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We study how quantum systems can harvest entanglement from the quantum degrees of freedom of the
gravitational field. Concretely, we describe in detail the interaction of nonrelativistic quantum systems with
linearized quantum gravity, and explore how two spacelike separated probes can harvest entanglement
from the gravitational field in this context. We provide estimates for the harvested entanglement for realistic
probes which can be experimentally relevant in the future, since entanglement harvesting experiments can
provide evidence for the existence of quantum degrees of freedom of gravity.
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I. INTRODUCTION

Arguably, the most important unsolved question in
theoretical physics is how to give a description for the
gravitational interaction that is consistent with our under-
standing of quantum matter. It is well known that the
coupling of classical gravity and quantum matter is
theoretically inconsistent [1,2], and as such we either need
a quantum description for gravity or a complete reformu-
lation of quantum theory. However, as of today, there is no
experimental confirmation of quantum behavior of gravity.
Promising experimental setups, such as gravity mediated
entanglement experiments, have been proposed to attempt
to verify quantum properties of the gravitational field [3–5].
Despite its promise, there is plenty of debate regarding
which quantum properties of the gravitational interaction
can be confirmed by such experiments [6–12]. The core of
this debate lies on how to identify genuinely quantum
degrees of freedom for the gravitational field.
One of the most remarkable differences between theories

for classical and quantum fields is their lowest energy state.
While in a classical field theory, the ground state corre-
sponds to a zero-valued field, the vacuum state of a
quantum field theory is, arguably, not truly empty. This
gives rise to nontrivial statistics for local measurements (see
e.g. [13–16]). Moreover, it is well known that the vacuum
state of a quantum field contains quantum correlations
between different spacetime regions. This is true even if
these regions are spacelike separated [17,18]. This fact is a
fundamental feature of quantum field theory in both flat
and curved spacetimes [19,20], and is instrumental to our

understanding of phenomena such as the renormalization of
the stress-energy tensor [19], area laws in quantum field
theories [21–25] and black hole evaporation [26–31].
This vacuum entanglement can actually be detected:

localized probes can become entangled with each other
through the interaction with the field, even when they
are spacelike separated through their interaction. This is
the idea behind the protocol of entanglement harvesting
[32–34]. In recent years, the protocol has been extensively
studied in many different scenarios [35–45], when probes
are coupled to different field operators [46,47] and in
different spacetimes [48–53].
Entanglement harvesting from spacelike separated

regions is only possible from a field with quantum degrees
of freedom: a classical field cannot contain entanglement
that can be extracted. This fact can be used to decide
whether a field is classical or quantum. In fact, it has been
argued that an entanglement harvesting protocol for the
gravitational field can be used to witness quantum gravity
(see, e.g., [12,54]). The main goal of this manuscript is to
perform a detailed study of this setup, and to quantify the
theoretical amount of entanglement that could be extracted
from a weak gravitational quantum field.
Previous studies of entanglement harvesting which take

gravity degrees of freedom into consideration typically
only couple to a scalar quantum field [55,56]. That is, the
effect of gravity in the protocol is indirect, so that the
detectors are still coupled to the scalar field in a classical
background spacetime. However, to the authors’ knowl-
edge no previous work has considered entanglement
harvesting directly from a quantum gravitational field.
This manuscript is organized as follows. In Sec. II we

review the protocol of entanglement harvesting using
two spacelike separated probes. In Sec. III we review
the formalism of linearized quantum gravity, and describe
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how nonrelativistic quantum systems couple to a weak
gravitational field. The protocol of entanglement harvesting
from the gravitational field is described in Sec. IV. We
present our first examples of entanglement harvesting from
the gravitational field in Sec. V. In Sec. VI we compare the
results found for the gravitational field with scalar model
analogues. In Sec. VII we study atoms coupled to quantum
gravity in the linearized regime. The conclusions of our
work can be found in Sec. VIII.

II. EXTRACTING ENTANGLEMENT FROM
QUANTUM FIELDS: THE ENTANGLEMENT

HARVESTING PROTOCOL

The goal of this section is to provide a brief review of the
protocol of entanglement harvesting from a scalar field, so
that we can later present a model for entanglement harvest-
ing from the gravitational field. In Sec. II A we review the
formalism for an Unruh-DeWitt (UDW) particle detector
interacting with a real scalar quantum field. In Sec. II B,
we review the protocol of entanglement harvesting from a
scalar field.

A. Particle detector models

In this section we review the UDW detector model
[57–59], where a localized two-level quantum system
interacts with a relativistic quantum field. This model
has been extensively used in the literature in order to
probe many features of different quantum field theories.
Among its applications are the ability to probe the Unruh
effect [57,60,61] and Hawking radiation [57,62], probe the
spacetime topology and geometry [53,63,64], describe
communication protocols in quantum field theory [65–68],
and, most relevant for this work, harvest entanglement from a
quantum field [35–56].
We consider a massless scalar quantum field in (3þ 1)-

dimensional Minkowski spacetime. We may express the
field in terms of a plane-wave mode expansion as

ϕ̂ðxÞ ¼ 1

ð2πÞ32
Z

d3kffiffiffiffiffiffiffiffi
2jkjp ðâkeik·x þ â†ke

−ik·xÞ; ð1Þ

where we use inertial coordinates xμ ¼ ðt; xÞ, so that
kμ ¼ ðjkj; kÞ. The operators â†k, âk represent creation and
annihilation operators, respectively, for a field mode of
momentum k. The creation and annihilation operators
satisfy the canonical commutation relations

½âk; â†k0 � ¼ δð3Þðk − k0Þ: ð2Þ

In order to define the Hilbert space associated with the
quantum field, we define the vacuum state by âkj0i ¼ 0
for all k. The Hilbert space is then built from repeated
applications of the creation operators â†k on j0i, and is
usually referred to as the Fock space.

As a first approach, we will consider our detector to
be modeled by a two-level system. This qubit detector
follows an inertial trajectory, zμðtÞ ¼ ðt; x0Þ, along which it
can interact with the quantum field. Moreover, the free
Hamiltonian of the detector is given by

ĤD ¼ Ωσ̂þσ̂−; ð3Þ

where Ω is the (proper) energy gap between the two levels.
We will denote the ground and excited states of the detector
by jgi and jei, respectively. Then, the ladder operators for
our detector are σ̂þ ¼ jeihgj, and σ̂− ¼ jgihej. The asso-
ciated interaction between the detector and the field is
prescribed by the following Hamiltonian in the interaction
picture

ĤIðtÞ ¼ λχðtÞμ̂ðtÞϕ̂ðt; x0Þ; ð4Þ

where λ is the coupling strength, χðtÞ is the switching
function, which determines the duration of the interaction,
and μ̂ðtÞ is the time evolved monopole moment of the
detector, explicitly given by

μ̂ðtÞ ¼ eiΩtσ̂þ þ e−iΩtσ̂−: ð5Þ

We can relax the idealization of the detector being a
pointlike system. To do so, we implement a smearing
function such that the localization of the detector is defined
by a function fðxÞ centered at x0. In most physical setups,
the smearing function fðxÞ is given in terms of the wave
functions of the ground and excited state of the system (see,
e.g., [38,69]). In fact, if the system has a position degree of
freedom x̂ and a canonically conjugate momentum operator
p̂, one can write the interaction with the field as [70]

ĤIðtÞ ¼ λχðtÞϕ̂ðt; x̂Þ: ð6Þ

Assuming the energy levels of the free Hamiltonian of
the detector to be discrete, the interaction Hamiltonian can
then be expanded in terms of the system’s wave functions
as [38,69]

ĤIðtÞ ¼ λχðtÞ
Z

d3xϕ̂ðt; xÞjxihxjt

¼ λ
X
n;m

χðtÞ
Z

d3xψ�
nðxÞψmðxÞeiΩnmtϕ̂ðt; xÞjnihmj;

ð7Þ

where jxihxjt denotes the operator jxihxj in the interaction
picture, ψnðxÞ ¼ hxjni is the eigenfunction associated with
the energy eigenvalue En and Ωnm ¼ En − Em. Restricting
the interaction to two levels, the wave functions of the
ground and excited states are simply ψgðxÞ ¼ hxjgi
and ψeðxÞ ¼ hxjei.
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We then notice that the diagonal terms of ĤIðtÞ commute
with the detector’s free Hamiltonian. This means that these
terms would not be able to produce detector excitations at
leading order in λ, and would simply shift the energy level
of the system. That is, these terms have no effect on the
detector dynamics at leading order, so that they can be
neglected. The interaction Hamiltonian in the interaction
picture then reads

ĤðtÞ ¼ λχðtÞ
Z

d3xðf�ðxÞeiΩtσ̂þ þfðxÞe−iΩtσ̂−Þϕ̂ðxÞ; ð8Þ

where fðxÞ ¼ ψeðxÞψ�
gðxÞ, and Ω ¼ Ee − Eg is the energy

gap of the detector.
In order to write the time evolution of our system in

terms of an integral in spacetime, we define the interaction
Hamiltonian density as

ĤðxÞ ¼ λχðtÞðf�ðxÞeiΩtσ̂þ þ fðxÞe−iΩtσ̂−Þϕ̂ðxÞ: ð9Þ

The relationship between the interaction Hamiltonian and
the interaction Hamiltonian density in Minkowski space-
time is explicitly given by

ĤðtÞ ¼
Z

d3xĤðxÞ: ð10Þ

To study the interaction between the quantum field and
the detector, we will consider the detector to start in the
ground state and the quantum field to start in its vacuum
state. That is, we may write the initial density operator of
the detector-field system as

ρ̂0 ¼ jgihgj ⊗ j0ih0j: ð11Þ

To obtain the final state of the detector, we first time-evolve
the density operator ρ̂0. The time evolution operator in the
interaction picture is given by the time ordered exponential1

ÛI ¼ T exp

�
−i
Z

d4xĤIðxÞ
�
; ð12Þ

where d4x ¼ dtd3x. Working perturbatively to second
order in λ, we may write

ÛI ¼ 1þUð1Þ
I þ Uð2Þ

I þOðλ3Þ; ð13Þ

where, in terms of the Hamiltonian density, we have

Ûð0Þ
I ¼ 1; ð14Þ

Ûð1Þ
I ¼ −iλ

Z
d4xĤIðxÞ; ð15Þ

Ûð2Þ
I ¼ −λ2

Z
d4xd4x0ĤIðxÞĤIðx0Þθðt − t0Þ; ð16Þ

and θðtÞ denotes the Heaviside theta function and imple-
ments the time ordering operation. Using the density
operator in Eq. (11), the time evolved density operator
may be written as a power expansion in λ,

ρ̂ ¼ ρ̂ð0Þ þ ρ̂ð1Þ þ ρ̂ð2Þ þOðλ3Þ; ð17Þ

where

ρ̂ð0Þ ¼ ρ̂0; ð18Þ

ρ̂ð1Þ ¼ Ûð1Þ
I ρ̂0 þ ρ̂0Û

ð1Þ†
I ; ð19Þ

ρ̂ð2Þ ¼ Ûð2Þ
I ρ̂0 þ Ûð1Þ

I ρ̂0Û
ð1Þ†
I þ ρ̂0Û

ð2Þ†
I : ð20Þ

When a quantum field is measured, one does not have direct
access to the state of the field (only to the detector’s degrees
of freedom). To find the detector’s state after the interaction,
we compute the partial trace of ρ̂ with respect to the field’s
Hilbert space. It is then possible to find an expression (up to
second order in λ) for the probability of the detector
transitioning from the ground to the excited state:

L¼ λ2
Z

d4xd4x0χðtÞχðt0ÞfðxÞf�ðx0Þe−iΩðt−t0Þhϕ̂ðxÞϕ̂ðx0Þi0;

ð21Þ

where

hϕ̂ðxÞϕ̂ðx0Þi0 ¼
1

ð2πÞ3
Z

d3k
2jkj e

ik·ðx−x0Þ ð22Þ

is the two-point Wightman function of the quantum field in
the vacuum state. Given the two-point correlator in Eq. (22),
and defining the Fourier transforms of fðxÞ and χðtÞ as

f̃ðkÞ ¼
Z

d3xfðxÞeik·x; ð23Þ

χ̃ðωÞ ¼
Z

dtχðtÞeiωt; ð24Þ

we can write the excitation probability,L, as an integral over
momenta

L ¼ λ2

ð2πÞ3
Z

d3k
2jkj jχ̃ðΩþ jkjÞj2jf̃ðkÞj2: ð25Þ

1Notice that for smeared detectors the notion of time-ordering
can be ambiguous but we are going to work in regimes where this
is not an issue. See [71] for details.
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B. Entanglement harvesting protocol

In this subsection, we will review the protocol of
entanglement harvesting using UDW detectors. Under-
standing entanglement in QFT is a nontrivial task, given
that most of our notions of entanglement depend on a tensor
product decomposition of the Hilbert space where the
theory is defined. However, in QFT, the Hilbert space of
the theory cannot easily be expressed as a tensor product
decomposition associated to localized regions of space (see,
e.g., [72] for themassive field case). This rendersmost of our
methods for discussing entanglement in nonrelativistic
quantum mechanics unsuitable for localized states in
QFT [25]. However, one can still use other methods in order
to quantify the field’s quantumcorrelations. For instance, one
can quantify the entanglement between probes that couple
locally to the quantum field, and use these to infer the
entanglement properties of the field. This phenomenology is
generally called entanglement harvesting.
In order to study the entanglement harvesting protocol,

we consider two approximately spacelike separated UDW
detectors locally interacting with a quantum field. The
interaction regions chosen later in this paper are approx-
imately spacelike separated in the sense that the effect of
communication between the two regions is negligible for
entanglement harvesting. See e.g., [73,74], for details. We
consider the probes to be spacelike separated throughout
their interaction, so that they cannot communicate with
each other. As a result, any entanglement acquired by the
probes must have come from the quantum field itself. We
will label our two detectors A and B, where the detectors
are inertial and comoving, so that their centres of mass
undergo trajectories with constant spatial coordinates,
xA ¼ x0, and xB ¼ x0 þ L, with L being the spatial sepa-
ration vector between the detectors. Each detector will
interact with the field according to the interaction
Hamiltonian density (9):

ĤI;IðxÞ ¼ λIχIðtÞðf�I ðxÞeiΩItσ̂þI þ fIðxÞe−iΩItσ̂−I Þϕ̂ðxÞ; ð26Þ
for I∈ fA; Bg. Here, we have that λI is the coupling strength,
fIðxÞ is the smearing function localized around the trajec-
tory, χIðtÞ is the switching function, ΩI is the energy gap,
σ̂þI ¼ jeIihgIj, σ̂−I ¼ jgIiheIj are the ladder operators of
detector I, and jgAi; jeAi; jgBi, jeBi denote the ground
and excited states of the detectors.
We are interested in the case where both detectors are

initially in the ground state and the quantum field is initially
in its vacuum state. Thus, the resulting initial density
operator of the detectors-field system is given by

ρ̂0 ¼ jgAihgAj ⊗ jgBihgBj ⊗ j0ih0j: ð27Þ
The final interaction Hamiltonian density will then be the
sum of the individual Hamiltonian densities

ĤIðxÞ ¼ ĤI;AðxÞ þ ĤI;BðxÞ: ð28Þ

The unitary time evolution operator in the interaction
picture will be given by Eq. (12) with the interaction
Hamiltonian density of Eq. (28). After applying the unitary
time evolution operator and tracing out the quantum field’s
degrees of freedom, we obtain the following density matrix
of the two-detector system at order Oðλ2Þ in the basis
fjgAgBi; jgAeBi; jeAgBi; jeAeBig

ρ̂D ¼

0
BBB@

1 − LAA − LBB 0 0 M�

0 LBB LBA 0

0 LAB LAA 0

M 0 0 0

1
CCCA: ð29Þ

Here, the LAA and LBB terms are the excitation probability
of detector A and B, respectively. The M, LAB and LBA

terms capture nonlocal correlations acquired by the detec-
tors. In the case of two qubit detectors coupled to a scalar
quantum field, we can find expressions for LIj and M.
Explicitly,

Lij ¼ λIλj

Z
d4xd4x0hϕ̂ðxÞϕ̂ðx0Þi0e−iðΩIt−Ωjt0Þ

× χIðtÞχ jðtÞfIðxÞf�j ðx0Þ; ð30Þ

M ¼ −λAλB
Z

d4xd4x0hϕ̂ðxÞϕ̂ðx0Þi0θðt − t0Þ

× ðeiðΩAtAþΩBt0BÞχAðtÞχBðt0ÞfAðxÞfBðx0Þ
þ eiðΩAt0AþΩBtBÞχAðt0ÞχBðtÞfAðx0ÞfBðxÞÞ: ð31Þ

We wish to quantify the entanglement between the two
detectors after they have both locally interacted with the
quantum field. There are multiple entanglement measures
that can be used for this purpose. In this manuscript, we use
the negativity, which is a faithful entanglement measure for
a system of two qubits [75,76] (see, e.g., [53] for the
specific discussion in the context of entanglement harvest-
ing). The negativity of ρ̂D is defined as N ¼ −

P
λi<0 λi,

where the λi’s are the eigenvalues of the partial transpose of
ρ̂D. To leading order in λ, the negativity is then found to be

N ¼ max

 
0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jMj2 − ðLAA − LBBÞ2

4

r
−
LAA þ LBB

2

!
:

ð32Þ

In particular, in the special case where the excitation
probabilities of the detectors are the same, we have that
LAA ¼ LBB ¼ L, and hence the negativity becomes

N ¼ maxð0; jMj − LÞ: ð33Þ

This happens, for instance, in the case of identical inertial
detectors in Minkowski spacetime. In fact, from now on,
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we will assume that the detectors are identical, so that
λA ¼ λB ¼ λ, ΩA ¼ ΩB ¼ Ω, and that the interaction
happens simultaneously in their frames, which implies
χAðtÞ ¼ χBðtÞ ¼ χðtÞ, and the smearings are identical
modulo a spatial translation.
Given that the quantum field is assumed to be in its

vacuum state, we substitute Eq. (22) into Eqs. (30) and
(31), and we can write the transition probability and the
nonlocal term M in terms of the Fourier transform of the
smearing and switching functions as follows

LIj ¼
λIλj
ð2πÞ3

Z
d3k
2jkj χ̃

�ðΩþ jkjÞχ̃ðΩþ jkjÞf̃IðkÞf̃�j ðkÞ; ð34Þ

M¼−
λAλB
ð2πÞ3

Z
d3k
2jkjQðjkj;ΩÞðf̃Að−kÞf̃BðkÞþf̃Bð−kÞf̃AðkÞÞ;

ð35Þ

where

Qðjkj;ΩÞ ¼
Z

dtdt0χðtÞχðt0ÞeiðΩþjkjÞt0eiðΩ−jkjÞtθðt − t0Þ;

ð36Þ

and where we have defined the Fourier transform of fðxÞ
and χðtÞ as Eqs. (23) and (24).
The protocol of entanglement harvesting with two

UDW detectors coupled linearly to a scalar quantum field
has been extensively studied in the literature (see e.g.
[37,39,47,51,52,56,73,77–79]), and many properties of the
protocol are well understood by now.
It is important to mention that there are twoways in which

two probes can become entangled via an interaction with
a field [74]. The first way only relies on communication via
the field, and can be achieved through an interaction of a
quantum system with a classical field (see, e.g., [12]).
Two probes can only become entangled in this way if they
are in causal contact, and the role played by the field in this
case is a mere mediator that allows for an exchange of
information between the probes. The second way in which
detectors can become entangled after an interaction with a
field is by extracting (or harvesting) entanglement previously
present in the field. This entangling procedure can only be
performed when the probes are coupled to a quantum field,
which has its own local quantum degrees of freedom.
Moreover, this protocol for extracting entanglement from
a quantum field can be achieved even if the detectors are not
within causal contact, and we will refer to this as entangle-
ment harvesting to distinguish it from entanglement gen-
erated by communication.
When one couples two causally connected probes to a

quantum field, these probes become entangled both via
communication and via extracting entanglement from the
field. This makes it a hard task to identify which part of the

entanglement acquired by the detectors was extracted from
the field and which part is due to communication [74]. For
this reason, here we will be concerned with scenarios where
the probes are mostly spacelike separated and we make sure
that the entanglement acquired by the detectors is primarily
extracted from the field. Experimentally, this kind of setup
can be used to test whether a field possesses quantum
degrees of freedom: only a quantum field allows spacelike
separated locally coupled detectors to become entangled.

III. LINEARIZED QUANTUM GRAVITY
AND MATTER: A GRAVITATIONAL

DETECTOR MODEL

The goal of this section is to summarize the description of
the interaction of a nonrelativistic quantum system with
linearized quantum gravity. First, we review the quantization
of linearized perturbations of the metric in Sec. III A. Then,
in Sec. III B we describe the coupling of a particle detector
with the quantized perturbations of the gravitational field.

A. Quantum fluctuations in a Minkowski background

Einstein’s theory of general relativity describes space-
time as a four dimensional manifold with a Lorentzian
metric gμν that satisfies Einstein’s equations:

Gμν ¼ 8πl2
pTμν; ð37Þ

where Gμν is the Einstein tensor, Tμν is the stress-energy
momentum tensor and lp is the Planck length (recall that in

natural units lp ¼
ffiffiffiffi
G

p
).

Einstein’s equations are highly nonlinear due to the
dependence of Gμν on the metric. In order to describe
small fluctuations of the gravitational field around a given
background, we can consider perturbations γμν of the
spacetime metric, so that the effective metric becomes
gμν þ γμν and Eq. (37) defines an equation of motion for
γμν. Considering jγμνj ≪ 1 one can then expand these
equations to linear order in γμν to obtain a linear equation
of motion for the metric perturbations. This approach is
commonly called linearized gravity, and the resulting
theory for the field γμν is invariant under gauge trans-
formations of the form γμν ⟼ γμν þ∇μξν þ∇νξμ, where
ξμ is the infinitesimal generator of such transformations.
In this manuscript we will be concerned with perturba-

tions aroundMinkowski spacetime, without the presence of
matter (Tμν ¼ 0). In this case, the equations of motion for
γμν simplify, so that in inertial coordinates ðt; x; y; zÞ the
first order variation of the Einstein tensor can be written as

Gð1Þ
μν ðγÞ¼∂ðμ∂αγνÞα−

1

2
□γμν−

1

2
∂μ∂νγ−

1

2
ημνð∂α∂βγαβ−□γÞ;

ð38Þ
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where Gð1ÞðγÞ denotes the Einstein tensor to linear order in
γμν,□ ¼ ∂α∂

α is theD’Alembertian operator, γ ¼ ημνγμν and
ημν is theMinkowski metric, which we use to lower and raise
indices. In the absence of matter, the linearized Einstein’s
equations for the gravitational perturbations then read

Gð1Þ
μν ðγÞ ¼ 0; ð39Þ

which defines equations of motion for the linearized metric
perturbations whose solutions are typically called gravita-
tional waves. The theory for γμν can also be thought of as a
theory for a tensor field associated with the action

S½γ� ¼ 1

16πl2
p

Z
d4x

×

�
−
1

2
∂αγμν∂

αγμν þ 1

2
∂λγ∂

λγ − ∂
βγ∂αγαβ þ ∂νγ

να
∂
μγμα

�
:

ð40Þ
The action above can be obtained by evaluating the metric
in the Einstein-Hilbert action at ημν þ γμν, and only consid-
ering the leading order terms in γμν. In particular, extremizing
this actionwith respect to γμν yields Eq. (39). At this stagewe
can see that the effective field theory treatment for γμν defines
it as a dimensionless spin-two field. For convenience we will
work in terms of the field hμν ¼ ð8πl2

pÞ−1=2γμν, so that the
perturbed metric can be written as

gμν ¼ ημν þ
ffiffiffiffiffiffi
8π

p
lphμν: ð41Þ

Then, the field hμν has dimensions of energy, so that the
results we obtain later for the coupling of a system with
gravity can readily be comparedwith results for other bosonic
fields which have the same dimensions.
In order to solve the equation of motion for hμν, it is

useful to perform gauge transformations. In order to do so,
we pick the traceless transverse gauge, which imposes the
following constraints:

h ¼ ημνhμν ¼ 0; ∂
μhμν ¼ 0: ð42Þ

Imposing these conditions, we find that the equation of
motion for hμν reduces to a wave equation for each of its
components,

□hμν ¼ 0: ð43Þ
The solutions of the equation above are then given by the
same solutions we had for the scalar case [Eq. (1)] for each
of the components. Thus, we can write

hμνðxÞ ¼
1

ð2πÞ32
X
s

Z
d3kffiffiffiffiffiffiffiffi
2jkjp ðak;seik·x þ a�k;se

−ik·xÞEðsÞ
μν ðkÞ;

ð44Þ

where EðsÞ
μν ðkÞ are polarization tensors satisfying

ημνEðsÞ
μν ðkÞ¼0 and, for kμ¼ðjkj;kÞ, we have kμEðsÞ

μν ðkÞ¼0,
which comes from the traceless transverse gauge conditions
in Eq. (42). However, there is still a residual gauge degree of
freedom in hμν which can be fixed, while still preserving
Eq. (43). In order to completely fix the gauge, we pick
an inertial observer with four-velocity uμ ¼ ð1; 0; 0; 0Þ and
perform a gauge transformation which imposes2 uμhμν ¼ 0.
In particular, this implies that the polarization tensors satisfy

uμEðsÞ
μν ðkÞ ¼ 0, so that EðsÞ

μν ðkÞ have no components in the
time direction of uμ. Overall, we end up with two indepen-
dent polarization degrees of freedom for each mode, which
can be written as

Eð1Þ
μν ðkÞ ¼ 1ffiffiffi

2
p ððe1ðkÞÞμðe1ðkÞÞν − ðe2ðkÞÞμðe2ðkÞÞνÞ;

Eð2Þ
μν ðkÞ ¼ 1ffiffiffi

2
p ððe1ðkÞÞμðe2ðkÞÞν þ ðe2kÞÞμððe1ðkÞÞνÞ; ð45Þ

where the vectors e1ðkÞ and e2ðkÞ form a basis for the plane

orthogonal to kμ and uμ. An explicit expression for EðsÞ
μν ðkÞ

can be found in Appendix A. In particular, if ΠμνðkÞ is the
projector onto the plane orthogonal to uμ and kμ, one obtains
the completeness relation

PμναβðkÞ≡
X2
s¼1

EðsÞ
μν ðkÞEðsÞ

αβ ðkÞ

¼ 1

2
ðΠμαðkÞΠνβðkÞ þ ΠμβðkÞΠναðkÞ

− ΠμνðkÞΠαβðkÞÞ: ð46Þ

In this sense, PμναβðkÞ is the projector in the plane
perpendicular to kμ and uμ which acts on two-tensors.
After completely fixing the gauge, a general solution to
Eq. (43) can be written as Eq. (44), where now the sum
happens over s ¼ 1, 2, corresponding to the independent
polarizations of the linearized perturbations.
From the linearized solutions to Einstein’s equations,

one can obtain physically measurable quantities that are
affected by the perturbations to linear order. For instance,
the Riemann tensor reads

Rμναβ ¼
ffiffiffiffiffiffi
8π

p
lpRμναβ; ð47Þ

where

Rμναβ ¼
1

2
ð∂μ∂βhνα þ ∂ν∂αhμβ − ∂μ∂αhνβ − ∂ν∂βhμαÞ: ð48Þ

2This is analogous to what is done in electromagnetism, where
one picks vectors e1ðkÞ and e2ðkÞ which are spacelike and
orthogonal to uμ and to the direction of propagation given by k.
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In this notation, Rμναβ denotes the “curvature tensor”
associated with the dimensionful perturbations hμν. It is
important to notice that Eq. (48) is gauge independent, as
any observable of the theory should be. In particular, in the
transverse traceless gauge, the curvature component R0i0j is
given by

R0i0j ¼ −
1

2
∂
2
t γij ¼ −

ffiffiffiffiffiffi
2π

p
lp∂

2
t hij: ð49Þ

As we will later see, this is also the component of curvature
that is relevant for the coupling with matter undergoing a
trajectory comoving with uμ.
We proceed to quantization of the perturbations of the

background metric. We quantize the field hμν by imposing
commutation relations with its conjugate momentum. This
procedure can be done by promoting the coefficients ak;s
and a�k;s to creation and annihilation operators, so that the

quantum field ĥμνðxÞ can be expanded as

ĥμνðxÞ ¼
1

ð2πÞ32
X2
s¼1

Z
d3kffiffiffiffiffiffiffiffi
2jkjp ðâk;seik·x þ â†k;se

−ik·xÞEðsÞ
μν ðkÞ;

ð50Þ
where the creation and annihilation operators â†k;s and âk;s
satisfy the canonical commutation relations

½âk;s; â†k0;s0 � ¼ δs;s0δ
ð3Þðk − k0Þ: ð51Þ

This quantization procedure leads to a Hilbert space
representation for the quantum field theory, where we
define the vacuum state j0i by âk;sj0i ¼ 0 for all k and
s ¼ 1, 2. The Fock space of the theory is then built from
repeated applications of the creation operators â†k;s on the
vacuum state.
The quantum treatment for the dimensionless metric

perturbation can be obtained via γ̂μνðxÞ ¼
ffiffiffiffiffiffi
8π

p
lpĥμνðxÞ.

This also promotes all gravitational observables to operator
valued distributions. For instance, using Eqs. (44) and (49),
we can write the curvature fluctuations in the form

R̂0i0jðxÞ ¼
ffiffiffiffiffiffi
2π

p
lp

ð2πÞ32
X2
s¼1

Z
d3kffiffiffi
2

p jkj32

× ðâk;seik·x þ â†k;se
−ik·xÞEðsÞ

ij ðkÞ; ð52Þ

where the latin indices i; j ¼ 1; 2; 3 correspond to spatial
coordinates in the inertial frame associated to the observer
with 4-velocity uμ.
It is important to note that the quantization procedure

outlined above was performed in a specific gauge, which
considers the components h0μ to be nondynamical. In
essence, this implies that in order to take into account
interactions which involve the scalar and vector parts of the

gravitational perturbation, one would have to prescribe the
dynamics of these components according to the linearized

Einstein equations with a source, Gð1Þ
μν ¼ 8πl2

pTμν. These
terms would then be associated to the Newtonian-like
gravitational potential and gravitomagnetism. This is analo-
gous to what happens in electromagnetism, when one
quantizes the electromagnetic potential in the Coulomb
gauge [80]. However, as we will see in Sec. III B, the scalar
and vector degrees of freedom will not be relevant for the
protocol of entanglement harvesting, so that our fixed
gauge quantization is consistent with the entanglement
harvesting model we will consider.
Finally, we comment on the fact that although one

expects this quantum treatment of gravitational perturba-
tions to be valid when the metric perturbations are small, it
cannot be consistently carried over to higher orders in
perturbation theory. In fact, when considering the higher
order expansion of Einstein’s field equations one obtains a
nonrenormalizable theory [81]. This is the main reason why
quantum field theory is often said not to provide a suitable
theory of quantum gravity at all scales. Nevertheless, the
technique employed here is often employed in the literature
to treat quantum gravitational perturbations [54,82–85]. In
fact, a similar treatment is employed to model the infla-
tionary period of our universe [86], where the fluctuations
of the gravitational field are responsible for the inhomo-
geneities of the cosmic background radiation.

B. Coupling of quantum matter with gravity

In general relativity matter couples to the geometry of
spacetime through its stress-energy tensor Tμν. If there is a
Lagrangian description for matter in terms of an action SM,
then the Stress energy tensor is given by

Tμν ¼ −
2ffiffiffiffiffiffi−gp δSM

δgμν
: ð53Þ

In particular, this implies that the Lagrangian associated to
the interaction of the system with gravity, to linear order in
the metric variation is given by

LI ¼
1

2
Tμνδgμν: ð54Þ

The Hamiltonian density associated with this interaction is
then

HI ¼ −
1

2
Tμνδgμν: ð55Þ

Notice that for the case described in Sec. III A, where
gμν ¼ ημν þ

ffiffiffiffiffiffi
8π

p
lphμν, one obtains an interaction des-

cribed by the Hamiltonian density

HI ¼ −
ffiffiffiffiffiffi
2π

p
lpTμνhμν; ð56Þ
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where in Eq. (56)
ffiffiffiffiffiffi
2π

p
lp can be seen as an effective

coupling constant between the system and the linear
perturbations of the gravitational field.
We now turn our attention to the leading order coupling

between a localized system with nonrelativistic quantum
internal degrees of freedom and the gravitational field.
Consider a localized quantum system with an internal free
Hamiltonian ĤD which defines discrete energy levels, En,
between different internal states associated to eigenstates
jni. We will refer to this system as “the detector.” An
example of such a system could be the bound states of a
hydrogenlike atom. We will assume that the detector
undergoes an inertial trajectory in Minkowski spacetime,
which can be parametrized as zμðtÞ ¼ ðt; x0Þ, where x0 is
the position of the “center of mass” of the detector’s wave
function ψnðxÞ ¼ hxjni with respect to an inertial coor-
dinate system comoving with zμðtÞ.
Our goal is to write down an interaction Hamiltonian

(which generates translations with respect to t) for this
system with an external weak gravitational field. There are
at least three different approaches that can be taken in order
to obtain the coupling of this system with gravity. One of
them was used in [54], where an effective Lagrangian
formulation for the quantum system is used,3 and a
coupling Hamiltonian density is obtained via Eq. (56),
which can then be used to prescribe a time evolution
operator. However, this method gives rise to a gauge
dependent interaction, which depends directly on the
(gauge dependent) metric perturbation hμν. A second
way of obtaining the interaction of the system with gravity
consists on picking coordinates adapted to the detector’s
motion, where the main contribution to Tμν is given by its
proper mass m, with T00 ¼ m, and it can be shown that
γ00 ¼ − 1

2
R0i0jxixj. This method gives a coupling that

depends only on the spacetime curvature, and naturally
fits the gauge choices of Sec. III A. The third method can be
derived by considering a wave function in curved space-
times according to the formalism described in [90]. The
obtained interaction Hamiltonian agrees with the second
method, yielding the interaction Hamiltonian

ĤIðtÞ ¼
m
2
R0i0jðt; x̂Þx̂ix̂j; ð57Þ

where x̂i denote the components of the internal position
degree of freedom relative to the center of mass.4 We then

use Eq. (57) to model the interaction of our system with an
external gravitational field. In terms of the curvature tensor
Rμναβ, associated with the dimensionful perturbations hμν,
the interaction can be written as

ĤIðtÞ ¼ λR0i0jðt; x̂Þx̂ix̂j; ð58Þ

where λ ¼ ffiffi
π
2

p
m=mp and mp is the Planck mass. In this

sense, λ can be thought of as a dimensionless coupling
constant with a numerical value of the order of the
detector’s rest mass in Planck units.
The interaction Hamiltonian of Eq. (57) can then be

expanded in terms of the eigenbasis of the detector’s
Hamiltonian, ĤD, as we did in Eq. (7),

ĤIðtÞ ¼ λR0i0jðt; x̂Þx̂ix̂j ¼ λ

Z
d3xR0i0jðt; xÞxixjjxihxjt

¼ λ
X
nm

Z
d3xR0i0jðt; xÞxixjf�nmðxÞeiΩnmtjnihmj;

ð59Þ

where fnmðxÞ ¼ ψnðxÞψ�
mðxÞ and Ωnm ¼ En − Em. In

order to obtain a particle detector model similar to the
scalar UDW model presented in Sec. II A, we focus on two
energy eigenstates, jgi and jei, with Eg < Ee and imple-
ment a switching function5 χðtÞ, responsible for controlling
the time duration of the interaction. Then, the interaction
Hamiltonian can be written as

ĤIðtÞ¼λχðtÞ
Z
d3xðFij�ðxÞeiΩtσ̂þþFijðxÞe−iΩtσ̂−ÞR0i0jðt;xÞ;

ð60Þ

where we defined

Ω ¼ Ωeg ¼ Ee − Eg;

FijðxÞ ¼ ψeðxÞψ�
gðxÞxixj;

σþ ¼ jeihgj; σ− ¼ jgihej: ð61Þ

3Although this method gives a valid interaction between
the quantum system and gravity, it adds extra complications
that involve changing gauge in the detector’s wave functions in
order to keep track of the different gauge choices for the
gravitational field. For a discussion of this problem in the case
of electromagnetism see, e.g., [87–89].

4For example, in an Hydrogen atom this would be relative
motion position operator, typically approximated by the electron
position operator [91].

5Of course, the gravitational interaction cannot be screened off
or switched off so it may sound strange to introduce a switching
function. However, in a realistic experiment the evolution from
local preparation of a detector (where we make sure the initial
state is the one we want) and the measurement of the detector
after some time under the interaction with the field is finite. The
switching function implements this finiteness. While thinking of
measurements and preparation as ideal projective measurement
would result in a discontinuous switching χðτÞ ¼ 1 in a given
interval and χðτÞ ¼ 0 outside of it, these processes are not
physically instantaneous so smoother functions are better suited
to model the finite time nature of the experiment. The use of
Gaussian switching later on is justified as a smooth implemen-
tation of this finiteness.
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In Eq. (60), FijðxÞ can then be seen as smearing tensors for
the interaction of the detector with the linearized gravita-
tional field. We have also neglected the terms in Eq. (60)
which commute with the free Hamiltonian of the detector,
for the reasons discussed in Sec. II A.
Equation (60) then defines the interaction of a localized

quantum system with classical gravitational perturbations.
If we quantize the gravitational perturbation, this equation
defines a detector model for the gravitational field. To
implement this, we consider the curvature field R0i0jðt; xÞ
to be given by the quantization procedure outlined in
Sec. III A. In essence, this amounts to the replacement
ofR0i0jðt; xÞ in Eq. (60) by the operator-valued distribution
R̂0i0jðxÞ defined in Eq. (52). With this replacement, we
have a simple model for the interaction of a localized
quantum system with a weak quantum gravitational field.
Similar models have been previously studied in the
literature in different contexts (see e.g. [54,85]). In par-
ticular, to leading order in λ, the excitation probability of
the detector after the interaction is given by

LG ¼ λ2
Z

d4xd4x0χðtÞχðt0ÞFijðxÞFkl�ðx0Þe−iΩðt−t0Þ

× hR̂0i0jðxÞR̂0k0lðx0Þi0: ð62Þ

Same as we had in the scalar case, this excitation prob-
ability can also be cast as a single momentum integral using
the following expression for the curvature two-point
function

hR̂0i0jðxÞR̂0k0lðx0Þi0 ¼
1

ð2πÞ3
Z

d3k
2

jkj3
4

eik·ðx−x0ÞPijklðkÞ;

ð63Þ

where PμναβðkÞ is the rank two tensor projector defined in
Eq. (46). Then the detector’s excitation probability reads

LG ¼ λ2

ð2πÞ3
Z

d3k
2

jkj3
4

jχ̃ðΩþ jkjÞj2PijklðkÞF̃ijðkÞF̃kl�ðkÞ;

ð64Þ

where F̃ijðkÞ is the Fourier transform of the quadrupole
smearing tensor FijðxÞ, defined as

F̃ijðkÞ ¼
Z

d3xFijðxÞeik·x: ð65Þ

Overall, we find many similarities with the scalar
UDW detector model presented in Sec. II A. The only
differences between Eq. (64) and Eq. (25) are four powers
of jkj added to the integral, a factor of 4 and the
replacement jf̃ðkÞj2 ⟼ PijklðkÞF̃ijðkÞF̃kl�ðkÞ. The added
powers of jkj and the factor of 4 can be traced back to the

fact that the curvature tensor is one half the second
derivative of the field ĥμνðxÞ. The replacement of the scalar
function fðxÞ by the projected Fourier transforms of the
FijðxÞ tensors is associated with the quadrupole nature of
the interaction.

IV. ENTANGLEMENT HARVESTING
FROM THE GRAVITATIONAL FIELD

In this section, we use the model developed in Sec. III to
harvest entanglement from the gravitational vacuum. After
this we propose a scalar model that may capture the
fundamental features of the quantum gravitational inter-
action in the same spirit as the UDW models can capture
fundamental features of the light-matter interaction [38,89].

A. The full gravitational model

We consider two comoving inertial detectors A and B
which couple locally to the gravitational field. We label the
ground and excited states of each detector by jgIi and jeIi
for I∈ fA; Bg. The interaction Hamiltonian density of each
detector in the interaction picture is given by Eq. (60),

ĤI;IðxÞ ¼ λIχIðtÞðFij�
I ðxÞeiΩItσ̂þI þ Fij

I ðxÞe−iΩItσ̂−I ÞR̂0i0jðxÞ;
ð66Þ

where Fij
I ðxÞ ¼ ψ I;eðxÞxixjψ�

I;gðxÞ is the smearing of detec-
tor I and ψ I;gðxÞ and ψ I;eðxÞ are its ground and excited wave
functions. For simplicity we assume λA ¼ λB ¼ λ. Then the
final interaction Hamiltonian density for the detectors-
gravitational field system is the sum of the individual
Hamiltonian densities

ĤIðxÞ ¼ ĤI;A þ ĤI;B: ð67Þ

We are interested in the case where both detectors start in
the ground state, and ĥμνðxÞ starts in the vacuum state so
that the density operator of the system is initially given by

ρ̂0 ¼ jgAihgAj ⊗ jgBihgBj ⊗ j0ih0j: ð68Þ

Following the procedure described in Sec. II A, we
time evolve ρ̂0 using the unitary time evolution opera-
tor in Eq. (12), and take the partial trace of the time
evolved density operator with respect to the gravitational
field’s degrees of freedom. The resulting density opera-
tor is written in a matrix representation in the basis
fjgAgBi; jgAeBi; jeAgBi; jeAeBig as

ρ̂D ¼

0
BBB@

1 − LG
AA − LG

BB 0 0 MG�

0 LG
BB LG

BA 0

0 LG
AB LG

AA 0

MG 0 0 0

1
CCCA; ð69Þ
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where LG
AA and LG

BB are the transition probabilities for
detectors A and B, respectively, and LG

AB, LG
BA, and MG

represent the nonlocal terms. The matrix elements of ρ̂D are
explicitly given by

LG
IJ ¼ λ2

Z
d4xd4x0χ IðtÞχJðt0ÞFij

I ðxÞFkl�
J ðx0Þe−iΩðt−t0Þ

× hR̂0i0jðxÞR̂0k0lðx0Þi0; ð70Þ

MG ¼ −λ2
Z

d4xd4x0hR̂0i0jðxÞR̂0k0lðx0Þi0θðt − t0Þ

× ½χAðtÞχBðt0ÞFij
A ðxÞFkl

B ðx0ÞeiðΩAtþΩBt0Þ

þ χBðtÞχAðt0ÞFij
B ðxÞFkl

A ðx0ÞeiðΩBtþΩAt0Þ�: ð71Þ

Using Eq. (63), and assuming χAðtÞ ¼ χBðtÞ ¼ χðtÞ, it is
possible to write the transition probabilities and the non-
local terms in terms of Fourier transforms of the smearing
and switching functions as follows

LG
IJ ¼

λ2

ð2πÞ3
Z

d3k
2

jkj3
4

jχ̃ðΩþ jkjÞj2PijklðkÞF̃ij
I ðkÞF̃kl�

J ðkÞ

ð72Þ

MG ¼ −
λ2

ð2πÞ3
Z

d3k
2

jkj3
4

Qðjkj;ΩÞPijklðkÞ

× ðF̃ij
A ðkÞF̃kl

B ð−kÞ þ F̃ij
B ðkÞF̃kl

A ð−kÞÞ; ð73Þ

where the tildes denote the Fourier transform according to
Eqs. (24) and (65), and Qðjkj;ΩÞ is given by Eq. (36). We
notice that the resulting equations for LG

IJ and MG follow a
similar structure to that found in Eqs. (34) and (35). The
main differences between these equations are the power of
jkj and the fact that Eqs. (72) and (73) have a contraction
between the smearing tensors of each detector and the
projectors PijklðkÞ.
Since our detectors are being modeled by two-level

systems, we can again use negativity to quantify the
entanglement they acquire. Noting that the matrix repre-
sentation in Eqs. (29) and (69) have the same form, the
negativity of the two-detector system is given by

N G ¼ max

�
0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jMGj2 − ðLG

AA − LG
BBÞ2

4

r
−
LG

AA þ LG
BB

2

�
:

ð74Þ

Considering two identical comoving inertial detectors we
find that the negativity reduces to

N G ¼ max ð0; jMGj − LGÞ: ð75Þ

Similar to what happens in the electromagnetic case
(and for the reasons we discussed in Sec. II A), we have

neglected the effect of interactions which commute with the
free Hamiltonian of the detector in this protocol. In more
detail, our treatment has also excluded the Newtonian-like
gravitational potential between the probes. The reason that
we can neglect it is because it would generate an interaction
proportional to the system’s free Hamiltonian. This is
because the scalar degree of freedom of the metric
fluctuations would be sourced by the detector’s rest energy,
m1þ Ĥ, where m is its rest mass. This term clearly
commutes with the detector’s free Hamiltonian, and can
be neglected for the purpose of entanglement harvesting.
Rigorously, the detector’s motion would also be affected by
the Newtonian-like gravitational potential between the
probes due to our choice of gauge. However, we consider
the detector’s trajectory to be given, under the assumption
that a stronger physical interaction is responsible for
localizing the detectors around their trajectories. These
localized detectors could be any quantum systems in a
trapping potential, such as atoms trapped by an electro-
magnetic field. In summary, our choice of gauge automati-
cally filters out the irrelevant interaction terms from the
protocol of entanglement harvesting.
Finally, as discussed in [12,54,74], only a quantum field

can be responsible for entangling spacelike separated
probes. Thus, this protocol might be used to witness the
quantum behavior of the gravitational field. In fact, an
experimental implementation of this protocol could poten-
tially be used to determine whether the gravitational field
admits an effective quantum field theory treatment and to
improve our understanding of the relationship between
gravity and quantum theory (as argued in [12]).

B. A scalar field analogue for the coupling
with curvature

In this subsection we present a model for a detector
coupled to a scalar field which attempts to mimic the
interaction of a localized systemwith curvaturewhen angular
momentum exchange is not relevant (similar to how the
UDWmodel captures features of the light-matter interaction
[38]). In essence, we consider the coupling between a
detector and the second derivative of a scalar field, analogous
to the coupling of a detector with the second derivative of the
dimensionful metric perturbation ĥμνðxÞ.
In Minkowski spacetime, we may express the scalar field

in terms of plane-wave modes according to Eq. (1). Then,
the second derivative of the field reads

∂
2
t ϕ̂ðt; xÞ ¼ −

1

ð2πÞ32
Z

d3kffiffiffi
2

p jkj32ðâkeik·x þ â†ke
−ik·xÞ: ð76Þ

Defining R̂ ¼ − 1
2
∂
2
t ϕ̂, we obtain a scalar field operator

which has an analogous behavior to each polarization of the
curvature tensor in Eq. (52). We then consider two two-
level detectors labeled by I∈ fA; Bg undergoing inertial
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comoving trajectories zμAðtÞ¼ðt;x0Þ and zμBðtÞ¼ðt;x0þLÞ.
We denote their energy gaps by ΩI, their raising and
lowering operators by σ̂�I , and their ground and excited
states by jgIi and jeIi, respectively. We prescribe the
interaction of each detector with the second derivative of
the field according to the interaction Hamiltonian density

ĤIðxÞ ¼ λIχ IðtÞjxj2ðf�I ðxÞeiΩtσ̂þI þ fIðxÞe−iΩtσ̂−I ÞR̂ðxÞ;
ð77Þ

where R̂ðxÞ ¼ − 1
2
∂tϕ̂ðxÞ, λI denotes the coupling constant,

fIðxÞ denotes the smearing function and χIðtÞ denotes the
switching function of detector I. We remark that fA is
centered around x0 and fB is centered around x0 þ L.
Notice that we added a term jxj2 in Eq. (77) in order to
obtain a scalar analogue of the quadrupole coupling,
which is proportional to xixj. This term also ensures that
the coupling constants are dimensionless, as in the previous
examples studied in Secs. II A and III B. In order to have a
more direct comparison with the gravitational detector
model presented in Secs. III B and IV, we define the
modified smearing functions as FIðxÞ ¼ jxj2fIðxÞ, which
have the same units as the smearing tensors Fij

I ðxÞ.
The modified smearing functions can also be written
as FIðxÞ ¼ δijF

ij
I ðxÞ.

Then, we follow the same entanglement harvesting
protocol outlined in the previous sections. Both detectors
start in their respective ground states, the field in its vacuum
state, and the comoving detectors interact simultaneously
(in the ðt; xÞ frame), χAðtÞ ¼ χBðtÞ ¼ χðtÞ. We obtain the
following final state for the detectors system

ρ̂D ¼

0
BBB@

1 − LQ
AA − LQ

BB 0 0 MQ

0 LQ
BB LQ

BA 0

0 LQ
AB LQ

AA 0

MQ� 0 0 0

1
CCCA; ð78Þ

where the matrix elements of ρ̂D are

LQ
IJ ¼ λIλJ

4

Z
d4xd4x0χðtÞχðt0ÞFIðxÞF�

J ðx0Þ

× e−iðΩIt−ΩJt0Þh∂2t ϕ̂ðxÞ∂2t0 ϕ̂ðx0Þi0; ð79Þ

MQ ¼ −
λAλB
4

Z
d4xd4x0h∂2t ϕ̂ðxÞ∂2t0 ϕ̂ðx0Þi0θðt − t0Þ

× ðeiðΩAtAþΩBt0BÞχAðtÞχBðt0ÞFAðxÞFBðx0Þ
þ eiðΩAt0AþΩBtBÞχAðt0ÞχBðtÞFAðx0ÞFBðxÞÞ: ð80Þ

Assuming the detectors to be identical, and writing
Eqs. (79) and (80) in Fourier space, we can then write LQ ¼
LQ

AA ¼ LQ
BB and MQ as

LQ
IJ ¼ λ2

ð2πÞ3
Z

d3k
2

jkj3
4

jχ̃ðΩþ jkjÞj2F̃IðkÞF̃�
J ðkÞ; ð81Þ

MQ ¼ −
λ2

ð2πÞ3
Z

d3k
2

jkj3
4

Qðjkj;ΩÞ

× ðF̃Að−kÞF̃BðkÞ þ F̃Bð−kÞF̃AðkÞÞ; ð82Þ

where Qðjkj;ΩÞ is given by Eq. (36), and the tildes denote
Fourier transform according to Eqs. (23) and (24). At this
stage, the similarity between this scalar model and the
model for a detector coupled to linearized perturbations
of the gravitational field is evident by comparing
Eqs. (79)–(82) with Eqs. (70), (71)–(73). The main differ-
ence being the replacement of the contractions of the tensor
smearing functions Fij

I ðxÞ ¼ xixjfIðxÞ with the polariza-
tion tensors by the modified smearing functions FIðxÞ ¼
jxj2fIðxÞ ¼ δijF

ij
I ðxÞ.

Once again we use negativity to quantify the entangle-
ment between the two detectors after the interaction. In the
next sections we will consider explicit examples of entan-
glement harvesting using two-level systems, and compare
the models presented so far.

V. HARVESTING ENTANGLEMENT
FROM THE GRAVITATIONAL FIELD

USING UDW DETECTORS

In this section we explore explicit examples of two UDW
detectors coupled to the gravitational field according to (66).
We are going to implement the entanglement harvesting
protocol outlined in Sec. IV. In Sec. VAwe will analyze an
explicit examplewhere the particle detectors have aGaussian
spacetime profile and gravity mediates a transition between
levels of same angular momentum. In Sec. V B, we consider
transitions with exchange of angular momentum, analyzing
the differences with the previous case.

A. Entanglement harvesting
from the gravitational vacuum

In this section we consider the first example of entan-
glement harvesting from the vacuum of the gravitational
field, according to the protocol described in Sec. IV. In
order to provide an explicit example, we consider the
smearing functions to be given by Gaussians centered at
x ¼ 0 and x ¼ L for detectors A and B, so that

fAðxÞ ¼
1

ð2πσ2Þ32 e
− x2

2σ2 ; ð83Þ

fBðxÞ ¼
1

ð2πσ2Þ32 e
−ðx−LÞ2

2σ2 ; ð84Þ

and the smearing quadrupole tensors are given by
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Fij
A ðxÞ ¼ xixjfðxÞ ¼ 1

ð2πσ2Þ32 x
ixje−

x2

2σ2 ; ð85Þ

Fij
B ðxÞ ¼ xixjfðxÞ ¼ 1

ð2πσ2Þ32 x
ixje−

ðx−LÞ2
2σ2 : ð86Þ

With this choice, L ¼ jLj is the separation between the
detectors, σ determines the spatial width of the smearing
function. We also choose a Gaussian profile for the
switching functions, so that

χAðtÞ ¼ χBðtÞ ¼ χðtÞ ¼ 1ffiffiffiffiffiffi
2π

p e−
t2

2T2 ; ð87Þ

which correspond to detectors switched on at the same time
for a duration timescale T. In this context, T can be used as
a reference scale for the other parameters, yielding dimen-
sionless parameters L=T, ΩAT, ΩBT and σ=T.
Relevant to the discussion at the end of Sec. II B, at this

stage it should be noted that neither the smearing nor the
switching functions are compactly supported. This implies
that, in principle, the detectors are always in causal contact.
However, if the detectors’ separation L is sufficiently larger
than T and the detectors’ size σ, we know that the
entanglement acquired by the detectors is genuinely har-
vested from spacelike correlations in the vacuum [74]. In
fact, the choices of Eqs. (83), (84) and (87) are commonly
employed in the literature of entanglement harvesting, and
it can be shown that for sufficiently large separations, the
communication between the detectors does not contribute
significantly to the detectors’ final state (see [74] for more
details).
We further make the assumption that the detector’s gaps

are the same: ΩA ¼ ΩB ¼ Ω, as this has been shown to
maximize entanglement harvesting for comoving detectors
in flat spacetimes [73]. We use the smearing and switching
functions defined in Eqs. (85)–(87) and the interaction
Hamiltonian of Eq. (67). We then have that, after the
interaction, the final state of the detectors has the form of
Eq. (69). In particular, in this case the excitation proba-
bilitiesLG

AA andLG
BB are the same,LG

AA ¼ LG
BB ¼ LG, and the

negativity of the two detectors simplifies to N G ¼
maxð0; jMGj − LGÞ.
Given the choices of gaps and spacetime smearing

functions, the resulting expressions for the transition
probability LG and nonlocal term MG can be written as

LG ¼ λ2
T2σ8

30π2

Z
djkjjkj9e−jkj2σ2e−T2ðjkjþΩÞ2 ; ð88Þ

MG ¼ −λ2
T2σ8

2L5π2

Z
djkjjkj4e−jkj2σ2e−T2ðjkj2þΩ2Þ

× ð1 − erfðijkjTÞð3jkjL cosðjkjLÞ
þ ðjkj2L2 − 3Þ sinðjkjLÞÞ: ð89Þ

In Figs. 1–3 we plot the negativity as a function of the
detectors gap Ω for different values of the parameters σ
and L.
In Fig. 1 we plot the negativity of the two-detector

system as a function of the detectors’ energy gap, for
different values of the separation between them.We see that
there is a minimum threshold on the required energy gap
before any entanglement is acquired between the probes.
Once the threshold energy gap is met, there is a rapid
increase in the negativity, until it peaks. This is a similar
behavior to entanglement harvesting from a real scalar
field, where the detectors gap can be tuned to maximize the

FIG. 1. Negativity as a function of the detectors’ gap Ω for
multiple values of the detector separation L. We fixed the size of
the detectors to be σ ¼ 0.2T for each of the plots.

FIG. 2. Negativity as a function of the detectors’ gap Ω for
multiple values of the detectors’ size σ. We fixed the separation
between the detectors to be L ¼ 8T for each of the plots.

FIG. 3. Negativity as a function of the detectors size σ for
multiple values of the detectors separation L. We fixed the energy
gap of the detectors as ΩT ¼ 4.7 for each of the plots.
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harvested entanglement (see, [73]). We also see that as
the separation between the two detectors increases, the
negativity decreases, and the peaks shift toward higher
values of Ω.
In Fig. 2 we plot the entanglement acquired by the

detectors as a function of their energy gaps for varying
detector sizes. We conclude that as the detectors increase in
size, the harvested entanglement increases. This can be
traced back to the fact that the interaction of the detectors
with the gravitational field is proportional to their sizes
squared. For future comparison with scalar models, in
Fig. 3 we plot the negativity of the detectors state as a
function of σ for a fixed ΩT and varying values of L.
We clearly see a monotonic increase in the negativity
with σ. We also see the previously stated result that as the
separation between the detectors increases, the negativity
decreases.
Finally we comment on realistic scales for the entangle-

ment that can be harvested by a physical system interacting
with the gravitational field. Our plots for the negativity
yielded (at best) N G ∼ λ210−18. Recall that the dimension-
less coupling constant λ is given by

ffiffi
π
2

p
m=mp. If the mass

of the system is of the order of the mass of a hydrogen atom
we would have λ2 ∼ 10−38, so that the harvested negativity
gives N G ∼ 10−56. This result is orders of magnitude
smaller than the result obtained for harvesting correlations
from the electromagnetic field using hydrogenlike atoms,
where the harvested negativity is of the order of 10−46 [38].
However, our results can be enhanced by the detector’s
mass. For instance, using the position degree of freedom of
nanospheres with 108 atomic mass units (e.g. [92]), one
could potentially increase the negativity to even surpass
that of the electromagnetic case.

B. Entanglement harvesting from the gravitational field
with exchanges of angular momentum

In this subsection we explore the effect of angular
momentum in the ability of detectors to harvest entanglement
from the gravitational field. We consider smearing functions
that can be obtained from quantum systems that start in a
ground state with zero expected angular momentum, and
transition to a state of nonzero angular momentum. Tomodel
these states, we consider angular momentum excited states
for both detectors A and B. In order to define angular
momentum quantum numbers for each detector, we consider
two different directions corresponding to the z-axes of
reference frames centred at each atom, zA and zB. They
can be related by the Euler angles ðψ ; ϑ;φÞ (see Fig. 4). The
excited and ground state wave functions can be written in
terms of a radial function and spherical harmonics:

ψ I;gðxÞ ¼ RnglgðjxjÞY I
lgmg

ðθÞ; ð90Þ

ψ I;eðxÞ ¼ RneleðjxjÞY I
leme

ðθÞ; ð91Þ

where θ ¼ ðθ;ϕÞ and ðng; lg; mgÞ, ðne; le; meÞ are the quan-
tum numbers associated to the ground and excited states
energy levels, Y I

lmðθÞ are spherical harmonics associated to
the direction of angular momentum of detector I andRnlðjxjÞ
are the radial functions.
For the particular cases that we will study, we will

assume the ground states of detectors A and B to have zero
angular momentum, with lg ¼ mg ¼ 0. Then, we label the
excited states with angular momentum defined by le ¼ l
and me ¼ m. In order to explore the specific example of
Gaussian detectors with angular momentum, we further
assume that RnelðjxjÞR�

ng0
ðjxjÞ is a Gaussian, so that the

smearing functions fIðxÞ ¼ ψ I;eðxÞψ�
I;gðxÞ can be written as

fðlmÞ
A ðxÞ ¼ 1

ð2πσ2Þ32 e
− x2

2σ2YA
lmðθÞ; ð92Þ

fðlmÞ
B ðxÞ ¼ 1

ð2πσ2Þ32 e
−ðx−LÞ2

2σ2 YB
lmðθÞ; ð93Þ

where YA
lmðθÞ and YB

lmðθÞ are spherical harmonics associ-
ated to the direction of the vector x and the direction of the
angular momentum of detectors A and B, respectively. It is
then possible to write YB

lmðθÞ explicitly in terms of the
spherical Harmonics aligned with the axis zA, YA

lmðθÞ, using
the Wigner D-function according to (see e.g., [38,94])

YB
lmðθÞ ¼

Xl
μ¼−l

Dl
μ;mðψ ; ϑ;φÞYA

lμðθÞ; ð94Þ

where Dl
μ;mðψ ; ϑ;φÞ are the Wigner D-functions associated

with the Euler angles Dl
μ;mðψ ; ϑ;φÞ. The numbers l and m

FIG. 4. Euler angles characterizing the relative orientation of
atoms A and B [93].
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then determine the total angular momentum momentum
and the angular momentum in the directions zI for the
detectors A and B.
Using these conventions, in Appendix B, we compute

the LG
AA, LG

BB, and MG terms for general l and m for
detectors A and B. In our examples we will focus on
transitions between the lowest nontrivial angular momen-
tum states, considering lg ¼ 0 and le ¼ 1, as well as lg ¼ 0

and le ¼ 2, in both cases withmg ¼ me ¼ 0. TheMG term
identically vanishes for transitions from lg ¼ 0 to le ¼ 1

states. Thus, we will focus on entanglement harvesting

when the wave function smearings are fð20ÞI ðxÞ, where the
detector transitions happen from angular momentum
lg ¼ 0, mg ¼ 0 to le ¼ 2, mg ¼ me ¼ 0. In this case we
find that the LG and MG terms can be written as a single
integral in jkj as

LG ¼ 3λ2T2σ4

78400π4

Z
djkjjkj5e−jkj2σ2e−T2ðjkjþΩÞ2ð7þ jkj2σ2Þ2;

ð95Þ

MG ¼ −
3λ2T2σ4

2195200π4
ð1þ 3 cosð2ϑÞÞ

Z
djkjjkj5e−jkj2σ2

× e−T
2ðjkj2þΩ2Þð7þ jkj2σ2Þ2ð7j0ðjkjLÞ þ 10j2ðjkjLÞÞ

× ð1− erfðijkjTÞÞ: ð96Þ

The explicit computations that lead to the results above are
performed in Appendix B.
In Figs. 5 and 6 we plot the negativity of the two-detector

state after the interaction with the gravitational field for
different values of Ω, L and the relative angle between
the detectors, ϑ. Comparing Figs. 1 and 5, we see that
the harvested negativity is two orders of magnitude
larger than the case studied in Sec. VA (with no angular
momentum).
In Fig. 5 we plot the negativity of the detectors’ state as a

function of ΩT for multiple values of L, when the detectors
have angular momentum in the same direction (ϑ ¼ 0).
Overall, we see the same behavior found in the case of no

angular momentum (see Fig. 1). That is, we see that for
certain energy gaps there is no entanglement acquired
between the detectors, and once a threshold energy gap
has been reached, the negativity peaks and then falls off as
the energy gap is increased. This is consistent with the
findings for scalar and fermionic entanglement harvesting
in [47,73]. We also see the dependence on the separation.
As expected, the negativity monotonically decreases as the
separation between the detectors is increased.
In Fig. 6 we plot the negativity as a function of the

relative orientation of the detectors, (the angle ϑ). We find
that for this transition, the maximum entanglement har-
vested by the detectors happens when the zA and zB axes are
either parallel, or antiparallel, with smaller negativity peaks
when they are perpendicular to one another.
There are two main conclusions that can be taken from

this subsection. First, we found that transitions where
lg ¼ 0 and le ¼ 1 cannot be used in order to harvest
entanglement from the gravitational field. We can link
this result with the fact that the metric perturbation ĥμνðxÞ
is described by a spin-two field, which will mostly
promote angular momentum transitions that differ by
even units of angular momentum. We also found that
when one considers wave functions that differ by angular
momentum l ¼ 2, the entanglement that is acquired by
the detectors increases by 2 orders of magnitude as
compared to the case with no exchange of angular
momentum. In the following section we will compare
these results with the case of detectors coupled to a scalar
field using the same smearing functions we used in this
subsection.

VI. COMPARISON BETWEEN GRAVITATIONAL
HARVESTING AND SCALAR FIELD

HARVESTING

In this section we consider the entanglement harvesting
protocol outlined in Secs. II B and IV B, where a particle
detector interacts linearly with a scalar quantum field, or
with its second derivative.

FIG. 5. Negativity as a function of the detectors energy gap ΩT
for multiple values of the detectors separation L. We fixed the
detectors’ size as σ ¼ 0.2T for each of the plots.

FIG. 6. Negativity as a function of the detectors relative
orientation ϑ for multiple values of the detectors separation L.
We fixed the energy gap of the detectors as ΩT ¼ 6 and the
detectors’ size as σ ¼ 0.2T for each of the plots.
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A. Comparison with a scalar model with no orbital
angular momentum in the detectors’ smearing

First, we study the case where the detector smearing
functions have spherical symmetry and therefore no orbital
angular momentum. That is, we pick the switching and
smearing functions of Eqs. (83), (84) and (87). For this
case, we compare gravitational harvesting with two differ-
ent scalar models models: (a) the regular scalar coupling in
Eq. (9), and (b) the scalar analogue of the coupling with
curvature that we prescribed in Eq. (77). We will denote the
expressions for the analogue scalar coupling with a
quadratic dependence on x with the super-index Q to
distinguish it from the usual UDW coupling, as we have
done in previous sections.
We also pick the detectors’ gaps to be the same ΩA ¼

ΩB ¼ Ω, as we did in the previous examples. Then,
Eqs. (34), (35), (81) and (82) for L, M, LQ and MQ

can be cast as a single integral over jkj, as follows

L ¼ λ2
T2

4π2

Z
djkjjkje−jkj2σ2e−T2ðjkjþΩÞ2 ; ð97Þ

M ¼ −λ2
T2

4π2

Z
djkjjkje−jkj2σ2e−T2ðjkj2þΩ2Þ

× ð1 − erfðijkTÞÞsincðjkjLÞ; ð98Þ

LQ ¼ λ2
T2σ4

16π2

Z
djkjjkj5e−jkj2σ2e−T2ðjkjþΩÞ2ðjkj2σ2 − 3Þ2;

ð99Þ

MQ ¼ −λ2
T2σ4

16π2

Z
djkjjkj5e−jkj2σ2e−T2ðjkj2þΩ2Þðjkj2σ2 − 3Þ2

× ð1 − erfðijkjTÞÞsincðjkjLÞ: ð100Þ

In Figs. 7–10, we plot the negativity for these models,
using the same parameter choices as the ones used in
Sec. VA. We first look at the case of two detectors
coupled to the second derivative of the scalar field, where

the negativity is given by N Q ¼ jMQj − LQ, whenever
N Q ≥ 0.
In Fig. 7 we plot the negativity of the detectors (coupled

via jxj2∂2t ϕ̂) as a function of ΩT for multiple values of the
detectors separation L. We see that the negativity again
follows the same structure seen in the gravitational case
(see Fig. 1), where there is a minimum threshold energy gap
for harvesting to take place, then a peak in the negativity
followed by a decrease in the negativity as the energy gap
increases. The separation between the detectors also plays a
similar role as in the gravitational case, where we see a
decrease in the harvested entanglement as the detectors
separation increases. Moreover, notice that the detectors
negativity in this case is five orders of magnitude larger
than the one obtained in the gravitational case.
In Fig. 8 we plot the detectors’ state negativity (coupled

to jxj2∂2t ϕ̂) as a function of their size. Same as we found in
the gravitational case, we find that as the size of the detector
increases, the entanglement between the two detectors
increases due to the fact that the interaction is proportional
to the size of the detector squared. The separation between
the detectors causes a decrease in the entanglement
acquired between the probes. Notice that we have only
considered σ=T ≤ 0.5 in order to ensure that the detectors
can be treated as approximately spacelike separated.
We now turn our attention to the scalar UDW coupling

outlined in Sec. II, where the detector couples linearly to a
scalar field ϕ̂ (as opposed to its second derivative). In Fig. 9

FIG. 7. Negativity as a function of the detectors energy gap ΩT
for multiple values of the detectors separation L for two detectors
coupled to the second derivative of the scalar field. We fixed the
detectors’ size as σ ¼ 0.2T for each of the plots.

FIG. 8. Negativity as a function of the detectors size σ for
multiple values of the detectors separation L. We fixed the energy
gap of the detectors as ΩT ¼ 4.7 for each of the plots.

FIG. 9. Negativity for two detectors linearly coupled to a scalar
field as a function of the energy gap ΩT for various detector
separations. Here the size of the detector is fixed as σ ¼ 0.2T.
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we plot the negativity as a function of the energy gap of the
detectors. We see that we have a similar form to previous
plots for the negativity. In this case, the negativity is ten
orders of magnitude larger than the cases of detectors
coupled to gravity. We remark that this is only true for the
particular detector size chosen since the entanglement in
the gravitational model grows faster with the detector size
than in the scalar model.
In Fig. 10 we plot the negativity of the detectors (coupled

to ϕ̂) as a function of the detector size, σ. We see that as the
size of the detector increases, the negativity of the two
detectors state increases, but at a much slower rate than it
does for the second derivative and gravity couplings.
Overall we can conclude that the second derivative

coupling is a good model to simulate the gravitational
coupling for transitions which do not involve angular
momentum exchanges between the detectors. However,
as we will see, this model cannot be used as a faithful
comparison with the gravitational case when the detector
transitions involve angular momentum exchanges.

B. Detectors with orbital angular momentum
coupled to ∂

2
t ϕ̂

We now consider the case where the detector smearings
have orbital angular momentum and are coupled to the field
according to the interaction Hamiltonians of Eq. (77). The
smearing functions are then explicitly given by

FðlmÞ
A ðxÞ ¼ jxj2fðlmÞ

A ðxÞ ¼ jxj2
ð2πσ2Þ32 e

− x2

2σ2YA
lmðθÞ; ð101Þ

FðlmÞ
B ðxÞ ¼ jxj2fðlmÞ

B ðxÞ ¼ jxj2
ð2πσ2Þ32 e

−ðx−LÞ2
2σ2 YB

lmðθÞ: ð102Þ

In order to make an explicit comparison with the gravita-
tional case, we will again consider the transitions between
the l ¼ 0, m ¼ 0, and l ¼ 2, m ¼ 0 angular momentum
states, where we saw a nontrivial result for detectors
coupled with gravity in Sec. V B. Here we find that LQ

and MQ can be written as

LQ ¼ λ2
T2σ8

256π3

Z
djkjjkj9e−jkj2σ2e−T2ðjkjþΩÞ2 ;

MQ ¼ λ2
T2σ8

7168π3
ð1þ 3 cosð2ϑÞÞ

Z
djkjjkj9e−jkj2σ2

× e−T
2ðjkj2þΩ2Þð7j0ðjkjLÞ − 10j2ðjkjLÞÞ

× ð1 − erfðijkjTÞ: ð103Þ

In Figs. 11 and 12 we plot the negativity of the two
detectors for different values of Ω, L and relative angles ϑ.
Fig. 11 is the analogue of Fig. 5 and Fig. 12 is the analog of
Fig. 6, and we pick the same parameters as we did in
Sec. V B. This allows the second derivative coupling to be
directly compared with the gravitational case. This is
because the coupling constant, field, switching and smear-
ing functions are prescribed to have the same units in
both models. Recall that the only difference between the
models is the replacement of the contraction of the
smearing tensors FijðxÞ with the curvature operator
R̂0i0jðxÞ ¼ −∂2t ĥijðxÞ by the product of the smearing
functions FðxÞ ¼ δijFijðxÞ with the second derivative of

the scalar field −∂2t ϕ̂ðxÞ.
Despite the similarities between the models, in the

second derivative coupling, there was a decrease in the
entanglement harvested by one order of magnitude when

FIG. 10. We plot the negativity as a function of the detectors’
size σ=T for various detector separations. We have fixed the
energy gap of the detector to be ΩT ¼ 4.7 for each plot.

FIG. 11. Negativity as a function of the detector energy gap ΩT
for various detector separations L. We fixed the relative angle and
the detector size to be ϑ ¼ 0 and σ ¼ 0.2T.

FIG. 12. Negativity as a function of the relative angle ϑ between
the two detectors for various detector separations L. We have
fixed the energy gap of the detectors to be ΩT ¼ 6 for each of
the plots.
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states with angular momentum were considered, while the
gravitational case displayed an increase of two orders of
magnitude. Thus, although the second derivative coupling
was able to grasp most features of the gravitational inter-
action when no angular momentum exchanges are consid-
ered, when different angular momentum states are con-
sidered for the detectors, the analogy between the models
does not hold.

VII. A REALISTIC EXAMPLE: A HYDROGENLIKE
ATOM COUPLED WITH GRAVITY

In this section we explore a real physical example of a
quantum system coupled with the gravitational field.
Namely, we describe the coupling of an electron in an
atom as our explicit physical system. This choice also
allows for direct comparison with the electromagnetic
harvesting results in [38], where the protocol of entangle-
ment harvesting from the electromagnetic vacuum was
studied in detail.
An electron in a hydrogenlike atom can be described by

the following Hamiltonian

ĤD ¼ p̂2

2μ
−

e2

4πr̂
; ð104Þ

where μ is the reduced mass of the electron-nucleus system
and e is the electron charge. In the expression above p̂
denotes the momentum operator for the electron, and r̂
denotes the radial position operator. Then, the system admits
bound state solutions with eigenfunctions ψnlmðxÞ ¼
hxjψnlmi with respective eigenenergies En ¼ E1=n2, where
E1 ¼ −α2μ=2 ≈ −1.11 × 10−27mp, and α ≈ 1=137 is the
fine structure constant. The eigenstates jψnlmi are then
labeled by three quantum numbers n∈N, 0 ≤ l ≤ n − 1
and−l ≤ m ≤ l. These are associated to the energyEn of the
state. The angular momentum state is characterized by the
corresponding eigenvalue of L̂2: L̂2jψnlmi ¼ lðlþ 1Þjψnlmi
and the angular momentum in the z direction, L̂zjψnlmi ¼
mjψnlmi. The wave functions are explicitly given, in spheri-
cal coordinates (for a frame centred at the electron-nucleus
center of mass) by

ψnlmðr; θ;ϕÞ ¼ RnlðrÞYlmðθ;ϕÞ; ð105Þ

where Ylmðθ;ϕÞ are the spherical harmonics and the radial
functions RnlðrÞ are given by

RnlðrÞ ¼
�

2

na0

�3
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn − l − 1Þ!
2nðnþ lÞ!

s
e−

r
2a0

�
r
a0

�
l
L2lþ1
n−l−1

�
r
a0

�
;

ð106Þ

where a0 is the reduced Bohr radius, a0 ¼ 1=αμ. In the
context of the particle detector models presented in Secs. II

and III, thewave function smearing function associated to an
atomic transition between states labeled by the quantum
numbers n, l, m (ground) and n0; l0; m0 (excited) reads

fðr; θ;ϕÞ ¼ ψn0l0m0 ðr; θ;ϕÞψ�
nlmðr; θ;ϕÞ ð107Þ

¼ Rn0l0 ðrÞRnlðrÞYl0m0 ðθ;ϕÞY�
lmðθ;ϕÞ: ð108Þ

In order to implement the protocol of entanglement
harvesting from thegravitational vacuumusinghydrogenlike
atoms as detectors, we consider two atoms labeled by A and
B undergoing inertial trajectories in spacetime, according to
the protocol outlined in Sec. IV. We will be particularly
interested in the first atomic transitions, from n ¼ 1 to n ¼ 2
and n ¼ 3. We first consider atomic transitions without
exchange of angular momentum (l ¼ m ¼ 0).
In Figs. 13 and 14, we plot the negativity for the

transitions jψ100i → jψ200i and jψ100i → jψ300i. Since
the atomic wave functions are scaled by the Bohr radius,
a0, we write the energy gap between the two levels n ¼ 1
and n ¼ 3 as Ω, so that the Bohr radius has order of
magnitude of a0 ∼ α=2Ω, which we consider for our plots.
That is for hydrogenlike atoms the detector size is depen-
dent on its energy gap. Overall, we see that for low energy
gaps, there is no entanglement acquired between the two
atoms, until ΩT reaches a certain threshold and then peaks.
As the energy gap is increased, the negativity quickly falls
off. Moreover, as the separation between the atoms is
increased, the maximum negativity decreases, and shifts to
larger values of the gap. This is the same behavior seen in
the other Harvesting setups explored so far.
When we consider nontrivial angular momentum exci-

tations, we must use the decomposition in terms of Euler
angles described in Sec. V B (see Fig. 4), in order to take
into account the fact that the atoms might be in states of
angular momentum which are aligned differently. Using
the techniques outlined in Appendix B, we then find the
correspondingMG, LG

AA, and LG
BB terms for these processes.

In particular, we find that for transitions from l ¼ 0 to
l ¼ 1, the MG term vanishes, as we found in Sec. V B.

FIG. 13. Negativity as a function of the detectors gap Ω for
multiple values of the detector separation L for the transition
jψ100i → jψ200i. We have fixed T as a scaling parameter and
considered a0 ¼ α=2Ω for these plots.
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That is, it is not possible to harvest entanglement in these
cases. However, the transition jψ100i → jψ320i gives non-
trivial entanglement harvesting results, which we plot in
Figs. 15 and 16, using the following results derived for the
LG and MG terms

LG ¼ 214990848λ2T2σ4

245π2

Z
djkjjkj5

×
ð729jkj4σ4 − 2016jkj2σ2 − 1792Þ2e−T2ðjkjþΩÞ2

ð9k2σ2 þ 16Þ12 ;

ð109Þ

MG ¼ −
53747712λ2T2σ4

1715π2
ð1þ 3 cosð2ϑÞÞ

×
Z

djkjjkj5eT2ðjkj2þΩ2Þð7j0ðjkjLÞ þ 10j2ðjkjLÞÞ

×
ð1792þ 2016jkj2σ2 − 729jkj4σ4Þ2

ð16þ 9jkj2σ2Þ12 ð1− erfðijkjTÞÞ:

ð110Þ

In Fig. 15, we plot the negativity as a function of ΩT for
different values for the separation between the two

detectors. As expected, we find a similar behavior for
the negativity, with a threshold in ΩT, before which there is
no harvesting. Then, we see a peak as a function ofΩT, and
a decrease of negativity as the gaps grow. We also see an
increase of entanglement of 21 orders of magnitude when
considering a difference of two units of angular momentum
between the ground and excited states. This difference can
once again be traced back to the fact that the gravitational
field has spin two. In Fig. 16 we plot the negativity as
a function of the relative angle ϑ between the detectors.
Here we see a dependence that allows the atom to harvest
entanglement for angles ϑ around 0, π=2, π, and 3π=2.
That is, atoms can harvest from the gravitational field when
their angular momentum is either approximately aligned,
perpendicular, or anti-aligned.
Overall, we found that, in principle, it is possible to

harvest entanglement from the gravitational field using
electron states in hydrogenlike atoms as probes. However,
when one takes into consideration that the electron mass is
given byme ≈ 4.2 × 10−23mP, so that the coupling constant
λ is given by

ffiffi
π
2

p
me=mp and that the highest value obtained

for negativity in our plots were of the order ofN ∼ λ210−27,
we find that the harvested negativity is of the order of
10−71. This is 25 orders of magnitude less than what was
found in [38] for entanglement harvesting from the electro-
magnetic field using hydrogenlike atoms. This result is
not surprising since electrons in atoms are coupled much
more strongly to the electromagnetic field than they are to
gravity.

VIII. CONCLUSIONS

In this manuscript we have extended the entanglement
harvesting protocol to particle detectors coupled to the
vacuum of the quantum gravitational field. The protocol
outlined here considers the interaction of a general, non-
relativistic two-level system coupled to a (weak) quantum
gravitational field. Our treatment uses an effective quantum
field theory description for quantum fluctuations of the
background spacetime metric, so that one can explicitly

FIG. 15. Negativity as a function of the energy gap ΩT, for
various detector separations for the transition jψ100i → jψ320i.
We fixed T as a scaling parameter, ϑ ¼ 0, and considered a0 ¼
α=2Ω for these plots.

FIG. 16. Negativity of the hydrogenlike atom system as a
function of the relative orientation between the angular momen-
tum vector of the atoms. We fixed ΩT ¼ 7 and a0 ¼ α=2Ω for
this plot.

FIG. 14. Negativity as a function of the detectors gap Ω for
multiple values of the detector separation L for the transition
jψ100i → jψ300i. We have fixed T as a scaling parameter and
considered a0 ¼ α=2Ω for these plots.
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compute the final state of the detectors after the interaction
with the gravitational field.
We found that different spacelike separated physical

systems can become entangled after interacting for a
finite period of time with the gravitational field in its
vacuum state. This is due to the detectors harvesting
entanglement present in the quantum gravitational field
in a phenomenon known outside of gravity as entangle-
ment harvesting [17,18,32,33,36,47], and is a direct
consequence of the fact that the vacuum state in a
quantum field theory is an entangled state [17,18]. We
also found that when it is possible to increase the
entanglement acquired from the gravitational field by
considering probes that allow for transitions that differ
by even units of angular momentum.
Our results also indicate that, in principle, it is possible to

find physical systems which can harvest more entangle-
ment when coupled to gravity than atoms can harvest from
the electromagnetic field [38] (as discussed in Sec. VA).
This implies that it might be possible to measure entangle-
ment from the gravitational vacuum more easily than one
would naively expect. This is due to the fact that the
coupling with the gravitational field is proportional to the
system’s mass, and one can find systems with internal
quantum degrees of freedom whose masses which are few
orders of magnitude smaller than the Planck mass. For
instance, conglomerates of hundreds of atoms can reach
masses of the order of 10−15mp, and still present quantum
behavior which could be exploited in order to harvest
entanglement from the gravitational vacuum [92].
Finally, we comment on the implication of our results

regarding the quantum behavior of the spacetime metric. As
of today, there is no experimental evidence of quantum
behavior of the gravitational field, and classical general
relativity is enough to account for most observable gravi-
tational physical phenomena. However, if the entanglement
harvesting protocol outlined in this manuscript could be
experimentally implemented and verified, it would reveal a
predicted genuinely quantum behavior of the gravitational
field (see [12]). Namely, it would show that the gravita-
tional field degrees of freedom contain quantum correla-
tions between spacelike separated regions, which can then
be used to entangle two spacelike separated quantum
systems.
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APPENDIX A: COMPLETENESS RELATION
OF POLARIZATION VECTORS

In this appendix we write an explicit expression for the
polarization tensors of the expansion of Eq. (44). The
polarization tensors associated to a freely propagating
gravitational wave can be obtained from the polarization
vectors e1ðkÞ and e2ðkÞ. These vectors are such that
fk; e1ðkÞ; e2ðkÞg form a positively oriented basis of R3.
Then, the polarization tensors can be written as

Eðk; 1Þ ¼ 1ffiffiffi
2

p ðe1ðkÞ ⊗ e1ðkÞ − e2ðkÞ ⊗ e2ðkÞÞ; ðA1Þ

Eðk; 2Þ ¼ 1ffiffiffi
2

p ðe1ðkÞ ⊗ e2ðkÞ þ e2ðkÞ ⊗ e1ðkÞÞ: ðA2Þ

Employing spherical coordinates in momentum space with
k ¼ ðjkj; α; βÞ, we can write

k ¼ jkjðsin α cos βex þ sin α sin βey þ cos αezÞ;
e1ðα; βÞ ¼ cos α cos βex þ cos α sin βey − sin αez;

e2ðα; βÞ ¼ − sin βex þ cos βey:

Then, Eqs. (A1) and (A2) give the following expressions
for the components of the polarization tensors in the
basis fex; ey; ezg.

E1ðα; βÞ ¼
1ffiffiffi
2

p

0
B@ cos2 α cos2 β − sin2 β cos2 α sin β cos β þ sin β cos β − sin α cos α cos β

cos2 α sin β cos β þ sin β cos β cos2 α sin2 β − cos2 β − sin α cos α sin β

− sin α cos α cos β − sin α cos α sin β sin2 α

1
CA; ðA3Þ

E2ðα; βÞ ¼
1ffiffiffi
2

p

0
B@ −2 cos α sin β cos β cos α cos2 β − cos α sin2 β sin α sin β

cos α cos2 β − cos α sin2 β 2 cos α sin β cos β − sin α cos β

sin α sin β − sin α cos β 0

1
CA: ðA4Þ
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APPENDIX B: EXPLICIT CALCULATION OF THE LG AND MG TERMS

In this appendix, we perform a step-by-step derivation of the MG and LG from Eq. (75) under the assumption that the
smearing tensors Fij

I ðxÞ are given by

Fij
I ðxÞ ¼ ψ I;eðxÞxixjψ�

I;gðxÞ ¼ RneleðjxjÞRnglgðjxjÞY I
leme

ðθÞY I�
lgmg

ðθÞxixj; ðB1Þ

where we used the wave functions from Eqs. (90) and (91) with the assumption that the radial functions are real. These
results correspond to any particle under the influence of a central potential, such as hydrogenlike atoms, interacting with the
gravitational field.

1. Local term

We start with the complete expression for the local term given by

LG ¼ λ2
Z

dt1

Z
dt2

Z
d3x1

Z
dex2χðt1Þχðt2ÞFijðx1ÞFkl�ðx2Þe−iΩðt1−t2ÞhR̂0i0jðx1ÞR̂0k0lðx2Þi0

¼ λ2
Z

dt1

Z
dt2e−iΩðt1−t2Þχðt1Þχðt2Þ

Z
d3x1

Z
d3x2ψ320ðx1Þψ�

100ðx1Þψ�
320ðx2Þψ100ðx2Þ

×
Z

d3k
ð2πÞ3

jkj3
8

e−ijkjðt1−t2Þeik·x1e−ik·x2xixjPijklðkÞxkxl;

¼ λ2
Z

d3x1

Z
d3x2ψ320ðx1Þψ�

100ðx1Þψ�
320ðx2Þψ100ðx2Þ

Z
d3k
ð2πÞ3

jkj3
8

jχ̃ðjkj þΩÞj2eik·x1e−ik·x2xixjPijklðkÞxkxl; ðB2Þ

where we have substituted the smearing function FijðxÞ ¼ ψeðxÞxixjψ�
gðxÞ. It is then possible to decompose the last term in

the integrand above as

1

8ð2πÞ3 x
ixjPijklðkÞxkxl ¼

1

64π3
ðx1 · x2Þ2

zfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflffl{l1

−
1

32π3jkj2 ðx1 · x2Þðx1 · kÞðx2 · kÞ
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{l2

−
1

128π3
ðx1 · x1Þðx2 · x2Þ

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{l3

þ 1

128π3jkj2 ðx1 · x1Þðx2 · kÞ
2

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
l4

þ 1

128π3jkj2 ðx2 · x2Þðx1 · kÞ
2

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
l5

þ 1

128π3jkj4 ðx1 · kÞ
2ðx2 · kÞ2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

l6

: ðB3Þ

We will choose spherical coordinates for all of x1, x2, and k. It is then possible to decompose many of the terms into
spherical harmonics as follows:

ψnlmðxÞ ¼ RnlðjxjÞYlmðθÞ; ðB4Þ

eix·y ¼
X∞
l¼0

Xl
m¼−l

4πiljlðjxjjyjÞYlmðθxÞY�
lmðθyÞ; ðB5Þ

x · y ¼ 4π

3
jxjjyj½Y10ðθxÞY10ðθyÞ − Y11ðθxÞY1−1ðθyÞ − Y1−1ðθxÞY11ðθyÞ�: ðB6Þ

To simplify the calculations, we separate Eq. (B2) into six parts, each one corresponding to a single term of Eq. (B3). We
will label the integral of each of these terms in L as Li, i ¼ 1;…; 6, so that

L ¼
X6
i¼1

Li; ðB7Þ
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Starting with l1, and substituting Eqs. (B4)–(B6) we obtain

L1 ¼
4πλ2

9

Z
∞

0

djkjjkj5jχ̃ðΩþ jkjÞj2
X∞
l1¼0

Xl1
m1¼−l1

X∞
l0¼0

Xl0
m0¼−l0

ð−iÞl1 il0
Z

∞

0

djx1jjx1j4Rnglgðjx1jÞRneleðjx1jÞjl0ðjkjjx1jÞ

×
Z

∞

0

djx2jjx2j4Rnglgðjx2jÞRneleðjx2jÞjl1ðjkjjx2jÞ
Z

dΩkYl0m0
ðθk;ϕkÞYl1m1

ðθk;ϕkÞ

×
Z

dΩ1Yleme
ðθ1;ϕ1ÞY�

lgmg
ðθ1;ϕ1ÞY�

l0m0
ðθ1;ϕ1Þ

Z
dΩ2Y�

leme
ðθ2;ϕ2ÞY�

l1m1
ðθ2;ϕ2ÞYlgmg

ðθ2;ϕ2Þ

× ½Y10ðθ1;ϕ1ÞY10ðθ2;ϕ2Þ − Y1−1ðθ2;ϕ2ÞY11ðθ1;ϕ1Þ − Y1−1ðθ1;ϕ1ÞY11ðθ2;ϕ2Þ�2; ðB8Þ

where we have used the property that Ylmð−θÞ ¼ ð−1ÞlYlmðθÞ, and jlðxÞ are the spherical Bessel functions. Following in a
similar manner for the remaining terms, we find that

Li ¼ λ2
Z

∞

0

djkjjkj5jχ̃ðΩþ jkjÞj2
X∞
l1

Xl1
m1¼−l1

X∞
l0

Xl0
m0¼−l0

ð−iÞl1 il0
Z

∞

0

djx1jjx1j4Rnglgðjx1jÞRneleðjx1jÞjl0ðjkjjx1jÞ

×
Z

∞

0

djx2jjx2j4Rnglgðjx2jÞRneleðjx2jÞjl1ðjkjjx2jÞ
Z

dΩkYl0m0
ðθk;ϕkÞYl1m1

ðθk;ϕkÞ ðB9Þ

×
Z

dΩ1Y�
l0m0

ðθ1;ϕ1ÞYleme
ðθ1;ϕ1ÞY�

lgmg
ðθ1;ϕ1Þ

Z
dΩ2Ylgmg

ðθ2;ϕ2ÞY�
leme

ðθ2;ϕ2ÞY�
l1m1

ðθ2;ϕ2Þ

×
1

4
liðθ1;ϕ1; θ2;ϕ2; θk;ϕkÞ; ðB10Þ

and

l1 ¼
16π

9
½Y10ðθ1;ϕ1ÞY10ðθ2;ϕ2Þ − Y1−1ðθ2;ϕ2ÞY11ðθ1;ϕ1Þ − Y1−1ðθ1;ϕ1ÞY11ðθ2;ϕ2Þ�2; ðB11Þ

l2 ¼ −
128π2

27
½Y10ðθ1;ϕ1ÞY10ðθ2;ϕ2Þ − Y1−1ðθ2;ϕ2ÞY11ðθ1;ϕ1Þ − Y1−1ðθ1;ϕ1ÞY11ðθ2;ϕ2Þ�

× ½Y10ðθ1;ϕ1ÞY10ðθk;ϕkÞ − Y11ðθ1;ϕ1ÞY1−1ðθk;ϕkÞ − Y1−1ðθ1;ϕ1ÞY11ðθk;ϕkÞ�
× ½Y10ðθ2;ϕ2ÞY10ðθk;ϕkÞ − Y11ðθ2;ϕ2ÞY1−1ðθk;ϕkÞ − Y1−1ðθ2;ϕ2ÞY11ðθk;ϕkÞ�; ðB12Þ

l3 ¼ −
1

2π
ðB13Þ

l4 ¼
8π

9
½Y10ðθ2;ϕ2ÞY10ðθk;ϕkÞ − Y11ðθ2;ϕ2ÞY1−1ðθk;ϕkÞ − Y1−1ðθ2;ϕ2ÞY11ðθk;ϕkÞ�2; ðB14Þ

l5 ¼
8π

9
½Y10ðθ1;ϕ1ÞY10ðθk;ϕkÞ − Y11ðθ1;ϕ1ÞY1−1ðθk;ϕkÞ − Y1−1ðθ1;ϕ1ÞY11ðθk;ϕkÞ�2; ðB15Þ

l6 ¼
128π3

81
½Y10ðθ1;ϕ1ÞY10ðθk;ϕkÞ − Y11ðθ1;ϕ1ÞY1−1ðθk;ϕkÞ − Y1−1ðθ1;ϕ1ÞY11ðθk;ϕkÞ�2

× ½Y10ðθ2;ϕ2ÞY10ðθk;ϕkÞ − Y11ðθ2;ϕ2ÞY1−1ðθk;ϕkÞ − Y1−1ðθ2;ϕ2ÞY11ðθk;ϕkÞ�2: ðB16Þ

It is then possible to evaluate each of integrals of the solid angles dΩi ¼ sinðθiÞdθidϕi, using the following properties of
the spherical harmonics Z

dΩYlmðθ;ϕÞYl0m0 ðθ;ϕÞ ¼ ð−1Þm0
δl;l0δm;−m0 ; ðB17Þ
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Yl1m1
ðθ;ϕÞYl2m2

ðθ;ϕÞ ¼
X
l

X
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l1 þ 1Þð2l2 þ 1Þð2lþ 1Þ

4π

r �
l1 l2 l

0 0 0

��
l1 l2 l

m1 m2 −m

�
ð−1ÞmYlmðθ;ϕÞ; ðB18Þ

where
� l1 l2 l3
m1 m2 m3

�
represent the Wigner 3j-symbols.

Using Eqs. (B17) and (B18), we can write each of L1;…;L6 as follows

L1 ¼
λ2

16π2
X∞
l1¼0

Xl1
m1¼−l1

X∞
l0¼0

Xl0
m0¼−l0

ð−1Þmg−m1ð−iÞl1 il0δl0;l1δm0;−m1
ð2lg þ 1Þð2le þ 1Þ

Z
∞

0

djkjjkj5jχ̃ðΩþ jkjÞj2

×
Z

∞

0

djx1jjx1j4Rng;lgðjx1jÞRne;leðjx1jÞjl0ðjkjjx1jÞ
Z

∞

0

djx2jjx2j4Rng;lgðjx2jÞRne;leðjx2jÞjl1ðjkjjx2jÞ

×
X∞
l¼0

X∞
l0¼0

X∞
l00¼0

X∞
λ¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l0 þ 1Þð2l1 þ 1Þ

p
ð2lþ 1Þð2l0 þ 1Þð2l00 þ 1Þð2λþ 1ÞAL; ðB19Þ

where

AL ¼
�
lg l00 λ

0 0 0

��
ð−1Þmeδ0;m1þme−mg

δ0;m0−meþmg

�
1 1 l0

0 0 0

�
2
�
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

�

×

�
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le l00

0 0 0

�

×

�
l1 le l00

−m1 −me m1 þme

��
lg l00 λ

mg −m1 −me m1 þme −mg

��
1 1 λ

0 0 0

�
2

þ ð−1Þmeδ−2;m1þme−mg
δ2;m0−meþmg

�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
1 1 λ

−1 −1 2

�

×

�
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le l00

0 0 0

�

×

�
l1 le l00

−m1 −me m1 þme

��
lg l00 λ

mg −m1 −me m1 þme −mg

��
1 1 λ

0 0 0

�

þ ð−1Þmeδ−2;m0−meþmg
δ2;m1þme−mg

�
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
1 1 λ

1 1 −2

��
l lg l0

0 0 0

�

×

�
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le l00

0 0 0

�

×

�
l1 le l00

−m1 −me m1 þme

��
lg l00 λ

mg −m1 −me m1 þme −mg

��
1 1 λ

0 0 0

�

þ 2δ1−m0;mg−me
δ−m1−me;1−mg

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

��
l l0 l0

0 0 0

�

×

�
l l0 l0

1 −m0 m0 − 1

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

�

×

�
le lg l0

me −mg mg −me

��
lg l00 λ

mg −1 1 −mg

�

þ 2δ−m0;mg−me
δ−m1−me;−mg

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

��
l l0 l0

0 0 0

�
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×

�
l l0 l0

0 −m0 m0

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

�

×

�
le lg l0

me −mg mg −me

��
lg l00 λ

mg 0 −mg

�

þ 2δ−m0−1;mg−me
δ−m1−me;−mg−1

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

�

×

�
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

�

×

�
le lg l0

me −mg mg −me

��
lg l00 λ

mg 1 −mg − 1

�	
; ðB20Þ

L2 ¼
λ2

8π2
X∞
l1¼0

Xl1
m1¼−l1

X∞
l0¼0

Xl0
m0¼−l0

ð−iÞl1 il0ð−1Þmgð2le þ 1Þð2lg þ 1Þ
Z

∞

0

djkjjkj5jχ̃ðΩþ jkjÞj2

×
Z

∞

0

djx1jjx1j4Rng;lgðjx1jÞRne;leðjx1jÞjl0ðjkjjx1jÞ
Z

∞

0

djx2jjx2j4Rng;lgðjx2jÞRne;leðjx2jÞjl1ðjkjjx2jÞ

×
X∞
l¼0

X∞
l0¼0

X∞
l00¼0

X∞
λ¼0

X∞
λ0¼0

ð2l0 þ 1Þð2l1 þ 1Þð2lþ 1Þð2l0 þ 1Þð2l00 þ 1Þð2λþ 1Þð2λ0 þ 1ÞBL; ðB21Þ

where

BL ¼
�
1 1 λ0

0 0 0

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

��
lg l00 λ

0 0 0

�

×

�
ð−1Þmeδ0;m0−meþmg

�
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

�

×

�
δ0;−m0−m1

δ0;m1þme−mg

�
1 1 λ0

0 0 0

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

�

×

�
lg l00 λ

mg −m1 −me m1 þme −mg

��
1 1 λ

0 0 0

�
2

þ δ1;−m0−m1
δ−m1−me;1−mg

�
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

��
1 1 λ0

0 1 −1

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −me m1 þme

��
lg l00 λ

mg −1 1 −mg

���
1 1 l0

0 0 0

�
2

þ ð−1Þmeδ−2;−m0−m1
δ2;m0−meþmg

δ−m1−me;−mg

�
1 1 l0

1 1 −2

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

��
1 1 λ0

−1 −1 2

�

×

�
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −me m1 þme

��
lg l00 λ

mg 0 −mg

��
1 1 l0

0 0 0

�

þ ð−1Þmeδ−2;m0−meþmg
δ2;−m0−m1

δ−m1−me;−mg

�
1 1 l0

−1 −1 2

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

��
1 1 λ0

1 1 −2

�
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×

�
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −me m1 þme

��
lg l00 λ

mg 0 −mg

��
1 1 l0

0 0 0

�

þ ð−1Þmeδ−2;m0−meþmg
δ1;−m0−m1

δ−m1−me;−mg−1

�
1 1 l0

−1 −1 2

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

��
1 1 λ0

0 1 −1

�

×

�
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −me m1 þme

��
lg l00 λ

mg 1 −mg − 1

��
1 1 l0

0 0 0

�

þ ð−1Þmeδ−2;m1þme−mg
δ0;−m0−m1

δ2;m0−meþmg

�
1 1 l0

1 1 −2

��
1 1 λ

−1 −1 2

��
1 1 λ

0 0 0

��
1 1 λ0

−1 1 0

�

×

�
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le l00

0 0 0

�

×

�
l1 le l00

−m1 −me m1 þme

��
lg l00 λ

mg −m1 −me m1 þme −mg

��
1 1 l0

0 0 0

�

þ ð−1Þmeδ−2;m0−meþmg
δ0;−m0−m1

δ2;m1þme−mg

�
1 1 l0

−1 −1 2

��
1 1 λ

0 0 0

��
1 1 λ

1 1 −2

��
1 1 λ0

−1 1 0

�

×

�
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le l00

0 0 0

�

×

�
l1 le l00

−m1 −me m1 þme

��
lg l00 λ

mg −m1 −me m1 þme −mg

��
1 1 l0

0 0 0

�

þ δ2;−m0−m1
δ−m0−1;mg−me

δ−m1−me;1−mg

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

�

×

�
1 1 λ0

1 1 −2

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

�

×

�
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

��
lg l00 λ

mg −1 1 −mg

�

þ δ1;−m0−m1
δ−m0;mg−me

δ−m1−me;1−mg

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

�

×

�
1 1 λ0

0 1 −1

��
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

�

×

�
le lg l0

me −mg mg −me

��
lg l00 λ

mg −1 1 −mg

�

þ δ0;−m0−m1
δ1−m0;mg−me

δ−m1−me;1−mg

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

�

×

�
1 1 λ0

−1 1 0

��
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

�

×

�
le lg l0

me −mg mg −me

��
lg l00 λ

mg −1 1 −mg

�
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þ δ0;−m0−m1
δ1−m0;mg−me

δ−m1−me;1−mg

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

�

×

�
1 1 λ0

0 0 0

��
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

�

×

�
le lg l0

me −mg mg −me

��
lg l00 λ

mg −1 1 −mg

�

þ δ1;−m0−m1
δ−m0−1;mg−me

δ−m1−me;−mg

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

�

×

�
1 1 λ0

0 1 −1

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

�

×

�
le lg l0

me −mg mg −me

��
lg l00 λ

mg 0 −mg

�

þ 2δ0;−m0−m1
δ−m0;mg−me

δ−m1−me;−mg

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

�

×

�
1 1 λ0

−1 1 0

��
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

�

×

�
le lg l0

me −mg mg −me

��
lg l00 λ

mg 0 −mg

�

þ δ0;−m0−m1
δ−m0−1;mg−me

δ−m1−me;−mg−1

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

�

×

�
1 1 λ0

−1 1 0

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

�

×

�
le lg l0

me −mg mg −me

��
lg l00 λ

mg 1 −mg − 1

�

þ δ0;−m0−m1
δ−m0−1;mg−me

δ−m1−me;−mg−1

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

�

×

�
1 1 λ0

0 0 0

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

�

×

�
le lg l0

me −mg mg −me

��
lg l00 λ

mg 1 −mg − 1

�

þ δ−2;−m0−m1
δ1−m0;mg−me

δ−m1−me;−mg−1

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

�

×

�
1 1 λ0

−1 −1 2

��
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

�

×

�
le lg l0

me −mg mg −me

��
lg l00 λ

mg 1 −mg − 1

�

þ δ0;m1þme−mg
δ1;−m0−m1

δ−m0−1;mg−me

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 λ

0 0 0

�
2
�
1 1 λ0

0 1 −1

�

×

�
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

��
le lg l0

0 0 0

�

×

�
le lg l0

me −mg mg −me

��
lg l00 λ

mg −m1 −me m1 þme −mg

�
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þ δ−2;−m0−m1
δ2;m1þme−mg

δ−m0;mg−me

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 λ

0 0 0

��
1 1 λ

1 1 −2

��
1 1 λ0

−1 −1 2

�

×

�
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

��
le lg l0

0 0 0

�

×

�
le lg l0

me −mg mg −me

��
lg l00 λ

mg −m1 −me m1 þme −mg

�

þ δ−2;m1þme−mg
δ2;−m0−m1

δ−m0;mg−me

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 λ

−1 −1 2

��
1 1 λ

0 0 0

��
1 1 λ0

1 1 −2

�

×

�
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

��
le lg l0

0 0 0

�

×

�
le lg l0

me −mg mg −me

��
lg l00 λ

mg −m1 −me m1 þme −mg

�

þ δ−2;m1þme−mg
δ1;−m0−m1

δ1−m0;mg−me

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 λ

−1 −1 2

��
1 1 λ

0 0 0

��
1 1 λ0

0 1 −1

�

×

�
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

��
le lg l0

0 0 0

�

×

�
le lg l0

me −mg mg −me

��
lg l00 λ

mg −m1 −me m1 þme −mg

�

þ δ−1;−m0−m1

�
1 1 λ0

−1 0 1

�

×

�
ð−1Þmeδ0;m0−meþmg

δ−m1−me;−mg−1

�
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

��
l lg l0

0 0 0

�

×

�
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −me m1 þme

��
lg l00 λ

mg 1 −mg − 1

��
1 1 l0

0 0 0

�
2

þ ð−1Þmeδ2;m0−meþmg
δ−m1−me;1−mg

�
1 1 l0

1 1 −2

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

��
l lg l0

0 0 0

�

×

�
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −me m1 þme

��
lg l00 λ

mg −1 1 −mg

��
1 1 l0

0 0 0

�

− δ−m0;mg−me
δ−m1−me;−mg−1

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

��
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

�

×

�
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

��
lg l00 λ

mg 1 −mg − 1

�

þ δ2;m1þme−mg
δ−m0−1;mg−me

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 λ

0 0 0

��
1 1 λ

1 1 −2

��
l l0 l0

−1 −m0 m0 þ 1

�

×

�
l l0 l0

0 0 0

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

��
le lg l0

0 0 0

�
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×

�
le lg l0

me −mg mg −me

��
lg l00 λ

mg −m1 −me m1 þme −mg

�

þ δ1−m0;mg−me

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

�

×

�
δ0;m1þme−mg

�
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

��
lg l00 λ

mg −m1 −me m1 þme −mg

��
1 1 λ

0 0 0

�
2

þ δ−m1−me;−mg

�
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
lg l00 λ

mg 0 −mg

���	
; ðB22Þ

L3 ¼ −
λ2

32π2
X∞
l1¼0

Xl1
m1¼−l1

X∞
l0¼0

X∞
m0¼−l0

ð−iÞl1 il0δm0;−m1
δme−m0;mg

δm1þme;mg
ð2le þ 1Þ

Z
∞

0

djkjjkj5jχ̃ðΩþ jkjÞj2

×
Z

∞

0

djx1jjx1j4Rng;lgðjx1jÞRne;leðjx1jÞjl0ðjkjjx1jÞ
Z

∞

0

djx2jjx2j4Rng;lgðjx2jÞRne;leðjx2jÞjl1ðjkjjx2jÞ

×
X∞
l¼0

X∞
l0¼0

δl0;l1δl;lgδlg;l0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þð2l0 þ 1Þð2l1 þ 1Þð2l0 þ 1Þ

p

×

�
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le l0

0 0 0

��
l1 le l0

−m1 −me m1 þme

�
; ðB23Þ

L4 ¼
λ2

32π2
X∞
l1¼0

Xl1
m1¼−l1

X∞
l0¼0

Xl0
m0¼−l0

ð−1Þ−með−iÞl1 il0δl;lgδme−m0;mg
ð2l0 þ 1Þð2l1 þ 1Þ

Z
∞

0

djkjjkj5jχ̃ðΩþ jkjÞj2

×
Z

∞

0

djx1jjx1j4Rng;lgðjx1jÞRne;leðjx1jÞjl0ðjkjjx1jÞ
Z

∞

0

djx2jjx2j4Rng;lgðjx2jÞRne;leðjx2jÞjl1ðjkjjx2jÞ

×
X∞
l¼0

X∞
l0¼0

X∞
l00¼0

X∞
λ¼0

ð2le þ 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þð2lg þ 1Þ

q
ð2l0 þ 1Þð2l00 þ 1Þð2λþ 1ÞCL; ðB24Þ

where

CL ¼
�
1 1 λ

0 0 0

��
l0 l1 λ

0 0 0

��
l0 l1 λ

m0 m1 −m0 −m1

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
lg l0 l00

0 0 0

�

×

�
−2δ1;−m0−m1

δ−m1−me;1−mg

�
1 1 l0

−1 0 1

��
1 1 l0

0 0 0

��
1 1 λ

0 1 −1

��
l1 le l00

0 0 0

�

×

�
l1 le l00

−m1 −me m1 þme

��
lg l0 l00

mg −1 1 −mg

�

− 2δ−1;−m0−m1
δ−m1−me;−mg−1

�
1 1 l0

0 0 0

��
1 1 l0

0 1 −1

��
1 1 λ

−1 0 1

��
l1 le l00

0 0 0

�

×

�
l1 le l00

−m1 −me m1 þme

��
lg l0 l00

mg 1 −mg − 1

�
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þ δ−2;−m0−m1
δ2;m1þme−mg

�
1 1 l00

0 0 0

��
1 1 l00

1 1 −2

��
1 1 λ

−1 −1 2

��
l1 le l0

0 0 0

�

×

�
l1 le l0

−m1 −me m1 þme

��
lg l0 l00

mg −m1 −me m1 þme −mg

�

þ δ−2;m1þme−mg
δ2;−m0−m1

�
1 1 l00

−1 −1 2

��
1 1 l00

0 0 0

��
1 1 λ

1 1 −2

��
l1 le l0

0 0 0

�

×
�

l1 le l0

−m1 −me m1 þme

��
lg l0 l00

mg −m1 −me m1 þme −mg

�

þ δ0;−m0−m1

�
δ0;m1þme−mg

�
1 1 λ

0 0 0

��
l1 le l0

0 0 0

��
l1 le l0

−m1 −me m1 þme

�

×

�
lg l0 l00

mg −m1 −me m1 þme −mg

��
1 1 l00

0 0 0

�
2

þ 2δ−m1−me;−mg

�
1 1 l0

−1 1 0

��
1 1 l0

0 0 0

��
1 1 λ

−1 1 0

��
l1 le l00

0 0 0

�

×

�
l1 le l00

−m1 −me m1 þme

��
lg l0 l00

mg 0 −mg

��	
; ðB25Þ

L5 ¼
λ2

32π2
X∞
l1¼0

Xm1¼l1

m1¼−l1

X∞
l0¼0

Xl0
m0¼−l0

ð−1Þm1þme−mgð−iÞl1 il0δlg;l00δm1þme;mg
ð2l0 þ 1Þð2l1 þ 1Þ

Z
∞

0

djkjjkj5jχ̃ðΩþ jkjÞj2

×
Z

∞

0

djx1jjx1j4Rng;lgðjx1jÞRne;leðjx1jÞjl0ðjkjjx1jÞ
Z

∞

0

djx2jjx2j4Rng;lgðjx2jÞRne;leðjx2jÞjl1ðjkjjx2jÞ

×
X∞
l¼0

X∞
l0¼0

X∞
l00¼0

X∞
λ¼0

ð2le þ 1Þð2lþ 1Þð2l0 þ 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lg þ 1Þð2l00 þ 1Þ

q
ð2λþ 1ÞDL; ðB26Þ

where

DL ¼
�
1 1 λ

0 0 0

��
l0 l1 λ

0 0 0

��
l0 l1 λ

m0 m1 −m0 −m1

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

�

×

�
ð−1Þmeδ−2;−m0−m1

δ2;m0−meþmg

�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
1 1 λ

−1 −1 2

��
l lg l0

0 0 0

�

×

�
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

�

þ ð−1Þmeδ−2;m0−meþmg
δ2;−m0−m1

�
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
1 1 λ

1 1 −2

��
l lg l0

0 0 0

�

×

�
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

�

þ 2δ1;−m0−m1
δ−m0−1;mg−me

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 λ

0 1 −1

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

�
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×

�
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

�

þ 2δ−1;−m0−m1
δ1−m0;mg−me

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 λ

−1 0 1

��
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

�

×
�
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

�

þ δ0;−m0−m1

�
ð−1Þmeδ0;m0−meþmg

�
1 1 λ

0 0 0

��
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

�

×

�
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
1 1 l0

0 0 0

�
2

þ 2δ−m0;mg−me

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 λ

−1 1 0

��
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

�

×

�
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

��	
; ðB27Þ

L6 ¼
λ2

32π2
X∞
l1¼0

Xl1
m1¼−l1

X∞
l0¼0

Xl0
m0¼−l0

ð−1Þm0−m1þmgð−iÞl1 il0ð2l0 þ 1Þð2l1 þ 1Þð2le þ 1Þð2lg þ 1Þ
Z

∞

0

djkjjkj5jχ̃ðΩþ jkjÞj2

×
Z

∞

0

djx1jjx1j4Rng;lgðjx1jÞRne;leðjx1jÞjl0ðjkjjx1jÞ
Z

∞

0

djx2jjx2j4Rng;lgðjx2jÞRne;leðjx2jÞjl1ðjkjjx2jÞ

×
X∞
l¼0

X∞
l0¼0

X∞
l00¼0

X∞
λ¼0

X∞
λ0¼0

X∞
λ00¼0

X∞
l¼0

ð2lþ 1Þð2l0 þ 1Þð2l00 þ 1Þð2λþ 1Þð2λ0 þ 1Þð2λ00 þ 1Þð2lþ 1ÞEL; ðB28Þ

where

EL ¼
�
lg l00 λ

0 0 0

��
λ0 λ00 l

0 0 0

�

×

�
−4δ2;−m0−m1

δ−m0−1;mg−me
δ−m1−me;1−mg

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

��
1 1 l

0 0 0

�

×

�
1 1 l

1 1 −2

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

��
lg l00 λ

mg −1 1 −mg

�

×

�
λ0 λ00 l

0 m0 þm1 −m0 −m1

��
1 1 λ0

0 0 0

�
2

þ ð−1Þmeδ0;−m0−m1
δ0;m1þme−mg

δ0;m0−meþmg

�
1 1 l0

0 0 0

�
2
�
1 1 λ

0 0 0

�
2
�
1 1 l

0 0 0

�
2

×

�
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l0 le l

0 0 0

�

×
�

l0 le l

−m0 me m0 −me

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

��
lg l00 λ

mg −m1 −me m1 þme −mg

�
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×

�
λ0 λ00 l

0 m0 þm1 −m0 −m1

��
1 1 λ0

0 0 0

�
2

þ ð−1Þmeδ−2;m0−meþmg
δ0;m1þme−mg

δ2;−m0−m1

�
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
1 1 λ

0 0 0

�
2
�
1 1 l

0 0 0

�

×

�
1 1 l

1 1 −2

��
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

�

×

�
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

�

×

�
lg l00 λ

mg −m1 −me m1 þme −mg

��
λ0 λ00 l

0 m0 þm1 −m0 −m1

��
1 1 λ0

0 0 0

�
2

þ ð−1Þmeδ−2;m1þme−mg
δ0;m0−meþmg

δ2;−m0−m1

�
1 1 l0

0 0 0

�
2
�

1 1 λ

−1 −1 2

��
1 1 λ

0 0 0

��
1 1 l

0 0 0

�

×

�
1 1 l

1 1 −2

��
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

�

×

�
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

�

×

�
lg l00 λ

mg −m1 −me m1 þme −mg

��
λ0 λ00 l

0 m0 þm1 −m0 −m1

��
1 1 λ0

0 0 0

�
2

þ ð−1Þmeδ−2;−m0−m1þ2δ2;m1þme−mg
δ2;m0−meþmg

�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
1 1 λ

0 0 0

��
1 1 λ

1 1 −2

�

×

�
1 1 λ0

−1 −1 2

��
1 1 l

−1 −1 2

��
1 1 l

0 0 0

��
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

�

×

�
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le l00

0 0 0

�

×

�
l1 le l00

−m1 −me m1 þme

��
lg l00 λ

mg −m1 −me m1 þme −mg

��
λ0 λ00 l

−2 m0 þm1 −m0 −m1 þ 2

��
1 1 λ0

0 0 0

�

þ ð−1Þmeδ2;−m0−m1þ2

�
1 1 λ0

−1 −1 2

��
1 1 l

0 0 0

��
1 1 l

1 1 −2

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

�

×

�
4ð−1Þmeδ−m0;mg−me

δ−m1−me;−mg

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

��
l l0 l0

0 0 0

�

×

�
l l0 l0

0 −m0 m0

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

��
lg l00 λ

mg 0 −mg

�

þ
�
1 1 l0

0 0 0

��
1 1 λ

0 0 0

��
δ−2;m1þme−mg

δ2;m0−meþmg

�
1 1 l0

1 1 −2

��
1 1 λ

−1 −1 2

�

þ δ−2;m0−meþmg
δ2;m1þme−mg

�
1 1 l0

−1 −1 2

��
1 1 λ

1 1 −2

��

×

�
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le l00

0 0 0

�

×

�
l1 le l00

−m1 −me m1 þme

��
lg l00 λ

mg −m1 −me m1 þme −mg

���
λ0 λ00 l

−2 m0 þm1 −m0 −m1 þ 2

��
1 1 λ0

0 0 0

�
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þ ð−1Þmeδ0;−m0−m1þ2

�
1 1 λ0

−1 −1 2

��
1 1 l

0 0 0

�
2
�
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

�

×

�
4ð−1Þmeδ1−m0;mg−me

δ−m1−me;−mg−1

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

��
l l0 l0

0 0 0

�

×

�
l l0 l0

1 −m0 m0 − 1

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

�

×

�
lg l00 λ

mg 1 −mg − 1

�
−
�
1 1 l0

0 0 0

��
1 1 λ

0 0 0

��
δ0;m1þme−mg

δ2;m0−meþmg

�
1 1 l0

1 1 −2

��
1 1 λ

0 0 0

�

þ δ0;m0−meþmg
δ2;m1þme−mg

�
1 1 l0

0 0 0

��
1 1 λ

1 1 −2

���
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

�

×

�
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

�

×

�
lg l00 λ

mg −m1 −me m1 þme −mg

���
λ0 λ00 l

−2 m0 þm1 −m0 −m1 þ 2

��
1 1 λ0

0 0 0

�

− 4δ2;−m0−m1þ1δ−m0;mg−me
δ−m1−me;1−mg

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

��
1 1 λ0

−1 0 1

�

×

�
1 1 l

0 0 0

��
1 1 l

1 1 −2

��
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

��
lg l00 λ

mg −1 1−mg

�

×

�
λ0 λ00 l

−1 m0 þm1 −m0 −m1 þ 1

��
1 1 λ0

0 0 0

�

þ 4δ2;−m0−m1þ1δ−m0−1;mg−me
δ−m1−me;−mg

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

��
1 1 λ0

−1 0 1

�

×
�
1 1 l

0 0 0

��
1 1 l

1 1 −2

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

�

×

�
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

��
lg l00 λ

mg 0 −mg

�

×

�
λ0 λ00 l

−1 m0 þm1 −m0 −m1 þ 1

��
1 1 λ0

0 0 0

�

− 2ð−1Þmeδ−2;m0−meþmg
δ2;−m0−m1þ1δ−m1−me;−mg−1

�
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

�

×

�
1 1 λ0

−1 0 1

��
1 1 l

0 0 0

��
1 1 l

1 1 −2

��
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 l1 λ00

0 0 0

�

×

�
l0 l1 λ00

m0 m1 −m0 −m1

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

�

×

�
lg l00 λ

mg 1 −mg − 1

��
λ0 λ00 l

−1 m0 þm1 −m0 −m1 þ 1

��
1 1 λ0

0 0 0

�
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þ 2δ−2;m1þme−mg
δ2;−m0−m1þ1δ1−m0;mg−me

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 λ

−1 −1 2

��
1 1 λ

0 0 0

��
1 1 λ0

−1 0 1

�

×

�
1 1 l

0 0 0

��
1 1 l

1 1 −2

��
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

�

×

�
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

�

×

�
lg l00 λ

mg −m1 −me m1 þme −mg

��
λ0 λ00 l

−1 m0 þm1 −m0 −m1 þ 1

��
1 1 λ0

0 0 0

�

− 4δ0;−m0−m1
δ1−m0;mg−me

δ−m1−me;1−mg

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

��
1 1 λ0

−1 1 0

�

×

�
1 1 l

0 0 0

�
2
�
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

��
lg l00 λ

mg −1 1 −mg

�

×

�
λ0 λ00 l

0 m0 þm1 −m0 −m1

��
1 1 λ0

0 0 0

�

þ 2ð−1Þmeδ0;−m0−m1
δ0;m0−meþmg

δ−m1−me;−mg

�
1 1 l0

0 0 0

�
2
�

1 1 l00

−1 1 0

��
1 1 l00

0 0 0

��
1 1 λ0

−1 1 0

�

×

�
1 1 l

0 0 0

�
2
�
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

�

×

�
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
lg l00 λ

mg 0 −mg

�

×

�
λ0 λ00 l

0 m0 þm1 −m0 −m1

��
1 1 λ0

0 0 0

�

− 4δ0;−m0−m1
δ−m0−1;mg−me

δ−m1−me;−mg−1

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

��
1 1 λ0

−1 1 0

�

×

�
1 1 l

0 0 0

�
2
�

l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

��
lg l00 λ

mg 1 −mg − 1

�

×

�
λ0 λ00 l

0 m0 þm1 −m0 −m1

��
1 1 λ0

0 0 0

�

þ 2δ0;−m0−m1
δ0;m1þme−mg

δ−m0;mg−me

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 λ

0 0 0

�
2
�

1 1 λ0

−1 1 0

��
1 1 l

0 0 0

�
2

×

�
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

�

×

�
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

��
lg l00 λ

mg −m1 −me m1 þme −mg

�

×

�
λ0 λ00 l

0 m0 þm1 −m0 −m1

��
1 1 λ0

0 0 0

�
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− 2ð−1Þmeδ−2;−m0−m1−1δ2;m0−meþmg
δ−m1−me;1−mg

�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

�

×

�
1 1 λ0

0 1 −1

��
1 1 l

−1 −1 2

��
1 1 l

0 0 0

��
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 l1 λ00

0 0 0

�

×

�
l0 l1 λ00

m0 m1 −m0 −m1

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

�

×

�
lg l00 λ

mg −1 1−mg

��
λ0 λ00 l

1 m0 þm1 −m0 −m1 − 1

��
1 1 λ0

0 0 0

�

þ 4δ−2;−m0−m1−1δ1−m0;mg−me
δ−m1−me;−mg

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

��
1 1 λ0

0 1 −1

�

×
�

1 1 l

−1 −1 2

��
1 1 l

0 0 0

��
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

�

×

�
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

��
lg l00 λ

mg 0 −mg

�

×

�
λ0 λ00 l

1 m0 þm1 −m0 −m1 − 1

��
1 1 λ0

0 0 0

�

− 4δ−2;−m0−m1−1δ−m0;mg−me
δ−m1−me;−mg−1

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

��
1 1 λ0

0 1 −1

�

×

�
1 1 l

−1 −1 2

��
1 1 l

0 0 0

��
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

��
lg l00 λ

mg 1 −mg − 1

�

×

�
λ0 λ00 l

1 m0 þm1 −m0 −m1 − 1

��
1 1 λ0

0 0 0

�

þ 2δ−2;−m0−m1−1δ2;m1þme−mg
δ−m0−1;mg−me

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 λ

0 0 0

��
1 1 λ

1 1 −2

��
1 1 λ0

0 1 −1

�

×

�
1 1 l

−1 −1 2

��
1 1 l

0 0 0

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

�

×

�
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

�

×

�
lg l00 λ

mg −m1 −me m1 þme −mg

��
λ0 λ00 l

1 m0 þm1 −m0 −m1 − 1

��
1 1 λ0

0 0 0

�
þ ð−1Þmeδ−2;m1þme−mg

δ−2;m0−meþmg
δ2;−m0−m1−2

�
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
1 1 λ

−1 −1 2

��
1 1 λ

0 0 0

�

×

�
1 1 λ0

1 1 −2

��
1 1 l

0 0 0

��
1 1 l

1 1 −2

��
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 l1 λ00

0 0 0

�

×

�
l0 l1 λ00

m0 m1 −m0 −m1

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

�

×

�
lg l00 λ

mg −m1 −me m1 þme −mg

��
λ0 λ00 l

2 m0 þm1 −m0 −m1 − 2

��
1 1 λ0

0 0 0

�
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− 2ð−1Þmeδ0;m0−meþmg
δ1−m0;m1

δ−m1−me;−mg−1

�
1 1 l0

0 0 0

�
2
�
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

��
1 1 λ00

0 0 0

�
2

×

�
1 l0 λ0

−1 m0 1−m0

��
1 l0 λ0

0 0 0

��
1 l1 l

0 0 0

��
1 l1 l

0 m1 −m1

��
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

�

×

�
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

�

×
�

lg l00 λ

mg 1 −mg − 1

��
λ0 λ00 l

m0 − 1 0 1−m0

�

þ 2δ0;m1þme−mg
δ1−m0;m1

δ1−m0;mg−me

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 λ

0 0 0

�
2
�
1 1 λ00

0 0 0

�
2
�

1 l0 λ0

−1 m0 1−m0

�

×

�
1 l0 λ0

0 0 0

��
1 l1 l

0 0 0

��
1 l1 l

0 m1 −m1

��
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l1 le l00

0 0 0

�

×

�
l1 le l00

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

�

×

�
lg l00 λ

mg −m1 −me m1 þme −mg

��
λ0 λ00 l

m0 − 1 0 1−m0

�

þ 2ð−1Þmeδ−2;m0−meþmg
δ−m0−1;m1þ1δ−m1−me;−mg

�
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

�

×

�
1 1 λ00

0 0 0

��
1 1 λ00

1 1 −2

��
1 l0 λ0

−1 m0 1−m0

��
1 l0 λ0

0 0 0

��
1 l1 l

0 0 0

��
1 l1 l

1 m1 −m1 − 1

�

×

�
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −me m1 þme

��
lg l00 λ

mg 0 −mg

��
λ0 λ00 l

m0 − 1 2 −m0 − 1

�

þ 2δ−2;m1þme−mg
δ−m0−1;m1þ1δ−m0;mg−me

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 λ

−1 −1 2

��
1 1 λ

0 0 0

��
1 1 λ00

0 0 0

�

×
�
1 1 λ00

1 1 −2

��
1 l0 λ0

−1 m0 1−m0

��
1 l0 λ0

0 0 0

��
1 l1 l

0 0 0

��
1 l1 l

1 m1 −m1 − 1

��
l l0 l0

0 0 0

�

×

�
l l0 l0

0 −m0 m0

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

�

×

�
lg l00 λ

mg −m1 −me m1 þme −mg

��
λ0 λ00 l

m0 − 1 2 −m0 − 1

�

− 2ð−1Þmeδ2;m0−meþmg
δ2−m0;m1−1δ−m1−me;−mg−1

�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

�

×

�
1 1 λ00

−1 −1 2

��
1 1 λ00

0 0 0

��
1 l0 λ0

0 0 0

��
1 l0 λ0

0 m0 −m0

��
1 l1 l

−1 m1 1−m1

��
1 l1 l

0 0 0

�

×

�
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −me m1 þme

��
lg l00 λ

mg 1 −mg − 1

��
λ0 λ00 l

m0 −2 2−m0

�
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þ 2δ2;m1þme−mg
δ1−m0;mg−me

δ2−m0;m1−1

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 λ

0 0 0

��
1 1 λ

1 1 −2

��
1 1 λ00

−1 −1 2

�

×

�
1 1 λ00

0 0 0

��
1 l0 λ0

0 0 0

��
1 l0 λ0

0 m0 −m0

��
1 l1 l

−1 m1 1 −m1

��
1 l1 l

0 0 0

��
l l0 l0

0 0 0

�

×

�
l l0 l0

1 −m0 m0 − 1

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

�

×
�

lg l00 λ

mg −m1 −me m1 þme −mg

��
λ0 λ00 l

m0 −2 2 −m0

�

− 2ð−1Þmeδ−2;m0−meþmg
δ−m0−2;m1þ1δ−m1−me;1−mg

�
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

�

×

�
1 1 λ00

0 0 0

��
1 1 λ00

1 1 −2

��
1 l0 λ0

0 0 0

��
1 l0 λ0

0 m0 −m0

��
1 l1 l

0 0 0

��
1 l1 l

1 m1 −m1 − 1

�

×

�
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −me m1 þme

��
lg l00 λ

mg −1 1 −mg

��
λ0 λ00 l

m0 2 −m0 − 2

�

þ 2δ−2;m1þme−mg
δ−m0−2;m1þ1δ−m0−1;mg−me

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 λ

−1 −1 2

��
1 1 λ

0 0 0

��
1 1 λ00

0 0 0

�

×

�
1 1 λ00

1 1 −2

��
1 l0 λ0

0 0 0

��
1 l0 λ0

0 m0 −m0

��
1 l1 l

0 0 0

��
1 l1 l

1 m1 −m1 − 1

��
l l0 l0

−1 −m0 m0 þ 1

�

×

�
l l0 l0

0 0 0

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

�

×

�
lg l00 λ

mg −m1 −me m1 þme −mg

��
λ0 λ00 l

m0 2 −m0 − 2

�

þ 2ð−1Þmeδ2;m0−meþmg
δ1−m0;m1−1δ−m1−me;−mg

�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

�

×

�
1 1 λ00

−1 −1 2

��
1 1 λ00

0 0 0

��
1 l0 λ0

0 0 0

��
1 l0 λ0

1 m0 −m0 − 1

��
1 l1 l

−1 m1 1 −m1

��
1 l1 l

0 0 0

�

×

�
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

��
l0 le l

−m0 me m0 −me

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −me m1 þme

��
lg l00 λ

mg 0 −mg

��
λ0 λ00 l

m0 þ 1 −2 1 −m0

�

þ 2δ2;m1þme−mg
δ1−m0;m1−1δ−m0;mg−me

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 λ

0 0 0

��
1 1 λ

1 1 −2

��
1 1 λ00

−1 −1 2

�

×

�
1 1 λ00

0 0 0

��
1 l0 λ0

0 0 0

��
1 l0 λ0

1 m0 −m0 − 1

��
1 l1 l

−1 m1 1 −m1

��
1 l1 l

0 0 0

��
l l0 l0

0 0 0

�

×

�
l l0 l0

0 −m0 m0

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

�

×

�
lg l00 λ

mg −m1 −me m1 þme −mg

��
λ0 λ00 l

m0 þ 1 −2 1 −m0

�
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− 2ð−1Þmeδ0;m0−meþmg
δ−m0−1;m1

δ−m1−me;1−mg

�
1 1 l0

0 0 0

�
2
�

1 1 l00

−1 0 1

��
1 1 l00

0 0 0

��
1 1 λ00

0 0 0

�
2
�
1 l0 λ0

0 0 0

�

×

�
1 l0 λ0

1 m0 −m0 − 1

��
1 l1 l

0 0 0

��
1 l1 l

0 m1 −m1

��
l lg l0

0 0 0

��
l lg l0

me −m0 −mg m0 −me þmg

��
l0 le l

0 0 0

�

×
�

l0 le l

−m0 me m0 −me

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −me m1 þme

��
lg l00 λ

mg −1 1−mg

��
λ0 λ00 l

m0 þ 1 0 −m0 − 1

�

þ 2δ0;m1þme−mg
δ−m0−1;m1

δ−m0−1;mg−me

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 λ

0 0 0

�
2
�
1 1 λ00

0 0 0

�
2
�
1 l0 λ0

0 0 0

�

×

�
1 l0 λ0

1 m0 −m0 − 1

��
1 l1 l

0 0 0

��
1 l1 l

0 m1 −m1

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l1 le l00

0 0 0

�

×

�
l1 le l00

−m1 −me m1 þme

��
le lg l0

0 0 0

��
le lg l0

me −mg mg −me

�

×

�
lg l00 λ

mg −m1 −me m1 þme −mg

��
λ0 λ00 l

m0 þ 1 0 −m0 − 1

�	
: ðB29Þ

Now, if we particularize to the case where lg ¼ mg ¼ 0, le ¼ 2, and me ¼ 0, we obtain the following results after
computing the integrals over the solid angle

L1 ¼
λ2

1680π2

Z
∞

0

djkj
Z

∞

0

djx1j
Z

∞

0

djx2jjkj5jχ̃ðΩþ jkjÞj2jx1j4jx2j4R10ðjx1jÞR10ðjx2jÞR32ðjx1jÞR32ðjx2jÞ

× ½14j0ðjkjjx1jÞj0ðjkjjx2jÞ þ 55j2ðjkjjx1jÞj2ðjkjjx1jÞ�; ðB30Þ

L2 ¼
λ2

17640π2

Z
∞

0

djkj
Z

∞

0

djx1j
Z

∞

0

djx2jjkj5jχ̃ðΩþ jkjÞj2jx1j4jx2j4R10ðjx1jÞR10ðjx2jÞR32ðjx1jÞR32ðjx2jÞ

× ½j2ðjkjjx1jÞð196j0ðjkjjx2jÞ − 635j2ðjkjjx2jÞÞ − 98j0ðjkjjx1jÞðj0ðjkjjx2jÞ − 2j2ðjkjjx2jÞÞ�; ðB31Þ

L3 ¼ −
λ2

32π2

Z
∞

0

djkj
Z

∞

0

djx1j
Z

∞

0

djx2jjkj5jχ̃ðΩþ jkjÞj2jx1j4jx2j4R10ðjx1jÞR10ðjx2jÞR32ðjx1jÞR32ðjx2jÞ

× j2ðjkjjx1jÞj2ðjkjjx2jÞ; ðB32Þ

L4 ¼ −
λ2

3360π2

Z
∞

0

djkj
Z

∞

0

djx1j
Z

∞

0

djx2jjkj5jχ̃ðΩþ jkjÞj2jx1j4jx2j4R10ðjx1jÞR10ðjx2jÞR32ðjx1jÞR32ðjx2jÞ

× j2ðjkjjx1jÞð14j0ðjkjjx2jÞ − 55j2ðjkjjx2jÞÞ; ðB33Þ

L5 ¼ −
λ2

3360π2

Z
∞

0

djkj
Z

∞

0

djx1j
Z

∞

0

djx2jjkj5jχ̃ðΩþ jkjÞj2jx1j4jx2j4R10ðjx1jÞR10ðjx2jÞR32ðjx1jÞR32ðjx2jÞ

× j2ðjkjjx2jÞð14j0ðjkjjx1jÞ − 55j2ðjkjjx1jÞÞ; ðB34Þ

L6 ¼
λ2

352800π2

Z
∞

0

djkj
Z

∞

0

djx1j
Z

∞

0

djx2jjkj5jχ̃ðΩþ jkjÞj2jx1j4jx2j4R10ðjx1jÞR10ðjx2jÞR32ðjx1jÞR32ðjx2jÞ

× ½14j0ðjkjjx1jÞ − 55j2ðjkjjx1jÞ�½14j0ðjkjjx2jÞ − 55j2ðjkjjx2jÞ�: ðB35Þ

Then, using Eq. (B7), we obtain the following expression for the local term after performing the integration over the solid
angles

L ¼ λ2

14700π2

Z
∞

0

djkj
Z

∞

0

djx1j
Z

∞

0

djx2jjkj5jχ̃ðΩþ jkjÞj2jx1j4jx2j4R10ðjx1jÞR10ðjx2jÞR32ðjx1jÞR32ðjx2jÞ

× ½7j0ðjkjjx1jÞ þ 10j2ðjkjjx1jÞ�½7j0ðjkjjx2jÞ þ 10j2ðjkjjx2jÞ�: ðB36Þ
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Finally, we use the definitions of the radial functions R10ðxÞ and R32ðxÞ, and perform the integration over jx1j and jx2j to
obtain

L ¼ 214990848λ2σ4

245π2

Z
∞

0

djkjjkj5jχ̃ðΩþ jkjÞj2 ð729jkj
4σ4 − 2016jkj2σ2 − 1792Þ2
ð9jkj2σ2 þ 16Þ12 :

We now compute jχ̃ðΩþ jkjÞj2 explicitly. We find

jχ̃ðΩþ jkjÞj2 ¼
Z

∞

−∞
dt1

Z
∞

−∞
dt2

1

2π
e−iðΩþjkjÞt1eiðΩþjkjÞt2e−

t2
1

2T2e−
t2
2

2T2 ¼ T2e−T
2ðΩþjkjÞ2 : ðB37Þ

With this, we obtain the final expression for LG as a single integral over jkj as

LG ¼ 214990848λ2T2σ4

245π2

Z
djkjjkj5 ð729jkj

4σ4 − 2016jkj2σ2 − 1792Þ2e−T2ðjkjþΩÞ2

ð9jkj2σ2 þ 16Þ12 : ðB38Þ

2. Nonlocal term

From Eq. (71), we notice that there are two summands, which differ by a labeling of the indices A and B. In this part of
the appendix, we will compute the first summand, labeled by MAB, and derive the second summand from symmetry
arguments. We have the following expression for MAB

MAB ¼ λ2
Z

dt1

Z
dt2

Z
d3x1

Z
d3x2χAðt1ÞχBðt2ÞFij

A ðx1ÞFkl
B ðx2ÞeiðΩAt1þΩBt2ÞhR̂0i0jðx1ÞR̂0k0lðx2Þi0

¼ λ2
Z

dt1

Z
dt2χAðt1ÞχBðt2ÞeiðΩAt1þΩBt2Þ

Z
d3x1

Z
d3x2ψ320ðx1Þψ320ðx2Þψ�

100ðx1Þψ�
100ðx2Þ

×
Z

d3k
ð2πÞ3

jkj3
8

e−ijkjðt1−t2Þeik·x1e−ik·x2eik·LxixjPijklðkÞxkxl

¼ λ2
Z

d3x1

Z
d3x2ψ320ðx1Þψ320ðx2Þψ�

100ðx1Þψ�
100ðx2Þ

Z
d3k
ð2πÞ3

jkj3
8

Qðjkj;ΩÞeik·x1e−ik·x2eik·LxixjPijklðkÞxkxl:

ðB39Þ

We have substituted the smearing function FijðxÞ ¼ ψeðxÞxixjψ�
gðxÞ. We note that the nonlocal term has an explicit

dependence on the spatial separation between the detectors. We will define a shared frame of reference for the two detectors
by writing the spherical harmonics of detector B in terms of the reference frame of detector A. Then the angular wave
functions of detector B are given by

YB
lmðθB;ϕBÞ ¼

Xl
μ¼−l

YA
lμðθA;ϕAÞDl

μ;mðψ ; ϑ;φÞ: ðB40Þ

It is also possible to orient the z-axis in the integral over k along L. This allows us to write

eik·L ¼
X∞
l¼0

Xl
m¼−l

4πiljlðjkjLÞδm;0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þ

4π

r
Ylmðθk;ϕkÞ: ðB41Þ
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We recall that

1

8ð2πÞ3 x
ixjPijklðkÞxkxl ¼

1

64π3
ðx1 · x2Þ2

zfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflffl{m1

−
1

32π3jkj2 ðx1 · x2Þðx1 · kÞðx2 · kÞ
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{m2

−
1

128π3
ðx1 · x1Þðx2 · x2Þ

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{m3

þ 1

128π3jkj2 ðx1 · x1Þðx2 · kÞ
2

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m4

þ 1

128π3jkj2 ðx2 · x2Þðx1 · kÞ
2

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m5

þ 1

128π3jkj4 ðx1 · kÞ
2ðx2 · kÞ2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m6

:

ðB42Þ
Using Eqs. (B4)–(B6) we may obtain expressions for the nonlocal term in a similar manner as that found for the local term.
We have that

MAB ¼
X6
i¼1

MAB
i ; ðB43Þ

where

MAB
i ¼ λ2

Z
∞

0

djkjjkj5Qðjkj;ΩÞ
X∞
l2¼0

Xl2
m2¼−l2

X∞
l1¼0

Xl1
m1¼−l1

X∞
l0¼0

X∞
m0¼−l0

ð−1Þl1 il0þl1þl2jl2ðjkjLÞδ0;m2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2l2

p
×
Z

∞

0

djx1jjx1j4Rnglgðjx1jÞRneleðjx1jÞjl0ðjkjjx1jÞ
Z

∞

0

djx2jjx2j4Rnglgðjx1jÞRneleðjx2jÞjl1ðjkjjx2jÞ

×
Xlg
μ¼−lg

Xle
η¼−le

D
lg
μ;mgðψ ; ϑ;φÞðDle

η;meðψ ; ϑ;φÞÞ�
Z

dΩkYl0m0
ðθk;ϕkÞYl1m1

ðθk;ϕkÞYl2m2
ðθk;ϕkÞ

×
Z

dΩ1Ylgmg
ðθ1;ϕ1ÞY�

leme
ðθ1;ϕ1ÞY�

l0m0
ðθ1;ϕ1Þ

Z
dΩ2Ylgμðθ2;ϕ2ÞY�

leη
ðθ2;ϕ2ÞY�

l1m1
ðθ2;ϕ2Þ

×
1

4
miðθ1;ϕ1; θ2;ϕ2; θk;ϕkÞ; ðB44Þ

and

m1 ¼
32π3=2

9
½Y10ðθ1;ϕ1ÞY10ðθ2;ϕ2Þ − Y1−1ðθ2;ϕ2ÞY11ðθ1;ϕ1Þ − Y1−1ðθ1;ϕ1ÞY11ðθ2;ϕ2Þ�2; ðB45Þ

m2 ¼ −
256π5=2

27
½Y10ðθ1;ϕ1ÞY10ðθ2;ϕ2Þ − Y1−1ðθ2;ϕ2ÞY11ðθ1;ϕ1Þ − Y1−1ðθ1;ϕ1ÞY11ðθ2;ϕ2Þ�

× ½Y10ðθ1;ϕ1ÞY10ðθk;ϕkÞ − Y11ðθ1;ϕ1ÞY1−1ðθk;ϕkÞ − Y1−1ðθ1;ϕ1ÞY11ðθk;ϕkÞ�;
× ½Y10ðθ2;ϕ2ÞY10ðθk;ϕkÞ − Y11ðθ2;ϕ2ÞY1−1ðθk;ϕkÞ − Y1−1ðθ2;ϕ2ÞY11ðθk;ϕkÞ�; ðB46Þ

m3 ¼ −
1ffiffiffi
π

p ðB47Þ

m4 ¼
16π3=2

9
½Y10ðθ2;ϕ2ÞY10ðθk;ϕkÞ − Y11ðθ2;ϕ2ÞY1−1ðθk;ϕkÞ − Y1−1ðθ2;ϕ2ÞY11ðθk;ϕkÞ�2; ðB48Þ

m5 ¼
16π3=2

9
½Y10ðθ1;ϕ1ÞY10ðθk;ϕkÞ − Y11ðθ1;ϕ1ÞY1−1ðθk;ϕkÞ − Y1−1ðθ1;ϕ1ÞY11ðθk;ϕkÞ�2; ðB49Þ

m6 ¼
256π7=2

81
½Y10ðθ1;ϕ1ÞY10ðθk;ϕkÞ − Y11ðθ1;ϕ1ÞY1−1ðθk;ϕkÞ − Y1−1ðθ1;ϕ1ÞY11ðθk;ϕkÞ�2

× ½Y10ðθ2;ϕ2ÞY10ðθk;ϕkÞ − Y11ðθ2;ϕ2ÞY1−1ðθk;ϕkÞ − Y1−1ðθ2;ϕ2ÞY11ðθk;ϕkÞ�2: ðB50Þ
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Using Eqs. (B17) and (B18), we can write each of MAB
1 ;…;MAB

6 as follows

MAB
1 ¼ λ2

16π2
X∞
l2¼0

Xl2
m2¼−l2

X∞
l1¼0

Xl1
m1¼−l1

X∞
l0¼0

Xl0
m0¼−l0

ð−iÞl1 il0þl2δ0;m2
δl2;λ0δ−m0−m1;m2

ð2leþ1Þð2lgþ1Þ
Z

∞

0

djkjjkj5Qðjkj;ΩÞjl2ðjkjLÞ

×
Z

∞

0

djx1jjx1j4Rng;lgðjx1jÞRne;leðjx1jÞjl0ðjkjjx1jÞ
Z

∞

0

djx2jjx2j4Rng;lgðjx2jÞRne;leðjx2jÞjl1ðjkjjx2jÞ

×
X∞
l¼0

X∞
l0¼0

X∞
l00¼0

X∞
λ¼0

X∞
λ0¼0

ð2l0þ1Þð2l1þ1Þð2lþ1Þð2l0 þ1Þð2l00 þ1Þð2λþ1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l2þ1Þð2λ0 þ1Þ

p

×
Xle
η¼−le

Xlg
μ¼−lg

Dle�
η;meðψ ;ϑ;φÞDlg

μ;mgðψ ;ϑ;φÞAM; ðB51Þ

where

AM ¼
�
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

��
lg l00 λ

0 0 0

�

×

�
δ0;η−μþm1

δ0;m0þme−mg

�
1 1 l0

0 0 0

�
2
�
l lg l0

0 0 0

��
l lg l0

−m0 −me mg m0 þme −mg

��
l0 le l

0 0 0

�

×

�
l0 le l

−m0 −me m0 þme

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
lg l00 λ

μ −η −m1 η − μþm1

��
1 1 λ

0 0 0

�
2

þ δ−2;η−μþm1
δ2;m0þme−mg

�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
1 1 λ

−1 −1 2

��
l lg l0

0 0 0

�

×

�
l lg l0

−m0 −me mg m0 þme −mg

��
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l1 le l00

0 0 0

�

×
�

l1 le l00

−m1 −η ηþm1

��
lg l00 λ

μ −η −m1 η − μþm1

��
1 1 λ

0 0 0

�
þ δ−2;m0þme−mg

δ2;η−μþm1

�
1 1 l0

−1 −1 2

�

×

�
1 1 l0

0 0 0

��
1 1 λ

1 1 −2

��
l lg l0

0 0 0

��
l lg l0

−m0 −me mg m0 þme −mg

��
l0 le l

0 0 0

�

×

�
l0 le l

−m0 −me m0 þme

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
lg l00 λ

μ −η −m1 η − μþm1

��
1 1 λ

0 0 0

�

þ 2ð−1Þmeδ1−μ;−η−m1
δ1−m0;me−mg

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

��
l l0 l0

0 0 0

�

×

�
l l0 l0

1 −m0 m0 − 1

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

�

×

�
lg l00 λ

μ −1 1 − μ

�
þ 2ð−1Þmeδ−μ;−η−m1

δ−m0;me−mg

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

�

×

�
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

�

×

�
lg l00 λ

μ 0 −μ

�
þ 2ð−1Þmeδ−μ−1;−η−m1

δ−m0−1;me−mg

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

�

×

�
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
le lg l0

0 0 0

�

×

�
le lg l0

−me mg me −mg

��
lg l00 λ

μ 1 −μ − 1

�	
; ðB52Þ
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MAB
2 ¼ λ2

8π2
X∞
l2¼0

Xl2
m2¼−l2

X∞
l1¼0

Xl1
m1¼−l1

X∞
l0¼0

Xl0
m0¼−l0

ð−1Þ−m0−m1ð−iÞl1 il0þl2δ0;m2

Z
∞

0

djkjjkj5Qðjkj;ΩÞjl2ðjkjLÞ

×
Z

∞

0

djx1jjx1j4Rng;lgðjx1jÞRne;leðjx1jÞjl0ðjkjjx1jÞ
Z

∞

0

djx2jjx2j4Rng;lgðjx2jÞRne;leðjx2jÞjl1ðjkjjx2jÞ

×
X∞
l¼0

X∞
l0¼0

X∞
l00¼0

X∞
λ¼0

X∞
λ0¼0

X∞
λ00¼0

ð2le þ 1Þð2lg þ 1Þð2lþ 1Þð2l0 þ 1Þð2l00 þ 1Þð2λþ 1Þð2λ0 þ 1Þð2λ00 þ 1Þ

× ð2l0 þ 1Þð2l1 þ 1Þð2l2 þ 1Þ
Xle
η¼−le

Xlg
μ¼−lg

Dle�
η;meðψ ; ϑ;φÞDlg

μ;mgðψ ; ϑ;φÞBM; ðB53Þ

where

BM ¼
�
l2 λ0 λ00

0 0 0

��
lg l00 λ

0 0 0

�

×

�
δ0;m0þme−mg

�
l lg l0

0 0 0

��
l lg l0

−m0 −me mg m0 þme −mg

��
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

�

×

�
−δ0;η−μþm1

δ0;−m0−m1−m2

�
1 1 λ

0 0 0

�
2
�
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

��
l1 le l00

0 0 0

�

×

�
l1 le l00

−m1 −η ηþm1

��
l2 λ0 λ00

m2 m0 þm1 −m0 −m1 −m2

��
lg l00 λ

μ −η −m1 η − μþm1

��
1 1 λ00

0 0 0

�
2

þ δ1−μ;−η−m1
δm0þm1;−m2−1

�
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

��
1 1 λ0

0 0 0

��
1 1 λ0

0 1 −1

��
l0 l1 λ00

0 0 0

�

×

�
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 λ00

m2 1 −m2 − 1

��
lg l00 λ

μ −1 1 − μ

�

þ δ−μ−1;−η−m1
δm0þm1;1−m2

�
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

��
1 1 λ0

−1 0 1

��
1 1 λ0

0 0 0

��
l0 l1 λ00

0 0 0

�

×

�
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 λ00

m2 −1 1 −m2

��
lg l00 λ

μ 1 −μ − 1

��

×

�
1 1 l0

0 0 0

�
2

þ δ−2;m0þme−mg
δ2;−m0−m1−m2

δ−μ;−η−m1

�
1 1 l0

−1 −1 2

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

��
1 1 λ00

0 0 0

�

×

�
1 1 λ00

1 1 −2

��
l lg l0

0 0 0

��
l lg l0

−m0 −me mg m0 þme −mg

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

�

×

�
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

�

×

�
l2 λ0 λ00

m2 m0 þm1 −m0 −m1 −m2

��
lg l00 λ

μ 0 −μ

��
1 1 l0

0 0 0

�

− δ−2;m0þme−mg
δ−μ−1;−η−m1

δm0þm1;−m2−1

�
1 1 l0

−1 −1 2

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

��
1 1 λ0

0 0 0

�

×

�
1 1 λ0

0 1 −1

��
l lg l0

0 0 0

��
l lg l0

−m0 −me mg m0 þme −mg

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

�

×

�
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 λ00

m2 1 −m2 − 1

�
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×

�
lg l00 λ

μ 1 −μ − 1

��
1 1 l0

0 0 0

�

þ δ−2;m0þme−mg
δ2;η−μþm1

δm0þm1;−m2

�
1 1 l0

−1 −1 2

��
1 1 λ

0 0 0

��
1 1 λ

1 1 −2

��
1 1 λ0

−1 1 0

��
1 1 λ0

0 0 0

�

×

�
l lg l0

0 0 0

��
l lg l0

−m0 −me mg m0 þme −mg

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l0 le l

0 0 0

�

×

�
l0 le l

−m0 −me m0 þme

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
l2 λ0 λ00

m2 0 −m2

�

×

�
lg l00 λ

μ −η −m1 η − μþm1

��
1 1 l0

0 0 0

�
þ δ2;m0þme−mg

�
1 1 l0

1 1 −2

��
l lg l0

0 0 0

�

×

�
l lg l0

−m0 −me mg m0 þme −mg

��
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

�

×
�
−δ1−μ;−η−m1

δm0þm1;1−m2

�
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

��
1 1 λ0

−1 0 1

��
1 1 λ0

0 0 0

��
l0 l1 λ00

0 0 0

�

×

�
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 λ00

m2 −1 1 −m2

��
lg l00 λ

μ −1 1 − μ

�

þ δ−2;−m0−m1−m2
δ−μ;−η−m1

�
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

��
1 1 λ00

−1 −1 2

��
1 1 λ00

0 0 0

��
l0 l1 λ0

0 0 0

�

×

�
l0 l1 λ0

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 λ00

m2 m0 þm1 −m0 −m1 −m2

�

×

�
lg l00 λ

μ 0 −μ

�
þ δ−2;η−μþm1

δm0þm1;−m2

�
1 1 λ

−1 −1 2

��
1 1 λ

0 0 0

��
1 1 λ0

−1 1 0

��
1 1 λ0

0 0 0

��
l0 l1 λ00

0 0 0

�

×

�
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
l2 λ0 λ00

m2 0 −m2

��
lg l00 λ

μ −η −m1 η − μþm1

��

×

�
1 1 l0

0 0 0

�
þ ð−1Þmeδ1−μ;−η−m1

δ1−m0;me−mg
δm0þm1;−m2

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

�

×

�
1 1 λ0

−1 1 0

��
1 1 λ0

0 0 0

��
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

�

×

�
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 λ00

m2 0 −m2

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

��
lg l00 λ

μ −1 1 − μ

�

þ ð−1Þmeδ1−μ;−η−m1
δ−m0;me−mg

δm0þm1;−m2−1

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

��
1 1 λ0

0 0 0

�

×

�
1 1 λ0

0 1 −1

��
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −η ηþm1

��
l2 λ0 λ00

m2 1 −m2 − 1

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

��
lg l00 λ

μ −1 1 − μ

�

þ ð−1Þmeδ2;−m0−m1−m2
δ1−μ;−η−m1

δ−m0−1;me−mg

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

��
1 1 λ00

0 0 0

�

×
�
1 1 λ00

1 1 −2

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

�
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×

�
l1 le λ

−m1 −η ηþm1

��
l2 λ0 λ00

m2 m0 þm1 −m0 −m1 −m2

��
le lg l0

0 0 0

�

×

�
le lg l0

−me mg me −mg

��
lg l00 λ

μ −1 1− μ

�

þ ð−1Þmeδ0;−m0−m1−m2
δ1−μ;−η−m1

δ1−m0;me−mg

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

��
1 1 λ00

0 0 0

�
2

×

�
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

�

×

�
l2 λ0 λ00

m2 m0 þm1 −m0 −m1 −m2

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

��
lg l00 λ

μ −1 1− μ

�

þ ð−1Þmeδ−μ;−η−m1
δ1−m0;me−mg

δm0þm1;1−m2

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

��
1 1 λ0

−1 0 1

�

×

�
1 1 λ0

0 0 0

��
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −η ηþm1

��
l2 λ0 λ00

m2 −1 1−m2

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

��
lg l00 λ

μ 0 −μ

�

þ 2ð−1Þmeδ−μ;−η−m1
δ−m0;me−mg

δm0þm1;−m2

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

��
1 1 λ0

−1 1 0

�

×

�
1 1 λ0

0 0 0

��
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −η ηþm1

��
l2 λ0 λ00

m2 0 −m2

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

��
lg l00 λ

μ 0 −μ

�

þ ð−1Þmeδ−μ;−η−m1
δ−m0−1;me−mg

δm0þm1;−m2−1

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

��
1 1 λ0

0 0 0

�

×

�
1 1 λ0

0 1 −1

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −η ηþm1

��
l2 λ0 λ00

m2 1 −m2 − 1

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

��
lg l00 λ

μ 0 −μ

�

þ ð−1Þmeδ−μ−1;−η−m1
δ−m0;me−mg

δm0þm1;1−m2

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

��
1 1 λ0

−1 0 1

�

×

�
1 1 λ0

0 0 0

��
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −η ηþm1

��
l2 λ0 λ00

m2 −1 1−m2

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

��
lg l00 λ

μ 1 −μ− 1

�

þ ð−1Þmeδ−μ−1;−η−m1
δ−m0−1;me−mg

δm0þm1;−m2

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

��
1 1 λ0

−1 1 0

�

×

�
1 1 λ0

0 0 0

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −η ηþm1

��
l2 λ0 λ00

m2 0 −m2

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

��
lg l00 λ

μ 1 −μ− 1

�
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þ ð−1Þmeδ0;−m0−m1−m2
δ−μ−1;−η−m1

δ−m0−1;me−mg

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

�

×

�
1 1 λ00

0 0 0

�
2
�

l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −η ηþm1

��
l2 λ0 λ00

m2 m0 þm1 −m0 −m1 −m2

��
le lg l0

0 0 0

�

×

�
le lg l0

−me mg me −mg

��
lg l00 λ

μ 1 −μ− 1

�

þ ð−1Þmeδ−2;−m0−m1−m2
δ−μ−1;−η−m1

δ1−m0;me−mg

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

�

×

�
1 1 λ00

−1 −1 2

��
1 1 λ00

0 0 0

��
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

�

×

�
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 λ00

m2 m0 þm1 −m0 −m1 −m2

��
le lg l0

0 0 0

�

×

�
le lg l0

−me mg me −mg

��
lg l00 λ

μ 1 −μ− 1

�

þ ð−1Þmeδ2;η−μþm1
δ−m0−1;me−mg

δm0þm1;1−m2

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 λ

0 0 0

��
1 1 λ

1 1 −2

��
1 1 λ0

−1 0 1

�

×

�
1 1 λ0

0 0 0

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le l00

0 0 0

�

×

�
l1 le l00

−m1 −η ηþm1

��
l2 λ0 λ00

m2 −1 1−m2

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

��
lg l00 λ

μ −η−m1 η− μþm1

�

þ ð−1Þmeδ0;η−μþm1
δ1−m0;me−mg

δm0þm1;1−m2

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 λ

0 0 0

�
2
�

1 1 λ0

−1 0 1

��
1 1 λ0

0 0 0

�

×
�
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

�

×

�
l2 λ0 λ00

m2 −1 1−m2

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

��
lg l00 λ

μ −η−m1 η− μþm1

�

þ ð−1Þmeδ0;η−μþm1
δ−m0−1;me−mg

δm0þm1;−m2−1

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 λ

0 0 0

�
2
�
1 1 λ0

0 0 0

��
1 1 λ0

0 1 −1

�

×

�
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

�

×

�
l2 λ0 λ00

m2 1 −m2 − 1

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

��
lg l00 λ

μ −η−m1 η− μþm1

�

þ ð−1Þmeδ−2;η−μþm1
δ1−m0;me−mg

δm0þm1;−m2−1

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 λ

−1 −1 2

��
1 1 λ

0 0 0

��
1 1 λ0

0 0 0

�

×

�
1 1 λ0

0 1 −1

��
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le l00

0 0 0

�

×

�
l1 le l00

−m1 −η ηþm1

��
l2 λ0 λ00

m2 1 −m2 − 1

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

��
lg l00 λ

μ −η−m1 η− μþm1

�
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þ ð−1Þmeδ−2;−m0−m1−m2
δ2;η−μþm1

δ−m0;me−mg

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 λ

0 0 0

��
1 1 λ

1 1 −2

��
1 1 λ00

−1 −1 2

�

×

�
1 1 λ00

0 0 0

��
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

��
l1 le l00

0 0 0

�

×

�
l1 le l00

−m1 −η ηþm1

��
l2 λ0 λ00

m2 m0 þm1 −m0 −m1 −m2

��
le lg l0

0 0 0

�

×

�
le lg l0

−me mg me −mg

��
lg l00 λ

μ −η −m1 η − μþm1

�

þ ð−1Þmeδ−2;η−μþm1
δ2;−m0−m1−m2

δ−m0;me−mg

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 λ

−1 −1 2

��
1 1 λ

0 0 0

��
1 1 λ00

0 0 0

�

×

�
1 1 λ00

1 1 −2

��
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

��
l1 le l00

0 0 0

�

×

�
l1 le l00

−m1 −η ηþm1

��
l2 λ0 λ00

m2 m0 þm1 −m0 −m1 −m2

��
le lg l0

0 0 0

�

×

�
le lg l0

−me mg me −mg

��
lg l00 λ

μ −η −m1 η − μþm1

�	
ðB54Þ

MAB
3 ¼ λ2

32π2
X∞
l2¼0

Xl2
m2¼−l2

X∞
l1¼0

Xl1
m1¼−l1

X∞
l0¼0

Xl0
m0¼−l0

ð−iÞl1 il0þl2δ0;m2
δ−m0−m1;m2

δ−m0−me;−mg
δlg;l0δμ;ηþm1

δl;lgδl2;l00

×
Xle
η¼−le

Xlg
μ¼−lg

Dle�
η;meðψ ;ϑ;φÞDlg

μ;mgðψ ; ϑ;φÞ
Z

∞

0

djkjjkj5jl2ðjkjLÞ

×
Z

∞

0

djx1jjxj41Rng;lgðjx1jÞRne;leðjx1jÞjl0ðjkjjx1jÞ
Z

∞

0

djx2jjx2j4Rng;lgðjx2jÞRne;leðjx2jÞjl1ðjkjjx2jÞ

×
X∞
l¼0

X∞
l0¼0

X∞
l00¼0

ð2le þ 1Þð2l1 þ 1Þð2l0 þ 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l2 þ 1Þð2lþ 1Þð2l0 þ 1Þð2l00 þ 1Þ

p
CM; ðB55Þ

where

CM ¼ ð−1Þmg−ηþm1

�
l0 le l

0 0 0

��
l0 l1 l00

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l1 le l0

0 0 0

�

×

�
l0 l1 l00

m0 m1 −m0 −m1

��
l1 le l0

−m1 −η ηþm1

�
; ðB56Þ

MAB
4 ¼ λ2

32π2
X∞
l2¼0

Xl2
m2¼−l2

X∞
l1¼0

Xl1
m1¼−l1

X∞
l0¼0

Xl0
m0¼−l0

ð−1Þm0þm1þmgð−iÞl1 il0þl2δ0;m2
δl;lgδ−m0−me;−mg

×
Z

∞

0

djkjjkj5Qðjkj;ΩÞjl2ðjkjLÞ

×
Z

∞

0

djx1jjx1j4Rng;lgðjx1jÞRne;leðjx1jÞjl0ðjkjjx1jÞ
Z

∞

0

djx2jjx2j4Rng;lgðjx2jÞRne;leðjx2jÞjl1ðjkjjx2jÞ

×
X∞
l¼0

X∞
l0¼0

X∞
l00¼0

X∞
λ¼0

X∞
λ0¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þð2lg þ 1Þ

q
ð2l0 þ 1Þð2l00 þ 1Þð2λþ 1Þð2λ0 þ 1Þ

× ð2l0 þ 1Þð2l1 þ 1Þð2l2 þ 1Þð2le þ 1Þ
Xle
η¼−le

Xlg
μ¼−lg

Dle�
η;meðψ ; ϑ;φÞDlg

μ;mgðψ ; ϑ;φÞDM; ðB57Þ
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where

DM ¼
�
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l2 λ λ0

0 0 0

��
lg l0 l00

0 0 0

�

×

�
δ0;η−μþm1

δ0;−m0−m1−m2

�
1 1 l00

0 0 0

�
2
�
l0 l1 λ

0 0 0

��
l0 l1 λ

m0 m1 −m0 −m1

��
l1 le l0

0 0 0

�

×

�
l1 le l0

−m1 −η ηþm1

��
l2 λ λ0

m2 m0 þm1 −m0 −m1 −m2

��
lg l0 l00

μ −η −m1 η − μþm1

��
1 1 λ0

0 0 0

�
2

þ δ−2;−m0−m1−m2
δ2;η−μþm1

�
1 1 l00

0 0 0

��
1 1 l00

1 1 −2

��
1 1 λ0

−1 −1 2

��
l0 l1 λ

0 0 0

�

×

�
l0 l1 λ

m0 m1 −m0 −m1

��
l1 le l0

0 0 0

��
l1 le l0

−m1 −η ηþm1

��
l2 λ λ0

m2 m0 þm1 −m0 −m1 −m2

�

×

�
lg l0 l00

μ −η −m1 η − μþm1

��
1 1 λ0

0 0 0

�

þ δ−2;η−μþm1
δ2;−m0−m1−m2

�
1 1 l00

−1 −1 2

��
1 1 l00

0 0 0

��
1 1 λ0

1 1 −2

��
l0 l1 λ

0 0 0

�

×

�
l0 l1 λ

m0 m1 −m0 −m1

��
l1 le l0

0 0 0

��
l1 le l0

−m1 −η ηþm1

��
l2 λ λ0

m2 m0 þm1 −m0 −m1 −m2

�

×
�
lg l0 l00

μ −η −m1 η − μþm1

��
1 1 λ0

0 0 0

�

− 2δ1−μ;−η−m1
δm0þm1;−m2−1

�
1 1 l0

−1 0 1

��
1 1 l0

0 0 0

��
1 1 λ

0 0 0

��
1 1 λ

0 1 −1

��
l0 l1 λ0

0 0 0

�

×

�
l0 l1 λ0

m0 m1 −m0 −m1

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
l2 λ λ0

m2 1 −m2 − 1

��
lg l0 l00

μ −1 1 − μ

�

þ 2δ−μ;−η−m1
δm0þm1;−m2

�
1 1 l0

−1 1 0

��
1 1 l0

0 0 0

��
1 1 λ

−1 1 0

��
1 1 λ

0 0 0

��
l0 l1 λ0

0 0 0

�

×

�
l0 l1 λ0

m0 m1 −m0 −m1

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
l2 λ λ0

m2 0 −m2

��
lg l0 l00

μ 0 −μ

�

− 2δ−μ−1;−η−m1
δm0þm1;1−m2

�
1 1 l0

0 0 0

��
1 1 l0

0 1 −1

��
1 1 λ

−1 0 1

��
1 1 λ

0 0 0

��
l0 l1 λ0

0 0 0

�

×

�
l0 l1 λ0

m0 m1 −m0 −m1

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
l2 λ λ0

m2 −1 1 −m2

��
lg l0 l00

μ 1 −μ − 1

�	
;

ðB58Þ

MAB
5 ¼ λ2

32π2
X∞
l2¼0

Xl2
m2¼−l2

X∞
l1¼0

Xl1
m1¼−l1

X∞
l0¼0

Xl0
m0¼−l0

ð−1Þm0−ηð−iÞl1 il0þl2δ0;m2
δμ;ηþm1

δlg;l00
Z

∞

0

djkjjkj5Qðjkj;ΩÞjl2ðjkjLÞ

×
Z

∞

0

djx1jjx1j4Rng;lgðjx1jÞRne;leðjx1jÞjl0ðjkjjx1jÞ
Z

∞

0

djx2jjx2j4Rng;lgðjx2jÞRne;leðjx2jÞjl1ðjkjjx2jÞ

×
X∞
l¼0

X∞
l0¼0

X∞
l00¼0

X∞
λ¼0

X∞
λ0¼0

ð2lþ 1Þð2l0 þ 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lg þ 1Þð2l00 þ 1Þ

q
ð2λþ 1Þð2λ0 þ 1Þ

× ð2l0 þ 1Þð2l1 þ 1Þð2l2 þ 1Þð2le þ 1Þ
Xle
η¼−le

Xlg
μ¼−lg

Dle�
η;meðψ ; ϑ;φÞDlg

μ;mgðψ ;ϑ;φÞEM; ðB59Þ
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where

EM ¼
�
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
l2 λ λ0

0 0 0

�

×

�
δ0;−m0−m1−m2

δ0;m0þme−mg

�
1 1 l0

0 0 0

�
2
�
l lg l0

0 0 0

��
l lg l0

−m0 −me mg m0 þme −mg

��
l0 l1 λ

0 0 0

�

×

�
l0 l1 λ

m0 m1 −m0 −m1

��
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

�

×

�
l2 λ λ0

m2 m0 þm1 −m0 −m1 −m2

��
1 1 λ0

0 0 0

�
2

þ δ−2;−m0−m1−m2
δ2;m0þme−mg

�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
1 1 λ0

−1 −1 2

��
l lg l0

0 0 0

�

×

�
l lg l0

−m0 −me mg m0 þme −mg

��
l0 l1 λ

0 0 0

��
l0 l1 λ

m0 m1 −m0 −m1

��
l0 le l

0 0 0

�

×

�
l0 le l

−m0 −me m0 þme

��
l2 λ λ0

m2 m0 þm1 −m0 −m1 −m2

��
1 1 λ0

0 0 0

�

þ δ−2;m0þme−mg
δ2;−m0−m1−m2

�
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
1 1 λ0

1 1 −2

��
l lg l0

0 0 0

�

×

�
l lg l0

−m0 −me mg m0 þme −mg

��
l0 l1 λ

0 0 0

��
l0 l1 λ

m0 m1 −m0 −m1

��
l0 le l

0 0 0

�

×

�
l0 le l

−m0 −me m0 þme

��
l2 λ λ0

m2 m0 þm1 −m0 −m1 −m2

��
1 1 λ0

0 0 0

�

þ 2ð−1Þmeδ1−m0;me−mg
δm0þm1;1−m2

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 λ

−1 0 1

��
1 1 λ

0 0 0

��
l l0 l0

0 0 0

�

×

�
l l0 l0

1 −m0 m0 − 1

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

��
l2 λ λ0

m2 −1 1 −m2

�

×

�
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

�

þ 2ð−1Þmeδ−m0;me−mg
δm0þm1;−m2

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 λ

−1 1 0

��
1 1 λ

0 0 0

��
l l0 l0

0 0 0

�

×

�
l l0 l0

0 −m0 m0

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

��
l2 λ λ0

m2 0 −m2

�

×

�
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

�

þ 2ð−1Þmeδ−m0−1;me−mg
δm0þm1;−m2−1

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 λ

0 0 0

��
1 1 λ

0 1 −1

�

×

�
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

��
l2 λ λ0

m2 1 −m2 − 1

�

×

�
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

�	
; ðB60Þ
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MAB
6 ¼ λ2

32π2
X∞
l2¼0

Xl2
m2¼−l2

X∞
l1¼0

Xl1
m1¼−l1

X∞
l0¼0

Xl0
m0¼−l0

ð−1Þm2ð−iÞl1 il0þl2δ0;m2
ð2lg þ 1Þð2le þ 1Þ

×
Z

∞

0

djkjjkj5Qðjkj;ΩÞjl2ðjkjLÞ

×
Z

∞

0

djx1jjx1j4Rng;lgðjx1jÞRne;leðjx1jÞjl0ðjkjjx1jÞ
Z

∞

0

djx2jjx2j4Rng;lgðjx2jÞRne;leðjx2jÞjl1ðjkjjx2jÞ

×
X∞
l¼0

X∞
l0¼0

X∞
l00¼0

X∞
λ¼0

X∞
λ0¼0

X∞
λ00¼0

X∞
l¼0

X∞
l0¼0

ð2lþ 1Þð2l0 þ 1Þð2l00 þ 1Þð2λþ 1Þð2λ0 þ 1Þð2λ00 þ 1Þ

× ð2lþ 1Þð2l0 þ 1Þð2l0 þ 1Þð2l1 þ 1Þð2l2 þ 1Þ
Xle
η¼−le

Xlg
μ¼−lg

Dle�
η;meðψ ; ϑ;φÞDlg

μ;mgðψ ; ϑ;φÞFM; ðB61Þ

where

FM ¼
�
lg l00 λ

0 0 0

��
λ00 l l0

0 0 0

��
δ0;η−μþm1

�
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
lg l00 λ

μ −η −m1 η − μþm1

�

×

�
δ−2;m0þme−mg

δ2;−m0−m1−m2

�
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
l lg l0

0 0 0

�

×

�
l lg l0

−m0 −me mg m0 þme −mg

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

��
l0 le l

0 0 0

�

×

�
l0 le l

−m0 −me m0 þme

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 m0 þm1 −m0 −m1 −m2

�

×

�
λ00 l l0

0 m0 þm1 þm2 −m0 −m1 −m2

��
1 1 λ00

0 0 0

�
2

þ δ0;−m0−m1−m2þ2δ2;m0þme−mg

�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
1 1 λ00

−1 −1 2

��
1 1 l0

0 0 0

�
2
�
l lg l0

0 0 0

�

×

�
l lg l0

−m0 −me mg m0 þme −mg

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

��
l0 le l

0 0 0

�

×

�
l0 le l

−m0 −me m0 þme

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 m0 þm1 −m0 −m1 −m2

�

×

�
λ00 l l0

−2 m0 þm1 þm2 −m0 −m1 −m2 þ 2

��
1 1 λ00

0 0 0

�
þ δ0;−m0−m1−m2

�
1 1 l0

0 0 0

�
2
�
l2 λ0 l

0 0 0

�

×

�
δ0;m0þme−mg

�
1 1 l0

0 0 0

�
2
�
l lg l0

0 0 0

��
l lg l0

−m0 −me mg m0 þme −mg

��
l0 l1 λ0

0 0 0

�

×

�
l0 l1 λ0

m0 m1 −m0 −m1

��
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l2 λ0 l

m2 m0 þm1 −m0 −m1 −m2

�

×

�
λ00 l l0

0 m0 þm1 þm2 −m0 −m1 −m2

��
1 1 λ00

0 0 0

�
2

þ 2ð−1Þm0þm1þmeδ−m0;me−mg

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 λ0

−1 1 0

��
1 1 λ0

0 0 0

��
l l0 l0

0 0 0

�

×

�
l l0 l0

0 −m0 m0

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l2 λ0 l

m2 0 −m2

��
le lg l0

0 0 0

�
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×

�
le lg l0

−me mg me −mg

��
λ00 l l0

m0 þm1 m2 −m0 −m1 −m2

��

þ 2ð−1Þm1þmeδ−m0−1;me−mg
δm0þ1;−m1−m2

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 l

0 0 0

�
2
�
1 l0 λ0

0 0 0

�

×

�
1 l0 λ0

1 m0 −m0 − 1

��
1 λ0 l0

0 0 0

��
1 λ0 l0

0 m0 þ 1 −m0 − 1

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

�

×
�
l1 l2 λ00

0 0 0

��
l1 l2 λ00

m1 m2 −m1 −m2

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

��
λ00 l l0

m1 þm2 0 −m1 −m2

�

þ 2ð−1Þm1þmeδ1−m0;me−mg
δm0−1;−m1−m2

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 l

0 0 0

�
2
�

1 l0 λ0

−1 m0 1−m0

�

×

�
1 l0 λ0

0 0 0

��
1 λ0 l0

0 0 0

��
1 λ0 l0

0 m0 − 1 1−m0

��
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l1 l2 λ00

0 0 0

�

×

�
l1 l2 λ00

m1 m2 −m1 −m2

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

��
λ00 l l0

m1 þm2 0 −m1 −m2

���
1 1 λ

0 0 0

�
2

þ δ0;−m0−m1−m2þ2δ0;m0þme−mg
δ2;η−μþm1

�
1 1 l0

0 0 0

�
2
�
1 1 λ

1 1 −2

��
1 1 λ00

−1 −1 2

��
1 1 λ00

0 0 0

��
1 1 l0

0 0 0

�
2

×

�
l lg l0

0 0 0

��
l lg l0

−m0 −me mg m0 þme −mg

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

��
l0 le l

0 0 0

�

×

�
l0 le l

−m0 −me m0 þme

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 m0 þm1 −m0 −m1 −m2

�

×

�
lg l00 λ

μ −η−m1 η− μþm1

��
λ00 l l0

−2 m0 þm1 þm2 −m0 −m1 −m2 þ 2

��
1 1 λ

0 0 0

�

þ δ−2;−m0−m1−m2þ2δ2;η−μþm1
δ2;m0þme−mg

�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
1 1 λ

1 1 −2

��
1 1 λ00

−1 −1 2

��
1 1 λ00

0 0 0

�

×

�
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
l lg l0

0 0 0

��
l lg l0

−m0 −me mg m0 þme −mg

��
l0 l1 λ0

0 0 0

�

×

�
l0 l1 λ0

m0 m1 −m0 −m1

��
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

�

×

�
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 m0 þm1 −m0 −m1 −m2

��
lg l00 λ

μ −η−m1 η− μþm1

�

×

�
λ00 l l0

−2 m0 þm1 þm2 −m0 −m1 −m2 þ 2

��
1 1 λ

0 0 0

�

þ δ−2;η−μþm1
δ2;−m0−m1−m2þ2δ2;m0þme−mg

�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
1 1 λ

−1 −1 2

��
1 1 λ00

−1 −1 2

��
1 1 λ00

0 0 0

�

×

�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
l lg l0

0 0 0

��
l lg l0

−m0 −me mg m0 þme −mg

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

�

×

�
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

�

×

�
l2 λ0 l

m2 m0 þm1 −m0 −m1 −m2

��
lg l00 λ

μ −η−m1 η− μþm1

�
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×

�
λ00 l l0

−2 m0 þm1 þm2 −m0 −m1 −m2 þ 2

��
1 1 λ

0 0 0

�

þ δ−2;m0þme−mg
δ2;η−μþm1

δ2;−m0−m1−m2þ2

�
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
1 1 λ

1 1 −2

��
1 1 λ00

−1 −1 2

��
1 1 λ00

0 0 0

�

×

�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
l lg l0

0 0 0

��
l lg l0

−m0 −me mg m0 þme −mg

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

�

×

�
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

�

×

�
l2 λ0 l

m2 m0 þm1 −m0 −m1 −m2

��
lg l00 λ

μ −η−m1 η− μþm1

�

×

�
λ00 l l0

−2 m0 þm1 þm2 −m0 −m1 −m2 þ 2

��
1 1 λ

0 0 0

�

þ δ−2;η−μþm1
δ0;m0þme−mg

δ2;−m0−m1−m2

�
1 1 l0

0 0 0

�
2
�

1 1 λ

−1 −1 2

��
1 1 λ00

0 0 0

�
2
�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

�

×

�
l lg l0

0 0 0

��
l lg l0

−m0 −me mg m0 þme −mg

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

��
l0 le l

0 0 0

�

×

�
l0 le l

−m0 −me m0 þme

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 m0 þm1 −m0 −m1 −m2

�

×

�
lg l00 λ

μ −η−m1 η− μþm1

��
λ00 l l0

0 m0 þm1 þm2 −m0 −m1 −m2

��
1 1 λ

0 0 0

�

þ δ−2;η−μþm1
δ−2;m0þme−mg

δ2;−m0−m1−m2−2

�
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
1 1 λ

−1 −1 2

��
1 1 λ00

0 0 0

�

×

�
1 1 λ00

1 1 −2

��
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
l lg l0

0 0 0

��
l lg l0

−m0 −me mg m0 þme −mg

��
l0 l1 λ0

0 0 0

�

×

�
l0 l1 λ0

m0 m1 −m0 −m1

��
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

�

×
�

l2 λ0 l

m2 m0 þm1 −m0 −m1 −m2

��
lg l00 λ

μ −η−m1 η− μþm1

�

×

�
λ00 l l0

2 m0 þm1 þm2 −m0 −m1 −m2 − 2

��
1 1 λ

0 0 0

�

− 2ð−1Þm0þm1þmeδ−2;η−μþm1
δ2;−m0−m1−m2þ1δ1−m0;me−mg

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 λ

−1 −1 2

��
1 1 λ0

−1 0 1

�

×

�
1 1 λ0

0 0 0

��
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

�

×

�
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 −1 1−m2

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

�

×

�
lg l00 λ

μ −η−m1 η− μþm1

��
λ00 l l0

m0 þm1 m2 − 1 −m0 −m1 −m2 þ 1

��
1 1 λ

0 0 0

�

− 2ð−1Þm0þm1þmeδ−2;−m0−m1−m2−1δ2;η−μþm1
δ−m0−1;me−mg

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 λ

1 1 −2

��
1 1 λ0

0 0 0

�

×

�
1 1 λ0

0 1 −1

��
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l0 l1 λ00

0 0 0

�
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×
�

l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 1 −m2 − 1

��
le lg l0

0 0 0

�

×

�
le lg l0

−me mg me −mg

��
lg l00 λ

μ −η−m1 η− μþm1

��
λ00 l l0

m0 þm1 m2 þ 1 −m0 −m1 −m2 − 1

��
1 1 λ

0 0 0

�

þ 2ð−1Þm1þmeδ2;η−μþm1
δ−m0;me−mg

δm0;−m1−m2þ2

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 λ

1 1 −2

��
1 1 l

−1 −1 2

�

×

�
1 1 l

0 0 0

��
1 l0 λ0

0 0 0

��
1 l0 λ0

1 m0 −m0 − 1

��
1 λ0 l0

−1 m0 þ 1 −m0

��
1 λ0 l0

0 0 0

��
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

�

×

�
l1 l2 λ00

0 0 0

��
l1 l2 λ00

m1 m2 −m1 −m2

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

�

×

�
lg l00 λ

μ −η−m1 η− μþm1

��
λ00 l l0

m1 þm2 −2 −m1 −m2 þ 2

��
1 1 λ

0 0 0

�

þ 2ð−1Þm1þmeδ2;η−μþm1
δ1−m0;me−mg

δm0−1;−m1−m2þ2

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 λ

1 1 −2

��
1 1 l

−1 −1 2

�

×

�
1 1 l

0 0 0

��
1 l0 λ0

0 0 0

��
1 l0 λ0

0 m0 −m0

��
1 λ0 l0

−1 m0 1−m0

��
1 λ0 l0

0 0 0

��
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

�

×

�
l1 l2 λ00

0 0 0

��
l1 l2 λ00

m1 m2 −m1 −m2

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

�

×

�
lg l00 λ

μ −η−m1 η− μþm1

��
λ00 l l0

m1 þm2 −2 −m1 −m2 þ 2

��
1 1 λ

0 0 0

�

þ 2ð−1Þm1þmeδ−2;η−μþm1
δ−m0−1;me−mg

δm0þ1;−m1−m2−2

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 λ

−1 −1 2

��
1 1 l

0 0 0

�

×

�
1 1 l

1 1 −2

��
1 l0 λ0

0 0 0

��
1 l0 λ0

0 m0 −m0

��
1 λ0 l0

0 0 0

��
1 λ0 l0

1 m0 −m0 − 1

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

�

×

�
l1 l2 λ00

0 0 0

��
l1 l2 λ00

m1 m2 −m1 −m2

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

�

×

�
lg l00 λ

μ −η−m1 η− μþm1

��
λ00 l l0

m1 þm2 2 −m1 −m2 − 2

��
1 1 λ

0 0 0

�

− 2ð−1Þm1þmeδ−2;η−μþm1
δ−m0;me−mg

δm0;−m1−m2−2

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 λ

−1 −1 2

��
1 1 l

0 0 0

�

×

�
1 1 l

1 1 −2

��
1 l0 λ0

−1 m0 1−m0

��
1 l0 λ0

0 0 0

��
1 λ0 l0

0 0 0

��
1 λ0 l0

1 m0 − 1 −m0

��
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

�

×

�
l1 l2 λ00

0 0 0

��
l1 l2 λ00

m1 m2 −m1 −m2

��
l1 le l00

0 0 0

��
l1 le l00

−m1 −η ηþm1

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

�

×

�
lg l00 λ

μ −η−m1 η− μþm1

��
λ00 l l0

m1 þm2 2 −m1 −m2 − 2

��
1 1 λ

0 0 0

�

þ 4ð−1Þmeδ2;−m0−m1−m2þ2δ−μ;−η−m1
δ−m0;me−mg

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

�

×

�
1 1 λ00

−1 −1 2

��
1 1 λ00

0 0 0

��
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

��
l0 l1 λ0

0 0 0

�
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×

�
l0 l1 λ0

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 m0 þm1 −m0 −m1 −m2

�

×

�
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

��
lg l00 λ

μ 0 −μ

��
λ00 l l0

−2 m0 þm1 þm2 −m0 −m1 −m2 þ 2

�

þ 4ð−1Þmeδ0;−m0−m1−m2þ2δ−μ−1;−η−m1
δ1−m0;me−mg

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

�

×

�
1 1 λ00

−1 −1 2

��
1 1 λ00

0 0 0

��
1 1 l0

0 0 0

�
2
�
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l0 l1 λ0

0 0 0

�

×

�
l0 l1 λ0

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 m0 þm1 −m0 −m1 −m2

�

×

�
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

��
lg l00 λ

μ 1 −μ− 1

��
λ00 l l0

−2 m0 þm1 þm2 −m0 −m1 −m2 þ 2

�

þ 4ð−1Þmeδ2;−m0−m1−m2
δ1−μ;−η−m1

δ−m0−1;me−mg

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

�

×

�
1 1 λ00

0 0 0

�
2
�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l0 l1 λ0

0 0 0

��
l0 l1 λ0

m0 m1 −m0 −m1

�

×

�
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 m0 þm1 −m0 −m1 −m2

��
le lg l0

0 0 0

�

×
�

le lg l0

−me mg me −mg

��
lg l00 λ

μ −1 1− μ

��
λ00 l l0

0 m0 þm1 þm2 −m0 −m1 −m2

�

− 2ð−1Þm0þm1δ−2;m0þme−mg
δ2;−m0−m1−m2þ1δ−μ−1;−η−m1

�
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
1 1 l00

0 0 0

�

×

�
1 1 l00

0 1 −1

��
1 1 λ0

−1 0 1

��
1 1 λ0

0 0 0

��
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
l lg l0

0 0 0

�

×

�
l lg l0

−m0 −me mg m0 þme −mg

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l0 le l

0 0 0

�

×

�
l0 le l

−m0 −me m0 þme

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 −1 1−m2

�

×

�
lg l00 λ

μ 1 −μ− 1

��
λ00 l l0

m0 þm1 m2 − 1 −m0 −m1 −m2 þ 1

�

þ 2ð−1Þm0þm1δ0;−m0−m1−m2
δ0;m0þme−mg

δ−μ;−η−m1

�
1 1 l0

0 0 0

�
2
�

1 1 l00

−1 1 0

��
1 1 l00

0 0 0

��
1 1 λ0

−1 1 0

�

×

�
1 1 λ0

0 0 0

��
1 1 l0

0 0 0

�
2
�
l lg l0

0 0 0

��
l lg l0

−m0 −me mg m0 þme −mg

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

�

×

�
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 0 −m2

�

×

�
lg l00 λ

μ 0 −μ

��
λ00 l l0

m0 þm1 m2 −m0 −m1 −m2

�

− 2ð−1Þm0þm1δ−2;−m0−m1−m2−1δ2;m0þme−mg
δ1−μ;−η−m1

�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

�
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×

�
1 1 λ0

0 0 0

��
1 1 λ0

0 1 −1

��
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
l lg l0

0 0 0

��
l lg l0

−m0 −me mg m0 þme −mg

�

×
�
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

��
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 1 −m2 − 1

��
lg l00 λ

μ −1 1− μ

�

×

�
λ00 l l0

m0 þm1 m2 þ 1 −m0 −m1 −m2 − 1

�

þ 4ð−1Þm0þm1þmeδ2;−m0−m1−m2þ1δ1−μ;−η−m1
δ−m0;me−mg

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

�

×

�
1 1 λ0

−1 0 1

��
1 1 λ0

0 0 0

��
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

��
l0 l1 λ00

0 0 0

�

×

�
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 −1 1−m2

��
le lg l0

0 0 0

�

×

�
le lg l0

−me mg me −mg

��
lg l00 λ

μ −1 1− μ

��
λ00 l l0

m0 þm1 m2 − 1 −m0 −m1 −m2 þ 1

�

þ 4ð−1Þm0þm1þmeδ2;−m0−m1−m2þ1δ−μ;−η−m1
δ−m0−1;me−mg

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

�

×

�
1 1 λ0

−1 0 1

��
1 1 λ0

0 0 0

��
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l0 l1 λ00

0 0 0

�

×

�
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 −1 1−m2

��
le lg l0

0 0 0

�

×
�

le lg l0

−me mg me −mg

��
lg l00 λ

μ 0 −μ

��
λ00 l l0

m0 þm1 m2 − 1 −m0 −m1 −m2 þ 1

�

þ 4ð−1Þm0þm1þmeδ0;−m0−m1−m2
δ1−μ;−η−m1

δ1−m0;me−mg

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

�

×

�
1 1 λ0

−1 1 0

��
1 1 λ0

0 0 0

��
1 1 l0

0 0 0

�
2
�
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

�

×

�
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 0 −m2

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

�

×

�
lg l00 λ

μ −1 1− μ

��
λ00 l l0

m0 þm1 m2 −m0 −m1 −m2

�

þ 4ð−1Þm0þm1þmeδ0;−m0−m1−m2
δ−μ−1;−η−m1

δ−m0−1;me−mg

�
1 1 l

−1 0 1

��
1 1 l

0 0 0

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

�

×

�
1 1 λ0

−1 1 0

��
1 1 λ0

0 0 0

��
1 1 l0

0 0 0

�
2
�

l l0 l0

−1 −m0 m0 þ 1

��
l l0 l0

0 0 0

��
l0 l1 λ00

0 0 0

��
l0 l1 λ00

m0 m1 −m0 −m1

�

×

�
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 0 −m2

��
le lg l0

0 0 0

��
le lg l0

−me mg me −mg

�

×

�
lg l00 λ

μ 1 −μ− 1

��
λ00 l l0

m0 þm1 m2 −m0 −m1 −m2

�
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− 4ð−1Þm0þm1þmeδ−2;−m0−m1−m2−1δ−μ;−η−m1
δ1−m0;me−mg

�
1 1 l

0 0 0

��
1 1 l

0 1 −1

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

�

×

�
1 1 λ0

0 0 0

��
1 1 λ0

0 1 −1

��
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
l l0 l0

0 0 0

��
l l0 l0

1 −m0 m0 − 1

��
l0 l1 λ00

0 0 0

�

×

�
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 1 −m2 − 1

��
le lg l0

0 0 0

�

×

�
le lg l0

−me mg me −mg

��
lg l00 λ

μ 0 −μ

��
λ00 l l0

m0 þm1 m2 þ 1 −m0 −m1 −m2 − 1

�

þ 4ð−1Þm0þm1þmeδ−2;−m0−m1−m2−1δ−μ−1;−η−m1
δ−m0;me−mg

�
1 1 l

−1 1 0

��
1 1 l

0 0 0

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

�

×

�
1 1 λ0

0 0 0

��
1 1 λ0

0 1 −1

��
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
l l0 l0

0 0 0

��
l l0 l0

0 −m0 m0

��
l0 l1 λ00

0 0 0

�

×

�
l0 l1 λ00

m0 m1 −m0 −m1

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
l2 λ0 l

0 0 0

��
l2 λ0 l

m2 1 −m2 − 1

��
le lg l0

0 0 0

�

×

�
le lg l0

−me mg me −mg

��
lg l00 λ

μ 1 −μ− 1

��
λ00 l l0

m0 þm1 m2 þ 1 −m0 −m1 −m2 − 1

�

þ 2ð−1Þm1δ2;m0þme−mg
δ−μ;−η−m1

δm0;−m1−m2þ2

�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

�

×

�
1 1 l

−1 −1 2

��
1 1 l

0 0 0

��
1 l0 λ0

0 0 0

��
1 l0 λ0

1 m0 −m0 − 1

��
1 λ0 l0

−1 m0 þ 1 −m0

��
1 λ0 l0

0 0 0

��
l lg l0

0 0 0

�

×
�

l lg l0

−m0 −me mg m0 þme −mg

��
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l1 l2 λ00

0 0 0

�

×

�
l1 l2 λ00

m1 m2 −m1 −m2

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
lg l00 λ

μ 0 −μ

��
λ00 l l0

m1 þm2 −2 −m1 −m2 þ 2

�

þ 2ð−1Þm1δ2;m0þme−mg
δ−μ−1;−η−m1

δm0−1;−m1−m2þ2

�
1 1 l0

0 0 0

��
1 1 l0

1 1 −2

��
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

�

×
�

1 1 l

−1 −1 2

��
1 1 l

0 0 0

��
1 l0 λ0

0 0 0

��
1 l0 λ0

0 m0 −m0

��
1 λ0 l0

−1 m0 1−m0

��
1 λ0 l0

0 0 0

��
l lg l0

0 0 0

�

×

�
l lg l0

−m0 −me mg m0 þme −mg

��
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l1 l2 λ00

0 0 0

�

×

�
l1 l2 λ00

m1 m2 −m1 −m2

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
lg l00 λ

μ 1 −μ− 1

��
λ00 l l0

m1 þm2 −2 −m1 −m2 þ 2

�

þ 2ð−1Þm1δ0;m0þme−mg
δ1−μ;−η−m1

δm0þ1;−m1−m2

�
1 1 l0

0 0 0

�
2
�

1 1 l00

−1 0 1

��
1 1 l00

0 0 0

��
1 1 l

0 0 0

�
2
�
1 l0 λ0

0 0 0

�

×

�
1 l0 λ0

1 m0 −m0 − 1

��
1 λ0 l0

0 0 0

��
1 λ0 l0

0 m0 þ 1 −m0 − 1

��
l lg l0

0 0 0

��
l lg l0

−m0 −me mg m0 þme −mg

�

×

�
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l1 l2 λ00

0 0 0

��
l1 l2 λ00

m1 m2 −m1 −m2

��
l1 le λ

0 0 0

�

×

�
l1 le λ

−m1 −η ηþm1

��
lg l00 λ

μ −1 1− μ

��
λ00 l l0

m1 þm2 0 −m1 −m2

�
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þ 2ð−1Þm1δ0;m0þme−mg
δ−μ−1;−η−m1

δm0−1;−m1−m2

�
1 1 l0

0 0 0

�
2
�
1 1 l00

0 0 0

��
1 1 l00

0 1 −1

��
1 1 l

0 0 0

�
2

×

�
1 l0 λ0

−1 m0 1−m0

��
1 l0 λ0

0 0 0

��
1 λ0 l0

0 0 0

��
1 λ0 l0

0 m0 − 1 1−m0

��
l lg l0

0 0 0

�

×

�
l lg l0

−m0 −me mg m0 þme −mg

��
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l1 l2 λ00

0 0 0

�

×

�
l1 l2 λ00

m1 m2 −m1 −m2

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
lg l00 λ

μ 1 −μ− 1

��
λ00 l l0

m1 þm2 0 −m1 −m2

�

− 2ð−1Þm1δ−2;m0þme−mg
δ1−μ;−η−m1

δm0þ1;−m1−m2−2

�
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
1 1 l00

−1 0 1

��
1 1 l00

0 0 0

�

×

�
1 1 l

0 0 0

��
1 1 l

1 1 −2

��
1 l0 λ0

0 0 0

��
1 l0 λ0

0 m0 −m0

��
1 λ0 l0

0 0 0

��
1 λ0 l0

1 m0 −m0 − 1

��
l lg l0

0 0 0

�

×

�
l lg l0

−m0 −me mg m0 þme −mg

��
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l1 l2 λ00

0 0 0

�

×

�
l1 l2 λ00

m1 m2 −m1 −m2

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
lg l00 λ

μ −1 1− μ

��
λ00 l l0

m1 þm2 2 −m1 −m2 − 2

�

− 2ð−1Þm1δ−2;m0þme−mg
δ−μ;−η−m1

δm0;−m1−m2−2

�
1 1 l0

−1 −1 2

��
1 1 l0

0 0 0

��
1 1 l00

−1 1 0

��
1 1 l00

0 0 0

��
1 1 l

0 0 0

�

×

�
1 1 l

1 1 −2

��
1 l0 λ0

−1 m0 1−m0

��
1 l0 λ0

0 0 0

��
1 λ0 l0

0 0 0

��
1 λ0 l0

1 m0 − 1 −m0

��
l lg l0

0 0 0

�

×
�

l lg l0

−m0 −me mg m0 þme −mg

��
l0 le l

0 0 0

��
l0 le l

−m0 −me m0 þme

��
l1 l2 λ00

0 0 0

�

×

�
l1 l2 λ00

m1 m2 −m1 −m2

��
l1 le λ

0 0 0

��
l1 le λ

−m1 −η ηþm1

��
lg l00 λ

μ 0 −μ

��
λ00 l l0

m1 þm2 2 −m1 −m2 − 2

�	
:

ðB62Þ

Now, particularizing to the case where lg ¼ mg ¼ 0, le ¼ 2, and me ¼ 0, we obtain the following expressions

MAB
1 ¼ λ2

82320π2
D2�

0;0ðψ ; ϑ;φÞ
Z

∞

0

djkj
Z

∞

0

djx1j
Z

∞

0

djx2jjkj5Qðjkj;ΩÞjx1j4jx2j4R10ðjx1jÞR10ðjx2jÞR32ðjx1jÞR32ðjx2jÞ

× ½10j2ðjkjLÞð98j0ðjkjjx2jÞj2ðjkjjx1jÞ þ j2ðjkjjx2jÞð98j0ðjkjx1jÞ − 215j2ðjkjjx1jÞÞÞ
þ 49j0ðjkjLÞð14j0ðjkjjx1jÞj0ðjkjjx2jÞ þ 55j2ðjkjjx1jÞj2ðjkjjx2jÞÞ�; ðB63Þ

MAB
2 ¼ −

λ2

123480π2
D2�

0;0ðψ ;ϑ;φÞ
Z

∞

0

djkj
Z

∞

0

djx1j
Z

∞

0

djx2jjkj5Qðjkj;ΩÞjx1j4jx2j4R10ðjx1jÞR10ðjx2jÞR32ðjx1jÞR32ðjx2jÞ

× ½7j0ðjkjLÞð98j0ðjkjjx1jÞðj0ðjkjjx2jÞ − 2j2ðjkjjx2jÞÞ þ j2ðjkjjx1Þð635j2ðjkjjx2jÞ − 196j0ðjkjjx2ÞÞ
þ 2j2ðjkjLÞð25j2ðjkjjx1jÞð35j0ðjkjjx2Þ − 124j2ðjkjjx2ÞÞ þ j0ðjkjjx1jÞð875j2ðjkjjx2j − 343j0ðjkjjx1jÞÞÞ�; ðB64Þ

MAB
3 ¼ −

λ2

224π2
D2�

0;0ðψ ; ϑ;φÞ
Z

∞

0

djkj
Z

∞

0

djx1j
Z

∞

0

djx2jjkj5Qðjkj;ΩÞjx1j4jx2j4R10ðjx1jÞR10ðjx2jÞR32ðjx1jÞR32ðjx2jÞ

× j2ðjkjjx1jÞj2ðjkjjx2jÞð7j0ðjkjLÞ − 10j2ðjkjLÞÞ; ðB65Þ

MAB
4 ¼ −

λ2

23520π2
D2�

0;0ðψ ; ϑ;φÞ
Z

∞

0

djkj
Z

∞

0

djx1j
Z

∞

0

djx2jjkj5Qðjkj;ΩÞjx1j4jx2j4R10ðjx1jÞR10ðjx2jÞR32ðjx1jÞR32ðjx2jÞ

× j2ðjkjjx1jÞð14j0ðjkjjx2jÞ − 55j2ðjkjjx2jÞÞð7j0ðjkjLÞ − 10j2ðjkjLÞÞ; ðB66Þ
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MAB
5 ¼ −

λ2

23520π2
D2�

0;0ðψ ; ϑ;φÞ
Z

∞

0

djkj
Z

∞

0

djx1j
Z

∞

0

djx2jjkj5Qðjkj;ΩÞjx1j4jx2j4R10ðjx1jÞR10ðjx2jÞR32ðjx1jÞR32ðjx2jÞ

× j2ðjkjjx2jÞð14j0ðjkjjx1jÞ − 55j2ðjkjjx1jÞÞð7j0ðjkjLÞ − 10j2ðjkjLÞÞ; ðB67Þ

MAB
6 ¼ λ2

2469600π2
D2�

0;0ðψ ; ϑ;φÞ
Z

∞

0

djkj
Z

∞

0

djx1j
Z

∞

0

djx2jjkj5Qðjkj;ΩÞjx1j4jx2j4R10ðjx1jÞR10ðjx2jÞR32ðjx1jÞR32ðjx2jÞ

× ð7j0ðjkjLÞ − 10j2ðjkjLÞÞð14j0ðjkjjx1jÞ − 55j2ðjkjjx1jÞÞð14j0ðjkjjx2jÞ − 55j2ðjkjjx2ÞÞ: ðB68Þ

Using Eq. (B43), the first summand of the nonlocal term, after performing the solid angle integration, becomes

MAB ¼ λ2

102900π2
D2�

0;0ðψ ;ϑ;φÞ
Z

∞

0

djkj
Z

∞

0

djx1j
Z

∞

0

djx2jjkj5Qðjkj;ΩÞjx1j4jx2j4R10ðjx1jÞR10ðjx2jÞR32ðjx1jÞR32ðjx2jÞ

× ð7j0ðjkjLÞ þ 10j2ðjkjLÞÞð7j0ðjkjjx1jÞ þ 10j2ðjkjx1jÞÞð7j0ðjkjjx1jÞ þ 10j2ðjkjjx2jÞÞ: ðB69Þ

Finally, after substituting the definitions of the Wigner functionD2�
0;0, and the radial wave functions R10ðjxjÞ and R32ðjxjÞ,

it is possible to then perform the integrations over jx1j and jx2j to obtain

MAB ¼ −
53747712λ2σ4

1715π2
ð1þ 3 cosð2ϑÞÞ

Z
djkjjkj5Qðjkj;ΩÞð7j0ðjkjLÞ þ 10j2ðjkjLÞÞ

ð1792þ 2016jkj2σ2 − 729jkj4σ4Þ2
ð16þ 9jkj2σ2Þ12 :

ðB70Þ

In order to compute the second summand of the nonlocal term, we first perform a relabeling of the indices A ↔ B.
Naively, one might assume this is all that is necessary to compute the second summand. However, since we have written the
angular wave functions of detector B with respect to the reference frame of detector A, we need to perform the following
substitutions for the Euler angles

ψB→A ¼ −φA→B; ϑB→A ¼ −ϑA→B; φB→A ¼ −ψA→B: ðB71Þ

Considering the expression in Eq. (B70), we can then computeMBA by changing ϑ → −ϑ. Thus, the complete nonlocal
term is given by

M ¼ −
107495424λ2σ4

1715π2
ð1þ 3 cosð2ϑÞÞ

Z
djkjjkj5Qðjkj;ΩÞð7j0ðjkjLÞ þ 10j2ðjkjLÞÞ

ð1792þ 2016jkj2σ2 − 729jkj4σ4Þ2
ð16þ 9jkj2σ2Þ12 :

ðB72Þ

Finally, the Qðjkj;ΩÞ term given in Eq. (36) can be evaluated to a closed-form result given by

Qðjkj;ΩÞ ¼ T2

2
e−T

2ðjkj2þΩ2Þð1 − erfðijkjTÞÞ: ðB73Þ

Thus, we obtain the final expression for MG as

MG ¼ −
53747712λ2T2σ4

1715π2
ð1þ 3 cosð2ϑÞÞ

Z
djkjjkj5eT2ðjkj2þΩ2Þð7j0ðjkjLÞ þ 10j2ðjkjLÞÞð1 − erfðijkjTÞ

×
ð1792þ 2016jkj2σ2 − 729jkj4σ4Þ2

ð16þ 9jkj2σ2Þ12 : ðB74Þ
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