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Emergence of quadratic gravity from entanglement equilibrium
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In this work, we derive the linearized equations of quadratic gravity from entanglement equilibrium of
local causal diamonds. Rather than starting from the Wald entropy prescription (which depends on the
gravitational Lagrangian), we employ a model independent approach based on the logarithmic corrections
to horizon entanglement entropy. In this way, we are able to show the emergence of linearized quadratic
gravity from entanglement equilibrium without using any a priori knowledge about gravitational
dynamics. If the logarithmic correction to entropy has a negative sign, as predicted by replica trick
calculations of entanglement entropy, we find that the quadratic gravity correction terms have the sign
necessary to avoid tachyonic instabilities of the theory.
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I. INTRODUCTION

The thermodynamic equilibrium conditions applied to
local, observer-dependent causal horizons encode gravita-
tional dynamics [1-4]. This implied a further step in
interconnecting thermodynamics and gravitational dynam-
ics and opened the door for deeper studies of gravitational
dynamics with well-defined thermodynamic tools. The
key assumption for these analyses is that the local causal
horizons posses Bekenstein entropy, S = A/ 41%,1 with A
being the area of a spacelike horizon’s cross section. In
other words, black hole entropy is assumed to be associated
with the presence of a horizon, so that any other causal
horizon has entropy given by the same expression. Then,
imposing the equilibrium condition 6Sg + 4S,, = 0, where
0S,, denotes Clausius entropy of the matter crossing the
horizon [6], implies the Einstein equations (for a discussion
of details and the additional assumptions involved, see,
e.g., [2,7,8]). While this approach establishes a deep
connection between gravitational dynamics and horizon
thermodynamics, it has several drawbacks. These recently
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1Throughout the paper, we set ¢ = kg = 1 but we leave G and
h explicit to keep track of the gravitational and quantum effects
(so that the Planck length reads Ip = v/Gh). We work in four
spacetime dimensions with the metric signature (—+ ++),
where Greek letters are used for spacetime indices and Latin
ones for spatial indices. Other conventions follow [5].
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led to an improved approach based on the entanglement
equilibrium of causal diamonds [9].

One of the main concerns is the need to introduce
Bekenstein entropy of a local causal horizon, whose
microscopic origin is unclear. This is of course the case
for black holes as well. However, the situation for local
causal horizons is more complicated, since they are
observer-dependent and the same must be true for their
entropy (for arguments in favor of assigning entropy to
local horizons, see, e.g., [6,10—12]). This difficulty dis-
appears, e.g. if one interprets black hole entropy in terms of
quantum entanglement [11,13-15], as this description
naturally assigns the same entropy to any causal horizon.
Then, however, we employ quantum entanglement descrip-
tion for Bekenstein entropy, whereas entropy of the matter
crossing the horizon is given by the (semi)classical
Clausius formula. It is not obvious that the thermodynamic
equilibrium condition can be correctly stated combining
these two very different notions of entropy (although it has
been shown that both entanglement and Clausius entropy of
the matter flux coincide for causal diamonds [7,16]).

A more refined approach describes entropy of both
geometry and matter in terms of quantum entangle-
ment [9]. Its starting point is the assumption that a vacuum,
maximally symmetric spacetime is in entanglement equi-
librium. The corresponding entanglement entropy is then
extremal and its change due to a simultaneous variation
of spacetime geometry and matter fields must vanish to the
first order. In the presence of a local causal horizon, the
entanglement entropy variation has two components [9].

© 2023 American Physical Society
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On the one side, the UV component, 6Syy, does not depend
of the state of matter fields (by virtue of the strong
equivalence principle) and, to the leading order, it is
proportional to the variation of the horizon area, i.e., Syy =
n6.A12,9,13-15]. The proportionality constant ;7 depends on
the UV cutoff introduced to regularise the entropy and
cannot be directly determined. On the other side, the IR
contribution, dSr, depends on the state of the matter fields.
If only conformally invariant matter fields are present, it
turns out to be proportional to the energy-momentum tensor
expectation value [9,12]. The entanglement equilibrium
condition 6Syy + 6Sig = 0 then leads to the Einstein
equations, with the Newton gravitational constant defined
in terms of the proportionality constant 1, G = 1/(4zhn).
Then, we have 7= 1/(4/3) and the UV entanglement
entropy must again correspond to Bekenstein entropy.

Thermodynamic [3,4,17,18] and entanglement equilib-
rium [19,20] derivations of equations for gravitational
dynamics have been developed in the literature even for
modified theories of gravity whose Lagrangian is an
arbitrary function of the metric and the Riemann tensor.
These approaches rely on the expressions for Wald entropy
and generalized volume closely related with gravitational
dynamics. Here, we explore a different direction to derive
the modified equations for gravitational dynamics from
entanglement equilibrium. Our aim is to avoid any reliance
on the form of the gravitational Lagrangian. Thus, rather
than starting from Wald entropy, we consider that the UV
contribution to entanglement entropy contains a correction
term logarithmic in the horizon area

A A
S ll%—l—Cnl%, (1)

where C is a real number whose value and sign are model
dependent.2 Equation (1) agrees with the UV divergent
contribution to entanglement entropy in four spacetime
dimensions.’ Notably, this form of the entanglement entropy
(albeit not the proportionality constants 1/413 and C) can be
derived kinematically, without any assumptions about the
gravitational dynamics [15,21,22]. Moreover, logarithmic
corrections to horizon entropy are not limited to the en-
tanglement entropy interpretation. They are predicted by
many approaches to quantum gravity, e.g. string theory [23],
loop quantum gravity [24], AdS/CFT correspondence [25],
and generalized uncertainty principle phenomenology [26].

*For the case of round spheres and with only conformal matter
fields present, C can be considered to be constant [15]. In the
following, we only work with conformal matter and shape
variations of the spherical horizon do not affect our analysis.
Hence, we do not consider variations of C.

’In spacetime dimension other than four, the structure of UV
divergent contribution to entanglement entropy differs [15].
Hence, extending our approach to arbitrary spacetime dimensions
would be nontrivial.

Hence, the presence of logarithmic corrections to horizon
entropy appears to be a nearly universal feature. For the sake
of clarity of presentation, we frame the entire derivation in
this paper in terms of the entanglement equilibrium and,
therefore, attribute the entropy origin to quantum entangle-
ment. However, our key argument works for any model with
logarithmic corrections to entropy, regardless of the entropy
interpretation.

To obtain the modified equations for gravitational
dynamics, we introduce local causal horizons realized as
geodesic local causal diamonds. For simplicity, we consider
weak gravitational fields (discarding terms quadratic in the
curvature tensors) and assume that all the matter fields are
conformally invariant. Then, using the model independent
prescription for UV entanglement entropy (1) and the
entanglement equilibrium condition, we derive linearized
equations for gravitational dynamics.

Let us remark that we already studied the effect of the
extra logarithmic term in entropy on the equations for
gravitational dynamics in a previous paper [27]. In that
work, we simplified the derivation by neglecting higher
order contributions in the Riemann normal coordinate
expansion. Thus, we did not obtain terms with derivatives
of the curvature tensors and the correction we found was
quadratic in the traceless part of the Ricci tensor. In the
present work, we instead include the higher Riemann normal
coordinate expansion contributions, but neglect any terms
quadratic in the curvature tensor. This can be done con-
sistently, provided that the gravitational field is sufficiently
weak. Therefore, we find linearized equations for gravita-
tional dynamics which include correction terms proportional
to second derivatives of the curvature tensors. In particular,
our result corresponds to linearized equations of motion for
quadratic gravity coupled to conformally invariant matter
fields, with the higher derivative terms proportional to Z3.
Notably, if the logarithmic correction term in entanglement
entropy is negative (as predicted by the majority of
approaches), we find that the signs of the higher derivative
terms agree with the ones required to avoid tachyonic
instabilities [28,29]. The emergence of quadratic gravity
in this regime can be considered a genuine prediction of the
local equilibrium approach, independent of any assumptions
concerning the gravitational Lagrangian.

A complete treatment in the strong gravity regime of
course requires including both the higher derivative correc-
tions discussed here and the terms quadratic in Ricci tensor,
partially derived in our previous paper [27]. Moreover,
the vacuum case was analyzed, suggesting corrections to
equations of motion quadratic in the Weyl tensor [30].
Presumably, all these terms appear as O([3) corrections to
the equations for gravitational dynamics. However, such a
full treatment is technically very challenging and requires
physically well-motivated resolution of certain ambiguities
(e.g., shape deformations of the horizon). Thus, our current
linearized analysis is primarily intended as a proof of
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concept, showing that local equilibrium conditions provide
useful information about gravitational dynamics even
beyond the leading order (the Einstein equations). A more
complete derivation that includes the terms quadratic in the
curvature tensors is forthcoming.

II. DERIVATION OF THE EQUATIONS FOR
GRAVITATIONAL DYNAMICS

The seminal works concerning the relation of thermo-
dynamics and gravitational dynamics considered local,
approximate acceleration horizons (the so called Rindler
wedges) [1-3]. However, these objects are not suitable
to perform the computations for the entanglement equilib-
rium approach, mainly because they do not have a
well-defined interior to which one can ascribe matter
entanglement entropy (and attempts to study entanglement
equilibrium of Rindler wedges fail to reproduce the
Einstein equations [16]). Moreover, UV entanglement
entropy of Rindler wedges does not have a correction term
logarithmic in area (this term is proportional to the Euler
characteristic of the surface which is zero for a plane [15]).

These problems can be solved by instead considering
local causal horizons with a closed spatial cross sections
[4,7,16,20,27]. The simplest construction obeying this
requirement is a geodesic local causal diamond.* A causal
diamond centred in an arbitrary regular spacetime point P is
fully determined by the choice of a unit, timelike, future-
directed vector n#(P) and a length scale /. All the geodesics
starting from P, orthogonal to n* and of parameter length /
form a 3-dimensional geodesic ball, X, provided that [ is
much smaller than the local curvature length scale (inverse
of the square root of the largest eigenvalue of the Riemann
tensor). The boundary of X, B, is an approximate 2-sphere.
The region of spacetime causally determined by X, then
forms the geodesic local causal diamond (see Fig. 1). To
describe it, we use a local Cartesian coordinate system
chosen so that n* = (a/ar)".

A causal diamond possesses an approximate (up to
curvature-dependent terms) conformal Killing symmetry,
generated by the conformal Killing vector field

{=C(2=r =), -2Crra,, (2)

3 2

where r = > 1 x;, and C is an arbitrary real number.

On the null boundary of the causal diamond {* vanishes
and the boundary thus corresponds to a conformal Killing
horizon. Moreover, 2-sphere B (at r = 0) represents a
bifurcation surface as {# vanishes there. It has been argued
that this horizon has a finite Hawking temperature [12]

4Alternatively, one could use stretched light cones [4]. We
expect the results to be the same in either case.

FIG. 1. Anillustration of a geodesic local causal diamond centred
in P. We suppress the angular coordinate 8. The direction of time is
given by the unit, future-directed timelike vector n*. Orthogonal to it
is the base of the diamond formed by a 3-dimensional spatial
geodesic ball X, of radius /, whose boundary B is an approximate
2-sphere. We draw several sample geodesics forming % in gray.
The null geodesic generators of the diamond’s boundary are
represented by the tilted lines starting in the diamond’s past apex
A, (t = =1/c) and ending in the future apex A, (t = I/c). We can
see that X is the intersection of the future domain of dependence of
A, and the past domain of dependence of A.

Ty = hx/2x, (3)

where k¥ = 2CI denotes the surface gravity of {¥.

Our starting point is thus a small geodesic local causal
diamond defined by a unit, timelike, future-directed vector
n#, and a length parameter /. On the one hand, as previously
explained, we require / to be significantly smaller than the
local curvature scale.” On the other hand, / must be much
larger than the Planck length. Otherwise, the quantum
gravity effects dominate, making the description of space-
time in terms of a smooth Lorentzian manifold problematic.
Within this range, the value of [ is arbitrary.

We require that the diamond is initially in entanglement
equilibrium. It has been conjectured that it corresponds to a
vacuum, maximally symmetric spacetime, with a local
value of the cosmological constant 4 in principle dependent
on the diamond’s position and size, i.e., A = A(P,[) [9]. In
this work, we assume that all the matter fields present in the

*Moreover, to evaluate matter entanglement entropy, / must be
smaller than any length scale relevant for the matter fields (e.g.,
Compton lengths). However, this requirement is not necessary in
our case, as we assume the matter fields to be conformally invariant.
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spacetime are conformally invariant. In that case, it has
been shown that, to the leading order, 4 has a constant
value, ie., A(P,I) = A [9]. Since we introduce O(I3)
corrections to the UV entanglement entropy, the corrections
to A will be of the same order,

MP, 1) = A+ BA(P,]). (4)

Upon specifying the equilibrium state of the diamond,
we now introduce a small, arbitrary variation of the metric
and of the matter fields. Then, the corresponding entangle-
ment entropy variation must vanish to the first order. Let us
first discuss the IR, matter fields state-dependent variation
of entanglement entropy. For conformal matter fields, the
vacuum density matrix can be written in terms of the
Hawking temperature (3) and a local modular Hamiltonian,
K. Then, the IR contribution to the entanglement entropy
variation reads [9,12,19]

1 2nkpcdn
—5K:——l45 T oV lS
Ty no 150 0wt +0(P). (5)

5SIR -
where 6(T,,) denotes the expectation value of the energy-
momentum tensor variation inside the causal diamond.

Next, we evaluate the UV component of the entangle-
ment entropy variation, which is state independent and
fully determined by the variation of the metric. To avoid the
technical issues associated with the terms nonlinear in
curvature, we consider only weak gravitational fields with
the aim to derive the linearized equations for gravitational
dynamics. The weak gravity requirement translates into the
Riemann tensor variation 6R*,,, being small, so that we
can neglect any terms quadratic in the Riemann tensor.
More precisely, we demand that any scalar built from two
Riemann tensors and the metric is much smaller than the
largest scalars obtained from the Riemann tensor, metric
tensors and at most two covariant derivatives. We can
conveniently describe the metric variation in terms of the
Riemann normal coordinate expansion [31]

G (%) =1 — %x“xﬁﬁl_?/m,,ﬂ - éx"xﬁx’lvpél_{”wﬂ

- %x“xﬁx’lxﬂvavﬁél_?ﬂlw + 0(x°,8R?), (6)
where

SR yp = SRy + %/I(gaug/fﬂ ~ Jap9uw)» (7)

denotes the difference between the Riemann tensor of the
maximally symmetric background and the Riemann tensor
after the variation of the metric. For the UV contribution to
the change of entanglement entropy we straightforwardly
obtain from Eq. (1)

oA Ay +6A Ay
where A, = 4xl* denotes the flat space area of the 2-sphere
B. As we will show in the following, 6.4 is linear in the
variation of the Riemann tensor. Hence, we can neglect all
the O(5.A%) terms. The Taylor expansion of the logarithm
then yields

6SUV -

SA  5A (5_AZ> ©)

C—+0 2

A,
The Riemann normal coordinate expansion of the metric
allows us to directly obtain the variation of the area element.
As we cannot a priori expect that the size parameter [
remains constant, the area variation also depends on its
variation, 6/. The complete expression for 6.4 reads

1 1 _ 1 -
6./4 - /Elz <—§x xﬂélebﬁ - 6)6 xﬂxpvp(SRﬂayﬂ
B
1 _
- %x”xﬂxix”vavﬁéRMw) sz + 871'1(31, (10)

where on Bwe have x* = Im'5%, with m’ being the outward-
pointing radial unit normal to 0%,. Using the following
identities for spherical integrals

. 4 .
/szm’m/ :—ﬂé’f, (11)
B 3
/szmim-fmk =0, (12)
B

o 4z, . U
/ dQmim/m*m! = 1—’; (896" 4 5ol + §'sk),  (13)
B

we then obtain

4l _.. 4zl
= " SRi.. —
oA 18 R =500 (

X Vivjél_?mkm, + 871'151 (14)

5ij5kl +5ik5/l +5il§jk)

To proceed, we must fix 6/ which has been so far kept
arbitrary. It has been shown that the entanglement equi-
librium condition encodes the Einstein equations only if
one chooses 6/ so that the volume of X, is held fixed
[9,12,32-34] (since the volume variations enter the first law
of causal diamonds). For more general gravitational the-
ories it has been suggested that one should instead fix a
local geometric quantity constructed in a precise way from
the gravitational Lagrangian and known as the generalized
volume, W [19]. This choice is motivated by the obser-
vation that VV plays the role of thermodynamic volume in
the first law of causal diamonds. As expected, in general
relativity, W reduces to the geometric volume of X.
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In our case, since we make no a priori assumptions about
the gravitational Lagrangian, we cannot directly derive WW.
Therefore, for the purposes of the present work, we consider

W=V + BW,(P,1,n"), (15)

where V is the standard volume of the ball X, and
Wq(P,1,n") an undetermined quantum gravitational cor-
rection to it, dependent on the size parameter /, the direction
of coordinate time n* and the spacetime curvature at point P.
This agrees with the generic form of the generalized volume
in modified theories of gravity. We will fix W, later on, by
requiring independence of gravitational dynamics of our
arbitrary choice of time direction n*. A more refined future
treatment should replace the notion of generalized volume
by some kinematic, microscopically defined quantity, in
the same way entanglement entropy with a logarithmic
correction replaces Wald entropy in the present work. One
possibility lies in the proposed relation between the gener-
alized volume and holographic complexity [19,35].

We compute the volume variation from the metric
expansion (6) in the same way as the area variation,
obtaining for the variation of the generalized volume

4zl 5ij 4xl’

W =56 ) — 7 SRU.. — T (sligkl 4+ siksil
W= 8V 0Wy = =55 0RYy = o0g (870 +
+ 5"8/F) AV, V ;6R™ 1, + 13OV,
oW
+ (4;:12 + 1 azq> 8l. (16)

To satisfy the fixed generalized volume condition, WV = 0,
we impose

1 B 5o o
ol =—— | —6RY.. Siigkl 4 sikgil
4B %[90 i+ 400 V0 +
47> dl
+ 816/F)V .V ;6R™ 1 — zg&wq] ) (17)

Since W, must vanish in flat spacetime, all the terms
containing 9%V, /dl are already quadratic in curvature. As
we only consider linearized equations of motion, we
discard them, obtaining

B 5 . o .
Sl = — S8RV .. 51]5kl 51k5]l 51[5}k
50 OR "1y + gy (078 + 8% + 8757)
pm 1129
X vlngR kml — —471_12 5Wq (18)

Plugging this 6/ into the area variation (14), we have

4zl 476

SA = — 7 sRU.. TN (siighl 1 siksil 1 il gik
A 30 O Y7840 ( * * )
21
X VZV]5 kml — _l 5Wq (19)

Given that 4 is constant up to O(/3) terms [see Eq. (4) and
the accompanying discussion], we have

BV,V;5R",, = BV,V,6R" .+ O(I}).  (20)

Since our analysis is insensitive to O(l3), we discard the
derivatives of 4 in Eq. (19), obtaining

4zl i 211%
5./4: _W(éRjij_Z/l) —75Wq
4rl ij skl | siksil 1 silsjk m
—%(515 + 5%t + 516 )V,V ;SR . (21)

The first term on the right-hand side can be rewritten in
terms of the Einstein tensor, i.e., SRY;; = 26G,,n"n* [9].
For the second term, we get, after some straightforward
manipulations

(896M + 5*5/ + 516/ )V, V ;6R™ 1,y = 4V, V,6R o0 n*n’n? + (2va65R,,ﬂ S +4V,V,6R.

+2VPV,0R,, + V,V,8R ) ntnt + 2V, V,6R” + VPV, 6R. (22)

Putting together the IR expression (5) and the UV one (21) for the contributions to the entanglement entropy variation

now Yyields the following entanglement equilibrium condition

4zl 2

? (5Gﬂbn”n” - /‘L) +

CrPE
15

56

uVp

+4V,V,0R, + 2V, 5R,,, + V,V,8R ) ntn + 29, ,5R" + wv/,aze)} +

B 4xl*

(T, .
G T ,,)n'n

l
{5Gﬂyn“n” +— <4V”V,,5R,,{,n”n”n/’n" + (2V/,V66RM/’ e

282

- OWq + o(P)

(23)
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The condition contains an arbitrary length scale / (within
the previously discussed range) and an arbitrary unit,
timelike, future-directed vector n*. Keeping either of these
in the final equations of motion would violate the equiv-
alence principle and the locality of the equations. In the
approaches based on Wald entropy, the / and n*-dependent
terms cancel out between the variations of the entropy and
the generalized volume [19]. Ideally, the same procedure
should work in our case. However, as discussed above,
we do not have a rigorous way to obtain an expression
for the generalized volume. Hence, a different approach
must be adopted. To deal with the /-dependent terms, we
construct a sequence of M 4 1 causal diamond with sizes
l,, = | + mel, where € is a small dimensionless parameter,
n€[l, M) a natural number M, is chosen small enough
that /(1 4+ Mye) is much smaller than the local curvature
length scale. All the diamonds are centred at the same
point P and correspond to the same timelike vector n*. In
this way, the Riemann normal coordinate expansion we
introduced for the diamond of the size / remains valid.
Since the expansion works with values of tensors at P, all
the tensorial expressions will be the same in each diamond.
Only the diamonds size parameter will differ. To simplify
the discussion, we schematically write our equilibrium
condition (23) divided into terms of various powers
of [, i.e.,

> e =0, (24)
m=1

For the mth of the M, 4 1 causal diamond we constructed,
we have the following equilibrium condition

1+ ne)?" PE™ = 0 (25)

m:l

We again stress that all E™ are the same for each diamond.
Then, if the equations are to be satisfied for any n, we
require E™ = 0 for each m.® In particular, for m = 2, we
have

Axl CI*I2
8G,,n*n* — 1° P
15 ( )+ 840

(2vpv,,5R,/ S +4V,V,6R +2VPV 6R,,

[4V# V,6R ,,nn’n’n°

+V,V,0R)nin® + 2V,V,6R" + wv,,(sze]

4zl
15

212

P W =——6(T

pv

yntn?, (26)

®The correction terms we eventually obtain are proportional to
13/1%, with Ic being the local curvature length scale. Then, any
terms [ E™ much smaller than this can be neglected, and we
only need to set to O finitely many E™ using the above described
procedure.

where 1° = 2%(P) is the piece of the local cosmological
constant A(P, [) independent of / and 5WV,° the part of 5V,
proportional to .

Next, we focus on the dependence on n*. If the (Einstein)
equivalence principle holds, we require the equilibrium
condition (26) to be independent of n*. This condition (26)
contains terms without any contraction with n*, with
two contractions and with four contractions. The terms
without any contraction can be rewritten as including two
contractions, using the normalization g, n*n" = —1.
Regarding the four contraction terms, they must cancel
out with the generalized volume variation 5qu. Looking
at the generic form of 5Wq° in modified theories of gravity,
it contains terms of the form D, ,,n*n°h*’, where D, is
some curvature-dependent tensor and 7*” = ¢*” + n*n” the
spatial 3-metric on X,. In our case, choosing

5
5Wq0 = —%V V,0R oy nh*”, (27)
eliminates the four contraction term, exactly as we require.
Sticking to the ansatz D,,,,,n" n° h*” for 6Wq° this is also the
only term we can include, while still maintaining the overall
independence of the equilibrium condition (26) on n*.
Plugging expression (27) for 5qu into Eq. (23) and
multiplying by 15/(4zl*) yields an l-independent equation
which contains two contractions with #* (we use that
gun'n” = -1)

2

Clp
0G ' 1" + A G n” +56 <2V VR, °

4 2
+3VV,0R, + 3V, V,0RS + 3 29,9,5R,”
1
+ §V”VD5R -29,,V,V,6R" — gﬂprVI,&R) ntn

= 82Go(T ,, )n#'n”. (28)

We now have an equation of the form f,, n*n”, which holds
for any unit, timelike, future-directed vector n*. It is easy to
show that this implies f,, = 0 (we include a simple proof
in the Appendix). Therefore, we can remove the contrac-
tions with n*

6G,, + A g, + <2v VR, ° +3 V/)v SR,

567
2
+ 3 V,V,6R/ + 3 V,,VpéSR/’ + 3 VﬂvyéR
-29,,V,V,6R" — g,,,,V”VﬁR) =82G&(T,,). (29)
obtaining 10 linearized equations for 10 components of the

metric. However, the terms with derivatives of the curvature
tensors look fairly complicated, and the equations still
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contain an undetermined scalar A*. We solve the first
problem by using the definition of the Weyl tensor

1
5GP, =R 7+ (836R,” + 8)6R,® — g,,6R’
1

- gpaéR/w) + 6 (g/wgpd - 555‘3)5137 (30)

and the contracted Bianchi identities

V,V,6R,” = V,V,6R,” %vﬂvyak, (31)
I
V,VooR = S VIV 6. (32)
I I
VoGt " = S VIV,R,, - v V,6R = 0., V'V ,6R.
(33)

A somewhat lengthy, but straightforward calculation then
yields

12
8G,, + g + 506 ( V,V,5C,° "+ V V,6R
13 )
i 9, V'V ,6R | = 8xGS(T,,). (34)

To fix A*, we assume that energy is locally conserved, i.e.,
that the energy-momentum tensor is divergenceless,
V,T,” = 0. Moreover, we have V*V,V 6C,* 7 =0 up
to terms quadratic in the Riemann tensor Wthh we neglect.
Then, taking a divergence of Eq. (34) yields

. CB1
Vil = 1e-3 VuV VioR. (35)

Integrating  this expression, we find A=A+
CIEVPV ,6R/(168x), where A is an arbitrary integration
constant corresponding to the cosmological constant. The
final result of this derivation are equations for gravitational
dynamics corresponding exactly to the linearized equations
of quadratic gravity with a cosmological constant, coupled
to conformal matter [28,29]

V,V,sCr

5Cl2
0G,, + Agy, + [

1
+ (%9, - gﬂyva)aR] — 87G5(T,,).  (36)

The quadratic gravity corrections are proportional to /3.
This is natural, since Ip is the only constant length scale
present in the UV entanglement entropy expression (1). If
C < 0, we find that the coupling constants in front of the
quadratic gravity terms the signs necessary to avoid the

tachyonic instabilities [28,29]. Negative C corresponds to
negative logarithmic correction to entanglement entropy of
causal diamonds, which is consistent with the results from
the replica trick calculations [15,22]. The effective action
corresponding to Eq. (36) reads

1 5C [ R?
= R P(__—
S 162G / { T 1687 ( 3

We want stress here that the action is recovered only after
writing the equations for gravitational dynamics, so it plays
no role in their derivation.

We obtained the quadratic gravity equations of motion from
higher order quantum corrections to entanglement entropy.
Hence, our result certainly does not support quadratic gravity
as the appropriate classical theory of gravity. Instead, the
higher derivative terms should be understood as effective field
theory corrections to the Einstein equations, which also makes
the suppression of the correction terms by /3 rather natural.
From the effective field theory point of view, the emergence of
the linearized equations for quadratic gravity is not surprising.
Our derivation assumes the Einstein equivalence principle
(this assumption is somewhat implicit here, but discussed at
length, e.g., in [2,7,27]), local energy-momentum conserva-
tion and purely metric description of gravity (in particular
by treating vector n* as an arbitrary parameter, rather than a
dynamical field). Then, quadratic gravity is the most general
theory satisfying these requirements whose equations of
motion involve at most fourth derivatives of the metric. The
nontrivial insight gained by our derivation is that both the
derivatives of the Weyl tensor and the scalar curvature appear
in the equations of motion and with the same sign. We stress
that here we only analyzed the linearized regime, and there is
no reason to expect that the full nonlinearized dynamics will be
compatible with quadratic gravity.

To conclude our derivation, several technical remarks are
in order

(1) The equations contain the quantum expectation value
of the energy-momentum tensor. Therefore, we did
obtain linearized equations of motion of semiclass-
ical quadratic gravity. We note that the well-known
ambiguity in the definition of the energy-momentum
tensor’s expectation value has the same form as the
quadratic gravity corrections we obtained [36]. Thus,
the coefficients in front of these terms in principle
depend also on our choice of (T,).

(i1) Our approach cannot be straightforwardly general-
ized to include nonconformal matter fields. While
this is possible in the derivation of Einstein equations,
A acquires a potentially large nonconstant contribu-
tion due to the effect of nonconformal fields on
the IR entanglement entropy [9,37,38]. Then,
the derivatives of A appearing in our construction
become non-negligible. Consequently, determining

)|
(37)
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the necessary form of A would become a very
complex task. A more refined treatment of both
the geometry variations and the IR entanglement
entropy is probably necessary to generalise our
derivation in this way.

(iii) It has been argued in different contexts that loga-
rithmic corrections to horizon entropy also imply
modifications to Hawking temperature [15,26,39].
However, we have previously shown that such
modifications do not affect the derivation of
gravitational dynamics from thermodynamics of
local causal horizons [27]. This is expected, since
both the Unruh and the Hawking effects are purely
kinematic [40], even in the presence of quantum
gravitational corrections [39]. Therefore, we are
justified to use the standard expression for Hawking
temperature, regardless of its possible modifications.

(iv) Apart from a variation of the size parameter, o/, one
should also in principle allow for variations of the
shape of the geodesic ball X [30]. These deforma-
tions contribute to area and volume variations at the
order O(l*), which indeed affects our analysis.
However, their contributions appear to be quadratic
in the curvature tensors and, therefore, they do not
enter our results [30]. This is certainly the case if we
allow the shape deformations to depend only on [, n*
the metric, the curvature tensors and their derivatives.

(v) We assumed that the diamond’s size / is an arbitrary
parameter and the equations of motion are indepen-
dent of it. Then, the higher derivative terms in the
equations of motion appear from the logarithmic
term in UV entanglement entropy and are propor-
tional to the Planck length squared (/p being the only
scale available). Alternatively, one might fix [ to
some [, > [p. Then, the logarithmic correction
becomes negligible (it scales with /3) and we obtain
the higher derivative terms directly from the dom-
inant contribution to entropy, proportional to area.
The quadratic gravity corrections then scale with l(zl.
This approach is tempting as it foregoes the need for
the logarithmic term in entropy and leads to quad-
ratic gravity corrections that become important far
below the Planck scale. However, we presently
cannot think of any justification for introducing a
preferred value of /. Therefore, we do not pursue this
line of derivation any further.

I11. DISCUSSION

In this work, we have derived the linearized equations of
motion of quadratic gravity from local equilibrium con-
ditions. In contrast to previous such derivations, we make
no a priori assumptions about Wald entropy (and, thus, the
gravitational Lagrangian). Instead, our starting point is the
Bekenstein entropy with a correction term logarithmic in

horizon area, that is nearly universally predicted by both
entanglement entropy calculations and by various candi-
date theories of quantum gravity.

The linearized equations of quadratic gravity are the only
equations compatible with the assumptions made in our
derivation, i.e., the Einstein equivalence principle and
presence of no other fields besides the metric. Hence,
the result we arrived at may seem to be trivial. However, it
serves as a proof of concept. We have no a priori guarantee
that the local equilibrium conditions encode gravitational
dynamics beyond the Einstein equations. Our result shows
that the leading order linearized corrections can indeed be
derived in this way and have the expected form (including
the expected signs of the correction term). Therefore, we
show that local equilibrium conditions encode nontrivial
information about gravitational dynamics beyond the
leading order (the Einstein equations), which agree with
the expectations one has from the effective field theory
approach.

Given this nontrivial emergence of quadratic gravity, it
appears to be worthwhile to ask whether local equilibrium
conditions can offer any novel insights regarding quantum
corrections to gravitational dynamics. In particular, we want
to address the questions of diffeomorphism invariance,
origin of the cosmological constant, or low energy quantum
gravitational effects. Notably, one can ask such questions
without committing to an emergent gravity picture, simply
treating the local equilibrium as a consistency condition for
gravitational dynamics (that is reasonably motivated by the
entanglement entropy calculations and standard thermo-
dynamic considerations). For instance, an approach relating
thermodynamics of Rindler wedges with loop quantum
gravity has been proposed [41] and one certainly cannot talk
about any emergence of gravitational dynamics in this case.
Nevertheless, the thermodynamic methods in principle still
provide a useful tool to study gravitational dynamics,
without the need to use the full machinery of loop quantum
gravity. The same is true even if we do not commit to any
specific final theory of quantum gravity and simply take the
local equilibrium conditions as something any of them
should incorporate. Obtaining the linearized equations of
motion for quadratic gravity shows that this line of reasoning
indeed provides nontrivial insights.

The trade-off for the generality of our derivation lies in
the need to fix the generalized volume by an ad hoc
procedure, requiring that our result is purely metric and
respects the equivalence principle. The need to fine-tune
the generalized volume in this way presents a drawback that
ought to be removed in the future. An improved treatment
of the generalized volume and/or shape deformations in our
approach might suffice to eliminate the need for fine-tuning
the local cosmological constant (as long as the matter fields
are conformally invariant).

Let us finally remark that the full, nonlinearized treat-
ment of the entanglement equilibrium is significantly more
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technically involved. In this case, the shape deformations of
the ball X, definitely become relevant and a physical
principle fixing their contribution is necessary (for a
thorough discussion of this issue, see [30]). Moreover,
the geodesic local causal diamond may not be the appro-
priate generalization of the flat spacetime causal diamond
for this task [42]. Lastly, it is unclear whether the result will
simply be the full quadratic gravity, or a different theory,
possibly violating the diffeomorphism invariance. The
latter possibility is implied by the previous studies which
included the terms quadratic in curvature [27,30]. We will
discuss this full treatment in a future work.
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APPENDIX

In this appendix, we explicitly prove that the condition
Sfunn” = 0 for every timelike, unit, future-pointing vector
defined in a given point implies f,, = 0 (without any loss
of generality, we assume f,, to be symmetric). We
introduce a local orthonormal coordinate system such that
the metric locally corresponds to the Minkowski one
9w = M- We denote the corresponding orthogonal n-ad
by n* = (d/0t)* and e; = d/0x". Let us stress that, since the
Einstein equivalence principle requires that f,, is a tensor,
choosing a specific coordinate system involves no loss of

generality. For spacetime dimension n > 2 consider the
following set of unit timelike vectors

;= \[(L+p*+ @ )" + pef +q¢f,  (Al)
for any natural numbers i, j, such that 0 <i < j<n—1,

and any real numbers p, g. The requirement f Wt’l-’]-tfj =0
for every # ; translates into an equation

(1 +p2+q2)f00+p2fii+q2fjj+2p (1+p?+¢*)foi

+2q\/(1+p*+4°) fo; +2pqfi; =0, (A2)
which must be satisfied for any real p, ¢q. Hence, every
coefficient in the expansion of the left-hand side in powers
of p, g needs to be zero. First few conditions implied by
this are

foo = O, (A3)
2pfoi =0, (A4)
2qfo; =0, (AS)
p*(foo + fii) = 0. (A6)
a*(foo + fj;) =0, (A7)
2pqfi; = 0. (A8)

These equations are satisfied for every i, j if and only
if f,, =0.
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