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We study the scattering of axially incident massless scalar waves by a charged and rotating black hole
solution from heterotic string theory called the Kerr-Sen black hole. We compute the scattering cross
section using the partial wave approach, for arbitrary incident wavelengths. We compare our results with
those of the general relativistic version of a charged and rotating black hole, namely the Kerr-Newman
black hole. We present a selection of numerical results showing that these compact objects have similar
scattering properties.
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I. INTRODUCTION

The scattering of particles and fields is a relevant theme
in physics. This phenomenon can help us to investigate the
constituents of the Universe and the fundamental inter-
actions in nature. Scattering plays a fundamental role in
particle accelerators, such as the Large Hadron Collider
(LHC), which is going on its third run [1].
Studying the scattering of fields by black holes (BHs)

allows us to better understand the properties of spacetime
itself. In the realm of BH physics, the interaction that
governs the wave scattering by these compact objects is
primarily gravitational. However, in some BH solutions,
nongravitational fields can play a nontrivial role in these
events.
Several works have considered the scattering by BHs

described by general relativity (GR) theory. The kickoff
on this field is due to Matzner [2], who studied the
scattering and absorption of massless scalar waves by a
Schwarzschild BH. Other works completed the characteri-
zation of the wave scattering and absorption by neutral GR
BHs (cf. Refs. [3–8] and references therein), including the
glory effect [9]—the presence of a bright spot or ring
around the scattering object due to wave interference [10].
The electrically charged version of the Schwarzschild

BH and its rotating generalization were also targets of
investigation in scattering and absorption phenomena, as
can be seen in Refs. [10–20]. These studies revealed the

influence of angular momentum and electrical charge on
the scattering spectrum of BHs.
One can explore the scattering of fields by BH solutions

not described by GR in order to seek possible signatures of
different theories of gravity. In the last few years, a BH
solution known as Kerr-Sen (KS) BH has been attracting
attention [21]. It is a charged and rotating BH solution of
the low energy limit of heterotic string theory, a candidate
for quantum gravity theory. Many aspects of the KS space-
time have already been investigated, such as the shadow
[22,23], superradiant instability [24], clouds [25], hidden
symmetries [26], cosmic censorship [27,28] and merger
estimates [29]. Also, some constraint on the dilaton charge
was found by analyzes of x-ray spectroscopy [30].
Only recently, the absorption of a massless scalar wave

by a KS BH (KSBH) was investigated [31]. In Ref. [32], the
authors studied the scattering of fields by the nonrotating
version of KSBH. Nonetheless, to the extent of our
knowledge, a careful investigation of wave scattering by
KSBH is still lacking in the literature.
We explore the scattering of massless scalar waves by

such charged and rotating stringy BH solution, namely, the
KSBH. We numerically compute the total scattering cross
section using the partial wave approach. We compare our
numerical findings with the classical differential cross
section and an approximation for the glory scattering.
We contrast the results of KSBH with a correspondent
solution of a charged and rotating BH in GR theory, i.e., the
Kerr-Newman (KN) spacetime [20].
The remainder of this paper is organized as follows.

In Sec. II, we introduce the charged rotating black hole
spacetimes analyzed in this work, namely, KSBH and KN
BH (KNBH). In Sec. III, we discuss the massless scalar
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field dynamics in the KS spacetime. We show the partial
wave approach and the expression for the scattering cross
section. Additionally, we exhibit a brief review of the null
geodesic scattering problem and the glory effect. In Sec. IV,
we present a selection of our numerical results of the
scattering cross section for different values of the black hole
charge and spin. We also contrast our results with those
obtained in the KN case. We present our final remarks
in Sec. V. Throughout the paper we use natural units
(c ¼ G ¼ ℏ ¼ 1) and the metric signature (þ;−;−;−).

II. CHARGED ROTATING BLACK HOLES

The leading BH solution explored in this work is a
solution to the low-energy limit of the heterotic string
theory. Additionally to the metric field gμν, the action of this
theory is formed by a dilaton field Φ̃ and a third-rank tensor
Hkμν associated with a Kalb-Ramond field Bμν. In the
Einstein-frame, the action reads [21,33]:

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
R − e−2Φ̃FμνFμν − 2∂μΦ̃∂

μΦ̃

−
1

12
e−4Φ̃HkμνHkμν

�
; ð1Þ

where R is the Ricci scalar, Fμν ¼ ∂μAν − ∂νAμ is the
Maxwell field strength with Aμ being the potential, and the
tensor Hkμν is defined as

Hkμν ≡ ∂kBμν þ ∂νBkμ þ ∂μBνk

− 2ðAkFμν þ AνFkμ þ AμFνkÞ: ð2Þ

In Boyer-Lindquist coordinates ðt; r; θ;φÞ, the line
element of the stationary and axisymmetric KS solution
takes the following form:

ds2 ¼
�
1 −

2Mr
ρ2

�
dt2 − ρ2

�
dr2

Δ
þ dθ2

�

þ 4Mra sin2 θ
ρ2

dtdφ −
�
ξþ 2Mra2 sin2 θ

ρ2

�
× sin2 θdφ2; ð3Þ

where

d≡ q2KS
2M

; ð4Þ

Δ≡ rðrþ 2dÞ − 2Mrþ a2; ð5Þ

ρ2 ≡ rðrþ 2dÞ þ a2 cos2 θ; ð6Þ

ξ≡ rðrþ 2dÞ þ a2: ð7Þ

The parameters ðM; qKS; aÞ are, respectively, the mass, the
electric charge and the angular momentum per unit mass
of KSBH.
The solutions for the dilaton, electromagnetic and axion

fields of this spacetime are

Φ̃ ¼ −
1

2
ln

ρ2

r2 þ a2 cos2 θ
; ð8Þ

Aμdxμ ¼
qKS
ρ2

rðdt − a sin2 θdφÞ; ð9Þ

Btφ ¼ q2KSra sin
2 θ

2Mρ2
: ð10Þ

The event horizon of KSBH is localized at

rKSh ≡M − dþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM − dÞ2 − a2

q
: ð11Þ

We compare the scattering results of KSBH with a
charged and rotating BH solution obtained within GR
theory, namely, KNBH. In Boyer–Lindquist coordinates,
the KNBH line element reads:

ds2 ¼
�
1 −

2Mr − q2KN
ρ2KN

�
dt2 − ρ2KN

�
dr2

ΔKN
þ dθ2

�

þ 4Mar sin2 θ − 2aq2KN sin2 θ
ρ2KN

dtdφ

−
½ðr2 þ a2Þ2 − ΔKNa2 sin2 θ� sin2 θ

ρ2KN
dφ2; ð12Þ

where

ΔKN ≡ r2 − 2Mrþ a2 þ q2KN; ð13Þ

ρ2KN ≡ r2 þ a2 cos2 θ: ð14Þ

In the KN spacetime, the electromagnetic vector poten-
tial is given by

Aμdxμ ¼
qKN
ρ2KN

rðdt − a sin2 θdφÞ: ð15Þ

The KNBH presents an event horizon at:

rKNh ≡M þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2 − q2KN

q
: ð16Þ

Both KS and KN spacetimes have similar geometrical
aspects, but also present some peculiar distinctive fea-
tures [34]. For instance, from Eqs. (11) and (16), it is
possible to see that the KS solution allows the existence of
BHs with a wider range of values of electric charge than the
KN solution, as illustrated in Fig. 1.
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In order to help in the comparison between the scattering
results of KSBHs and KNBHs, we introduce the normal-
ized charge Q as

QðiÞ ¼ qðiÞ=qextðiÞ ; ð17Þ

where qextðiÞ is the value of the charge of an extreme BH, and
the subscript ðiÞ ¼ KS, KN indicates the corresponding
spacetime.

III. SCATTERING CROSS SECTION

A. Planar-wave scattering

We are interested in studying the scattering of massless
and chargeless scalar plane waves ΨðxμÞ by charged and
rotating BHs. These scalar fields satisfy the Klein-Gordon
equation, which, in its covariant form, can be written as

1ffiffiffiffiffiffi−gp ∂μð
ffiffiffiffiffiffi
−g

p
gμν∂νΨÞ ¼ 0; ð18Þ

where g is the determinant of the KS metric, whose
contravariant components are gμν.
Since we are concerned with monochromatic plane

waves, we can use the following ansatz to solve Eq. (18):

ΨðxμÞ ¼
Xþ∞

l¼0

Xþl

m¼−l

UωlmðrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðrþ 2dÞ þ a2

p SωlmðθÞeiðmφ−ωtÞ:

ð19Þ

The functions SωlmðθÞ are the oblate spheroidal harmonics
obtained by the resolution of the equation [35]

�
d2

dθ2
þ cot θ

d
dθ

�
Sωlm

þ
�
λlm þ a2ω2 cos2 θ −

m2

sin2 θ

�
Sωlm ¼ 0; ð20Þ

where λlm are the eigenvalues of the spheroidal harmonics.
The radial solution UωlmðrÞ satisfies the following

equation:

�
d2

dr2⋆
þ Vωlm

�
Uωlmðr⋆Þ ¼ 0; ð21Þ

where r⋆ is the tortoise coordinate, defined as

r⋆ ≡
Z

dr

�
rðrþ 2dÞ þ a2

Δ

�
: ð22Þ

The function Vωlm is given by:

Vωlm ¼ −
Δða2ð−d2 − 2dM þ 2dr − 4Mrþ r2Þ þ a4 þ rðd2ð2M − rÞ − 2d3 þ 2dMrþ 2Mr2ÞÞ

ða2 þ 2drþ r2Þ4

− ðλlm þ a2ω2 − 2maωÞ Δ
ða2 þ 2drþ r2Þ2 þ

ða2ω − amþ 2drωþ r2ωÞ2
ða2 þ 2drþ r2Þ2 : ð23Þ

The appropriate boundary conditions to our scattering
problem, to solve Eq. (21), are dictated by the so-called in
modes. They represent incoming waves from the past null
infinity, part of which is transmitted to the event horizon
while the remaining portion is reflected to the future null
infinity. These Uωlm modes are such that:

Uωlmðr⋆Þ
�
IωlmUI þRωlmU�

I ðr⋆=M → þ∞Þ;
T ωlmUT ðr⋆=M → −∞Þ; ð24Þ

with the symbol � denoting complex conjugation. The
terms UI and UT can be expanded as:

UI ¼ e−iωr⋆
XN
j¼0

hj
rj
; ð25Þ

UT ¼ e−iðω−mΩHÞr⋆
XN
j¼0

gjðr − rKSh Þj; ð26Þ

Naked Singularity KSBHs and KNBHs KSBHs

FIG. 1. Domain of existence of BH solutions of KN and KS
spacetimes. The solid black lines correspond to extremal BHs.
Notice that the KS solution permits a broader range of values for
the electric charge associated with BHs.
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where

ΩH ¼ a
2MrKSh

ð27Þ

is the angular velocity of the event horizon. The coefficients
hj and gj are constants found by solving Eq. (21).
The main goal of a scattering problem is to obtain the

differential scattering cross section, given in terms of the
scattering amplitude fðθ;φÞ, namely [36]:

dσ
dΩ

¼ jfðθ;φÞj2: ð28Þ

For the on-axis case (when the wave is incident along the
axis of rotation of the BH), one can write the scattering
amplitude as

fðθÞ ¼ 2π

iω

X∞
l¼0

Sωl0ð0ÞSωl0ðθÞ½ð−1Þlþ1Rωl0 − 1�; ð29Þ

with θ being the scattering angle. Note that, due to the axial
symmetry of this problem, the result is independent of the
azimuthal number m.
To compare the scattering cross section between the

two different spacetimes, we define the ratio between the
scattering cross section of KSBHs and KNBHs as

X
¼ ðdσ=dΩÞKN

ðdσ=dΩÞKS
: ð30Þ

B. Geodesic scattering

Null geodesics in KS spacetime are described by the
following equations:

ρ2KSṫ ¼
ξ2 − 2MraL

Δ
− a2 sin2 θ; ð31Þ

ρ2KSφ̇ ¼ L − a sin2 θ
sin2 θ

þ aðξ − aLÞ
Δ

; ð32Þ

ρ4KSṙ
2 ¼ ðaL − ξÞ2 − Δ½ðL − aÞ2 þK�; ð33Þ

ρ4KSθ̇
2 ¼ K − cos2θ

�
L2

sin2θ
− a2

	
; ð34Þ

where L≡ L=E is the axial component of the angular
momentum per unity energy of the massless particle, as
measured by an observer at infinity; and K≡ K=E2 is a
separation constant per unity energy, equivalent to the one
introduced by Carter [37].
For the on-axis caseL ¼ 0 and the impact parameter (the

orthogonal distance between the path of the particle and the
center of the BH [38]) is

b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kþ a2

p
: ð35Þ

The orbital equation can be written as:

�
dr
dθ

�
2

¼ ½rðrþ 2dÞ þ a2�2 − b2ΔKS

b2 − a2sin2θ
: ð36Þ

One can rewrite Eq. (36) defining u≡ 1=r, namely

�
du
dθ

�
2

¼ u4
�ðu−2 þ 2d=uþ a2Þ2 − b2Δu

b2 − a2sin2θ

	
; ð37Þ

where Δu ≡ ðu−1 þ 2dÞ=u − 2M=uþ a2.
The deflection angle is defined as [39]

ΘðbÞ≡ 2βðbÞ − π; ð38Þ

with

βðbÞ ¼
Z

u0

0

1

u2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 − a2 sin2 θ

ðu−2 þ 2d=uþ a2Þ2 − b2Δu

s
; ð39Þ

and u0 is associated with the radius r0 of the closest
approach for a null geodesic. The relation between the
scattering angle and the deflection angle is expressed by:

Θ ¼ �θ − 2Nπ; with N ¼ 0; 1; 2; � � � ð40Þ

Considering an incident beam of particles, the geodesic
differential scattering cross section is given by:

dσ
dΩ

¼ 1

sin θ

X
j

bjðθÞ




 dbjdθ





: ð41Þ

The function bðθÞ displays a multi-valued nature with
respect to θ, given that particles can undergo multiple
revolutions around the BH. Consequently, when evaluating
the sum, it becomes essential to consider distinct bj values
that correspond to the same scattering angle θ. These
different bj values collectively contribute to the cross
section (41).

C. Glory scattering

A bright spot or halo in the backward direction can
characterize the scattering at large angles. This arises due to
the interference between waves traveling in opposite senses
around the BH. Near the backward direction, the scalar
scattering cross section can assume the following analytic
form [9]

dσ
dΩ






θ≈π

¼ AJ20ðωbg sin θÞ; ð42Þ
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where J0 is the Bessel function of the first kind of order 0
and

A≡ 2πωbg





 dbdθ





θ¼π

; ð43Þ

with bg ≡ bðπÞ being the glory impact parameter.
In Fig. 2, we compare the scalar and the geodesic

scattering cross sections of a KSBH for a=M ¼ 0.9,
QKS ¼ 0.3, and Mω ¼ 3.0. We also present the glory
approximation. The long-range nature of the gravitational
field results in a divergence of the scattering cross section
for small angles. Furthermore, we notice a good agreement
between the scalar scattering cross section and the semi-
classical glory approximation near the backward direction.

20 ° 40 ° 60 ° 80 ° 100 ° 120 ° 140 ° 160 ° 180 °
0.1

1

10

100

1000

θ

FIG. 2. Comparison between the scalar and classical KS
scattering cross section for a=M ¼ 0.9, QKS ¼ 0.3, and
Mω ¼ 3.0. The glory approximation is also exhibited.
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FIG. 3. KS differential scattering cross section with fixed values of a=M (left) and normalized electric charge Q (right). We exhibit
results for three values of frequency: Mω ¼ 1.0 (top), Mω ¼ 2.0 (middle) and Mω ¼ 3.0 (bottom).
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IV. RESULTS

In this section we show a selection of our results for the
scattering cross section of the KSBH, in the Einstein frame,
for the on-axis incidence of a scalar wave. To obtain our
results, we solve Eq. (21) numerically using the procedures
discussed in Refs. [10,20]. It is well known in the literature
that the scattering amplitude given in Eq. (29) is poorly

convergent. To deal with this shortcoming, we used a series
reduction technique described in Refs. [20,40].
In Fig. 3, we exhibit the massless and chargeless scalar

scattering cross section of KSBH for different values of the
normalized electric chargeQ (left) and distinct values of the
angular momentum a=M (right). We present a selection of
our results for three different choices of frequency: Mω ¼
1.0 (top), Mω ¼ 2.0 (middle), and Mω ¼ 3.0 (bottom).

40 ° 60 ° 80 ° 100 ° 120 ° 140 ° 160 ° 180 °
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0.95

1.00

1.05

1.10

40 ° 60 ° 80 ° 100 ° 120 ° 140 ° 160 ° 180
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1.2

1.3
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1.1

1.2

40 � 60 � 80 � 100 � 120 � 140 � 160 � 180 �

0.8

1.0

1.2

1.4

FIG. 4. Ratio of the scattering cross section of KNBH and KSBH with ωM ¼ 1.0 (top), ωM ¼ 2.0 (middle) and ωM ¼ 3.0 (bottom).
The left column shows the results for different values of angular momentum a=M while the right column shows the outcomes for
different values of normalized electric charge Q.
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One can note that with the increase of the parameters of
the BH, the interference fringes become wider. Also, it is
possible to observe a high peak at 180°, identified as the
glory peak. The spectrum for small scattering angles does
not change much with the change in the value of the electric
charge when compared to the case of an uncharged black
hole [13]. The most relevant changes occur in the regime of
large scattering angles.
In Fig. 4, we compare the scattering cross section of

KNBHs and KSBHs. We exhibit results for the following
values of wave frequency: Mω ¼ 1.0 (top), Mω ¼ 2.0
(middle) andMω ¼ 3.0 (bottom). Our results show that the
difference between the cross sections of corresponding KS
and KN BHs is modest. We also notice an oscillation that
intensifies as the frequency of the wave increases. This
oscillation changes with the BH parameters.
Furthermore, we notice that for low values of electric

charge and high values of angular momentum, the ratio
between the scalar scattering cross section of the BHs tends
to unity, regardless of the wave frequency. This effect can
be seen mainly on the left side of Fig. 4, specifically in the
case of a=M ¼ 0.9.
For small values of electric charge, the difference

between the scattering cross section of KSBHs and
KNBHs is tiny, as can be seen in the right column of
Fig. 4. This is consistent with the fact that both KS and
KN BHs tend to the Kerr solution as Q → 0. The larger
differences between the KSBH and KNBH results for lower
values of the rotations parameter, seen in the left column of
Fig. 4, can be understood due to the fact that, in the regime
of staticity (a → 0), KS and KN BHs tend to different
solutions.

V. FINAL REMARKS

In recent years, several works have been dedicated to the
KS solution. However, to the best of our knowledge, the

phenomenon of scattering of fields by KSBH has not yet
been studied. In this work, we aimed to fill this gap.
We have investigated the scattering of a massless scalar

wave by a charged and rotating BH of heterotic string
theory. We computed numerically the scattering cross
section of KSBHs for the case of on-axis incidence. Our
results show that the enhancement of either the angular
momentum or the electric charge increases the widths and
amplitudes of the oscillation of the scattering cross section.
We have also compared the KSBH results with the

corresponding KNBH ones, showing that the ratio between
the scattering cross sections presents an oscillatory behav-
ior with amplitude that increases as (i) the value of the BH
electric charge is increased and (ii) the BH angular
momentum is decreased.
Our results show that KSBHs and KNBHs have very

similar scattering cross sections for massless scalar waves.
Our findings are complementary to other outcomes in the
literature [23,31,32] to reinforce the conclusion that it
would be challenging to distinguish this stringy black hole
from an equivalent BH described by Einstein’s theory.
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