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We study the separability of the Dirac equation in the background of four dimensional charged rotating
asymptotically flat black hole solution of supergravity and the low energy string theory known as STU
black hole. In particular, we analyze in detail the separability conditions in the pairwise equal charge STU
black hole space-time [M. Cveti¢ and D. Youm, Phys. Rev. D 54,2612 (1996).]. While in the latter case the
minimally coupled Dirac equation is not separable, the introduction of a specific torsion term ensures the
separability. The source of the torsion is the Kalb-Ramond field, which is an integral part of string theory,
but further aspects of its properties and coupling to fermionic fields remain to be studied. To derive the
torsion, two different approaches are used in conformally related frames, showing that the torsion is not
unique. The correspondingly modified Dirac equations in the Einstein and string frames are shown to be
separable. Furthermore, the massless radial and angular wave equations are examined; they show close
similarity with corresponding equations for the standard Kerr background. A generalization of the
Teukolsky equation for the pairwise equal case is conjectured. We also briefly analyze a technically

sophisticated radial equation in the massive case.
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I. INTRODUCTION

Recent progress in the gravitational waves detection
[1,2] stimulated considerable interest in studies of various
aspects of gravitational theories [3,4]. The very important
issue is related to consistency of theoretical gravitational
models with modern observational tests [2,5]. Some of
those issues have a rather long history, in particular, studies
of quantum fields in general relativity settings. Those
studies are important from the point of view of stability
of the black hole space-times [6], caused by different types
of perturbations, including gravitational ones.

The gravitational theories considered to be alternatives to
the standard general relativity should satisfy a number of
important conditions. First of all, those theories should
allow a well-posed initial value formulation. The second,
stress-energy tensors for matter fields should satisfy
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sensible energy conditions. The third, stability require-
ments should be imposed on black hole solutions. Finally,
any time-dependent field in the corresponding gravita-
tional background should show causal propagation.
Additional requirements may also be imposed for a
particular study.

It is known that within string theory, as a preeminent
candidate for consistent theory of quantum gravity, at
least the first two mentioned requirements are satisfied.
Moreover, the black hole solutions of string theory provide
an important testing ground to study the mesoscopic and
microscopic properties of black holes in a consistent theory
of quantum gravity. In particular, the so-called STU black
holes of the effective toroidally compactified string theory
play an important role in this program due to the explicit
form of the space-time metric and other field sources. The
general STU black holes are specified by the mass, angular
momentum, four electric, and magnetic charges and they
were only relatively recently obtained [7-9] by employing
a solution generation technique.' On the other hand, in this
paper we shall focus on the explicit four charges examples
of STU black holes [12—-16] and provide detailed technical
results for the pairwise equal charges case. We should note

'Its BPS limit was obtained in [10,11].
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that further specialization of the Cveti¢-Youm dyonic black
hole is the Kerr-Sen solution [17,18] where two of the four
charges are set to zero. The Kerr-Sen solution spurred
serious interest to black holes in the framework of string
theory, particularly in supergravity [7-9,12-16,19-22].

Even though the STU black hole is not treated as a
physically motivated alternative to the Kerr solution, it can
rather be considered as a useful mutiparametric generali-
zation of the latter one, obtained within the well-defined
theory. The other advantages of STU models are the facts
that being Lagrangian theories they in principle allow well-
defined initial value formulation and matter sectors of those
models satisfy the strong, weak, and dominant energy
conditions of general relativity.

STU black holes became important models for inves-
tigation of implications of supergravity and in general string
theory in the gravitational sector, particularly on mesoscopic
properties of black holes. On the other hand, due to the rich
matter sector of STU models, the issue of considerable
importance is the study of material fields on STU black holes
backgrounds. Being multiparametric deformations of the
standard Kerr solution, STU black holes allow one to obtain
more general features of classical and quantum fields on
generalized rotating black hole backgrounds, subject to
consistency conditions and thus representing an important
testing ground beyond the Kerr space-time.

To the best of our knowledge, only scalar fields and, in
particular, a minimally coupled probe scalar field on
rotating STU black hole space-times, have been studied
extensively so far. One of the most important issues in
studies of any type of fields is a separability of correspond-
ing field equations [23,24] for suitably chosen coordinates.
The separability is not just a mere technical issue making
corresponding equations tractable, but it is directly related
to the existence of Killing and Killing-Yano tensors, which
reflect symmetry properties of the background geometry
and are related to conserved charges and the quantum case.
Moreover they are crucial for a general notion of integra-
bility of various field equations [25-27].

Symmetry properties were also studied in the context of
establishing relations with conformal field theory (CFT),
particularly near horizon geometry of the rotating STU
black holes examined [23,24]. Studies of quantum fields in
the near horizon limit not only revealed “hidden conformal
symmetry” [23,24,28] but also deepened the understanding
of the space-time geometry and its thermodynamic proper-
ties [28-30]. Conformal symmetry played an important role
for studying stability [31], Love numbers [32], even though
stability was considered in a more general setup [33,34].
Several other issues, for instance vacuum polarization on
STU black hole backgrounds, were also studied [35-37].

In contrast to the scalar sector in STU supergravity, the
fermionic one is much less studied. The fermionic sector is
also important to understand how fermions can be coupled
to the fields in the bosonic sector. In this work our purpose

is much more modest; namely, we are to examine the
Dirac equation on the rotating STU black hole background
[12,16] which is characterized by its mass, angular
momentum, and four independent charges, but for technical
reasons we study the case when the charges are equal in
pairs (pairwise equal charges geometry).

It should be emphasized that nonetheless the fact that the
STU solutions are known for more than 20 years, the
fermionic and other higher spin field equations were hardly
studied for the STU black hole backgrounds. As far as we
know only the Dirac equation in the Kerr-Sen space-time
with equal electric charges was considered [38] together
with a related concept of the torsional Killing-Yano
tensor; the symmetries of the Dirac operator were studied
in an accompanying paper [39]. We point out that similar
concepts for the five-dimensional string theory inspired
models appeared a little bit earlier [40,41] and torsional
generalization of the Killling-Yano tensor was pro-
posed [42].

The Dirac equation on the Kerr-Sen space-time was
shown to have additional coupling to the scalar sector of the
STU model, since the torsion term which was taken into
account to provide separability was associated with the
Kalb-Ramond field or using “dual” description to the axion
field [39] and the latter ones are an essential part of string
theory. We also point out that for the five-dimensional case
the torsion was shown to be related to Chern-Simons terms
[40,41], but it can also be associated with the Kalb-Ramond
field. Being an integral part of string theory, the Kalb-
Ramond field gives natural contribution to the Dirac
equation and this coupling should be a characteristic feature
for certain fermionic fields in string theory. In order to have
a more comprehensive picture of this coupling, its peculiar
features of the fermionic sector of the corresponding
supergravity models should be studied. But one of the
most important consequences caused by this additional
coupling which can already be claimed is, namely, the
torsion gives rise to the generalized Killing-Yano tensors
and it modifies symmetry properties of the Dirac equa-
tion [27,39].

We consider the Dirac equation on the rotating STU
black hole background for the so-called pairwise equal
charges case, when the electric and magnetic charges are set
equal in pairs. Due to lack of studies in this vein, it can be
considered as a further step in examination of fermionic
fields on STU solutions backgrounds in comparison with
the paper [38], where a particular case of the Kerr-Sen
solution was studied. At the same time deriving more
general results than in [38] the current work gives a more
general and more detailed view of the transformational
properties of the Dirac equation and corresponding
wave functions due to transformation of the frames we
work with.

This paper is organized as follows. In the next section
we give a sketchy analysis of the black hole metric in the
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Einstein frame. In Sec. III the massive Dirac equation in the
Einstein frame is considered, namely, after a modification its
separability is demonstrated. The Dirac equation in the
string frame is examined in Sec. IV, and some peculiarities
related to the frame transformation are also discussed. In
Sec. V we study the equations for the radial and angular
components of the Dirac wave function in the massless case.
In Sec. VIabrief analysis of the radial wave equations for the
massive case is given. Finally, the last section contains some
conclusions and a discussion of obtained results. There are
also two appendixes which clarify some technical areas for
the current study and also some conceptual issues.

II. THE FOUR-DIMENSIONAL ROTATING STU
BLACK HOLE IN THE EINSTEIN FRAME

Four-dimensional STU supergravity can be derived
in the heterotic formulation, namely ten-dimensional
|

3

supergravity is toroidally reduced on T® with appropriate
truncations. It allows one to derive four-dimensional
N =2 supergravity which is coupled to three vector
multiplets. The other approach which gives rise to the
four-dimensional STU supergravity is based on reduction
of eleven-dimensional supergravity on S’ together with
appropriate truncation from A" =8 to N = 2 supersym-
metry and turning off the gauge coupling constant. We
point out that within classical supergravity, STU solutions
have SL(2,R)*> symmetry and any of those SL(2,R)
corresponds to a duality, namely dilaton-axion, complex
Kahler form, and complex structure field. The SL(2,R)?
might be broken down to SL(2,Z)3 by quantum correc-
tions or quantization of charges.

The bosonic sector of the N = 2 supergravity coupled to
three vector multiplets in the four-dimensional case can be
cast in the form [8,9,16]

1 1
£4 =R=x1 _EZ (*d¢1 A d¢j+e24’j *d)(J A d){/) —Ee_'/’l (euz—m * Fy A F

J=1

+€{/’2+¢3*F2/\F2+€(/)3_”2*-7:1/\]:1+€_(/’2_(/’3*]:2/\~7'—2) —0(F1 AFi+Fy ANFy), (1)

where R is the scalar curvature, ¢; and y; denote dilaton
and axion fields, respectively, and the F; and F;, i = 1, 2
are the gauge field strengths defined in terms of potentials,
namely they can be written as follows:

Fy=dA| = jdAy; (2)

Fy = dA; + jpd Ay — y3dA, + xox3d Ay (3)
Fi=dA; + y3dAy; (4)
Fr=dA,. (5)

We point out that other forms of the model, its symmetries,
and dualities are given in [9]. It is known that the four-
dimensional Lagrangian (1) can be obtained via reduction
of a six-dimensional supergravity Lagrangian which in-
cludes the Ricci scalar, dilaton, and Kalb-Ramond fields;
more details about the reduction and relations to other
approaches can be found in [9,16,43,44].

The model defined by the Lagrangian (1) allowed one to
construct a rotating black hole solution with two electric
and two magnetic charges [12,13,16]. Recently its gener-
alization was also used to derive a more general solution

|

with eight U(1) charges (four electric and four magnetic
charges) [8,9]. To derive the solution with multiple charges
the Kerr space-time is used as a seed solution; therefore, the
obtained space-time can be treated as a natural generali-
zation of the Kerr one, as well as the generalization of the
earlier derived Kerr-Sen solution where only electric
charges are taken into account [17,18].

The rotating black hole space-time with four indepen-
dent U(1) charges [12] can be written as a 4D fibration over
3D base space [16,24] and in the Einstein frame it takes the
form

4__A-l)2 2 Al2 dr? 2 X oo
ds*=—=A,""G(dt+A)*+A) " | —+do* +—sin“0de* |,

X G
(6)
where
X =r?=2mr+ a?, (7)
G = r* = 2mr + a* cos* 0, (8)

2ma sin? 0

A==" (I, = I,)r + 2mIl)dp,  (9)
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3 3
— H (r + 2msinh? 5;) + 2a” cos? 9<r2 + mr Z sinh? &,

1=0 1=0
+4m?(I1, — )T, = 2m? "~ sinh? & sinh? 5, sinh? 5,(> + a* cos*6), (10)
I<J<K
I
where the following abbreviations are used: Us? — i+ l A aA 6in20 do 2
1/2 G 0

3 3
= [J cosh 5. =[[sinh 5. (11)
1=0 1=0

and here §;, I =0, 1, 2, 3 denote the U(1) charges.
We note, that explicit relations for all of the bosonic sector
fields of the model (1) are given in [16]. The asymptotic
charges of the black hole can be parametrized as
follows:

1 3
G M = Zchosh 26;,  GuJ = ma(Il, —TI,),

1=0

1
G,0; = 2 sinh 26, 1=0,1,2,3, (12)

and here G4 is a four-dimensional gravitational constant.

In the following we consider a particular case of the
metric (6), namely when 6, = 6, and §; = 5 that is the
so-called pairwise equal charges case; the general solution
will be examined elsewhere. For this particular case, the
factor A, can be reduced to a considerably simpler form,
namely:

Ay = ((r + 2msinh?6,)(r + 2msinh?5,) + a* cos® ).
(13)

If all of the charges are set equal to each other, the metric
(6) and the factor A, reduces to the dyonic solution with
equal electric and magnetic charges, and if all the charges
are set to zero the metric turns to be the Kerr one.

The Boyer-Lindquist form of the metric for the Kerr
black hole is very convenient for various applications; in
particular, it makes the separation of variables for wave
equations more transparent and easier to handle. We also
note that for the minimally coupled scalar field [24] a
particularly chosen frame for the metric (6) is not impor-
tant, since it is sensitive to the metric only, but not to the
frame; a similar conclusion is valid also for the Hamilton-
Jacobi equation. The given form of the metric (6) is not
the Boyer-Lindquist one, but after simple transformations
it can be rewritten in the desirable form; namely, we
obtain

+Ay? (d + d92>
sm26' 1/2 - 2
+— NG adt —5( X—aA)dy | (14)

where A = 2ma((I1, — I;)r + 2mIl,)sin®0. For the
particular case when the charges are equal in pairs, the
Boyer-Lindquist form (14) can be considerably simplified;
namely we obtain

X dr?
2_ 2 1/2 2
ds*= —A(l)/z (dt—asin®dg)? + A, <X +do )

sin?@ 2
+— AI/Z ( dt— ((r+2ms%)(r+2ms%)+a2)d(p) ,

(15)

where s; = sinh¢;, i = 1, 2 for simplicity. It should be
noted that here only the factor A, depends on both » and 8
while in the initial form (6) even for this particular case, two
functions, namely G and A, depend on both arguments
r and 6. It is easy to check that if 6; =, =0 the
metric (15) reduces exactly to the Boyer-Lindquist form
of the Kerr metric. As it was noted above, in the following
we will examine only the pairwise equal charges case (15),
leaving the general case for further studies.

Having the metric for this case rewritten in the Boyer-
Lindquist form (15), it is easy to extract the corresponding
tetrad which will be used in the following calculations:

% Al
e = % (dt — asin® 0dg), el ==% 4r,
Ay VX
1 4 sin @
e’ = / de, e = NG (adt — F(r)dg), (16)
0
where F(r) = (r + 2ms?)(r + 2ms3) + a>. We point out

that upper indices in the left-hand sides of the relations (16)
enumerate the frame fields. Obviously the Boyer-Lindquist
tetrad (16) is Lorentzian. It should be noted that the Boyer-
Lindquist tetrad can be written for the general metric
represented in the suitable form (14).
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The pairwise equal black hole space-time can be also
derived as a solution of field equations for a truncated
version of the Lagrangian (1) which in Einstein frame takes
the form [16]

1 1 1
ﬁzR*l—E*d(i)/\d(/’)—iem*dx/\dx—ie—’f”

1
X(*Fl/\Fl‘l'*FZ/\FZ)_E)((Fl/\F1+F2/\F2)’

(17)

where for simplicity we denoted ¢p = ¢; and y = y; and the
other dilaton and axion fields are set equal to zero. We also
note that the latter condition gives rise to the relation for
gauge fields F; = F;, i = 1, 2 since corresponding charges
become equal in this limit. We also note that the truncation
giving rise to the Lagrangian (17) is consistent [16].

Using a Legendre transformation for the axion field y, or
equivalently a dualization procedure, one can rewrite the
Lagrangian (17) in the form where instead of the axion
field the Kalb-Ramond field appears. The latter form of
the Lagrangian, as we will see in the Sec. IV, is more
convenient for separation of variables in the Dirac equation.
Details of the transformation of the axion field are given in
Appendix B.

III. THE DIRAC EQUATION IN THE EINSTEIN
FRAME

In a curved space-time the massive Dirac equation for a
neutral particle takes the form

?ﬂ(au +rﬂ)qj+/'¢elp:07 (18)

where 7# are space-time gamma matrices, I', denotes
space-time components of the spinor-connection one-form,
and u, is the fermion mass. Space-time gamma matrices #
can be decomposed in terms of more convenient Lorentzian
gamma matrices 74 as follows:

7= et (19)

where ¢, are components of an inverse tetrad. The gamma
matrices 7* satisfy the standard anticommutation relation:

P =0 A =2 (20)

and here 72 is the inverse of the Lorentzian metric 7,p.
Here the Lorentzian metric is chosen to take a mostly
plus signature, namely 7,5 = diag(—1,+1,+1,+1). The
Lorentzian gamma matrices are chosen as follows [45]:

>

=)

I
7N
~ O
O ~
N—

>

|

l ,
&, 0
0 & 0 52)
92 — , 93 — , 21
! (—&1 0) d (—62 0 @)

where 7 is the 2 x 2 identity matrix and o;, i = 1, 2, 3 are
the Pauli matrices. The spinor connection I" is defined in the
following form:

| 1,

I'= g[ A, 7P |wap = ZVA}’BG)AB (22)
and here w,p are components of a spin-connection one-
form. The latter ones satisfy the torsion-free Cartan
equation:

de* + 'y N eB =0, (23)

where e = e;dx* is the tetrad (frame field) for our metric.
Having the relation (22), it is easy to write the space-time
components of the spinor connection, namely,

Loas
Fﬂ = ZVAYB(‘)AB#- (24)

Using the relations (A1)-(A6) for the spin-connection one-
forms given in the Appendix A one can obtain the explicit
expression for the contracted product 7T,

A 1 14 5\ s 1 1/4 . N
7 — (A X) ! _—(A 9) 2
U 2A(1)/2< o V)P sing \"0 1Y) 7

aF' o avX O
+ g sin 07399 — NG cos 9;/37/07/2). (25)
0 0

As we have noted above, the standard Dirac equation in
the Kerr-Sen space-time was not separable [38]; nonsepar-
ability was also confirmed for the five-dimensional Dirac
equation for another supergravity background [40]. To cure
the difficulty a specific term dubbed as the torsion, due to
its complete antisymmetry, was introduced [38,42]. We
point out that the source of the torsion is the Kalb-Ramond
field which is an essential part of string theory, and more
persuasive confirmation of this fact will be given in the
following section. Therefore the torsion form reflects
additional coupling between the Dirac and Kalb-Ramond
or axion fields. To have more comprehensive understanding
of this coupling, especially in different frames, a thorough
study of the fermionic sector is needed, but it goes far
beyond the main scope of this work.

On the other hand, separability of the Dirac equation in a
curved space-time is naturally related to the existence of a
Killing-Yano tensor and its conformal cousin [25,27,46]. It
was shown that for string theory backgrounds the standard
Killing-Yano tensor (KYT) or conformal Killing-Yano

085020-5



M. CVETIC and M. M. STETSKO

PHYS. REV. D 108, 085020 (2023)

tensor (CKYT) should be replaced by the generalized
Killing-Yano tensor (GKYT) or generalized conformal
Killing-Yano tensor (GCKYT) respectively [38,42].
GCKYT can be written in terms of standard tensor
notations or more concise differential forms notations,
what makes its definition more transparent. Namely, for
the generalized conformal Killing-Yano k-form @ in an
n-dimensional space-time we write:

1
Viw -
x@ k

XA 8Tw =0,
+1

n—k+1

where X is a vector field, defined on the space-time
manifold (or more precisely on a tangent bundle over
the space-time manifold), ix is the interior product, X"
denotes a one-form constructed via the canonical (“musi-
cal”) isomorphism for the field X, symbols V, d, and &
correspond to covariant, exterior derivatives and coderiva-
tive, respectively, and the superscript 7 denotes their
torsion modified counterparts which are defined as follows:

1
Viw = Vxo + EiXT/l\w; (27)
d'ow = dow — Tro; (28)
1
5w = déw— ! T Aw; (29)
2727

and in the right-hand sides of the upper relations T is the
torsion form and specific contracted wedge products are
used. The contracted wedge product is defined as follows:

=g nn g =ixeg Aixe o (30)
Here we point out that vector fields X, form an ortho-
normal basis g(X,, X,) =#,, and there is a summation
over a in the contracted product (30).

Instead of differential form representation for the gen-
eralized Killing-Yano form, the standard tensor notations
can be used. In particular, since we are interested
in the Killling-Yano tensors of the rank two in the four-
dimensional space-time, the generalized conformal Killing-
Yano tensor k,, satisfies the following equation:

T T 2 T) 16
VL )klk = V[(ﬂ>k,1,<] +§g”[,1v‘(6‘)k K] (31)

where V/ST) is the torsion-modified covariant derivative
which acts on a tensor W, as follows:

1 1
vl(lT)W/lK = vyW/lk +5T lGWaK -5T

D) . 2 /uco—Wlln'

(32)

The bracket [] for subscript indices in (31) means anti-
symmetrization over the indices enclosed by the bracket.

Using the tetrad basis (16) we write the generalized
conformal Killing-Yano two-form @ and its Hodge dual,
namely, generalized Killing-Yano form f in the following
way:

Wy = \/(r+2ms%)(r+2ms%)eo A el +acosfe? A e

(33)

fo= —\/(r—kst%)(r—Fst%)e2 Ae*F+acosfe el
(34)

We point out here that for the particular cases when all the
charges are set equal (equal charges dyonic solution) or set
to zero (Kerr case), the generalized Killing-Yano forms (33)
and (34) are reduced to the ordinary Killing-Yano forms (or
tensors in tensor notations) satisfying the standard torsion-
less Killing-Yano equations.

We also note that for the torsionless forms, for instance
for the above-mentioned particular cases the conformal
Killing-Yano form @, is closed, namely dw, = 0 and the
Killing-Yano form f, is co-closed 6f. = 0O; therefore, it
simplifies the torsionless counterpart of Eq. (26). Since we
take into account the torsion to maintain the structure of the
Killing-Yano equation for a particularly chosen Killing-
Yano form, it is natural to assume that instead of the
closed and co-closed forms there is a T-closed form w_. and
T-co-closed form f respectively; namely, it means that
d"w, =0 and 8" f, = 0 correspondingly.

It can be shown that the form @, (33) is the generalized
conformal Killing-Yano form with respect to the torsion:

T, :%(”1 —|—r2:|:2)((r))

AY
X 0
X (sineeo/\e1 /\e3:|:@eo/\ez/\e3>,
x(r)
(35)

where for simplicity we denote r; = r + 2ms?,i = 1,2 and
x(r) = /ri7,. For the particular case when all the charges
are equal (6; = 9,), namely for the dyonic black hole with
equal electric and magnetic charges, as well as for the Kerr
case, the torsion 7'_ turns to be zero, whereas 7', does not.
Therefore, only the Killing-Yano tensors w_ and f_
correspond to the standard limit, and the tensors w,
and f, represent a “new” physical system. It was pointed
out in [38] that similar peculiarity takes place for the Kerr-
Sen solution.

If the torsion is taken into consideration the Dirac
operator D = 7#(d, +T,) should be replaced by the
following operator:
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D= D - - Tanc 747", (36)
24

where T 45 are the Lorentzian components of the torsion
form (35) and 7* are the Lorentzian gamma matrices (21).
The second term in (36) can be written in a space-time basis
as well. The operator D may be called the generalized Dirac

operator.
Having defined the generalized Dirac operator (36) we
write the generalized (modified) Dirac equation as follows:
|

g VX
(F(r)a, + aaq,) + }’l W
0

[AO 1
NV
A VX

1

DY + u,¥ = 0. (37)

Since the torsion contribution into the modified Dirac
operator (36) is just an algebraic term it means that the
modified Dirac equation (37) can be derived via a standard
variational procedure from the massive counterpart of the
modified Dirac action (A27) given in Appendix A.

Now we are able to write the explicit form for the
modified Dirac equation (36) in the Einstein frame (16):

1 1/4 . 1 . 1
+72 (a + (A smf)) ) —?3—<a sin 80, + —0 >
AV T oA A sing \° 0 NG ‘T sing %

a)((r) sinf + 9 A3A0A2 a\/_(rl +r )

~A3A041
TP
203

To obtain the separation of variables the Dirac spinor ¥ is
taken in the following form:

y = . (39)

Therefore equations for the components of the spinor ¥ can
be written as follows:

ivX .

NG (D +9:(n0))G1 + A(l)/4 (£-+f:(0)) G
+/’LeF1 =0 (40)
i [ ivVX (-

i (L 1:0)) G =5 (D +0:(r.0)) G
0 0
+ sy = 0; (41)
ivX

- (D0 (r0)F, ﬁ (2-+1i(n0)Fs
+41.Gy =0; (42)
- (B o)+ Af/: (D +4(r.0) )
+u.G, =0, (43)

where the following operators are introduced:

4y(r)Ay 3/4

1 1/4 !
+ = (A VX) )
2AAx Y
cos 0 + ;4624} ¥ =0. (38)
[
. 1
Dy =0, F L (F(r)o; + ao,), (44)
Be= 0y % ilasin 00, +——0a (45)
= 1|la sin —_— s
+ o F ' sine %

and the functions ¢.(r,0) and f.(r,0) are defined as
follows:

r—m ri+rn Fi(r0)= cotﬁiiasinﬁ

22X App 2 2ph

9+(r.0) =
(46)

Here p. = y(r) + ia cos 6 and the asterisk means complex
conjugation; it is obvious that A(l)/ 2= p+p’.. We point out
here that p, and p_ are complex conjugates to each other,
and consequently the same is true for the functions g..(r, )
and f,(r,0), but we emphasize that indices + for the
functions p and consequently for g and f are introduced to
distinguish the cases which correspond to two values of the
torsion 7'y (35). It should be noted that separability of the
radial r and angular over @ parts in the system (40)—(43) is
closely related to a specific relation for derivatives of the
functions ¢ and f, namely (g.) 4 = f',.

Further simplification of Egs. (40)—(43) can be achieved
if the Dirac spinor W is taken in the form

)T,
yo L | TR (47)
V/X+/sin@ (p2)"12G,
(p1)7'2G,
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Substituting the components of the Dirac spinor (47) into
the system (40)—(43) and after some transformations, we
can rewrite the upper system in the form

VXD_G,+ L_Gy — ippiFy = 0; (48)
2+Gl - VXD, G, - —ippiFy, =0, (49)
VXD Fy+ L_Fy+iup.Gy = 0; (50)
L.F,—VXD_Fy+ iu,p.G, = 0. (51)

The above system of equations can be represented in an
equivalent matrix form:

—iu.pl 0 vXD_ L. F
0 —ip.pL ﬁ+ _\/)_(f)+ F —0
VXD, L. ipps 0 G '

L. —VXD. 0 imps )\ &
(52)

Finally, to separate variables in the system of Eq. (52) we
extract an exponential factor which depends on ¢ and ¢ and
use a specific ansatz for the part which depends on r and 6;
namely we write

F Ry (r)S1(0)
{72 — pilortkg) R1(r)S»(0) (53)
Gy Ri(r)S1(0)
G, Ry (r)S»(0)

Having used the upper ansatz we decouple the system (52)
on two systems and achieve separation of variables.
Therefore, after some algebraic transformations we arrive
at the following decoupled systems of equations for radial
and angular parts:

< VXD_ —ip(r) —z> <R1(r)) _o. (4
iny(r) — \/)_(ﬁ+ Ra(r) ’

L, —A F peacost\ (Si(0)\
(/1 F ppa cos 2',_ ) (82(9)) -0

where A is the separation constant and

l%i =0, F (wF(r) + ka), (56)

X(r)

oo

k
=0y £ 0 57
" 9 <aa) sin @ + o 9) (57)

We analyze the systems (54) and (55) in more details in
Secs. V and VI, paying considerable attention to the
massless case.

IV. THE DIRAC EQUATION IN THE STRING
FRAME

Apart from the Einstein frame considered in the previous
sections there is another frame of almost equal importance,
namely the string frame. We do not discuss properties or
peculiarites of both of them, but we just point out that they
are conformally related, namely we write

d3? = etds* & g, = e’ g,,. (58)

where notations with and without a tilde correspond to the
string and the Einstein frames respectively. The conformal
factor e? takes the following form [16]:

(r +2ms?)? 4 a? cos* 0

¢ e
¢ (r +2ms?)(r + 2ms3) + acos*

(59)

Taking into account the relations (58), (59), and (16), we
obtain the Boyer-Lindquist tetrad in the string frame:

R
- RivX (ar-asin?ody), @' =—Ldr; &=Rido,
Ay VX
R 0
& :% (adt— ((r+2ms?)(r+2ms3) + az)d(p) ,
0

(60)
where R? = (r + 2ms?)? + a* cos? 6. Spin-connection one-
forms @4 for the string frame can be derived directly as above,

or the rescaling relation between the frames can be utilized.
Explicit expressions for the spin-connection one-forms and
relations for spin-connection components in conformally
related frames are given in Appendix A. Now we write the
explicit relation for the contracted product f/"f“ﬂ:

1/2 1/2 .

—_— AY* (R3VX i AY* (Risin@\ _,
Viw=5\ e A2 T R Ging A2 4
1 0 1 0 0

aF’ av'X
+———sin 0737 — cos 9;73}70}/2> 61

2R A)? RA)? (D)

The generalized conformal Killing-Yano tensor for the
Kerr-Sen background in the string frame was derived in a
different way [38], if the torsion was associated directly
with the Kalb-Ramond field or in the dual description with
the Hodge dual to the axion field. On the other hand, it was
proven that the generalized conformal Killing-Yano and
the torsion forms (or tensors) undergo a simple rescaling
if a conformal rescaling of the background metric is
performed [38,39]. Two ways to derive torsion and gen-
eralized conformal Killing-Yano forms for the Kerr-Sen
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background show that the resulting values are not con-
formally related to their counterparts obtained in a different
manner; therefore, we can conjecture that these two ways
give rise to different physical systems on the same back-
ground. Moreover in Appendix A we show that the
massless torsion-modified Dirac action is conformally
invariant if a proper rescaling of spinors is performed; this
fact generalizes the well-known statement about the con-
formal invariance of the stanadard massless Dirac action.
The straightforward consequence of this statement is the
conclusion about the conformal invariance of the general-
ized Dirac equation. This fact can be considered as an
additional confirmation of our conjecture that we actually
deal with two different Dirac fields, even though they look
very similar.

Now we can consider the generalized Killing-Yano
tensors in the string frame and show that they satisfy the
equation completely identical to (26), but with correspond-
ingly redefined covariant derivative V @ and coderivative
o@ consistent with the rescaled metric. The generalized
conformal Killing-Yano tensor @ (GCKYT) and the gen-
eralized Killing-Yano tensor f (GKYT) in the string frame
take the form as follows:

@ = (r+2ms})e® Ae' tacos 08 A& (62)

fo=—(r+2ms))e* A& tacos 0° A&,  (63)

Similarly as in the Einstein frame the forms @, and f, are
supposed to be T-closed and 7-coclosed respectively with a
new torsion form 7'. The latter restraints allow us to obtain

VX

{AO 1
7
R\VX

(Fo, +ad,) + 7' <R—1 0, +

an explicit expression for the torsion form in the string
frame; namely we write

- asin@ ( F' 2(r+2ms
Ty= R 172 R2
1 A, 1
2a+/X cos 6 < 1 1
A

4+ —
Ry o R

1)
! )éo/\él/\é3

)éo NN A (64)

The torsion 7'_ coincides up to a sign with the Kalb-Ramond
field calculated in the string frame and the explicit form of
the latter one is given in Appendix B. The difference up to
the total sign can be explained by the fact that both of the
Killing-Yano tensors @. and f. are defined up to a total
sign, and if they change the sign the torsion does it as well.
The = subscripts in the torsion 7" have the same meaning as
for the torsion (35) in the Einstein frame; namely the torsion
T_ equals zero for the equal charges dyonic black hole and
for the Kerr solution, whereas the torsion 7, remains
nontrivial, but again both of them give rise to the separable
Dirac equations. For the Kerr limit both frames are actually
reduced to the standard Boyer-Lindquist frame and con-
sequently for the Killing-Yano tensors we have ;. = @,
and f, = f. as is expected. A similar conclusion can be
made for the equal charges dyonic black hole.

The modified Dirac equation in the string frame is
constructed in the same way in the Einstein one; namely,
we use the modified Dirac operator defined by (36), but the
standard Dirac operator should be written now in the frame
(60) and the torsion field components are taken from (64).
Thus we write

()

2R} A(l)/ 2

1 AY? /R3sing 1 1
s2( g 0 1 53 in 00 0
T (Rl 9+2R‘1‘sin9( NG )) "R, (a SN 00t Gn g%

ary sin 0
2R3

avX cos@

535051 1
vy 2R

P77 + /"ej4j| ¥, =0.

(65)

Since for the Dirac equation in the string frame (65) we use the same procedure as in the previous section, here we focus on
the key differences. Namely, the Dirac spinor ¥, in Eq. (65) is taken in the form

1/4
\ijl — ei(a)t+k(/;) A

Rlﬁo\/m (le)i)_

(66)
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where p(j). = ry £ i cos € and p’(mi is its complex con-
jugate. We point out that p(;), and p(;)_ are mutually
complex conjugate functions, but the indices + for these
functions show that they correspond to two different torsion
forms T, similarly to the functions p, in the previous
section. Since the time-¢ and angular-¢ dependences are
already explicitly given in the spinor (66), its components
F;and G; (i = 1, 2) depend on the radial r and angular 6
variables only.

Substituting the spinor (66) into Eq. (65) and after some
transformations we arrive at the coupled system of equa-
tions analogous to the system (52), but with a correspond-
ing replacement of the functions p. and p’} by the functions
p(1)+ and pz‘l) . respectively in the diagonal elements of the

matrix, and the operators D, and L., should be replaced by

the operators D, and Zi since we have already decoupled
dependences over ¢ and ¢. A further procedure to com-
pletely decouple the dependence over r and 6 is again
analogous to what is done in the previous section; namely
for the spinor with the components F; and G; (i = 1, 2)
we use the same ansatz as in (53) and after some trans-
formations we obtain two decoupled systems of equations
for the radial and angular parts which are similar to the
systems (54) and (55) correspondingly. To be more precise,
the angular system is completely the same as (55) and in the
radial system (54) the function y should be replaced by r.
For massless fermions the corresponding systems will be
the same in both frames.

Conformal invariance of the generalized Dirac action
(A27), shown in Appendix A, brings the conclusion about
|

1 VX
70— (F(r)d, + ao +771<
{ AV FU0 a0 7 17

conformal invariance of the Dirac equation if the Dirac
spinor is rescaled properly. But in the massive case the mass
term is also rescaled and it turns out to be a function of
coordinates that might spoil separability of the system.

In order not to lose separability under the conformal
rescaling, now we consider the massless case only and
show that under the conformal rescaling of the massless
analog of Eq. (65) we will not arrive at massless form
Eq. (38) but obtain a conformal cousin of Eq. (65). Here
below we describe just the key points, because there are
many similarities with the transformations made above. A
similar analysis will be made for Eq. (38) as well.

First of all we transform the contracted torsion term
T opc7757€ /24 for the torsion T, (64) when the string
frame values are transformed into the Einstein frame ones.
We write

1
24

1 ~ 2%
i7" = 57 "1t V7

_asind ( F' 2(r+ 2ms%)>
40yt \Ay?

X cos 0 1 1
+—)9%7%%. (67
24l (A(l)/z R%) (©7

Taking into account the written above contracted torsion
term we write conformally rescaled massless Dirac equa-
tion (65) as follows:

1 1/4 !/
+ = (A VX) >
2AAX T

1 1 i 1 , 1
+ 72 (0 + (A s1n0> )—773—<a sin 9, + ——0 )
A1/4 ’ 2A1/4 sin @\ " 0 A(l)/“ "sing?

ary sin€ .. :I:
777
20 R?

To perform separation variables in Eq. (68) we take the
following ansatz for the spinor wave function ¥;:

P(_l)/zFl
~1/2
RV Pays 2

T — |- (69)
AYEYX\/sin (pz‘l)i) /Gl

. \-1/2
(”mi) G2

LPI _ ei(wt-H((/))

wﬂw]—o (68)

Now it is easy to check that the rescaling relation for the
spinors (69) and (66); namely we obtain

R3/2

v
1 Ag/g

¥, (70)

as it should be according to the rescaling relation (A25).

Similarly, rescaling the torsion 74 (35) and after neces-
sary transformations we rewrite the Dirac equation (38)
(massless case) now in the string frame:
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e ,

(Fo, + ad,) + (

r

ay sin@ . .,
2R A?

To perform separation of variables we use ansatz:

0;1/2F1
S e A 38 p2’F,
J — pilortke L\ -1/2 = (72)
R3/2 {‘/)_(\/ sin 6 (Pi) G

L\ -1/2 =
</’¢) Gy

Now we can easily check that the spinor wave functions
(72) and (47) are related by

="y (73)

as it should be.
|

R”+£R’+l ioF +
Fooax™ ' x X

R”+£/R’+l —iwF' +
2i2x'?  x X

It should be noted that the general structure of the radial
equations for the massless case is very similar to their
massless counterparts in the standard Kerr case. It can be
explained by the fact that the singularities of Egs. (74) and
(75) are completely defined by the function X (r) which is
the same as in the Kerr case.

To analyze the radial Dirac equations (74) and (75) in
more details we rewrite them in a more tractable form.
First of all we note that the function X(r) can be rewritten

in the form X(r)=(r—r.)(r—r_), where r.=
m & vVm? — a” are the horizons of the black hole and in
particular r, is its outer or event horizon. After some
algebraic transformations the radial equations (74) and (75)
can be written in the form

X
AyY?  (R}sing
2R1 st AY?

2R Ay

(wF + ka)

(oF + ka)

+A(1)/2 RVX\'
2R} A(l)/2
PSS a sin o +L0
P Y Rl ! sin9 ¢

yoﬂ ¥ =0. (71)

V. RADIAL AND ANGULAR WAVE FUNCTIONS
FOR THE MASSLESS CASE

We have noted above that in the massless case u, = 0 the
decoupled systems of equations (54) and (55) for radial and
angular components are completely the same for both types
of torsions and frames we consider. The massless case is
simpler for analysis and at the same time it reveals the main
features, caused by the space-time geometry. We also point
out that for the massless case the system of equations (40)—
(43) decouples on two systems of equations (40)—(41) and
(42)—(43) for the lower and upper components of the Dirac
spinor respectively, and it corresponds to the parts of
different chiralities.

Considering the system (54) we decouple the equations
for the functions R (r) and R,(r):

(a)F—l—ka —%X’) —/12> Ry =0; (74)
(wF—i—ka—i—%X’)—/lz) R, = 0. (75)
[
R 1 1 1 R
2\r—r, r—r_
A B C D
j j j j 2
R
+<r—r++r—r +(r—r+)2 (r—r_)2+w> /
=0, (76)

where j = 1, 2 and the coefficients A;, B;, C;, and D; are as
follows:

1
A= :I:ia)(B+ —§> +2wA

N 2AA_ Fi(A, +A)/2-2%

rp—r_

(77)

085020-11



M. CVETIC and M. M. STETSKO

PHYS. REV. D 108, 085020 (2023)

1
B; = +iw <B_ - 5) + 2wA_

24 AL Fi(A, +A)2-22

re—r_

(78)

Cj—A+<A+ :F%)Q Dj—A—<A— :F%>; (79)

and it should be pointed out that upper and lower signs in
the above relations correspond to j = 1 and j = 2 respec-
tively. For simplicity of the above relations we have used
the following notations:

2m(1 + 57 + s3)wry + dom>s3s3 + ka

)

Ai::l:

re—r_

B, — iZ(ri + m(s% + s%)) '
ry—r_

Equation (76) has singular points at the horizons r = r,.
and at the infinity r — oco. To reduce Eq. (76) to the
canonical form we perform the transformation of coordi-
nates:

x=1"I- (80)

and as a consequence the singular points r = r_and r = r
are transformed into x =0 and x =1 respectively.
Equation (76) can be simplified; namely the terms propor-
tional to ~1/(r—r,)% ~1/(r—r_)*> and ~w? can be
removed if one specifies a structure of the radial wave
function. Taking into account the transformation (80) we
write the radial wave function R; as follows:

R;(x) = e~x%(x — 1)iR(x), (81)

where the coefficients k, a;, and f; satisfy the following
relations:

k==i(r, —r_)o, 0@(0@—%) +D; =0,
1
B; <ﬁj - 5) +C;=0. (82)

We note that upper and lower signs for the parameter x
correspond to ingoing and outgoing particles respectively.
For a particular problem one or two signs can be chosen.
The equations (82) allow one to obtain explicit relations for
the exponents a; and f;. Since Eq. (82) for @; and f3; are
quadratic it means that for any fixed value of j we obtain
two solutions. Namely, for the parameter a; we derive

1_ . ;
ajn) =5 F A Ay = A (83)
For the parameter #; we write
| .
By = 5 F Ay, Bio) = HiA. (84)

Here we also point out that similarly to the relations
(77)—(79) upper and lower signs in the relations (83)
and (84) correspond to j = 1 and j = 2 respectively.

Finally, after all these transformations, Eq. (76) can be
rewritten in the form

RY() + (m kL e 2>7é;<x>
Ui U\ =
i <;]+xf’1) Ryx) = 0, (83)

where the parameters y; and v; are defined as follows:

1
pj = 2a;(k = p;) +§(K —a;—f;)+ (ry —r_)B;

7’

(86)

v; =2p;(k + a;) +%(K fa;+p;)+(rp—ro)A;. (87)

We note that in Eq. (85) we again use prime, ’, to denote the
derivative over coordinate x. This notation is used for
simplicity, but it should not be confusing.

Now we consider the angular part of the wave function
given by the system (55), where we set u, = 0. It can be
shown that the equations for the angular part can be
represented in the form

&8, oL kY
g2\ \awsintary
k
F (aa) - —29> cos @ — 12> Sj = O, (88)
Sin

where similarly as above upper and lower signs correspond
to j=1 and j =2 respectively. To rewrite the latter
equation in a more convenient form, we make use of the
following transformation of coordinates:

y==(1+cos). (89)

N[ =

The transformation (89) allows one to rewrite Eq. (88) as
follows:
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azsj+1 1! dS;
o> 2\y y-1) oy

A, B
+(—L+
y y—-1 vy

¢, D,
: +—2’+(y_fl)2—4a2w2>8,:0, (90)

where we have

_ 2

k

- k2

k(k ¥ 1)
i = R =TT

(T2 5

and here similarly as earlier upper and lower signs
correspond to j =1 and j = 2 respectively. The general
structure of Eq. (90) is completely identical to Eq. (76)
and it means that we can use an ansatz similar to (81) to
simplify it; namely we write

Si(y) = €®yu(y = 1/iS;(y), (o1)
where the parameters &, a;, and p ; fulfill the conditions:

a:la, —

k = F2aw, il @;

N[ =

_ (- 1 _
ﬂj(ﬁj_§> +D;=0. (92)
As a consequence, Eq. (90) can be represented in the form
S, _
0—}]2 + | 2k +

+<%+yy_jl>3,~—0, (93)

where the coefficients ji; and 7; are defined as follows:

2a;+1/2 2B+ 1/2) oS,
_|_ —
y y=1 ] dy

—B)+A;,  (94)

v;=2pj(k+a;)+=5(k+a;+p;)+B;. (95)

The final equations for the radial (85) and angular (93)
components have similar structure, namely, they are written
in almost standard form for the confluent Heun equation.
The confluent Heun equation is characterized by three
singular points, namely, both our equations (85) and (93)
are rewritten in the form, where the singularities are at the
points 0, 1, and co. We also remark that for the radial
equation (85), the first two singularities correspond to the

horizons and they are the so-called regular singularities.
The last singularity obviously corresponds to the spatial
infinity and it is the irregular one of the rank 1.

A solution of a differential equation near a regular
singularity can be derived via the well-established
Frobenius procedure. The Frobenius method gives rise to
a series solution which is convergent in some domain near
the singularity, but the convergence properties are out of the
scope of this work. For an irregular singularity instead of
the Frobenius method an asymptotic expansion can be
applied.

To obtain the series solutions near the regular singular-
ities an indicial equation should be written. The solution of
the indicial equation, namely, the indicial exponents deter-
mine the behavior of solutions of the differential equation
near corresponding singularity points. For Eq. (85) it
follows that near the point x = 0 the indicial exponents
are %; = 0 and »x, = 1/2 — 2a;; for the point x = 1 there
are 3 =0 and x4 = 1/2—2p;. It is known that if the
difference of indicial exponents for any regular singularity
is noninteger then both solutions near the corresponding
singularity is of power-law character. In the opposite case
one of the solutions also contains a logarithmic contribu-
tion, but we do not focus on those subtle peculiarities.

Let us consider the domain around the point x = 0 and
take the first indicial exponent x; = 0, then we write the
corresponding solution of the radial equation (85) as
follows:

Ri(x) = ax. (96)

Substituting the series (96) into the equation and after some
transformations we obtain relations for the coefficients a,
of the series. Namely, for the first two coefficients aé’ ) and

a? we get

0 _ _ Hij () 97
al 2 aj + 1 /2 aO . ( )
It is known that the coefficient a(()j ) can be chosen arbitrary,
and we set a(()j )= 1to equating our function to 1 if x = 0.
For the following coefficients a,(f)
relation of the form

we obtain a recurrent

L0 1
U (n+1)(2a 4+ n 4 1/2)

% [(”(2(0‘1 +Bj—x)+n) —p)ay)

+ x(n= 1)+ pu; +v))a?, |. (98)
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The latter formula is in agreement with the relation for the
agj ) coefficient, namely if we set n =0 and a(_Jl) =01t
reduces to the relation (97). The relation (98) allows one to

derive explicit expressions for the coefficients agf ) of the
Frobenius series (96), but we can also write a general
solution of Eq. (85) formally in terms of confluent Heun
functions [47]:

~ 1 1
R;(x) :ClHeunC<21<,2aj—5,2ﬁj—§,5j,;7j;x>

1
zajazﬁ] ’ ]’nj;x>7

(99)

+ C2x1/2_2”iHeunC<

where &, = (r. —r_)(A;+B;), nj=3—(r; - i
and here it is supposed that 1/2 —2a; is noninteger.
Similarly series solutions of Eq. (85) which can be also
expressed in terms of the Heun functions can be written
around the other regular singularity x = 1.

Near the irregular singularity x = co we use an asymp-
totic expansion for the radial wave-function 7~2j(x) of the

form

r_)B;

+o0 7 (j)

(100)

where 4;, p;, and bﬁ,j ) are unknown coefficients. To apply
the asymptotic expansion (100) and obtain the unknown
coefficients, it is necessary that factors near the wave
function R ;(x) and its derivative ﬁ;(x) should be decom-
posed into asymptotic series as well, but the explicit form
of Eq. (85) shows that it can be done easily, namely we
write

2a+1/2 L2+ 12

2
ot x—1
2a;+ ;) +1  R(26;+1/2)
=2k + : +n§::l e (101)
/ﬁ+ vj _ﬂj+yj+§ vj (102)
x x—-1  x X

n=1

Substituting the expansions (100), (101), and (102) into
Eq. (85) we will be able to obtain the coefficient 4;, p;, and
b,(,’ ). It is worth pointing out that the coefficient béj ) remains
undefined and here there is a similarity with the ag)j )
coefficient in the Frobenius decomposition (96). For the
parameters 1; and p; we find

2= 2k2; =0, (103)

2(k = A;)p; — (104)

(2(a;+p;) + 1)Aj+p;+v; =0.

From Eq. (103) we conclude that the parameter 4; takes two

values /151) =0and /15»2> = 2k, but remembering the relation

(81), together with the asymptotic expansion (100) we can

conclude that the value /15»2) = 2« gives rise to the conse-

quence that the radial part of the wave function changes its
character, namely, from ingoing to outgoing and vice versa
and it can take place for instance for quasinormal modes,

but it will not be studied here. Since we take only /IE»D =0

we conclude that the asymptotic expansion (100) can be

chosen in a simpler form without the exponential factor.
Considering Eq. (104) and setting 4; = 0 we obtain an

explicit relation for the exponent p;; namely, we write

1 1
(it = 5 2~(A,»+Bj), (105)

2K @+ p;+

Pj =

where K = +iw. It should be stressed that the exponent p;
also depends on the type of the solution, namely, there are

different values for ingoing and outgoing particles. If we

(1

consider the ingoing solution (K = iw) and take ;" and

ﬁ<.1>, we obtain

P =2 (34 (1)) i (=1 = 1)2mao(1 + 57+ 53).

NI>—‘

(106)

Now if j =1 the exponent pgl) =2 and for j =2 the

parameter pgl) becomes imaginary and it depends on w as
@)

well as the black hole parameters. If now we take ;" and

ﬁ§2> we obtain

1 .
p§2> 3 (L+ (=) +i((=1)) = 1)2mae(1 + 57 + 53),
(107)
and here the exponent pgz) is the same as pg]) and pgz) =1

We also examine the outgoing solution (8 = —iw) and in
this case the exponent p; takes the following values:

B+ (=1)) +i((=1)/" + 1)2ma(1 + 57 + 53);

Nlr—‘

(108)

P = 20+ (1Y) (1) + D2ma(1 457+ 3).

(109)
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The analysis of the obtained relations gives rise to similar
conclusions as for the ingoing solution.
Now using the asymptotic expansmn (100) we find the

explicit relation for the coefficients b,; ) In particular, for

©)

the coefficient b;” we obtain

G 1

o ;
b = ~(pj(pj +2(a; + f))) + v’ (110)

Finally, for the coefficient b,(jz | we write

bn_l:m(((pj—n+2)(pj—n+2<aj+ﬂj+1))+uj)bf,’22+lz:;((pj—n+1)(2ﬁj >+u,>b<‘>,>. (111)

Here we point out that n > 2 and if n = 2 the sum in the
upper relation is not taken into account; namely in this case
the relation (111) reduces to the relation (110) for bgj ),

It is known that for the standard Kerr metric, separation
of variables can be performed for wave equations for
particles of arbitrary spin (s =0,+4, 41,43, £2).
After the separation of variables the equations are usually
written in the form of coupled Teukolsky master equations.
As we have noted above the scalar field equation was
considered in [24], but the wave equations for higher spin
particles have not been examined yet. But taking into
account the results for the scalar field [24] and together
with ours we can conjecture a generalization of the
Teukolsky equations [48,49]; namely we write

1 o[/, 4S, s,
- X 2
Sindo (sm p) > + (a w* cos“f + 2saw cos

k> + s 4+ 2k 0
kT +s '+2 s cos E,”> 5. =0, (112)
sin” 0 '
X_si o1 IRs OR, n K2(r) = 2is(r —m)K(r)
or or X
+ 2iswF'(r) — /Ik,s> R, =0, (113)

where K(r) = F(r) +ka, A= Ei + a*®® + 2awk —
s(s + 1), and supposedly the spin s takes all the allowed

|
X/
R//
(ZX T

l/"e(rl + r2))
20 (A % ipey)

1 [ ﬂe(r1+r2)
X = a)F—I—ka:F—X/)—l-i. w2yt =2 )R, =0,
(X< X (A= ipy) !

2

where j = 1, 2 and similarly as above the upper and lower
signs correspond to the function R and R, respectively.
In the Kerr limit (s; = s, = 0) the later equation reduces
to the standard radial equation on the corresponding
background. For the dyonic black hole with equal charges
s1 = s, Eq. (114) also becomes simpler and its form is very
close to the Kerr case.

|

values similarly as in the standard Teukolsky equation,
namely s = 0,:|:%,:|:1,:|:%,:|:2. We point out that the
angular master equation completely coincides with its
counterpart for the Kerr background and this fact is clear,
because even our angular system (55) is identical to its Kerr
counterpart. The radial master equation (113) is a slight
generalization of the corresponding equation for the Kerr
case and in the limit when the charges go to zero
(s; = s, = 0) it reduces to the radial Teukolsky equation.
It should be also stressed that wave functions Sy(#) and
R,(r) in Egs. (112) and (113) may not coincide exactly
with the functions S;(@) and R (r) directly; they are equal
up to simple angular and radial dependent factors
respectively.

VI. REMARKS ABOUT WAVE FUNCTION FOR
THE MASSIVE PARTICLE

Due to attentive interest in the massive case here we
consider radial equations for the massive particle. The
angular part can also be examined, but it is completely
identical to the standard Kerr case. We point out that in this
section we rather describe main peculiarities of the massive
radial equation, namely we compare it with the correspond-
ing equation for the Kerr background; more detailed
analysis will be examined elsewhere. The decoupling of
the radial system in the massive case gives rise to the
following equations for the radial components R ;(r):

1 :
) R’ +y <:|:la)F’ + (wF + ka)

(114)

[

We point out that for the above-mentioned particular
cases Eq. (114) gains an additional regular singular point,
which lies in the complex plane. For the nonequal charges
we consider here (s; # s,) the situation is more subtle
because the function y is irrational. Since y(r) is an
irrational function, a specific coordinate transformation
should be performed to rewrite Eq. (114) in a canonical
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form. Namely, the following coordinate transformation can
be used:

\/(r+2ms%)(r+2ms%) =mz—r. (115)

From the latter relation we obtain

2 _g0242
p =M@ dsis) (116)
2(z+ 57+ 53)

The derivatives of the function R ; should be also rewritten;
namely for the first derivative we write

OR;  2(z+si+s3)° OR; (117)
or  m(z+2s7)(z+2s3) 9z’

and for the second derivative we obtain

0*R; dz+s2+53) PR,
o m*(z + 253)*(z + 253)* 07
8(z + 57 + 53)°
m?(z + 2s1)%(z + 2s53)*
o (1 (2t +s3)? >0_7€/
(z+2s7)(z+2s3)) o0z

+

(118)

Therefore we conclude that the transformation (115) allows
us to rewrite Eq. (114) in the form with rational coefficients
only and then it can be reduced to a canonical form
similarly as we did for Eq. (85), but with additional
singularities. We also note that apart from the technical
side, which makes the corresponding transformations less
tractable in comparison with the massless case, there is a
conceptual point, because the transformation (115) might
bring additional the so-called apparent singular points for
the radial equations (114); those apparent singularities
should be carefully removed from further analysis, but it
will be considered elsewhere. For the particular case s; =
s, or for the Kerr one the transformation (115) becomes
linear, which is a simple shift transformation. In the end, for
the massive equation in the string frame (65) the equation
for the radial wave function will be a bit simpler than (114),
since as we have noted above in the radial system (54)
instead of the irrational function y(r) we have r; = r +
2ms% and there is no need in a transformation like (115);
the equation will be similar to what we have for the case
if s 1= 8.

VII. CONCLUSIONS

We have examined the four-dimensional Dirac equation
on a rotating STU black hole background [12,16] obtained
in the framework of maximally supersymmetric super-
gravity. Due to technical difficulties we consider only the
pairwise equal charges case. To recover the separability a

specific contribution called the torsion term is added to the
standard Dirac equation; the source of the torsion is the
Kalb-Ramond field, but further aspects of its properties
remain to be examined. We should also note the separabil-
ity even of the massless Dirac equation in the background
of the general four charges solution [12,16] as well as for
the eight charges black hole [7-9] remains an open
problem. In comparison with the scalar field equations,
we note that while the massless minimally coupled equa-
tion is separable for the general STU black hole back-
ground [23,24], the massive one is not.

Even in the case of the pairwise equal charges back-
ground geometry (15), the Dirac equation reveals some
specific features which do not appear for the Kerr back-
ground and they were not paid necessary attention to the
Kerr-Sen solution [38]. First, in comparison with the Kerr-
Sen background this more general space-time requires that
we have to consider corresponding generalization of the
torsion form and the respectively modified Dirac equation
becomes separable. The new peculiarity, which has not
been noted earlier, is the fact that the torsion form and
corresponding modification of the Dirac equation are in
general nonunique giving rise to different physical systems.
Namely, we have derived the torsion forms in two ways;
the first one can be treated as “geometrical,” it is used in
the Einstein frame and it is based on a deformation or
modification of Killing-Yano forms. The second way is
more “physical” since it introduces the torsion as a field
strength of the Kalb-Ramond two-form field potential
which is an essential ingredient of string theory. Taking
into account quite general statements about conformal
transformations of the generalized conformal Killing-
Yano forms and the torsion forms [38,42], we conclude
that the torsion forms derived from different initial assump-
tions are not related to each other by a corresponding
rescaling as it was initially expected. Therefore, two
approaches we have utilized to derive the torsion forms
in general give rise to different modified Dirac equations.

We want to point out that these two examples may be
associated with different Dirac fields in the effective
supergravity of toroidally compactified string theory
[50,51]. To have a fully fledged explanation of this
difference or to find out whether there is a relation between
them it is necessary to examine the fermionic sector of the
effective supergravity. But a very important conclusion can
be derived even from the above studies, namely within the
“physical” approach where the torsion is associated with
the Kalb-Ramond field or via a corresponding dualization
procedure it is related to the axion field, so even a neutral
Dirac fermion considered as a probe allows one to gain
deeper insight of the supergravity model in comparison
with a minimally coupled scalar probe, since the scalar one
is coupled just to the background geometry, whereas the
fermion in addition has a coupling with the Kalb-Ramond
or the axion fields depending on the preferable description.
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The important result we would like to emphasize is the
separability of the massive Dirac equation in both frames,
but it seems to be violated if the frame transformation is
performed. The modified massless Dirac action shows its
conformal invariance, similarly to the standard Dirac action
if a corresponding rescaling of the Dirac spinors is
performed. The conformal properties of the modified
massless Dirac equation are considered explicitly for the
types of torsion that we obtained, and proper rescaling of
the Dirac spinors is shown. These results are also of crucial
importance and as far as we know they have not been
examined in earlier works.

We have also studied components of the Dirac wave
function. We extensively study the massless case because
of its relative simplicity and similarity to the Kerr case
equation. It is shown that both radial and angular equations
are reduced to the form of the confluent Heun equations;
moreover for the angular part it is completely identical to
the corresponding equation for the Kerr background. We
have conjectured an analog of the Teukolsky equations that
is true for an s = 0 minimally coupled scalar and s :%
Dirac fields; further analysis of the various forms of the
conjectured generalization of the Teukolsky equation and
some of its properties are studied in our forthcoming paper
[52]. Finally, we have made a brief sketch analyzing the
massive radial equation, pointing out main peculiarities and
leaving this technically more sophisticated problem for
further study elsewhere.
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APPENDIX A: SPIN-CONNECTION ONE-FORMS
FOR CONFORMALLY RELATED FRAMES AND
CONFORMAL INVARIANCE OF A
GENERALIZED DIRAC ACTION

For convenience we give explicit relations for spin-
connection one-forms for both frames we consider in this
work. The Cartan equations (23) can be utilized to derive
the spin-connection one-forms. Namely, taking into
account the explicit expression for the tetrad (16) we write
the explicit relations for the spin-connection in the Einstein
frame:

X\’
¥ = L eV + 9 Fsin fe3:
1 1/4 3/4
A 20}

(A1)

o’y = —ﬁcos@ (a sinfe® — \/§63); (A2)
0
F/
Wy = % (— sinfe! — v/X cos «962>; (A3)
AT\ 2
1 1/4 1/4
o'y = A2 ((Ao/ )oe' - VX(8y )/62>; (a4)
0
1 F' 0 3
0)3:Kg/4(a sin Oe —\/)_(6*); (AS5)
2 a\/Y 0 1 sin 6 3
w3 (3)/4005 e —m<Aé/4 96 (A6)

Here prime ' denotes derivatives with respect to the radial
coordinate r, and (), means derivative with respect to
angular variable 6. Now using the tetrad (16) we are able to
write explicit forms for the space-time components of the
given above spin-connection one-form.

If there is a metric conformally related to a known one,
what actually takes place for the Einstein and string frames,
one can use the Cartan structure equations as well to derive
spin-connection in the new frame. Both frames have affine
connections which are in agreement with corresponding
metrics, but since the frames are conformally related it is
easy to obtain explicit relations for affine connections or/and
spin connections for these two frames. For convenience of
the reader we give a brief sketch which establishes these ties.

It is known that the Levi-Civita connection on a pseudo-
Riemannian manifold is introduced so as it preserves the
metric (it is called a metric connection or compatible with
the metric) and it is torsionless. According to a general
theorem of Riemannian geometry the Levi-Civita connec-
tion is unique. In terms of the components of the metric
tensor the metric compatibility looks as follows:

vﬂgﬁk = 0,9 — FZ/lgdK - FZKgla =0, (A7)
where symbol V denotes the Levi-Civita connection or in
other terms the covariant derivative, and I']; is used to
denote affine connection coefficients (symbols). Now
imposing the torsionless condition (I'j, =17,) and using
the relations (A7) we derive the explicit expressions for the
coefficients I']; called the Christoffel symbols.

Similarly, the torsionless metric connection V is intro-
duced for the conformally related metric §,,; namely we
write

vﬂgﬂx = aﬂg}m - FZ/lger - FZK@&(T =0. (AS)

To make our analysis quite general here we do not focus on
a particular form of the conformal transformation (58)
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together with the factor (59) related to the problem we
consider, but we assume that the relations between the
metric is of the form

g/w = ez(pguw (Ag)

where the scaling factor ® = ®(x*) is a function of space-
time coordinates. Taking into account the relations (A7)—
(A9) we obtain relations between the Christoffel symbols
for two conformally related frames; namely we write

FZD = F;’;y + (D,ﬂ(sg + (D,D(S; - (I),ﬂgm(gyw (A]O)
where @ , is the partial derivative over x. To establish a
relation for the spin connections for conformally related
frames we use the frame compatibility condition, which in
terms of components looks as follows:

Vet =0,ef —T,et + wﬁBef =0, (A11)

,‘} are frame fields (tetrad) components

(e = ejdx*) and @,y are the components of the spin-

and here e

connection one-form (w5 = @/izdx*). For the conformally
related frame the compatibility condition can be written in a

similar way:

Ve =08 -85 +amel =0,  (Al12)
The relation (A9) implies a simple relation between the
frame fields (tetrads), namely:

=%t o 2 = ePel.

(A13)
Taking into account the relations (A10)—(A13) and after
simple transformations we obtain the relation for the spin-
connection components for two conformally related
frames; namely we write
@y = wip + @, (efen — e™e,p). (Al4)

We point out here that the upper Lorentzian index in the
latter relation can be dropped down and the resulting
relation manifests the antisymmetry of the spin-connection
coefficients with respect to the Lorentzian indices.

Finally we write the relations for the spin-connection
one-forms in the string frame which, as we pointed out
above, can be derived directly from the Cartan structure
equations or using the relations (A14):

a0 A (RVX 0 aF'sin0 (A15)
L) A1/2 IR A1/2 >
1 0 1520
a cos@ a sin@ X
@ = -——& 4+ \/172@3 ; (A16)
R, R A,

1
@' = Ll/z <—F’ sin 02! — /X cos 9?2); (A17)
RiA/\2
1
By =2 ((R) 2 = VXRIZ):  (AI8)
1
1 [aF’ sin6 VXR'
@y = — e — ‘é3>; A19
} Rl( ZA(I)/2 R, ( )
1 X AY? (R, sing
@%:(a\l//:cos 08" ——— < L > é3>- (A20)
Rl AO Rl sind AO 0

It is known that the standard massless Dirac action is
invariant under a conformal rescaling of the metric if the
Dirac spinors are properly rescaled. Here, using the trans-
formation relation for the torsion forms [38] we show that
the torsion modified Dirac action is also invariant under the
conformal rescaling.

To have our discussion self-contained we firstly show
conformal invariance of the standard Dirac action, even
though this fact is well known. Let us write the standard
Dirac action (for any dimension n), and consider the
massless case:

Sp = / d"x\/=g¥7* (9, +T,)¥. (A21)
Here ¥ and ¥ are the Dirac spinor and its adjoint; the
space-time gamma matrices 7 and the spinor connection
', are defined by the relations (21) and (24) respectively.
We rewrite the action in the conformally related frame,
defined by the relations (A9) for the metrics or by (A13) for
the frame fields. Using the relation (A14) we can write
By = Oyuap — q’.n(éaBEﬂA - éfléyB)' (A22)
Contracting the connection components w,,p with the
Lorentzian and the space-time gamma matrices we obtain

o f = -1
T, = e®yH <Fﬂ 1 5 Q,M), (A23)

where 7# = &y = ¢™®* and T, = 1@,457'7" are the
curved gamma matrices and spinor connection coefficients
for the conformally related metric g,,. Substituting the
upper relation into the Dirac action (A21) and rewriting the

determinant of the metric tensor, we obtain

. . on—1
Sp = / d"x\/—gel - PpH <aﬂ+rﬂ—” 5 cp,ﬂ>‘y.
(A24)

If the spinors are rescaled as follows:
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P — o102 o § — e~(n=1)®/2y
(A25)

Wy — e(n—l)d)/zfp’
P — e~ (n=1)®/2§

then, the latter action can be rewritten in the form

Sp = / d"x\/=g¥# (0, +T,)¥.  (A26)

Therefore, we demonstrated the conformal invariance of
the standard Dirac action.

To derive the generalized Dirac equation modified by the
torsion (37), we assume that the corresponding generalized
Dirac action takes the form

Sep = /dnx\/—_g‘i‘f/”(@,, +T, — a7 7). (A27)

where T, are the space-time components of the torsion
form and the coefficient « is introduced instead of the
combinatorial factor 1/24. Since we have already shown
the conformal invariance of the standard Dirac action, it is
necessary to show the conformal invariance of the torsion-
related contribution. It was proven in [38] that the torsion
form 7, transforms under conformal rescaling of the

metric (A9) as follows, Tuv )= eZ‘DTW 2» taking into account

transformations of the spinors (A25), the gamma matrices,
and the determinant of the metric we obtain

/ dnx\/_—qj(_aTyuﬂ?”j}Dj}/{>LP

= / d'x\/=§® (—aT,,7"77")P.  (A28)

We see that the torsion-related contribution into the action
(A27) is conformally invariant; therefore, this action is
conformally invariant as well.

We point out that to ensure conformal invariance of the
Dirac action for a massive fermion, the fermion mass
should be rescaled as u = e®ji; therefore if for one of the
frames the mass is a constant in the conformally related
metric it turns out to be a function of coordinates. This fact
emphasizes one of the important features of conformal
rescaling, namely, if instead of the constant fermion mass
U, in a particular frame there is a function of coordinates it
is possible to find a convenient frame conformally related
to the previous one which allows if not transforms this
function into a constant, but obtains at least a simpler
function.

APPENDIX B: DUALIZATION OF THE AXION
FIELD AND THE LEGENDRE
TRANSFORMATION OF THE TRUNCATED
BOSONIC LAGRANGIAN

Higher form fields, in particular Kalb-Ramond fields,
play an important role in string theory and supergravity.
They are essential parts for supersymmetry transformations
of fermionic fileds [53,54] and consequently there is
nontrivial coupling between the Kalb-Ramond and the
fermion fields reflected in the corresponding equations of
motion. They are also important in order to define the
Killing spinor equations for string theory or supergravity
backgrounds [27,55]. A decade ago it was shown that they
are necessary in order to obtain the separable Dirac
equations on the Kerr-Sen space-time [38].

Due to its importance for our problem, we show that
Kalb-Ramond fields can be introduced via a Legendre
transformation of the Lagrangian (17). In general this
procedure is well established, in particular, in a four-
dimensional case it is given in terms of components in
the seminal paper [56]. But to make our study self-
contained we describe it in terms of the differential forms;
it makes the connection between the axion field and Kalb-
Ramond fields more transparent.

The Kalb-Ramond field can be defined as a combination
of an exterior derivative of a twp-form B-field (potential)
and “Chern-Simons”-like terms. Due to the fact that in our
setup there are two independent gauge fields defining
electric and magnetic components respectively, we define
the Kalb-Ramond field as follows:

1
H:dB—E(A]/\Fl‘FAQ/\Fz). (Bl)

Taking its exterior derivative and using the fact that
d’B=0and dF; =0,i = 1, 2 we write

1
dH:_z(Fl/\F1+F2/\F2)' (B2)

We see that this is the very same expression (up to a
multiplication factor y) that shows axion-gauge fields
coupling in the Lagrangian (17). Thus, the Lagrangian
(17) can be rewritten in the following form:

1 1
EZR*l—E*d(]ﬁ/\dqﬁ—Eez"’*d)(/\d)(

1
—58_(/)(*171/\F1+*F2/\F2)+}(dH. (B3)

The exterior derivative in the last term of the upper
Lagrangian can be moved to y as follows:

ydH = d(yH) — dy A H, (B4)
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and since the total exterior derivative can be omitted, the
Lagrangian (B3) can be represented in the form

1 1
ﬁzR*]—E*dqb/\dqﬁ—i(eZ(/’*d;(—ZH)/\d;(

1
—Ee_¢(*F1AF1+*F2/\F2). (BS)
Since the B-field in the definition (B1) was not explicitly
given, there is still “freedom” in the definition of the Kalb-
Ramond field. Now we assume that

H=e¢*xdy o dy=e?xH. (B6)
Using the upper relation we finally rewrite the Lagrangian
(B5) in the form with the explicit Kalb-Ramond term:

1 1
EZR*I—E*dqﬁ/\d(j)_Ee—M*H/\H

—%e‘d’(*Fl A Fi+%Fy A F,). (B7)
The obtained form of the Lagrangian (B7) is in perfect
agreement with its component representation given in
earlier papers [12-14,56]. We also note that in contrast
with the axion field y the Kalb-Ramond field H in (B7) is
not supposed to be a fundamental one (in the sense that we
assume it is basic to derive the equations of motion); the
fundamental field here is the field B which is not given
explicitly, but it can be obtained using the relations (B1)
and (B6). The crucial thing we would like to stress is the
fact that the transformation of the Lagrangian we have
made is nothing else but a Legendre transformation,
namely, the same transformation is given by (B4) and both
“initial” (17) and “final” (B7) Lagrangians give rise to
completely equivalent descriptions of the system as it has
to be.

Finally, rather technical but a very important detail,
if a Legendre transformation for a particular value has

been done then the equations of motion for the transformed
value are satisfied as identities; it is nothing else but the
consistency check. Namely, in our case, the equation of
motion for the axion field y derived from the Lagrangian
(17) is as follows:

1

Now, if one uses the relations (B6) and (B2) one can see
that the upper equation becomes an identity.

Using the relation (B6) we calculate the Kalb-Ramond
field firstly in the Einstein frame:

H— a(%;trl) ((r% — a®cos? @) sin 0 A e! A e?
Ay

—2r;VX cos 0e® A €* A e3>. (B9)

In the string frame it can be written in the form

_ a(ry—ry)
- 1/2
RiAy

—2rVX cos 02° A % A é3).

((r% —a?cos? ) sin 9 A &' A &
(B10)

The latter relation can be recast as follows:
asind (r ry 2r

H=-"""" (71 —;22 ——21>é° AN
R, A, Ri

+2a\/)_(cost9< 1 1
A

R, 0 R

>é0/\éz/\?33. (B11)

It is easy to see that the above relation up to a sign coincides
with the torsion 7_ (64); the difference in sign, as we have
noted above, is caused by the fact that the Killing-Yano
tensors are defined up to the overall sign.
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