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The “ugly duckling” of the Segré-Plebanski-Hawking-Ellis classification of stress-energy tensors is
believed to be either impossible or extremely difficult to realise in Einstein gravity. Effective stress-energy
tensors in alternative gravity offer a wider range of possibilities. We report a class of type-III realizations
in “first-generation” scalar-tensor and in Horndeski gravity, and their physical interpretation. The ugly
duckling may be a freak of nature of limited importance but it is not physically impossible.
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I. INTRODUCTION

In general relativity, the right-hand side of the Einstein
field equations

1
Gup =Ry — zgabR =T,

(1.1)
(where R, and R := R“, are the Ricci tensor and the Ricci

scalar of the spacetime metric g, respectively)' contains

the energy-momentum tensor of matter T((;,f)

forms of TE;Z) expected on physical grounds have been
classified by Segre [2], Plebanski [3], and Hawking and
Ellis [4]. The least-known and least-studied type in this
classification is type III, in which the stress-energy tensor

has the form

. The possible

Toy = pkaky + quky + dyke. (12)
where k¢ is a null vector field and ¢“ is spacelike. Because
of its unknown nature and unfamiliar properties, the
type-IIl stress-energy tensor has been named the ‘“ugly
duckling of the Hawking-Ellis classification” [5,6]. It was
believed, although without any firm ground, that type-III
stress-energy tensors are unphysical until Podolsky, Svarc
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and Maeda [7], Martin-Moruno and Visser [5,6], and
Maeda [8] provided examples in which a gyraton or exotic
Lagrangians realize this particular energy-momentum ten-
sor in Einstein gravity.

One could think of obtaining the null vector field k¢ of
the type-III stress-energy tensor as the gradient of a scalar
field ¢ satisfying V.¢pV¢¢ = 0. It is straightforward to see
that only a null dust can be obtained in this way in general
relativity. However, one can turn to alternative theories of
gravity with a built-in scalar.

In alternative gravity, the field equations are often
rewritten by moving geometric terms, or terms built out
of the extra gravitational degrees of freedom and their
derivatives, to the right-hand side of the field equations to
make them look like effective Einstein equations (1.1),
thus building an effective stress-energy tensor 7', which is
formally treated as a mass-energy source of curvature,
although it does not describe real matter. These effective
stress-energy tensors may provide incarnations of the type-
[T energy-momentum tensor that are difficult to realize
explicitly in Einstein gravity.

The prototype of the alternative theory of gravity is
scalar-tensor gravity [9-12], in which a propagating
gravitational scalar field ¢ is added to the usual massless
spin-two modes of Einstein gravity contained in the metric
tensor. Scalar-tensor gravity is the subject of a vast litera-
ture and was generalized long ago by Horndeski [13]. His
theory went largely unnoticed for many years and was then
rediscovered in the quest for the most general scalar-tensor
theory of gravity with second order equations of motion.
Although this feature was eventually found to be a property
of the more general degenerate higher-order scalar-tensor
(DHOST) theories ([14-20], see [21,22] for reviews),

© 2023 American Physical Society
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Horndeski gravity has become the subject of a wvast
literature spanning the last decade (e.g., [23-31]).

Here we analyze “old” scalar-tensor gravity first, and
then Horndeski gravity, and we report a class of possible
implementations of the ugly duckling type-IIl effective
stress-energy tensor in these theories.

Independent motivation for our study comes from a
completely different direction. Recently, the analogy
between the effective stress-energy tensor of scalar-tensor
and viable Horndeski gravity and a dissipative (Eckart)
fluid has led to introducing an effective “temperature of
gravity” with respect to general relativity and to equations
describing the approach of alternative gravity to general
relativity (or its departures from it) [32—45]. This formal-
ism, dubbed “first-order thermodynamics of scalar-tensor
gravity” is subject to the fundamental limitation that the
gradient of the Brans-Dicke-like scalar field be timelike and
future oriented. We would like to extend this formalism to
situations in which V¢ is lightlike instead. As we will see,
the goal of introducing an effective temperature of gravity
turns out to be impossible but in the process we discover
new implementations of the type-III stress-energy tensor,
only for effective instead of real fluids.

Let us proceed with the definition of this effective
energy-momentum tensor. The (Jordan frame) action of
“first-generation” scalar-tensor gravity is [9—12]

/ d4x\/_[¢R— Ef) VepV.op— V()| + 5™,
(1.3)

where R is the Ricci scalar of the spacetime metric g,,;, with
determinant g and covariant derivative V, ¢ is the Brans-
Dicke-like gravitational scalar with potential V(¢), w(¢) is
the “Brans-Dicke coupling”, and S(™ is the matter action.
The corresponding field equations are [9-12]

Gab - ;)2 ( a¢vb¢ gabv ¢vc¢>
E (V Vyp — guhD¢) 20 gabs (1-4)
(2w + 3)0¢p = 8aT™ + V' =2V —/VpV.p, (1.5)

where T((;E) is the matter stress-energy tensor, (1= VV_,

and a prime denotes differentiation with respect to ¢. In the
next section we restrict ourselves to solutions of these field
equations with the property that the scalar field gradient
is null, V¢V .¢p = 0. Examples of such solutions are
reported in Refs. [46-53].

II. NULL SCALAR FIELD GRADIENT IN FIRST-
GENERATION SCALAR-TENSOR GRAVITY

Let ¢ be the Brans-Dicke scalar field and &, := V ,¢. We
shall now present a few preliminary results.

Lemma 1. Consider the Brans-Dicke theory (1.3) with
w # =3/2,V =0, and in vacuo [TE:Z) = 0]. If k% is a null
vector field (i.e., k,k* = 0), then L¢p = 0.

Proof. The field equation for the Brans-Dicke scalar field
(1.5) for @ # —3/2, V =0, and in vacuo reduces to

Q2w+ 3)0¢p = -’ VeV ..

If now the scalar field gradient is null, then
VepV . = k.k¢ =0, that implies (2w + 3)C¢p =0, or
simply Ugp = 0. m

Proposition 1. Consider the Brans- chke theory (1.3)
with @ # —3/2, V = 0, and in vacuo [T’} = 0]. If k% is a
null vector field, then k¢ is a geodesic vector field and the
corresponding geodesic is affinely parametrized.

Proof. Recalling the definition &, := V¢ one has that

KV ky = k9, Vo = k*V, V., = kY, &,

Differentiating k%, =0 one gets k*V,k, =0 that,
together with the previous equation, allows one to conclude
that k*V  k;, = k*V,k, = 0. In other words, k¢ is a null
geodesic vector field and the null geodesic curve to which it
is tangent is affinely parametrized. [

Remark. This property holds for both minimally and
nonminimally coupled scalar fields ¢ irrespective of
whether ¢ is a test field or a gravitating one.

Consider now the congruence of null geodesics with
tangent field k, = V, ¢. Following standard procedure
(see, e.g., [54]) and adapting to the special situation in
which the null field k¢ is a gradient, we define another
(nonunique) null vector field n* normalized so that

k,n® = —1. (2.1)
The covariant differentiation of this equation leads to the
useful relation

nbvukb = —khvul’lh. (22)

The 2-metric transverse to both k¢ and n” is defined as
hap = Gap + kattp + kpng, (23)

h,;, satisfies
hapk® = hpk? = hyun® = hyyn® =0, (2.4)

is 2-dimensional (h“, = 2), and
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he.h¢, = h?),. (2.5)
Defining now
By = Vyk,, (2.6)
it follows immediately that B, is symmetric,
By =V,Vp =V, Vyp =By, =By (2.7)

which, in conjunction with the fact that k“ is geodesic,
implies that B, is transverse to k%, i.e.,
Babkb - Bahka - O (28)
Next, we project B, onto the 2-space orthogonal to both
k* and n“, obtaining
Bab = hachdecd' (29)
We can write this quantity explicitly in terms of k¢ and n“
using Eq. (2.3), which gives
Bab = Bab + kanchb + kbncBac + kakb (ncndBcd)' (2 10)
As with any rank two tensor, B, can be decomposed into
its symmetric and antisymmetric parts,

Bab :®ab + @p, (211)

- C] - - 2
G()ab = B(ab) = _hab +Oup, Wyp = B[ab] =0, (212)

2
where ® = 04, = V_k¢ is the expansion scalar while &, is
the shear tensor, which is the symmetric, trace-free part of
B, and the vorticity @, vanishes identically because k, is
a gradient [34].

From this point on let us restrict our attention to the
following case.

Assumptions (). Vacuum Brans-Dicke gravity with
V=0, w# -3/2, and k. = V_ ¢ a null gradient of the
Brans-Dicke scalar field.

In light of Lemma 1 we have ©® = V k¢ = [J¢p = 0, then
it holds that

(2.13)

This particular scenario of Brans-Dicke gravity admits
the possibility that k¢ is a Killing vector field. In this case,
B,,=0and T, = #kukb describes a pressureless null
dust [55]. We do not consider this very special situation
further.

In general, the scalar field effective stress-energy tensor
for our subclass of Brans-Dicke gravity (%) reads

@ vavb¢ @ Bab
=5V Vo + =—5k.k +
¢2 ¢ b¢ ¢ ¢2 b ¢

and, using Eq. (2.10), one can write this T, in the form

T, = (2.14)

0] n‘n’B B
Tab = |: < Cd>:| kakb + —ab + qakb + Qbka’

» o\ b ¢
(2.15)
where
g, =~ Bea __1Voke  KVane o 46
¢ ¢ 7
Note that
q.k* = (2.17)

because of the k-tranversality of B,,.

Proposition 2. Let u“ be a null vector field and let v be
a vector field orthogonal to u“, i.e., uv, = 0. Then v* is
either parallel to u“ or it is spacelike.

Proof. If v* is parallel to u“, namely 3a € R such that
v* = au?, then u‘v, = auu, = 0.

If v* is not parallel to u* we have to show that v»“v, > 0.
Consider a local inertial frame at each spacetime point p
where u?v, =0 such that u* = (4,0,0,u), with u€R
in this chart. In this local inertial frame the components
of v® will read, in general, as v* = (2°, 0!, 0%, v?), with
0, ..., v> €R. The orthogonality condition u®v, = 0 at p
in the local frame reads

0 =nu'v" = —ur® + uv’,

with 7, denoting the Minkowski metric. Therefore in the
local frame at each spacetime point where u“v, = 0 one
has that v* = (v, v',v%,v) with » €R. This implies that
v"v, = (v')? + (v*)* > 0 at p. In other words, at each
spacetime point p where u?v, = 0 it holds that v“v, > 0, if
v* is not parallel to u“. [

Therefore, Eq. (2.17) and Prop. 2 tells us that g is either
parallel to £ or ¢ must be spacelike.

A. Case 1: ¢° parallel to k*

First we observe that:

Lemma 2. Given Assumption (), if g, == —n°B.,/¢ is
parallel to k” then ¢* = —(q.n)k".

Proof. Let g be parallel to k%, this means that 3o € R
such that ¢ = ak®. From the definition of n%, Eq. (2.1),
one has that nq, = an“k, = —a. Hence, ¢* = —(q.n°)k". m

The effective stress-energy tensor (2.15) of the scalar
field, given the subclass of Brans-Dicke gravity (%),
becomes
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0] , B,
Tab = |:¢)2 - (qcnc):| kukb + d)b (218)
with energy density
w .
p=—5—(g.n), (2.19)
¢
and
Bab 6ab
=—. (2.20)
¢ 9P

This allows one to introduce an effective, trace-free,
anisotropic stress tensor

Q

Zab
b
where n = —1/(2¢) is an effective shear viscosity coef-

ficient. The effective energy-momentum tensor (2.18) of ¢
then takes the form of a null fluid,

Tap = = =216y, (221)

T oy = pkoky + Tap- (222)
One can always diagonalize the anisotropic stress tensor
7, via arotation of axes since &, is a symmetric tensor in
a Riemannian 2-dimensional space. There are two space-
like vectors x* and y“ in this 2-space orthogonal to both k¢
and n“ (with metric h,;) such that

kaC = yckc = xcnc = ycnc = xcyc = O (2.23)

and

xx¢=y.y =1 (2.24)
for which 7, is diagonal. In this coordinate system, the
effective stress-energy tensor has the null fluid form [1]

Tab = pkakh + Pl (xaxh - yayh)' (225)
In this case the effective stress-energy tensor of ¢ describes
a null fluid with anisotropic stresses 7, satisfying the
constitutive relation of a Newtonian fluid 7,, = —2%6,,
with shear viscosity n = —1/(2¢), no heat conduction, and
vanishing trace 7¢,.

We shall now show that the shear can be eliminated,
reducing this null fluid to a null dust (type II in the
Hawking-Ellis classification [4]).

Consider a congruence of null geodesics with tangent
k, =V, ¢. The proof of this second statement uses the
Raychauduri equation for null geodesic congruences [1,4]

e e’
= —— — 5,0 + @@ — R, kK",

= (2.26)

where 4 is an affine parameter along the null geodesics. In
our case, the null geodesic congruence with tangent field k¢
has ® = 0 and d®/dA = 0 everywhere, hence any pair of
initially parallel geodesics remains parallel. The vorticity
@,, also vanishes identically. Since we are assuming
vacuum, the trace of the matter stress-energy tensor T(ar;)
does not contribute to the Ricci scalar, and V, ¢V¢¢ = 0,
V=0 and also U¢ =0 (Lemma 1). Contracting the
vacuum field equation (1.4) yields R = 0 and the effective
Einstein equation (1.4) contracted twice with k¢ gives

B,
Rahk”kh — Tubkakh — (pkukb —+ ?b —+ qakh + qbka) k“kh

=0 (2.27)

due to the lightlike nature of k¢ and the transversality (2.8)
of B, to k¢. To conclude, the Raychaudhuri equation (2.26)
yields 262 := &,,6°° = 0 everywhere, which implies that,
since &7 is positive definite, all components of the shear &,
vanish identically [56] and the effective stress-energy
tensor (2.18) of ¢ reduces to

Tab = pkakh’ (228)
which is of type II in the Hawking-Ellis classification
system.

These results can therefore be summarized in the
following theorem.

Theorem 1. Given Assumption (x), if g is parallel to
k“ then the effective stress-energy tensor (2.15) of the scalar
field reduces to the stress-energy tensor of a null dust,
which belongs to the type-II family of the Hawking-Ellis
classification.

B. Case 2: ¢“ is spacelike

Let us consider now the second possibility, in which g is
spacelike. Then, ¢“ lives in the 2-space orthogonal to both
k and n® and g, = h,,q". In fact, since g .k¢ =0, the
vector field g, can only have a component parallel to n,
and components in the 2-space orthogonal to both k¢
and n?,

40 = hapq” + (g.n°)n,
=g, + (gpn”)k, + (q.n°)n,

=4q,+ ((’Icnc)(ka + na)’ (229)

where we used the definition of 4,,,. In order for Eq. (2.29)
to be satisfied, either g.n“ =0 (and then ¢“ lies in the
2-space orthogonal to both k¢ and n® gq,= h,q",
q" = (0,4q',4%,0)), or else n, = —k,, which is impossible
because n“ is chosen to be independent of k* and to satisfy
k.n¢ = —1. Therefore, ¢“ is orthogonal to both k? and n”.
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We now have

B.nn?  nniV.k; nk?V.n,

e

=0 (2.30)
and the effective stress-energy tensor (2.15) reduces to

T, = 2k kb+

+ Qakb =+ Qbkav
¢

J (2.31)

where we used the fact that g.n¢ = —nn?B,;/¢ = 0. This
energy-momentum tensor can then be written in the form
T oy = pkaky + Zap + qaky + qpka, (232)
with p = w/¢?. Furthermore, using again the Raychauduri
equation for null geodesic congruences we can eliminate
the contribution of the shear 7, thus reducing the stress-
energy tensor for ¢ to
Ty = pkaky + qukp + qpk,. (2.33)
which has vanishing trace (since k. k* = k,q“ = 0) and
falls into type III of the Hawking-Ellis classification system
[4] (see also [2,3]). This type is the least known of this
classification and it is largely unknown which physical
systems can be described by a type-III tensor. The only
known examples, as previously mentioned, are the gyraton
and the exotic Lagrangians discussed by Podolsky, Svarc
and Maeda [7], Martin-Moruno and Visser [5,6,57-59], and
Maeda [8]. The stress-energy tensor (2.31) is further reduced
to the type Il of [5,6] if the Brans-Dicke coupling assumes
the special value w = 0.

In other words, we have shown that:

Theorem 2. Given Assumption (%), if g% spacelike then
the effective stress-energy tensor (2.15) of the scalar field
reduces to the stress-energy tensor (2.33), which belongs
to the type-III family of the Hawking-Ellis classification.
Furthermore, if w =0 the stress-energy tensor (2.33)
further reduces to the type-III, class.

III. NULL SCALAR FIELD GRADIENT IN VIABLE
HORNDESKI GRAVITY

Let us now move to Horndeski theories of gravity [13], the
subject of intense research in the past decade (e.g., [23-31]
and references therein), which are much more general than
first-generation scalar-tensor theories and contain them as a
special case. We restrict ourselves to the so-called viable
Horndeski theories in which the coupling functions are
constrained by the requirement that gravitational waves
propagate at light speed, as shown by the GW170817/
GRB170817A multimessenger event detected in gravita-
tional waves and in many electromagnetic bands [60,61].

The action of viable Horndeski gravity is

= /d4X\/—g(£2 + £3 + £4) + S(m), (31)

where S is the matter action. The Lagrangian densities
L; (i=2,3,4)are

Ly = Gy(¢.X). (3.2)
L3 = =G3(¢. X)0g. (3.3)
Ly = Gy(P)R. (3.4)

where the G; are regular functions of the scalar field ¢ and
of X := =31V, V¢ (except for G4 that depends only on ¢
in viable Horndeski theories). The variation of the action

(3.1) with respect to the inverse metric ¢** yields the
effective field equations (see e.g., [39])

G, 1
G4 ab — \Y VbG4—|— |](;4 2 Evc¢vCG3 Yab

G G n
+ < X O — 2X> ViV + VY,V Gy = ™.

(3.5)

and variation with respect to ¢ gives the equation of motion
for the scalar field (see e.g., [39]),

GayR + Goy + GoxUep + V pVGox —
= (VepVeGax)Op — Gax VgLV ¢

Gix ()

+ G3XRabV”¢V”¢ - DG3 - G3¢|:|¢ - O, (36)
where TSZ) is the matter stress-energy tensor and
0G; 0G;
G jyi=—1", ix = ! = 2,3,4). 3.7
0= Ou=5¢ (=234, (7

The field equations (3.5) can be cast as the effective
Einstein equations
(m)

Gu=T @
ab G4

(3.8)

where T, = ngb) + be) + TE:;)) is the scalar field effective
stress-energy tensor capturing all deviations from GR, with

1
D = — (G V.V + Gagay).

G (3.9)
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1
sz
3G, (2G34, + G3x0¢)V, ¢v,,¢— VXV,
(3.10)
4 4
(3.11)

When the scalar field gradient is null at every spacetime
point [48,50,53] and [J¢p = 0, the canonical kinetic term X
vanishes with all its derivatives, leading to the much
simpler total effective energy-momentum tensor

G2X G 3¢ 64(/)(/) G
r , = —=2_ + \V ¢v ¢ +
ab <2G4 Gy Gy b gab

G
+ 29,V (3.12)
Gy

It is shown in the Appendix that the assumptions of this
section imply a relation between Horndeski coupling
functions at X = 0,0¢ = 0. It is also possible to show
that the scalar field gradient V¢ is an eigenvector of the
Ricci tensor (the Appendix). For lightlike k% = V¢, we
rewrite this effective T, as

Gox Gy | Gugy G, 4¢
T x4 kg + 2 Y.k
ab = <2G4 G, + G, »+ 2G, 9ap +—— Vik

(3.13)

Following the logic of the previous section, we define the
tensor B, = V,k, and the 2-metric h,, = g, + k,n, +
kyn, orthogonal to both k* and the auxiliary null vector n¢,
then B, = hgh‘lchd is again given explicitly by Eq. (2.10).
The effective stress-energy tensor obtained from substitut-
ing these expressions into (3.13) reads

G G p G b G p ¢ dBL‘
T, = Dox V3 Taph 4T " Deg k,k,
2G4 Gy Gy Gy
G, G4¢ B G4¢ G,
h n‘B,, — k
+ ZG ab +— G Oub + G4 ca 2G b
G4</) d G2
- B, ——— k,. 3.14
+ < G, neB g 2G, ny ( )

In this form, it is straightforward to identify the relevant
fluid quantities:

G2X —_ 2G3¢ + 2G4¢¢ - 2G4¢ncndBCd
2G, ’

pi= (3.15)

Gy
Pi=— 3.16
2G. (3.16)

- Guyp .
ap —G—jﬂab, (317)

G4¢ GZ

=—TYpep 22y 3.18
9a G4 n"beq 2G4 ng, ( )

i.e., energy density, isotropic pressure, anisotropic stress

tensor, and energy current density, respectively. Using the

identifications (3.15)—(3.18) the stress-energy tensor (3.14)
takes the form

Tab = pkakb + Phab + ﬁ-ab + qakb + qbka. (319)

Note that now there appears the isotropic pressure

P = G,/(2G,), which was absent in first-generation sca-

lar-tensor gravity because, there, G,(¢,X) = w(¢)X/2
vanishes for X = 0. In viable Horndeski,

G,
k=2 =P#0
9a 2G, #

(3.20)
in general and the energy flux density g“ no longer lives in
the 2-space with metric %, orthogonal to both k* and n¢,
but has components along the light cone generated by these
null vectors since g,k # 0, g,n“ # 0. The trace

T4, =4P (3.21)
now does not vanish. What is more, in viable Horndeski
theory g“ does not have a definite causal character because

G
449" = g (G4¢BcaBadncnd - G2nancBac)

4

(3.22)

has indefinite sign.

Following a similar procedure as in Sec. Il A it is easy to
see that:

Proposition 3. Consider the vacuum viable Horndeski
gravity with a null scalar field gradient k, := V¢ and
L¢p = 0. Then the effective stress-energy tensor (3.19) for
the Horndeski scalar field ¢ is shearless.

Proof. The Raychaudhuri equation for null geodesic
congruences (2.26) reduces to
5% = —R kK. (3.23)
Contracting twice the Horndeski field equation (3.5) for
vacuum viable Horndeski gravity with k“, and with the
assumption [l¢p = 0, one obtains

Rykkb = T, kK"

084047-6
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Furthermore,

1 G
T, kkb = G K—G3¢ + Gupy + ﬂ) koky + GayBap

2
Gy
— kekb = 0; 3.24
oo g (3.24)
hence, we can conclude that 262 := ,,6° = —R,,,kk? =

—~T »k*kP = 0. Since 57 is positive-definite, all the com-
ponents of &,, vanish identically, which completes the
proof. L]

The stress-energy tensor of vacuum viable Horndeski
gravity with a null scalar field gradient k, := V ¢ and
Llp = 0 at every spacetime point then reads

Ty = pkaky + Phay + qoky + qpkas (3.25)
which is not of type IIl because g is not necessarily
spacelike nor orthogonal to the null vector k“. However, if
G,(¢,X =0) =0 one has that the above stress-energy
tensor reduces to

T, = pkakb + Qakb + Qbka’ (326)
which instead belongs to the type-III family of the
Hawking-Ellis classification.

In other words, we have shown that:

Theorem 3. Given the vacuum viable Horndeski gravity
with a null scalar field gradient k, := V¢, (¢ = 0, and
Gy(¢p, X = 0) = 0, the stress-energy tensor (3.19) for the
Horndeski scalar field reduces to (3.26), which belongs to
the type-III family of the Hawking-Ellis classification.

The stress-energy tensors (2.33) and (3.26) are not the
most general type-III stress-energy tensors because the null
vector field k* originates from a gradient and is divergence
free, which are not general properties.

IV. DISCUSSION AND CONCLUSIONS

Assuming that the gravitational scalar field ¢ of first-
generation scalar-tensor or Horndeski gravity is null every-
where, it is also geodesic and affinely parametrized, and the
congruence of null geodesics with tangent k, = V, ¢ is
shear-free, nontwisting, and nonexpanding. We have clas-
sified its effective stress-energy tensor, obtained by writing
the field equations as effective Einstein equations.

In first-generation scalar-tensor gravity this effective 7',
can be of only two types. In the first case, it reduces to the
well-known null dust, or type II in the Segré-Plebanski-
Hawking-Ellis classification. In the second case, it contains
an energy flux density ¢g“ which is spacelike, and we have a
physical realization of type-III stress-energy tensor (which
can even become the simplified type Il of [5,6] in ® = 0
Brans-Dicke theory). Therefore, we have an implementa-
tion of the ugly duckling type-III stress-energy tensor. This

avatar of the ugly duckling is derived directly from the
scalar-tensor Lagrangian and not from exotic Lagrangians
constructed ad hoc (which seems to be the only avenue
found as yet in Einstein gravity). Explicit examples are not
easy to find and are likely to be contrived. The most likely
candidates for type-III effective stress-energy tensors in
scalar-tensor gravity are Kundt spacetimes, however the
known exact solutions of this kind in “old” scalar-tensor
[46,47,49,51,52] and in Horndeski [48,50,53] theories
have stress-energy tensors describing pure null dusts
(i.e., of type II).

The situation in viable Horndeski gravity is more
complicated, as an isotropic pressure appears unless
G,(¢p,X = 0) = 0 (in which case the discussion for first-
generation scalar-tensor gravity applies again) and the
energy flux density g“ is neither orthogonal to k“ nor
spacelike.

We suggest a possible physical interpretation of the type-
III energy-momentum tensor, with the obvious caveat that
the null vector n¢ and, therefore, the 2-metric 4, density p,
and vector ¢“ are nonunique. The null dust part pk,k;, of the
effective T',;,, with k£ null and geodesic, describes coherent
propagation of radiation, which is accompanied by a
spacelike (therefore, noncausal) dissipation of energy in
the direction transverse to k* and n“, as in heat conduction.
The interpretation of g“ is essentially the same provided for
the dissipative stress-energy tensor T, = pu,uy;, + Ph,, +
T, + q.u, when the four-velocity u® of a dissipative
fluid is timelike and ¢“ is spacelike [62]. It seems
counterintuitive that the propagation of a beam at light
speed would be compatible with the removal of energy
from the beam, but energy is ill-defined for nonasymptoti-
cally flat geometries and the simpler p p-waves of general
relativity exhibit energy-related features that are difficult to
interpret [63], hence this objection may not be substantial
after all.

The effective stress-energy tensor of the Brans-Dicke-
like scalar field (in the so-called Jordan frame used in the
present work) changes type under a conformal transforma-
tion, which preserves the lightlike nature of V9¢. A type-III
energy-momentum tensor in the Jordan frame of first-
generation scalar-tensor gravity will become type II in the
conformally transformed version, the FEinstein frame, a
property that makes it possible to generate and study Jordan
frame geometries sourced by type-III stress-energy tensors
using conformal mapping and known Einstein frame
solutions associated with type II T,,’s. The reader might
have noticed the lack of exact solutions providing explicit
examples of type Il 7, in the previous section (which,
of course, requires one to fix the coupling functions G;).
In a future publication we will search for such solutions
using conformal mappings. Incidentally, when the gradient
V,¢ of the gravitational scalar field of scalar-tensor
(including Horndeski) gravity is lightlike, the effective
“fluid” described by its stress-energy tensor does not lead
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to a concept of effective “temperature of gravity”,2 as it

does when V¢ is timelike. Although not unexpected, this
conclusion dashes the hope of extending the first-order
thermodynamics of scalar-tensor and Horndeski gravity
developed in [32-44] to the null case.

We conclude that the ugly duckling of the Segré-
Plebanski-Hawking-Ellis classification of stress-energy
tensors may be a freak of nature of limited importance,
but it is not physically impossible.
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APPENDIX: V‘¢ AS AN EIGENVECTOR OF THE
RICCI TENSOR AND RELATION BETWEEN
HORNDESKI COUPLING FUNCTIONS

In viable Horndeski gravity, assuming X = 0, L¢ = 0,
and G, = G4(¢), the gradient and the d’Alembertian of X
also vanish identically and Eq. (3.6) reduces to
GapR + Goy — G3x VPV .p + G3x R, V9V p = 0

(A1)

at X =0, ¢ = 0. By applying the commutation relation

(vavh - vbvc)wc = Rabcdwd (AZ)

to w, = V,¢ and using Cl¢p = 0, one obtains

vc¢|:|vc¢ = vc¢vavavc¢ = VC¢Vavaa¢
= vc¢(ch¢ + Racadvd¢)
= Ve¢p(V.Op + R.,V'P)

= Rabva¢vh¢ (A3)

using the definition of the Ricci tensor R;. = R,.* and the
symmetries of the Riemann tensor.

>This is because g does not satisfy a known constitutive
relation relating it to a temperature. For timelike V¢ = u,, q,
satisfies the Eckart constitutive relation g, = —/KChy,(V*7T +
Tib ), which allows one to define an effective temperature of
gravity.

In vacuo, Eq. (3.6) reduces to

1
Gy (Rab - EgabR> -V,V,G,

G,

1 G
+ <DG4 - 7 - E vc¢ch3> Gab — %vad)vh¢

+ v(a¢vb)G3 =0, (A4)

taking the trace of which (and using 0G, =
Gupp VPV ¢ + G4yLl¢p = 0) produces
2 X =
R—— G2(¢, O) (AS)
Gi(9)

Now, the contraction of Eq. (A4) with V¢¢pV’¢ yields

G
R VgV =PV GV PINoh. (AG)
4
but
VeV pV Vo = k®kPB, = 0 (A7)
due to the k-transversality of B,;,, hence
R, VPVl = 0. (AB)

Using this result, it follows from Eq. (A3) that the
combination

GSX (_VL¢DVC¢ + Rabva¢vb¢) (A9)

appearing in Eq. (A1) vanishes when [¢p = 0 and X = 0,
and Eq. (Al) then gives the relation between coupling
functions

at ¢ = 0, X = 0. Now the comparison of Eqs. (A10) and
(AS5) yields

Gy 264 _
G, G,

(Al1)

at X = 0, ¢ = 0. Furthermore, substituting Eq. (A5) into
Eq. (A4) yields

G G
G4R ., + ngab + <G3¢ = Gupy — %) V.V
— Gy Vyp =0 (A12)

which, contracted with the gradient V¢, then gives

084047-8



REALIZATIONS OF TYPE II STRESS-ENERGY TENSORS OF ...

PHYS. REV. D 108, 084047 (2023)

G R
R,V = —Z—Givbél" = va(/?;

(A13)

the scalar field gradient V“¢ is an eigenvector of the Ricci tensor with eigenvalue R/4.

[1] R. M. Wald, General Relativity (Chicago University Press,
Chicago, 1984).

[2] C. Segré, Sulla teoria e sulla classificazione delle omografie
in uno spazio lineare ad uno numero qualunque di dimen-
sioni, Mem. Reale Accad. Lincei 19, 127 (1884).

[3] J. Plebanski, The algebraic structure of the tensor of matter,
Acta Phys. Pol. 26, 963 (1964).

[4] S. W. Hawking and G. F. R. Ellis, The Large Scale Structure
of Space-Time (Cambridge University Press, Cambridge,
England, 1973).

[5] P. Martin-Moruno and M. Visser, Hawking—Ellis type III
spacetime geometry, Classical Quantum Gravity 35, 185004
(2018).

[6] P. Martin-Moruno and M. Visser, The type III stress-energy
tensor: Ugly duckling of the Hawking—Ellis classification,
Classical Quantum Gravity 37, 015013 (2020).

[7] J. Podolsky, R. Svarc, and H. Maeda, All solutions of
Einstein’s equations in 2 4 1 dimensions: A-vacuum, pure
radiation, or gyratons, Classical Quantum Gravity 36,
015009 (2019).

[8] H. Maeda, Energy conditions for non-timelike thin shells,
Classical Quantum Gravity 40, 195009 (2023).

[9] P. G. Bergmann, Comments on the scalar tensor theory, Int.
J. Theor. Phys. 1, 25 (1968).

[10] C. Brans and R. H. Dicke, Mach’s principle and a relativistic
theory of gravitation, Phys. Rev. 124, 925 (1961).

[11] K. Nordtvedt, Equivalence principle for massive bodies. 2.
Theory, Phys. Rev. 169, 1017 (1968).

[12] R. V. Wagoner, Scalar tensor theory and gravitational waves,
Phys. Rev. D 1, 3209 (1970).

[13] G. W. Horndeski, Second-order scalar-tensor field equations
in a four-dimensional space, Int. J. Theor. Phys. 10, 363
(1974).

[14] D. Langlois and K. Noui, Degenerate higher derivative
theories beyond Horndeski: Evading the Ostrogradski in-
stability, J. Cosmol. Astropart. Phys. 02 (2016) 034.

[15] D. Langlois and K. Noui, Hamiltonian analysis of higher
derivative scalar-tensor theories, J. Cosmol. Astropart. Phys.
07 (2016) 0O16.

[16] J. Ben Achour, D. Langlois, and K. Noui, Degenerate
higher order scalar-tensor theories beyond Horndeski
and disformal transformations, Phys. Rev. D 93, 124005
(2016).

[17] M. Crisostomi, K. Koyama, and G. Tasinato, Extended
scalar-tensor theories of gravity, J. Cosmol. Astropart. Phys.
04 (2016) 044.

[18] H. Motohashi, K. Noui, T. Suyama, M. Yamaguchi, and D.
Langlois, Healthy degenerate theories with higher deriva-
tives, J. Cosmol. Astropart. Phys. 07 (2016) 033.

[19] J. Ben Achour, M. Crisostomi, K. Koyama, D. Langlois,
K. Noui, and G. Tasinato, Degenerate higher order scalar-
tensor theories beyond Horndeski up to cubic order, J. High
Energy Phys. 12 (2016) 100.

[20] M. Crisostomi, R. Klein, and D. Roest, Higher derivative
field theories: Degeneracy conditions and classes, J. High
Energy Phys. 06 (2017) 124.

[21] D. Langlois, Dark energy and modified gravity in degen-
erate higher-order scalar-tensor (DHOST) theories: A re-
view, Int. J. Mod. Phys. D 28, 1942006 (2019).

[22] D. Langlois, Degenerate higher-order scalar-tensor
(DHOST) theories, arXiv:1707.03625.

[23] C. Deffayet, G. Esposito-Farese, and A. Vikman, Covariant
Galileon, Phys. Rev. D 79, 084003 (2009).

[24] C. Deftayet, S. Deser, and G. Esposito-Farése, Generalized
Galileons: All scalar models whose curved background
extensions maintain second-order field equations and stress-
tensors, Phys. Rev. D 80, 064015 (2009).

[25] C. Deffayet, X. Gao, D. A. Steer, and G. Zahariade, From
k-essence to generalised Galileons, Phys. Rev. D 84, 064039
(2011).

[26] J. Gleyzes, D. Langlois, F. Piazza, and F. Vernizzi, Healthy
theories beyond Horndeski, Phys. Rev. Lett. 114, 211101
(2015).

[27] J. Gleyzes, D. Langlois, F. Piazza, and F. Vernizzi, Explor-
ing gravitational theories beyond Horndeski, J. Cosmol.
Astropart. Phys. 02 (2015) 018.

[28] P. Creminelli, M. Lewandowski, G. Tambalo, and F.
Vernizzi, Gravitational wave decay into dark energy,
J. Cosmol. Astropart. Phys. 12 (2018) 025.

[29] D. Langlois, R. Saito, D. Yamauchi, and K. Noui, Scalar-
tensor theories and modified gravity in the wake of
GW170817, Phys. Rev. D 97, 061501 (2018).

[30] D. Langlois, Dark energy and modified gravity in degen-
erate higher-order scalar—tensor (DHOST) theories: A re-
view, Int. J. Mod. Phys. D 28, 1942006 (2019).

[31] T. Kobayashi, M. Yamaguchi, and J. Yokoyama, General-
ized G-inflation: Inflation with the most general second-
order field equations, Prog. Theor. Phys. 126, 511 (2011).

[32] V. Faraoni and J. Coté, Imperfect fluid description of
modified gravities, Phys. Rev. D 98, 084019 (2018).

[33] V. Faraoni and A. Giusti, Thermodynamics of scalar-tensor
gravity, Phys. Rev. D 103, L121501 (2021).

[34] V. Faraoni, A. Giusti, and A. Mentrelli, New approach to the
thermodynamics of scalar-tensor gravity, Phys. Rev. D 104,
124031 (2021).

[35] A. Giusti, S. Zentarra, L. Heisenberg, and V. Faraoni, First-
order thermodynamics of Horndeski gravity, Phys. Rev. D
105, 124011 (2022).

084047-9


https://doi.org/10.1088/1361-6382/aad473
https://doi.org/10.1088/1361-6382/aad473
https://doi.org/10.1088/1361-6382/ab56f6
https://doi.org/10.1088/1361-6382/aaef51
https://doi.org/10.1088/1361-6382/aaef51
https://doi.org/10.1088/1361-6382/acf181
https://doi.org/10.1007/BF00668828
https://doi.org/10.1007/BF00668828
https://doi.org/10.1103/PhysRev.124.925
https://doi.org/10.1103/PhysRev.169.1017
https://doi.org/10.1103/PhysRevD.1.3209
https://doi.org/10.1007/BF01807638
https://doi.org/10.1007/BF01807638
https://doi.org/10.1088/1475-7516/2016/02/034
https://doi.org/10.1088/1475-7516/2016/07/016
https://doi.org/10.1088/1475-7516/2016/07/016
https://doi.org/10.1103/PhysRevD.93.124005
https://doi.org/10.1103/PhysRevD.93.124005
https://doi.org/10.1088/1475-7516/2016/04/044
https://doi.org/10.1088/1475-7516/2016/04/044
https://doi.org/10.1088/1475-7516/2016/07/033
https://doi.org/10.1007/JHEP12(2016)100
https://doi.org/10.1007/JHEP12(2016)100
https://doi.org/10.1007/JHEP06(2017)124
https://doi.org/10.1007/JHEP06(2017)124
https://doi.org/10.1142/S0218271819420069
https://arXiv.org/abs/1707.03625
https://doi.org/10.1103/PhysRevD.79.084003
https://doi.org/10.1103/PhysRevD.80.064015
https://doi.org/10.1103/PhysRevD.84.064039
https://doi.org/10.1103/PhysRevD.84.064039
https://doi.org/10.1103/PhysRevLett.114.211101
https://doi.org/10.1103/PhysRevLett.114.211101
https://doi.org/10.1088/1475-7516/2015/02/018
https://doi.org/10.1088/1475-7516/2015/02/018
https://doi.org/10.1088/1475-7516/2018/12/025
https://doi.org/10.1103/PhysRevD.97.061501
https://doi.org/10.1142/S0218271819420069
https://doi.org/10.1143/PTP.126.511
https://doi.org/10.1103/PhysRevD.98.084019
https://doi.org/10.1103/PhysRevD.103.L121501
https://doi.org/10.1103/PhysRevD.104.124031
https://doi.org/10.1103/PhysRevD.104.124031
https://doi.org/10.1103/PhysRevD.105.124011
https://doi.org/10.1103/PhysRevD.105.124011

BANERIJEE, FARAONI, VANDERWEE, and GIUSTI

PHYS. REV. D 108, 084047 (2023)

[36] S. Giardino, V. Faraoni, and A. Giusti, First-order thermo-
dynamics of scalar-tensor cosmology, J. Cosmol. Astropart.
Phys. 04 (2022) 053.

[37] A. Giusti, S. Giardino, and V. Faraoni, Past-directed scalar
field gradients and scalar-tensor thermodynamics, Gen.
Relativ. Gravit. 55, 47 (2023).

[38] V. Faraoni, S. Giardino, A. Giusti, and R. Vanderwee, Scalar
field as a perfect fluid: Thermodynamics of minimally
coupled scalars and Einstein frame scalar-tensor gravity,
Eur. Phys. J. C 83, 24 (2023).

[39] M. Miranda, D. Vernieri, S. Capozziello, and V. Faraoni,
Fluid nature constrains Horndeski gravity, Gen. Relativ.
Gravit. 55, 84 (2023).

[40] M. Miranda, P. A. Graham, and V. Faraoni, Effective fluid
mixture of tensor-multi-scalar gravity, Eur. Phys. J. Plus
138, 387 (2023).

[41] V. Faraoni, A. Giusti, S. Jose, and S. Giardino, Peculiar
thermal states in the first-order thermodynamics of gravity,
Phys. Rev. D 106, 024049 (2022).

[42] V. Faraoni and J. Houle, More on the first-order thermo-
dynamics of scalar-tensor and Horndeski gravity, Eur. Phys.
J. C 83, 521 (2023).

[43] V. Faraoni and T. B. Franconnet, Stealth metastable state of
scalar-tensor thermodynamics, Phys. Rev. D 105, 104006
(2022).

[44] V. Faraoni, P. A. Graham, and A. Leblanc, Critical solutions
of nonminimally coupled scalar field theory and first-order
thermodynamics of gravity, Phys. Rev. D 106, 084008
(2022).

[45] S. Giardino and A. Giusti, First-order thermodynamics of
scalar-tensor gravity, Ricerche Mat. (2023)..

[46] B.O.J. Tupper, Common solutions of the Einstein and
Brans-Dicke theories, Int. J. Theor. Phys. 11, 353 (1974).

[47] D. Ray, Plane wave solutions in scalar tensor theories and
solutions of source-free Einstein-Maxwell theory, J. Math.
Phys. (N.Y.) 18, 245 (1977).

[48] M. Gurses and M. Halilsoy, PP-waves in the generalized
Einstein theories, Phys. Lett. A 68, 182 (1978).

[49] G.F. Bressange, Plane lightlike shells and impulsive gravi-
tational waves in scalar—tensor theories of gravity, Classical
Quantum Gravity 15, 225 (1998).

[50] M. Giirses and C. Sentiirk, A modified gravity theory: Null
Aether, Commun. Theor. Phys. 71, 312 (2019).

[51] B. Racské and L. A. Gergely, Light-like shockwaves in
scalar-tensor theories, Universe 4, 44 (2018).

[52] S. Siddhant, I. Chakraborty, and S. Kar, Kundt geometries
and memory effects in the Brans-Dicke theory of gravity,
Eur. Phys. J. C 81, 350 (2021).

[53] M. Gurses, Y. Heydarzade, and C. Senturk, Kerr—Schild—
Kundt metrics in generic gravity theories with modified
Horndeski couplings, Eur. Phys. J. C 81, 1147 (2021).

[54] E. Poisson, A Relativist’s Toolkit: The Mathematics of
Black-Hole Mechanics (Cambridge University Press,
Cambridge, England, 2009).

[55] V. Faraoni and J. C6té, Scalar field as a null dust, Eur. Phys.
J.C179, 318 (2019).

[56] G.E.R. Ellis, Relativistic cosmology, Proceedings of the
International School of Physics “Enrico Fermi” 47, 104
(1971); [Reprinted in Gen. Relativ. Gravit. 41, 581 (2009)].

[57] P. Martin-Moruno and M. Visser, Generalized Rainich
conditions, generalized stress-energy conditions, and the
Hawking-Ellis classification, Classical Quantum Gravity
34, 225014 (2017).

[58] P. Martin-Moruno and M. Visser, Essential core of the
Hawking-Ellis types, Classical Quantum Gravity 35,
125003 (2018).

[59] P. Martin-Moruno and M. Visser, Hawking-Ellis classifica-
tion of stress-energy tensors: Test fields versus backreaction,
Phys. Rev. D 103, 124003 (2021).

[60] B.P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), GW170817: Observation of gravitational waves from
a binary neutron star inspiral, Phys. Rev. Lett. 119, 161101
(2017).

[61] B.P. Abbott et al. (LIGO Scientific, Virgo, Fermi-GBM
and INTEGRAL Collaborations), Gravitational waves and
gamma-rays from a binary neutron star merger: GW170817
and GRB 170817A, Astrophys. J. Lett. 848, L13 (2017).

[62] C. Eckart, The thermodynamics of irreversible processes. 3.
Relativistic theory of the simple fluid, Phys. Rev. 58, 919
(1940).

[63] S. A. Hayward, Quasilocal gravitational energy, Phys. Rev.
D 49, 831 (1994).

084047-10


https://doi.org/10.1088/1475-7516/2022/04/053
https://doi.org/10.1088/1475-7516/2022/04/053
https://doi.org/10.1007/s10714-023-03095-7
https://doi.org/10.1007/s10714-023-03095-7
https://doi.org/10.1140/epjc/s10052-023-11186-7
https://doi.org/10.1007/s10714-023-03128-1
https://doi.org/10.1007/s10714-023-03128-1
https://doi.org/10.1140/epjp/s13360-023-03984-5
https://doi.org/10.1140/epjp/s13360-023-03984-5
https://doi.org/10.1103/PhysRevD.106.024049
https://doi.org/10.1140/epjc/s10052-023-11712-7
https://doi.org/10.1140/epjc/s10052-023-11712-7
https://doi.org/10.1103/PhysRevD.105.104006
https://doi.org/10.1103/PhysRevD.105.104006
https://doi.org/10.1103/PhysRevD.106.084008
https://doi.org/10.1103/PhysRevD.106.084008
https://doi.org/10.1007/s11587-023-00801-0
https://doi.org/10.1007/BF01808090
https://doi.org/10.1063/1.523264
https://doi.org/10.1063/1.523264
https://doi.org/10.1016/0375-9601(78)90797-1
https://doi.org/10.1088/0264-9381/15/1/017
https://doi.org/10.1088/0264-9381/15/1/017
https://doi.org/10.1088/0253-6102/71/3/312
https://doi.org/10.3390/universe4030044
https://doi.org/10.1140/epjc/s10052-021-09118-4
https://doi.org/10.1140/epjc/s10052-021-09947-3
https://doi.org/10.1140/epjc/s10052-019-6829-x
https://doi.org/10.1140/epjc/s10052-019-6829-x
https://doi.org/10.1007/s10714-009-0760-7
https://doi.org/10.1088/1361-6382/aa9039
https://doi.org/10.1088/1361-6382/aa9039
https://doi.org/10.1088/1361-6382/aac147
https://doi.org/10.1088/1361-6382/aac147
https://doi.org/10.1103/PhysRevD.103.124003
https://doi.org/10.1103/PhysRevLett.119.161101
https://doi.org/10.1103/PhysRevLett.119.161101
https://doi.org/10.3847/2041-8213/aa920c
https://doi.org/10.1103/PhysRev.58.919
https://doi.org/10.1103/PhysRev.58.919
https://doi.org/10.1103/PhysRevD.49.831
https://doi.org/10.1103/PhysRevD.49.831

