'dg’. (11)
In addition, a simple computation gives
det(G) = —4det(g), (12)

and, thus, G,, equips Q,,, with a pseudo-Riemannian
geometry with Lorentzian signature. In this way we gets an
effective geometrization of the classical dynamics of the
set of reduced Hamiltonian systems (F, w, H(4)), A€ R, by
means of the Eisenhart lift. Since the lifted Lagrangian
coincides formally with the lifted Hamiltonian, we have

&, = L(r.7) = 77" Gap- (13)

On the other hand, the vector field 1= d, is a Killing field
of the line element Eq. (11) and

laj/bGab = Py- (14)
Thus,

9 = {y(r) geodesics: 7°7°G,, =0, and 17*G,;, = Ay}
(15)

In other words, the curves solving the equations of motion
in the reduced system (F,w,H(4)) have a one-to-one
correspondence with null geodesics in (Q,,,,, G,,) satisfy-
ing 1,7 = Ay. Reversely, the set of all null geodesics in
(Q,12.Gyyp) projects, by means of the map Eq. (6), over
the curves in Q, solving the equations of motion of the
continuous family of reduced Hamiltonian systems
(F,w,H(2)), Y A€R. So, there is a bridge between the
dynamics of the null geodesic in (Q,,,», G,;) and the set of
reduced Hamiltonian systems (F,w, H(1)).

B. Relation with Brinkmann spaces and pp-waves

Until now we have done some things that are well
know for the physicist who works in the area of classical
dynamics. However, thinking as a general relativity physi-
cist, (Q,42,G,p,) seems much more like some type of
spacetime. Indeed, the line element Eq. (11) appears in
the framework of general relativity and, also, string
theory [21], as the most general metric we can build from
a covariantly conserved null Killing vector field. In our
case, this covariantly conserved vector is the one in
Eq. (14):

V,1, =0. (16)

Spaces with a metric of the form Eq. (11) are called
Binkmann spaces [16]. Every u = u, hypersurface collap-
ses to an n-dimensional submanifold which is called the
transverse space for u = uy, and every transverse space
corresponds to the configuration space Q, equipped with
the transverse metric g;;(q, u = uy).

Following from the point of view of a physicist working
in general relativity, the next issue calling our curiosity is
what about curvature. The first task is to compute the
inverse metric G*. After some algebra,

Gt = (), G" =1, G =0
1 S -
GW =P +——  iin 4. det 7_)i9""_)i s
oS A detlA G .6,
i 1 ijr A G 7
G =y et A G, G
Gij :gij’ (17)
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where g is the kth row of g;;. Now, with some effort, the
Christoffel symbols and, later, the Ricci tensor components
can be computed. Fortunately, we can write them in terms
of geometrical objects living at Q,. Defining

‘ . 1
C' = g’k <0uAk - 50k¢)> s
Fij - al.Aj - ajA,',

I, ..
(0.9 + Fij)s (18)

Bljzz

the nonvanishing components of the Ricci tensor are

a1 1/_., ,_ 1 _ .
R, = VE-") C'+ ZFZ k) (g'kaﬁgik + Eaugikauglk)’

— 1 .
Rui = gjkvﬁ'g)Bik - Eal (gjkaugjk),

Rij = REJ’?), (19)
where the superscript (9 means “with respect to the

metric g;;” for each value of u. Finally, from Eq. (17)
and Eq. (19),

R =R, (20)

So the scalar curvature is not affected by the scalar
and vector potentials in the set of reduced Hamiltonian
systems (F,w,H(1)), A€R.

The results in Egs. (19) and (20) do not predict easy
Einstein field equations, even for empty spacetime.
However, for many Hamiltonian systems, the kinetic term
does not depend on the time ¢ and, even more, the kinetic
metric g;; is flat. In this case, the Einstein field equations
reduce to some like Riemannian Maxwell equations,

] 1 _
AOPD = —p+ 5F2 + 20,0 A, VORE, =7, (21)

where the energy density and current are defined as

pP= ZKTLm’ Ji = 2KTui! (22)
where k = 872G and G is the D-dimensional Newtonian
gravitation constant. Additionally, R = 0 implies traceless
stress tensor,

T = GT,, = 0. (23)

The latter supposes a significant simplification from the
general case. Indeed, in this case, the Brinkmann metric
Eq. (11) reduces to the one of a pp-wave, revealing a
connection between pp-waves and classical Hamiltonian

systems. Under this connection, the scalar potential
@ = —®/2 gives the profile of the wave, while A; # 0 is
related to the presence of wave helicity1 [22]. The energy
density p and current J; we need to generate the pp-wave
can be read from the set of reduced Hamiltonian systems
(F,w,H(1)) by means of Egs. (21) and (22), so the
spacetime and its matter content is entirely determined
from the characteristics of the set of reduced classical
mechanical system.

Finally with respect to Brinkmann spaces, they have a
gauge symmetry with respect to shifts in the » coordinate.

The Killing vector 1 means that we have symmetry under
translations v — v + vy. However, this symmetry can be
gauged to

v%@zv—%f(u,q). (24)

Then, the line element Eq. (11) remains unchanged

provided that we transform @ and .4; according to
®->d=0+0,f, A->A=A+of (25)

In terms of the scalar potential ¢ = —®/2 and the vector

potential A; = A;/2, these are the gauge transformations
of electromagnetism.

III. EISENHART LIFT OF AUTONOMOUS
AND NATURAL SYSTEMS

As a special example of the previous section, let us
now consider the case in which (F,w, H(4)) is a set of
autonomous and natural systems, and g;; = §;; in standard
Cartesian coordinates x'. Then, Q,,, = Q, X R", where
Q, is a two-dimensional manifold spanned by «, v and R”
is the transverse space, while the line element in Eq. (11)
reduces to

ds* = 2dvdu + ®(x)du® + dx*. (26)

This line element can be also found for non-natural
systems by means of choosing a suitable null coordinate
v in Eq. (24), such that the gauge transformations Eq. (25)
can be used to vanishing A; in Eq. (11), as long as A,
satisfies

and the line element Eq. (26) is reachable provided that the

transformed ® does not depend on u and R = 0. In this
situation, by Eqs. (21)—(23), the line element Eq. (26) is

'Also known as gyratons, spacetimes describing the traveling
of ultrarelativistic energy bunches with helicity.
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sourced by a traceless stress tensor given by an energy
density p and vanishing current J;, with field equation

V2o = —p. (28)

The independence of ® with u then implies p = p(x').
Under the conditions previously discussed, carrying to
the line element Eq. (11), the Brinkmann space (Q, x R",

G,p) has, at least, two Killing vectors: the vector field Tin
Eq. (14) and 7 = d,. Since

G, = ® = 20, (29)

the vector field 7 will be timelike everywhere provided that
@ has a global positive minimum. Indeed, the existence of a
global minimum of ¢ is a desirable property we have to
protect if we want to keep the quantum stability of the
system, while the value of the minimum can be shifted to
have a positive value without any consequence. In this way,
always we can achieve to promote (Q, x R",G,,) to a
stationary spacetime, where 7 can be used to define an
observer i, at each event p € Q, x R" as

- 1 -
In addition, requiring
. . 1
Iim®=-1= limgp=_—, (31)
x'—o0 X' =00 2

(@, x R",G,;,) becomes asymptotically flat and, from
Eq. (30) the vector field 7 defines the set of asymptotic
observers. These are the observers measuring the charge
and current defined in Egs. (22).

The Killing vector field 7 introduces a new constant
of motion ¢,y that must be related to the conservation of
energy in (F,w, H(4y)), since u substitutes the time 7 in
Eq. (2). Indeed it is easy to compute that

Pu = taj/bGab' (32)
Then, from Eq. (2),

E(A
tu?hGab - _ 200) ,

vV yeld (E). (33)

where f“jo (E) C f“‘jo is defined as the subset for trajectories
with energy E in the Hamiltonian system (F, @, H(4y). The
value of p, in Eq. (32) is always measurable for the set of
asymptotic observers, so the energy of trajectories in each
reduced Hamiltonian system (F, w, H(A)) is reachable for
the observers in the Brinkamnn space Eq. (26).

It is interesting to observe what happens with the
geodesics of ng(E). In this case, the trajectories in the
reduced system are limited to a finite region of R”. From
the point of view of the Brinkmann space, constant energy
E corresponds to the submanifold,

Se(lo) ={(u,v,x)EQy;xR": 2E+23®(x) =0},  (34)

such that the geodesics fgo(E) are limited to the interior
of Sg(4o). Indeed the normal vector to Sg(4g), n, =
0,(2E + 23®) satisfies

g = 23x10;®lg, ;0 =0, vV yelf (E). (35)
So the geodesics of fgo(E) reach Sg(4y) tangentially.
Also note that

nana = Q’Ja,q)ajq) > 0, (36)

since g;; is a Riemannian metric. Thus, Sg(4,) is a timelike
submanifold everywhere.

As an example, we can consider the isotropic harmonic
oscillator potential,

¢H0(xi) = (37)

]

The potential has a global minimum at x' =0, with
(min)

¢no =0, and Sg(4) are timelike hypersurfaces wrapping
around Q, x {6} which project as concentric (n — 1)-
spheres in the transverse space R”. The value of A~! scales
the radius of the hypersurfaces Sg(4) and, for the same
energy E, geodesics with lower value of [“}*G,, reach
further points in R”". However, the potential violates
Eq. (31) and (Q, x R",G,;,) fails to be asymptotically
flat, without a set of asymptotic observers. The situation
can be corrected by considering the Poschl-Teller potential,

1 1

ppr(x’) = Vo {m - 5}7 k>0. (38)

This potential has a global minimum at x' =0, with

(pﬁf}in) =0, and also has a finite asymptotic behavior,

. -V
lim gp7(X) = . (39)

x'—o00 2

Then, redefining coordinates u and v as

VVou = u,

\/—Vg -0 (40)

also satisfies the asymptotic flatness condition Eq. (31).
Therefore, for fixed 4, and energies 0 < E < /1(2)V0/2,
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@®(x) / Vo

-1 0 1 2 3

FIG. 1.
plane XY.

the projection of the submanifolds Sg(4y) over R" are
concentric (n — 1)-spheres, while for energies E > /I%VO /2
the null geodesics of f(jo(E) escape to infinity (see Fig. 1).

IV. QUANTUM DYNAMICS
FROM EISENHART LIFT

In the previous sections we have shown that the
projection of the sets of geodesics ff{, AER, over the
transverse space of the Brinkmann space (Q,.»,Gy;)
corresponds to the curves solving the equations of motion
of the set of reduced Hamiltonian systems (F,w, H(1)),
with the time 7 being the affine parameter of the curves in
fg. In this section we propose to define quantum states for
null particles in (Q,.,,G,,) from quantum mechanics in
the transverse space, i.e. proposing that the space of quatum
states for null geodesics in (Q,,,,,G,;,) projects over the
Hilbert space of states in the transverse space (Q,, g;;) for
each value of A, such that the continuous set of reduced
Hamiltonian systems (F,w, H(A)) governs the time evo-
lution of quatum null geodesics in (9,2, Gyp)-

Time evolution must be related to a set of well-defined
observers. Thus, for simplicity, from now on we shall
constrain our analysis to Brinkmann spaces with a trans-
verse metric that does not depend on u and, also, such that
7 = 0, describes a set of well-defined asymptotic observers.
Under these conditions, the transverse space (Q,.J;;)
corresponds to “time slices”—which do not change with
the timelike coordinate u—where quantum mechanics is
well posed and states can be built by means of measures
performed by the set of asymptotic observers. Then, in a
coordinate representation, we define operators p; as

pYi i

9 =9,

= pi = —i[0; + 0:(q)] (41)
where, following Ref. [2], o;(g) are the coefficients of the
connection on the bundle over Q,, with fiber C, such that

E/ A2 vo

X

-33 2 -1 0 1 2 3

Left: Poschl-Teller potential Eq. (38) for k = 1. Right: Projection of surfaces Sg(1) for E/2?V, = 0.1, 0, 25, 0.4 in the

wave functions are a section of this fiber bundle. They are
given by
| I

Re(o;) = ZQ’ 0iJjk- (42)
The coefficients o;(g) are introduced to guarantee that p;
are self-adjoint and the commutation rules,
are satisfied.” In addition, in order to lift the quantum
dynamics from the transverse space to the Brinkmann space
we have to introduce also an operator p, such that

i’v|lpl0> = )’0|qj/10>’

where |V, ) is the state of a null particle following a
geodesic with p, = 4. In a coordinate representation,

[f’h ﬁj] =0
(44)

1 .
by =—io, =¥, (v.q) = \/—z—ﬂe”‘)”co(Q), (45)
such that [p,,?] =i is satisfied. Here ¢(q) is a wave
function over the transverse space (Q,.g;;) that, under
time evolution in the Schrodinger picture, obeys the
Hamiltonian H(4).
The states |¥, ) span a Hilbert space,

95 =) ® 9,

where § is the Hilbert space of states over the transverse
space (Q,,7;;) and |4g) is the state living over the line
spanned by v with p,|dg) = Ag|do),

(46)
(v]dg) = e, (47)

See Ref. [23] for a modern introduction to the subject of
quantum mechanics in Riemannian manifolds.
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where |v) means “localized at v.” Now we build the bundle
(B, 7, R), where

B= U5 ~Rx8$. (48)

AER

such that 77'(4y) = ©,,. Therefore, each fiber of the
bundle Eq. (48) is isomorphic to the Hilbert space $
but, with respect to time evolution, states in the fiber at 4,
are related to the Hamiltonian H(Ay). Then, finally we
define null particle states in a Brinkmann space as averaged
sections in (B, 7, R) over R, such that the projection of a
state |¥) over the transverse space is given by

1 .
) = =3 [ S @)

where |¢;), is a discrete basis of $ subjected to time
evolution by means of the Hamiltonian H(4). In this way,
|¥) lives at the space

V) e D 9 (50)

AER

The Hilbert product extends naturally to the kets |¥) as

(), |%,) = / "o (o) o)

:Z/d/lcﬁl)*(z)C,?)(ﬂ)((pjlcokh, (51)
jk TR

In particular, we recover the wave function Eq. (45) for
C;j(4) = 8(4 — 1) for some j. With respect to normaliza-
tion of kets,

() =3 / G CDCD o) (52)
J.k

which fixes

ZAd/ucj(z)P:l (53)

if the basis {|¢;)} of each §), is orthonormal. Finally, given
some observable O(v),

oy L [ *
O =53 [ [ ananc e )
57 o R
=) (g |0 (0) @), >

Note that, for O(v) changing slowly with v with character-
istic length Aw, this expected value can be approximated by

N 1 5 1)x 2 2
Ohw=3, 5 [ v [ a1 ()P 0) (000l
s
+F.OT., (55)

where F.0.T means fast oscillating terms.

Together with pure states Eq. (49), mixed states can
be also considered. For a mixed state, the density operator
will be

= [ @@l (56
where

(0|¥)), = e*|@;);

Z/dle(/l)_ 1. (57)

J

Thus,
=3 [ @ @lontel.  68)

For the special case that w;(4) factorizes as

wi2) =pw(@). Y op=1 (59)

the density operators take the more simple form,

[)—Adﬂw(ﬂ)pb w(ﬂ)e[O,w):Adﬂw(ﬂ)—l, (60)
where

Pr= ij|f/’>/1<§0|,1 (61)

is a density matrix on the Hilbert space $ evolving
with H(4), such that the state Eq. (60) projects over density
matrices p, with the same probabilities {p;} for each
value of A.

A. Massless particle states in stationary
Brinkmann spacetimes

In general terms, we cannot add much more to the
quantumness of null geodesics in Brinkmann spaces only
subjected to the constrains of well-defined asymptotic
observers and the no u dependence of the transverse
metric g;;. However, by adding the condition that
(Qni2.G,p) is stationary, with 7=0, a time-like
Killing, we can also discuss ground states, stationary states,
and time evolution since, under these conditions, the set
{H(4)} is a family of autonomous Hamiltonians.

086006-7



ALVARO DUENAS-VIDAL and JORGE SEGOVIA

PHYS. REV. D 108, 086006 (2023)

Naively we could think that the ground state for the QM
dynamics of null particles that we are constructing can be
defined from the ground state in each fiber of Eq. (48).
However, each fiber $, has a ground state |0), and, thus,
there is no way to define uniquely a ground state for the
Hilbert space (50). That makes sense since time evolution
in (50) does not come from one unique Hamiltonian,
but from the complete family of reduced Hamiltonians
{H(2),A€R}. For example, for any fixed Ay, the state
given by

I
(v]Q),, = \/—2—7[6’ %)0),, (62)

is a ground state, with definite momentum p, = 4, in the
sense that there is no possibility to connect it with a lower
energy state by means of operators in our model. In general,
any ground state of the model will respond to an expression
of the form:

1 iAv
(019 = = / BCy(2)e™0),  (63)

such that

/d/1|C0(/1)|2 =1. (64)

As an example, the expected value of p, over Eq. (63) is

(boa = / di|Co(A)PA. (65)

and, therefore, it is possible to build ground states with zero
expected value of p, providing |Cy(4)| be a defined parity
function.

Together with the fact that, in our model, there is an
infinite number of ground states for the quantum dynamics
of null particles in Brinkmann spaces, the existence of a
continuous family of Hamiltonians {H(4)} over the trans-
verse space (Q,., g;;) also leads to different time evolution in
the Schrodinger picture for each 4 component in Eq. (49).
For each state |¥, ) of definite momentum p, = 1,

i0,(v]¥,,) = %Z_He%vﬁuom (66)

where ¢ is the affine parameter over null geodesics satisfying
Egs. (4) and (5). Now, since ¢ runs with the coordinate u as
l;t - /10,

Al (67)

For the case that |¢) be an eigenvector of H(4,) with
energy E,

1 ei/lov
N V2 Ay

and (v|¥, ) describes a stationary state. As a particular
example, we can consider the ground state Eq. (62). Since
near a minimum of ¢(g'), we can approximate the potential
by the harmonic oscillator one,

. E
10, (v|¥);, Eolg) = ,T;) (v[¥);,,  (68)

. lw n
0,(01Q),, =0 (1R, wf =Y ki (69)
i=1

where h; are the eigenvalues of the Hessian of ¢(g;)/2 in the
minimum. In general, for a pure state responding to the
expression Eq. (49),

a,0) == [ @S ey, 0

Therefore, for |@;), eigenvectors of H(J) satisfying

I:I(/l)|fﬂj>/1~/1|(ﬂj>,1’ V 1ER (71)

the pure state Eq. (49) is stationary.

V. QUANTUM MECHANICAL PHENOMENA IN
STATIONARY BRINKMANN SPACETIMES

If the quantum dynamics of null particles in Brinkmann
spaces works according to the model developed in the
previous section, quantum phenomena would appear for
low enough energies. For the case of the Brinkmann space
given by Eq. (26), the only nonvanishing component of the
Ricci tensor Eq. (19), R,,, scales as second derivatives
of ®. Thus,

T ~®"/2k. (72)
On the other hand, near a minimum g, of V(g) (therefore a
maximum of ®), the energy in the transverse space of the
null geodesic with p, = A scales as

E* ~ 2. (73)

Therefore, in Planck units, the scale of the energy density to
observe quantum phenomena at an energy scale E in the

transverse space is
T 1 (E\?2
uun == ; (74)
Pp  A\Ep

where p, ~ 10% (SI) is the Planck density and E, ~ 10°
(SI) the Planck energy. In terms of the energy density
defined in Eq. (22),
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Kk [ E\?2
P~Ppas (—) : (75)
P )2 E,
or, alternatively, from the Ricci tensor in Eq. (19),
k [ E\?2
R,~p,=5|—] . 76
o () (76)

So, for large enough A, quantum phenomena for null
particles appears in a regime where the gravity can still
be classical.

With respect to quantum phenomena, there are two
characteristic phenomena of quantum mechanics we can
consider: quantum tunneling and entanglement.

A. Quantum tunneling

In Sec. III we showed the example of a stationary
Brinkmann space, with a well-defined set of asymptotic
observers, where null geodesics of fgo(E) were trapped
inside the region bounded by the hypersurface Sg(4g) (see
Fig. 1). For that we propose the Poschl-Teller potential
Eq. (38) for the set of reduced Hamiltonian systems
(Q,,@,H(4)). A more interesting situation arises when
the case of the potential ¢ has several minima. In this case,
Sk(4g) could be a disconnected submanifold composed
of two or more hypersurfaces deppending on the energy E.
As an example, consider the double-well potential,

Parr(x) = 3 lppr (e =) + gpr( + x5 (77)

This potential satisfies the condition Eq. (31) and, for
k|xg| > 1, has two minima located at

x;::l:xf), (78)
such that
. Vo |1 1 Yo
Vel 1 T Y g
Papr(xL) 2 |2 2cosh(2k|xp|)] 4 )

Also, the potential has a maximum located between the two
minima, at x = 0, with value,

(max

402PT) ~V,/2, (80)

for k|xg| > 1. Then, for fixed A, and energies satisfying
BVo/4 < E < 13Vy/2, Sp(Ay) could split in two discon-
nected hypersurfaces, as is shown in Fig. 2, which
enclose separate regions, A and B of the Brinkmann space
(Q, x R",G,,). For two observers Eq. (30) located at
events p; €A and p, €B that pretend to communicate
through light signals, they cannot do so if they use the

“lo-channel” (geodesics satisfying p, = A,) for energies

below some threshold E, = {2

The classical behavior we have exposed changes in the
framework of the quantum mechanical model developed
in Sec. IV since, then, quantum tunneling between regions
A and B appears. Let us consider the case of a generic
double-well potential ¢(x) over a one-dimensional trans-
verse space ~R, and such that ¢(x) possesses two
symmetric minima at +x,. Then, the tunneling between
the two minima for null particles with p, = 4, in the
semiclassical approximation, can either be approached
from the paradigm of instanton physics or the WKB
method [24-26]. Choosing the first option, the penetration
factor of the classically forbidden region in a (Euclidean)
time T is given by

A = 45T (81)

where S is the one-instanton action minus the action of
the solution corresponding to the equilibrium (x = :I:xo).3
In terms of the uu-component of the metric Eq. (26), ®(x),
we have

So = /_XO dx [©(xp) — @ (x)]'/2. (82)

X0

Then, it is a known result that under the dilute instanton
gas condition and for large 7,

1/2
(e 07| g} 5 (%2) o
V3

x [exp (KTe™5) Fexp (=KTe )],
(83)

where @ is given by

1
w? = _Eq)”(x())’ (84)

and the constant factor K is computed from the one-
instanton solution,

t=ty+ /ll/of(f) dx [®(x,) — ®(x)]7!/? (85)

as

det (—0? + 2??)
det’ (=07 — £ @" (%))

(86)

12
K— (@)
2

3Usually instantons in the double-well potential problem are
computed for potentials satisfying ¢(£xy) =0 and, thus,
S[x = £x,] = 0. That is not our case.
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-3 I I I I I
-3 -2 -1 0 1 2 3

E/ A% Vo

-3 I I I I I
-3 -2 -1 0 1 2 3

FIG. 2. Double well potential Eq. (77) (up) and projection of surfaces Sy (down) for E/A*V, = 0.45, 0.375, 0.3 in the plane XY for
Xo = (1,0). Left column (k = 3): observers in regions A and B cannot communicate by means of geodesics in I')(E) for any of the three
proposed values of E. Surfaces Sg, split in two pieces for any of the three values of energy. Right column (k = 1.5): observers in regions
A and B can communicate by means of geodesics in ['(E) for E/A*V, = 0.3, but they cannot for E/A*V, = 0.375, 0.45. As a

consequence, regions A and B come together for E/A*V, = 0.3.

where the prime determinant means it may be computed
excluding the zero eigenvalue.”

From Eq. (83) it is also possible to read the ground state
energy for each 4 [25]. Naively, we could think that we have
a double degenerate ground state for each 4, since V,pr has
two symmetric minima. Let us call |0) ; and |0), the ground
states corresponding to each minima. However, because of
tunneling, this expected degeneracy breaks. By the sym-
metry +x, <>7F xg, |0)z and |0), combine into odd and
even states,

=) = (|0> —10)),  [+) =—5(00& +10)r), (87)

7

%\

“See Ref. [24] for more details.

that correspond to the ground and first excited states,
with energies E.. On the other hand, in a (discrete) basis

of H(4),
=2

Thus, the leading-order term and the first next-to-leading-
order term in Eq. (88) are

(+x0]e~HAT| — xp) T {(xoln)(n|xo).  (88)

HOT| — xo) = e E-TWE (—x) W_(xo)

+ eI (—x0) W (x0).  (89)

Then, by comparing with Eq. (83), in the semiclassical limit
the ground state energy and first excited energy are

(+xole”

A
E. ()~ 7“’ + KTe ™, (90)
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Thus, the energy splits because of tunneling between the
ground state and the first excited state for each A is
proportional to the penetration factor in the classically
forbidden region.

As an example, we can compute the tunneling splitting
for the special case of the double-well potential given at
Eq. (77). The minima of the potential are given by the
zeroes of

o sinh [2k(x — x,)]
P == 0{(cosh Pk — o) + T

sinh [2k(x + x)]

50 (91)

(cosh [2k(x + x¢)] + 1)

For large kx, > 1, at x = £x; we have

tanh(+4kx,)
D (£xy) ~ —2kVy————==0 1 h(4kxg)).
(£x0) 0" cosh(4kxy) + O(1/ cosh(4kx,))

(92)

So, we can take x = +x; as the minima until order

1/ cosh(4kxy). Then
|

Then, substituting in Eq. (90),

e/ Vg 0 (3
O:I:KTexp{—ZZVO/ de{i_
0

E.(d)~——
B. Entanglement

Another typically quantum-mechanical phenomenon
that would appear in the context of the model for quantum
dynamics proposed in Sec. IV is entanglement. It must
appear as long as an asymptotic observer in Brinkmann
spacetime has limited access to the whole space. That could
be because they only know a patch of the whole Brinkmann
space. For a small enough patch, the observer effectively
lives in a lower dimensional timelike submanifold of the
Brinkmann space.

As an example, let us to start from the ground state given
in Eq. (63). For this state, the density matrix is

(v2|palvy)

1 . )
= —/ d/11 / d/lzCO(ﬂl)C(’;(/lz)edlvle—l/lz'l/‘z
2 R R

0)2, (0L, -
(98)

Now, let us to consider an asymptotic observer who lives
in a region vy — € < v < vy + €. For small enough ¢, the
observer does not see the degrees of freedom related to

IN ... PHYS. REV. D 108, 086006 (2023)
@' (+xy) = — = k?V, 1—1— S . (93)
2 cosh(4kx)
and, as a consequence,
,  Vok?
®* ~——+ O(1/ cosh(4kxy)). (94)

On the other hand, also for large kxy > 1, near x,

1

®x)=Vo {cosh Rk(x—xg)] + 1

—1+4+0O(1/cosh(2kx)) }

(95)

Then, in a similar way to Eq. (94),

So=2vy [ axd2 ! v
0= 0[) xi_coshpk(x—xo)]—l—l

+ O(1/ cosh(2kxy)). (96)

1
cosh [2k(x — x

the » coordinate, and their spacetime is spanned by the
coordinates (u, g"). This observer sees a reduced density
matrix,

1/2
T 1} } + O(1/ cosh(2kxy)). (97)

vo—¢€ o0
Pal,, = / dv (v]palv) + / dv (v]palv).

(RE3

(99)

Strictly, this equation only satisfies for ¢ — 0, but we are
going to take this limit at the end. After some computations,

A dA|Co(A)P[0), (0],

1 Co(41)Ci(4
__/ i diy 0(41)C(42)
2 A=

7T Jr
x e"0lh1=%) sin [e(4; — 4)110),,(01,,.

pQ’vo

(100)

Because Eq. (64), the trace of this reduced density matrix is

_ €
Tf[ﬂg|v0] =1 7 (101)
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and, in the limit & — 0, we recover Tr[pg|, ] = 1, as it was
expected. On the other hand, from Eq. (100),

Pa

— / 42 |Co(A)0),(0], + O3, (102)
Vo
and, therefore,

Trlgd, | = / G| +O().  (103)

Since the function |Cy(2)|> must be normalized to 1, the
function Cy(4) satisfies:

0 < |Cy(A)]> < 1. (104)
Therefore, in the ¢ — 0 limit,
Trlpgl,,| < Trlpgl,,] = 1. (105)

Thus, the observer limited to live inside the region vy — € <
v < vy + &, € < 1 sees an entangled state coming from the
pure ground state Eq. (63). This state lives at the transverse
space and, in addition, the observer should measure an
entangled entropy,

S(p9|uo) = _Tr[ﬁﬁlbo 10gp$2|1)0]
= —/ dA|Cy(2)|*log |Cy(A)]> + O(eloge).
R
(106)

Note that Eq. (103) as well as Eq. (106) do not depend
on v,. That is because of the translation symmetry in the v
coordinate in the Brinkmann space generated by the Killing
field Eq. (16).

As a particular example, let us to choose the ground state
given by

1

Co(4) = \/—Ee—ﬂﬂ. (107)

As exposed in Eq. (65), this choice guarantees that the pure
state |Q) has zero expectation value of p,. Then,

— 1 _92 VA
TRl = [ a1 +0) = L5+ 0(e)
~ 0.4+ O(?). (108)

And, as expected, the observer living at vy —e < v <
vg+¢€, €<1, sees an entangled state. Substituting
Eq. (107) in Eq. (106), the corresponding entangled
entropy is

1 1
S(Paly,) = —ﬂA{d&e"12 log <ﬂe"12> + O(eloge).

(109)

In the € — O limit,

S(Paly,) :g<%+log7z>. (110)

VI. THE FIELD VIEWPOINT

In Sec. IV we set a model to build quantum states for
null particles in Brinkmann spaces and, later, we made use
of the model to study some quantum phenomena (tunneling
and entanglement) in stationary Brinkmann spaces in
Sec. V. This is the quantum-mechanical point of view.
However, if the reader goes back to Sec. IV, they will
realize that Eq. (50) looks quite similar to the Fock space of
some quantum field theory. In this section we explore the
possibility to find a quantum field theory for null particles
in a stationary Brinkmann space.

Let us consider a stationary Brinkmann space, with
A; = 0. The reduced Hamiltonian for each value of A
is then

1
H(A) ==4"p;pj — = ®(q").

5 (111)

As we discussed in Sec. IV, ®(¢*) must have a global
maximum to guarantee the quantum stability of the system.
Therefore, let us consider that ®(¢*) has a unique maxi-
mum at qg. Under this condition, at the low energy regime
the projection of the null particles motion over the trans-
verse space Q,, is trapped in a region near gf, and we can
expand H (1) as

1 2 Vo i ingi
H(2) :Egjpipj_E ¢0+§HU (q' = a90)(@’ — qp)

1 . . .
WO = ) = = ah)) +

(112)
where @ = ®(gf), Hg;)) is the Hessian at ¢} and WE?,Z is
W = 9,00,09,D| (113)

ijk P IR gk

The contribution of @, can be dropped off because it does
not have dynamical consequences. In addition, normal
coordinates {5’} can be then introduced, at least in a
neighborhood of q’é, such that the reduced Hamiltonian
H(4) in the low energy regime takes the form

1 .. )2 ) 1. o
H(2) =58, + = (“’?’7’2 5 W?jm’n-’ﬂk> T

(114)
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For conjugate canonical momenta IT; of 7, —2(w")? are the

©) and WE?,? are the compo-

eigenvalues of the Hessian H;;
nents of Eq. (113) in normal coordinates {#'}. Therefore, at
the low energy regime, the reduced Hamiltonian for each 1
can be factorized as

H(2) = Hyo (T, 1) + Hin i (), (115)
where Hiyy < Hpp, in the low energy regime, for each 4,
and Hyo, is the Hamiltonian of the n-dimensional har-
monic oscillator with proper frequencies Aw;. Hy,,; will be
brought to an interaction term at the end of the calculus.
Without this interaction term, for each A, normal coordi-
nates satisfy the equation of motion,

it + 2wl = 0. (116)
Now, if we define,
(v, t) = /Rdini(i, t)e Mo, (117)
where n'(4, 1) = (1), Eq. (116) takes the form
o — o' =0, (118)

which reminds to the bosonic string theory [27] if we take
n' as the coordinate fields over a world sheet spanned by
coordinates v and ¢. Equation (118) gives the low energy
regime for null particles as viewed from the transverse
space Q,,. Including the interaction term H;, in the calculus
we get the first correction to the low energy regime,

ot = airt + Vi(i) = 0, (119)
where V' (ﬁ) is an interaction term coupling the n bosonic
fields 7. It is given by

LW
Vi) = ——~

/ dA22 (A, Ok (2, e om . (120)
R

Because of Eq. (113), this interaction term between the
fields #n'(v,t) appears provided (9;®)%|, has a relevant
value, i.e. the gravitational field changes enough sharply
near qg. The next correction term would be proportional to
(0;®)*|, and it would require a more sudden change in the
gravitational field at q’é in order to have consequences at the
low energy regime.

VII. CONCLUSIONS AND FUTURE WORK

In this work we have proposed a way to build a quantum-
mechanical model for massless particles in Brinkmann
spacetimes. As a consequence of the model, quantum
tunneling and entanglement of states for massless particles
have been described. Also the possibility of finding a field
theory at the low energy regime has been discussed.
However, the massless particles have been described by
means of null geodesics, without any internal degree of
freedom. In this sense, the present work must be assumed as
a benchmark, and the incorporation of helicity in subsequent
works is a necessity to have a model approaching photons in
curved spacetimes. On the other hand, generalizations to
other spacetimes could be faced through the Penrose limit. In
particular, the application to weak gravity in the Newtonian
gauge and FLRW spacetimes could be of interest.
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