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Exact renormalization of wave functionals yields continuous MERA
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The exact renormalization group (ERG) is a powerful tool for understanding the formal properties of
field theories. By adapting generalized ERG schemes to the flow of wave functionals, we obtain a large
class of continuous unitary networks, a special case of which includes a class of Gaussian continuous
multiscale renormalization Ansitze (c(MERASs). The novel feature of these generalized wave functional
ERG schemes is allowing for modifications of the dispersion relation, which drastically changes the
entanglement structure of the ultraviolet states. Through our construction, we demonstrate that cMERA can
be derived from a more fundamental “microscopic” principle, which amounts to the usual RG principle of
path integral independence, suitably adapted to quantum states of the field theory. The establishment of
such a principle may provide a path forward for exploring cMERA beyond the free field regime, and for
understanding the nature of entanglement renormalization intrinsically in the continuum.
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I. INTRODUCTION

In the study of entanglement and its properties in many
body systems and field theories, a well-established con-
nection has emerged between the study of tensor networks
and holographic quantum gravity. The central element of
this dialogue is entanglement renormalization, a powerful
tool for understanding the structure of real-space entangle-
ment in lattice theories and other discrete quantum
mechanical systems with spatial structure [1,2].

A particularly important example, known as the multi-
scale renormalization ansatz (MERA), is a tensor network
model in which local or quasilocal unitary operations act to
remove entanglement between nearby sites. The lattice is
then dilated by an isometry and the process is repeated,
resulting in a final lattice state with similar long-range
correlations to the initial state, but with much simpler
small-scale structure. It is also of theoretical interest to
consider a “reversed” process where entanglement is added,
rather than removed. One starts with a spatially unen-
tangled state and uses local unitaries to entangle neighbor-
ing sites. This describes a process by which one efficiently
generates states with entanglement at many different scales,
such as in the ground state of interacting QFTs.

The connection between MERA and holography comes
from the identification of the depth, or scale, of the MERA
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network with the radial coordinate of an asymptotically
anti—de Sitter (AdS) spacetime [3,4]. Since its inception,
the proposed connection between tensor networks and
geometry have yielded many valuable insights into features
of quantum gravity, such as the Ryu-Takayangi formula [5].

Despite the success of tensor network models in studying
holography, the program is ultimately a toy model. Because
of its discrete nature, the “dual geometry” of MERA
describes, at best, a discretized approximation of space-
time. This limitation has motivated definitions of MERA-
like networks directly in the continuum. The program,
designated continuous MERA (cMERA), consists of a one-
parameter family of unitary maps U/(z) with z € (1, o) and
U(1) = 1[6]. Explicitly, the unitary operator takes the form
of a path-ordered exponential,

The Hermitian generator L is the Weyl scaling in d
spacetime dimensions,1

. d-2 N
L=22 [

T [0@r@ +a00@). @

and the operator K(Z) implements the analog of an
entangling operation on neighboring sites,

'We use the Weyl scaling for its simplicity, but note that our
choice is different from the relativistic and nonrelativistic scaling
operators defined in [5].
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K@) = [ 0D @@E+7) + 4G+ Do), ()

with g, (7) some quasilocal smearing function that falls off
at large r. The entangling kernel g. (7) is chosen such that if
|A) is a field theory state with no real space entanglement,
then

700

U(2)|A)—12). (4)

where |Q) is some highly entangled state such as the
ground state of a relativistic field theory. In this way,
cMERA mimics the state preparation of lattice MERA
networks.

The forms of MERA and cMERA are motivated by
qualitative features of the Wilsonian renormalization group
(RG). However, unlike MERA, which is constructed from
an underlying microscopic principle, the definition of
cMERA networks is essentially ad hoc; it is built to
connect two particular states along a flow in a way which
is reminiscent of the end points of MERA. Moreover,
unlike its discrete partner, which has seen success in
describing ground states of strongly coupled lattice theo-
ries, cMERA has generally resisted attempts to go beyond
Gaussian states and free field theories. These two problems
are not entirely unrelated; without a well-defined micro-
scopic principle, it is not manifest what the appropriate
steps are to include interactions in a cMERA.

The question then, of whether one can define cMERA
from an underlying RG principle directly in the continuum,
is one of great interest for developing a complete picture of
continuous entanglement renormalization, and ultimately
for applications of cMERA in holography and gravity. In
this paper, we will argue that such a principle indeed exists,
and it is in fact precisely the usual notion of an RG principle
used in the exact renormalization group (ERG) [7], suitably
adapted to field theory states. The groundwork for our
analysis was laid in [8-10]. By modifying the renormal-
ization scheme of Polchinski, it was shown that one can
derive an ERG of wave functionals whose flow is unitary
and has precisely the form of Eq. (1). However, this flow
lacked some important properties of cMERA; the starting
point of the unitary flow did not yield an unentangled state
as in (4) and the disentangler was completely nonlocal in
position space, unlike the desired quasilocal smearing
function of (3).

To overcome the challenges of constructing cMERA
from the ERG, it is useful to note that in many cMERA
models, the UV physics is modified in such a way that it is
effectively nonrelativistic. In particular, the ground state
|} of a nonrelativistic boson takes the form

Wi~ e (= [o@0®).

As we can see from the right-hand side, this wave func-
tional factorizes in position space, and thus has no real-
space entanglement. This motivates us to generalize the
ERG by considering smooth cutoff functions that modify
the dispersion relation, allowing for the UV to be non-
relativistic.

In this work, we implement ERG schemes that are
general enough to include, as special cases, cMERAs, i.e.,
the unitary flows we derive have the necessary conditions
of (1), (4), and (3) with quasilocal kernels g¢. (7). The paper
is structured as follows. In Sec. II, we review the adaptation
of the Polchinski ERG scheme to wave functionals. In
Sec. III, we introduce the modified regulating scheme
which implements cMERA, and compute the resulting RG
flow equations from the path integral. Appendix D includes
a discussion of the generalized ERG in the Hamiltonian
picture that makes the connection to cMERAs more
manifest. In Sec. IV, we conclude and comment on
generalizations and applications.

II. REVIEW OF THE ERG FOR STATES

We begin with a brief review of the adaptation of ERG to
the flow of states in the singlet sector of the O(N) model as
constructed in [8]. The main principle is to implement an
ERG regulator in “sliced” path integrals that correspond
to the wave functionals of quantum states. In local field
theories, this path integral integrates over field configura-
tions on half of spacetime M_ in the past of a spacelike
surface X (which we take for simplicity to be a constant-
time hypersurface). Arbitrary quantum states are obtained
by operator insertions in Euclidean time, and a basis is
chosen by fixing arbitrary field configurations ¢(X) on X.

Since in this paper we are interested in establishing a
precise connection between the ERG and existing Gaussian
cMERA constructions, we will confine our attention to the
(regulated) free fixed point of the O(N) scalar model in d
spacetime dimensions. A useful trick that was introduced
in [8] is to write the generator of quantum states that are
created by arbitrary singlet operators acting on the ground
state. The corresponding path integral can be written

(p(%)|Q[b]) = / [Dd,]zg‘if;:gfé eiSo+SIESHUy) | (6)

2
where

Si= [ 9 ™)

and we have implemented a Dirichlet boundary condition
on X to select the corresponding basis for the Hilbert space.

*We will often use abbreviated DeWitt notation (A - ¢)(x) =
fyA(x, y)¢(y), and will leave implicit the contracted O(N)
indices.
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If we fix the distribution b(x, y) to some value in Euclidean
time, then the resulting state is Gaussian; importantly,
however, note that more generally b(x, y) can be regarded
as a source, and so one may construct arbitrary non-
Gaussian states by taking derivatives of (¢p(X)|Q[b]).
Using this formalism, the ERG is interpreted as a flow
in the space of singlet states, coordinatized by b(x,y).

In (6), the integration is over arbitrary field configura-
tions in the interior of M_ while S, is a suitably regulated
kinetic term that we will describe below. U/, is a field-
independent term that sets the normalization of the path
integral. By S; we denote interaction terms which, in
the context of the O(N) model, should be taken to include
all multitrace singlet operators. Indeed, with regard to
the generating functional, one finds that the exact ERG
equations close only on the full set of such operator
sources. An important exception is the choice S; =0,
which constitutes a consistent truncation of the ERG flow
equations. As we have noted, such a truncation is sufficient
for describing existing cMERA constructions, and we take
this choice for simplicity. However, there is no obstruction,
in principle, to including a nonzero S;; we will comment
further on the effect of multitrace operators and interactions
in the discussion section.

In contrast to the partition function that is invariant under
the RG flow, the wave functionals evolve as a function of
scale. An ERG regulated action can be written in the form®

So[d»,rp]=—#(/M_qb-m-qa—/zwl(-lat'qs),
(8)

where K is a regulator and the differential operator D* was
taken in [8] to be of the form

D? = KNV /M) (=0 + V),
limK(s) — 0, 1ir%K(s) =1 9)

§—00

Here, we regard M as an ultraviolet cutoff scale on
momenta, and z has been introduced so that M/z plays
the role of a renormalization scale. Importantly, we have
chosen K such that it regulates large spatial momentum p2,
as opposed to the relativistic invariant p,p#. With this
choice S, has no more than two time derivatives in the bulk
and one time derivative on X. This is consistent with a
proper symplectic structure in phase space.

*We recall from [8] that the term with support on X is required
in order for the boundary conditions to be consistent. Indeed,
classically, the variation of the action has the form &S,[¢p] =
— [5 8¢ - K=" - 0,¢p on shell, and so Dirichlet conditions on X are
consistent. Allowing time derivatives in the regulator function
would spoil the canonical structure.

The regulated action in (8) is symmetric under the
transformation
M — IM,

7=z, ¢ — AD2¢. (10)

This is a full quantum symmetry of the wave functional
(p|Q[b. M. 2]) = (A=22|Q[b,AM, 7)),  (11)

if the Jacobian coming from the path integral measure is
absorbed into Uf,. This generalizes to a much larger
background symmetry involving a bilocal linear action
on the fields, but we will suppress some of these details
here. We regard (11) as a background Ward identity.

There are two steps involved in the ERG. For the details
of the calculations involved, the reader may consult [8] and
Appendix A. The first step is to lower the cutoff M — M /A.
After some formal manipulations, one finds that the
infinitesimal transformation can be written as a differential
operator acting on the wave functional,

Mo (b)) = ()61 + K ) i@leD. (12

where K is a self-adjoint disentangler as in (3) with
g. = Moy logK (13)
and

1

plbl =b-BDy-b, A= EMaM(D_z) (14)

can be regarded as a f-function, a functional of the state
source b. In the second step of ERG, we make an
infinitesimal symmetry transformation of the form (11)
to bring M back to its original value. Infinitesimally, the
result can be written as

{9(z0. + Moy —iL) - Qb)) = 0, (15)

where L. is the scaling operator in (2). Combining (15) with
(12), we arrive at the flow equation

20.(9l0]) = (ol (101 5+ K+ iL ) b)), (16

This equation can be integrated by enforcing the RG flow
equation zd,b(z) = f[b(z)] for the source. We say that such
states have “jumped onto the flow”, and we obtain the
unitary flow equation

9(:6()) = P [ W TP j0(1:6(0)).  (17)
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As was remarked in [8] and recapitulated in the introduc-
tion, the ERG flow in (17) resembles the unitary flow in the
c¢MERA construction, but differs from the cMERA flow in
some crucial aspects. In the next section we will modify the
ERG construction to accommodate the additional features
of cMERA.

III. NONRELATIVISTIC FLOWS

As we noted in the introduction, the UV limit of many
cMERA models resembles the theory of a nonrelativistic
boson. Although the regulated action in (8) is not strictly
Lorentz invariant due to the regulating function, it retains
the dispersion relation of a Lorentz invariant theory. A
crucial feature of the ERG is the freedom to choose the
regulating function. In particular, there is no a priori reason
to pick a regulator which respects such a dispersion. Thus,
the modification that we make in this paper is to generalize
the regulator so that

1 i 1 )
Sgr[qﬁ’(p} __m//\/t ¢.D2.¢_2Zd_zé(p-[(olat.¢

(18)

with

D* = -K;'o? + K;'V?
= K7 (~0;202 + V7). (19)

Here, we have introduced two distinct functions which we
call K, and K that regulate the temporal and spatial parts
of the free action, respectively. Now the regulated action
has a dispersion controlled by the ratio of the two regulating
functions,

vph = \/ Ko/Ky. (20)

K, plays the role of a regulator for momentum modes of
the field, and we take it to be a function of zp/M with
K (u) - 0 at large u and K (u) — 1 at small u.

We are left with some freedom in the choice of K,. Here
we will take K|, to be a function of zp/M and p/u for some
new intermediate scale y. The transformation in (11) then
remains a symmetry of the action and we can repeat the
previous ERG construction. To summarize, we consider

® = vy P,

Ki(zp/M).  vpn(p/u.2p/M). (21)
At this stage, there are two scales in the problem: 1) the
renormalization scale M/z, and 2) an intermediate scale u
where we might allow the dispersion to transition, for
example, from a nonrelativistic to a relativistic form;
see Fig. 1.

I M/z P

FIG. 1. The smooth cutoff function K, suppresses the high-
momentum modes above p > M/z. The phase velocity vy,
transitions from relativistic vy, = 1 to the nonrelativistic vy, ~ p
at some crossover scale p ~ u. In nonrelativistic ERG, the
combination K = K, vy controls the locality of the disentangler
which can be smoother than K.

Before proceeding, let us note that this choice of
regulator is natural if we consider the path integral in
phase space or in first order terms. Then,

> 0.X)=p(X) i
(wlale]) ~ [ DaDgILE, e 2

where

st = [ao(-d= gy n s 10 K5IT ).
23)

So we see that in phase space, K ; and K, appear as separate
regulator functions for the momentum modes of the field
and its conjugate momentum field, respectively.

It is well-known that the ground state wave functional in
a free theory is Gaussian. It can be written in the form

i) ~exp (=3 [ @ p).

K K v
G = R0 giag Mo, (24

where in the second line we have written the kernel G in
terms of the functions K, K, defining the path integral. In
Appendix D, we verify this is the correct wave functional
by canonically quantizing the Hamiltonian at a scale z.

The key observation is that the ground-state wave
functional is controlled by the combination K = K vp,.
To understand how this controls the entanglement of the
state, it is conceptually useful to keep in mind the three
distinct regions of momentum space defined by our set of
regulators. Explicitly, these three regions are:

(i) Low momentum modes with p < p,

(ii) Intermediate momenta with u < p < M/z,

(iii) High momentum modes with p > M/z.
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As a regulator, K effectively “removes” the high-momen-
tum modes in region III. Thus, the behavior of the ground
state is essentially controlled by the regions I and II. In
these regions we have K, ~ 1, and so the kernel G in the
wave functional is entirely determined by the phase
velocity vp,/p. Note that in the UV, when z is very small,
region II’s contribution to the wave functional dominates
that of region I, whereas in the IR only region I contributes.
With this in mind, we regard region II as controlling the UV
behavior of the ground state while region I controls the IR
behavior.

If we want the UV state to be unentangled in position
space, as in (5), we need the dispersion in region II to
be such that vy, ~ p for almost all p. In other words, the
UV dispersion should be the nonrelativistic o(p) ~ p2,
whereas a relativistic IR requires lim__, vy, = 1. These are
requirements that are not hard to satisfy. As an explicit
example, consider the choice

von(p/p.zp/M)* =1+ (1\;1_22) <p—j> (25)

p’z°) \u

Indeed, in the regime p < p < M/z, we have o ~ % p?

while @ — p for p << p. So for z ~ 1, there is a large range
of momentum over which the dispersion is nonrelativistic,
whereas as when z has increased beyond M /u, a transition
to a relativistic dispersion occurs. In Appendix E, we
establish that this choice corresponds to a particular
construction discussed in [11] called magic cMERA. A
sketch can be found in Fig. 1.

What remains to be done is to repeat the ERG analysis
for the generator of quantum states in the presence of the
nonrelativistic regulator. In fact, the analysis is a straight-
forward generalization, and we obtain (see Appendix A)

20.(910p]) = (ol (=t (P01 5 ) + K+ i ) o).

(26)
where
plbl=b-A,-b, A, = Moy (D™?),  (27)
and
G, = Moy log(Kvy). (28)

We see that each of these kernels depends on both K, and
K, or equivalently K and v,. Specializing the analysis to
the ground state by setting b to zero, one indeed finds the
ground state wave functional is of the form (24).

In comparing these nonrelativistic flows to cMERA, it is
clear that with choices such as the one in (25) the UV states

are unentangled. What remains to be checked the locality of
the disentangler. For any nonrelativistic flow, the expres-
sion for the kernel of the disentangler g, is given by the
logarithmic derivative of K = Kvpy. It is this quantity
which then decides the local properties of the coarse-
graining. Given a choice such as that in (25), the growth of
vpn has the effect of widening the regulator in momentum
space. This in turn sharpens the disentangler in position
space, giving the desired real-space coarse graining. On
more general grounds, since vy, grows with p to obtain a
disentangled UV state, the cutoff function will always have
some amount of smoothing, leading to a local kernel for the
disentangler in position space. For some explicit examples,
see Appendix B.

IV. SUMMARY AND DISCUSSIONS

In summary, we have generalized the ERG to include
nonrelativistic flows of quantum states. In doing so, we
have demonstrated by construction that cMERA can be
defined intrinsically in the continuum from a microscopic
description. By regulating the time and space derivatives
in the Lagrangian separately, we have allowed for a cutoff
dependent dispersion relation that changes the real space
entanglement pattern of the ground state. By choosing these
two regulators such that the theory is spatially unentangled
in the UV, we have recovered the usual coarse-graining
operators found in earlier cMERA constructions.

Perhaps the most promising feature of our generalized
ERG is that it provides a systematic method to include
interactions. Incorporating interactions in cMERA models
using operator methods has proven to be difficult. For
progress in this direction, see [12—15]. On the other hand,
the path integral makes the incorporation of interactions
straightforward, at least in principle. The major technical
difficulty is in finding appropriate limits where the ERG
flow equations become tractable. While in this paper we
explored the free fixed point, the ERG is also well-behaved
in large N expansions and for certain exactly solvable
deformations such as 7T [16]. These features of the ERG
offer an exciting potential avenue to consistently define
interacting cMERAs and ultimately make contact with
holography, and the establishment of our result here is an
important first step in that process.

Another interesting observation concerning our gener-
alized RG flows is that they can accommodate more exotic
unitary networks than cMERA. Indeed, by appropriately
choosing the smooth cutoff functions K, and K, we can
tune the properties of the ground state wave functional both
in the UV and the IR. For example, we could construct a
ground state which takes the form

W) sexp (=3 [ o) ()
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for any non-negative real number a. The choice a =1
coincides with the relativistic free boson while @ = 0 yields
the unentangled ground state of the nonrelativistic free
boson. Other choices correspond to Lifshitz-like disper-
sions @ ~ p'**. We leave the exploration of such networks,
their entanglement properties, whether the operator algebra
is of type I or type III, and the connection to recent work
in [17] to future investigations. Note that the ERG forma-
lism discussed here can accommodate any Gaussian theory,
including theories without a local action such as general-
ized free fields.

It would also be interesting to further explore the
connection between renormalization and error correction
as put forth in [18]. There, the RG flows are viewed as an
encoding channel for a particular set of low-energy states.
How does the error correction picture generalize to the
full ERG scheme, and what is the role of the large N limit?
By exploring large N in both the interacting and non-
interacting cases, we may use these continuous unitary
networks as a toy model for better understanding the role
of large N in holographic systems in contrast to other
features of holographic models such as large gap and strong
coupling.

Finally, in the ERG there are natural generalizations
that lead to nonunitary flows which go beyond standard
cMERA networks. In general, the expectation is that such
ERG schemes correspond to a one-parameter family of
quantum channels. These nonunitary channels may eluci-
date features of RG which connect to nonunitary entangle-
ment renormalization schemes such as continuous tensor
network renormalization (cTNR), and the nonunitary
generalization of MERA such as those discussed [5,19].
Furthermore, extending our formalism to nonunitary ERG
schemes may shed light on questions regarding RG
monotones and irreversibility.
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APPENDIX A: ERG FOR NONRELATIVISTIC
STATES

Let us recall the definition of the excited states we
consider in the body of the paper,

(W@l / (DgJrexp (= ST [h.0]-S,),

1
V7 U]

-1 -
Sgrzzzd—Z (//Vl ¢a,D2_¢a_/z(pa_Kalat¢a

1
szm//\vl_¢ b¢ +ub

)

(A1)

By requiring these states to be normalized, the prefactor in
the state is determined to be

Zlb.tt) = [ Dh)exp (—ﬁ | =D )

-W—m) (A2)
This object may be regarded as the Euclidean “partition
function” corresponding to the state |Q[b]). It is then
natural to require that Z[b,U,] satisfy the usual ERG
condition zdizZ[b,Z/{b] = 0. This will generally only be
possible if the sources b and U{,, themselves flow as running
couplings. We must be careful to do this in a way that is
consistent with the factorization of the path integral into
states. This is done by first computing z ¢ ((x)|b) directly,
where |b) = /Z[b,U,]|Q[b]) is the unnormalized path
integral state. Then,

g2t = 100 (=5 Gl ) (oolD

+ [ Do) (Blol)z - (0(DIB) =0. (A3)

Taking the derivative of the unnormalized path-integral
state yields

d, = d d
£ 0B) == [1Dgle (255 + 250 )0

dz dz
(A4)
Evaluating the derivatives explicitly, one finds,
d 1 d
28 = a.z=—p). ¢*
Ca T 2 /M ’ (Zdz ) ’
d-2 d
- “-b-gf —U,, A5
S bt (89
d 1 - -
— S — _ a_DZ'A_DZ_ a
ZdZ 0 2Zd_2 //Vl ¢ b ¢
1 ; (22 ;
- 2Zd_2 L [ K01 <W) at¢ 5 (A6)
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Kal ' at¢a E’

(A7)

(d—2>/ - <d—z>/
N S a.p?.pt — a
221 | ¢ ¢ 2241 /s P
where we have defined the bilocal kernels

Byly) = 25 (D) ),

4(7.5) = (zdizlog <Ko<z2v2/M2>a,>) 5. (A8)

To proceed we will need to use a result which is straight-
forward to prove (see for example Appendix D. 1 of [8]).
For our path integral states, the identity is a Schwinger-
Dyson equation for operator insertions O in the path
integral which reads

AYS 5(9 Ay

5p op op

(A9)

Applying this identity twice to the first term of (A6), one
obtains

1 - -
zzd_z/AA ¢a -DZ-Ab'Dz .¢a

- _%/M [tr(D? - Ay) — tr(A, - b)

27%

+ ¢ b A, b gl (A10)

Similarly in the third term of (A6), we have

d-2 -
W/ ¢a.D2.¢a
_ ;ld_2<tr1dM / - b- ¢a> (A11)

where Id , 1is the delta function restricted to the lower half
plane. By comparing all the terms we have written out so
far, we see that all the quadratic insertions in the integrand
are canceled if the source b satisfies

d
zb—/ b-A,-b.
dz M

Since quadratic terms contain no boundary dependence and
using the fact that Z[b,U,] is reflection symmetric, this
result is also the necessary flow equation to ensure such
terms cancel in the expression for the partition function as
well. What remains then are the normalizations and a
boundary term,

(A12)

d N d 1
el — — @ _Ssm_g “ - a .
zdz<f/)(X)|b> /[D¢] e ”<zdzub+2L¢ Ay

A L/ tr( D*- A, — A
5(pa zzd—Z M b b
d-2
“b+——Idy, >> (A13)
Z

where we have also defined the boundary kernel
Ax(X.5) = g(X.y) + 4269V (¥ - §). Plugging this into
the expression for Z[b,U,], we then obtain

d d 1

_qnri_¢f
2 20U == [ Dol e (20 4ty = 75

- d-2
X/ tr(Dz-Ab—Ab-b—l-—IdM_)
M 4

1 5 5
Z @ Ag— N
+2L<¢ 2 507 Vo 2(0>>

x eSS, (Al4)

The dagger in the above expression denotes Euclidean-time
reflection. The difference in order in the last two terms
ensures that the time derivative pulled down comes from
the correct half of the Euclidean plane. But, we may then
integrate by parts in the path integral, producing the
commutator [go“()?),&p%@} = —§@=1(X,y). We then con-

clude that invariance of the partition function demands

d 1 - d-2
—U, tr(D?>-A, —A,-b+—=1d
“dz 2zd2/M_ r( b= B O z M)

+i/>:tr(Az).

Using this last relation, we may finally conclude that the
normalized wave functional satisfies the flow equation

g @iy = [are o (5 [oro

+3 L)

or, written more symmetrically,

(A15)

(A16)

di (p(®Qb](2) = / [Dgrei5 (i/ [(”“ E 52“

+5 4
5(p”g¢'

(A17)
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APPENDIX B: QUASILOCAL DISENTANGLERS

Equation (13) relates the kernel of the disentangler in (3)
to the smooth regulator function K,

g, = Moy logK. (B1)

It is natural to choose functions K which smoothly

approximate a Heaviside function centered at the effective

scale M/z. In this appendix, we explore two such choices

of K that lead to quasilocal disentanglers. The first choice

of K suppresses the high-momentum modes exponentially,
and the other choice suppresses them by a power law,

14+
1+ ea(zp/M—l) ’

1
Kpl.a(Zp/M) = W’

Kexp.a(Zp/M) =
(B2)

and both tend to a sharp cutoff in the limit a — oo.
It follows from (B 1) that these choices correspond to the
disentanglers with the kernel

_wp 1
gexp,a(p) - 7 _W ’

1

p)=2a(1—-—F"——=], B3

9pl, (p) < 1+(ZP/M)2a> (B3)

respectively. In real space they become
- az - 1
dopalP) = 1 (000 =1ty )
- - 1
Gpi.alF) = 2a <5(r) - W) (B4)

and their disentanglers are

K@) = [ (0 @00 +7) 4 He). (85)

The term proportional to the §(7) is manifestly quasilocal,
so we only need to consider the remaining nonlocal term. In
position space, the exponential and the power law cases,
respectively, give

az © pd/2+1
WA dp Wfd/z_1(pr/M),

2%y pr M). (B6
(2”)d/2rd/2—1A PW a2-1(pr/M). (B6)

Both integrals are oscillating functions of r/z with an
amplitude that decays. As we increase a and z the dis-
entangler kernel g,(7) becomes more nonlocal. However,

0.001

| r
10": :—gpl(z)

gﬁp(g)

1073

; ; 1‘0 5‘0 1(;0 5(;0 1(;00
FIG. 2. Log-log plot of the position space .kernels gpl 1N Orange
and g, in blue. Power law suppression in momentum space

leads to exponential falloff in position space and vice versa. Plot
values are @« = 10 and d = 1.

for all values of a, the decay of g, in r is power law,
whereas the decay of g, is exponential in r; see Fig. 2.

APPENDIX C: CALCULATING THE GROUND-
STATE WAVE FUNCTIONAL

Here, we calculate the ground-state wave functional in
the theory with the nonrelativistic cutoffs K, and K, at
any z by evaluating the path integral for generic transition
amplitudes first and then taking a limit. This discussion
closely parallels the one presented in [8].

Consider the transition amplitude between times 7_ and
t, with fixed field configurations ¢_ and ¢_ , respectively,

Wotilp-t) =2lpd =N [ Do (€1
with the nonrelativistically regulated action

s~ [ [avzoe s (k-1 (=252 \ 2
0 2742 t x¢(t7 x) 0 M2 1
I_

+ K;! (—;—252) 52)45(:, X) (C2)

3 1 2 =
D3 —1
+ . iﬁ/zd X(p:t'KO (——2D>Dt¢

(C3)

Iy

The normalization of the path integral \ is fixed using
the conditions of orthonormality and factorization by a
complete set of states [8].

We make the field redefinition ¢ = ¢, + y with ¢, the
classical solution to the equations of motion subject to the
boundary conditions ¢, and y the quantum fluctuations
forced to zero at the boundary. The classical solution is
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o) 9 (B) — 9 (P)

T e B

2ie" " sinw;T

@nP°

which gives

Wt P) = —2—[p. () cos ;T — o (p)].
P
H1_.P) = Sin“;fﬂ [0+ (P) —o_(P)coswpT].  (C5)

The shift of the field leaves a path integral over y with
Dirichlet boundary conditions times a classical boundary
action

1 e
Sp= 3" %5 | PReK'Dabl.
27 b
_ 1 / dDi)’ o5 K_l Z_zl‘)'Z
27472 | (2z)Psin(0;T) 0 \M?

=20, (p)g-(=D)).

where T =1t, —t_ and

(S
SN
I
|
B
‘l\)
a
-

@

The path integral over y can be evaluated using eigen-

functions of D? giving the explicit expression for the free
transition amplitude (see [8] for more detail),

Zz_nglw,; N/2
)

z (2 Co
9+ 0-] 1;[<i27rsin(a)1;T

“e dDﬁ 60;7
X

P 27472 ] (27)P sin(w;T)
x Kg! (COS(WﬁT)(f/’+(ﬁ)€0+(_ﬁ)

+¢_(ﬁ)¢_(—ﬁ))—2¢+(13)¢_(—13))> (8)

which is Gaussian in ¢.

Consider the case where the contour is purely Euclidean,
running from ¢; = iT to 1 = —iT. As discussed in [8], in
the limit 7 — oo the falloff of the transition amplitude with
T factors into pieces given by the ground-state wave
functional. Using (C8) we have

: C4
2ie~" ! sinw;T (C4)

:| K,
w0p=/5p

[
2—d -1 \ N/2
. - 7Ky o
ﬁ]Ln; Zlp,, 0] = 1;[ (W)

1 a’p ([,
Xexp<_2zd_2/(2ﬂ—)DK01<Wp

<050 (P)o () + 0 (Pro-(-7) )
= e 2By [, [Wolp_]. (C9)

From here it is easy to isolate the expression for the ground-
state wave functional in the regulated theory,

‘"PQ [(p} — H(ZZ—d”—lwﬁKal)Nﬂl

P

1 °p | B o
X exp <_2Zd_2/(2ﬂ)D KOK;P(P)@(_P))-

APPENDIX D: CANONICAL QUANTIZATION
AND OPERATOR RENORMALIZATION

A complementary viewpoint is obtained by considering
the canonical quantization of the model (18) at a given scale
set by z. This can be interpreted as a Gaussian deformation

S = / POK (02 - Da“(x) (DI

away from the relativistically dispersing theory that fine-
tunes the dispersion vy, p to the desired form. As in (23),
the Hamiltonian corresponding to the regulated action is
quadratic,

HE) =5 [ (Kur () (5) + K2 20 (5o ()
=5 | PGP B) + Gl Bl ().

(D2)

where G = 792K /p is the same distribution appearing
in (24). The factors of z%=2 in G correspond to the canonical
dimension of the field under a Weyl rescaling. It will lead to
the scaling operator L in the RG flow.

We canonically quantize the theory by defining the scale-
dependent annihilation operator
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T L

b?(p) :_2(G V2 p(p) +iGT22(p)),

. 1 N .

H(Z) :E ﬁwﬁ bz(pyba,z(p)_"EQIv (DS)
P

which depends on Ky and K only through the combination
G. We can think of the act of increasing z as corresponding

[20,21] to a canonical transformation UZ that renormalizes
the free field and its canonical-conjugate momentum field
according to

(D4)

Such unitary transformations are called the unitary squeez-
ing operators,

. . 1
U, = I;IS;, (—Elog G),
S§5(&) = exp (Eal(p)a(-p)
p

() = | L) + 2

More explicitly,

—&a,(P)a,(-P)).

(Ds)

A

U. = exp (% /,, log G (¢(~p)a(p) + fr(—?v)fo(ﬁ)))-

The vacuum at scale z is related to the free field vacuum by
|Q(z)) = U.|Q) because it is annihilated by all 5%(p). In
other words, the vacuum at scale z satisfies

(@*(P) +iG2(p))IR(2)) = 0 (Do)

which is solved by the vacuum-squeezed wave functional
in (24).
We can write down (D5) as a unitary flow

[A]Z = eiﬁz%/(K(Z/)*ﬁ)’ (D7)

where L is the scaling operator in (2), and K is the
disentangler in (3) with the new kernel in (28) in exact
analogy with (26). Note that if the phase velocity vy, is
chosen to be independent of z, one has to multiply (D7) by
an initial unitary that corresponds to an irrelevant defor-
mation at z = 1.

APPENDIX E: MAGIC cMERA

In [11] an example of cMERA for two-dimensional
massless free bosons was constructed with the special
property that at any point along the flow, the state [/ 2|A)
was the exact ground state of a strictly local Hamiltonian
H(z),

) = [ (3007 + 07+ 7). @)

This construction was called magic cMERA. It corresponds
to an irrelevant deformation of the theory similar to (D1)
that modifies the dispersion relation in the UV to allow for
unentangled states. To see this explicitly, we rewrite the
Hamiltonian in momentum space, and notice that it takes
the form in (D2) for the choice

K, =1. (E2)

The dispersion relation is modified to

P
Upn = A 1+ 2A2 (E3)

which has the desired form both in the IR lim__, vy, — 1,
and in the UV it becomes nonrelativistic

P
< 1: ~—, E4
< Uph ZA ( )

Note that this deviates from our discussion of cMERA up
to here, because we were requiring the state at z = 1 to be
the unentangled nonrelativistic ground state |A). To arrange
for |A) at z =1, the authors of [11] also considered a
deformation of (E1) by a mass term A(?)z.

Deep in the UV the ground-state wave functional in (24)
factors in real space as in (5) as desired. Comparing to our
ERG construction, we make the following two observa-
tions. Note that the dispersion of magic cMERA in (E3) is
the special case in (25) with A = u?/M. Second, in our
nonrelativistic ERG, K, played the role of a smooth
regulator. Here, since K; = 1 the magic cMERA corre-
sponds to an unregulated version of the theory. Thus, the
ERG construction can be thought of as an elaboration in the
context of a properly regulated theory.
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