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Extended bodies with spin induced quadrupoles
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This work discusses the motion of extended test bodies as described by the Mathisson-Papapetrou-
Dixon (MPD) equations in the pole-dipole-quadrupole approximation. We focus on the case that the
quadrupole is solely induced by the spin of the body which is assumed to move on a circular equatorial orbit
in a Kerr background. To fix the center of mass of the MPD body we use two different spin supplementary
conditions (SSCs): the Tulczyjew-Dixon SSC and the Mathisson-Pirani SSC. We provide the frequencies
of the circular equatorial orbits for the pole-dipole-(spin induced) quadrupole approximation of the body
for both SSCs. In the process we develop an explicit four-velocity four-momentum relation for a pole-
dipole-quadrupole body under the Mathisson-Pirani SSC.
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I. INTRODUCTION

The discussion of finite size effects of a body moving in a
curved background dates back at least to the pioneering
work of Mathisson [1]. Mathisson introduced a “gravita-
tional skeleton” for the extended body, i.e., a multipole
expansion of the body’s energy-momentum tensor 7+
around a reference point z#. This point is called centroid
and corresponds to the center of mass of the body. In
practice, the multipole expansion is truncated at a certain
order, which in our study is the quadrupole, and all the
higher multipoles are ignored. The motion of this test body
in a curved spacetime is described by the so-called
Mathisson-Papapetrou-Dixon (MPD) equations [1-3].
When only gravitational interactions are considered, the
MPD equations in the pole-dipole-quadrupole approxima-
tion read

1
p” = _ERMvaﬂuUSaﬂ + F¥, (1)

s = 2l o, 2)

where R',,; is the Riemann tensor of the background
gravitational field, p* is the four-momentum of the test
body, = u,V* denotes the covariant derivative along the
four-velocity u*, and S** represents the spin tensor of the
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body. The quadrupole contribution to the MPD equations
comes only from the terms F¥ = —LJ%"VHR ;5 and
Frv =% JPreRY, . with J%7° designating the quadrupole
tensor. There is no corresponding evolution equation for the
quadrupole tensor, which is simply defined by the matter
structure of the body [4,5].

The MPD equations are an underdetermined set of
evolution equations needing in general four additional
closing relations [6]. By choosing u* to represent the
four-velocity of the body, i.e., by selecting the evolution
parameter of the MPD equations to be the proper time, we
have introduced the constraint w*u,, = —1. The other three
constraints' originate from the imposed spin supplementary
condition (SSC), which fixes the center of the mass of the
body. A SSC is given by the general relation

kS, =0, (3)
where V# is a future oriented timelike vector, which is often
accompanied by the normalization condition V¥V, = —1.

Having defined the reference vector V¥, a four-vector of
the spin can be defined as

1
Sy = — B €uvpo

vvsee, (4)
while the inverse relation of Eq. (4) reads

1Only three of the four equations of a SSC described by Eq. (3)
are linearly independent.

© 2023 American Physical Society


https://orcid.org/0000-0002-6333-3094
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.084023&domain=pdf&date_stamp=2023-10-11
https://doi.org/10.1103/PhysRevD.108.084023
https://doi.org/10.1103/PhysRevD.108.084023
https://doi.org/10.1103/PhysRevD.108.084023
https://doi.org/10.1103/PhysRevD.108.084023

TASON TIMOGIANNIS et al.

PHYS. REV. D 108, 084023 (2023)

SPC = —eP SV, (5)
where ¢€,,,, is the Levi-Civita tensor. The latter relation
after some calculations entails that

SHS,5 = SHSy — S7hty, (6)

where Wy = &5 + V#V 5 is the space projector orthogonal
to V¥ and $? =18$"5, =S*S, is the square of the
magnitude of the spin. Moreover, with the help of the
reference vector the quadrupole moment can be decom-
posed in the following manner [7,8]:

Jobrs — gabrs _ 3ylapfllryel — ylappplrd — ylrpyoles (7)

where Q" is the mass quadrupole, IT*** is the flow (or
current) quadrupole, and %79 is the stress quadrupole [9].

In this work we focus on the spin induced quadrupole
model, for which the mass quadrupole reads

QP = cgSP 57, (8)

where cg2 is a constant depending on the internal structure
of the body [4]. Note that due to Eq. (6) the right-hand side
can be rewritten in terms of the spin four-vector. We are
going to exploit this observation in our investigation of
circular equatorial orbits (CEOs).

Studies of CEOs are an important first step in the
comprehension of the orbital dynamics around a black
hole [4,10-16]. This fact is especially pronounced in the
modeling of extreme mass ratio inspirals [17-23], in which
a stellar compact object, such as a black hole or a neutron
star, inspirals in the background of a supermassive black
hole. Even when calibrating the gravitational wave wave-
forms, the starting points are CEOs [24,25]. Hence, in our
study we focus on CEOs of an extended test body in a pole-
dipole-(spin induced) quadrupole approximation around a
Kerr black hole.

Our study on this topic differs from previous ones
[4,13,26] in several ways. We do not consider only the
Tulzcyjew-Dixon (TD) SSC [27,28]

pﬂS/w =0, (9)
but also the Mathisson-Pirani (MP) one [1,29],
u'sS,, = 0. (10)

We do not use the effective potential approach to find CEOs
for the TD SSC, but an analytic treatment introduced in
Ref. [30] and later further developed in our work [15]. This
treatment is exact in the framework of the pole-dipole-(spin
induced) quadrupole approximation and does not employ
any approximation in powers of the spin magnitude S.

The rest of the article is organized as follows. Section II
briefs the four-velocity four-momentum relation for a pole-
dipole-quadrupole body approximation under the TD SSC
presented in Ref. [4] and introduces such a relation under
the MP SSC as well. Section III is divided into two main
parts; the first subsection provides a novel procedure on
how to find CEOs for a pole-dipole-(spin induced) quadru-
pole body under the TD SSC, while the second subsection
provides the CEOs for such a body under the MP SSC for
the first time. Finally, Sec. IV summarizes the findings.

Units and notation: We use geometric units, in which the
speed of light and the gravitational constant are normalized
to ¢=G =1. The Riemann tensor is defined as
R =Tkl —0,l%,—T" I'%, +0I"% , while the Christoffel
symbols are computed from the metric with signature
(=, +,+,+). Greek indices run from O to 3. The Levi-
Civita tensor is given by €,,,, = \/=0€,,ps» Where €,,,, is
the Levi-Civita symbol and g is the determinant of the
background metric. In the present paper the background
metric coincides with the Kerr black hole metric. The
central black hole’s mass is denoted by M, while for the test

body we employ the two notions of mass u = /—p¥p,
and m := —u* p,. To be consistent with our definition of the
reference vector, for the TD SSC we use V¥ = p#/pu.
Dimensionless quantities are denoted by the symbol . For
instance, the dimensionless Kerr parameter a is denoted as
a=a/M and the dimensionless radius r is similarly
denoted as 7= r/M. However, for the dimensionless
measure of the spin we follow a different convention
depending on the SSC: for the TD SSC the dimensionless
spin measure is denoted as ¢ = ﬁ while for the MP SSC

we use ¢ = ﬁ In a similar fashion, we set ¢ = pcg for
the TD SSC and ¢g = mcg for the MP SSC. Whenever
J¥r3 F . F* is used in our work, the general pole-dipole-
quadrupole case is considered.

II. VELOCITY-MOMENTUM RELATIONS

Even if the MPD equation system closes by choosing a
SSC and an evolution parameter, it is useful to have a
relation between the four-velocity and the four-momentum
in order to evolve the MPD equations numerically. Such
relations have been provided for the TD SSC in the pole-
dipole case [9] and in the pole-dipole-quadrupole case [4],
while for the MP SSC the pole-dipole got its velocity
momentum relation recently in Ref. [31]. In this section we
review the existence of a u” = f(p*) relation by taking
advantage of the analytical framework set up in [4,31].
Below, we treat each SSC separately.

A. TD SSC

For the Tulczyjew-Dixon SSC, Steinhoff and Puetzfeld
derived in [4] a momentum-velocity relation, analogous to
the pole-dipole case, by defining the quantity

084023-2



EXTENDED BODIES WITH SPIN INDUCED QUADRUPOLES ON ...

PHYS. REV. D 108, 084023 (2023)

1
Py ESTpr. ()

The desired relation reads

2 RK/l/w SvK GHO ﬁ/l
4447 + Ry, 58P ST0

W =p¥+ (12)

Note that for the pole-dipole-quadrupole approximation in
general S, u” # 0. To prove this statement one starts by
contracting the evolution equation of the spin tensor Eq. (2)
with the covariant four-momentum p, in order to get

p,,S”” = —p*u¥ + mp* + p,F*". (13)

By virtue of Eq. (9) p”S”” = —p,S$", while the contraction
of Eq. (13) with the spin S, finally yields

S,
P’ (14)
U

) Z—
S, u’ =

Fo = 442 + Ry sSPS7,

WF = Fi S oS = 2F F,,, p" S + FMp,,p’IF“”,

/"2-7:2 = 4RK/11/(7S#KSDUPA<S/40(F“ - Fﬂﬁpﬂ)’

As a result, the quadrupole contribution implies that while
S,p¥ =0, S,u” #0, contrary to the pole-dipole approxi-
mation where

S,pt=S,u’ =0, (15)

under the TD and MP SSCs. In Sec. III we shall see that the
demand for CEOs, along with its associated assumptions for
the spin induced quadrupole, eventually renders Eq. (15) valid.

Notice that Eq. (12) combined with the normalization
condition of the four-velocity, i.e., u,u” = —1, implies a
relation between u (dynamical mass) and m (kinematical
mass). The aforementioned expression reads

Fy o1 F, F
2(24_ & J2,75
g <f5 ﬂ2)+m(fo+73)

Fs  Fe
F —+—=+1) =0, 16
+< 1+-7:0+7:5+ > (16)

with the corresponding coefficients given by

/«t2.7:3 = 4RK/11/0S}IKSDU<F}/SM - péFM)(S/mFa - Fﬂﬂpﬂ)’

ﬂ4~7:4 = 4R:dyaS”KSMRZggSWSSCPAPp’

P Fs = AR,y SM S RS S, S PH(FoSP™ = ppFPP) 4 4R,y g S SY RE .S, xS pP (F£S% — p . F*),
W F6 = 4R uoSH YRS SnSCF oSV (FeS% = p ') — 4R o SM SY 7 RE, S,z S pp FPP (F 5% — p F7).

For a brief cross-check notice that Eq. (16) reduces to the
expression given in [32], when J%"® =0. In general,
Eq. (16) has two distinct roots m_, m_. The physically
accepted solution, however, is m ., since it is the respective
positive one in the pole-dipole limit.

B. MP SSC

The derivation of an explicit momentum-velocity relation
under the MP closure choice, even in the pole-dipole
approximation, has been missing for almost a century.
This rendered numerical calculations, for instance, more
cumbersome than for the TD SSC choice. It was not until
recently that Costa et al. [31] shed light on the matter and
extracted the long sought relation for the pole-dipole
approximation. In this part of the article we attempt to derive
an analogous relation for the pole-dipole-quadrupole
approximation, based on fundamental principles. In addition,
in Appendix A we present an alternative way of treating the
problem, by taking into account the framework employed in

[31] for the pole-dipole case, that leads to the same result as
given in this section.

Our starting point is Eq. (6), implemented in the MP
reference frame, which yields

SS,5 =SSy — S2(F) + uup). (17)

The contraction of Eq. (17) with the four-momentum p#
gives

SuppS™ — Syps
s ’

mu’ = p¥ + (18)

which is the desirable result. We wish to underline that in the
pole-dipole case, where S p? = 0, the last term vanishes and
Eq. (18) is identical to the expression in [31]. The last term in
Eq. (18) pertains to the quadrupole tensor through F*¥. To
confirm this, one contracts the evolution equation of the spin
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tensor, Eq. (2), with the covariant four-velocity u, in order
to get

u, S = —pt + mut + u, F*. (19)

The adoption of MP SSC yields u, 5" = —it,$*, and the
contraction of Eq. (19) with S, reveals

S

WPt = u,S, F*. (20)
Furthermore, if we contract Eq. (18) with the covariant
component of the four-momentum p,, we conclude that

1
m? = =5 [Sypp S = (P8 (21)

Even if in the right-hand side (RHS) of Eq. (18) u* does
not appear explicitly, Eq. (18) is not on the same footing as
its pole-dipole counterpart, due to the emergence of S# on
the RHS. Namely, the RHS of Eq. (18) should be only
function of p# and S*¥; the S* presence indirectly implies
the existence of u/. Despite this shortcoming, we found it
very useful in our study of CEOs discussed in the next
section.

III. CIRCULAR EQUATORIAL ORBITS

The study of an extended spinning body moving on a
CEO in a fixed background consists of selecting the
appropriate initial conditions for the variables {z*, p*, $#*},
so that circular equatorial motion is obtained upon the
evolution of the MPD equations. The vast majority of
attempts in the literature include effective potential meth-
ods [4,12-14,26]. In our approach we take advantage of an
algorithm introduced in Ref. [30] and improved in [15,16]
for the pole-dipole approximation. We work in Kerr
spacetime using Boyer-Lindquist coordinates, where the
metric components are functions of r and €, and more
precisely

2Mr 2aMrsin? 6
gtz:_1+?’ G =~"5 9oo = X,
Asin? 0 >
gq’)d):Tv grr:Kv

with the parameters
Y =1’ +a’cos? 6,
A =@ —a*Asin? 6,
A =w?-2Mr,

w:\/r2+a2.

The present study is restricted in the equatorial plane, with
the spatial coordinates described by r = const, 6 = /2,
and ¢ = Qr. The orbital frequency of the extended,
spinning body is Q = ‘;—‘f, whereas the radial and polar
components of the four-velocity are set to u” =0 and
u? = 0. Under these assumptions the normalization con-
dition of the four-velocity, i.e., u”u, = —1, entails that

u ! . (22)

\/ =it — 29:¢€2 — 9¢¢92

In addition, we demand that the spin four-vector,
SY = Sgé’;, is aligned (or antialigned) with the angular
momentum J,, which by convention is always pointing
along the positive z direction in our setup. Subsequently,
Eq. (5) manifestly shows that the spin tensor is charac-
terized by four nonvanishing components, for both closure
choices examined here

S = —gt = =8, |- Ty (23)
g

S = —str = 5, |-y (24)
g

Under the restrictions imposed by the introduced setup,
the set of the MPD Egs. (1) and (2) leads to trivial identities,
apart from the p” and $¢ components. Note that this
behavior was also present in the pole-dipole case and was
outlined in [15,16,30].

A. CEOs under TD SSC

For the TD SSC the reference four-vector has to be
replaced by V¥ := p”/u. The evolution equation of the
dynamical rest mass is described by [4]

o ﬂRp/;y(ngﬂV‘s ~ 4pap/3R£0;rKJﬂ]y”"
# 6m 3um

, (25)

while the covariant derivative of the spin length reads [4]

2SR g7

SS
3

(26)
The difference in the signs of Egs. (25) and (26) compared
to the corresponding relations found in [4] originates from
the different signature convention of the metric tensor. The
demand for CEOs combined with the imposed TD SSC
renders both x4 and S conserved quantities, i.e., fi =0,
§ = 0. The latter is not generally true within the pole-
dipole-quadrupole regime. In addition, Eq. (12) implies that
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u" o« p" as well as u? « pY, which are features that also
hold in the pole-dipole case.

For the nonvanishing components of the MPD Egs. (1)
and (2) one has

3coMS?[Pu? + 5a*(p')? — 2a(5a> + 41) p' p?
+ (5a* + 8a*r* + 3r*)(p?)?]

=2 pMr2p'[—(3aS + ur?)u' + (3a*S + r2S + aur?)u?
+ 2ur*p? M (3a*S + 2r*S + aur?)u'
— (3a®MS + 3aMr*S + uMa*r* — ur’)u?], (27)

3epMS?[a(p')? = (2a% + ) p'p? + a(a® + 1) (p?)?]
= ur*p?[(aMS — urd)u' + S(r* — Ma*)u?)
+ ur’p'[(aMS + pr*)u® — MSu']. (28)

Notice that when ce = 0, Eqgs. (27) and (28) reduce to
Egs. (19) and (20) from [30]. To numerically solve the
system of Egs. (27) and (28) it is convenient to introduce
the quantity W = p?/p’, whereas the definition of the
dynamical rest mass u := /—p"p, correlates the compo-
nent p’ with W,

r_ H
\/_gtt - 29t¢W - g¢¢W2

p (29)

We use the SOLVE routine of Mathematica in order to
solve the nonlinear system of Egs. (27) and (28) for Q > 0
and W > 0, with a, r, ¢, S as fixed parameters. First, to
check our scheme we compare it with the frequency of the
innermost stable circular orbit (ISCO) leco given in
Table I of [13]. In particular, we solve numerically the
system of Egs. (27) and (28) for selected values of &, ¢, and
¢, while we adopt the 75 results from Table I of [13].
Two cases of ¢g have been taken into consideration:
¢ =1, which corresponds to a black hole for the TD
SSC, and ¢ = 6 that describes a neutron star for the TD
SSC [13,33]. Notice that the orbital frequencies derived by
the proposed method are in agreement up to the third
decimal place with the approximate O(S?) analysis of Bini
et al. [13]. This order of agreement is expected, since the
spin of the secondary has been set to |o| = 0.1 in the
examples given in [13]. Another source of discrepancy
could be the slightly different definition of the spin induced
quadrupole in Ref. [13] contrasted to Eq. (8) of the present
article. However, the fact that we have reached the optimal
possible concurrence between our exact approach and the

TABLE I. Dimensionless innermost stable circular orbit radius
along with its associated frequency for an extended spinning
body governed by the TD SSC, for two special cases of ¢.

CS2:1

Isco MQisco

a -0.1 0 0.1 -0.1 0 0.1

0 6.1643 6 5.8377 0.06596 0.06804 0.07012
0.1 5.8313 5.6693 5.5094 0.07120 0.07354 0.07586
03 5.1351 49786 4.8248 0.08466 0.08765 0.09063
0.5 43824 4.2330 4.0876 0.10454 0.10859 0.11258
0.7 3.5259 3.3931 3.3002 0.13829 0.14388 0.14724
0.9 24018 23209 2.2427 0.21925 0.22544 0.23152

b =6

F1sco MQsco

a -0.1 0 0.1 —-0.1 0 0.1

0 6.1893 6 5.8627 0.06553 0.06804 0.06965
0.1 5.8565 5.6693 5.5346 0.07072 0.07354 0.07532
0.3 5.1604 4.9786 4.8501 0.08400 0.08765 0.08990
0.5 4.4065 4.2330 4.1122 0.10366 0.10859 0.11155
0.7 3.5438 3.3931 3.2815 0.13720 0.14388 0.14818
0.9 24094 23209 22504 0.21801 0.22544 0.23011

O(S3) approach of Ref. [13], implies that the different
definitions do not influence the reached agreement. For a
future possible comparison we also provide Table II,
while some further numerical examples are given in
Appendix B.

TABLE II. Orbital frequencies Q of a spinning body (black
hole or neutron star) moving in a corotating/counterrotating
circular equatorial orbit of 7 = 10, under the TD SSC.

bp =1
a
o -0.9 0 0.9
-0.9 0.03390 0.03260 0.03135
-0.1 0.03275 0.03177 0.03085
+0.1 0.03234 0.03147 0.03064
+0.9 0.03027 0.02993 0.02956
tg =6
a
o -0.9 0 0.9
-0.9 0.03105 0.03038 0.02954
-0.1 0.03271 0.03174 0.03082
+0.1 0.03231 0.03144 0.03062
+0.9 0.02766 0.02790 0.02790
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B. CEOs under MP SSC

Under the MP SSC the reference four-vector V¥ coin-
cides with the four-velocity u#* of the spinning body, i.e.,
V¥ := u*. For this particular SSC the evolution equation of
the kinematical rest mass m reads [4]

m = R"/”V’s‘]aﬂyﬁ _ 41Jt/; Lt,,R V}/Hd‘, 7wk
6 3 ’

(30)

whereas Eq. (26) is still valid. It is worth noting that the
CEOs scenario directly leads to the conservation of the
kinematical rest mass and the spin measure, i.e., #i1 = 0,
§ =0. Moreover, Eq. (18) guarantees proportionality
between the radial and polar components of the four-
momentum and the four-velocity, or in other words u” o« p”
and u’ « p’. Following the CEO setup presented at the
beginning of Sec. III the two nontrivial MPD equations for
the MP case read

3ceMS?[r? + 5a2(u')? — 2a(5a® + 4r*)u'u?
+ (5a* + 8a*r* + 3r*)(u?)?] = 6MSr*(2a*
+ ) u'u? — 6aMSr*(u')? — 6aMSr*(a® + r?)(u?)?
—2Mr*p'(u' — au?) + 2r p?laMu’ + (P — Ma®)u?],

(31)
3ceMS*[a(u')? — (2a + rP)u'u? + a(a® + r?)(u?)?]
= r(p'u? — pPu') — MSr*(u')?
+2aMSr*u'u? + Sr*(r* — Ma*)(u?)>. (32)

TABLEIII.  Orbital frequencies Qofa spinning body moving in
a corotating/counterrotating circular equatorial orbit of 7 = 10,
under the MP SSC.

be =1
a
o -0.9 0 0.9
-0.9 0.03468 0.03320 0.03185
-0.1 0.03276 0.03178 0.03085
+0.1 0.03235 0.03148 0.03065
+0.9 0.03098 0.03049 0.03001
=6
a
c -0.9 0 0.9
-0.9 0.03565 0.03398 0.03252
-0.1 0.03277 0.03179 0.03086
+0.1 0.03236 0.03149 0.03066
+0.9 0.03192 0.03122 0.03063
The definition of the kinematical mass m := —p“u,,, com-

bined with one of Egs. (31) and (32) can be used as a
constraint in order to eliminate p*. Furthermore, employing
Eq. (22), along with the expression Q = u? /u’, leads to the
construction of a quartic equation with respect to the orbital
frequency as can be seen below

LY+ GO+ LT+ Q+ =0, (33)

where

Cy = =2mr'% = 2ma®r® + 2Mr7 (3¢ S? + 6aS — ma?) + Ma*r’(27ce S? + 2ma* + 14aS) + 2a*M?r*(2ma®
+3aS — 6c¢S?) + 6MSa*r(a + 6cpS) + 2SM?a*r*(5a + 6¢gS) + 3Mc e S?a*r(5a* — 4M?) + 24cp S*M?ab,
{3 = =2[=Sr® —2M 7+ (ma — 3S) + aMr>(2ma* + 12aS + 15¢ S?) + aM?*r*(8ma® + 9aS — 12¢ ¢ S?)
+6MSa’r*(a+ 5¢eS) + 4SM?a’r?*(5a + 6¢S) + 3Mc g S*a*r(5a> — 8M?) + 48c o S*M?*a°),
& =2mr® = 2Mmr" + 3MSr (2a + ¢ S) + 6M?r*(4ma® 4 3aS — 2¢ ¢ S?) + IMc g S?a*r?
+12SM?a?r?(5a + 6¢ 3 S) — T2c S*a®>MP r + 144c SPM?a*,
¢ = =2M[-2r(ma + S) + Mr*(8am + 3S) — 3aSr*(2a + 3¢ S) + 4aSMr*(5a + 6¢S)

—3aceS*r(5a> + 8M?) + 48Mc gy S?a’),

Co = M[=2mr> +4Mmr* — 351 (2a + cS) + 2MSr?(5a + 6¢¢S) — 3¢ S?r(5a® + 4M?) + 24Mc g S*a?].

It is worth noticing that Eq. (33) reduces to Eq. (27) of
[15] in the pole-dipole approximation limit, i.e., when
¢ = 0. Such an equation can be solved analytically in
order to derive the orbital frequencies of an extended
spinning body moving in the equatorial plane of a super-
massive black hole. These solutions are provided in our

I

work as a Supplemental Material in a Mathematica note-
book [34]. By applying a similar criterion as in
Refs. [16,31], that is, by using the limit M — 0, a — 0,
we find that two of the four solutions are physical, since in
the aforementioned limit we arrive at Q — 0, and two
nonphysical, since in this limit we have Q #0. In
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Refs. [16,31] it has been shown using numerics that in the
pole-dipole approximation the physical solutions led to
nonhelical orbits; in the pole-dipole-(spin induced) quadru-
pole we may postulate the same thing, i.e., that the physical
solutions are also the nonhelical ones, since we retrieve the
pole-dipole solutions in the limit ¢;2 = 0. Additionally, in
Figs. 1 and 2 included in Appendix B the curves for the TD
and MP SSCs tend to coincide as |o| gets smaller. For a
possible future comparison we provide some numerical
results for the MP cases in Table III as well. Note that each
SSC appears to give a different value of ¢ for each type of
object as a black hole or a neutron star [33]. It is beyond the
scope of this work to make the correspondence for the MP
SSC between the cg and the type of object it describes.

IV. CONCLUSIONS

The present article intently examines the motion of
extended bodies in general relativity. Namely, we shed
light on the problem of finding circular equatorial orbits in
Kerr spacetime, for a spinning body described by a pole-
dipole-(spin induced) quadrupole approximation. The
analysis is based on an algorithm developed in [30] and
improved in [15,16]. Two frequently employed spin sup-
plementary conditions have been taken into consideration;
the TD condition and the MP condition.

Primarily, for an extended spinning test body governed
by the TD SSC we derive a correlation between the
dynamical rest mass u and the kinematical rest mass m,
which is in agreement with its pole-dipole counterpart [32].
In addition, it is shown that for the concept of circular
equatorial orbits investigated here, u and the spin magnitude
S are constants of motion. This fact is not generally valid
within the pole-dipole-quadrupole regime. Furthermore, in
Sec. III we discuss the process of computing the orbital
frequencies of a spinning body moving on a circular orbit on
the equatorial plane of a supermassive Kerr black hole. It is
worth noting that this is the first attempt for a nonapprox-
imative analytical formulation of such a problem in the
literature. The results presented in Table I seem to be in
accordance with the approximate O(S*) method introduced
in [13].

The notion of circular equatorial orbits of a pole-dipole-
(spin induced) quadrupole test body under the imposal of
the MP SSC has been an uncharted territory for the
community. In this study we employ the findings of
[15,16,30] to calculate the orbital frequencies of a spinning
body moving in the background of a Kerr black hole. This
calculation culminates in obtaining the solutions of a
quartic polynomial, according to Eq. (33). In the procedure
of achieving this very first analytical treatment of the
problem hitherto, we show that the nonhelical CEOs under
the MP SSC are characterized by two conserved quantities;
the kinematical rest mass of the test body m and its spin
magnitude S.

In principle, the algorithm we used in this work to find
CEO:s for a pole-dipole-(spin induced) quadrupole in a Kerr
background could be used for other SSCs than the TD and
MP ones. The MPD equations for CEOs in a Kerr back-
ground reduce to two nontrivial equations, which depend
on u*, p*, and V¥, In the case of TD and MP SSCs V¥
coincides with p* and u”, respectively. Hence, in these two
cases V¥ does not introduce extra unknowns into the
system. For other SSCs this is not, in general, the case
anymore, and one has to deal with extra unknowns, which
increases the complexity of the problem and might render it
not solvable. Even in the pole-dipole approximation it has
been shown in Ref. [15,16] that it is much more difficult to
obtain the orbital frequencies for CEOs, when we consider
other SSC than the TD or the MP one.
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APPENDIX A: ALTERNATIVE DERIVATION OF
A MOMENTUM-VELOCITY RELATION FOR
THE MP SSC

The main goal of Appendix A is the reproduction of
Eq. (18) in the spirit of [31]. For that purpose, one starts by
taking the covariant derivative of Eq. (5) with V¥ := u* and
substitutes in Eq. (2) in order to get

pyuv - pl/uﬂ + F;u/ = ;waﬂ(lkasﬂ + uaSﬁ)' (Al)
The contraction of Eq. (A1) with the quantity e#*S, leads
to an expression for the four-acceleration, generalized in
the pole-dipole-quadrupole case

28, SYu + 2p 8P + 4P S, F o
252 '

W= (A2)
In addition, the contraction of Eq. (2) with the four-velocity
u, yields

p¥ = mu* — i, S" —u, F", (A3)
where the relation uﬂS‘”’“ = —i,$" (only valid for the MP

SSC) has been taken into account. The combination of
Egs. (A2) and (A3) gives

S.SHp* € KaﬂSKS””F“ﬁ
mu’ = p¥ + u,F*" + -+ o . 55 . (A4)
Note that if one takes advantage of the definition of the spin
vector Eq. (4), Eq. (A4) can be reexpressed in terms of the
spin tensor
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S, SHPpY Uy SySYFYP
mu’ = p* + -~ 2 + ﬂSZ . (AS5)
For the last step of the calculation Eq. (20) is implemented
in Eq. (AS5), which leads to Eq. (18).

APPENDIX B: NUMERICAL EXAMPLES

In Appendix B we make a detailed discussion on our
numerical findings, which in Secs. Il A and IIIB were
briefed into Tables I-III. The initial motivation has been to
show that the results presented in the aforementioned tables
are sound and not numerical artifacts. We expect that curves
demonstrating the orbital frequency of a CEO as a function
of the spin measure ¢ for a fixed radius should be smooth
without discontinuities. Figures 1 and 2 illustrate such
curves for the radius 7 = 10 of a CEO achieved under the
TD SSC (dashed black curves) and the MP SSC (dotted red
curves). In Fig. 1 we set ¢, = 1, while in Fig. 2 we use
the value ¢ = 6. From the smooth behavior of the plots,

T T T T
0.0320 [+,
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0.0315 [
— e meeanne . MP SSC
0.0310 [ S,
\..\
« ‘\‘
0.0305 [ 'u.‘,
S
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.
0.0295 |- h
Y
T T T T
0035,
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0.034 [~ _ ;
s e MP SSC
0032 Yo
~
«< ‘\
.,
0.032} v,
V3o
a=-0.9M \;'. )
-~ ”.
0.031} .~
.
.
.~
‘\
0030 s
-1.0 -05 0.0 05 1.0

FIG. 1. The top panel depicts the shift of the orbital frequency
of a spinning test body (¢52 = 1) due to the presence of its spin,
computed in dimensionless units under the TD and MP con-
ditions, for a CEO of 7 = 10, when a = 0.9. The bottom panel
represents the orbital frequency of a spinning test body (¢52 = 1)
with respect to the spin, for a CEO of 7 = 10, when a = —-0.9,
under the TD and MP formalisms.

we deduce that the results of the aforementioned tables
are sound.

An interesting outcome from these plots, when con-
trasted with the corresponding pole-dipole results, is that
the frequency curves produced under the different formal-
isms (TD SSC and MP SSC) appear to have different
curvatures. Namely, in our previous work [16] we have
concluded that within the limits of the pole-dipole approxi-
mation for given radius 7, CEOs under the TD and MP
SSCs agree up to order O(c?) in the orbital frequency
expansions. Since the absolute value of the higher order
coefficients in the expansion in ¢ become smaller as the
order increases for a pole-dipole body [15,16], the change
in the curvature shown in Figs. 1 and 2 indicates that the
frequency agreement between the TD and MP SSCs in the
pole-dipole-(spin induced) quadrupole case should be
smaller than in the pole-dipole case; i.e., it should be less
than O(6?) without the proper correction in position and
spin. However, this discrepancy might simply show that the
same value of ¢ ¢ for the TD SSC and the MP SSC does not

0.032 [T T T T T T T ]
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0032}
e . MP SSC
0.031 |
----- Ne N
7 \l\' ,,,,,,,,,,,,,,,,,
o 0.030 [ P S .
l' \\
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v Y
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A Y
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A Y
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A
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T T T T
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0.034 e . MP SSC
002} - i L —
(o] l’ “\
’ .
l‘ ‘\
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Al
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Y
A Y
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(=2

FIG. 2. The top panel demonstrates the shift of the orbital
frequency of a spinning test body (¢52 = 6) due to the presence of
its spin, computed in dimensionless units under the TD and MP
conditions, for a CEO at 77 = 10, when a = 0.9. The bottom panel
illustrates the orbital frequency of a spinning test body (¢g> = 6)
with respect to the spin, for a CEO of 7 = 10, when a = —0.9,
under the TD and MP formalisms.
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correspond to the same physical object. A study of this
issue is left for a future work.

Another interesting effect reflected in Figs. 1 and 2 is that
the monotonicity appearing in the frequency curves for

¢¢ = 1 is broken in the ¢ = 6 case. This designates that
the behavior of the curvature of the frequency curve is
dominated by the spin induced quadrupole term in this
approximation of the extended body.
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