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Vacuum solution within a metric-affine bumblebee gravity
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We consider a metric-affine extension to the gravitational sector of the Standard Model extension for the
Lorentz-violating coefficients u and s**. The general results, which are applied to a specific model called
metric-affine bumblebee gravity, are obtained. A Schwarzschild-like solution, incorporating effects of the
Lorentz symmetry breaking through the coefficient X = £b?, is found. Furthermore, a complete study of
the geodesic trajectories of particles is accomplished in this background, emphasizing the departure from
general relativity. We also compute the advance of Mercury’s perihelion and the deflection of light within
the context of the weak-field approximation, and we verify that there exist two new contributions ascribed
to the Lorentz symmetry breaking. As a phenomenological application, we compare our theoretical results
with observational data in order to estimate the coefficient X.

DOI: 10.1103/PhysRevD.108.085010

I. INTRODUCTION

The problem of a consistent implementation of Lorentz
symmetry breaking (LSB) within the gravitational scenario
differs crucially from the construction of Lorentz-breaking
extensions for nongravitational field theories. Flat space-
times admit Lorentz-breaking additive terms, such as
Carroll-Field-Jackiw [1], aether time [2], and other terms
(see, e.g., [3]), and they can be fundamentally constructed
on the basis of a constant vector (tensor) contracted to
some functions of fields and its derivatives. On the other
hand, in curved spacetimes, such features cannot properly
be applied.

Indeed, constant tensors being well-defined in Minkowski
spacetime, such as the simple conditions like d,k, = 0, are
not able to be introduced in an analogous manner in curved
spacetimes. The term d,k, = 0 is clearly noncovariant, and
its natural covariant extension, namely, Vﬂk,, =0, entails
severe restrictions to the spacetime geometries (the so-called
no-go constraints [4]). As a result, it turns out that the most
natural way to incorporate (local) Lorentz violation into
gravitational theories is based on the mechanism of sponta-
neous symmetry breaking. In this case, Lorentz — /CPT-
violating (LV) coefficients (operators) arise as vacuum
expectation values (VEVs) of dynamical tensor fields, which
are driven by nontrivial potentials.
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The generic effective field framework, describing all
possible coefficients for Lorentz/CPT violation, is the
well-known Standard Model extension (SME) [5]. In
particular, its gravitational sector has been defined in a
Riemann-Cartan manifold, in which the torsion is treated
as a dynamic geometrical quantity besides the metric.
Although the gravity SME sector is defined in a non-
Riemannian background, up to now, most studies have
been performed within the metric approach of gravity,
where the metric is the only dynamical geometric field. In
this context, such investigations are mainly based on
obtaining some exact solutions to different models, accom-
modating LSB in curved spacetimes, e.g., bumblebee
gravity [6-14], the FEinstein-Aether model [15], parity-
violating models [16-20], and Chern-Simons modified
gravity [21-23]. Signals for Lorentz violation within the
pseudo-Riemannian approach in Solar System experi-
ments were also tested [24-26].

On the other hand, in the literature, despite having the
vast majority of works concerning modified theories of
gravity in the usual metric approach, it is interesting to take
into account more generic geometrical frameworks. Among
more specific motivations for exploiting theories of gravity
in a Riemann-Cartan background, we can point out the
induction of a gravitational topological term [27]. Another
interesting non-Riemannian geometry that has been con-
sidered in the literature is the Finsler one [28], which
possesses a variety of works linking such a geometry to LSB
in recent years [29-33].

However, the most compelling generalization of the
metric approach is the so-called metric-affine (Palatini)
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formalism, in which the metric and connection are supposed
to be independent dynamic geometrical quantities. (For a
discussion and some interesting results within the Palatini
approach, see, e.g., [34,35] and references therein.) In this
scenario, LSB still remains not much explored in the
literature, even though there exist some recent works
involving bumblebee gravity [36-38]. In particular, the
authors have found the field equations and solved them:;
additionally, they investigated the stability conditions and
the associated dispersion relations for different matter
sources in the weak-field and post-Newtonian limit. Apart
from that, at the quantum level, they have also computed
the divergent piece of one-loop corrections to the spinor
effective action in two different ways: using the diagram-
matic method (in this case, disregarding the gravitational
effects) and using the Barvinsky-Vilkovisky technique
(considering the gravitational effects). Along the same
line, a metric-affine version of the Chern-Simons modified
gravity invariant under projective transformations has been
proposed [39—41]. The authors solved the field equations
adopting a perturbative scheme since the exact solution of
the connection equation remains unknown, and the quasi-
normal modes of Schwarzschild black holes were deter-
mined in this model.

In this work, we deal with the gravitational sector of the
SME in the metric-affine approach. We assume an LV
coefficient #*® = 0, while the other ones, namely, u# and
s#, are nonzero coefficients. In particular, we find the first
exact solution for a particular metric-affine bumblebee
gravity model (different from those proposed in [36-38]),
filling this gap in the literature. Furthermore, we investigate
the role played by the LSB coefficients, confronting our
theoretical results with the observational data of the deflec-
tion of light. Also, we calculate the advance of Mercury’s
perihelion.

This paper is organized as follows. In Sec. II we propose
a metric-affine generalization to the gravitational sector of
the SME, setting the LV coefficient #** = 0; we find the
field equations disregarding fermions as matter sources. In
Sec. III we take a particular model called traceless metric-
affine bumblebee gravity, considering the LV coefficient
s* to be traceless. We derive and solve the field equations,
using the general expressions found in Sec. IL
Additionally, in Sec. IV we obtain an exact solution,
which describes a static and spherically symmetric space-
time. Next, we present a discussion on the geodesic
trajectories of particles as well as the consequences of
LSB on them. Also, we provide the bounds to LSB
coefficients from astrophysics observational data of the
deflection of light and we compute the advance of
Mercury’s perihelion. Finally, in Sec. V we write the
conclusions to this manuscript.

In this paper, we use the following conventions: the
metric signature (—, +, +, +), k> = 87G, and the Riemann
tensor is defined by R¥ .5 = 0,I%j, + T ;I 5, — (a < p).

II. GENERAL SETUP

We start this section by presenting a metric-affine
generalization of the gravitational sector of the SME [5].
Similarly to the metric case, the action of this sector can be
cast into the following form:

S= %/d“x\/—_g{(l —u)R(T) + "R, (T)

+ ﬂwaﬁRMuaﬁ(F>} + Smat(g/w’ W)
+ Scoe(g/wv u, s, t;waﬁ)’ (1)

where the geometrical quantities R(I') = ¢"R,,(I),
R,,(T'), and R*,4(I") are the Ricci scalar, Ricci tensor,
and Riemann tensor, respectively, and S, is the action
describing the contributions of the matter sources, which
are supposed to be coupled to the metric only.1 As was
pointed out before, the action is defined in the metric-affine
(Palatini) formalism, in which the metric and connection
are taken to be independent dynamical quantities a priori.
Furthermore, u = u(x), s** = s*(x), and % = pv%x)
are coefficients (fields) responsible for the explicit (local)
Lorentz symmetry breaking, as exhaustively discussed
in [5]. It is worth mentioning that the background field
s*¥ exhibits the same symmetries of the Ricci tensor.
Nevertheless, in the present work, let us assume that it
is a symmetric second-rank tensor, s* = stv), Thereby,
it only couples to the symmetric piece of the Ricci tensor. In
addition, % possesses the same symmetries of the
Riemann tensor. Finally, the last term in Eq. (1), i.e.,
Scoe» accounts for the dynamical contributions of the
Lorentz-violating coefficients.

In this work, we concentrate our efforts on the nontrivial
effects of Lorentz symmetry breaking involving both the
Ricci tensor and scalar, so that we can restrict the
coefficients s# and u to be nonzero, while #**/ is set to
be zero. This happens in part because the connection
equation cannot be solved as a simple metric redefinition
for a nontrivial #** parameter; this problem is known as
the “¢ puzzle” [42]. In this way, the action that we are
interested in reads

§ =51z [ ey TG~ wR(E) + R, (1))

+ Smat + Scoe' (2)

It is worth stressing that the above action is invariant under
projective transformations of the connection,

'Note that fermions possess a natural coupling to the con-
nection; therefore, based on our assumption, we are disregarding
spinors (for the sake of convenience) and we just consider the
bosonic matter sources minimally coupled to the metric.
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Flrja - F/zfa + (%{Aw (3)

where A, is an arbitrary vector. It is easy to check that the
Riemann tensor under the projective transformation (3)
changes as follows:

Rﬂy(z/} - Rﬂl/(lﬁ - Zgga[aA/;’]» (4)

as a consequence, the symmetric portion of the Ricci
tensor is invariant under Eq. (3), as well as the whole
action (2).

The model given by the action (2) belongs to a
more generic class of gravitational theories called Ricci-
based theories [43—45]. It has been shown that, for this
class of models, the projective invariance avoids the
emergence of gravitational ghost-like propagating degrees
of freedom [46]. We note that a bootstrap procedure,
using the Palatini approach for spontaneous Lorentz
symmetry breaking in gravity, was presented by the
cardinal gravity model in [47]; however, we follow a
different procedure.

A. Field equations

1. Connection equation
Here we develop the connection equation. To do so, we

vary Eq. (2) with respect to the connection; then, we find
the following field equation:

|
v [\/—hhﬂ —V=h [TﬂmM T =S Thp 8
(5)

where T#,; = 21", is the torsion tensor. We have also
defined the auxiliary metric

v = \/L:_i[(l —u)g" + . (6)

For our purposes, since we do not take fermions into
account, the torsional terms on the rhs of Eq. (5) can be
gauged away by means of an appropriate gauge-fixing
(projective) choice as a result of the projective invariance of
the model [44]. Therefore, the solution of Eq. (5) (up to an
irrelevant projective mode) is given by

1
Fﬂva = {Mva}(h) = Ehﬂl(_aﬂhua + ayhai + aahﬂw)v (7)

where '), is the Levi-Civita connection of the 4, metric
and 7 is the inverse of f,,. The next step is to provide a
relationship between £, and g, . In order to do this, let us
rewrite Eq. (6) in matrix form, namely,

VohiT = =g (1 - u)l + 5, (8)

where all terms that carry a hat are matrices. For example, §
denotes the matrix form of s and h~! denotes the matrix
form of 7*. Now, taking the determinant of the former
equation, we are able to find

V=i = y=gy/det[(1 - )i +3]. 9)
Substituting Eq. (9) into Eq. (6), one finds
= —— g (@), (10)
Vdet Q!

where we have defined the inverse of the deformation matrix
by Q'=(1-u)l+5 and (") = (1 —u)é4 + s%. By
means of a straightforward calculation, it turns out that

h,, = VdetQ g, Q. (11)

Formally, the determinant is evaluated as
det Q™" = det [(1 — u)T + 3] = eTrnl(-01H5]  (12)

This equation, in general, does not present an analytical
closed form for generic § and &t. However, in some specific
cases, we have such a feature, such as if we assume
st = Eb*b, and u = 0, where & is a coupling constant and
b* is a vector background field [5]. In this scenario, one
can find an analytical expression for the determinant,
namely,

det Q™" = det (I 4 &bb) = ™ (+Eb) — | 4 g2 (13)

where b* = b¥b,,.
In order to ensure that the metric #* is the inverse of /,,,,
the deformation matrix must satisfy the relation

&= (1—u) + s/, (14)
or, in matrix form,
IT=0-uQ+5-Q. (15)

Such an equation tells us that Q should be a function of §
and i, and it can be entirely determined once the explicit
forms of § and # are known. For instance, assuming that the
coefficient for Lorentz violation s** is traceless, s#, =0,
entails that the most general s#* possesses nine independent
degrees of freedom which, in turn, determine the structure
of Q ruled by Eq. (15). We give an explicit example of how
to calculate the deformation metric from the LV coefficients
in the next section.
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The action (2) admits an Einstein-frame (tilded-frame)
form. To see that, we substitute Eq. (6) into Eq. (2),

~ 1 — ~
S = F/ d4x _hR(h) + Smat(h;um M, s'uy’ l//)
K

+ Scoe(h;tw u, s/w)’ (16)

where R(h) = h**R,,(h).

A remarkable feature of the Einstein-frame representation
that should be emphasized is that the LV coefficients are
moved from the gravitational to the matter sector. We shall
see that this is the key to solving the vacuum field equations.
Note further that the Lorentz-symmetry-breaking model in
Eq. (16) can be viewed as an Einstein-Hilbert action of /4,
coupled to new bosonic matter sources, interacting with
Lorentz-symmetry-breaking coefficients. As a consequence,
the dynamical field equations for the metric 4,, must be
Einstein-like ones incremented by nonlinear couplings of
the matter sources, s#** and u.

2. Metric equation

Here, to continue our study, we present the metric
equation. In this sense, we have to vary Eq. (2) with
respect to the metric; after that, we obtain the expression,

1

(1 - u)R(/w) (F) - Eg;w[(l - M)R(F) + Sa/}Raﬂ(F)]
+ 257, R(D),)5 = KTy, (17)
where the stress-energy tensor may be split into two pieces.
T, =T + T, (18)

where

T(mat) _ 2 5(\/ _g‘cmat> (19)

SV

is the stress-energy tensor of the matter source contribu-

tions and Tf,ioe) is the stress-energy tensor of the dynamical
Lorentz-violating coefficients.

To exploit some properties of this model, let us first
contract Eq. (17) with ¢* to get

(1 —u)R(T) = =T, (20)
where T = ¢"*T,,. It turns out that the connection is

algebraically related to the trace of the stress-energy tensor.
Similarly, we contract Eq. (17) with s** to find

1 1
SFYR () {5",4 (1 —u— > s> + 2s"ﬂ] = i2 {T“) — st} ,

(21)

where s = s*g,, and T6) = s*T,,. Plugging Egs. (20)
and (21) into Eq. (17), we get

2
(1- u)R(MV) () + ZS(I(MRU)H(F) -I-mgﬂysﬂas‘”Rﬂﬂ(F)
1 g 1
=2|\T, —=q, T+—2Y (TG —=sT)]|. 22
N R +2—s—2u< 2° (22)

The lhs of Eq. (22) shows the nonminimal interaction terms
between u, s**, R, and R,,. On the other hand, the rhs of
Eg. (22) depends only on T, and s**. Furthermore, since the

deformation matrix € is known, Eq. (22) may be completely
rewritten in terms of 4, s,,, and T . In addition, s* and u
also satisfy their own field equations; however, since this is
not important for our purposes right now, we shall not
explicitly derive them.

Let us now explore the behavior of the theory in the first-

order limit to LV coefficients. With this, VdetQ '~
(1+3s—2u), we have

1
I~ <1+u_zs>gﬂv+sﬂv7

1
hy, = (1 —u+2s>gﬂ,,—s,w. (23)

Taking this limit into account, the action (16) reduces to

1
S = [ @ - 0R(G) + R+ (24)
where we got rid of the boundary terms, while ellipses
mean high-order terms in u and s#*. This implies that the
former equation that the action that was expanded, up to
first order in the LV coefficients, is identical to the
gravitational sector action of the SME defined in the metric
approach. Such a result has been discussed in [42,48].
However, none of them addressed any possible exact
solutions. We shall treat this issue next.

III. TRACELESS METRIC-AFFINE
BUMBLEBEE MODEL

In this section, we focus on a particular metric-affine
model known as the metric-affine bumblebee model. Such
a case is achieved by taking the LV coefficients u = 0 and
s*¥ with the following form:

= .f(B"B” - %Bzg/‘”>, (25)

where B,, is the bumblebee field with B> = ¢*“B, B, and s*
is traceless, which differs from that metric-affine bumble-
bee model considered in [36-38]. The complete action for
this particular bumblebee model takes the form
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Sy— / dx/=G L—’lcz (R(F) +§(B”B” —%Bzg"”) RMF))
_%BWBW -V(B*B,+ bz)]

+ / d*x/=GL ot (G W) (26)

where V(B¥B, + b?) is the potential that accounts for the
spontaneous Lorentz symmetry breaking. In other words,
the bumblebee field acquires a nontrivial VEV when
<Bu> = b,, ie., b, corresponds to a minimum of the
potential. Furthermore, the field strength of B,, is defined by

B,, = (dB) (27)

u?
where d means the exterior derivative operator. Note addi-
tionally that b*> = g*b,b, is chosen to be a real constant, so
that b, is a norm-fixed vector.

The action displayed in Eq. (26) can be rewritten in a
more convenient way as

Sy— / d4x¢——g{2ixz[(1 —W)R(T) + "R, ()] —%B"”Bw
—v<BﬂB,,ib2>} + [ dalaun). (9

2 . .
where we define u = 5% and s*¥ = £B*BY in comparison

with the gravitational sector of the SME. Notice that we
have absorbed the traceless piece of s#* of Eq. (25) into the
coefficient u. Defining the matrices &t = 1 B*] and § = £BB,
and implementing the general results outlined in the former
section, for this particular case, we are able to find

2
Q! = (1 - %)2 + ¢BB. (29)

Its determinant takes the form

Al EBX\* A
detQ™! = 1—T det (I + ¢BB), (30)

where & = —¢

= must be understood as a function of B.
5

Now, note that

det (T + &BB) = Trin(+£58) (31)

which can analytically be solved by expanding the logarithm
in power series,

Tr(¢'BB) = ¢B*B, = B2,
Tr|(¢'BB)") = (¢)*B"B,B"B, = (£)°B* = [Tr(¢'BB)P*,

Tr((#BB)") = [Tr(£ BB))". (32)

Therefore, combining Eqs. (30)—(32), we obtain

detQ! = (1 —5432>3<1 +2532). (33)

In possession of the above result, it is straightforward to get

| e | e

\/<1—§f2)(1+3532) 1-4)

In order to obtain 4, we first need to find the deformation
matrix Q in an explicit manner. To do that, we note the fact

that Q should be linear in BP; thereby, its general form is

=

Q = Al + CBB, (35)

where A and C are constants to be determined. Substituting it
into Eq. (15), one finds

1 —<

(1-%) (1+2em) (1-5)
As a result,
A 1 A -
o d BB (37)

(-=)  (-2)(1+39)

Having found Q, one straightforwardly concludes from
Eq. (11) that

(3 (-2)

We now deal with the metric equation presented in
Eq. (17). For our particular case of the bumblebee model,
we have

ER? 1 a
(1 _T> R(u)(T) =59 R(T) +26[B“B Ry ()]

- ngByR(F> - ggvaaBﬂRaﬂ(r) + §B2g/mR<F) = KzTyua

(39)
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= T3 + Tp,, with T

where the stress-energy tensor 7', s

defined analogously to Eq. (19) and

1
n g/wBaaBaa

T/ljv = B/wBL/G - 4

~Vg,, +2V'B,B,.  (40)

In order to make a simplification, we project Eq. (39)

along ¢, B*, and B*BY, respectively, to obtain the
following expressions:
R(T) = —k2T, (41)
4x? B,T 2B
B'R,,(T) = % T,,B" —=~ _57”2
(4 4 3¢B7) 2 445B
1 3
x {B”’B/}T{x/} - ZBZT<1 - 1532>] } (42)
4x? BT
B*B'R,,(I)=———— |B*B'T,,———(4+£B)|. (43
e L T | RS

Plugging Eqs. (41)-(43) into Eq. (39), we have

1 2&g
R, (h) =2 < T T+ 2
uzx() Keff{ 1224 2 ;w +(4+5532)
[B BT 5 —— 4 3¢B?) }
8¢ BD)T 2§Bu)
- B, |T,,B*— -
+(4+3532) “‘[ vja 2 (4+5EB2)

X (B“BﬁTaﬂ - %BZT<1 - 3582))} } (44)

2

2 _ K
where Kege = I—Tﬁ‘
7

Recalling that the connection is given by the Christoffel
symbols of &, and using Egs. (34) and (38), one can
rewrite Eq. (44) in the form of a dynamical field equation
for the auxiliary metric £, in an Einstein-like shape. We
shall display their explicit form later.

Let us now turn our attention to the bumblebee field
equation. Varying the action (26) with respect to B,
one finds

¢ ¢

Vi gua — 5 papuR,, (T) +-25 B°R(T
H K_ggv /41/( )+4K'2 ( )

+2V/(B*B, + b?)B", (45)

where the prime above stands for the derivative with respect
to the argument of the potential V and V,(,g) is the covariant
derivative defined in terms of the Levi-Civita connection of
gy Inserting Egs. (41) and (42) into Eq. (45), one gets a
Proca-like equation,

VY Bre = M, BY, (46)

where we have defined the effective mass-squared tensor by

a _ ,  &T(4-3¢B%) 8¢&?
My = {ZV * 4(4 4+ 3EB%) (4 +3EB?)(4 + 5EB?)
X [BﬂBﬂTM - %B2T<1 - ZgBZﬂ }5@

_ Lz Te, (47)

(4 + 3¢B°)

Note that the new unconventional interaction terms
between the bumblebee field and the stress-energy tensor
allow us to allow us to have new effects which differ from
the metric formulation. One can cite, for example, the
mechanism of spontaneous vectorization that occurs when
the bumblebee field spontaneously acquires an effective
mass near high-density compact objects [49-51]. In
addition, due to the negative sign between the first and
second terms in Eq. (47), the determinant of the effective
mass-squared matrix can assume negative values, leading
to tachyonic-like instabilities.

Observe, however, that Eq. (46) can be cast into a more
convenient form by introducing a conserved current, J¥. To
see this in more detail, we take the divergence of Eq. (46)
and obtain

V@ =0, (48)
where
JH = M*, B". (49)

Defining the bumblebee field equation in terms of the
conservation of a current [Eq. (48)] allows us to find regular
solutions more easily. We shall discuss exact solutions of
the metric-affine bumblebee model in the next section.

IV. APPLICATION: A STATIC
AND SPHERICALLY SYMMETRIC SOLUTION
IN THE METRIC-AFFINE TRACELESS
BUMBLEBEE MODEL

This section is aimed at providing a static and spherically
symmetric solution for the metric-affine traceless bumble-
bee model discussed before. Initially, let us restrict our
attention to vacuum solutions which correspond to taking

T = 0, 75 = 0. Apart from that, we fix the bumble-
bee field to assume its vacuum expectation value, i.e.,
(B,) = b,, which leads to V =0 and V' = 0.

In this scenario, we start with the field equations displayed
in the last subsection. The first important ingredient is the
metric. Notice that Eq. (44) is the dynamical equation for

the metric 4, . Thereby, it is more convenient to manipulate
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the field equations in the Einstein frame. Since we are
interested in static and spherically symmetric solutions, the
line element in spherical coordinates (z,r,6,¢) takes the
following form:

dsyy =—e*")de> + e dr? + r*(d6” +sin’0ddp?), (50)
where o(r) and p(r) are the metric functions. The second
ingredient is the form of b,. In order to find a regular
solution, we impose that the norm of the conserved current
in the Einstein frame, J? = h**J /> vanishes throughout the
spacetime, which guarantees that the current does not
diverge at the horizon.” Such a requirement is fulfilled by
assuming b, to have the form

b, = [0.5(r).0.0]. (51)

which leads to the vanishing of the field strength associated
with it, b, = (db),,. As a consequence, T, and J, vanish
even without imposing any previous condition on b(r).
Before proceeding further, it is worth calling attention to the
conventions that we adopt here: tilded objects are defined in
the Einstein frame, namely, an index can be risen or lowered
using the auxiliary metric, ##*. For example, b* = h**b,.
Note that, although b?> = g"b,b, possesses an explicit
dependence on ¢*, one can define a new object
b = h*b,b,, which depends on h,,. Both of them are

2.1/2
1+

(-2
Thereby, b* can be properly written in terms of b°.
Furthermore, as we mentioned before, b2 is a real constant,
as is b’

The requirement that b*> = const leads to b(r) =
|ble=(). Putting all of the aforementioned features
together, the vacuum field equations in the Einstein frame
(44) are drastically simplified to

algebraically related to each other by b* = b2

R, (h) =0, (52)
J

Ra/)'m/ _ 1

K = Rupu = r6(4 T 3X)3/2

whose solution is the well-known Schwarzschild line
element

2M dr? ,
dsyy = —( - T) dr’ + i _rm) + r?(d6” + sin? 9d¢p?),

(53)

and the VEV is given by

I 0, o] . (54)

Notice that, although b, diverges at the horizon (probably
due to an effect of a “bad” gauge choice), the physical
observables are characterized by the scalar invariants built
up from b, which are finite at the horizon. For example,
b?* = const and J? = 0, by construction, and b*b*R,,, = 0.

In order to find the metric g,,, we substitute Eq. (53) into
Eq. (38), identifying B, = b,. After that, one obtains the
line element for g,,, namely,

g5, = ——U %) dr* + L (G )
© (1+2(1-%) (1-20) | (1-%)°
+ 2 (d6? + sin20d?), (55)

where we have used the shorthand notation X = £b?, which
effectively represents the Lorentz-violating coefficient.
Note that the line element in Eq. (55) describes an LSB
modified Schwarzschild metric. The LSB coefficient
affects not only the radial component of the metric g,,,
but also its temporal component in a unique way. In order to
investigate the solution, let us compute the Kretschmann

scalar invariant:
48XMrv4 + 3X + 32MXrv4 — X

— 12MX*rVA = X + 327 VA 13X + 192M>V/4 + 3X
-327V4 - X - 16r°XV4 - X — 12X>Mr/4 + 3X
+6r°X2VA X + 64MrvVA — X — 144XM>V/4 1 3X
—3M2X3V4 + 3X + 36M>X2\/4 + 3X + 3X22V4 + 3X

1
+ X3Mrv4 +3X — 64MrvV/4 + 3X — ZX3 V4 +3X|. (56)

?A similar choice was chosen in the context of Galileons in [52,53].
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Clearly, the scalar invariant shows that the effects of LSB
(expressed through X) cannot be absorbed by a simple

coordinate rescaling. If we consider X = 0, we recover the

usual result for the Schwarzschild metric, K¢ = 48:242, as

expected. Since the coefficient for Lorentz violation must
be suppressed by a typical high-energy scale [4], then,
assuming X < 1, the effects of LSB at the first-order
expansion in X of the Kretschmann invariant read

12MX
K =Kg+———(r—6M)+ O(X?). (57)
r

Note that the structure of singularities holds the same in
comparison to the Schwarzschild one. At r = 6M, the
leading term vanishes, so that the effects of LSB at the first-
order level are eliminated, although it cannot be directly
realized from the metric in Eq. (55).

A. Geodesics

Having the knowledge of the LSB metric (55), our focus
now is obtaining information about the effects of LSB in
the geodesic trajectories of particles moving in this space-
time. Since we are dealing with a static and spherically
symmetric metric, there are two Killing vectors associated
with it, namely, d, and 9. As a result, it suffices to aim at
the radial geodesics. In order to find the geodesics of point
particles, we begin with the following Lagrangian [54]:

L = g, x"i, (58)

where £ can take the values —1, 0, 1, corresponding to the
time-like, null, and space-like geodesics, respectively. The
dot in the former equation means that there is a derivative
with respect to an affine parameter denoted by A. Then, the
velocity is defined by i* = ‘%. As it is well known, the
motion of particles is independent of the angular coordinate
0; so, for the sake of simplicity, we restrict the particle to
move in the equatorial plane, & = 7. In this case, for the

metric (55), we have

(-2 1 (143
(sma_y -2
4 4

~—

L=— 2+ 2.

(=20 \ =3y
(59)

Here there are two conserved quantities, £ and L, which are
explicitly found by using the Euler-Lagrange equations for
the coordinates ¢ and ¢, respectively. By doing so, we obtain

PR Ul s i, (60)

(1+2)(1-%)

L =rg. (61)

Putting Egs. (60) and (61) into Eq. (59), we get the radial
geodesic equation

P _XVE _1( M (1-%)°/L? p
2 4) 2 2 r 1+3\ /2 ’

(62)
which can be rewritten like
",.2
— =&V, 63
) eft ( )
where we have defined the following quantities:
X\2E?
E=(1—-—] —, 64
(1-3)3 (64
1 oM\ [(1=%)3 /12
Vg == 1 ="— )y —2(5-L). 65
eff 2( r ) 1+ STX (rz > ( )

Equation (63) describes the motion of a point particle with a
unit mass and total energy £ (64) in the presence of the
effective potential V4 present in Eq. (65). In what follows,
we investigate the impact of LSB in the geodesics for
massive and massless test particles in the innermost regions,
which is supposed to depart from the behavior of general
relativity (GR).

B. Time-like geodesics and the advance of Mercury’s
perihelion in the LSB Schwarzschild spacetime

As can be seen from Eq. (63), the radial motions for
massive particles are confined to the regions where
E—=Ver > 0. The turning points occur at &£ = V.

Observe that the circular orbits (r) arise when the effective
dVeg

potential is flat, i.e., =0, and these orbits are

dr
2 .
stable when ¢ d‘:f“ r—r, > 0. In other words, it corresponds

to the situation in which a particle tends to return to its
radial equilibrium (r() even if it suffers a small displace-
ment from its orbit.

The next step is to investigate the behavior of the
effective potential for massive particles. As discussed
before, the effective potential for massive particles, which
corresponds to time-like geodesics, is achieved by taking
L = -1 in Eq. (65). Note that the zero of the effective
potential is located at the horizon, that is, at r = 2M.

We now investigate how the corrections of LSB affect
the innermost stable orbit (ISCO)—which corresponds to
the limiting situation where the two circular orbits approach
until they collapse into one another—compared with the
GR results. First of all, it is necessary to solve the equation
% =0 as a function of X. By doing so, however, one
concludes that the LSB does not affect the ISCO. On the

r=ry

085010-8



VACUUM SOLUTION WITHIN A METRIC-AFFINE BUMBLEBEE ...

PHYS. REV. D 108, 085010 (2023)

other hand, it is expected that noncircular orbits will be
affected by LSB. Now, let us illustrate this situation by
considering the precession of Mercury’s perihelion. As it is
well known, the first step is finding the radial coordinate r
in terms of the angular ones ¢, i.e., r(¢). To do that, we
substitute Eq. (61) into Eq. (63), which reads

dr\? 2& (1=X37/7/r 2MP\ [L?
_ = —_— ]"4 —_ 4 — T A - —|— 1 .
d¢ L? 13|\ L* )\~

(66)
Now, for convenience, we introduce the new coordinate

y = ALl—Zr so that the above expression can be given by
dy\?
d¢

The second standard step is rewriting it as a second-order
differential equation. This is done by differentiating
Eq. (67) with respect to ¢ and also proceeding with further
simple algebraic manipulations. In this way, we obtain

3M?

(1_1_()3 L_2+y2—2y—2M2 3 _2ng
143 (M2

(67)

dy [(1=3)
ap "\ T (y_

In contrast to the metric case [7], the LV corrections do not
affect the first term in the former equation. They only
impact the term within parentheses instead. When LV
coefficients are no longer taken into account, we recover
GR, as expected. The best manner to observe their effects is
by treating Eq. (68) perturbatively. Thus, the solution can
be put into the form

y=Yo+yi+---, (69)

where y, is the unperturbed case and y, is the first-order
perturbed solution. It is worth mentioning that higher-order
corrections will be neglected in the perturbative scheme
adopted here. Plugging Eq. (69) into Eq. (68), we find

d2 1_X3
Do i -n=0.

which is the zeroth-order piece of the full Eq. (68), and

1—— 3M2
d¢2 \/ +3X +3X 1z — v (7))

is the first-order part of Eq. (68). The solution for Eq. (70)
is given by

(1=

3X
143

Yo =1+ ecos ¢ |, (72)

where e is the eccentricity of the orbits. Note that this
equation resembles the standard Newtonian result.
Inserting Eq. (72) into Eq. (71), we are able to get the
solution for the first-order equation, namely,

3M> 1 1 (1-%)3
V=T <1+§e2)—6cos 2 1_'_%91)
(- o [a-2
+e ¢ sin ¢ || (73)
143% 143

From the physical viewpoint, only the third term plays an
important role in our analysis, since the first one is nothing
more than a constant, while the second one oscillates close
to zero. Thereby, the solution of Eq. (69), up to first-order,
may be written as

(-
y=1+ecos ¢
143
am? (1 -%)° (-3’
77 ¢ 1+gf¢51 1+3TX¢ . (714)

It is observed from the experimental data that the quantity
= % < 1 for Mercury [55]. Therefore, the above
equation up to first order in € can be rewritten as

(1=

y=1+4cos 3%
I+

(I-¢) ¢ | (75)

With this, we can define the period of the noncircular
orbits as

2w (1—%)3)_7
T = ~27n + Aa, 76
(1—6)(1—#—35 g * (76)

where the angle Aa measures the advance of perihelion.
Assuming that LV coefficients are small, we get

3
Aa = 271'6 + zﬂX = A(XO + 5Lv(l, (77)

with Aag being the standard contribution from GR, which
is usually rewritten as

6xGM
Aoy =2 = 55—, 78
% e Al —e?)a (78)
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where we have restored Newton’s constant G and the speed
of light ¢; furthermore, the constant a denotes the semi-
major axis of the orbital ellipse. The second contribution on
the rhs of Eq. (77) gives rise to new effects ascribed to LSB.
It is important to highlight that such a feature does not have
any similarity with GR. Explicitly, we have

3
5Lv(X = EﬂX (79)

In other words, this equation accounts for the LV con-
tributions for the advance of Mercury’s perihelion in the
metric-affine bumblebee gravity. In addition, it is bigger
than the results currently encountered in the literature for
the metric case [7].

1. Estimation of the LSB coefficient from the advance
of Mercury’s perihelion

Our aim here is to estimate X from astrophysics data from
the advance of Mercury’s perihelion. Initially, the theoretical
result predicted from GR is Aay = 42.981 as /cty [55-58],
where the units “as” and “cty” mean arcseconds and century,
respectively. By using recent observational data [59,60],
which gives a discrepancy order of 0.002 £ 0.003 as/cty,
we are capable of estimating an upper bound for X. In fact,
as long as LSB effects are not sensitive to the current
experiments, o ya should be smaller than the observatio-
nal error (0.003 as/cty or, equivalently, 72.3 x 107! as/
orbit). In this way, it is straightforward to conclude that LV
coefficients must satisfy the upper bound X < 7.4 x 10712
This result is more stringent than the ones found in the
metric approach [7].

C. Null geodesics and the deflection of light
in the LSB Schwarzschild spacetime

Now we turn our attention to null geodesics, which are
recovered by taking £ = 0 in Eq. (65). Note from Fig. 1
that the shape of the effective potential does not depend on
L or , similarly to GR.

We proceed with the computation of the deflection of
light in the weak-field approach. Let us begin considering
Eq. (62) for null geodesics, i.e.,

X\ 2 2M
i? = (1——) E? - (1——)
4 r

We can combine the above equation with those describing
the conserved quantities [Egs. (60) and (61)] to find

(5 (2R w

(: ﬁ;j (1;—22—5). (80)

dé _
dr

0.30F "
L
025} M
L
020 M
L
5
3 0.15F M
L
0.10f M
0.05F
0.00F
2 4 6 8 10 12 14
r
M
FIG. 1. Behavior of the effective potential for null geodesics for

a variety of values of £ We take X = 0.01.

where we have defined the impact parameter f = % We use
this equation to calculate the bending of light in what
follows.

Denoting the turning point of a particular orbit by ry,
we are able to conclude that &E(rg) = Vg(rg), which
implies that

1 (-39 1 (52)
oo Ja=Hae
Integrating Eq. (81), we obtain
% xX\2 am\ [(=%3 17
sor 7| (=0) o ()
(83)

where the factor of 2 in the above equation arises from the
fact that the regions before and after the turning point
coincide. The former equation can be rewritten in terms of
the new variable defined by u = %; then, Eq. (83) becomes

Uy X\21
o= []0-2) 50

(-1

- 2Mu)u?

du, (84)

where uy = rio Substituting Eq. (82) into Eq. (84), one gets
Ap = 1/ _;X / (1 —2GMuq)u?

- (1 —2GMu)u*]""?du, (85)
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where we have restored Newton’s constant G for conven-
ience. Let us now solve the former integral perturbatively
since there is no exact solution. Therefore, we expand
Eq. (83) around GM = 0 to obtain

Ap =

_X)3
8 . g) (727 +4GTM + 0<<GM>2>)- (86)
4

As discussed before, the coefficient for LV must be small;
then, assuming X <« 1, we have

3X> 4GM(1_3X
B

A¢:ﬂ(l - 1

, > +O((GMX)?). (87)

It is well known that the angular deflection in the weak-
field approximation is defined by [55]

op=Ap—n
3 AGM  3GMX
=Xt oa e O((GMX/c*)?),  (88)

where we have restored the speed of light ¢. Note that the
first term in rhs of Eq. (88) is the contribution to the angular
deflection arising entirely due to the LSB, with its sign
opposite to that one for the metric-bumblebee model. The
second term in Eq. (88) is the standard GR contribution for a
compact object with mass M. Ultimately, the third term in
Eq. (88) is the second LSB correction for a compact object
with mass M, and such a correction is essentially new since
it does not appear in the metric theory [7]. Hence, the
angular deflection due to LSB reads

3 3GMX
Sy = Xm+ ™
LV¢ 4 T+ ﬁc2 s (89)

GM
2 .
2

up to first order in X and

1. Estimation of the LSB coefficient from the deflection
of light

In order to estimate the LSB coefficient from recent
astronomical data of the deflection of light, we consider the
parametrized post-Newtonian (PPN) approach [61,62]. In
particular, we focus on the PPN parameter y, which is used
to parametrize the post-Newtonian contributions of space
curvature to the bending of light. The results of GR are
recovered for y = 1. Within the PPN formalism, the post-
Newtonian deflection angle due to a light ray passing

through a massive body of mass M at a distance S is given
by [63,64]

4GM (1 + cosy)
pe? 2 ’

Opngp = % (1+7) (90)

where y is the angle between the massive body and the
source. Now, let us consider the particular situation in
which the Sun is the deflecting body, i.e., M = M, and
we consider a grazing ray, which means taking f =~ R, and
w =~ 0. In this case, using the constant values from [65],
we have

Opng = %(1 +7)0Gr s (91)

with 6gr¢p = 1.751557143 as. Note that, as previously
mentioned, y = 1 recovers GR.

A variety of observational data on y from experimental
tests are available (see [66—72], and references therein). We
note the latest accuracy of the PPN parameter y, which was
achieved using the very-long-baseline interferometry (VLBI)
technique [73]. The accuracy obtained was 9 x 1073 Here we
assume that the effects of LSB exist in nature and they have
not been observed yet by these experiments because their
effects are supposed to be suppressed by a high-energy scale.
Therefore, the angular deflection due to LSB must be upper
bounded by the stringent constraint §; y¢p < 0.0788201 mas,
which leads to X < 1.62 x 10719,

V. SUMMARY AND CONCLUSION

We dealt with a metric-affine generalization of the
gravitational sector of the SME imposing projective invari-
ance. To attain this symmetry, we required some conditions
on the LV coefficients, namely, s** is symmetric in its two
indices and % = (. Under these circumstances, we rig-
orously obtained the field equations and found that the
solution of the connection equation is simply the Christoffel
symbols of a disformally related metric, where the disformal
piece is determined by the LV coefficient s#*. As we saw, the
action admitted an Einstein-frame representation.

Having knowledge of the connection, we considered a
particular case corresponding to the metric-affine bumble-
bee gravity in the vacuum. In this context, after some
algebraic manipulations, we were able to rewrite the metric
field equation as an Einstein-like vacuum equation for the
auxiliary metric, h,,. Also, we found an interesting result:
the background metric (g,,) picked up contributions stem-
ming from the bumblebee VEV, which was assumed to
be a space-like vector. Such a solution described a
Schwarzschild-like metric. Remarkably, different from the
metric case [7], our solution presented a nontrivial redshift
factor induced by the effects of the nonmetricity, which was
sourced by the LV coefficient, X = £b?, as discussed in [38].

We investigated the impact of the LSB on local properties
of this background. For instance, the departing of geodesics
of particles from GR (X =0), as X larger, is not an
unexpected behavior. Moreover, we computed the advance
of Mercury’s perihelion and the angular deflection of light
within the weak-field approximation. In both cases, we
obtained corrections stemming from the LSB. We provided
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an upper bound for the LV coefficient, X ~ 1072, from the
observational data of the advance of Mercury’s perihelion.
In addition, using the most recent observational data from
VLBI for light bending, we found that the LV coefficient
relied on the stringent constraint X < 1.62 x 10710,

As a natural continuation of this work, we intend to
study the implications of our solutions for the deflection of
light within the strong-field regime. Also, it would be a
promising task to examine new solutions, such as rotating
black holes.
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