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Flavored modular differential equations sometimes arise from null states or their descendants in a chiral
algebra with continuous flavor symmetry. In this paper we focus on Kac-Moody algebras g, that contain a
level-four null state |[N'7) which implements the nilpotency of the Sugawara stress tensor. We study the
properties of the corresponding flavored modular differential equations, and show that the equations exhibit
almost covariance under modular S-transformation, connecting null states and their descendants at different
levels. The modular property of the equations fixes the structure of g and the level k, as well as the flavored
characters of all the highest weight representations. Shift property of the equations can generate nonvacuum

characters starting from the vacuum character.
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I. INTRODUCTION

Conformal field theory (CFT) is one of the central
players in physics and mathematics. In two dimensions,
CFTs are strongly constrained by the infinite-dimensional
chiral symmetry algebras and the modular group, such that
a classification of 2d CFTs is an important and also a likely
approachable problem. Among all 2d CFTs, the rational
conformal field theories (RCFTs) are the simplest ones
from the classification point of view. One crucial tool to this
task is the null states,' from which differential equations of
correlation functions on C can be derived and used to
constrain the correlation functions and the spectrum of the
primaries [1,2].

As a different approach of classification, holomorphic
modular bootstrap focuses on the modular properties of the
characters ch (and torus correlation functions) by studying
the modular differential equations they satisty [3-11].
These ordinary differential equations are of the form

n—1
n k it
[Dé>+§j¢2k<r>Dé>]ch:o, g=e" (1)
k=0

where D[(]") denotes the Ramanujan-Serre derivatives, ¢

are modular forms of weight 2n — 2k for SL(2,Z) or
suitable congruence subgroup if fermions are present. The

'Also refereed to as null vectors, singular vectors or just nulls
in the literature.
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equations themselves have relatively simple structure while
bringing considerable constraints on the allowed charac-
ters, and therefore provides a useful organizing principal of
RCFTs. The modular differential equation in the modular
bootstrap arises from the modular invariance of the RCFT,
which states that the characters of the associated chiral
algebra should form vector-valued modular form under the
modular group. Automatically, the characters and their
Ramanujan-Serre derivatives must satisfy an ordinary
differential equation whose coefficients are modular forms.

In this paper, we explore a refinement of the modular
bootstrap approach with flavored-modular differential
equations, which we expect to apply to more general
theories including nonrational ones. For RCFTs with flavor
symmetry, different characters of different highest weight
modules can have identical unflavoring limit, leading to
degeneracy which may be lifted by flavor refinement.
Moreover, highest weight modules of nonrational chiral
algebras generally do not have finite dimensional weight
space at a given conformal weight. In such cases, the
unflavored limit of the characters does not exist, and
therefore, they are simply invisible from looking at the
unflavored modular differential equations. Therefore, fla-
vor refinement improves the resolution and the range of
validity of the holomorphic modular bootstrap method.

However, with flavor refinement and nonrationality in
consideration, the derivation of modular differential equa-
tion based on the Wronskian does not apply. Therefore, we
consider another circumstance where modular differential
equations appear and serve as tool to classification of CFTs.
In [12] it is shown that if a null state

V) = L2,]0) + > apa1lb) (1.2)
ab
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exists in the chiral algebra, it may give rise to a modular
differential equation. In mathematical terminology, the null
state implies that the stress tensor 7 is nilpotent at the level
of the C,-algebra of the chiral algebra. This argument goes
beyond rationality, for example, it is employed in the
context of the 4d/2d correspondence where the relevant
chiral algebra is in general nonrational. Every 4d N =4
superconformal field theory (SCFT) 7 contains a protected
subsector of Schur operators that form a nonunitary and
often nonrational® associated chiral algebra x(T) [15-22].
The Schur limit of the superconformal index of 7 is
mapped under this correspondence to the vacuum character
of (7), and the Higgs branch chiral ring is identified with
the reduced Zhu’s C,-algebra [23]. As a result, The non-
Higgs-branch strong generators in y(7) must be trivial at
the level of the reduced Zhu’s C,-algebra. In particular, the
stress tensor 7" must be nilpotent in the C,-algebra which is
often implemented by a null state A’ in y(7). Therefore,
by [12], the unflavored Schur index of a4d N = 2 SCFT 7
is expected to satisfy some unflavored modular differential
equation following from the nilpotency of the stress tensor
[23-25], and this fact is used in the classification of a class
of 4d N' =2 SCFTs [24]. In the 4d/2d correspondence
[16], the presence of continuous flavor symmetry implies a
nontrivial associated variety of y(7") and therefore non-
rationality of (7). Some of the nonvacuum characters of
x(7) are related to the Schur index of the 7 in the presence
of certain surface defects [23,26-29]. Therefore, the intri-
cate spectrum of the often nonrational y(7") also encodes
important information on the 4d physics.

The flavored modular differential equations are linear
partial differential equations involving the derivatives D(qk)
(weight-two), D, (weight-one), and quasi-Jacobi coeffi-
cients ¢,(b;,7). In [30], flavored modular differential
equations were applied to elliptic genera. In [29,31], such
flavored modular differential equations for some simple 4d
N = 2 Lagrangian SCFTs were studied, where additional
solutions of those equations were found to have some 4d
physical origins; the index of vortex surface defects, the
residues of the integrand that computes the Schur index
(which is related to Gukov-Witten type surface defects),
and modular transformations of the Schur index (which is
related to surface defects from singular background gauge
fields coupled to the flavor symmetry).

To demonstrate some advantages of the flavor
refinement, we will mainly focus for simplicity on a
distinguished set of chiral algebras associated to the
Deligne-Cvitanovi¢ series of exceptional Lie algebras

g=(ayC)a;Ca,Cg,Cd,CfsCesCe;Ceg.

(1.3)

*The associated chiral algebras x(T) are expected to be
quasilisse; a chiral algebra is quasilisse if its associated variety
has finitely many symplectic leaves [13—15].

This set of chiral algebras provides an ideal laboratory as it
is very simple and includes algebras of several kinds, the
standard WZW models §;_; with integral representations,
Virasoro minimal model M, s, admissible Kac-Moody

—

algebras such as su(2)_,/; and some nonadmissible ones
50(8) ;. (&) 3. (&7) 4. (&) ¢

To summarize, we will begin with a general Kac-Moody
algebra §;.._,v associated to a simple Lie algebra g. We then
postulates a simplest null state A that implements the
nilpotency of the stress tensor and satisfies L,,-o|N7) = 0.
From this, we explore the following aspects:

(1) Using Zhu’s recursion formula [28,31-33] we derive
the flavored modular differential equation that fol-
low from the null state |N7), and the equation from
the Sugawara stress tensor.

(i) We impose “modularity” on the two equations. The
almost covariance [29] directly constrains the Lie
algebra g to the Deligne-Cvitanovic¢ series (1.3) and
level k to special values k = 1,—hY/6 — 1.

(iii) We discuss the relation between the “modularity”
with the Joseph relations and nulls at weight-three.
Roughly speaking, the S-transformation connects
(the descendants of) nulls at different levels,

N7 == IN7) @ B N7) @ hihi|N7).

We argue that all highest-weight flavored characters
are determined by the two equations from A, and
T = Ty, and modularity [31].

(iv) Finally, we explore the behavior of the equations
under some shift 7,,v of the flavor fugacities b,
which connects nulls at different levels,

(1.4)

Tyv , o
TSN @ BN @ RN ). (LS)
Therefore, we expect T,,v to generate new solutions
from the vacuum character.
From these discussions we see that the flavor refinement
grants direct access to important internal structure and the
representation theory of the chiral algebra, and is able to treat
general nonrational chiral algebras like the rational ones.
This paper is organized as follows. In Sec. II we briefly
recall some conventions and preliminaries on affine Lie
algebra and chiral algebra. In Sec. III we discuss the
constraints on the chiral algebra and characters imposed by
a weight-four null state, with the assumption of modularity.
In Sec. IV we apply the discussions to a few examples.

II. PRELIMINARIES

In this paper we will focus on Kac-Moody Lie algebras,
and let us begin by recalling some conventions and well-
known results. Consider a simple Lie algebra g of rank 7.
The generators of g can be generically denoted as J4 with
the commutation relations [J4,JB] = fAB.J¢. The roots
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and simple roots of g are denoted as @ and «;, and the
collection of roots A := {a}. The Killing form K(-,-) is
defined by

1
K(X,Y):= WtradeY, KAB .= K(J4,JB),

vV JAJB X, Y €g. (2.1)
The Killing form induces an inner product (-,-) for the
weights, such that for any long root a, |a|* = (a,a) = 2.

The simple coroots are @} := 2a,/|a;|* which are dual to
the fundamental weights ;. Similarly, the dual basis of the
simple roots a; are the fundamental coweights ;, such that
(a;, ) = (&}, w;) = §;;. The longest root and the Weyl
vector are denoted by 8 and p, and the dual Coxeter number
hY :=(60,p) + 1. The Cartan matrix of g is given by
Az J (al ’ aj )

A Chevalley basis of generators of g is denoted by e, f7,
h' with the (nonzero) commutation relations

lel, f1] = &;;h/,
(W, f1] = =Ajif

U’li, ej] = Aﬁej,
i=1,...r (2.2)
In particular, 4’ span the Cartan subalgebra § C g. The
remaining ladder operators E* corresponding to roots a can
be constructed by suitable nested commutators of e’s and
f’s, and in particular, e/ = E%, fi = E~%_In the end, all of
the 4’ and E* form a nice basis of g, with the commutation
relations

[Ea’E—a] — Zfa,—aihi’ [E(l, Eﬂ] = f”ﬁyEY
i=1
ify=a+peA, (2.3)
(h', B9 = (a,a)E". (2.4)

In this Chevalley basis, the Killing form drastically
simplifies, and the only nonzero components are

ZK Kk = 5k,

Ka,—a = (Ka,—a) -

K= K(h', W) = (a @), (2.5)

K* = K(E®, E~), (2.6)

In particular, for any two weights u, v

r r r
y):ZKiju,-v,», WhereM:Zyialy, u:ZviaiV.
=1 i=1 i=1
(2.7)

The structure constants are also related to K,

aK(X —a fl(l —
9

Zm Qa;.
(2.8)

The generators of an affine Kac-Moody algebra §,
associated to g are denoted as J/, where J4 = h', E%, with
the standard commutation relations

[Jern’JB] fABC‘]ern + kaAB(sm+n.O' (29)
In terms of the vertex operators J4(z) = >, o, J4z7"7!,
the above commutation relations are equivalent to the
standard one-pion exchange

AB_jC w
P)rrw) =1 ZC_JW( )+(Z_

KAB = K(JA, JB).

kKAB
s +O0(z—w),

For any noncritical level k # —hY, one can define the
Sugawara stress tensor Tg,,(z) by the normal-ordered
product,

1

Tourl®) = 3037y 2

ZKAB (JATB)(

ZL 772,

nez

(2.10)

The modes L, satisfy the standard Virasoro commutation
relations with a special central charge c,

(L La] = (m = n) Ly + 5 m(m + 1) (m = 1),
kdimg
== 2.11
k+ hY ( )

In other words, the affine Kac-Moody algebra g, contains a
Virasoro subalgebra V. as long as k is away from criticality.

An affine primary |4) is a state annihilated by J7%_, and
E®, with eigenvalues

(A A+ 2p)

h6|’1> = /1i|ﬂ>’ 2(k+ hv)

Lyld) = |4). (2.12)
Starting from |A) one can build a highest weight repre-
sentation M, of §; by acting with J4_, and EZ=, and in
particular, the vacuum representation from |0). States in M
besides |4) are call affine descendants of |4). If in a highest
weight representation M one finds a descendant state |\)
that also satisfies the affine primary condition, then |\/) is
called an affine null state which signals the reducibility of
M with a subrepresentation generated by |[\). In general,
any highest weight representation of g, also decomposes
into irreducible representations of the Virasoro subalgebra
V.. In this sense, one can also define Virasoro null states
that are annihilated by L, .
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A null state |[N) in the vacuum representation of §;
corresponds to a null field AV(z) by the state-operator
correspondence a(z) <> |a), where

—n—h
E a,z ",

neZ-h,

o(a) = ay. (2.13)

The torus one-point function of a null field (and its
descendants) vanishes.” Such a one-point function can
sometimes be preprocessed by the Zhu’s recursion formula
34-28,32]]. For a chiral algebra with a U(1) affine current
J, and any two operators a(z), b(z) in the chiral algebra

such that Jyla) = Q|a),
stro(ap_, b)x"0q" = 6y gstryaghox’o gto (2.14)
2mh
+ Z E, [ } stro(ap_y,nb)x’0 gt (2.15)
and when n > 0,
stro(ap_p,—y|b))g"0x"
R k-1 +1
= (=1)" E tro(ar, _nen|b))ghox".
0y () o Jretacn e
Here the square-mode ap,; follows from
alz] = eaa(ei — 1) = Z a[n]z_"'h“. (2.16)

neZ—-h,

III. FLAVORED MODULAR DIFFERENTIAL
EQUATIONS

A. Nulls and FMDEs

In [23], it is conjectured that the associated chiral algebra
x(T) of a4d N' =2 SCFT T encodes the Higgs branch of
the latter as its associated variety, the presence of which
signals nonrationality of the chiral algebra. As a result, the
stress tensor T of (7)) should be nilpotent at the level of

G (7)),

L5,[0)=|N7) +9. @eC(x(T)).

Here N7 is a null* that bridges 7 and C,(y(7)) is a vector
space

Cy(x(T)) = span{a_p,,|b) a(z). b(z) €x(T)}.

keNy;.  (3.1)

(3.2)

3Often we do not distinguish between nulls and descendants of
null as they play more or less the same role in the discussions.

“State |N'7) can also be a descendant of some chiral null state,
which is also removed to form a simple chiral algebra.

As a consequence of the nilpotency, it is conjectured that
the Schur index should be a solution to a (unflavored)
finite-order modular differential equation [14,23]

n—1
D)+ S a0 |en =0,

k=0

(3.3)

where ¢, are SL(2,Z) or T°(2) modular forms. This
equation comes from computing the torus one-point func-
tion of A7. Such logic applies to all quasilisse chiral
algebras, which include the more familiar rational chiral
algebras as the simplest instances having zero-dimensional
associated varieties, and the null N'; is expected to play
some central role in general.

Let us now focus on affine Kac-Moody algebras ;. We
assume the presence of a g-neutral weight-four affine or
Virasoro null (or descendant of null) state |[N'7) in the
vacuum module that is simultaneously Virasoro primary,
which enforces the nilpotency of the stress tensor 7. The
general form of such a state is given by6

N7) = (L%z +al_y + PR spd23 I8+ yKppd?,JT",

+ 8dypcd?, I, 76 0),

where d,pc is the total symmetric cubic Casimir. In other
words,

L%2|0> = |NT> —(aL_y4 +ﬂKABJﬂ3J§1 + VKABJéz-]fz

+ 8dypcJ?,T8,7€))|0),

where the second term on the right belongs to vector space
C2(ﬁk)7

Cy(@y) = span{a_ha_1|b>|a(z), b(z) € §«}- (3.5)
For |N;) to be Virasoro primary, we have
L,-o[N7) = 0. Explicitly,
3+ 5a+30(k+h") +dy(kth”)
L |NT> k+hv ahJ—Z‘Ifl |O>
+26d eI, JC,|0) =0, (3.6)

’If [N7) is also a Virasoro descendant, then [A/7) is a usual
Viraosro null state. This is the case in the a;, entry of the
nonunitary Deligne-Cvitanovi¢ series, where

Vo) = (=320

%Since L2, 0) is neutral under g, the null | A7) is also expected
to be neutral, hence all indices ABC... needs to contracted with
invariant tensors. To bridge between L2,|0) and C,(§;), the
remaining terms in ['7) should be of the form a_,, _;|b), hence a
term like dypepJ?,J8,JC,JP,]0) shall not appear.

(3.4)
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LyJN7) = (8 + ¢ + 6a + 6(hY + K)B)L_,|0) = 0, (3.7)

an3|NT> =0. (3'8)

They impose conditions on the coefficients a, 3, y, 9,

8+c+6a 2+c—4a
=— , = , 6=0. (3.9
P==Sw+n) TT8kh) (39)
In particular,
22 + 5¢
-y = 3.10
P =2 = " (3.10)

Besides [N ;) at weight-four, there is another trivial null
state N/ sug at weight-two that is expected to be present in
any noncritical Kac-Moody algebra, corresponding to the
statement that the stress tensor of the Kac-Moody algebra is
given by the Sugawara stress tensor,

N (2) = T(2)

This null field is also g-neutral like N';.

Let us now examine the flavored modular differential
equations from the two null states. Explicitly, we consider
the following equation of one-point function,’

FLO Hbo

where h' are the Cartan generators in a Chevalley basis. In
the absence of an insertion N(0), the trace gives the
character of the module M,

~ Tsug(z) = 0. (3.11)

0 = (N(0)),, = y*tryN(0) (3.12)

FLU Hbo

(3.13)

ChM(bzvq y) - ChM(Bl’T D) _yktr

We often omit the subscript M for brevity, and also write

q= 627”'1’ a; :eZIriaj’ bj — eZm'bj’ y= eZm‘n. (314)
The corresponding derivatives are
0—16 D'—bd—ld D'—d—l
1% =27 b T T T
(3.15)

Applying Zhu’s flavored recursion formula to the one-
point function of A/ leads to a partial differential equation,

"Here the parity operator (=1)F is redundant for affine Kac-
Moody algebra, but we keep it anyway. Also the y factor the
fugacity conjugate to the level £ [35].

0=DPch+ <C + 3kr(B — 27/)) E4(t)ch

+(B-2y) ZZKa afa-aEg{ ]Dbch

a€A i=
+3k(f - 2y) ZEA{ l}c . (3.16)
aEA
Here we denote
=167, a=> twea (317
i=1 i=1

Similarly, the Sugawara null vector A/ sug leads to another
equation,

0= <2(k +h")DY) — KDy Dy,
aA,— 1
- EajKa,_af THE o [P
YA

— krEy(z (3.18)

B. Modularity

Equations (3.16) and (3.18) are by no means the only
equations that the characters should obey. In fact, we will
argue that other equations (and nulls) are required to exist
by modularity. As mentioned in the introduction, the
Eisenstein series involved in the two flavored modular
differential equations are not standard modular form of
SL(2, Z). Instead, they are quasi-Jacobi forms of SL(2, Z).
Let us consider the following S-transformation

1

b b; 11210]55 1152
T—— > — - yYy—— b.:=y———Db2.
A vy kTij:l = kt

(3.19)

Here K is a r x r symmetric matrix to be determined by
modularity. It is easy to check that $?(z,b,y) = (z,—b, y)
is the charge conjugation, and S* = id on these variables.

The change of variables leads to mixture of derivatives,

q0, — 12q0, —|—1ZbDb +kZIC,JbbD

= 7%q0, +¢Zb D, + Z Kiibb;, (3.20)
i,j=1
2~ o
Dy, =Dy, +7 ) KUb,D,=7D;, +27 KVb;.  (3.21)
Jj=1 j=1

085027-5



YIWEN PAN and YUFAN WANG

PHYS. REV. D 108, 085027 (2023)

Here we have anticipated that D, = k when acting on yk.
The Eisenstein series also transforms nontrivially, for
example,

T

1 i 1
E; [b“] - —(log b*)? o E, [b“] (log b*)?

1 1
—E log(b* E ,
+2ﬂ 2{b“] og(b”) + 3{19(,]

2(k + /’lv)(TzD(l)

+ TbiDb,- + ’Cllblbl) -

where

logh* = 27:12[1 AY=27mi(a,b),

b= Zba

Let us now impose modularity, by that we require the
character to remain a solution to the S-transformed equa-
tions. We first explore its consequence with the N Sug
equation (3.18). After the S-transformation, we expect any
module characters ch to stay the kernel of the following
operator,

(3.22)

Kij (TD;,I. + 2/Cim[)m> (TDhj + 2K1n5n>

1 ) .
- ZK —af z<TE1 |: :| + /1;1[)]) (TDb,- + 2K p ) kr (TZEZ — z_m)

_k,zl <12E2[ba} —7(A96;)E, {bl“] %(A"B ) >

Here repeated indices i, j, m, n implies summation
from 1 to r. Variables 7 and b’s being arbitrary implies
that the coefficients of 72, 7h;, and b,b; should separately
annihilate the character. The 72 part is obviously identical
the original N, equation (3.18). The b;b; part is
given by

2(k + h¥)Kibb; — 4K ;KM KCi"B,, b,

23 KK, 058, 4 5 S BB,

(3.24)
After a bit of rewriting using
> b, A0, =Y (a.a;) (@, ay)b,b,
) = (;L,aZ)men =2h"K"™b,b,, (3.25)
and
> Koaf “K™b,,156, = 2hVK™b,, (3.26)
the b, b, part simplifies to
2(k + h¥)K"™b,,b, — 4K ;K" K/"D,,b,
—4hYK™b,,b, + kh”K""b,,b, (3.27)
=bTK"'(k1 - 2KK)(h" + 2KK)b, (3.28)

(3.23)

|
where in the second line we adopted the matrix notation

with K ~ K,,,,, K™ ~ K™, and b ~ (b, ..., b,)T. For this
part to vanish, C is fixed to be
ok hY
K = EKU’ or _TKU (3.29)

In other words, K/ ~ % K/ for # = k or —h". Consequently,
the 7b; coefficient can be simplified to

1 .
2(k—#)<Dbj+Za:/1jE1 [b“])’ Viji=1,...r.  (3.30)
This finally fixes the S-transformation of y*

ko 11 11
K ==K, n—sn)—ﬁlc iB;b;=y—-=(b,5),
2 72
b= bay. (3.32)

With this information, we move on to investigate the
modularity of the A/ y-equation (3.16). By “modularity” we
require the character to be annihilated by the following
differential operator after S-transformation,

¥The solution to the equation

1
(Dbj +> ME, [baDch =0

can be easily solved by ch = f(q) [, 9 (a, b)~". However, this
is not a solution to the original A/ sug €quation.

(3.31)
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Z#p? +2¢*ZBD,](D + E,) + 20262(D})

+E2 + 7 beDbDb
ij

+ 2527251‘1)17,» + (1%)2 + <; + 3kr(f - 2y)> T E4(7)

+(B-2y) ZZKa T [ 5 (log b*)°

a€A i=

sz

+3k(B-21))

a€A

o
3847t
2

Here b? := Kb,b; =4 (b,b). The 7* part of the trans-
formed equation is identical to the original (3.16). Let us
now focus on the 7° part of the transformed equation, which
reads

(52 ﬁ 2}/ ZZKU! afa—a IOgb”) (a 52)

TAR3
487 a€A i=

3k(p —2y) a

a€A

Some straightforward algebra simplifies the z°-part to

B0+ (5= 2) Y (@ b)"

a

(3.34)

Note that the weight b is arbitrary. It turns out for the °-part
to vanish it imposes a very strong algebraic condition, that
only the following simple Lie algebras are allowed:

a, ay G by i e e ey (3.35)
which coincide with the well-known Deligne-Cvitanovi¢
exceptional series of simple Lie algebras. For this series, it is
straightforward to check that

> (b.a)t = 6(%4— 1)(5,5)2, v b, (3.36)
and it forces
k Y
Z[k+(ﬂ—2y)<?+l>} =0= k=0,
or, (f—2y) (—% - 1). (3.37)

(log ba)4

T 1 i3 1 1
—32 (log b*)’E, {ba] +o (log b*)E; [b“} +*E, { ] } )

T 1
QEI |:b“:| (IOg ba)Z

+3-E [H log(b®) + T°Es [ ;” (tDy, + (05,%))

gy ]

48 4873
3.33
e (3:33)
|
Recall that for N'; to be a Virasoro primary,
22 4+ 5c¢
-2y ==, 3.38
which implies a degenerate case with c = —22/5and k = 0:

this is nothing but the a entry of the Deligne-Cvitanovi¢
exceptional series corresponding to the Lee-Yang minimal
model. If instead we assume k # 0 and the Sugawara central
charge ¢ = kdimg/(k + h"), then the level k is further
constrained,

k=1, -——-1,

c (3.39)

1,

G hY.
This recovers the level-one and nonunitary Deligne-
Cvitanovi¢ exceptional series of affine Kac-Moody alge-
bras. The simply-laced type of finite Lie algebra, including
Ay type, Dy type, and the exceptional Lie algebra Eg, E,
and Eg (ADE) entries of the nonunitary series all have 4d
N =2 SCFT origin through the 4d/2d correspondence
[16,23]. The last possibility k = —%hv can be excluded
by additionally requiring the |N';) to partially satisfy the
affine null condition

Similarly, the 7! part is given by
262 " b;D,, (3.41)
i1

°It is unclear to the authors how to justify such a requirement,
or if there is other elegant argument to rule them out. In this paper
we shall only focus on the former two solutions of k.
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(27iA$b; i)?

#2339 (-

i(27iA5H;)?
——=—D
T bf)

1 .
E, [ }K’mbm
ba

~ 1
- 481713 (B-20)3 (2726 E, [b”} , (3.42)

a

where all the E; terms cancel automatically, leaving
|

2ZbDb (DY) + Ey) — (B-2y) Z‘

(Il

2

which implies four equations, and 7> part is

k(b,6)(D, +E2)+BbDbDb+ (B-2y Z|2’| "(ab)QEl[l

a,l

implying additional r(rH) equations. Under S-tranforma-

tion, (3.45) transforms back to itself xz2, while the
parts of lower weight vanish if KV =£%K" and
k=-— (— 1)(f—2y). In a similar fashion, Eq. (3.44)
transforms into itself as the 7> part, while the 7> part
reproduces (3.45); parts of the lower weight vanish if the
above KC and k solution is applied. Therefore, the partial
differential equation (3.16), (3.18), (3.44), and (3.45) form
a closed system under the S-transformation; by modularity,
they are expected to annihilate any module character ch.

C. Joseph ideal and highest weight characters

All of the above equations are expected to come from
additional null (descendant) states of the chiral algebra. Let
us focus on the level k = —%— 1. At weight-two it is
known that the affine generators J4 satisfy the Joseph
relations [36]10
) g ~0,  (JVP)|y ~ Kap(JAIP) ~ T, (3.46)
where S is a representation of g in symm’adj =
1O R d2adj, and Z, =R @ 1 is called the Joseph
ideal. The representation 9 for the Deligne-Cvitanovi¢
series are listed in Table I.

Within these Joseph relations, one can find null states
uncharged under the Cartan § C g, and they shall give rise to
nontrivial flavored modular differential equations of weight-
two. From the table, we observe that for the ADE cases,

Here ~0 means the left-hand side is an affine null or affine
descendant. See all Theorem 4.2 of [36].

ol (IEZ[M(a b)D,, — 2k(f — 2@2@,5)1:3[ ﬂ

<k + (% + 1) (- 27))251'1%
:>k:—<%+1)(ﬂ—27)v

but this is not a new constraint.

By modularity, the 7> and 72 part are additional flavored
differential equations that the character should satisfy.
Concretely, the 7> part is

(3.43)

(3.44)

a

} Dy, + %k(ﬁ ~27)> (a.b)’E, U] . (3.45)

a

ba

ADE: #(charge-zero states in®R) + 1 =

Therefore, we expect that in these cases the =——— r(H D wei ght-two

equations in (3.45) precisely correspond to those equations
that arise from (3.46). This is indeed the case for a;, a,, b,
by explicit construction of the null states. In other words, for
the ADE cases in the Deligne-Cvitanovi¢ series with
k=—-h"/6—1, Eq. (3.16) alone is able to generate all
the weight-two flavored modular differential equations
including Eq. (3.18). For g,, {4, Eq. (3.45) are not enough
to account for all the Joseph relations. For (3.45) to contain
(3.18), g should satisfy — R +hV) = 1, which is indeed true

forthe ADE cases but not for g,, f4. It would be interesting to
clarify the relation between the Joseph relations and
Eq. (3.45) rigorously.

More concretely, we conjecture that the r(r+1)/2
equations [(3.45)] and the r Eq. (3.44) arise from the

TABLE I. List of &.
Number of charge-zero

g R states in r(r+1)/2
a 0 0 1

a, 8 2 3

b, 35, @35 & 35, 9 10

14 324 12 10

e 650 20 21

ey 1539 27 28

eg 3875 35 36
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zero-charge states hih!|N7), hi|N7) at weight-two and
three. Loosely speaking, the null states at different levels
are connected by the S-transformation,

N —SINT) @ BiIN7) @ hikiN7).  (3.48)

For example,

JAN 1) = 204 L,|0) + (a + 1 + Bk + 2yhY)J%;|0)
—(B=29)f*pcI%, I, 10).

The torus one-point function of the above field with J4 =
h' gives

<2Dbl_Df,1> +2E,(7)D,,
a;l? 1
- (p- 2y>2%m?(ar,a>b"z { ba]Dbj
a.j
1
—2k(B - 27/)E3§: Yol )

precisely reproducing (3.44); note that o(J’[4 3]) = 0 In

particular, for the ADE entries with k= -%—1,
JLJB|N 1) g span the same subspace as J4,J2,|0) |m, while
for other cases the latter is a larger subspace.

The system of equations (3.16), (3.18), (3.44), and (3.45)
impose strong constraints on the allowed characters. Let us
focus on the case with level k = — % — 1; we conjectured
that this system is enough to fix the vacuum and all the
highest weight module characters."’ This can be achieved
by assuming an anzatz

(3.49)

+o0

ch = g" Z cp(by,....b.)q",

n=0

(3.50)

and solving for ¢,(by, ..., b,) order-by-order. To proceed,
the weight-four equation (3.16) is actually the simplest one,
because D, are all multiplied by E3[%'], which has the ¢

expansion
+1 b* -1
E = 2).
3[ b } 20 (7°)

As a result, at the nth order, ¢, (by, ..., b,) always appears
without derivatives, and c, is solved algebraically from
Cos .-, Cy—1: Ultimately, all ¢, are completely determined
by ¢, alone. The weight-four equation (3.16) also implies
only two solutions for h, h = 75 (1 4+ h") for the vacuum

(3.51)

11 . .. .
Solving explicitly for a;, a,, g,, and b, cases was carried out
n [31]. We thank Wolfger Peelaers for sharing his results.

character and the other h = £ (1 — h") for the nonvacuum
characters. For the vacuum character chy, ¢y = 1 and one
easily gets ch to arbitrary high-g order simply by applying
Eq. (3.16). The task of solving the nonvacuum solutions ch
reduces entirely to solving just one function ¢q(by, ..., b,).
The weight-three equations (3.44) are all automatically
satisfied at the zeroth order once the nonvacuum # is
plugged in. Concretely, using E, [}] ~ E»(7) ~ — 15 + O(q),
E3[;}] ~ O(q), we see that the zeroth order of (3.44) is
proportional to

h=5(1-h")
11 -
|:2h—6+ghv:|Db[Ch HO, ch= q CO(bl9"”bI‘)'

(3.52)

Therefore, c(by, ..., b,) is constrained by the r(r + 1)/2
equations of weight-two [and additionally (3.18) for the

82, fa cases].
To solve c¢(, one can further propose an anzatz for the

function c¢,,

co(by,...b,) =di'.. a'rz’Zco;fl !!!!! ,gralf‘...af’. (3.53)

£:20

Here a; are fugacities that are conjugate to the simple roots,

o= I
J

In the new variables @; and denoting n:=)_; n;a;,

Eq. (3.45) at leading order in ¢ and a; gives the algebraic
equation

r 2
D, = Z%Kﬂmun (3.54)
n=1

kﬁ—g—ﬁw 2| .0

(ﬂ 27)) (n.

a>0

+ (b,n)? =0,

a)(a, b)? (3.55)

Additionally for g5, {4, Eq. (3.18) imposes at leading order

2(k + hY)h — Znn —l—Zan —dlmg 0,
a>0
n = Zn . (3.56)
J
For the nonvacuum value h = ﬁ - H’ the above two sets of

weight-two equations imply a finite number of solutions of
(ny,....,n,). We list all the solutions in Table II. We
immediately recognize that these values of n are precisely
the (minus of) highest weights of the modules listed in the
Table 1 of [36], but written in the ¢; basis. Based on these
observations, we made the following proposal:

085027-9
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TABLE II.  Solutions of (ny,...,n,) for k = —h" /6 — 1.

g n

a (). )

ay 5.5).(1,3).6.1)

3 (2.9).(2.3)

b, (1,2, 1, 1),(1,2,2,1), (1,2, 1,2), (2, 2, 1, 1)

fa (3.5.6.3).(3,3.6.3).(3.5.6.3)

(3 (2,4,6,4,2,3),(2,4,6,5,2,3),(2,4,6,5, 4, 3),
(2,4,6,4,2,4),(2,5,6,4,2,3),(4,5,6,4,2,3)

e; 4,8,12,9,6,3,6), (4,8,12,9,6,3,7), 4,9,12,9, 6, 3, 6), (6,9, 12, 9, 6, 3, 6),

@, 8,12, 10, 6, 3, 6), (4, 8, 12, 10, 8, 3, 6), (4, 8, 12, 10, 8, 6, 6)
e (10, 20, 30, 24, 18, 12, 6, 15), (10, 20, 30, 24, 18, 12, 6, 16), (10, 21, 30, 24, 18, 12, 6, 15),
(12, 21, 30, 24, 18, 12,6,15), (10, 20, 30, 25, 18, 12, 6, 15), (10, 20, 30, 25, 20, 12, 6, 15),
(10, 20, 30, 25, 20, 15, 6, 15), (10, 20, 30, 25, 20, 15, 10, 15)

(i) For the ADE Deligne-Cvitanovi¢ series with
k= —% — 1, the weight-four equation (3.16) com-
ing from the nilpotency of the stress tensor alone
completely fix all the highest weight characters
through modularity. These are chiral algebras have
known 4d N/ = 2 SCFT correspondence.

(ii) For §,.f, with k = — — 1, the Eq. (3.16) and the
weight-two equation (3.18) from the Sugawara
construction together fix all the characters through
modularity. These two chiral algebras do not have
known associated NV = 2 SCFT.

(iii) For the Deligne-Cvitanovi¢ series with k=1,
Eq. (3.16) and additionally (3.18) from the Suga-
wara construction together also fix the characters of
all the integral modules through modularity. Note
that for k = 1 the Eq. (3.18) is outside of the S-orbit
of (3.16).

The modularity of the flavored modular differential
equations has another important implication: if ch(b, 7, y)
is a module character, then its S-transformation ch(b/z,
—1/7.9—11(6,b)) is also a solution to all the above
partial differential equations, and is likely some linear
combination of the irreducible characters. For the repre-
sentation theory of rational chiral algebras like the integral
representations of the affine Kac-Moody algebras, or those

with admissible levels, this conclusion is simply the well-
known statement ch; SN >_i Sijch; for a suitable modular §

matrix Sl]
However for the b,, €575 at nonadmissible level
k= —% — 1, the modular property of their characters is

less understood; we claim that they still enjoy some
similar modular property like the rest of the Deligne-
Cvitanovi¢ exceptional series, with the subtlety that their
characters are actually quasi-Jacobi forms, and logarith-
mic characters will be present in the SL(2, Z)-orbit of the
vacuum character. This is known from the literature, [14]
for example, by studying the unflavored modular differ-
ential equation

(DS = 5(h¥ +1)(hY = 1))chy(q) =0  (3.57)

satisfied by the unflavored vacuum character. The fact that
it is second order indicates one logarithmic solution to the
equation in the case of 64, €67 atlevel k = — % — 1. This
also implies that the SL(2, Z)-orbit is relatively small and
cannot generate all the solutions/characters of the Kac-
Moody algebra; there are r additional nonvacuum highest
weight modules. To learn more about these other non-
vacuum solutions/characters besides the logarithmic one,
we now study the shift property of the flavored modular
differential equations.

D. Shift property and characters

Besides almost S-covariance, the differential equations
discussed previously further enjoy simple properties under
shifts of the flavor fugacities b; and y. Let us consider shift

1 . 1
b, —b,+nr, nﬁn—%ZK’(bi—&—nﬂ) - K. (3.58)

Here K’s are constants to be determined by requiring
almost covariance under the shift, and the numbers n;
should satisty

D nig=m.@)€Z, Yach, n'=Y may. (3.59)
i i=1
Under the shift, the differential operators transform as
1 ‘
q9,—qd,— Y _nDy, + KDy, Dy =Dy + K. (3.60)

The N sug €quation transforms into
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— 2(k+h) <

an)b +IC>

= Kij(Dy, + Ki)(Dy, + ;)
|05i|2 a 1 a
_Z 2 ml- El ba —n//lj (Db, +’C1)

1 1
+nj/17E1 |:b”:| —§<nj17)2) (361)

The weight-one part reads

—2(k + hv)niDbi — 2KijIClDb + Z | [l

(ll

(l
min;A;Dy,

(3.62)

|ai|2 ayi 1 a 1
_;Tm,.ica Iy —kza:njszl | G63)

~2(kn; + K;K')D,

il 1
Z ¢(K + kn;K")E, | (3.64)
Again, this equation can only be satisfied if
K+ kn;K" = 0. (3.65)

Similarly,
equation is

the weight-zero part of the transformed

2(k+h")K, +(k+hv)n.lci =K,
= ;anC’ += ZnK”n

To summarize, the shift transformation is fixed to be

(3.66)

b, - b, +n;7, Y)—>Y)+ZK’fnb+ K’fnnr

(3.67)

and under this shift, Eq. (3.18) transforms back to itself.

Equation (3.16) similarly transforms into itself and some
weight-zero, -one, -two, and -three parts. In particular, the
weight-zero and weight-one parts vanish identically when
|

13 11

W) = (——J+ s g L2 P I T )o>.

9 3 3

the above solution of /C,, IC; is applied. On the other hand,
the 7> and 7° part are precisely Egs. (3.44) and (3.45) that
appear in the S-transformed N7, and they were all required
to be satisfied by the character from the modularity
assumption.

Similarly, it is also straightforward to show that the same
shift property is true for Eqgs. (3.44) and (3.45) that appear
in the S-transformed (3.16).

The direct conclusion of the above, combined with the
modularity assumption, is that the shifted characters

ch(b;.q.y) — ch (biq”f, q,yHbf(ij"jCI*%Kij”f"f) (3.68)

remain solutions to Eqgs. (3.16), (3.18), (3.44), and (3.45).
Interms of b := Y, b, n¥ = ), n;a;, the shift can also
be written as

ch(b,z,9) = Tyvch(b,z,v)

1
:= ch <B +nVz, 7,9+ (b,n") + 5 (nv,nv)'r). (3.69)

This result is well-known for integrable and admissible
characters, and we are proposing that it generalizes to the
nonadmissible cases in the Deligne-Cvitanovi¢ series.

IV. EXAMPLES
A.5u(2)_y53
Let us elaborate in this simplest example $11(2)_ 5. It is
the associated chiral algebra of the Argyres-Douglas theory

(A1,D3) in four dimensions in the infinite series
(A1, Dy, 1 1) [19,37-39]. We take the basis of su(2) to be

(00 () (0

The adjoint representation su(2) is 3, and

33=10305=10A’3d2adj, %K=0. (4.2)
Therefore, apart from the equation from the Sugawara
construction N sug = I' — Ty, there is no additional null
state from the Joseph relations. At weight-three there is one

affine null state given by
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Under the finite su(2) action, it generates a representation 3 with two other null descendants at the same level,

22

V3) = <— ?133 + 303,03 —4JS, T 4TI 323 P+ 3]:1le131> |0)

2
= (L—zh—l —efaotenf - gh—3

5

)o

1 2
V3) = <+ o A3 I I LTI J:1J3_IJ3_1> 0).

9 3

It is easy to verify that

Jﬁ>o‘N§‘>:07 (./\/"3*|N'§>:0, |N§1>:JI?|NT>7

(4.4)
and the zero-charge null descendant |A3) corresponds
to a weight-three flavored modular differential equation.
At weight-four, there is |\ 7) that enforces the nilpotency

of T, giving rise to the weight-four modular differential
equation. Note also that |N7) is a null descendant

of |N7),
9 3 3 - + + [ A/—
Vi) =2 (WD +I2 VD) + 5N ). 45)

All of |[N%) and |N7) are annihilated by L,., and
J33N 1) = 0 is consistent with & = 0.
Concretely, the equations from the above nulls are

M _3p 3 1 1 —
|:Dq _ng‘_EEl[b% +E2 b% +E2<T) Ch—O,

(4.6)

() 1 16 1
Dthq - 2E2 b2 —Ez(T) Dhl +?E3 bz Ch:O,
1 1

1 1
{D22)+E3 |:b2:|Db1 —8E, {bz] _7E2(7)] ch=0. (4.8)
1 1

These three equations form a closed system under

S-transformation, and in particular both (4.6) and (4.7)
sit in the S-orbit of (4.8),

S(weight-4) = 7*(weight-4) + 273b (weight-3)

+ grzb%(Sugawara). (4.9)

Although there are more equations at these con-
formal weights that comes from the descendants of the

|

lower-weight nulls,'? the above three equations [or equiv-
alently, (4.8) alone with modularity] are enough to fix all
three highest weight characters [31]. To proceed, one can
make an anzatz for the solution

“+oo0
ch:thcn(bl)q”, (4.11)

n=0
and solve the coefficient function ¢, (b) order-by-order. For
example, at leading order, Eq. (4.8) fixes h = —50orh = 1.
Then Eqs. (4.6) and (4.7) respectively instructs that if 7 #
— 35 then ¢((b;) must be constant, and if & = =3, ¢o(b;)
must satisfy

9b,(1 4 bi)cy(by)

9b%6g(b1) + 8C0(b1) + b% 1 = O,

(4.12)

with solutions given by

p2/3 B33
Co(bl)zcll_lb2+czl_lb2,
I T

¢y, ¢, are constants.
(4.13)

From this we can read off three possibilities,

p2/3 B3
T Ty S Ny S
ch=gi(1+--), ¢ <l—b§+ ) g 1—b%+

(4.14)

Once the leading term is fixed to be either one of the above,
higher-order terms are completely determined by (4.8)

For example, at weight-three, there is another equation

32 1 1712 10 1
{Dz' F3OE Lz} -8 (3E1 Lz} T3k Lz} +E2(T)>D”'
1 1 1

32FE ! E : 416E ! h=0
* ‘[b%} z{b%%T 3[b%Hc —

The S-orbit of this equation also contains Eq. (4.6) from the
Sugawara construction, and its weight-one and zero part also
fixes KV = %K’/.

(4.10)
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alone. Obviously, they are precisely the three admissible
characters with highest weights

4 4 2 2

— =&, —=b, — =&y — = @.
370 30! 370 37
These highest weight characters respectively can be written

in well-known closed forms,

(4.15)

hy = : 4.16
o 9,(2b]7) (4.16)
1 91 (2b — 7|37)
hy = y=#3p=23 g L 4.17
o =y 5,08 &7
2 2b -2
chy =y 434 AR 2T g

81(2b[7)
Obviously,

Chn(B,T, U) _ (_1)nezni(b,nv)enik(nv,nv)rch([) +nr, 7, U)»

n' = nay. (4.19)

B. su(2),_,

At integral level k = 1, the algebra contains a well-
known affine null state at level-two ABY :=J% J% |0)
which generates a subspace 5 with four other null descend-
ants at the same level. The zero charge state N9 := (J3, —
273,13, +J7,J%)|0) leads to an additional flavored
modular differential equation besides (3.18).

The level-four state

1 1
W)= (L%Z_EKABJé}]I—SI +§KABJé2JI—92> 0)  (4.20)

enforces the nilpotency of 7' and is also an affine descend-
ant of N'J™. The level-two states J{JB|N ;) also span the
subspace 5 led by |NAY), and the states J3|N7),
JBIN7) = =SN9 give rise to the weight-three and
weight-two Egs. (3.44) and (3.45). Concretely, the equation
from the Sugawara condition is

<Dq ~ 503 3B L%} Doy =gEa=3E2| o | | =0-
(4.21)

Equations (3.16), (3.44), and (3.45) are given explicitly by

1, 3T 31
0= < q +§Db1 —EE] |:b%:|Dbl +E2(T)—§E2 _b% Ch,
(4.22)
(1 3p 1 B
0= Dleq + Ez +§E2 b2 Dbl +3E3 b2 Ch,
1 L1
(4.23)

2 3 1 7 9 1
0_( (q>_§E3[b%]Dbl—ZE4—§E4L% ch. (4.24)

These three equations form a closed subset under the
S-transformation, while the Sugawara equation is outside
of the S-orbit. The four equations above completely
fix the highest weight characters starting from an
anzatz ch = g"ay(b,). The weight-four equation fixes
h = —1/24,5/24. The two weight-two equations together
impose constraints

1

ap(b) =0, it h=——_. (4.25)

b? -1 5

/ _71 1 = —_—
ap(by) = b (15 5] ag(by), if h +35 (4.26)

The former is simply the vacuum solution, while the second
case gives the integral character of highest weight @,

1

ag(by) = by +-—= ya(su(2)).

b (4.27)

C. 50(3)_y),
The level k = —3/2 is boundary admissible with respect

to g = su(3). At level-two, besides the Sugawara con-
dition T — Tg,,, there is one affine null state given by

|Ngw> = (3Eﬁ]2+a2 + 6Ei11E621 + 2ET1+0l2(hl—1 - h%1))|0>-
(4.28)

It generates an ¢ = 8 representation with seven affine
descendants at the same level that implement the Joseph
relations J4JB|g = 0. Two uncharged states under the
Cartan ) C su(3) lead to two flavor modular differential
equations, while the Sugawara condition gives an addi-
tional equation.

It is straightforward to verify that |[A'7) is an affine
descendant of [N1%). At conformal-weight-three there are
no affine null states, but there are descendants of null A5™
given by J4|N7). In particular, the two null descendants
hi|N7) give rise to the two weight-three flavored modular

differential equations. Similarly, h{#j|N7) give three
weight-two equations.

The algebra has four admissible modules with highest
weight

3. 3. 3. ., . .
50, —H0, 50, —5(0’04‘0)14'(02)-

5 ) 5 (4.29)

The corresponding characters as g-series can also be solved
from the equations from the (3.16), (3.44), and (3.45) [31].
Their closed form are given by [35,40]
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32 n(z) 91(by —2b,27)9,(=b; — b,[27)9,(-2b, + b,|27)

h, = , 4.30
0T (2) 9,(By — 2b,]0)9, (B, — b,[1)9,(—2b, + by[7) (430)
chy = —y-32 n(7) 94(by —26,|27)8,(—b; — b,[27)9,(-2b; + by|27) (4.31)

! n(2z)  9(b; —2b,[7)8,(=b; — b,[7)9;(=2b; + by |7) '

9,(b, — 2b,22)9, (=5, — b,[22)9, (=26, + b,[27)

hy — y=3/2 '7(7) 1\9 2 1 1 2 1 1 2 432
=Y n(2t) 8(b; —2by|7)9,(=b; — by|7)9,(-2b; + b,]7) ( )
chy — y3/2 n(z) 94(by — 2b,|27)84(=b; — b,|27)9,4(=2b; + by|27) (4.33)

n(27) 9, (=b; — b,|27)9, (b; — 2b,[27)9,(-2b, + b,|27)

It is straightforward to see that applying T,,v with n¥ = oy, ay, @ + af generates all the highest weight characters,

. 1 . 1
Cho <b] +T,T,D—|—Kllbi —|—§’L'> = Chl, ChO <52 —|—T, 7,9 —|—Klzbi —|—§T> = Chz,

Ch()([)l +T,bz +T,T,l) +[)1 +52 +T) = Ch3.

D. so0(8)_,

The algebra $0(8)_, is nonadmissible. It is the asso-
ciated chiral algebra of the 4d NV = 2 SU(2) gauge theory
with four fundamental flavors. The vacuum character,
which is the Schur index of the SU(2) gauge theory, has

been computed analytically [41],"

B 4 ~17i9,(2m;) n(z) n(7)
Cho_/‘z—;El[mj] n(z) g&(mﬁw)@l(m/‘mf’)

J=

where m;, = b, £b,, my, = b; £ b,, and the flavor
fugacities m are related to the ones in this paper by m; =
bl,mz = 52 —Bl, m3 = —52 +B3 +b4, my = 53 —[)4.

The flavored modular differential equations of the Schur
index chy were studied in [29,31], where there were 9 + 1
equations at weight-two, four equations at weight-three,
and one equation at weight-four. For so(8), the represen-
tation ¢ is decomposed into three 35, each comes
with three charge-zero states, and therefore account for
the nine weight-two equations. These equations were
shown to have four additional nonlogarithmic solutions
given by [29,31]

R := 1191 (ij) ’7(7) 77(7-')
T2 ) ris 91 (my +my) 9 (m; —my)

. (4.36)

BSee also [42-45] for analytic computations of many Schur
indices.

(4.34)

which are the residues of the integrand that computes chy,.
These solutions are linear combinations of the characters of
the vacuum and other highest weight modules studied
in [36]. Explicitly, the irreducible characters are given by
spectral flows of the vacuum character, and they are related
to the residues R; by [25]

ch_p; =chy— 2Ry, (4.37)
ch_;, = —2chy +2R; +2R,, (4.38)
ch_,;, = chy — Ry — R, — Ry — Ry, (4.39)
ch_p;, =chy — R; — Ry — Ry + Ry. (4.40)
In terms of the shift 7;v in (3.69), we have'*
(T4, + 1)chy(b,7,9) = 2ch_y,
(T_,, + 1)chy(b,7,9) = —ch_,;, (4.41)

where we simply replace n” by —2w;_; 34 and —w, (in
a; basis).

E. (&) _3
The vacuum character of (é4)_5 is identified with the
Schur index 7, of the Es Minahan-Nemeschansky theory.
The Eg theory participates in a Argyres-Seiberg duality
which relates its Schur index with that of the SU(3) gauge

"“This is similar to the spectral flow discussed in [25]. The
character of a twisted module is also accessible through spectral
flow by fractional unit.
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theory with six fundamental hypermultiplets, which allows
TE, to be written in terms of Z gy 3) [41,46,47],

IE6(E(1), @, (wr,w™lr, r72))

1
g g@) w3 _‘3>
_ ISU(3)SQCD (C O reor w—nﬁw

1 —
7 (gm, 5(2),w_37'_3)
SU(3)SQCD P g

n (4.42)

where the elliptic theta function @ is related to the Jacobi
theta function 9, by

9,(3)

0(z)=—7—.
iz72q5(q; q)

(4.43)

Note that the Schur index Zgoep and therefore Zp
have closed-form expressions in terms of 9 and
Eisenstein series [41]. The index Zgy3) is written in the

-

form Zgy) (¢, ¢%,d1V),d?) where ¢ denotes two
copies of SU(3) flavor fugacities and d) denotes two
copies of U(1) flavor fugacities. The SU(3)* C Eg

flavor fugacities are then given by ¢(?, and

¢®) = (wr,w™'r,r72). The fugacities c(1>? can be further

reorganized into the b-variables with respect to Ejg,

O L T
b;/y by’ : by’
) _ b ( by

NONSE/S @
2 b§/3 ’ 1

C
’ 2
b3

and one has the Schur index written as Z, (b, 7, y). At this
stage, applying shifts 7,,v will generate new solutions to all
the flavored modular differential equations, and therefore
we believe that all highest weight characters of (&g)_; can
be obtained through suitable shift of the closed-form
index (4.42).
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