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Extended body dynamics in general relativity: Hyperelastic models
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We present a numerical framework for modeling extended hyperelastic bodies based on a Lagrangian
formulation of general relativistic elasticity theory. We use finite element methods to discretize the body,
then use the semidiscrete action to derive ordinary differential equations of motion for the discrete nodes.
The nodes are evolved in time using fourth-order Runge-Kutta. We validate our code against the normal
modes of oscillation of a hyperelastic sphere, which are known analytically in the limit of small (linear),
slow (Newtonian) oscillations. The algorithm displays second order convergence. This numerical
framework can be used to obtain the orbital motion and internal dynamics of a hyperelastic body of
any shape, for any spacetime metric, and for varying hyperelastic energy models.
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I. INTRODUCTION

The problem of motion in general relativity has a long
history. Einstein was interested in whether the laws of
motion of material points can be derived from the vacuum
field equations. With Grommer, [1] he showed that if a
point particle is treated as a singularity in spacetime, it
follows a geodesic. This gives the motion of point particles
but not extended bodies. The first person to describe an
extended body in general relativity was Mathisson [2].
Mathisson defines a multipole expansion of the body
using the body’s stress-energy momentum (SEM) tensor
with the single pole (monopole) defining the mass and the
dipole and quadrupole defining the “rotation moment”.
Subsequently, many others have worked on this problem
following a similar method, including Papapetrou [3] who
gives the equations of motion of spinning particles to
dipole order. See also Refs. [4,5,6]. These works differ in
the way the multipole moments are defined. In a series of
papers [7-9], Dixon and collaborators provide a more
thorough definition of the multipole moments. The equa-
tions describing the motion of pole-dipole particles are
commonly known as the Mathisson-Papapetrou-Dixon
(MPD) equations. In general, the analysis leaves the
equation of motion of the quadrupole moment unspecified.

In the pole—dipole case, additional equations are needed
to define the center of mass, called spin supplementary
conditions. Several different spin supplementary conditions
have been proposed which lead to different worldlines for
the representative point in the body. In the pole-dipole
approximation, these worldlines lie within the minimal
world tube [10]. Reference [10] gives a list of known spin
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supplementary conditions and discusses what they imply
for conserved quantities for the pole-dipole particle.
Reference [11] gives an in-depth discussion of different
spin supplementary conditions.

In this paper, we examine the dynamics of hyperelastic’
bodies as models for extended body motion in general
relativity. Elastic bodies are closer to physical reality than,
for example, rigid bodies. There is difficulty in defining a
rigid body in curved spacetime. If a rigid body is defined as
one that has no deformation, it would be unphysical because
it would require a speed of sound that is greater than the
speed of light. Furthermore, stresses generated in the body
can be important and contribute to the SEM tensor. In
general, it is perhaps simpler to treat extended bodies as
elastic (or fluid). If one wants to model stiff bodies, then the
material properties of the elastic body can be chosen so that
the speed of sound is close to the speed of light.

The motion and deformation of extended bodies in
general relativity is an important topic. The quadrupole
deformation of neutron stars in binary inspirals can be
potentially detected from the observed gravitational
waves [12,13]. These observations should provide crucial
insight into the nuclear equation of state of these objects.
The deformation, spin, and internal structure of the small
body in extreme mass ratio inspirals may have an effect on

'A hyperelastic material is an elastic material whose stress
tensor can be derived from a potential energy function of the
strain tensor. For a hyperelastic material, there is no energy
dissipation or heat conduction. We sometimes refer to such
materials simply as “elastic”.
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the gravitational waves emitted [14]. The planned space
interferometer LISA may be able to detect these effects. In
particular, the spin of the small body is expected to have a
next-to-leading order (i.e., first postadiabatic order) influ-
ence on the phase of these gravitational waves [15]. Except
for specific cases where the tidal field is static [16] or
steady, the deformation of the body cannot be modeled
accurately by simply setting it proportional to the tidal
field. For example, the small body could be spinning too
rapidly to come to equilibrium in response to the tidal
forces or might be immersed in the time-changing tidal
field in an eccentric or inclined orbit. Thus the treatment of
the dynamics of the extended body must expand beyond
MPD to include the dynamics of the quadrupole and higher
moments, moments which are known [17] to affect the
motion.

Relativistic hydrodynamics is a very successful theory
and is widely used to model fluids in strong gravity and at
high Lorentz factors. A major difference between relativ-
istic hydrodynamics and general relativistic elasticity is that
shear stresses are absent in perfect fluid hydrodynamics.
However, it is known that neutron star crusts are solid [18].
Moreover, some (ultramassive) white dwarfs are expected
to have frozen cores with up to 99% of their mass in
crystallized form [19]. As a natural alternative to fluids,
elastic bodies allow for shear stresses.

Numerical works on general relativistic elasticity
are few in number. One such work is found in Ref. [20].
The authors propose an Eulerian formulation of general
relativistic elasticity that can be used for numerical
modeling and can capture shocks. They test their framework
on Riemann problems in Minkowski spacetime. The authors
of Refs. [21,22] used general relativistic elasticity to study
spherically symmetric elastic stars. They proposed that
elasticity might be an important factor for modeling
exotic compact objects. Other works include a set of papers
26-23]] that propose a coherent framework for accurately
modeling the solid crust within neutron stars.

In this paper, we are interested in accurately modeling an
extended hyperelastic body in general relativity. Our goal is
to determine how its motion is affected by its finite size and
calculate the changes in its internal structure, including
deformation and spin, due to interactions with the back-
ground curvature. As a first step, for this work we assume
that the extended body’s SEM tensor does not affect the
spacetime curvature. In other words, we ignore self-gravity
and gravitational radiation. In a paper that will immediately
follow, we will show that despite this restriction the system
exhibits interesting radiationless self-force effects beyond
pole-dipole order, with transfers of energy and angular
momentum between an orbit and the body itself. The
present paper details the formalism and the numerical
method. The elastic body is handled with a Lagrangian

scheme, where the mass is broken up into finite elements. A
novel approach to the dynamics is pursued, where the
action for the body is spatially discretized. The discrete
action in turn leads directly to Euler-Lagrange equations for
the finite mass elements as a large set of coupled ordinary
differential equations. The method developed here will be
used in future applications that consider extended body
encounters with massive black holes, which can be
exploited to test MPD and higher-order curvature-coupling
effects.

The outline of this paper is as follows. We begin in
Sec. II by reviewing the general relativistic theory of
hyperelasticity as formulated in Ref. [27]. We explain
our numerical method in Sec. III. In Sec. IV we rederive
and review the normal modes of oscillation for a hypere-
lastic sphere in the linearized, nonrelativistic limits. We test
our code in Sec. V by comparing the numerical and
analytical displacements and velocities corresponding to
a combination of selected normal modes.

Throughout this paper, we use the sign conventions of
Misner, Thorne and Wheeler [28].

II. GENERAL RELATIVISTIC THEORY
OF ELASTICITY

In this section, we give a brief review of hyperelasticity
theory in general relativity using a Lagrangian formulation
as developed in Ref. [27]. We focus on the action and the
stress-energy-momentum tensor.

The earliest work on generalizing elasticity theory
to special relativity is by Herglotz [29]. Subsequently,
DeWitt [30] extended Herglotz’ theory to the general
relativistic domain to describe a “stiff elastic medium”.
He used this structure to aid in the formulation of a
quantum theory of gravity. Later works on general rela-
tivistic elasticity theory include Carter and Quintana [31],
Kijowski and Magli [32], Beig and Schmidt [33,34],
Gundlach, Hawke and Erickson [20] and Beig [35].

Some of these works favor an Eulerian formulation while
the others use a Lagrangian approach. In the Eulerian
approach, the fundamental variables are fields on space-
time. In the Lagrangian approach, the fundamental varia-
bles are time-dependent fields on “matter space”, the space
of material particles that make up the elastic body. The two
approaches are mathematically equivalent. The advantage
of the Lagrangian formulation for numerical modeling is
that it is easier to implement natural boundary conditions
[36] where the surface is free to move. In the Eulerian
formulation the surface is not simply defined and requires
interpolation. Also, since the Lagrangian field equations are
formulated on matter space rather than physical space, the
number of (discrete) equations to be solved is much smaller
in the Lagrangian approach.
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A. World tube, radar metric and Lagrangian strain

Let the four—dimensional spacetime manifold be denoted
by M, with spacetime coordinates x* and metric g,,. The
matter space, S, is the space of material points with
coordinates " for i =1,2,3. (Note that Latin indices
beginning with i, j,k, ... should not be confused with
the indices of the spatial subset of spacetime coordinates.)

Let A be a real parameter. The functions X#(4,() are
maps from R x S to M, see Fig. 1. As 1 is continuously
varied, X*(4, {) traces the timelike worldline of the material
point &', The collection of all worldlines corresponding to
the material points of the body is called the world tube.

The four-velocity of a material point is

Ut = X+ /a, (1)

where the “dot” denotes d/04 and

a=./-X'X,, (2)

is the material lapse function. The radar metric, f s defined
inside the world tube is

f;w = 9w + UuUu' (3)

The name “radar” comes from Landau and Lifshitz [37]
who used light signals to find the spatial distance between
two infinitesimally separated events. It is easy to see that
fuwU* = 0 and that f},V* is orthogonal to U* for any vector
VY. Hence, [}, is a “projection tensor” that projects V* into
the space orthogonal to U¥. The radar metric can be
mapped back to the matter space,

fij = Xl,lzf/wa/] (4)

where ,j denotes 0/df/. The radar metric f; ; gives
distances between infinitesimally separated material points
such that the distance is measured in the rest frame of the
points in physical spacetime, M. That is, ds* = f;;d{'d(/,
is the square of the proper distance between material points.

¢ 0
XH*(NC) M
¢ z?
Cl 1’1
FIG. 1. X*(2,¢) maps a material point with coordinates ¢’ in S

and a real parameter A to the spacetime event x* inside the world
tube in four-dimensional spacetime, M.

The Lagrangian strain tensor can be defined in the same
way as in nonrelativistic elasticity,

E; = (fij—e€i)/2. (5)

Here, €;; is the “relaxed metric” on matter space. That is,
€;;d'd¢7 is the square of the physical distance between
nearby material points when the body is undeformed.

The deformation gradient gives the amount of strain in
the material and in the relativistic domain it is defined using
the radar metric and the map, X",

Fﬂi = f/u/Xyl (6)

Another im]2:>ortant tensor is the second Piola-Kirchhoff
stress tensor” defined as the gradient of the energy density p
with respect to the Lagrangian strain,

;. Op
1

B. Action and stress-energy momentum tensor

Hyperelastic materials have a stored energy function that
can be specified in terms of the Lagrangian strain E;;. The
energy density per unit of undeformed volume is denoted
by p(E) and is a function of E;; and ¢;;. It can also depend
on ¢ if the material is not uniform. The dependence on ¢;;
and ¢ has been omitted in the notation to make it more
compact. The relativistic action for a hyperelastic body
is [27,30,42]

S[X.g] = - A _A‘/ di [S &P eap. (8)

This action is a generalization of the action for a continuum
of particles with “nearest neighbor” interactions mediated
by the Lagrangian strain tensor.

The energy density can be written as

p(E) = po + W(E), ©)

where pj is the rest mass per unit undeformed volume and
W is the potential energy (or interaction energy) per unit
undeformed volume. The interaction energy of the hypere-
lastic body is obtained by using distances computed in the
rest frames of elements of the body.

Let x° =1t =const correspond to spacelike hyper-
surfaces and let x“ denote the spatial subset of the
spacetime coordinates, where a = 1,2,3. The coordinate

“Various measures of stress in the nonrelativistic domain are
described in works on continuum mechanics, such as Bower [38]
and Kelly [39]. The first and second Piola-Kirchhoff stress
tensors were introduced by Piola [40] and Kirchhoff [41].
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basis vectors d/dx® are spacelike. Because of the gauge
invariance of the action, we can freely choose the parameter
A along each worldline. Thus, we can choose the para-
metrization 2 = x° = 1. Then, X° =1 and X% = 0. With
this gauge choice the action in the 1 =t gauge can be
written as

S[X] = — / " ar /S &Be\Jeap(E), (10)

which is a functional of X“(z, ().
In this gauge the radar metric and material lapse are

fii =X i(gap +7VaV)X" (11a)

a=Ny/1-V*V,, (11b)
where the “dot” now denotes d/dt. Here, g, is the spatial

metric and
Ve = (X4 + N%)/N (12)

with N = /—1/¢" denoting the spacetime lapse function
and N, = g,, denoting the shift vector. The spatial vector
V4 is the velocity of the material as seen by observers at rest
in the = const surfaces. We have also defined the Lorentz
factor y=1/4/1 = V?V,. Note that spatial indices are
raised and lowered with the spatial metric.

The stress-energy-momentum (SEM) tensor for matter
fields is obtained from the functional derivative of the
matter action with respect to the metric,

2 0SS
THY (X) _ matter ) (13)
V=989, (x)
The final form of the SEM tensor is [27]
1 i,
T(X(4.8)) = 5 pUrU + SUFLFY, (14)

where J = \/f/+/e. The metric ¢; ; gives distances between
material points ¢’ in S when the elastic body is relaxed and
fi; gives distances between material points ¢’ in S when the
elastic body is deformed. Therefore, the factor 1/J converts
energy density per unit undeformed volume to per unit
deformed volume. The SEM tensor satisfies local con-
servation, V,T" = 0.

III. NUMERICAL METHOD

Numerical methods for solving partial differential equa-
tions (PDEs) include finite difference (FD), finite volume
(FV) and finite element (FE) methods. FE methods are
particularly useful in solving elasticity problems. By using
triangular or tetrahedral meshes, they allow boundaries of

elastic bodies to be represented more closely than the
rectangular grids used in FD and FV methods. In FD
methods, the PDEs are discretized directly whereas in FV
methods, the PDEs are integrated over a volume element. In
FE methods, the PDEs are converted to a weak form by
multiplying with a test function that satisfies the boundary
conditions and then integrating over the domain [43].

We discretize the action of the elastic body directly
instead of discretizing the partial differential equations of
motion. This leads to the free surface or natural boundary
condition where variations at the boundary are nonzero, to
be trivially implemented via the variational process. We use
FE methods with tetrahedral elements to model elastic
bodies of any shape such as spheres or ellipsoids. These
models can be used to describe solid astrophysical objects.
We discretize the action in space and not in time and obtain
ordinary differential equations (ODEs) in mass matrix
form. There is a suite of well-tested methods that can be
used to solve such coupled ODEs.

We use Matlab’s partial differential equation tool-
box [44] to generate a linear tetrahedral mesh for three-
dimensional bodies. To utilize computing clusters, we use
the software package Metis [45] to partition the mesh and
parallelize the algorithm. The Message Passing Interface
(MP]) is used to communicate neighbor information.

A. Matter space discretization

The matter space S is divided into nonoverlapping
elements. Let S; for E=1,2,... denote the elements,
that is, S is the union of the Sg’s. Let n = 1,2, ... label the
nodes throughout the body. Each node in the body has a
unique index number. Let AV (E) denote the set of nodes in
element E. An example of A/(E) is shown in Fig. 2. Then,
for ¢' € Sg, we have

FIG. 2. Here we are depicting a two-dimensional triangular
mesh instead of a tetrahedral mesh for clarity. This figure shows
node labels, n=1{1,2...,10} and element labels E =
{1,2..., 11} (boxed). The set of nodes in element, E = 4, is
N(4)=1{4,5,8}. The ring of node n=5 is R(5) =
{3,4,6,7,8,9}.
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X8 = Y XegEQ).,  eSp (15

neN(E)

where the sum is over the nodes contained in the element
Sg- Note that the shape functions ¢Z(¢) depend on the node
as well as the element.

B. Semidiscretized action and equations of motion

The action in the 4 = ¢ gauge [Eq. (10)] is discretized
using Eq. (15),

six) = [ DY / E dm( ST XSOGE).

neN(E)
S K@t S xa ) (16)
neN(E) neN(E)

where the Lagrangian density is defined by £(X, X, X ;) =
—y/eap(E). The action is a functional of the coordinates of
each node, X4(r).

We select the element type to be linear tetrahedrons with
nodes at the vertices only. A general tetrahedral element Sy
is transformed into a unit trirectangular tetrahedron 7~ with
coordinates 7. Let ¢ ’@ denote the coordinates of the four
nodes, for a = 0, 1, 2, 3. The transformation is linear, with
¢l = Aly/ + B where AV and B' are constants in each
element. These constants are given by

Bl = C’('O), (17a)
A=) = Loy (17b)
A® = Ly = Loy (17¢)
AR =g~ (17d)

In the new coordinates, the nodes have coordinates 17’('0) =

(0.0.0), 7}, =(1.0.0), 7,y = (0.1.0), and iy, = (0.0. 1).
Figure 3 shows the transformation.

Let a(n) map the four node numbers of Sy to the set
{0, 1,2, 3}. The shape function defined in terms of the new

coordinates 7' are

Dain) (1) = b7 (). (18)

Explicitly, the linear shape functions are given by [see
Egs. (3.1.19)—(3.1.22) of Ref. [46]]

bo(n) =1=n" —n* =1, (19a)

CS

(1

FIG. 3. A general tetrahedral element Sg in S is transformed
into a unit trirectangular tetrahedron 7" with a node at origin and
the three other nodes displaced by one unit along the coordinate
axes. It does not matter which node is at the origin.

$i1(n) =n". (19b)
bo(n) = n*, (19¢)
b3(n) =1’ (19d)

In the new coordinates, the action is

s = ["ay” [ d3n|JE|c( S X0 Pair (1),

neN(E)

S Kb ). 3 X80 ) 20)

neN(E) neN(E)

where |Jg| is the determinant of the Jacobian of the
transformation from ¢’ to #' for element E. We can pull
|J¢| outside the integral since it is independent of #'. It
should be noted that ¢4, = d¢}; /0" are constants, inde-
pendent of 7.

We now replace the integral over ' in each element with
a quadrature rule,

s = [ drzzwgwc( S XS0t (1),

neN(E)
S Ko Wdan ). 3 K20 ) @)
neN(E) neN(E)

for some set of points ’725) in 7. We choose the points to

coincide with the nodes (vertices) of the element, and
choose weights w, = 1/24 for each node. With this
weighting, the integration of linear functions is exact.

Using the results J)a(n((,)) = 6,,, the discrete action
becomes

i = [y Sowalaele( ¥ Xi0e
E o

neN(E)

> Xe(Dbatmor Y, Xalt) gi). (22)

neN(E) neN(E)
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For each value of ¢ in the sum, the only term in the first
argument of L that is nonzero is the one for which
a(n) = o. Likewise for the second argument of £. Thus,
we can write the action as

S[x] :214[” ary >

E neN(E)

> a5, ). 23)

meN(E)

|JE|c(xz<r>,Xz<r>,

Let R(n) be the “ring” of n. This is the list of elements
(E values) that have n as one of their nodes. An example of
R(n) is shown in Fig. 2. We isolate the terms in the action
|

1 [ .
Sv=23 dtz |JE|{£<X%(t),X;{,(t),

EER(N) meN (E)

> xyeh)+ >

that involve the variable X¢, for some fixed node number N.
Let these terms be denoted by Sy,

> WelLxa(n), Xa(),
)neN(E)

> Xa(ngh). (24)

mEN( )

/dtz

EeR(N

Only elements in the ring of N depend on the node X§. In
the sum over nodes for each element, there are two cases.
One case is when the node number n equals N, the other is
when n does not equal N. Therefore, we find

c(xox50. Y xa0e5)f @9

n€N (E),n#N meN (E)

It should be noted that X%, occurs in the third argument of £ in both terms.

We now vary Sy with respect to X¢,,

L[ oL oL . oL oL
5Sy = 5, dt > |Jg] {axa OXfy + ol OXf o R OXG+ > o ¢§,,.5X7V}, (26)
EeR(N) N.E JAINE neN(E).n#N JlnE
where the symbol |, indicates that the partial derivatives are evaluated at X¢ = Xj, X*=X4 and

Xl = ZmEN(E) Xﬁl(t)

the functional derivative (Lagrange equation) is

E .. The last two terms in 8Sy can be combined into a single sum over all n € N(E). Then

d (oL oL
D) |E|{ G ) X s ) )
6X 24 0X dt \oX“|y g N E) oX%|, k
Next, we expand the total time derivative,
2 2 2
i(% ) = PE s R s O S gk (28)
Then the equations of motion are
> Vel g, M= 3 Vel{fgl + & Sl v M e, o )
baya a a ni baya n b ya mPmii
EERn oXxboXx EER oX meN@aX,,. mE 0X"0X*|, g 0X"0X nEm e (E)

(Mah>n

where 7 is replaced by m and N is replaced by n.

(Fa)n

(29)

For each value of n in Eq. (29), the coefficient of X% is a 3 x 3 matrix in the indices a and b. These equations are

rewritten as a system of 6N, first-order ODEs for the variables X¢ and V¢ = X¢,
:X;l, witha=1,2,3and n=1,...,
of X% in Eq. (29) as (M), and the right-hand side as (F,),,

The first 3N, equations are the definitions V¢

form as

where N, s the total number of nodes.
Nioa- Denoting the coefficient
the next 3Ny, first-order ODEs are written in matrix

084020-6
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(M), (M), (M),
(My1); (My), (My),
(M31); (M3), (M33),
0

mass matrix, M

The mass matrix M is pentadiagonal. We use the
subroutine DGBSV from the Fortran Linear Algebra
Package (LAPACK) which uses lower-upper (LU) decom-
position to solve the linear system of equations (30) and
obtain the time derivatives of V¢. We then use the fourth-
order Runge-Kutta scheme to evolve X4 and V¢ at discrete
values of .

From numerical experiments we find that the Courant
condition,

At < hmin/CLv (31)

must be met for stability. Here, At is the time step size, A,
is the minimum edge length of the tetrahedral elements,
and C; is the longitudinal sound speed [see Eq. (67)
defined below] which is the maximum sound speed in the
material.

IV. TEST MODELS IN THE NONRELATIVISTIC
DOMAIN

Elasticity theory in the nonrelativistic domain has a long
history and many applications. A large body of works make
use of linear elasticity for which exact solutions are known
in some cases. Here we reproduce the exact solutions for
the normal mode oscillations of a free solid elastic sphere.
In Sec. V we use our relativistic, nonlinear code to simulate
the motion of a solid elastic sphere in flat spacetime, and
show that the expected results are obtained in the limit of
small, nonrelativistic oscillations.

Nonrelativistic elasticity theory can be obtained from
general relativistic elasticity theory (Sec. II) by taking the
nonrelativistic limit, as shown in Ref. [27]. The resulting
action, deduced from (10), is

six)= ["an [acve BPOX“XR—Ww)—pocD L (32)

where @ is the Newtonian gravitational potential. The
index on X, has been lowered with the spatial metric g,,
which in this section is taken to be flat. Here, the energy
density is written as

p(E) = po + W(E), (33)

0] (Vi [(Fi)i]
0 V% (F2),
d 3
0 E V1 — (F3)1 . (30)
- L - L * -
vector, F

|
where p, is the rest mass density per unit undeformed
volume and W(E) is the potential energy density per unit
undeformed volume. In this nonrelativistic limit the radar
metric reduces to

fij= X,aigabX,bj- (34)
The second Piola stress tensor, SV, is the derivative of W(E)
with respect to the Lagrangian strain, E;; = (f;; —€;;)/2, as
in Eq. (7).

A. Hyperelastic energy models

Elastic materials are materials for which the stress can be
written in terms of the strain at a particular time. Hyperelastic
materials are materials for which the work done by stresses
during the deformation process depends only on the initial
and final configurations. Homogeneous materials are mate-
rials for which portions of the elastic material have the same
mechanical behavior. Isotropic materials are materials for
which the potential energy function, W, depends on the
deformation gradient only through f;; and ¢;;. Some energy
models [27] for isotropic hyperelastic materials include the
Saint Venant-Kirchhoff, the Mooney-Rivlin [47], the neo-
Hookean and the Ogden models [48].

In this paper we use the Saint Venant-Kirchhoff model
with potential energy function

. o
W(E) = 5 (eYE;j)* + u(e*e' EEy). (35)

Here, €” is the inverse of ¢;; and A and y are the Lamé
constants. (The Lamé constant A should not to be confused
with our previous use of 4 as a path parameter in Sec. II.)
The bulk modulus, K = 1 + 2u/3, measures resistance to
volume changes. The Saint Venant-Kirchhoff model is not
valid for large strains because the model softens under large
compression.

B. Linear elasticity

Linear elasticity is used when the deformation is the
result of small displacements from some reference con-
figuration, which we denote by X4 (). We also assume that
there is no rotation. We then write

084020-7
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XU(G 1) = Xp(§) + &4, 0), (36)

where [£9(¢, 7)| is small. Then we have
X(&1) = &(¢.0), (37)
X3¢ 1) = Xz, (§) + &5 0), (38)

and we also assume that [£9({, #)| is small. Choosing flat
space and Cartesian coordinates, the radar metric (also

known as the right Cauchy-Green deformation tensor) and
the relaxed matter space metric become

fij = X0 Xl = (Xg,; + £3)0ur(Xk; + &), (39)

€= Xj’e‘iéabXﬁ’w. (40)

From the map x* = X%({) we can define the inverse map

that takes a point in physical space to the matter space label
for the body in its relaxed state,

§i = Ziy(x). (41)
Differentiation with respect to ¢ yields the useful relations,
XiiZka = . (42)
X3 Zky = O- (43)

The following formulas for the matter space metric and its
inverse hold:

€'l = Zk %7} ,. (44)
8 = X4 €X% (45)
Oap = Z;.?.aeijzie,h' (46)

We can verify these by computing eVey =&} and
58, = 5¢.

We now linearize the Saint Venant-Kirchhoff energy
model by expanding W(E) to second order in 4. Insert
Eq. (39) and Eq. (40) into the Lagrangian strain tensor
E;; = (fi; —€i;)/2 to obtain

Ey = 5 (650X + Xt 8,8) + OXE). (47

Using the identities (42)—(44) above, we find
€VE;; = Zp &5+ O*(£3). (48)
With a slight abuse of notation, we can define &(x) =

E(Zg(x)) so that Zj &% =¢4. Then the result (48)
becomes

€VE;; = &% + Oz(f,a,')- (49)

A similar calculation gives
. 1
¢ el EEy = 5[ GE +ELET+OYNEY). (50

Then to second order in &% and its derivatives, we obtain

A
W(E) =5 (&) +5 (Ehey + ELkas). (D)

for the Saint Venant-Kirchhoff model.

C. Dynamical solution for normal modes
of an elastic sphere

Equation (32) gives the action for an elastic body in
nonlinear elasticity. We specialize to free oscillations by
setting the gravitational potential to zero, ® =0. We
specialize to the linear Saint Venant-Kirchhoff model by
using the results of the previous subsection. These results
assume a flat spatial metric with Cartesian coordinates, so
that g,, = 64, Then the action becomes

I 1o, A
S[é] :/fdl/d3€'\/g[§;00§a5ah§b—E(f.au)z
t; S
—%(éﬁéfﬁ:ifdﬂ]. (52)

We can transform the matter space integral over d° to a
physical space integral over d’x using the Jacobian of the
transformation | det(X% ;)| = 1//e. Thus, we find

sl = / " ar / d3x[1po&“60béb—i<e:fz>2
4 R 2 2
AL (53)

where R is the spatial extent of the undeformed body.
The variation of the action is

tr .
68 = /fdt/ d3x[_p0§a(3ac +/1§aa déil
t; R o
+p(El g+ 8 g)loge

- / " / P[5+ (e 1 &, D]oEny, (54)
t; oR

where n, is the normal to the boundary. In deriving this
result, we have integrated by parts to remove derivatives on
o0& and used the fact that variations vanish at the initial and
final times, #; and 7;. Setting 6§ = 0, we find the bulk
equations

084020-8



EXTENDED BODY DYNAMICS IN GENERAL RELATIVITY: ...

PHYS. REV. D 108, 084020 (2023)

_pOEc + j'5,aaz,c + Iu( ,dc,d + gc,d,d) = 0’ (55)

and the equations
lé?unc + /’t(ific + fc.d)nd = 07 (56)

that must hold on the boundary of the body. Since the
physical space is flat and three-dimensional, we can easily
generalize these results to arbitrary spatial coordinates by
replacing partial derivatives with covariant derivatives. The
bulk equation becomes

poE = AVV & 4 p(VVeE! +V, V) = 0, (57)

which simplifies to

g — (ﬁzf‘)vcv e+ Ly g —0. (59
0

The boundary equation in arbitrary coordinates is
IV E 4 p(VE 4 Vi), = 0. (59)

The nonrelativistic normal modes of vibration of a solid
elastic sphere were first described in a classic paper by
Horace Lamb [49] in 1881. See also the later treatise by
Love [50]. A modern presentation is given in Thorne and
Blandford [51] (exercise 12.12). These normal modes can
be separated into two classes, the spheroidal and torsional
modes. In this paper, we focus on the spheroidal modes.
The subset of the spheroidal modes with £ = 0 are called
|

the radial modes. Spherical coordinates, x = {r, 0, ¢} are
used to simplify the problem.

We assume a harmonic time dependence. From [51], the
radial displacement field that satisfies the bulk Eq. (58) is

-

E(1.7) = Ay jy(@,r/Cp)Fcos(w,t + ). (60)
where A,, is the amplitude, ¢, is the phase, and w,, is the
angular frequency. (At this point, the subscript n is
undefined, but will refer subsequently to the discrete modes
once the surface boundary condition is imposed and the
resulting eigenvalue problem is solved.) The spherical
Bessel functions are denoted by j,(x), with j,(x)=

0j¢(x)/0x. The constant C; = /(4 + 2u)/py is the longi-

tudinal sound speed.
For Z > 0, the general displacement solution satisfying
the bulk Eq. (58) is [51]

m”ménfm(r’ 9’ ¢) COS(a)ngl‘ + ¢nfm)1
(61)

Emfm(tv r, 6’ ¢) =A

with amplitude A,,,,, phase ¢,.,, and angular frequency
,,. (Again values for discrete n are yet to be determined.)

The vector field énm is given by

énfm(r7 07 ¢) = fnf(r)Yfm?
oYy, ~ 1 oY, -
, 62

where Y, are the real spherical harmonics defined by

(=1)"V/2, 2 i (cos 0) sin(|m| ). if m < 0,
Yom = %P?(cos 0), if m=0, (63)
—-1)"/2 - ))'P?(cos 0) cos(me), if m>0,
|
and PJ' are the associated Legendre functions. The func- ko= Dne rop = Onet (66)
tions, f,.(r) and g,,(r) are " Cc,’ " Cr

A, Pne Je(krner)
= k l — - (64
Fue(r) = == Jelkiner) =+ 1) 2702 (64)
n ] k n n ] k n .
gnf(r):af]f( Lfr)+ﬁf .]f( Tfr)'f'r‘]/f(k]"nfr) ,

kLnf kLm"r anfr anf

(65)

where, again, j,(x) are the spherical Bessel functions and

C; and Cy are the longitudinal and transverse sound

speeds,
A+2
Y e e R Y (67)
Po Po

The constants a,, and f3,; that appear in the equations for
Sue(r) and g,,.(r) determine the weights of the longitudinal
and transverse parts of the displacement, with their ratio to
be determined when the eigenvalue problem is solved.
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TABLE 1. Numerical solutions for k; ,,a/x for C; /Cy = /3 satisfying the boundary conditions for the first four
¢ and n values of the normal modes of oscillation. The values of k;,,a/m increase with increasing n number.

4 kioca/m kpea/m kirea/m kisea/m

0 0.81596643669775 1.92853458475813 2.95387153514092 3.96577216329668
1 0.62934739815975 1.24440286338649 1.42338683343041 1.96556466385947
2 0.48514540434785 0.89412183542721 1.53070871073100 1.79736223921180
3 0.71972992130588 1.18616009042197 1.78353164657311 2.15894591358743

These solutions to the bulk motion equation are now
subjected to the boundary condition (59), which results in
the aforementioned eigenvalue problem. The eigenvalue
problem has an infinite discrete set of solutions, or modes,
each marked by an integer n. For each unique spherical
harmonic order, these modes differ in their radial depend-
ence and are successively higher-frequency overtones.

Let a denote the undeformed radius of the sphere, and
i = 7 denote the unit normal to the boundary. Inserting the
¢ = 0 radial solution (60) evaluated at the surface r = a
into the boundary equation (59) results in the following
relation:

tan (w,a/Cy) 4

0,a/Cp 4= (w,a/Cr)* (0%

The roots can be obtained numerically for the mode
frequencies w,,. The first root corresponds to the first value
of n and so on. For example, choosing C; /C; = /3 we
find the solutions for w,a/(zC;) = k;pa/x for n=
0, 1,2, 3 shown in Table I. Using these solutions, the radial
dependence for the # = 0 modes, given by ji(@,r/Cyr), is
plotted in Fig. 4.

For # > 0, inserting the bulk displacement solution (61)
evaluated at the surface » = a into the boundary equa-
tion (59) results in two equations,

02F —
g ok
~
& )
3 —0.2}
N
—0.4

“\ l l l
0 02 04 06 08 1
r/a

FIG. 4. Radial dependence of the # = 0 modes, including the
n =0 fundamental and the first three overtones for
C./Cr = +/3. The displacement is zero at the origin for all n
values. For the radial modes, the mode number n coincides with
the number of nodes (places of zero displacement) along the
radial direction. The maximum displacement does not occur
necessarily at the surface.

Ay [Zj'é(kLnfa) - ((ant’/kLnf>2 —2))jelkpnea)]
+ /jnfp’f(f + 1)f1<anfa)] = O’ (69)

ane2f 1 (kpnea)]
+ﬂnf[jg(anf’a) + (f(l’ﬂ+ 1) _Z)fO(anfa)] :0’ (70)

where fo(x) = j#(x)/x* and f,(x) = 9(j(x)/x)/dx. The
simultaneous linear equations for a,, and f,, have a
solution if the determinant is zero,

[zj;(kLnfa) - ((anf/kLnf)z =2))je(kpnea)]
¢ (knea) + (£(€ + 1) = 2) fo(krnra)]
— 2f1(kpne@)]2¢(¢ + 1) f 1 (kppea)] = 0. (71)

Equation (71) can be expressed in terms of k;,, and the
roots can be obtained numerically. For example, for
C./Cr = /3, we find the solutions for # = 1,2,3 and n =
0,1,2,3 shown in Table I. Inserting these solutions in
Eq. (69) gives the ratio of the longitudinal to the transverse
parts shown in Table II. Using these solutions, the depend-
ence of the functions, f,.(r) and g,.(r), on r for
£ =1,2,3,and n =0,1,2,3 is plotted in Fig. 5.

V. NUMERICAL TESTS

In this section, we use the analytical solutions for an
elastic sphere in Sec. IV to validate the numerical method
presented in Sec III (in the nonrelativistic limit) and find its
convergence rate.

The numerical method is fully relativistic and is based on
nonlinear elasticity. We set the metric equal to the
Minkowski metric and choose the analytical solution to
be a sum of £ = 2 and £ = 3 modes with amplitudes Ay,
and Ag3; and phase difference ¢g3; — Poog = 7/2,

Eanalytic(t’ r.0,¢) = Eozo(l’ r.0,¢) + 5031 (t.r.0,9)
= AgaoE020 (7. 0. §) cos(@pat + o)
+ Ag31 B3 (7. 0. ) cos(woat + hos1).
(72)

We select the material properties of the sphere such that
C./Cr = /3. The amplitudes Ay and Ay, are small
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TABLEII. Numerical solutions for the ratio of the longitudinal to the transverse parts, a,,»/B,, for C; /Cy = /3
for £ = 1,2, 3 and first four n values of the normal modes of oscillation. The ratios a,,./f3,, increase with increasing
¢ number.

7 aoz/Por aie/Pre ay/Par as¢/Pse

1 —0.39334285456883 0.57828661556718 —0.35961617280979 0.07851036440781
2 —0.68808506569504 —0.95183672540982 0.55915283283423 —1.16213124001178
3 —1.56275090908497 —1.65898880431533 0.68019269841200 —1.71401134238877

compared to a, and the sound speeds are small compared to
the speed of light.

We use Matlab’s [44] mesh generation algorithm to
generate a linear tetrahedral mesh for a sphere of radius
0.5 m. As the mesh is refined, the total volume of tetrahedral
elements converges to V,,, and we find the converged

radius using the converged volume, dgony = /3 Veony/47 &
0.49881 m. We use a,,,, as the undeformed radius of the

sphere in computing the analytical solution.

We set X for all nodes at the initial time step such that
their displacement from their relaxed value is equal to
Eq. (72) evaluated at t = 0. We also set X equal to the time
derivative of Eq. (72) evaluated at ¢+ = 0. We numerically
evolve the coordinates and velocities in time.

The relativistic terms in the elastic body action are of order
v?/c? and higher, where v> = X“X, and c is the speed of
light. The nonlinear elasticity terms in the action are of order
(&4)% and higher. After obtaining the numerical solution we
ensured that the discrepancy between the numerical and

analytical solution is not due to relativistic and nonlinear
elasticity effects by computing max(v?/c?) and max (| X4 —
X%.il) using the numerical solution. We found that
max(v?/c?) ~ 107" and max(|X% — X% ) ~ 1078, which
makes max(|X4 — X% ;|*) about 16 orders of magnitude
smaller than max(|X4 — X% ,[).

We use four mesh refinements with A, = {a/4,
a/8,a/16,a/32}, where hy,,, is the maximum edge length
of the tetrahedral elements. Figure 6 shows the analytical
and numerical displacement and velocity of the node
¢t =(0.1522,0.2636, —0.3967) as a function of time, for
the mesh refinement with h,,,, = a/8. Figure 7 shows the
displacement and velocity for the node ¢ = (0.1779,
0.4262,0.1913) with h,,, = a/16. (The matter space coor-
dinates are Cartesian with metric ¢;; = 6;;. The coordinate
values are reported to four decimal places for brevity.)

We compute the L2-norm of the error in the coordinates
using

T T T T T T
3 S
= 5
< =
0.05 - a
3 S
~ ~
5 &
= )
— | —— 922 N
0.0 .. g32 —0.04 .. gs33 N
_01 | | | | 1 | | | | | | | |
02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1

r/a

r/a

r/a

FIG. 5. Radial dependence of the functions f,,(r) and g,,(r) for C; /Cr = /3 and for the first four values of n. The top panels show

Sue(r) for £ = 1,2, 3 (from left to right) and the bottom panels show g,,.(r). For the # = 2 and # = 3 modes, E,,, = 0 at the origin as
Sfue(r) and g,.(r) both vanish. This is not true for the # = 1 mode.
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FIG. 6. Analytical and numerical displacement and velocity for
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the node with matter

{'=

space coordinates

(0.1522,0.2636,—0.3967) as a function of time for the mesh refinement with h,, = a/8. The panels on the left show the
displacement in three directions and the panels on the right show the velocity. The analytical solution is the sum of £ =2 and £ = 3

modes and the material properties of the sphere are set such that C;/Cr = /3. For the mesh refinement with /,,,, = a/8, the

discretization consists of 3364 nodes and 17,403 elements.
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FIG.7. Analytical and numerical displacement and velocity for the node with matter space coordinates ¢
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(0.1779,0.4262,0.1913)

as a function of time for the mesh refinement with %,,,, = a/16. The panels on the left show the displacement in three directions and the
panels on the right show the velocity. The analytical solution is the sum of # = 2 and £ = 3 modes and the material properties of sphere

are set such that C; /Cy = /3. For the mesh refinement with h,,,, = a/16, the discretization consists of 25,417 nodes and 141,001

elements.
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Convergence of the L2-norm of the error. The L2-norm of the error at the end of the numerical evolution is plotted against the

maximum edge length of tetrahedral elements. The left panel shows the L2-norm of the error in the coordinates and the right panel shows
the L2-norm of the error in the velocities. The orange dashed line has slope equal to two. The algorithm displays second-order

convergence.
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and similarly for the velocities. Figure 8 is the log-log plot of
the L2-norm of the errors in the coordinates and velocities at
the last time step as functions of /,,,,. The numerical method
displays second order convergence.

VI. CONCLUSIONS

We have presented a second-order-convergent finite
element numerical scheme for modeling extended bodies
in curved spacetime using elasticity theory in general
relativity. Finite elements allow a Lagrangian approach
to the elastic body and provide a free surface boundary
condition when formulating the numerical method. The
equations of motion for the body are obtained as coupled
ODEs by taking a novel approach of spatially discretizing
the action. The resulting Euler-Lagrange equations are
explicitly integrated in time with fourth-order Runge-
Kutta, subject to a Courant condition on the time step.
The numerical method can be used for bodies of any shape
described by any hyperelastic potential energy function,
moving through any spacetime.

Reducing to a linearized action for the hyperelastic
body in the nonrelativistic limit, we reproduced the
classic solutions [49,51] for radial and nonradial normal
mode oscillations of an elastic sphere. These modes were

then used to test the numerical code in the linearized,
nonrelativistic limit. By ensuring that relativistic and
nonlinear contributions are negligible, our numerical
results show second-order convergence to the analytical
solutions.

In a paper to follow shortly, we will apply our numerical
framework to model the motion and internal dynamics of a
hyperelastic sphere during tidal encounters with a
Schwarzschild black hole along a quasiparabolic orbit.
Beyond that, the method presented in this paper will allow a
host of investigations to be carried out on extended body
interactions with spacetime curvature, including MPD spin-
curvature effects on rapidly rotating bodies and effects of
higher-multipole moments. Encounters could be general-
ized to scattering with Kerr black holes. Furthermore, the
technique could be extended to include gravitational
perturbations and radiation reaction effects on the finite-
sized mass.
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