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We show that a noncommutative structure arises naturally from perturbative quantum gravity in a de
Sitter background metric. Our work builds on recent advances in the construction of observables in highly
symmetric background spacetimes [Brunetti ef al., J. High Energy Phys. 08 (2016) 032; Frob and Lima,
Classical Quantum Gravity 35, 095010 (2018)], where the dynamical coordinates that are needed in the
relational approach were established for such backgrounds to all orders in perturbation theory. We show
that these dynamical coordinates that describe events in the perturbed spacetime are naturally non-
commuting and determine their commutator to leading order in the Planck length. Our result generalizes the
causal noncommutative structure that was found using the same approach in Minkowski space [Frob et al.,

Phys. Rev. D 107, 064041 (2023)].
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I. INTRODUCTION

The quantization of general relativity (GR) using the
well-known approach of perturbative quantum field theory
leads to a nonrenormalizable quantum theory of gravity
that, in principle, loses all predictive power. However, at
scales that are well separated from the fundamental scale
(that is, for large distances or low energies compared to the
Planck scale), treating it as an effective field theory one can
obtain qualitatively and quantitatively meaningful quantum
corrections to the classical results [1]. This effective
approach to quantum gravity, where one quantizes metric
fluctuations around a fixed classical background metric, is
known as perturbative quantum gravity (pQG). In pQG, the
diffeomorphism symmetry of classical GR translates into a
gauge transformation for the metric fluctuations, and the
resulting gauge theory can be treated using the well-known
Becchi-Rouet-Stora-Tyutin formalism [2].

However, there are some important differences to the
usual (Yang-Mills type) gauge theories: as in any diffeo-
morphism-invariant theory, the identification of observ-
ables that describe local measurements is complicated (see,
for example, Ref. [3] for a review). Because diffeomor-
phisms move points, physical observables cannot be local
fields (i.e., defined at a point of the manifold), since by
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definition observables are gauge invariant. That is, the
general covariance of GR implies that the outcome of
measurements cannot depend on the arbitrary choice of
coordinates, which are changed by diffeomorphisms, and
hence physical observables describing these measurements
must be diffeomorphism invariant. As an example, consider
a scalar field S(x) and a diffeomorphism x* — x* — &(x).
Under this transformation the scalar field changes as S —
S+ &9,S to first order in & and, thus, cannot be an
observable unless it is constant.

A possible way around this problem is to consider the
framework of relational observables. This approach makes
manifest the idea that measurements always concern the
state of some dynamical quantity with respect to a different
one, for example, the gravitational field at the spacetime
point where the measurement apparatus sits. In practice,
one chooses four dynamical scalar fields that serve as
coordinates, in the sense that points are determined by the
value that these fields assume there. Observables are then
obtained by evaluating the quantity of interest in this
dynamical coordinate system, i.e., they are the value of
a chosen physical quantity at that point of the manifold
where the dynamical scalars that serve as coordinates take
on a prescribed value. In other words, what the relational
approach shows is that physical events in a gravitational
theory cannot be described using coordinates on the
background manifold, but instead one must use a fully
dynamical coordinate system. This approach goes back a
long way in the literature [4—6]; see Ref. [7] for a recent
review. For a sufficiently generic background spacetime,
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one can, for example, take geometrical scalar fields, such as
curvature scalars. In perturbation theory, one then requires
that the background value of the chosen scalar fields
discriminate points in the background spacetime, and then
computes perturbative corrections to both the dynamical
coordinates and the relational observables.'

However, in the case of perturbative gravity over highly
symmetric backgrounds (such as flat Minkowski spacetime
or cosmological spacetimes), curvature scalars can clearly
not distinguish between all points of the background
manifold and thus are ill suited for the task at hand. In
other words, relational observables constructed with curva-
ture scalars as dynamical coordinates only measure the
average over all points where the curvature scalars are
constant and thus cannot describe localized measurements in
such background spacetimes. While one can add the
required scalar fields by hand (such as the famous
Brown-Kuchar dust [20]), this changes the dynamics of
the theory [21,22] and therefore might be undesirable. A
suitable method to treat highly symmetric cases without
introducing extra fields was first proposed in Ref. [23] and
further developed in Refs. [24-27]. There, the general idea is
the construction of the required scalar fields as solutions of
scalar field equations in the perturbed spacetime, which are
identically satisfied by the background coordinates in the
background spacetime. This method is an explicit example
of the so-called geometrical clocks [28,29] used in the
relational approach and has the advantage that one can easily
construct the field-dependent coordinates and correspond-
ing relational observables to arbitrary order in perturbation
theory. It has already been employed successfully in pQG for
the computation of graviton loop corrections to invariant
scalar correlators in Minkowski spacetime [24], of the
quantum gravitational backreaction on the Hubble rate
during inflation [30,31], and of quantum-gravity corrections
to the Newtonian potential of a point particle [32].

Apart from the quantization of gravity as an effective
field theory, one can also approach quantum gravity by
considering the spacetime to be of quantum nature, i.e.,
quantizing spacetime itself. This approach is what is
commonly referred to as noncommutative geometry, and
various different methods are taken under this umbrella. A
particular example is the Moyal-Weyl spacetime, where
one imposes a quantization condition on the coordinates x*
themselves. That is, one promotes the coordinates to self-
adjoint operators ¥* and postulates canonical commutation
relations [33],

[R4, %] = 10", (1)

' Another way to construct gauge-invariant observables in
quantum gravity is to extend the concept of dressed observables
in gauge theories [8—14] to pQG, as proposed in Refs. [15-18].
Interestingly, these dressed observables can be reformulated in
the framework of relational observables, see Ref. [19].

where © is a constant skew-symmetric matrix that is
assumed to be proportional to the square of the Planck
length £p;. While this example has been studied intensively,
there are various issues, among them the UV-IR mixing
problem [34-37] (a problem of renormalizability in the
formulation of quantum field theories in such spacetimes)
and the breaking of Lorentz covariance [38].

Even though these two approaches seem very different,
recently a connection between them was found in Ref. [39]
by three of the authors: the field-dependent dynamical
coordinates that are needed to construct gauge-invariant
observables in the relational approach define a noncom-
mutative geometry. This connection was realized in the
case of pQG over Minkowski spacetime with generalized
harmonic coordinates, and the commutator of the dynami-
cal coordinates was computed to leading order in the
Planck length. While the resulting commutator has the
form (1), there are some important differences: first of all,
one does not have a single coordinate operator x*, but
instead associates a dynamical coordinate operator to each
physical event. It then turns out that the matrix ®* is not a
spacetime constant, but instead depends on the separation
between the events that are described using the dynamical
coordinates. Indeed, if they are spacelike separated, ©®
vanishes, while if they are timelike separated © is a
constant that depends on which one lies in the future. In
this way, the commutator is fully Lorentz invariant and, in
particular, vanishes outside the light cone, which in the end
follows from the microcausality of the underlying effective
field theory that pQG is.

In this work, we generalize the results obtained in
Ref. [39] to de Sitter spacetime. De Sitter spacetime is
important for various reasons. First, it describes to a very
good approximation both the inflationary phase of our
universe and the current accelerated expansion [40—42].
Second, not all of the de Sitter manifold is accessible to any
single observer; there are both past and future horizons. It
thus provides a background spacetime where horizon
effects can be studied, with the advantage that it is
computationally much easier than a black hole, since de
Sitter is a maximally symmetric spacetime. (However,
while the black hole horizon can be defined independent
of an observer, the cosmological horizons are observer
dependent.) Third, it provides a test bed for different
approaches to quantum gravity. In particular, we want to
mention the proposition that theories with dynamical
gravity contain a reduced number of degrees of freedom
when compared to nongravity theories in the same space-
time. Heuristically, this comes from the fact that a black
hole is formed when too much mass is concentrated in a
region of fixed size, whose entropy is only proportional to
the area of the horizon according to the famous Bekenstein-
Hawking formula [43,44] and not proportional to the
volume as for a nongravitational theory. Since the de
Sitter horizon has a finite area, the Bekenstein-Hawking
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formula also associates to it a finite entropy [45], whose
interpretation is, however, difficult; see [46] and references
therein for discussions of this issue.”

Let us summarize: The aim of this work is to show that
one does not need to postulate a noncommutative spacetime
such as the Moyal-Weyl one (1). Rather, the noncommu-
tative structure is seen to be a prediction of pQG, the well-
established effective field theory approach to quantum
gravity. The form of the resulting commutator depends,
in general, on the background spacetime and the dynamical
coordinates, and for a Minkowski background and gener-
alized harmonic coordinates it is a simple and Lorentz-
invariant function to leading order in the Planck length
[39]. In this article, we want to show that the same holds for
a de Sitter background, which describes the large-scale
structure of our universe to a very good approximation. In
this way, we will be able to connect the literature that exists
for noncommutative spacetimes and their phenomenologi-
cal implications, see, for example, Ref. [57], with the pQG
approach.

The remainder of the article is structured as follows: In
Sec. II, we give more details on the construction of the
required dynamical coordinates, and in Sec. III we con-
struct them to first order in perturbation theory around a de
Sitter background. In Sec. IV, we quantize metric fluctua-
tions around de Sitter spacetime and give explicit solutions
for the dynamical coordinates as functionals of the metric
perturbation. In Sec. V, we finally compute the commutator
of the dynamical coordinates to leading order in perturba-
tion theory and conclude in Sec. VI.

We assume an n-dimensional spacetime, use the
“+++”  convention of  [58], and  define

Kk =+/161fp = \/167hGy/c’. Greek indices denote
spacetime indices, whereas latin indices are purely
spatial.

II. FIELD-DEPENDENT COORDINATES

As discussed in the Introduction, a relational observable
corresponds to a dynamical field evaluated at spacetime
points that are not fixed, but are determined by the value
that other dynamical fields in the system assume there.
These other dynamical fields define a (field-dependent)
reference frame with respect to which the measurement of a
given observable is carried out.

To make these ideas more concrete, let us consider an n-
dimensional spacetime with metric g,, and coordinates x*.

Let us assume that we can find  scalar fields X*) = X [g]

*Assuming a holographic correspondence for de Sitter space
[47-49], the horizon entropy can be understood as the entangle-
ment entropy between the right and left dual conformal field
theories (CFTs) that appear in the correspondence or between the
past and future dual CFTs [50-56]. We thank Hao Geng for
bringing these works to our attention.

that are functionals of the spacetime metric.” We further
assume that the map x* — X*)(x) defines a diffeomorphism
in our spacetime, such that we can view the dynamical fields
X® as field-dependent coordinates. We can then convert
any tensor field into an observable by evaluating it in the
field-dependent frame X,

As a simple example, let us consider a scalar field S(x).
The transformation of S to the field-dependent coordinates
X®)(x) yields

S(X) = Sx(X)], (2)

where x*(X) denotes the inverse of the map x* — X =
X®)(x). Now, consider an arbitrary diffeomorphism f: x* —
(x')* = f*(x) with inverse x* = (f~')#(x’). Since X*) and
S are scalar fields, they both transform under f as

XW(x) = (X)W () = XW(x) = XW[F ()], (3a)
S(x) = §'(x') = S(x) = S[F~ ()] (3b)

Note that, while the transformed scalar field S’ has the same
numerical value at the new point x/, it differs at the old point
x: §'(x) # S(x). However, if we instead hold the X fixed,
we obtain

S'(X) = S (X)] = S[f~ (x'(X))]
= Sk(X)] = S(X), (4)

where in the second equality we used the transformation of §
(3b) and in the third equality the expression for the inverse
diffeomorphism; the expression for x'(X) is obtained by
inverting the relation (3) for the transformation of the X,
Hence, even though the diffeomorphism f displaces the
points x*, changing the form of the scalar fields X*) and §
with respect to x*, the scalar S(X) is always computed at the
same point where the X*) take on a given value.

In what follows, we will be concerned with (quantum)
perturbations of the metric over a given spacetime back-
ground g, covered by coordinates x*. Hence, let us write
the full metric g,, as

g/u/ = 9w + Kh’/ﬂ/’ (5)

where h,, is the perturbation. In this case, we can assume

that the field-dependent coordinates X*) are chosen such
that they agree with the background coordinates x* for
k = 0 and, in general, can be written as a power series in «.
We therefore write

X0)(x) = 2+ kX[}) (x) + O(2). (6)

‘We keep the index y within parenthesis in X*) to stress that
these are a collection of scalar fields.
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Since the background is fixed, we now consider small
diffeomorphisms of the form x* — x* — k& (x), which
implies the following change for the metric perturbation:

5§h;w = vyfu + vvéﬂ + O(K)’ (7)

where V, is the covariant derivative of the background

"
metric g,,. Moreover, because of the assumption that X (w)

are scalar fields, we also have that
8 XM = k& + O(k?). (8)

Expanding also the scalar S in a power series in k, we can
then use Eq. (8) to check explicitly that S defined in Eq. (2)
is gauge invariant (at least up to first order).

To construct the field-dependent coordinates X*), we
shall follow Refs. [23-26] and assume that they are
solutions of some set of scalar differential equations

Dy(X) = 0. (9)
é” ) are (possibly nonlinear) differential operators
involving the spacetime metric g,,. Since they are sol-
utions of differential equations with coefficients involving
Jyw» We thus expect the dynamical coordinates X ®) to be, in
general, nonlocal functionals of the metric. Equations (9)
model the reference frame in which we perform our

measurements, which depends on the specific experimen-
tal setting we have at hand. We shall furthermore require

that Egs. (9) (i) reduce to D_S,” ) (x) = 0 at the background
level x = 0 and (ii) are causal, i.e., the X*)(x) should only
depend on the metric perturbations within the past light
cone of the observation point x. Condition (i) realizes our
assumption that the field-dependent and background
frames coincide in the absence of perturbations (6),
while condition (ii) avoids unphysical action-at-a-distance
effects coming from arbitrary large spacelike separa-
tions [24,25].

where D

II1. FIELD-DEPENDENT COORDINATES
FOR DE SITTER SPACETIME

For the background spacetime, we take the exponentially
expanding half of de Sitter spacetime, the so-called
Poincaré patch, which is the portion of de Sitter spacetime
most relevant to cosmology. In the Poincaré patch, the de
Sitter metric g, has the line element

ds? = —dr* + a?(1)dx?, (10)

where 1€R is the cosmological time, a(f) =ef!" is the
scale factor, H is the Hubble constant, and the spatial
sections are flat and described using Cartesian coordinates.
Clearly, as H — 0 we obtain a(7) — 1 and recover the flat

Minkowski spacetime. The Christoffel symbols in these
coordinates are given by
U = H(uw gy, — wuu, — w8, —u,d,),  (11)

H "

where u, = —6,,1‘ = —52. Using the metric (10), it is easy to
verify that the background coordinates x* = (¢,x) satisfy

V23 = —(n — 1)Hu*, (12)

where V?= ¢V, V,. In analogy to the background
coordinates, we now define the field-dependent coordinates
X® on the perturbed spacetime by [31,59]

VZXW = —(n - 1)Hu* (13)

and solve this equation perturbatively.
Hence, we take the perturbed metric (5), set

XO(x) =1+ KXE?; (x) + O(x?), (14a)

X0(x) = x' + X[} (x) + O(). (14b)
and substitute these expansions into Eq. (13). The equation
for the first-order corrections then reads

W _ , 1 -
VAX(}) = Y, =2 Vih = W

1
= gﬂagyﬁavhaﬂ - Egﬂvavh

— (n—3)Hu, W + 2Hu'u*u’h (15)

vp»
where h = g% hqp- Equation (15) can be solved after initial
and boundary conditions have been specified. We will
assume that the metric perturbations are either localized (of
compact support) or fall off for large spacelike and
timelike distances and can then choose the initial con-
ditions

lim X

(
—-—00 (

Dex) = IEEnMO,XE’I‘;(I,x) =0. (16

The solution for Eq. (15) for a classical metric perturbation
h,, can then be written as

() (x) = / G™(x,X') DM hp(X)/=gd"x’,  (17)
where G™'(x, x') is the retarded Green’s function satisfying

V26 (x, ') — \/%_gé”(x — ). (18)
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Here, we also defined

1 1
DY = 3 u*ubo, + Ea_zﬁ"ﬂat — a”2ulepP)ko,

+ (n = 1)Hu®u’ — Ha ", (19a)
D = _a—Zﬁi(auﬁ)at =+ a_4'7li(a77]/j)k0k
1 ) )
——a2¢?i*o, — (n — 3)Ha‘2u("ﬁﬁ)’, (19b)

2

and 7" =" + wu” is the purely spatial part of the flat
metric.

As in Ref. [39], here we are interested in the commu-
tation relations of the field-dependent coordinates X
when the metric perturbation is of quantum origin. Since
the metric perturbation then has a nonvanishing commu-
tator, by Eq. (17) also the field-dependent coordinates do
not commute. We shall employ standard quantum field
theory techniques to quantize the metric perturbations in
the background de Sitter spacetime and compute the
leading contribution to the commutator.

IV. QUANTIZATION OF THE METRIC
PERTURBATIONS

To quantize the metric perturbation, we expand the
Einstein-Hilbert action for gravity (including a cosmologi-
cal constant),

Sg =2 / (R —2A)\/-gd"x, (20)

to second order in perturbation theory. In de Sitter space-
time, the cosmological constant A is related to the Hubble
constant H by 2A = (n — 1)(n — 2)H?, and the action (20)
is simplified if we employ conformally flat coordinates for
the background. Hence, we define the conformal time
1 € (—00,0), which is related to the cosmological time as
n = —e 1" /H. The background metric can then be written
in terms of the Minkowski metric 7, as g,, = aZnﬂU. After

rescaling the metric perturbation as h,, = a*h,, the

expansion of the gravitational action (20) to second order,
SG = Sz + O(K), ylelds

1 A R
=3 / a"2fy, Prreh, drx, (21)

where we have defined the differential operator
1
PHYpo = 3 [;714(/),10)” _ ,1/41/,7/)6} 02— 0(”;7”)</’0")
+ ! Mol d® + ! 7o ¥
2" 2"

+(n—2)Ha [5[?;10)%”) - nﬂvag”a@}

-2
_n Ha [,7/4(/1,70)0 — ,11“/;7/70} d
-2 (n-1
s (o) )2(” )Hzazn””égég, (22)

which is symmetric. In this expression, 0*> = n'"a,0, is the
flat-space d’ Alembertian and indices are raised and lowered
with the Minkowski metric 7,,.

The action S, is invariant under gauge transformations of
the form (7), which in conformally flat coordinates and
with the above rescaling read

552\1;41/ = 0”51/ + ayé:u - 2Ha’];w§0' (23)

It follows that P#*?° has a nontrivial kernel, i.e., we have

A

Prr95:h,, = 0. Hence, to be able to invert the operator
PrPe and obtain the quantum propagator, we need to
introduce a gauge-fixing action. Here we follow Ref. [60]
and adopt the gauge-fixing action

1
SGF = —2/ HﬂH”a”_zd"x, (24)
with

A 1 A
H,=0dh,, - 511/’ O, —

(n— 2)Hafzoﬂ, (25)
which is the de Sitter generalization of the well-known
Feynman gauge for the graviton (also called the de Donder
gauge in Minkowski spacetime [61]). We will see that it
leads to a similar simplification for the propagator as in flat
space [62]. The total action then reads

1 7 vpo 7,
S=8+ Scr = E/ a"hy PGE hyed"x,  (26)

ULPO

where the differential operator P~ is given by

1 1 1
PELe = prre 4 glig)pge) + GNP =P =S — (n = 2)Has{n") ") + (n - 2)Hansy o)

_9 6
_n=s 1 Han*n’°0y + (n — 2)H2a26(()”11”)(”50) -

4

(n=2)(n—-1)

1
_ |:2;7M(/’770')V _ ],];wr]pa} a’V2 + (n _ 2)H2a25(()”r]”)(f’58),

5 H2a2nﬂu&gég
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where the scalar d’Alembertian V2 in conformally flat
coordinates reads
a*’V? = &> — (n —2)Hao,. (28)
The Feynman propagator for the rescaled metric pertur-
bation

S

GY (0, x) = =i(Thy, (x)h

uvp'c’

o (), (29)

where 7 denotes time ordering and primed indices refer to
the coordinate basis at x’, satisfies

() =3, TEZX) )

apuv AF
PG G a’ 2

uvp'c’
The advantage of the gauge-fixing action (24) is that it
renders a very simple tensor structure for the graviton

propagator. In conformally flat coordinates, the Feynman
propagator (29) reads [60,63]

L L
G/ljvpff (v,x) =2 [nﬂ(p’”ﬁ’)v - ﬁnﬂvﬂp’ﬁ’] Go(x, x')
— 43, "7v><p'5°r>G?(x,X’)

- - n— 0 50
gy e+ (=200

X [y + (n=2)8),80]G5 (x,x'), (31)
where we recall that 7, = 77,, + 6,67 is the purely spatial
part of the Minkowski metric. The scalar Feynman propa-
gators G (x,x') satisfy

5(x —x')

V2 —s(n—1-s)H*GE(x,x') = o

(32)
They can be written as

Gy (x.x") =0(n—n")G{ (x.x') + O =n)G5 (x.x'),  (33)
where G5 (x, x') are the Wightman functions, which satisfy
Gy (x,x') = G (¥, x), and O is the usual Heaviside step

function. For later use, we also define the Dyson (or anti-
time-ordered) propagator as
GP(x.x) =O(n—n")G5 (x.x') + O )G (x.x').  (34)

Passing to Fourier space according to

_ e d"p
6ix.x) = [ Gitnpier L (a9

in the Euclidean (or Bunch-Davies) vacuum [64—-66] we
have

—ﬂiw%wwﬂw

4H
,11 L (=l HZ (=lplr).  (36)

Gy (n.n'.p)

where H,(,k> is the kth Hankel function of order v [67]. These
expressions simplify for n =4 dimensions, where we
obtain

H? (1+ilp|ln)(1 =ilp|n) e=ilpl(n—1)
2 pl* ’

Gy (n.i'.p) = (37a)

- - H*ny . .
G (n.n'.p) = Gy (n.n'.p) = —iTﬂe‘W"(”‘”). (37b)

Since the two-point function Gz (y,#/,p) diverges for
small |p| like |p|=3, the inverse Fourier transform in three
spatial dimensions is not well defined, and the graviton
propagator (31) displays the usual IR divergence of mass-

less fields in the Euclidean vacuum [68,69]. Nevertheless,
for the commutator we obtain

Vlﬂv (x), il/m (x’)] = 2[%(/)”_75’)1/ - ﬁﬂ”ﬁﬂlﬁ/]AO (x, )1
[ 1+ 28000) (11 +2896%)

- 453;,”)(#/52,)} A (x,x)1, (38)

where the state-independent scalar commutator (or Pauli-
Jordan) functions A are well defined also for small |p|, and
convergent in the IR,

&merﬂH”@fwﬂwm—w] (39a)
4m1%§ﬂ§ﬂwm—mL<wm
By (n-p) = =2 ™ in lp|r = ). (39)

p|

Using conformal time 7 and the rescaled metric pertur-
bation 7,
quantum correction to the field-dependent coordinates X *)

also changes. Performing the change of coordinates and the
rescaling, we obtain

the explicit expression (17) for the leading

Xglf)) (x) = / G™(x, x/)b;mﬂilaﬂ (X)a"(x')d"x’,  (40)
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D = a='83809, + (n— 1)Ha]

1
- a‘lﬁk(“ég)ak + —17“/36,7, (41a)
2a
D = —a 2@ 8)[9, + (n — 2)Ha]
ilas 1
+ a2 ko — ﬁ"/aﬁai- (41b)

Note, however, that the coordinate corrections X g’l‘ ; them-
selves are not transformed, since they are scalar functionals
by construction.

We see from Eq. (40) that the leading quantum correction
to the field-dependent coordinates X is linear in the
metric perturbation fzw. Hence, the commutation relation
for the quantum fluctuations of the metric (38) will give rise
to nontrivial commutation relations for the coordinates X *)
defined by Eq. (13). Nevertheless, since the integral (40) is
extended over the full past light cone, additional IR
divergences might arise from this integration, and one
has to be careful in evaluating the commutator.

V. COMMUTATOR OF THE GENERALIZED
HARMONIC COORDINATES

To compute the leading contribution to the commutator
of the X, we use the fact that the commutator of a linear
field is a state-independent ¢ number, such that we have

- [ - ()] @

The expectation value on the right-hand side of this equation
can be computed in any quantum state. In our case, it is
convenient to compute it using the Euclidean vacuum, where
the graviton propagator (31) has a simple expression in
Fourier space (37). Moreover, at leading order the expect-
ation value on the right-hand side is computed in the free
theory, and so we can perform the computation in n =4
dimensions. At higher orders, one would need to consider
loop corrections, for which dimensional regularization
could be employed with the n-dimensional propagators (36).

The appropriate formalism to compute true expectation
values (rather than scattering matrix elements) is the so-
called Schwinger-Keldysh or in-in formalism [70,71]. It is
particularly useful in calculations in time-dependent space-
times, as in cosmology, where one is usually interested in
expectation values at a given time [72-75]. In this formal-
ism, one extends the time integration contour: it first goes
forward in time from past infinity up to some arbitrary final
real time 7 (which needs to be taken larger than any time
one is interested in and can even be taken to be future
infinity), and then backward in time from 7 to past infinity;

it is thus also known as the closed-time path formalism. For
practical purposes, it is convenient to split the contour and
instead double the number of fields, denoting fields on the
forward part of the contour with a “+” and fields on the
backward part of the contour with a “—”. All time
integrations then go from —oo to +oco, and integrations
over “—” fields come with an extra minus sign to com-
pensate for the change of orientation in the backward part
of the integration contour. Since contributions from outside
the light cone cancel in the integrals, the in-in formalism
ensures a causal evolution of observables.

In principle, one can start the integration at a finite time
to and describe the initial state with a density matrix, which
is equivalent to having interaction terms in the action which
are localized at fy [74,76]. Since the commutator (42) is
state independent, we can restrict to the adiabatic vacuum,
which can be obtained using the ie prescription familiar
from the in-out formalism [77] or as the zero-temperature
limit of a thermal density matrix [78]. Again, we can
choose the simplest route and generalize the ie prescription.
For this, the time integration contour needs to be tilted in
the complex plane, with the contours starting and ending at
15 = 1o(1 F ie) instead of past infinity. After performing
the integral, we take first the limit 7, —» —oo with fixed
€ > 0 and afterward the limit ¢ — 0.

Instead of time-ordered expectation values, in general, the
in-in formalism computes path-ordered expectation values.
If all fields lie on the forward part of the contour, i.e., are “+”
fields, these are just time-ordered expectation values, while
if all fields are on the backward part, one obtains anti-time-
ordered expectation values. Fields on both parts of the
contour result in mixed expectation values, with fields on the
backward contour always ordered before fields on the
forward contour. In particular, the path-ordered two-point
function of the (rescaled) metric perturbation reads

GAB (x.x') = —i<77flﬁy(x)fzga(x’)>, (43)

with A, B = +£. In line with what was just explained, this
propagator can take four values,

G;rv;ﬂ(xvx/) = _i<7il;w(x)il/m(x/)>

A

= Gppo(x. X)), (44a)
Giipo (5. ) = =i g (¥ )y (x))

= Grypolx.¥), (44b)
Grapae,3') = =i () (x))

= Glpol(x. ), (44c)
Giipo .3') = =i Ty (1) () )

= Gl?ypg(x, x'), (44d)
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encompassing both the time-ordered (Feynman) and anti-
time-ordered (Dyson) propagator, as well as the positive and
negative frequency Wightman functions. All of these are
given by the general formula (31), and only the scalar
propagators G, change, with the Feynman and Dyson
propagators given by Eqgs. (33) and (34), respectively.

In the quantum theory, also the coordinate corrections
X E’]‘ ; (17) need to be computed in the in-in formalism, and

thus, instead of the retarded propagator G™ appropriate for
the classical theory, we have to use the path-ordered one
and sum over both parts of the contour. The path-ordered
correlation function of two coordinate corrections thus
reads

(PXH X))

=i [[ agcaee.y)

x DYDY Gop (v )a () dhyat (Y)dy,  (45)

where the repeated indices C, D = = are summed over, and
we recall that integrations over the backward part of the
contour come with an extra minus sign. Using the Fourier
representation of the relevant propagators (31) and (37), we
obtain

3

v in(x—x' d°p
—/FQB(’?,'?/’P)CW x>m’ (46)

w

where the components of F* are determined in the
Appendix and read

F(n.1'.p)

// e IPVact=0) 1 4 ilp| fac(n —7) +p*ne
2

2

p
" e Vst =) 1 L ilp|fap(f —7) + P07
2lp| r’
x [1+2iplfep(r = ) +ilple7 0 fen(s - 7))
elplenes)
X T (z7')dzd7, (47)
Fig(n.n',p) = Figg(n.n'.p) =0, (48)

and

FXB (’77 77/’17)
i e‘i""f 1= 1 +ilp| fac(n —7) +p*ne
= 5UH 2
p
X T 1{I’|fBD(’7 -7) +p’n'7
2lp| P’
X 02 fcp(t = 7)ePlfeo(m=7) (77~ 1dzd?’. (49)

Here we have introduced the function

n CD=—+

= , 50
fen(n) ul CD= 1+ (50)
bl D=~

and in deriving Eqgs. (47)—(49), we have used that it satisfies

[aquD(’l)P = 1’ (513)

ﬂaquD(W) = fep (’1) (Slb)

for any choice of indices CD, as can be easily checked.
Finally, the leading-order contribution to the coordinate
commutator (42) is given by

3

v v p—v) P
= [ ) =Pt e R (52

As in the case of quantum gravitational perturbations
around Minkowski spacetime [39], the time-space com-
ponents vanish and the space-space components are
proportional to J;;, showing that also on de Sitter space-
time only the same coordinate does not commute with
itself.

A. Temporal part

The function F 00 w5 (47) is computed in the Appendix, and
we obtain

FO (n.1',p) = F®.(',n.p)
- :;3’7 " i 1) Bin(~2ilpl) + 7 + In(2ilpl)]
1 N
We—lww /[Ein(2ilp|n) + 7 + In(=2ilp|n)]
eilplt=1) ) ) n
TR 1+ 3ilp|(n —n') = 2ilp|(n + ’71)111(7)}

(53)

086003-8



NONCOMMUTATIVE GEOMETRY FROM PERTURBATIVE ...

PHYS. REV. D 108, 086003 (2023)

where the entire function Ein is given by

Ein(z) = /) tet - ikz
= -T(0,-z) = In(=z) - 7. (54)

with the incomplete I" function [see Eq. (8.2.2) in [67]].
The expression (53) is, in fact, not too complicated. It also
has the right flat-space limit, as can be seen by going back
to cosmological time t = —H~!In(—Hp) and then taking
the limit H — 0. This results in

FE (1.1.p) = —We”" [ ~ilp|(r = )] + O(H),

(55)

which agrees with the flat-space result [see Eq. (39)
in [39]].
It remains to compute the inverse Fourier transform

FP (x,x) = /F(lo—(ﬂ,77’717)6311’("‘)"> &p
(27)°
= — 1 —dlp|
272 r(sir(r)1+ 0 ¢ p|

x F (.. p]) sin(lp|r)dlp|.  (56)

with r = |x —x'|. Here, we introduced a factor e9”! to
ensure convergence for large momenta, and the limit 6 — 0
needs to be taken in the sense of distributions. To compute
the inverse Fourier transform, we need the integrals

w |
/ ;e‘“”dp =—y—In(ap) + O(ulnp), (57a)
"

© ] 1
/?e“’Pdp:l—l—a+ay+aln(a/,t)+(9(,uln,u), (57b)
"

o 1 1
/ eap [Ein(ibp) +y —Hn(—ibp)} dp=-—In <1 +%a> :

0
(57¢)

Aoo e~ In (—ibp) [Ein(ibp) +y+In (—ibp)} dp

111 ia ia ia
=—|=In?(14+= In{1+—)—=Li,[ ——
sl (1 5) e (1) - (=5)]

(574)
/ﬂoo %e_‘”’ [Ein(ibp) +7+1In (—ibp)} dp

: 2
1“) LT Oulnp),

1 . .
= 3l +In (ibg) ~ Liy (— @ -

(57e)

]
/ —e~P [Ein(ibp) +y+ln(—ibp)}dp
uw P

_! [1 +7+1n (—ibu)} + (a—ib)In[(a —ib)u]
u
2

T
2ib —1ib —
a+2 1 y—l—a12

+ % [y +In (=ibu)]* + aLi, (—%) +O(ulny),  (57f)

—aln(—iby) -

valid for 9ta > 0, Ib =0, and u > 0. These can all be
obtained by using the integral form (54) for the function
Ein, interchanging the integrals over p and ¢, and integra-
tion by parts. When computing the integral over ¢, the
dilogarithm Li, appears, which is defined by [see
Eq. (25.12.2) in [67]]

Lip(z) = — A (1 =20) g, (58)

t

and to simplify the above expressions we also used the
identity [see Eq. (25.12.4) in [67]]

Liy(z) = —Li, (%) - % - %mz(_z), (59)

The introduction of the IR cutoff u was necessary because
of the aforementioned IR divergence of massless fields in
the Euclidean vacuum, but all terms depending on u cancel
in the (state-independent) expression for the commutator.
Using these integrals, we compute the inverse Fourier
transform (56), which results in a lengthy expression that
we write down for completeness in the Appendix. It
simplifies in the limit 6 — 0, for which we use that, in
the sense of distributions, we have

In(x £i6) — In |x| £ 17O (—x), (60a)

2

Lis (x £ i8) — ©(1 — x)Lis (x) + O(x — 1) {%

—Lih(1 —x) =In(x)In(x - 1) £ izzlnx].

(60b)

Furthermore, many terms cancel in the commutator (52),
since they are symmetric under the exchange of 7 <> . In
particular, all terms depending on the IR cutoff x4 com-
pletely cancel, and we obtain the IR-finite result
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(X000 X))
1
g Olin— ') — rlsgn(n — 1)
SN UE I (n+n)—r
r n+n—r 4
2 /
3 n )h

61
2 P=(m+n) o1
This is more complex than the Minkowski result [see
Eq. (47) in [39] ], but we recover the right flat-space limit
by changing back to cosmological time, where for small H
we obtain

[x“) (x), X1 ()]
8ﬂ@)[(t — )2 = r?sgn(t - 1)
x [1 + #m Lo, (62)

We see that, as in Minkowski spacetime, the commutator
(61) vanishes outside of the light cone, and its overall sign
depends on which of the two points lies in the future of the
other. However, in contrast to the flat-space result, it is not
constant inside the light cone.

For later use, we can also express the commutator (61)
using the de Sitter—invariant distance

r—(n—n)’

Z(x,x)=1-
(X.X') 2],]’7/

= cos [Hu(x,x")],  (63)

where u is the geodesic distance between the two points x
and x’ and the last equality holds whenever the points are
close enough together such that a unique geodesic exists
between them.* For timelike separation between x and x/,
we have Z > 1, for spacelike separation Z < 1, and if the
points are lightlike related, we have Z = 1. This results in

= - O[Z(x.x') — 1]sgn(y 1)
87
LA r(f1+f7’)+n2+(f1’)2+1—Z(x,x')
r m'[1 + Z(x,x')] 14+ Z(x,x")
1+Z(xx)] 3 1
Inl—————| — =4+ ——— |1, 64
+“[ 2 2 T+ Z(x. ) (64)
where now
“If such a geodesic does mnot exist, then u(x,x')=

7 — pu(x, a(x")) with a(x’) the antipodal point of x’ [79].

r= \/n2 + ()2 =207 Z(x, ). (65)

That the commutator (64) is not de Sitter invariant, i.e., that
it does not only depend on Z, is of course a consequence of
the explicit de Sitter breaking of both the dynamical
coordinates (13) and the gauge-fixing condition (24).
However, it becomes invariant for small spatial separation
r — 0, where we obtain

B. Spatial part

The function F i{B (49) is computed in the Appendix, and
we have the quite simple expression

FI_(n.11'.p)

H?
= 5ij4lp|5 ellllr=r |:3 31|I7|(7’I 7])

P =3 + (1)) = ilp P (n = )| (67)

It also has the right flat-space limit [see Eq. (39) in [39] ],
which we again can compute by going back to cosmo-
logical time ¢ and taking the limit H — 0, resulting in

Fi_(1.1.p) =Pl [1 ~ilp| (1= )] + O(H). ~ (68)

4|p|3

We compute the inverse Fourier transform in the same way
as in the last subsection and obtain for the commutator in
real space

; ; i
{XEK) (X),XEJR) (X')] = 551‘;@ {(’7 —n')? = ”2} sgn(n —n')

e il (69)

As for the temporal part (62), this commutator agrees with
the flat-space result in the limit H — 0. This is seen
changing back to cosmological time ¢, where for small
H we obtain
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(i) W] -1
[x(l)(x),x({)(xf)} =040 [(r — ) -

x [1 - (z+ﬂ)H+O(H2)}, (70)

rz} sgn(t—1')

which agrees with Eq. (47) in [39].

As for the commutator of two time coordinates (61), the
commutator of two spatial coordinates (69) vanishes out-
side of the light cone, its overall sign depends on which of
the two points lies in the future of the other, and it is not
constant inside the light cone. Expressing it using the de
Sitter invariant Z (63), we obtain

(3). X5) ()] = = Ho5,0[(x. ) ~ 1]

x sgn(n —n')Z(x,x'). (71)

So in contrast to the commutator (64) of the time coor-
dinates, the commutator of spatial coordinates is de Sitter
invariant up to an overall factor.

VI. DISCUSSION

In this work, we have generalized the results obtained in
Ref. [39] to de Sitter spacetime. We quantized perturbations
of the metric around a de Sitter background and computed
the dynamical field-dependent coordinates that are needed
to describe gauge-invariant observables in the relational
framework to linear order. Since the coordinates are (non-
local) functionals of the quantized metric perturbation 4,
they possess a nonvanishing commutator, and we have
computed this commutator to leading order in the Planck
length £p. Since the coordinates describing the background
de Sitter spacetime do commute among themselves, the

leading-order commutator is given by the commutators (64)

and (71) of the first-order corrections X E’f; Denoting by

X®W = XW(p) and Y = X®(q) the dynamical coordi-
nates describing two points p and ¢, we thus have (recall
that x> = 1623

[X(ﬂ)’ Y(v)] — 2 {X(M; <x)’XEII; @)} + O(K3)

=2if%,0 [—(X - Y)Z} sgn(X° — Y9)

x K"(X,Y)1 4+ O(£3), (72)
with
Koo(x,x/)_ln[l—'—ziw] 3+1—|—Z1( 7
,7+,7 [ 11+i7 + >+ (7)?
[1+Z(x,x')]
+1+z( )} (73)

K%(x,y) =0, (74)
and

K'Y (x,x') = —H2117]’5,-jZ(x, x'), (75)
where Z(x,x’) (63) is the de Sitter—invariant distance
between x and x/, n = —H 'e7' € (—00,0) is the con-
formal time, and 7 is the spatial separation, given in terms
of Z and 5 by Eq. (65).

The flat-space limit of the commutator (72) is obtained
by expressing it using the cosmological time ¢ and then
taking the limit H — 0. In this limit we have Z — 1 and
K* — p*, which can also be read off from Eqgs. (62) and
(70). The resulting commutator

lim [X®), Y)] = 2i£3,0[—(X — Y)?]sgn(X° — Y?)

H—-0
x 1+ O(£3) (76)

agrees with Eq. (48) of [39], which provides a consistency
check on our computations. While the spatial part (75) is de
Sitter invariant up to an overall factor, the temporal one (73)
is not. This is a direct consequence of the explicit de Sitter
breaking of both the dynamical coordinates (13) and the
gauge-fixing condition (24). However, de Sitter invariance
of the temporal part (73) is recovered for small spatial
separation r — 0, and the result is given in Eq. (66).
Apart from the flat-space limit, also the limits of large
separation and late times are interesting. Since the com-
mutator (72) vanishes outside the light cone, only large
timelike separations are of interest, which correspond to
Z — o0. To compute the limits, it is useful to express the
commutator using the average time ¢ = ( + ) /2 and the
difference A, =n —#'. From Eq. (61), we then obtain

Q G) <A2 ) sgnA,

" {2_Gln(2a+r>+l {40‘2—r2]
r 26 —r 4062 — A2
_é_ﬂ}ﬂ
2 2(rr=4e6%)]

(77)

and from Eq. (69) we have
i
—8,/0(A} — r*)sgnA,
HZ
X (2rr —46* — ADT1.  (78)

If we keep the spatial separation r constant, the limit of
large separation is A, — oo, in which we have
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0 0 !
X0 X0 W) = sens,

A2
y [m_zmmnuom 1, (79)
i i) (1 i H?
[X§ (). XY (x )} = =g Oysend, - (A7 + O(D]1.
(79b)

We see that both commutators grow quadratically with the
separation, unlike in flat space where the commutator is
constant. This indicates a correlation over large distances,
which is in fact not too surprising since the dynamical
coordinates involve an integral of the metric perturbation
over the full past light cone (17). On the other hand, if we
also let the spatial separation grow linearly with the
temporal separation, r = @A, with |a| < 1, we obtain

T

3 1
X {21n|a|—§+ﬁ+(9(A,71>]1],

(80a)

0 0 i
{Xﬁlg(x),xglg(x’)} ~ gosend,

; . i
X000 = - asens,

2

XHT[<2052—1>A%+(9(1)]1]. (80b)

In this limit, the temporal commutator becomes a constant,
while the spatial commutator is still growing. Finally, we
consider the late-time limit. Recall that, while the cosmo-
logical time r€ R, the conformal time n € (—o0,0), such
that late times correspond to ¢ — 0. In this limit, however,
the light cone shrinks to a point, and the commutator
vanishes.

As in the flat-space case, the Planck length £p; appears
naturally in the commutator (72), and the commutator is
compatible with microcausality, vanishing outside the light
cone. The same caveats as there of course also apply to our
de Sitter result: the perturbative effective field theory (EFT)
approach is only valid at scales larger than the fundamental
scale, the Planck length in our case. On one hand, this
makes the commutator (72) well defined, since to leading
order the causal relation between events that enters the
right-hand side is the one of the background coordinates,
and we do not need to worry how to define causal ordering
and a topology for a noncommutative spacetime. On the
other hand, we cannot infer strong statements such as the
resolution of the singularity in black holes [80] from our
result, since there the EFT approach breaks down; we could

only use our result to make an informed guess, such as in
the recent study [81].

It would be an interesting but quite tough question to
check the validity of our main results for the case in which
the background spacetime admits closed timelike curves
(CTCs). While Hawking’s chronology conjecture [82]
states that “The laws of physics do not allow the appearance
of CTCs,” taking general relativity in isolation, this con-
jecture does not hold. In particular, there are several
solutions of the Einstein equations containing CTCs, such
as the van Stockum dust spacetime and its generalizations
[83,84]. However, as advocated by Thorne [85], the
combination of general relativity and quantum theory
may provide such a mechanism for chronology protection.
As a first step and to gain further insight into such a
mechanism, one has to study how quantum fields behave in
a background spacetime that contains CTCs. However,
already quantum mechanics (i.e., nonrelativistic quantum
theory) in such a background displays unusual features, and
various conditions on the quantum system [86] or even
modifications of the postulates of quantum theory have
been proposed to deal with these [87,88]. The required
conditions and/or modifications can then be generalized to
quantum field theory; see, for example, the review [89] or
Refs. [90,91] and references therein.

There are various other questions that remain open. First
is the relation to a generalized uncertainty principle (GUP)
[92-98]. Of course it is possible to use the well-known
formula

AAABZ%K[A,B]H (81)

relating the standard deviations A of two Hermitian
operators A and B (that is, the uncertainties in the
measurement of their values) to the expectation value of
their commutator, and thus derive a GUP from our result
(72). However, while in quantum mechanics one can
repeatedly measure the position and momentum of a
particle, and from this determine their standard deviations,
in quantum gravity it is impossible to measure the coor-
dinates X" of the same event repeatedly. Therefore, the
operational meaning of the standard deviation for the
coordinates X is not clear, and at the moment we do
not have anything to say about the relation to possible
experiments [99—101]. A second question involves higher-
order corrections, and going hand in hand with this is the
question of how to define a noncommutative spacetime
with its topology and causal relations. There are, of course,
concrete proposals for noncommutative spacetimes, for
example Riemannian spectral triples [102], but the
Lorentzian case presents extra challenges [103]. As was
mentioned in the previous work [39], already for a classical
Lorentzian manifold there can be a mismatch between the
topology of the underlying manifold and the causal
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ordering induced by the Lorentzian metric [104], and we
refer the reader to the review [105] for an overview of
results and open questions. A possible way to define the
topology of such a quantum spacetime would be to start on
the background spacetime with the path topology of
Hawking, King, and McCarthy [106] or one of its refine-
ments [107—-109], which includes the causal structure of the
manifold. In perturbation theory, we have the bijective map
(6) from the coordinates of the background spacetime to the
dynamical field-dependent coordinates, which then could
be used to map the topological structure from the back-
ground spacetime to the quantum one. Using the path
topology, this would then also give information about the
causal structure.

Another question that is worth investigating further con-
cerns the choice of dynamical coordinates. While the con-
crete choice (13) that we made was proposed earlier to
constructinvariant observables in de Sitter spacetime [31,59]
and leads to manageable computations, one may wonder if
there are other choices that better model a certain physical
situation. For example, geodesic light cone coordinates
[26,110-114] model measurements that are made along
the observer’s past light cone. Also, generalized harmonic
coordinates V>X®) = 0 could be a suitable choice, espe-
cially since they also appear in other contexts such as matrix
models [115]. In fact, in the flat-space limit H — 0 of our
choice (13) are generalized harmonic coordinates, which
were used in [39]. Itis possible that the commutator of these
coordinates then also respects de Sitter invariance, which is
explicitly broken in our case. A related issue is the gauge-
fixing dependence of the dynamical coordinates. The diffeo-
morphism invariance of general relativity translates into a
gauge symmetry of the metric perturbations according to
Eq. (7), which results in the change (8) of the dynamical
coordinates. Therefore, as in classical GR, the coordinates
themselves do not have an independent physical signifi-
cance; rather, the invariant observables (2) that are con-
structed using the coordinates are gauge independent (4) and
physical. Therefore, our result (72) for the commutator of
dynamical coordinates is only part of a physical effect, and
further work is needed to construct a suitable observable and
connect it to experiments [99—101].

Despite these open questions, our results also clarify
some issues that arose in connection with noncommuta-
tive spacetimes. First, since the noncommutative structure
arises from pQG and is not an extra postulate, it is
clear that well-established fundamental physics on large
scales is unchanged. Second, the problems of UV-IR
mixing [34-37] and the breaking of Lorentz covariance
[38] (in the flat-space limit) are absent, the former because
pQG as an effective field theory does not have this issue,
and the latter since the matrix ®" that appears on the
right-hand side of the commutation relations (1) is not a
constant but a function of spacetime, given by Eq. (72) in
de Sitter or Eq. (76) in Minkowski spacetime. Third, our

approach also gives a change of perspective in the
interpretation of the commutation relations (1): instead
of having a single coordinate operator ¥, in pQG one
associates a coordinate operator X*) = XW)( p) to every
physical event or point p. This change is akin to the
change in perspective from quantum mechanics to quan-
tum field theory: instead of quantizing the position and
momentum of a single particle, one quantizes canonical
coordinates and momenta at each point in spacetime,
hence a quantum field.
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APPENDIX: DETAILS OF THE COMPUTATION

To compute the functions F', (46), we first need to
determine the action of the differential operators Drab (41)
on the propagator (31). We obtain

a(n)a(n’)b,?"”ﬁf,ﬂ"f;fj;,a, (x,x")
= —30,0,G§P (x,x')

+ [2(),, + 3Ha(;7)] [2(),, + 3Ha(;7/)] GSP (x, %)

+ AGSP (x,x'), (A1)
a(n)a () DY DL7GED, ,(x. )
= —0,0,G§P (x,x')
- {a”/ + 2Ha(17’)}6,»G1CD (x,x), (A2)
2 Aiuv ;N0pe 2CD
a (W)a(ﬂl)Dx Dx’ G;wp’a/<x’x/)
= 0,,0,GS§P (x, x')
+ [5:1 + 2Ha(71)} 0,GSP (x, %), (A3)

and
a2(n)az(n’)ﬁi”bbifgéflﬁ/g/ (x,x')
= —=8AGSP (x,x')

— &l [an + 2Ha(11)} [a,,, + 2Ha(17’)] GSP(x,x),  (Ad)

where we used that in n = 4 dimensions the propagators G
and G, are equal (37). We then pass to Fourier space and
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insert the explicit expressions of the propagators. For the
positive frequency Wightman functions G~ these are
exactly the expressions given in Eq. (37), while for the
Feynman G™' and Dyson G~ propagators we use the
relations (33) and (34). This results in

H2 L+ilp|fep(n—n') +p>m’
2 pl?

GSP(n.n'.p) =

To compute the integrals over 7 and 7’ in Egs. (47) and
(49), we sum over the indices C, D = = and integrate from
;. to a final time 7 as explained in Sec. V, taking care to
add minus signs for the “—” fields to compensate for the
change of orientation in the backward part of the integra-
tion contour. The resulting integrals contain terms involv-
ing, e.g., |n — 7|, which we treat by splitting the 7 integral at
7 = 1. One then sees explicitly that any dependence on the
final time T cancels, since the in-in formalism ensures a

=ilplfep (=) A5
*e ~ ’ (ASa) causal evolution. For the second derivative of fp, we use
2 that
GSP(n,y,p) = _iTﬂe—ilp\fcn(n—n’), (A5b)

4 f 4 (r=7)=0;f _(r-7) =0, (A6a)
where the function fp is defined in Eq. (50) We then Rfo (t—7) = —Rf _(1—7)=26(t—7), (A6b)
obtain the expressions (47) for F%,, (48) for FU; and F0,,
and (49) for FXB, using also the identities (51). and altogether we obtain

FOO (’7 7 P) 8|p|7 ( + 1[p|l’]) [ ( + i|p|;7/)e—i|17\('7+n/)G$z(n’ ’7/’P) + (1 _ ilpm/)e—ilp\(’?—n’)sz (n’ ”I/,P)}
1 3 1 4
sw( ~ilpl) |(1 +ilpl)e PG 1., p) = (1 = ilpl )P G (o p)] . (A7)
with
. o, .
G0 =2ip| [ (1~ ilple)e
My
" / n / "PIE (1 ilple) (1 ~ ilple))[1 + 2ilp|(z ~ 7)) (e7') Pde'de
ng g
a [1 [ ilple)(1 = iple) 1 - 2l - )7 arr (AS)
ny Je
G2 onp) = [ [P —ilple)(1 + ilpl#) (1 ~ 2 (e - ))(e¢) Ve (A9)
ny g
G (n..p) = 2ilp| [ (1 +p*2)ed
O n.nt.p) =2l [ (1 4+ ) de
n
T ip|(e—7) - T - N\ =3
+ e (1 +ilp|z)(1 =ilp|7')[1 + 2ilp|(z — 7)](z7') dd'dz
ny Jug
! / n / " (1 +ilpe) (1 = ilple)[1 + 2ilp (- )] (r¢)Pdrdr
/ / Filple)(1 = ilp|e)[1 = 2ilp|(r — )] (z¢)2drdr, (A10)

and
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 (n.01.p) = ~2ilp) / (1 4 ilple) e
/ [ i) (1 -+ 1)1 + 2 (e = )] (e¢) e
+/_ / e 2P (1 +ilp|2) (1 + ilp|e)[1 = 2ilp|(z = ¥))(z7) 3de'de (A1)

for the temporal part, and

. iH? . . 1 —ilp|7)?
F_(n.1.p) :6ijm(l +ilp|n)(1 1[P|’l)/ titr=20 a2 | de

0

1 +ilp|z)?
— eilpl(n+n'=27) (
,]W(l w1 i) [ Bl
) . , o 11 +p*c?
by s (1= o)1 + il e [T BT g (A12)
n T

for the spatial part.

The integrals can then be done straightforwardly, using the special function Ein defined in Eq. (54). Finally, we set
ng = no(1 F ie) and take first the limit ) — —oo with fixed ¢ > 0 and afterward the limit ¢ — 0. For this limit, we need the
asymptotic expansion of Ein, which can be obtained from the one of the incomplete I" function [see Eq. (8.11.2) in [67]] and
reads (for Ha < 0 and as r — o)

Ein(ar + ) ~ —y — In[—(ar + p)] + e¥*F {% + O(r‘z)} . (A13)

This gives the results (53) for F° (}FO_ and (67) for FY_ i , and the analogous computation for F*, shows that the same result is
obtained with 7 and 5 exchanged.

Finally, we need to compute the inverse Fourier transform (56) as explained in Sec. V A. The full expression, including
the IR cutoff u and the UV convergence factor depending on o, reads

1 2
FO (x,x) = T2 [3—1— G +y+2In(4ny) = [y +Inp +In(=2¢7)]> = [y + Inp + In(=29)]? mln(n) +lnu]

1o |5 |20+ (2) 436 [l 60 =t + ) = mis -t - - )]

- Sir| 0o 6=+ ]+ 0lo = 0= = )]

+[5=i(n+1) —1rL12<15+ (R el )> —[5—i(ﬂ+ﬂ/)+ir]Li2(w>

2y
i —i6+ (' +r : RPN AT I
=~ [6+ir + 1) +1rL12< '7 ! )>+[5+1(17+17’)—1r]L12< ('72]1" )>
/ 5 / ; 5 ;-
e e (S ””ﬁ”*”)+ L)
(6 =ilr 4+ 1) 21 —i(n+n'—r) 2y
/ iS5 — / , 5 ;o
R ln<1+1 ('7+’7+r)>— M 1n<1+M>}, (A14)
[6+i(n+n" +7)] 25 S+iln+nq —r) 2

with the dilogarithm Li, defined in Eq. (58).
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