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We study extreme mass-ratio binary systems in which a stellar mass compact object spirals into a
supermassive black hole surrounded by a scalar cloud. Scalar clouds can form through superradiant
instabilities of massive scalar fields around spinning black holes and can also serve as a proxy for dark
matter halos. Our framework is fully relativistic and assumes that the impact of the cloud on the geometry
can be treated perturbatively. As a proof of concept, here we consider a point particle in circular, equatorial
motion around a nonspinning black hole surrounded either by a spherically symmetric or a dipolar
nonaxisymmetric scalar cloud, but the framework can in principle be generalized to generic black hole
spins and scalar cloud geometries. We compute the leading-order power lost by the point particle due to
scalar radiation and show that, in some regimes, it can dominate over gravitational-wave emission. We
confirm the presence of striking signatures due to the presence of a scalar cloud that had been predicted
using Newtonian approximations, such as resonances that can give rise to sinking and floating orbits, as
well as “sharp features” in the power lost by the particle at given orbital radii. Finally, for a spherically
symmetric scalar cloud, we also compute the leading-order corrections to the black-hole geometry and to
the gravitational-wave energy flux, focusing only on axial metric perturbations for the latter. We find that,
for noncompact clouds, the corrections to the (axial) gravitational-wave fluxes at high frequencies can be

understood in terms of a gravitational-redshift effect, in agreement with previous works.
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I. INTRODUCTION

The direct detection of gravitational waves (GWs) can
give us exceptional insights about binary black hole (BH)
systems [1]. Current observations [2] already provided
crucial new information regarding the population of binary
BH systems [3] and allowed us to perform novel tests of
gravity in strong and highly dynamical regimes [4].
However, with the planned construction of next-generation
ground-based [5-7] and space-based detectors [§—10], the
information that GW observations will be able to give us
will be pushed to new limits. For example, we expect that
such detectors will allow us to perform highly precise tests
of gravity, orders of magnitude better than what is currently
possible [1,7,11-14]. It has also been shown that, for some
sources, we might be able to detect GW signatures from the
environment in which binary BH systems live [15-20].

Intermediate and extreme mass-ratio inspirals (IMRIs
and EMRISs, respectively) are among the most interesting
sources for these purposes. Such sources are expected to
be observed with the upcoming space-based detector
LISA [11] and possibly with next generation ground-based
detectors in the case of IMRIs [21]. /EMRIs are binary
systems with highly asymmetric component masses, and
are typically classified as IMRIs for mass ratios ranging
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between ~1072-10~* and EMRIs for mass ratios smaller
than ~107* [11,21,22]. Such systems will typically com-
plete a large number of GW cycles in band, making them
ideal probes to not only perform highly precise tests of
gravity but also to probe the environment surrounding
astrophysical BHs [11,12,16,17,20].

An exciting prospect, which has received some
attention recently, is the possibility that GW signals
from these systems could carry information about the dark
matter environment surrounding massive BHs, see e.g.
[17,23-37], which could be partially or fully composed of
new light bosonic fields [38—43]. Light bosonic fields are
especially interesting because they can significantly impact
the dynamics of BHs. In particular, boson masses in the
range 1072! — 107!! eV have Compton wavelengths of the
order of the size of astrophysical BHs with masses in
the range 10M ,—10'°M , where the lower BH mass in this
range corresponds to the heavier bosons and the upper end
to the lighter bosons. This feature enhances wavelike
phenomena making it possible for unique effects to occur
when an ultralight boson interacts with an astrophysical
BH. For example, such fields can extract rotational energy
from a spinning BH through superradiant scattering and
can render spinning BHs unstable against energy and
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angular momentum extraction [44—56] (see Ref. [57] for an
extensive review on the subject). In this process, up to
~10% of the BH’s energy can be transferred to the bosonic
field [53,58]. This mechanism provides a natural scenario
in which a macroscopic bosonic environment, also known
as “boson clouds” or ‘“gravitational atoms,” can form
around astrophysical BHs. For complex boson fields, the
backreaction of these clouds on the BH metric leads to the
existence of stationary geometries known as “Kerr BHs
with bosonic hair” [59,60], which can form dynamically
through the superradiant instability [51,61]. Moreover,
ultralight fields can also form solitonic self-gravitating
structures, or boson stars [62—66], which could describe the
inner cores of dark matter halos [38,40,41,67]. When
interacting with BHs, such structures will typically form
long-lived states that can either be slowly accreted by the
BH [68-72] or, if the BH is spinning, they could also
possibly form Kerr BHs with bosonic hair, see e.g. [73].

These motivations have sparked considerable interest
in the study of binary systems, and more specifically
EMRIs, evolving in bosonic environments that can come
either in the form of boson clouds or as boson stars
[24,26-29,33,34,37,74-85]. However, while these works
suggest that such environments could be clearly identi-
fied through GW detections, most of these studies
employed approximations that are inaccurate when con-
sidering EMRISs, such as considering Newtonian approx-
imations or in some cases ignoring important effects such
as dynamical friction. The main exception to this rule is
the work of Refs. [20,36,86,87] where a fully relativistic
and self-consistent formalism to study GW emission
from EMRIs in spherically symmetric, nonvacuum BH
spacetimes was developed. Considering a fully relativ-
istic formalism for such sources is crucial given that
weak-field and post-Newtonian approximations are
known to be inadequate to describe I/EMRIs in the
regimes where they are expected to be observable [88].
For such systems, a strong-field perturbation theory
approach, in which the mass ratio is used as an expansion
parameter, is essential [88].

The main goal of this work is to start developing a
strong-field small-mass-ratio perturbation theory formalism
to study EMRIs in a boson cloud environment. Here we
will focus solely on boson clouds formed by a massive
scalar field; hence, we will usually refer to this environment
as a “scalar cloud” for concreteness. However, our work
can in principle be extended to the case of massive vector
fields in a straightforward manner by using the results of
Refs. [48,51,52,54,60,89]. We should also note that,
despite the fact that small mass-ratio approximations
have been historically developed to model EMRIs, recent
work suggests that the range of applicability of this
approximation also includes the IMRI range and can even
provide a good approximation for nearly equal mass
binaries [88,90-93]. Therefore we expect that the approach

taken in this paper can also be useful for IMRIs and provide
useful qualitative insights for comparable mass systems.
When using BH perturbation theory to study the EMRIs
in a given environment, the first difficulty that arises is
that one would need in principle to start by building a
nonvacuum BH background solution that includes the
impact of the environment. This was the approach taken in
Refs. [20,36,86,87], where the impact of matter environ-
ments in EMRIs was studied by constructing analytical
spherically symmetric BH spacetimes with an anisotropic
fluid “hair.” For boson clouds, however, exact BH sol-
utions that include the backreaction of the cloud are only
known numerically. For example, stationary BH solutions
surrounded by a (complex) boson clouds have been
constructed numerically [59,60], whereas geometries
describing BHs surrounded by slowly decaying spheri-
cally bosonic structures have been obtained through
numerical relativity simulations [70,72]. In addition
to the difficulty of having to deal with numerical
spacetimes, another difficulty that arises is the fact that
generic boson clouds, and specifically the ones formed
through superradiant instabilities, are not spherically
symmetric [50,51,59,60]. Therefore perturbing a BH
spacetime such as the Kerr BHs with bosonic hair
constructed in Refs. [59,60] would require not only to
deal with perturbations of a highly nontrivial geometry
constructed numerically, but, in general, would also
require dealing with solving a set of partial differential
equations describing those perturbations, see e.g. [94].
To avoid these problems we will consider that the boson
field, here described by a complex massive scalar field,
only affects the BH geometry perturbatively. That is,
our approach will be to consider a two-parameter pertur-
bation expansion, one parameter being the mass ratio
q=m,/M <1, with M the mass of the massive BH
and m,, the mass of the small orbiting compact object, here
described as a point particle, and a second parameter ¢ < 1
describing the amplitude of the scalar field. Schemes that
are similar in spirit to the one we use here were proposed
and used, for example, to compute tidal Love numbers of
BHs surrounded by scalar clouds [95], to compute quasi-
normal modes of BHs accreting a scalar field environment
[96] and also to compute quasinormal modes of BHs in
beyond general relativity (GR) theories [97-100]. Such a
perturbative scheme allows us to use standard tools from
BH perturbation theory, since the background spacetime is
now given by an analytically known vacuum BH solution
on top of which the effects of the scalar field and the point
particle are added perturbatively. As a proof of concept,
here we will take the vacuum BH background to be given
by Schwarzschild and then consider either a spherically
symmetric or a dipolar scalar cloud. Even though this will
require some additional nontrivial extensions of this work,
we expect that the method can be generalized to Kerr BHs
with arbitrary BH spins using the methods developed in
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Refs. [97-100]. In addition, another major advantage of
this formalism is that it allows us to add the effect of the
environment on top of known vacuum general relativity
results. We expect this feature to be especially important
in the long term, given that it greatly simplifies the task of
building EMRI waveform models that include the effects
of scalar clouds. Therefore we expect that the method
could also become useful for other types of environments.
As we will show, our approach captures and generalizes
to a relativistic framework all the features that had been
computed using Newtonian approximations and quantum
mechanics analogies, namely, resonances at some spe-
cific orbital frequencies that can lead to sinking and
floating orbits [24,27,28,75,101,102] as well as sharp
features in the energy lost by the point particle due to
scalar radiation [32,33,37].

The rest of this paper is organized as follows. In Sec. 11
we summarize our framework, present the perturbative
scheme that we use to study EMRIs in the presence of a
scalar cloud and give a short review of the quasibound
states of a massive scalar field in a BH spacetime, focusing
on a Schwarzschild BH background. Then, in Sec. III we
compute the leading-order perturbation on the scalar cloud,
induced by the presence of a point particle in circular,
equatorial motion. We then show that the presence of the
cloud introduces an additional source of energy loss in the
form of scalar radiation and present results for the power
lost through this radiation, focusing on a spherically
symmetric and a dipolar nonaxisymmetric scalar cloud.
For a more complete test of this framework we then also
compute part of the leading-order corrections to the GW
flux in Sec. IV. For this case we focus solely on a
spherically symmetric scalar cloud. We first compute the
leading-order corrections to the BH metric due to the
backreaction of the cloud on the geometry, and then use
these results to compute the leading-order corrections to the
axial metric perturbations and corresponding GW fluxes.
Finally, in Sec. V we conclude by summarizing our main
results and identifying some promising avenues for future
work. Some details of our computations are also shown in
the Appendixes. Throughout this work, we use units in
which G = ¢ = 1.

II. FRAMEWORK

A. Action and equations of motion

We consider a complex massive scalar field @ minimally
coupled to gravity,' described by the action

R
S = / d*x\/=g <F ~0,D° P — PP + £m>, (1)
T

'EMRIs in theories in which the scalar field couples non-
minimally to gravity have also been considered in Refs. [103—106].
We do not consider this case here.

where an asterisk denotes the complex conjugate and L,
represents the Lagrangian density for additional matter
fields, which are assumed to be minimally coupled to
gravity as well. Varying this action with respect to the
metric and the scalar field we get the Einstein-Klein-
Gordon field equations:

G, = 87r(T/‘E, +T,), (2)

O = p4>®, (3)

where G, =R, —g,,R/2,[0:=V ,V*is the d’ Alembertian
operator, T, is the stress-energy tensor of the scalar field,

TS, [®, "] = 20,80, D" — g, (0,DI*D* + ;2 D* D),
(4)

and T,, represents the stress-energy tensor of any addi-
tional matter. The scalar field possesses a global U(1)
symmetry which implies the existence of a conserved
current given by

4= —i(@* D — PHD*). (5)

In the absence of dissipation in the system, such as scalar
radiation at the horizon or at infinity, the conserved current
implies the existence of a conserved Noether charge:

Q = A d3x\/ _g.jo’ (6)
with X a spacelike hypersurface.

B. Perturbation scheme

We consider a small compact object (often times referred
to as the “secondary” object) with mass m,, orbiting a BH
of mass M surrounded by a scalar cloud, such that the mass
ratio g == m,/M is small, i.e., ¢ < 1. At leading order in a
small-g expansion, the secondary object can be modeled as
a point particle moving on geodesics of the background
spacetime, g,,, generated by the BH-scalar cloud system
(see e.g. Refs. [107,108] for recent reviews). The point
particle’s stress-energy tensor is given by

8 (v = xp (7))

— dr, (7)

T (g] = mp/u’,‘,u’;,

its worldline and

<k

where 7 is the particle’s proper time,
ub, == dx',/dr its four-velocity.

In order to take into account the impact of the scalar
field, we consider that its amplitude is small, such that the
modifications to the BH spacetime induced by the scalar
field can be treated using perturbation theory. Therefore,
besides the mass ratio ¢ we consider an additional small
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parameter ¢ < 1 that parametrizes the scalar field
amplitude, such that in the limit ¢ - 0 we recover
GR’s vacuum solutions. Namely, keeping only the terms
up to order O(g',€?), we consider an expansion of the
form [96,98]

® = edD) + 20?2 qo@ + ... (8)
0 1 2
G = 9 + €gu) + €94+ qhy - (9)

Inserting these expressions into Egs. (2) and (3) we find,
up to order O(q°, %),

Gulg®] = 0. (10)

These are just the vaccum Einstein field equations for
which the most generic BH solution is the Kerr metric.
Continuing this procedure, at order O(g°, ¢!) we find

8G9 = 0, (11)
O = 420, (12)

where [0 := g(o)””V,(lo)Vio) is the d’Alembertian
operator computed with respect to the metric g,(,? and
0G,, represents the standard linearized Einstein operator

defined as [98]

I
5le [h] = E [ZV(O)QVEZ) h”)a - D(())h/u/ - v;(to)vl(/o)haa
+ ) (OO, - VORy sy, . (13)

Notice that there is no source term for the field equations of

(1)

the perturbation gﬂ},. As we are only interested in metric

perturbations sourced by the scalar field or by the secon-

dary object, we set g,(,L) =0 since this trivially solves

Eq. (11). Therefore the spacetime metric is only deformed
at order O(e?), as one could have easily guessed given that
the scalar field stress-energy tensor (4) is quadratic in the
field’s amplitude.

Setting gf,},) =0, at order O(¢°, €*) we have
5G,,[9?] = 82T [, @()7], (14)
00 = ,20?), (15)
where we defined
T}?U(Z) [<I>(1>,<I>(1)*]
=20, ®Wo, d
— g9 (g(o)aliaa<p(l)aﬁq)(l)* + Iqu)(l)q)(l)*) (16)

Notice that Egs. (12) and (15) are exactly the same, meaning
that the correction ®() can be reabsorbed into the definition
of ®(1). Therefore, without loss of generality, we can set
@) = 0. In summary, up to order O(¢°, €?), once we have a
BH background solution that solves Eq. (10), the set of
equations one needs to solve is Egs. (12) and (14).

We can now consider the impact of the point particle by
computing the corrections at order O(q', €?). Schematically,
we can write those as [96,98]

8G9, h] = 8aT}[g]

+ 87¢ (T,‘fy‘z) @), 0] + 72 @), (1,(1)*])
+ 8ze St [h, @), (1], (17)
(09 — /42)q>(q) = eS®[h, q>(1>]’ (18)

where 6G,,[g, h] represents the linearized Einstein field
equations for the perturbation 4, but computed with the
background metric g, = g,(,[i) + ezg,(,%), for convenience
we factorized the g dependence from the point particle’s
stress-energy tensor as T, = ¢T},, 09 represents the
d’Alembertian operator written with respect to the metric

Gu» SP, is given by

St [, @), @] = ¢ heb g, (19,1
_ hﬂ,,gm)“ﬂaad)(l)dﬁd)(l)*
_”Zhwq)(l)q)(l)*’ (19)

whereas S® is given by
S, ®V] = gOmrd* & 4 pev V9o, (20)

with
a 1 aff [ 0 + V s S ' : M

Importantly, we see from Eqgs. (17) and (18) that even though
the secondary object does not interact directly with the scalar
field, the metric perturbations 4, induced by the object will
source scalar perturbations ®@), as long as ®(1) # 0. We
also note that, for consistency, 6G,, (3. h], Tj[g,,] and [I9
should only be thought as being valid up to order O(e?). This
procedure can be continued to include O(g?) effects, but for
the purposes of this work we will stop at order O(gq).

At this point we could stop and use directly Eqs. (17)
and (18). However, the problem can be further simplified
by noticing that the source term in Eq. (18) is of order O(e).
Therefore for the scalar field perturbations we can seek
solutions of the form
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D) = edlel) 1 ..., (22)

Plugging in Eq. (17) we see that, up to order O(e?), the
metric perturbations £, will be sourced only by terms of
order O(e”) and O(e?). Therefore we expand /,, as

hy = h) +hD) + - (23)

Applying these expansions in Eqs. (17) and (18) we have
(i) at order O(g', €%):

6G,,[h") = 8aTlu[g")]; (24)
(ii) at order O(q',€"):
(D(O) _ﬂz)q)(qel) = S, q)(l)]- (25)

At order O(q', €?) one can get an equation for h,(,zy), but for

the purposes of this work we will not need this equation,
therefore we do not derive it explicitly here.

Besides the equations of motion for the scalar field and
the metric we also need the equations of motion for the
point particle, which can be derived from the conservation
equation V, T = 0 [109]. For the purposes of this work it
will be enough to state that, up to order O(e?), the
equations of motion for the particle’s worldline can be
written as (see e.g. [109])

u;,Vgu’;, =0+ 0(q), (26)

where V9 is the covariant derivative computed with the
metric g,,. The terms of order of O(q), commonly known
as the “self-force,” are generated by the metric perturbation
h,, and express the fact that the particle’s motion can
be thought as being accelerated in the background space-
time g,, due to the perturbations induced by the point
particle [109]. However, for the purposes of solving
Egs. (17) and (18), those terms are not needed since when
solving Eqgs. (17) and (18) one only needs to consider that
the point particle moves along geodesics of the metric g,,

[or of g,(,(,),), if working only up to order O(e)].

Noticeably, if one stops at order O(g',e!), the only
corrections to the vacuum case will occur due to @)
which is sourced by the nontrivial background scalar

profile ®(") and by the metric perturbation h,(,(;)

[cf. Eq. (25)], simplifying the problem considerably since

h,(g) can be obtained using standard vacuum BH perturba-
tion theory [cf. Eq. (24)]. Importantly, the perturbative
scheme we just summarized is generic and can in principle
be applied for any background BH metric g,(g), including
the case in which this metric is given by the Kerr geometry,
which is the most general stationary BH solution of

Eq. (10). The main difficulty in the Kerr case, however,

is that perturbations are more easily studied using the
Teukolsky formalism [110], which provides separable
equations for certain spin-weighted scalars that are related
to the Weyl curvature scalars [110]. From those, it is

possible to reconstruct the metric perturbations h},?), but the
procedure is highly nontrivial (we refer the reader to the
review [108] for a list of references regarding the metric
reconstruction procedure). Given that the main goal of this
paper is to serve as a first stepping stone towards tackling
the full Kerr BH case, in this work we will instead start

by considering the much simpler case in which the back-

ground metric gfg) is given by a Schwarzschild BH.

C. Quasibound states in black hole spacetimes

Let us start by considering solutions to order O(q", ')
that solve Eq. (12) when the background metric g,(g)
describes a BH spacetime, focusing on a Schwarzschild
BH as mentioned above. This problem has been widely
discussed in the literature (see Ref. [57] for a review), so let
us just briefly review the problem.

In a BH spacetime, massive scalar fields admit
quasibound state solutions that oscillate with a frequency
@ ~ p [44-46]. For Schwarzschild BHs such quasibound
states always decay in time due to absorption at the
horizon, but they can be extremely long-lived when
My <1 [44,46] and can form under quite generic initial
conditions [68-72,111]. For Kerr BHs instead, some bound
states can become superradiantly unstable when their
oscillation frequency w satisfies the superradiant condition,
o < m;Qy [44-46,57], where Qp is the horizon’s angular
velocity2 and m; is the azimuthal index of a spheroidal
harmonic function used to separate the Klein-Gordon
equation in a Kerr BH background. The evolution of
this instability leads to the formation of scalar clouds
[50,51,53,61]. For clouds that only grow through super-
radiance, the backreaction of the cloud on the metric is
generically small [50,51,58,61] and the resulting configu-
ration is very well described by a bound state in a Kerr BH
background with spin that saturates the condition Qy =
w/m; [50,51,61]. The BH spin is essential to form scalar
clouds through superradiance, however some important
remarks should be made: (i) the condition for the super-
radiant instability to occur, @ < m;Qy, with @ ~p and
MQy < 1/2 (the equality corresponding to extremal Kerr
BHs), implies Mu < m;/2. Therefore for m; = 1, which
corresponds to the most unstable mode, one always had
My < 1/2; (i) even after a m; = 1 cloud that saturates
Qp ~ o has formed, higher modes with m; > 1 will still
keep growing. However, the instability timescale of those
modes can be sufficiently long such that the m; = 1 cloud

’In Boyer-Lindquist coordinates, Qy = J/(2M?%r. ), where J
is the BH’s angular momentum and r, is the outer event horizon
of the Kerr metric.
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is effectively stable over very long timescales, if My is
small enough, see e.g. [112]; (iii) the profile of the bound
states peak at a radius that scales with M/(Mu)?, which
implies that for small My, the cloud is localized far from
the horizon where BH spin effects are small; (iv) given that
MQy ~Mw ~Mu for m; =1 scalar clouds that have
saturated the superradiant instability, the BH dimensionless
spin J/M? is small when uM < 1. Taking all these points
into consideration makes us confident that considering the
background BH metric to be a Schwarzschild BH provides
a reasonably good approximation of what one should
expect for scalar clouds formed around Kerr BHs and
grown out of the superradiant instability.

Let us therefore consider g,(,(,))
Schwarzschild metric:

to be given by the

ds> = —f(r)dt* + f(r)~'dr* + r*d0* + r* sin® 0d¢?,
(27)

with f(r) = (1 —2M/r). Since the metric is spherically
symmetric, the scalar field can be decomposed as

q)(1)<t’ r, 97 ¢) = Rn,-f,- (}") Yf,m,- (67 ¢)€_iwt’ (28)

where Y, are scalar spherical harmonics, n; = 0, 1,2, ...
is the analog to the radial quantum number in the hydrogen
atom, describing the number of nodes in the radial wave
function, and {¢;,m;} are the usual spherical harmonic
quantum numbers specifying the total and the projection of
the angular momentum along the z axis of a given mode,
respectively. Here we already anticipated that in a
Schwarzschild background R, . (r) does not depend on
the azimuthal number m; since, upon inserting (28) in
Eq. (12), one can show that the radial function R, , (r)
satisfies the differential equation,

d*(rR,
PR 4 (2 =V (rRye) =0, (29)
drs i
Here r, is the tortoise coordinate, defined through
dr./dr =1/f(r) and the effective potential reads

Ci(6;+1 2M
Vi :f(r) ,Ltz—f—%ﬁ-? . (30)

Notice that V; does not depend on m; and therefore the
radial function does not depend on it. This is only true in
Schwarzschild; in a Kerr BH background this degeneracy is
slightly broken [46].

For convenience, later on we will also make use of
ingoing Eddington-Finkelstein coordinates (v, r, 0, ¢),
with v = ¢ 4 r,, for which the Schwarzschild metric reads

dstr = —f(r)dv? + 2dvdr + r*d0? + r’sin®0dg?.  (31)

In these coordinates we can decompose the scalar field as
CD(U(U’ r,0, 4)) = Rn,-f,»(r)yf,»mi (6’ ¢)€_iwy' (32)

Since @V is a scalar function, it is locally invariant under a
coordinate transformation. Therefore by equating Eqgs. (28)
and (32) one finds that the radial functions are related
by R, (r) = €™ R, , (r) [46]. We will make use of this
relation in order to compute the function Rn,»fi later on. It
can be easily verified that Rn/,» satisfies the following
differential equation:

Jl(rkn,-f,-) . d(ar,-f,v)
> —2iw
dr dr,

—VirR,s, =0.  (33)

Imposing appropriate boundary conditions, solutions to
Eq. (29) can be obtained numerically or semianalytically,
for example, by directly integrating the radial equation
or by using a continued-fraction method [45,46,113].
Through this work we employ the continued-fraction
method of Ref. [46] which provides a very efficient method
to get accurate semianalytical solutions. For quasibound
state solutions, one imposes boundary conditions in which
the field decays exponentially at spatial infinity, whereas
close to the event horizon only ingoing waves are present:

1 ~ —l.(ur* 1 ~ 7e_qr* rMﬂz/q
lim R(r) ~ e , lim R(r) . (34)
r

r—2M r—oo

where v = Mu?/q, q=+/u*>—®*> and one requires
N(g) > 0 for quasibound state solutions. This pair of

boundary conditions is satisfied for an infinite, discrete
spectrum of complex eigenfrequencies [46] that can
be labeled according to the three quantum numbers
W = a)ni,gimi.3 In the small My limit, the real and imaginary
part of the eigenfrequencies reads [44,114]

Ww) -4 (f_ fi’; 1>2, (35)
() & —(Mu)* 59 (o). (36)

In a Kerr spacetime, a similar expression can be found for
J(w) by doing the transformation N(w) - R(w) — m;Qy
in Eq. (36), such that when N (w) < m;Qy, J(w) > 0 and
the mode grows exponentially. Kerr BHs also admit true
bound states with I(w) = 0 when R(w) = m;Qy, which
are a good approximation to the end state of the super-
radiant instability [61].

*We note that in a Schwarzschild BH background, modes
with the same {n;,#;} but different m; are degenerate, but as
alluded to above, this degeneracy is slightly broken in a Kerr BH
background [46].
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One can see that, within our approximation of using a
Schwarzschild BH background, the scalar bound states will
typically slowly decay in time, since true bound states can
only exist in a Kerr spacetime. However, Eq. (36) predicts
that |[M3J(w)| < 1 when My < 1 and therefore, even in
Schwarzschild, quasibound states can be very long-lived,
as already mentioned. In Sec. IV we show how this can be
explicitly seen from the backreaction induced on the
metric for a spherically symmetric quasibound state
[cf. Eq. (114)]. Therefore, in this work we will neglect
the slow decay of the cloud in our calculations and also
assume that @ ~ R (w) when considering the perturbations
induced by the point particle. While this might not always
be a good approximation over the whole inspiral of an
EMRI, especially for large Mu, this serves a good proxy
for what happens in a Kerr spacetime where true bound
states that do not decay over time exist and can be formed
through the superradiant instability. Even without this
approximation, we note that, as long as the decay timescale
Tinst = 1/|(@)| is much larger than the typical orbital

period of the point particle Ty, = 27y/r3 /M, with r, the

orbital radius, the decay of the cloud can be neglected when
computing the (orbital averaged) scalar and GW energy
fluxes emitted due to the orbital motion of the point
particle. The decay can be included a posteriori using a
flux-balance law when considering the slow inspiral of
the secondary object. This condition requires r), /M <
(27) 23 (Mp)=4-34/3,  where we took N(w)~pu.
Considering the mode with the smallest decay timescale,
£i=n; =0, r,/M <3 x10°(Mu/0.1)~*. Therefore, as
long as we consider sufficiently small orbital radii, we
can neglect the decay of the cloud for the purposes of
computing fluxes at given orbital radii. If we instead
require the cloud’s decay timescale to be sufficiently slow
such that one can neglect it during the whole inspiral we
get a stricter bound on Mu. Approximating the orbital
decay as being due solely to GW emission and using the
quadrupole formula in the EMRI limit, the typical orbital
decay is given by Peter’s formula tgw ~ 577 o/ (256M°q)
[115], where r,, represents the initial orbital radius.
Therefore, if r,o/M < 4(q/5)"/*(Mpu)=3/>~%,  the
cloud’s decay can be neglected throughout the
whole inspiral. For ¢; =n; =0 this gives r,(/M <
15(q/1073)/4(Mu/0.1)73/2, whereas for £; =n; =1
we find r,0/M < 150(q/1073)"/4(Mp/0.1)=5/2.

Finally, we should note that the metric perturbations 4,
and g,(fb) should also induce small corrections of order O(gq)
and O(e?), respectively, to the quasibound state eigenfre-
quencies (see e.g. [27,75,98,116]). These small frequency
shifts can be computed perturbatively by expanding the
eigenfrequencies as @ = 0¥ + go'? + 0 (see e.g.
Ref. [98]), where »® are the eigenfrequencies in the
vacuum BH background, whereas the frequency shifts o)

and ©® can be obtained employing a formalism similar to
perturbation theory in quantum mechanics (see e.g. Sec. [V
A of Ref. [98], and also Appendix E for more details).
However, for the purposes of computing the leading-order
power lost by a point particle moving inside a scalar cloud,
these frequency shifts can be neglected. Therefore we will
not consider these corrections here, leaving their compu-
tation for future work.

III. POINT PARTICLE IN CIRCULAR,
EQUATORIAL MOTION: LEADING-ORDER
METRIC AND SCALAR PERTURBATIONS

Using the framework presented in the previous section,
we now consider the leading-order perturbations induced
by a point particle in circular, equatorial motion around a
Schwarzschild BH surrounded by a scalar cloud, here
modeled as a quasibound state solution of the Klein-
Gordon equation in a Schwarzschild background. That
is, we will consider perturbations to the metric and the
scalar field up to order O(g',e!). As we saw above, those
are described by Eqgs. (24) and (25). Therefore, we first
need to find the metric perturbations using Eq. (24) and
then use those solutions in the source of the scalar
field Eq. (25).

A. Metric perturbations

The problem of solving Eq. (24) in a Schwarzschild
BH background has been widely studied in the literature
(see e.g. Refs. [117-121] for classical papers on the
subject), therefore let us just briefly review the main
equations here. Some additional details can also be found
in Appendixes A and B.

In a spherically symmetric background, h,, can be
expanded in a complete basis of tensor spherical harmon-
ics. Those are labeled by spherical-harmonic indices [
and m, and can be classified as axial and polar perturba-
tions, depending on their properties under parity trans-
formations [117-119]. In this basis, the metric
perturbations can be decomposed as

+o0 i .
hfg)(t, r0,¢) = Zg{{/ e—lo’t[h!at)’ilal,lm(a’ r.0,¢)

I.m

+ B (5 0, ¢)]d6}, (37)

axic . . far.]
where A" represent axial perturbations and Afy """

represent polar perturbations, and notice that here we work
in the frequency domain. The explicit form of the polar and
axial perturbations in Regge-Wheeler gauge [117] can be
found in Appendix B, see Egs. (B1) and (B2). Similarly the
point particle’s stress-energy tensor can be decomposed
in terms of the tensor spherical harmonics basis (see
Appendix A) which allows to separate the equations of
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motion. Because of the spherical symmetry of the back-
ground, polar and axial perturbations completely decouple.

1. Master equations for [ > 2

For [ > 2, polar and axial perturbations can be reduced to

two scalar and gauge-invariant master functions, ‘Pé”gl(t, r)

and W (¢, r), which can be computed from the metric
perturbations [121]. In the frequency domain, those func-
tions satisfy second-order ordinary differential equations
given by

d2
L Vy = s 69
d2

|:dr2 + 02 - Vax:| Wér)?(r) = Sé?f(r), (39)

where w7 and yi} are the Fourier transforms of Wy
and W, respectively, defined here as

—ioty, Im

pim eyl (o, r)do,  (40)

—+o0
Pol/ax(t’ r) = /_

1 [t
Vi) =z [ e (i @)

The potentials read

v FOBM? + 18AM?*r + 62°Mr? + 222(A+ 1)r?)
pol —

r(3M + Ar)? '
(42)
vaX:f<l(l:§])—6r—Af), (43)

where A= (I —1)(/+2)/2, whereas the source terms
St and Sg¥ can be found in Appendix B [cf. Egs. (B4)
and (B10)].

These equations can be solved using a standard Green’s
function approach. Namely, for equations of the type (38)
and (39) we can construct two independent solutions of
the homogeneous part of the equations, which satisfy the

following boundary conditions (using the notation in
Ref. [122]):

p/a e—io’r*’ r— 2Ma (44)
Vin Bfn/cae_””* + Bfe/fae’”’*, r— o0,
p/a_—icr, p/a icr, M

yifp — § G G = 2l
e'ors, r — 00,

where here the superscripts “p” and “a” refer to a solution
to the (homogeneous) polar and axial master equation,
respectively, and one should remember that there is an
implicit dependence on / and m. The Wronskian of these
two solutions is constant and given by

Ay vl

W(W?n/a’ l//gl/)a) dr Yin dr Yup = 2igB,p/a

(46)

With these ingredients one can then construct a solution to
Egs. (38) and (39) which behaves as a purely outgoing
wave at infinity and purely ingoing wave at the horizon:

a /a
NG / Wi () Spoya(7)
2

l//OEIXr_
T M (]

v (r) /oo W () Spot/ax ()
w r f(rl)

For circular orbits, the functions S/« (7) only contain
terms proportional to Dirac delta functions 6(r —r,,) and
derivatives of it (see Appendix B). Therefore the integrals
can be easily computed analytically (derivatives of the
Dirac delta function can be dealt with by integrating by
parts). Notice in particular that this allows to rewrite the
integrals as

p/a p/a
/r Vin Spol/ax dr — ®(r _r >/°° Yin Spol/ax dr
— = » — s
2 2

+ dr'. (47)

M f M f
p/a p/a
% Yy Spol/ax % Yup Spol/ax
/ Yo Ppolfax s o(r, - r)/ Vb Ppol/ax s
r f 2M f

(48)

Once solutions for 7 (r) and i (r) are obtained, the
metric perturbations can be reconstructed in a given gauge.
Explicit equations to reconstruct the metric perturbations in
the standard Regge-Wheeler gauge, which we use through-

out this work, are given in Appendix B.

2. Monopolar 1=0 and dipolar l=1 perturbations

To complete the computation of metric perturbations we
also need to consider modes with / = 0 and / = 1. Those
modes do not contribute to the gravitational radiation that
travels towards future null infinity and the BH horizon,
however they need to be included for a complete descrip-
tion of the metric perturbations. For a point particle moving
in a Schwarzschild BH they were first computed in
Ref. [119] in a particular gauge that we shall call the
“Zerilli gauge” following Ref. [123]. In what follows we
will mostly use the Zerilli gauge in which the solutions take
their simplest form. For other possible gauge choices see
e.g. Ref. [123]. Since we will need them for later use, let us
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briefly review the solutions in the case of a point particle in
circular, equatorial motion in Schwarzschild.*

a. Monopolar perturbations. Monopolar [ = 0 metric
perturbations are purely polar as can be easily inferred
setting [ = m = 0 in Egs. (B1) and (B2). In this case, the
Zerilli gauge can be obtained from Eq. (B1) by setting the
polar functions H/=(r) = 0 and K'=°(r) = 0. Following
Refs. [119,120], we find the following analytical solution
for the functions H}™(r) and HS°(r) [123]:

V16x(r, - r)E

H(r) = H(r) = 2M) O(r—r,), (49)
HISO(r) = %@@ . (50)

where E = m,(r, —2M)/\/r,(r, —3M) is the particle’s
conserved energy, ®(r — r),) is the Heaviside step function
and we recall that m, is the mass of the point particle. It is
easy to check that in the region r > r,, the perturbed metric
simply describes another Schwarzschild geometry with
mass M + E [119,123].

b. Dipolar, polar perturbations. Dipolar [ = 1 metric
perturbations exist both in the polar and axial sector. In the
polar sector, the Zerilli gauge corresponds to setting
K'='(r) =0 in Eq. (B1). In the frequency domain, the
solutions found in [119] can be written as

87E(r, —2M)
3Mr(r—2M)
x (M =r6*)®(r—r,)é(c —mQ,), (51)

Hi~ (r) = Y7,,(x/2.0)

8xEr(r, —2M)
W
x O(r — rp)é(a — me), (52)

H'=(r) = iY3,,(%/2,0) c

87Er(r, —2M)
W
X O(r—=r,)6(c —mQ,), (53)

Hy(r) = Y},(x/2.0)

where Y, (0,¢) are scalar spherical harmonics and
Q, ==+/M/r; is the particle’s orbital frequency,

with the plus (minus) sign corresponding to prograde

*Zerilli’s original work [119] has some sign errors as noticed
in [120], so to verify our computations we checked that our
solutions reproduce the ones shown in Ref. [123]. When
comparing with [123] we should also remember that all solutions
we show are in the frequency domain.

(retrograde) orbits.” As discussed in Ref. [119], for
r>r,, the resulting perturbed metric represents a
Schwarzschild solution expressed in a noninertial coordi-
nate system, and therefore one can find a gauge in which
the perturbations vanish in the region outside r =r,.
However, as emphasized in Ref. [123], the perturbations
in Egs. (51)—-(53) are not pure gauge because of the
presence of the particle at r = r,.

In fact, as shown in Refs. [119,123] one can find a gauge
in which the polar / = 1 metric perturbations can be set to
zero everywhere except at r = r,,. In this gauge, which we
shall call the singular gauge following [123], the dipolar

polar

component of &y, takes the form

0 Hi(r)Ylm O 0
hpolar,l:l _ * H%(F)Ylm ”Ai(r)aé)ylm 77‘{(?)5(/;Y1m
- * * 0 0 ’
* * * 0

(54)

where the superscripts “s” emphasize that these quantities
are in the singular gauge, asterisks represent symmetric
components and Y, == Y,,(0,¢). Under this gauge the
radial functions are given by [123]

HI(r) = i, (1/2.0) 4”’5’E"5(r — r,)8(6 — mS,).
(55)
8xriE
H5(r) =Y, (7/2,0) Mé(r —1,)8(c —mQ,),
(56)
B = Vi (/2.0 2 2E 5 50— me,). (57)

3IM

One can verify that plugging these expressions in Eq. (37)
reproduces Eqgs. (5.8)—(5.11) in [123]. As we shall discuss,
we will use both the Zerilli and singular gauge to check the
consistency of some of our results when computing the
(gauge-invariant) scalar fluxes.

c¢. Dipolar, axial perturbations. Finally, for complete-
ness, let us also discuss / = 1 perturbations in the axial
sector. The Zerilli gauge for these perturbations can be
found by setting A~ (r) = 0 in Eq. (B2) and the only free

In a vacuum Schwarzschild BH, the distinction between
prograde and retrograde orbits is purely conventional, given that,
in a spherically symmetric spacetime, observables cannot depend
on the direction of the orbit. However, this distinction becomes
relevant when including a rotating environment, as we do below.
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function is therefore il~!(r). Following Refs. [119,123] we
find that it reads

8xL 8rLr?
K=l = |—/—0O(r - ® —
Sy = ™ (r )+ 3r?, (r,=r)
x 8(0 = mQ,)0pY},,(6.0) |5y 2. (58)

where L = m,/Mr,/(1 —3M/r,) is the particle’s con-
served angular momentum. As discussed in [119,123] this
perturbation describes the shift in the spacetime’s angular
momentum that occurs at r = r,, due to the presence of the
point particle.

3. Gravitational-wave flux

The metric perturbations computed using the procedure
above can be used to analyze the gravitational radiation
emitted towards (future null) infinity and the BH horizon
[121]. As already mentioned, only the modes with [ > 2
contribute to this radiation. The procedure to compute the
energy and angular momentum fluxes can be found in
Ref. [121], therefore here we only provide the main
equations. The energy flux at infinity £ and at the
BH horizon E%" can be written as

E"g,H/OO = E%/oo EI;—;)/loo’ (59)
where
. 1 (I+2)!.. 2
pol/ax __ Im
B = I oar — (1-2)! ‘ porjas| + (60)

2

. 1 =)
pol/ax L Im
EH - VEEHM64” -~ (l _ 2)! ‘quol/ax

(61)

For circular orbits, the computation simplifies considerably
since the source terms in Eqgs. (38) and (39) can be
factorized as Spqj/ax = Spol/axé(o— —mL,), where Q, is
the particle’s orbital frequency. Therefore the solutions
computed using Eq. (47) can be similarly factorized and
one finds that |l (t,r)]> = (mQ, )2 (M2, 7)
after using Eq. (40). In addition, for circular orbits, one
finds that polar (axial) perturbations are nonzero only for
modes for which the sum [ + m is even (odd).

Finally, we note that angular momentum fluxes can be
similarly computed [121]. For circular orbits those can be
easily obtained from the energy flux through the rela-
tion LI = E‘J/Qp.

B. Scalar perturbations

At order O(q', €') the only equation one needs to solve
to describe perturbations to the scalar field configuration is
Eq. (25). This equation reduces to a Klein-Gordon equation

with a source term that depends on h,(,(,)) and ®V). To find
solutions for @), we follow Ref. [29]6 and decompose
the perturbations as

2rZ/ ZI] Yfm(9¢) —iot

Cjom;

(2, (0. e e (62)

Using this Ansatz in Eq. (25), together with (28) and (37),
we find that the resulting equation can separated into
two independent pieces, one that only contains factors of
e~!(et®)t and another piece that only contains factors of
e'(e=®)t Equating each of these pieces to zero allows to find

. . £im;
the following equations for Z/"/:

a 2 f mj
Z Yf/’”.f dr? +(@+o) - Zslm’ (63)
£ *

where

Vi(r) = (1 —ZTM) (/H@ﬁ_fg), (64)

r

the source term S, is schematically given by

Im

S?;n(rv 0, ¢> = le(")Ylef,m,-
Ylef m;
P yimyGm 4 L4
Pl )< o T e s1n29
Ylm Yfimi _ Ylm Yf;mi
A (1) = (65)

sin @

whereas S, can be obtained from Eq. (65) by doing the
transformation {@,Y¢ . R, s} = {-®.Y;, .R; ; }. Here

the radial functions P,,,, P,,, only depend on polar func-
tions whereas A;,, only depends on axial functions. Their
explicit form can be found in Appendix C.

Let us first focus on the equation for fo’mj . In order to
separate the angular part in Eq. (63), we project it onto the
basis of scalar spherical harmonics. Namely, we multiply
Eq. (63) by Y7,,, and integrate over the solid angle. Using

the orthogonahty properties of the spherical harmonics, we
find one radial equation for each pair of angular numbers
{¢%,m’;} with a source term that contains the following
integrals:

®Note that slightly different Ansdrze for the metric and scalar
perturbations can be found in Refs. [124—126]. These Ansitze are
ultimately equivalent to the ones used in Ref. [29] that we here
follow.
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7L
'Pm] mm; = /dQYf/ 'Ylefm y (66)
P ’nf = / Y (67)
Aij [nfm = /dQY;,m, leYf " ab (68)

where we defined y** = diag(1, 1/ sin? @) and introduced
the polar, Y"(6, ¢), and axial, S/ (6, ¢), vector spherical
harmonics, given by

YIr(0.0) = (¥l Y'p) (69)
@
Im I : Im
X(8, §) = ( Lo sin eyﬁ). (70)

For the equation that Zi" M satisfies, the same procedure
can be done and we find integrals in its source term that can
be obtained from the ones above by replacing Y, by its
complex conjugate Y, . To simplify the notation below
we relabel {£, m'} — { Mt
As we discuss in Appendix D, the integrals (66)—(68) can
be computed explicitly in terms of the Wigner 3-j symbols
that satisfy known rules (see e.g. Chapter 34 in Ref. [127]).
In particular, we find that these integrals vanish unless they
satisfy the following selection rules:
i) tm;+m—m;=0;
(i) |£;=¢| <ILC;+C;
(i) £; +¢; +1=2p with p€e€N for the integrals (66)
and (67);
(iv) Z;+¢;+1=2p+1 with peN for the inte-
gral (68).
In the first selection rule, the + and — signs correspond to
the selection rule when considering the equations for Zi"’m"

and 22", respectively. In particular, when #; = m; = 0,
we trivially find that #; = [ and m; = m and only the term
proportional to Py, (r ) contnbutes to the source term of
the radial equations. Therefore in the case where the
Schwarzschild BH is surrounded by a spherical cloud,
the scalar field perturbation ®(%!) does not couple to axial
perturbations. In fact, for a spherical cloud, this seems to
remain true also at higher orders in €. We will show this
explicitly in Sec. IV by computing axial perturbations up to
order O(e?) when #; = m; = 0. On the other hand, for the
quasibound state #; = m; = 1, one finds that m; = m + 1
and from the selection rules it follows that a scalar
perturbation with angular number ¢; couples to gravita-
tional polar perturbations with angular number [ = ¢; & 1
and to axial perturbations with angular number [ =7,

J
Finally, we note that from the resulting radial equations

. . £im;
and the selection rules we can infer that Z~" (o;r)* =
Cj—m;

(-nHymz),
will only need to compute Zi/'mf .

In summary, this procedure allows us to obtain an
ordinary differential equation for each pair {#;,m;} of
the form

/(—o; 7). Therefore for practical purposes we

d2

Tt (@) -v,|ZIM =8N, ()
where the source term is given by
() if £, =m; =0:
<0 £:.£:.0
S"{.fﬂ(r) - ml,-,n/z,-,opf,-mj(’”ﬁ (72)

(i) if £, = m; = 1:

<l £il1
Spa(r) = [ij 1 Pin(r) (81,1 + 812,41)

il o
+ P ot Pin () (Breo1 + 61,41)

¢l
+ Am m lAlm(r)(Sl.f]} 5m.mj—l . (73)

Based on the selection rules above, similar expressions
can be derived for other values of {¢;, m;}, but we do not
write them explicitly since we only consider the cases
;i =m; =0 and £; = m; = 1 in this paper. We also note
that, from the orthogonality properties of the spherical

YOO = 1/\/471'.

As done in the case of metric perturbations, solutions to
Eq. (71) can be found using a Green’s function approach. In
this case, however, the asymptotic solutions at infinity will
depend on whether w% — y? > 0 or @ — p* < 0, where we
defined w, = @ + 0. If @} —p? > 0, one can construct
one solution that behaves as an outgoing wave at spatial
infinity and a second that behaves as an ingoing wave at the
horizon (in the following we omit the superscript {£;, m;}
for convenience):

. L0
harmonics, we have that P,/ ") =
A

eI+ r— 2M,
Zin i . . (74)
Ae'ksrpve 4 Bemthirte - r 5 0,
Cel®+" 4 De~o+r p 5 2M,
Zy = { , (75)
etkeripmvs r— oo,
where k., =sgn(w,)\/wr —p* and v, = —iMu?/k..

Here the sign function sgn(w, ) ensures that Z,, describes

"This follows from using Y7 o, = (-1)"Y;, _,, and the
symmetries of metric functions outhned in Appendlx B.
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an outgoing wave at infinity. On the other hand, if
—u? < 0, no waves can propagate to infinity. In that
case we require Z,, to be regular at infinity, in which case

we set k, = \/w? — p? in Eqgs. (74) and (75), such that
Zyp ~ eTVH T v gt infinity. The solution to the

inhomogeneous equation with appropriate boundary con-
ditions is then given by

Z+(}’> _ Zup(r) Ar Zin<r/>‘§(r,> dar

W o f(F)

Zin(r) w()8(r)
+ W 1 70 dr, (76)

. ~ il
where to ease the notation we defined S(r') := S m, (r)
and the Wronskian is now given by

W(Ziy, Zyp) = 2ik,.B. (77)

From Eq. (76), one infers that for circular orbits the radial
Z"s(o-Q),
where Q)7 = (m; F m;)Q, according to the selection rules
mentioned previously. This follows from the fact that
all metric functions inside the source term of Eq. (71)
can also be similarly factorized (see Sec. III A). Notice the
symmetries Q" = —Q. In the particular case m; = 0,
one also has Q" = =0

In order to compute the integrals in Eq. (76) we notice
that, once we get the metric perturbations using the
procedure shown in Sec IIT A and Appendix B, one can

: . £.m;
functions Z_. can be factorized as Z,/"/ =

separate the source S (r) in different factors that depend
on either 5(r — r,,), 5’( ), ®(r—r,)or@®(r, —r). We
therefore separate the integrals in Eq. (76) into different
pieces, where the terms involving the Dirac delta function
and its derivative are integrated analytically, whereas the
terms containing the Heaviside step functions are instead
integrated numerically using Mathematica’s built-in func-
tion NDSOLVEVALUE (see also Sec. III C below for more
details concerning the computation of those integrals).
As a final note of caution, we remark that in the case in
which 7; = ¢; and m; = m; one should be careful when
solving Eq. (71), because (76) is ill defined when ¢; = ¢;
and m; = mi,s Le., if we naively set @ = @, z,,, to be the
eigenfrequency of the quasibound state as computed in the
Schwarzschild BH background, then the Wronskian (77)
identically vanishes when ¢; = ¢;, m; = m; and ¢ = 0.

¥Notice that this also 1mplles that the solution only has support
at g = 0, given that Z0m = 75 (6).

This just follows from the fact that, in this case, the unique
solution to the homogeneous part of Eq. (71) is simply the
eigenstate rR,, »,, which satisfies the boundary conditions (34)
and therefore B'= C =0 in (74) and (75).

As we anticipated in Sec. IIC, the usual approach to
circumvent this problem is to expand the eigenfrequencies
as o = o —|—qw<‘1> [98], where we remind that here
w¥ = @y.zm, corresponds to the eigenfrequency in the
background Schwarzschild BH. In Appendix E we show
that by doing this expansion, Eq. (71) with £; = ¢; and
m; = m;, can be used to compute 9. Obtaining this
frequency shift is an interesting problem on its own, but
here we will not compute it, since it does not affect the
leading-order power lost by the point particle due to
scalar radiation.

1. Scalar energy and angular momentum fluxes

In addition to GW emission, the scalar field perturbations
will also contribute to the total energy and angular
momentum radiated towards infinity and towards the BH
horizon. The energy and angular momentum fluxes can
be computed using the scalar field’s stress-energy tensor.
Assuming a Schwarzschild BH background, the (orbital-
averaged) energy flux towards infinity and at the horizon
are given by [29,110,128]

E* =~ lim /2 / QTS e, (78)
E®H = = lim 4M? / dQT & I, (79)

where f’(‘ 5= 0/ dt is the Killing vector field associated with

the BH metric’s invariance under time translations and /# is
a null vector, normal to the horizon. The flux of angular
momentum along the z direction is instead given by

Lo — 1ir+n r / QT ,5”) (80)
Lo = — lim. am? / dQT &, (81)

where .f’(‘ 5 = 0/d¢ is the Killing vector field associated

with the axisymmetry of the BH metric.

In order to compute the scalar fluxes let us make some
remarks about the approximations we employ: (i) following
Ref. [46], one can show that Egs. (79) and (81) predict that
at order O(q", €?) one gets a horizon flux term proportional
to €23(w), related to the slow decay of the background
quasibound states @), which occurs even in the absence of
the point particle (see Sec. II C and also Sec. IV where we
show this explicitly for the case of a £; = m; = 0 quasi-
bound state). As already mentioned, throughout this work
we neglect this decay. However, its inclusion can be done
in a straightforward manner by just adding an additional
term in the horizon fluxes computed below; (ii) in general,
the stress-energy tensor (4) also contains cross terms that
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involve 0®(¢1)gd()* (and the complex conjugate of such
terms). At spatial 1nf1n1ty these terms do not contribute to
the fluxes, given that ®(!) decays exponentially there. On
the other hand, at the horizon, one needs to deal with
these cross terms more carefully. If #; # £; or m; # m;,

cross terms of the type dd®(@!)od()* end up vanishing
after integrating over the solid angle, due to the ortho-
normality properties of the spherical harmonics. For
£;=1¢; and m; = +m; instead, one needs to consider
how the cross terms coming from Z, and Z* in (62) affect
od@Dod()*,  separately. If ¢;=¢; and m;=m;
(mj = —m;), cross terms related to Z* (Z,) end up not
contributing to the fluxes since they vanish after integrat-
ing over the solid angle. On the other hand, if 7; = 7;
and m; = m; (m; = —m;) the terms in ®a-) coming from
Z, (Z%) are related to static perturbations (i.e. they have
o = 0) of the scalar cloud profile and do not contribute
directly to the power lost by the point particle at
leading order, therefore we will not consider those terms;
(iii) if we use Egs. (78)—(81) with T® computed in a
Schwarzschild background and with @& = e®() +
eq®V), up to order O(e?,¢%), we are actually also
neglecting  terms  that, schematically, involve

h oo+ and 1Y 9@ ad(* (and complex con-
jugates). The terms of the type h,(w)dtb( )ad(D* oscillate

with frequencies e’ and therefore average to zero under
an orbit average of the fluxes. On the other hand, terms of

the type h( )0<I>(‘1 Dod()* contain nonoscillating pieces
that cannot be averaged to zero, and that, as far as we
could check, do not vanish when integrating over the
sphere, given that they essentially involve integrals over
three harmonics of the type discussed above. While one
can argue that these terms can be neglected at infinity,
given that ®() is exponentially suppressed there, at the
horizon in principle they should contribute, since none of
the fields vanish there. We leave a more concrete under-
standing of this issue for future work, and make the
simplifying assumption of only computing the part of the
fluxes that are quadratic in ®(@1,

In summary, for the purposes of computing the fluxes
related to the scalar perturbations @41, we will simply use
Eq. (4) computed in a Schwarzschild BH background, with
® — o), Therefore, at leading order, the fluxes related
solely to scalar perturbations will be of order O(g?, €?)
since they involve terms quadratic in @4 [see Egs. (8)
and (22)]. In order to simplify the notation, in the following
we will absorb the factor ¢%¢? inside the definition of ®(¢-),
however one should keep in mind that all expressions we
show below are proportional to g*e?. After performing the
integration over the solid angle, one can also see that
the fluxes can be separated in different modes, due to the
orthonormality properties of the spherical harmonics, with

the total flux simply obtained by summing over all modes,
CD oo/H
E(I)OO/H Zf Jm; f!mj/ '
Inser[ing Eq. (62) in Eq. (78), and using Zf’m" =
Z. & "5(c — Q) we find that the energy ﬂux for a given

mode {¢;,m;} at infinity is given by (291"
.o +Q m, 2
R NN e Y
e .
+%m[ (@ - o) -] 22" @)
(82)

where here one should compute Zi’m’(ﬂi) in the limit
r — oo. Similarly, after using Eq. (79) for the flux at the
horizon we find

?/nl;]] :%’Zi’m’(gﬂ‘z
(o —ZQ_) ‘Zf,-m.f(g ) (83)

where now Zi‘/m’ (€. ) is computed in the limit » — 2M. On
the other hand, the angular momentum fluxes are given by

D, 00 m; 5 m; 2
Lz‘mj = 7js+m[\/ (Q + o) _/“’2} ‘Z+ (Q+)’

=Zsm]\J@ -2 - @] |72 @
(84)
m; ~lm 2
L2 =S+ 0,)|Z0" @)
-Fe-a)Zmef. @)

where, for convenience, we defined s, = sgn(w + Q. ).

In order to understand how the scalar radiation affects the
secondary object, one needs to take into account the fact
that scalar perturbations should also affect the scalar cloud
configuration. Here we follow the arguments of Ref. [29]
where a similar problem was studied but for the case of
boson stars. To compute the rate at which the total mass of
the scalar cloud M, changes due to the motion of the point
particle, we use the fact that M, is related to the cloud’s
Noether charge by M;, = w(Q, and similarly for the cloud’s
total angular momentum J, = m;Q (see Appendix F for a
proof of these relations). Using these relations we can
compute the rate of change of the cloud’s mass and angular
momentum using

"°For convenience, in the following we drop the superscript m;
1nQi,1e Q. _Q '
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Mb :(I)Q, jb :m,’Q. (86)
Notice that here we have neglected accretion onto the small
secondary object [32], which would add a term in the right-
hand side of the equations above related to the rate of
change of the mass and spin of the secondary. For very
small mass ratios we expect this accretion term to be
subdominant [32], however an accurate evolution of the
orbits should include it, as done in Ref. [32]. Using the fact
that the current given by Eq. (5) is conserved, one can use
the divergence theorem to compute the rate of change of the
scalar charge 0 [29]:

0= = — lim 7 / d9Qj,. (87)
YH 1 2 . m
0 rg%4M /dQ]”l . (83)

Plugging the Ansatz for the scalar perturbations in those
expressions, and making again the same approximations
mentioned below Eq. (81), we find [29]

1 m,
—Esﬁ[,/(m @)% — 2 ”z"” j +)’2

oo _
inm./ -

— %s_?)f[ (Q_ _ w)z _‘uz} ‘Z_jmj(g_) 2’ (89)
.?jmj - _@ ~ijmj(9+)‘2
(wig‘z—m’(ﬂ )| (90)

where again it is implicitly assumed in these expressions
that Z,, should be computed in the limit » — co (r — 2M)
when computing 0% (Q™).

Given the fluxes computed above, we are now interested
in understanding how those are related to the energy lost by
the point particle. Under an adiabatic approximation, and
by conservation of the system’s total energy and angular
momentum, we expect that the particle’s energy E and
angular momentum L will change according to [29]

dE . . . .

— = —FE9%® _E9H _ psoo _ psH (91)
dt

dL . . . .

E = 9% _ Lg,H — 5% _ LS’H, (92)

where E9°/H and L9/ are the GW energy and angular
momentum fluxes at infinity and at the BH horizon,
respectively, and we defined

Es ,oo/H __ ECI> o/H + a)Qoo/H (93)

LS woo/H =12 oo/H 4+ m; Qoo/H (94)
The quantities E* = ES® + ESH and L* = L + LH
represent the total rate of change of the energy and angular
momentum of the point particle due to the presence of the
scalar field configuration. In particular, 5% is equivalent
to the ionization power computed in a Newtonian approxi-
mation in Refs. [32,33,37] and can also be thought as the
power lost due to dynamical friction [29,37,77], whereas
we will see later that E5 encodes information about the
resonant transitions between different states of the cloud
considered in Refs. [27,28]. For lack of a better name, we
will often times simply refer to E® as the scalar power.
Using the expressions for the fluxes derived above we find

18,00 Q fm, 2
By, = s [ \/(@ + ) - p2][20 +>]
Q im;
—T‘S_m[ Q- w) —ﬂ} 7%
(95)
. Q m
By == (0+Q, ‘Zf +)‘2
Q
- (w-2 ‘z O (96)
and
5,00 fmj 2
Eom; = 2+s+$ﬁ[\/(£2 +w) —,u”Z +)‘
-—5 Wi[ (Q_—w) —y}
(97)
LA =T+ 0|20 @)
me_ fm] 2
- w-e)iZZm@)f (98)

where my =m; F m;. In practice, we can use the
symmetries QY =-Q™  and |Zf QP =
|Z (O )|2 such that only Z, needs to be computed.
In addition, we note that these symmetries also imply that
E}fmj = E}j_mj and L';jmj = L';j_mj. For circular orbits, we
also find that the source terms of Eq. (71) vanish for modes
in which the sum #; + m; is odd. Therefore those modes do
not contribute to the scalar power.

We also notice that when m; = 0, the scalar power E* is
invariant under a transformation €2, - —Q,, correspond-
ing to changing from prograde to retrograde orbits, whereas
the rate of change of the angular momentum L° changes
sign under this transformation, as one would expect
for a point particle moving in a spherically symmetric
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environment. On the other hand, if m; # 0, this symmetry
is broken. In this case retrograde and prograde orbits"!
need to be considered separately, in agreement with
Refs. [27,32,37].

As a final note, let us make the remark that for simplicity
we have focused on the case where the cloud is composed by
a complex scalar field. For real scalar fields there is nothing
equivalent to the Noether charge and therefore our setup
would need to be modified. However, we conjecture that our
formulas for the scalar energy loss should still apply to real
scalar fields in an averaged sense. We expect that the main
difference for a real field is the need to include an additional
term in the total energy and angular momentum loss budget,
Egs. (91) and (92), describing the slow decay of the cloud
due to the emission of GWs by the cloud itself [50,129,130],
as done for example in Refs. [76,82,83,85].

C. Numerical procedure and results

In order to compute the scalar power for a point particle
in circular, equatorial motion, we have implemented the
procedure described above in a Mathematica code, con-
sidering the particular cases where the background scalar
field is either a spherically symmetric £; = m; =0 or a
dipolar ¢; = m; =1 cloud. We also consider that those
clouds are in the fundamental state n; = 0. To find the

solutions v/ Jup A0 Zig
corresponding homogeneous differential equations, requir-
ing that they satisfy the boundary conditions outlined in
Egs. (44), (45), (74), and (75). The numerical domain is
restricted to the range r€[2M(1 +¢€y),ry] where, to
achieve good enough accuracy, €, < 1 and r, typically
extends up to many wavelengths, i.e. r0 > 1 for metric
perturbations and ry|w,| > 1 for scalar perturbations.
Numerically integrating over such a large domain becomes
however impractical when @2 — u? < 0, as first noticed in
Ref. [126]. When % — p* < 0, the scalar perturbations are
exponentially suppressed [cf. discussion below Egs. (74)
and (75)], and therefore in that situation it becomes
unfeasible to numerically integrate the scalar perturbation
equation up to scales much larger than 1//u* — @’ This
sets an upper limit on the value of r that can be used in
this case [126]. Results shown here were typically obtained
with €, = 107 and r, = 3000/ for metric perturbations.
On the other hand, for scalar perturbations, we used
Foo = 3000/|w.| if @} —p*>0 and r, =50/k, if
w? — p? < 0. Notice that very close to the transition point
when @2 — u? ~ 0, it becomes extremely challenging to
compute the scalar power accurately, since one needs
to use very large r,,, therefore we jump over the orbital
radii for which @3 — u? ~0 and assume that the scalar

we numerically integrate the

"Here prograde (retrograde) means that the orbit rotates in the
same (opposite) direction of the cloud’s rotation.

power changes smoothly as we approach that point
from either side.

Following previous work (see e.g. [36,126,131]), in
order to reduce numerical truncation errors, we use a
series expansion for the boundary conditions at the horizon
and at infinity, namely,

Vi (r = 2M) = e S ar—2M), (99)
i=0

y Typ b.

p/a — ,tior, _t

Wip (r > ) =e e
i=0

(100)

Mip

Zin(r = 2M) = e7 "> " a(r—2M)",  (101)
i=0

fyp 7

. b:
Zuo(r = 00) = etikirpmvs E -
up 7 ’
i=0

(102)

where we typically include up to ten terms in the series
expansions. The coefficients (a;, b;, @, Ei) are obtained by
inserting these series expansions in the homogeneous
equations and solving them at each order in (r —2M) or
1/r and fixing the zeroth-order coefficients ay = by, =
Gy = by = 1. We also use a series expansion of the type
shown in Egs. (100) and (102) to describe the asymptotic

behavior of w?* and Z,, at r, [cf. Egs. (44) and (74)]

m
which are used to extract the coefficients Bfn/ca and B. Those
coefficients are then used to compute the Wronskians
according to Egs. (46) and (77).

The integrals appearing in Eq. (76) are computed within
the same numerical domain we mentioned above when
discussing scalar perturbations (at least for the pieces in
those integrals that need to be evaluated numerically). Here
we should remark that the integrands can extend up to the
horizon when the source term of Eq. (71) contains metric
perturbations with [ > 2.'? Given that the integrand also
depends on the radial function R, . and its first derivative
(see Appendix C), there is a very mild divergence at
r = 2M due to the fact that R,, ,, diverges extremely slowly
when approaching the horizon [see Eq. (34), and remember
that J(w) < 0]. Therefore, in principle, one would need to
implement some regularization procedure to perform such
integrals. Similar nonconvergent integrals are commonly
found in calculations involving quasinormal modes and
different regularization procedures have been proposed in
such cases (see e.g. [98,132-136]). We did not attempt at

When the source term contains metric perturbations with
[ > 2, the integrands in Eq. (71) involve terms that are multiplied
by O(r, — r). Therefore those terms have support up to the
horizon.
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implementing a regularization scheme in our case, since
we always have M3J(w) < 1 for the values of My we
considered here. Hence, the divergence of R, , when
approaching r — 2M is sufficiently mild such that, in
practice, R, . can be considered approximately regular

since it behaves as ~e =™ (@) yp to reasonably small values
of ¢;,. Therefore we checked that, for the values of My and
the multipoles of the scalar power that we considered (see
results below), our results are indeed stable when varying €,
between ~[1072,1075],"” indicating that good convergence
is obtained within that range.

We also checked that the results are stable under
changes of the numerical infinity r,, and that our code
reproduces the GW fluxes available in the Black Hole
Perturbation Toolkit [137]. The results shown below were
obtained using the Regge-Wheeler and Zerilli gauges for
the metric perturbations, however, to check the robustness
of our results we also checked that, for the cases where a
comparison is possible, our results do not change when
using the singular gauge for / = 1 metric perturbations (see
Sec. III A), which further supports the robustness of our
results. This is discussed in Appendix G.

We should also mention that since M,/M « €2, it
follows that the scalar power scales linearly with M, /M.
Therefore we normalize all the results for the scalar power
by M, which we compute using Eq. (F3) in Appendix F.
The requirement that the scalar cloud only affects the
geometry perturbatively, i.e., e/®)| < 1, implies that
our approximation should be formally only valid when
M,/M < 1. We do note however that, even for My = 0.2,
the largest value of Mu we considered, we find that for a
cloud with total mass M, /M ~ O(1), the maximum scalar
amplitude is e|®)| ~ O(1072) in the case of spherical
clouds and €|/®"|~O(1073) for dipolar clouds."
For smaller values of My, one obtains even smaller
values for |®(!)|. Therefore we expect that our perturbative
results should be a very good approximation even
for M;,/M ~ O(1).

1. Results for €;=m;=0

Let us first discuss the case in which the background
scalar cloud is spherically symmetric. Our main results are
summarized in Figs. 1 and 2.

Figure 1 shows the multipoles {¢;,m;} that contribute
the most to the scalar power E¥, for a cloud with Mu = 0.2
and considering both the power at infinity and the horizon
[cf. Egs. (95) and (96)]. Several features should be

BFor #; > 0 the lower end of this range can be pushed even
further down while still obtaining stable results, given that J(w)
decreases very quickly with Z; [cf. Eq. (36)].

These numbers were obtained by numerically evaluating
Eq. (F3) and agree quite well with estimates using Newtonian
approximations, see e.g. Eqs. (11) and (24) in Ref. [95].

103 g ‘ ‘
1074¢
(e S —
10-6F ...‘..—.‘—_—~_-
107

—— q A (My/M)TES
1078k g2y
1079 a2 (Mp/M)ESS

““““““ a2 (M /M)
10710 b Y

10 20 30
ro/M

FIG. 1. Contribution of the most important multipoles {#;,m;}
of the scalar power at infinity £} and at the horizon E;;;[nj, asa
function of the orbital radius r,/M. We consider a spherically
symmetric ¢; = m; = 0 background scalar cloud in the funda-
mental state n; = 0, with My = 0.2. We take orbital radii ranging
from 7, = 50M up to the ISCO radius riy°© = 6M.

highlighted: (i) for small orbital radii, the main contribution
to E* comes from the dipolar # ;= m; = 1 mode, with the
power emitted towards infinity contributing the most to the
energy loss budget; (ii) for r,/M 2 35, the £; =m; = 1
multipole does not contribute to the scalar power at infinity.
This occurs because the terms inside the square roots of
Eq. (95) become negative, i.e. forr,/M 2 35,£; = m; = 1
modes cannot propagate towards infinity because
(Q. £ w)* —p? <0. In particular, for £, =m; =1, we
find that (Q_ — w)? — u? < 0, all the way up to the inner-
most stable circular orbit (ISCO) radius, rH° = 6M,"
whereas (Q, + w)? — > < 0 only when r,/M % 35. For
larger values of m;, the same happens but at larger values of
r,/M than what is shown in Figs. 1 and 2. When summing
up all the modes (left panel of Fig. 2), this leads to
characteristic sharp features in the power lost towards
infinity £%%, as first noticed in Refs. [32,33,37]; (iii) the
contribution to E* due to absorption of scalar waves at the
BH horizon is almost always subdominant, except at
specific orbital radii corresponding to orbital frequencies
such that eigenmodes of Eq. (71) are resonantly excited.
Specifically, for a cloud with generic quantum numbers
{n;, ¢;, m;} these resonances should occur at an infinite set
of orbital frequencies (that we label with n;) given by

Ql’lj . Si(a)nl-fjm]’) :F gt(a)l’l,f,m,)
? m; £+ m; 7

(103)

The adiabatic inspiral regime, which we are assuming in our
calculations, is only valid up to a transition regime in which the
orbit gradually changes from an inspiral to a plunging regime. For
quasicircular orbits this transition regime starts approximately at
aradius 7y /M & Figco/M + 3¢*° [138], which can be taken to
be the radius at which the inspiral ends.
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FIG. 2. Total scalar power at infinity £5% (left panel) and at the horizon E*# (right panel) as a function of the orbital radius r,/M for
different values of My, when considering a spherically symmetric £; = m; = 0 background scalar cloud in the fundamental state n; = 0.
The solid black lines show the GW flux in the absence of a scalar cloud at infinity and at the horizon, as indicated in the figures.

where the minus and plus signs are the resonances due to
the term that depends on Z, and Z_ in the expression for
the fluxes [cf. Eq. (96)], respectively, and we recall that
®,zm corresponds to an eigenfrequency of the Klein-
Gordon equation with quantum numbers {n,#,m} (see
Sec. II C). For the results shown here only the resonances
related to Z, are important, since the ones associated to
Z_ occur at frequencies above the ISCO frequency. Using
an analogy with the hydrogen atom, these resonances
were first discussed in [27,28] in the context of clouds in
the Newtonian regime. Analogous resonances were also
found in Ref. [126] in the context of EMRIs around boson
stars and in [101,139] in the context of scalar-tensor
theories of gravity. The widths of the resonances typically
scales with [M3(w, )| [101,102,126,139] and are
therefore expected to be extremely narrow in the small
Mu < 1 limit [cf. Eq. (36)]. According to Eq. (103), the
first three n; = {0, 1,2} resonances for a cloud in the state
n; =¢; =m; =0 should occur at orbital radii r,/M ~
{40.56,36.93,35.84} for the £; = m; = 1 scalar power."®
This is in excellent agreement with what we find in Fig. 1.
Notice also that in the high n; limit, one has Eﬁ(a),,/jm/_) -
w [cf. Eq. (35)], so resonances with increasingly larger n;
tend to accumulate close to a given radius (in this
case r,/M ~ 35).

The total scalar power when summing over different
{¢;,m;} modes is shown in Fig. 2, where we show the
results for several values of Mu. We consider both the
scalar power at infinity (left panel) and at the horizon (right
panel) and, for reference, we also compare the results to the
(vacuum) GW flux at infinity and at the horizon (solid
black lines).'” When computing the total scalar power we

'“Those numbers were obtained by computing the eigenfre-
quencies numerically, using a continued-fraction method [46].
However, a rough estimate can also be obtained using the
analytical approximation (35) which is only accurate when
My < 1.

'7All data shown for the GW fluxes were taken from the Black
Hole perturbation Toolkit [137].

only considered the multipoles shown in Fig. 1, including
also the corresponding m; <0 modes, which can be
obtained using E}/__mj = E'f,/mj [see discussion below
Eq. (98)]. We checked this to be a good approximation
since higher modes tend to be further suppressed. In
particular for the scalar power at the horizon we find that,
for the range of orbital radii we consider, higher multipoles
are several orders of magnitude smaller than the dominant
Z; =1 mode. Therefore we did not include them here,
since they are harder to compute accurately. In general, the
scalar power increases with My, which is to be expected
given that the cloud becomes more compact as Mu
increases. One can see that, at large orbital radii and for
sufficiently large values of M, /M, the total power lost by
the secondary due to the presence of the scalar field can
dominate over GW emission.

2. Results for €;=m;=1

Let us now turn to the case of a dipolar background
scalar cloud with £; = m; =1 and n; = 0. This case is
particularly interesting since in a Kerr BH background,
such clouds can form through the superradiant instability
(see Sec. I1C). The results are summarized in Figs. 3-5,
where we show results analogous to the ones we discussed
above. There are however some important differences with
respect to the case of a spherical cloud that are worth
highlighting.

First of all, as already anticipated, the scalar power
differs between prograde and retrograde orbits. This is
expected given that a #; = m; = 1 cloud has a nonzero
angular momentum, which breaks the symmetry between
prograde and retrograde orbits. The multipoles that con-
tribute the most to the scalar power also depend on the
direction of the orbit, as can be seen in Fig. 3 for the
case where My = 0.2. In this example, for the case of
prograde orbits, multipoles #; =0 and #; =1 do not

contribute to the scalar power at infinity, £%%, because:
(i) the £;=m; =0 does not contribute given that
(Qy +w)? —u? <0 for all radii larger than the ISCO
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Same as Fig. 1, but for a dipolar #; = m; = 1 background scalar cloud. Both prograde (left panel) and retrograde (right panel)

orbits are shown. The range of orbital radii is here extended up to r,,/M = 100. In the right panel, the “noise” seen when r,/M 2 97 in

the multipole E(S)(fl is due to the excitation of many close-by resonances, which are hard to resolve numerically.

frequency; (ii) a similar situation arises for the £; = m; = 1
(¢; =1,m; = —1) multipole. For this multipole, the
first (second) term on the right-hand side of Eq. (95)
vanishes, i.e. Q' =l (QT’:_1 = 0), whereas the second
(first) term also vanishes because (Q_ —w)>—u?> <0
[(Q, + w)? —u? < 0] for all radii larger than the ISCO
radius."® These arguments do not apply in the case of
retrograde orbits, at least for most of the orbital radii we
show in Fig. 3 and therefore the multipoles #; =0, 1 do
contribute to the scalar power for retrogade orbits."

The multipole that dominates the overall budget for the
scalar power at infinity depends in general on the orbital
radius, as well as the direction of the orbit. In the example
shown in Fig. 3, for prograde orbits the £; =m; =3
multipole is the most important one, whereas for retrograde
orbits the #; = m; = 0 multipole dominates. While we do
find similar trends for other values of My, it is unclear
whether this trend remains for smaller values of My than
the ones we considered here. We should also make the
remark that, in the case of retrograde orbits, for My = 0.2
we see a minimum at r,/M ~ 89 for the E};° multipole,
which does not seem to be related to any obvious properties
of the system. We have checked that this feature remains
when increasing the numerical precision of our code,
therefore we highly believe it to be a physical feature.

Finally, perhaps the most important distinctive feature
we find is that the scalar power at the horizon, which is
largely dominated by the #; = m; = 0 multipole for both
prograde and retrograde orbits, can dominate over the
scalar power at infinity, especially for prograde orbits, as
can be clearly seen in Fig. 3. Interestingly, for prograde

SRor sufficiently small My this last condition is no longer true
for r, smaller than a given threshold. Therefore for sufficiently
small My we do expect to have contributions from 7; =0, 1
close to the ISCO.

"In the example shown in Fig. 3, the mode # ;= mj; = 0 stops
contributing to the power at infinity only when r, 2 97.

orbits and the values of My that we considered, E(S)OH is
always negative [cf. Eq. (96)], that is, the particle gains
energy due to the presence of the term E(S)f in this case.
These results therefore indicate that, for M, /M above a
certain threshold, the total energy loss budget can vanish at
certain orbital radii, E = 0 [cf. Eq. (91)], indicating the
possible presence of floating orbits for prograde orbits.*’

In the case of prograde orbits, the peak of E'g’éq at
r,/M ~ 40 seen in Fig. 3 is in agreement with the expected
location of a resonance with the mode {n ;i =0,7;=0,
m; = 0} which is the only mode that can be excited within
the range of orbital radii shown here, according to
Eq. (103). To give further support to the claim that the
peak we see in EJ1’ is related to a resonance, in Fig. 4 we
show E'(S)’(fl for different values of Mu and also show the
expected orbital radius where a resonance should occur,
according to Eq. (103) (vertical dashed lines). As can be
seen, E‘(‘;g{ always peaks close to a resonance. However, we
do note that the width is much larger than the resonances
we found in Fig. 1. A possible explanation for this behavior
is that, for the values of Mu we considered in Fig. 4, one
has |M3(wq )| ranging from ~10~* (for My = 0.14) up to
~1073 (for My = 0.2)—compared to |MI(wqy;;)| ~ 1078
for the resonance with the largest width in Fig. 1. Therefore
for the cases considered here, |MSJ(wgyy)| might be
too large to see a clear distinction between the ‘“on-”
and “off-resonance” behavior, which might explain what
we observe. For smaller My than what we considered in
Fig. 4, one should expect narrower resonances, occurring at
larger orbital radii. However, with our current code, we
found it challenging to compute the scalar power accurately
for much smaller values of My and at larger radii, and
therefore we do not explore those cases here.

2Notice that the scalar radiation flux at the horizon, as given
by Eq. (83), is always positive. Therefore the energy that sustains
the floating orbit comes from the energy lost by the cloud,
Egs. (86) and (90).
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FIG. 4. Contribution of the mode #; = m; = 0 to the scalar
power at the horizon, for a dipolar #; = m; = 1 background
scalar cloud, considering prograde orbits and different values of
Mu. The vertical dashed lines correspond to the expected orbital
radius where a resonance with the fundamental mode 7; = m; =
0 should occur, according to Eq. (103).

On the other hand, for retrograde orbits, Fig. 3 also
shows that resonances arise in EB’OH for r,,/M297.21
Those correspond to resonances with modes that have
a high overtone number n;. Notice that, just like in the
case we saw for spherical clouds, for large n; one should
get many close-by narrow resonances, therefore one
needs to use a very high resolution when computing
the scalar power close to these resonances, therefore we
did not attempt to fully resolve them. Hence, the E(s)éi
curve in Fig. 3 for r,/M 2 97 can only be trusted at a
qualitative level.

We should emphasize that the possibility to excite a ¢; =
m; = 0 multipole was missed in previous works [27,28].
According to the selection rules discussed in Sec. III B,
¢;=m; =0 scalar perturbations are excited by [ =1,
m = %1 metric perturbations which were not taken into
account in Refs. [27,28].22 As we emphasized in Sec. III A,
dipolar metric perturbations cannot be entirely gauged
away in the presence of the point particle. Our results
show that, due to the excitation of ¢; = m; =0 scalar
perturbations, the scalar power at the horizon can dominate
the overall energy loss/gain budget in a given range of
orbital radii, especially for prograde orbits. This is a trend
we seem to find for other values of My, as can be seen
in Fig. 5 where we show the total scalar power at infinity

*!Notice that for retrograde orbits we can still use Eq. (103) to
compute the location of the resonances, but in that case one

should remember that Qf,f”" =—\/M/ r?,, therefore the allowed

set of resonances is different for prograde and retrograde orbits,
as noticed in Ref. [27].

This was corrected in more recent work [37], which uses the
same Newtonian formalism of Refs. [27,28]. However in that
work they did not compute the resonant transitions related to the

j=mj = 0 mode, as far as we are aware.

(left panel) and at the horizon (right panel) for different
values of Mu.

Overall, one can see from these results that E® is in
general more important at larger orbital radii. This feature is
in agreement with Refs. [32,37,77] and can be understood
from the profile of dipolar scalar clouds which peak at a
radius 1/(Mpu?) (see e.g. Ref. [50]). One can also see that
E** is in general slightly larger for retrograde orbits when
compared to the prograde case, also in agreement with
Refs. [32,37].

Finally, we note that in order to fully understand the impact
of the scalar power on the orbit and on the emitted gravita-
tional waveform requires a self-consistent evolution of the
orbit that also includes the evolution of the cloud’s mass and
angular momentum, according to the discussion presented in
the previous subsection. It is likely that this requires starting
the evolution at orbital radii much larger than what we
considered here, given that one needs to understand how
the cloud’s mass and angular momentum evolved since the
early formation of the binary. For example, it is not entirely
clear what would be appropriate values for the cloud’s initial
mass when an EMRI enters the LISA band. Studies of the
orbital evolution were explored in the Newtonian regime in,
e.g., Refs. [28,32,37,83] which showed that in some cases the
effect of the cloud can significantly alter the orbital evolution,
however, more accurate results would require joining our
results with the Newtonian approximations employed in
Refs. [27,28,32,37,83]. We will not attempt to do this in this
work, since we believe this issue requires its own dedicated
study. We therefore leave a detailed analysis of this problem
for future work.

IV. LEADING-ORDER CORRECTIONS TO THE
BLACK HOLE METRIC AND THE
GRAVITATIONAL-WAVE FLUX

Having laid down the foundation needed to compute
the leading O(e) perturbations, the next step is to consider
O(€?) perturbations. At that order, one needs to compute
corrections of order (g, €?), which can be interpreted
as modifications to the background metric due to the
self-gravity of the cloud [cf. Eq. (14)], whereas at order
O(q',€?) there will be corrections to the GW flux
[cf. Eq. (17)]. In order to fully compute all corrections
up to order O(q', €?) one needs to compute both of these
corrections. As a proof of concept, here we will consider
only part of the problem, leaving a more detailed study for
future work. We will only consider the simpler case of
perturbations around a spherically symmetric cloud, for
which O(¢°, €?) corrections can be computed following the
procedure in Refs. [95,96,140,141]. Then, we compute
corrections to the axial metric perturbations which, for a
spherically symmetric cloud, completely decouple from the
O(q',€") scalar perturbations that we computed in the
previous section, greatly simplifying the problem.
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Same as Fig. 2, but for a dipolar #; = m; = 1 background scalar cloud. The top panels show results for prograde orbits,

whereas in the bottom panels we show results for retrograde orbits. In order to obtain the total scalar power we summed over the modes
shown in Fig. 3 (including also the m; < 0 modes) for prograde orbits, while for retrograde orbits we also added the £; = |m;| = 3 and

£; = |m;| = 4 modes.

A. Corrections to the black hole metric
due to a spherical scalar cloud

Let us first compute the corrections to the BH metric at
order O(q°, €?) due to a spherically symmetric scalar cloud.
This problem was considered in Refs. [95,96], where it was
shown that in the standard Schwarzschild-like coordinate
system singularities appear at the horizon when considering
the backreaction of the scalar field on the metric, due to the
slow accretion of the scalar field by the BH. This problem
can be circumvented [95,96] by using ingoing Eddington-
Finkelstein coordinates (v, r,6,¢). In this coordinate
system, generic spherically symmetric perturbations of
the Schwarzschild metric can be written as [95,96]

ds? = —F (v, r)e* 0N dv? + 2¢°%40) dydr + rdQ?,
(104)

where

€2 v,r
o= f(r) = 20M0D) gy M

r r

(105)

By inserting this metric in Einstein’s field equations and
expanding up to order O(e?), one finds that the metric
perturbations 6M and 64 satisfy the following differential
equations:

0,0M = —4xr’*T! = 4xr’pgp, (106)

0,0M = 4xr*T’, = 5A(v, 1), (107)

0,64 = 4nrT,, = 2re*>@)?|R|?, (108)

where we defined pgg to be the energy density measured by
coordinate observers in ingoing Eddington-Finkelstein:

23(w)v

e - -
per = —T5 = (flo.R[> +p*|R[?),  (109)
whereas the function JA is given by
SA = X 22|w*|R|> - 2f3(wR*0,R)].  (110)

Differentiating Eq. (106) with respect to v and Eq. (107)
with respect to r and equating the two resulting equations
we find the following relation between A and pgg:

0,0A = 47r°0,pg. (111)
Integrating and using Eq. (109) we therefore have
SA = 873(w) /r pep(v, ¥)r2dr. (112)
oM

On the other hand, upon integrating Eq. (106) we get that

SM(v,r) = 47r/r pep(v, ¥)r?dr. (113)
M
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FIG. 6. Solutions for the metric perturbations M (left panel) and 64 (right panel), as a function of the radial coordinate for different
values of My and assuming a spherically symmetric scalar cloud in the fundamental state, i.e. ¢; = m; = n; = 0. Notice that 64 < 0, so
in order to use a log scale in the y axis of the right panel we plot |54|. Thick lines are obtained by computing the scalar field eigenstates

numerically, whereas thin lines show the results when using the hydrogenic approximation Ry, E~*Mr for the eigenstates.

We therefore find that Eq. (107) can be rewritten as

0,6M = 23(w)SM (v, r). (114)
The function €25M (v, r) gives us the mass contained in the
scalar cloud on a radius r and at given (advanced) time v.
In particular, the total mass in the cloud can be defined as
M,, = lim,_,, €*6M. Therefore Eq. (114) tells us that the
cloud decays with a rate 23(w). As already mentioned,
for quasibound states in a Schwarzschild background one
typically has MJ(w) < 1. Therefore, as we did in the
previous section, for the purpose of computing the GW
fluxes we will take the approximation 0,0M =~ 0 and
0,04 =0, such that 6M and 61 are constant in time
and pgg ~ peg(0, 7).

In summary, in order to find the perturbations to the
metric at order O(¢°, €?) fora #; = 0 scalar bound state, we
first obtain a solution for the radial function R(r) and then
solve the following differential equations:

0,0M ~ PIf10,RE +@IR(P. (115

0,6A = 2r|R(r)|. (116)
In order to solve these equations we impose that
SM(2M) =0 and that the metric asymptotically
approaches the Minkowski metric in the form ds*> =
—dv® + 2dvdr + r*dQ?, at spatial infinity. We therefore
require lim,_,, 64 = 0.2

Examples of solutions for different values of Mu, obtained
by numerically solving Egs. (115) and (116) are shown
in Fig. 6. When r — oo, the spacetime approaches a
Schwarzschild metric with total mass M + M}, where the
main effect of the constant My is to make the cloud more
compact as My increases. In particular, from the curves in

*The function 61 is defined up to an arbitrary function of
v [141], which can always be chosen such that lim,_,,, 61 = 0.

the left panel of (115), one can check that e?6M(r.)/M,, ~
0.999 when r,. ~ 5/(Mu?), which we can use as a definition
of the typical size of the cloud. On the other hand, close to
the BH horizon, 64 approaches a negative constant value
SA(r = 2M) ~ 84y < 0. Using a nonrelativistic approxima-
tion for the scalar eigenstates, Ry & E#Mr (see e.g. [95])
we find €61, ~ —u>*MM ,, which is in good agreement with
our numerical results in the limit My < 1 (see thin lines
in Fig. 6). Therefore, in the region close to the horizon,
the difference with a vacuum Schwarzschild geometry can
be essentially interpreted in terms of a constant redshift
factor 2’0 ~ 1-2>MM ,, where we notice that the factor
u>MM,, can be thought as a measure of the compactness of
the cloud given that the cloud’s size is set by the scale
1/(Mu?). Notice that this is in agreement to what was found
in Refs. [20,36,86] where different types of dark matter
profiles around BHs were studied.

1. Timelike circular geodesics

Let us now assume a point particle moving along circular
geodesics of the spacetime given by Eq. (104). Following
the procedure outlined in Appendix H, one can compute the
leading-order corrections to the particle’s energy E, angular
momentum L and orbital angular frequency Q,,, which can
be written as>*

E —-2M
=T L 2sE(r,), (117
m, ry(r, —3M)
L_ Mo o) (118)
mp_ r, —3M ¢ "r)

*Given that we are considering a spherical cloud, for this
section we can take €, > 0 without loss of generality.
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(119)

M
Q, =[5 +5Q(r,).
P

where 6E(r,), 6L(r,) and 6Q(r,) are explicitly given
in terms of the perturbation functions 6M and 614 in
Appendix H [cf. Eqs. (H8)—(H10)]. In vacuum, i.e. in
the absence of the cloud, only the order O(e®) term
contributes and one recovers standard results. For con-
creteness, below we use the subscript or superscript “vac”
to refer to order O(e”) quantities.

In Fig. 7 we compare the leading-order corrections to the
particle’s energy (top panel), angular momentum (middle
panel) and orbital angular frequency (bottom panel) against
the quantities computed in vacuum, for different values
of Mu. As one can see from the plots, we have that
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FIG. 7. Leading-order corrections to the energy (top panel),
angular momentum (middle panel) and orbital angular frequency
(bottom panel) of a point particle moving along circular geodesics
of the spacetime (104), when considering a spherically symmetric
scalar cloud. We show the corrections as a function of the
particle’s orbital radius 7, and consider different values of the
constant M. The normalization shown in the plots was chosen in
such a way as to make the asymptotic behavior when r, > M
clear (see main text).
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FIG. 8. Leading-order corrections to the ISCO radius as a
function of Mu. Note that érigco < 0, therefore the absolute
value of drigco is shown in order to use a log scale in the y axis.

lim, _|€*r,0E/Eyy| = €MSL/Lyye = €MQ/Q), yoe =
M,,/2. This is consistent with the fact that for r, > M the
metric (104) reduces to a Schwarzschild spacetime but
with total mass given by M + M h.25

Stable circular orbits exist for r > rigcq, wWhere rigco
defines the ISCO radius. As shown in Appendix H, rigco
can be written as

rsco = 6M + 6257'15(;(), (120)

where the explicit form of drgco can be found in
Eq. (H11). The dependence of érigco with Mu is shown
in Fig. 8. Typically, we find drigco < 0, that is, the ISCO is
located at a slightly smaller radius in the presence of the
cloud, when compared to the vacuum case. We also find
that |6riscol/M), monotonically increases with My,
which can be understood from the fact that for larger
My the cloud becomes more compact, leading to larger
corrections to the spacetime’s geometry in the BH’s
vicinity. Finally, let us also notice that if one computes
the orbital angular frequency at rigco using Eq. (119)
and one uses the approximation SM(rigco) ~0 and
€25M(risco) ~ —u>MM,, (see discussion above and
Fig. 6), we get MQsco ~ 1/(6v/6)(1 — Mu*M,,), which
is in good agreement with what we find numerically when
My < 1. The same arguments also show that the energy E
close to the ISCO is redshifted by the same factor
(1 — My*>M,,). This redshift factor is exactly the same as
the one computed in Refs. [20,36,86] if one identifies their
ay with our 1/(My?). Finally, within this approximation
Eq. (H9) predicts 6L ~ 0 close to the ISCO, again in good
agreement with Fig. 7 when Mu <« 1.

At large distances, the orbital frequency in such a spacetime
(M+M,) [y [M/ry[14 M,/ (2M1)]

for M;, < M, consistent with what we find. Similar expressions can
be obtained for E and L replacing M — M + M,, in the leading-
order expressions of Eqs. (117) and (118).

should be givenby Q , ~ \/
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B. Corrections to axial metric perturbations
due to a spherical scalar cloud

Having computed the corrections to the background
metric and to the circular orbits due to a spherical scalar
cloud, we now consider the leading-order corrections to the
GW flux induced by the motion of the point particle. In
Sec. III A we discussed how to compute gravitational
perturbations at order O(e’, ¢'). We now wish to consider
such perturbations up to O(e?,¢') focusing on axial
gravitational perturbations which are much simpler to deal
with. In fact, since the scalar cloud and the spacetime (104)
are spherically symmetric, one can verify that scalar
perturbations only couple to polar gravitational perturba-
tions (see e.g. Refs. [20,96]). That is, the terms that depend
on the perturbation ®@ in Eq. (17) do not affect axial
metric perturbations.

As discussed in Sec. II B, we consider an expansion for

the metric of the form (9), where we recall that g,(,},) =0 by

virtue of the field equations, g,(,? are the corrections to the

Schwarzschild metric that we just computed in the previous
subsection and h,, is what we wish to (partially) compute.
If we consider perturbations only up to order O(e?, ¢'), we
could in principle further expand £, as done in Eq. (23).
However, in this case, it turns out to be simpler to work with
the expansion (9) as is and consider the perturbation
equations in the form (17). By doing so, our problem
reduces to considering axial perturbations of the back-
ground metric (104) (but neglecting the slow time variation
of 6M and 64 as discussed above), which are induced by a
point particle moving along circular geodesics in this
background. The details of the computation are given in
Appendix B 4. Here we only provide the main results.
We follow a procedure similar to the one discussed in
Sec. IIT A, namely we decompose the metric perturbation
h,, using a similar decomposition to Eq. (37) but now,
given that we are working in ingoing Eddington-Finkelstein
coordinates, we replace ¢ by » in Eq. (37). We also only
consider the axial part of the perturbations, as already
mentioned. Doing so, one finds that [ > 2 axial perturba-
tions can be described in terms of a single master wave
equation for the function /7 (r) that can be written as®

e i _
{ 2 _ vax]wé:;% )= Sn(r),

e (121)

where the “generalized” tortoise coordinate 7, related to the
metric (104) is now defined through d7./dr = 1/F,(r)
with the function F,(r) given by

6'2 r 2
F,(r) = (f(r)—iz 51‘4( )>e€ . (122)

**Here and in the following, quantities with a bar on top are
used to refer to quantities that are valid up to order O(e?).

The potential V,, is given by

r r

_ I-1)(1+2) .5 F. 2F,
VaX:F*<#€sr%__+ r2>, (123)

whereas the source term S”7 () can be found in Appendix B 4
[see Eq. (B17)]. We should note that when using Eq. (121)
one should remind ourselves that all quantities should
be expanded up to O(e?). Notice that when r — oo, where
6] ~ 0 and €>6M ~ M, Eq. (121) essentially describes axial
perturbations of a Schwarzschild spacetime with mass
M + M,,. On the other hand, as discussed above, in the
vicinity of the BH one has SM ~ 0 and €*>51 ~ €*61y;, where
again €26y ~ —u>?MM,, in the small-My limit. Within
this approximation we find Vg = (1 + 2e251,)Vyc,
dr/dr, ~ (1 + €*81y)dr/dr)®, whereas the source term
satisfies S (r) ~ (1 + 3€264y ) Sy™ (r), in agreement with
Ref. [20]. Therefore, at small orbital radii, the axial master
equation can be approximated by [20]

d2 0.2 )
va Tl vac,lm
( ac)2 +3 2 -V IIUEIX( ) = ySax (i’), (124)
where y = (1+¢€*51y). As already noticed in

Refs. [20,36,86], this implies that the axial master equation
in the vicinity of the BH is well approximated by the same
master equation describing axial perturbations of a vacuum
Schwarzschild BH but with the following rescaling:
w0/, Q

p,vac_)gp/% (125)

m p,vac —>m p7/~
That is, at small orbital radii, corrections to the axial GW flux
can be fully understood in terms of a redshift effect.

1. Gravitational-wave flux

As we did in Sec. III A, solutions to Eq. (121) can be
constructed using a Green’s function technique. The
procedure is essentially identical to what we did there,
so let us just highlight the main differences. As done in
Sec. Il A, one first computes two independent solutions
of the homogeneous part of Eq. (121), wiy and wiX(r),
satisfying boundary conditions identical to (44) and (45)
but with 7, replaced by 7.. From those two independent
solutions, one can construct a constant Wronskian given by
an expression similar to Eq. (46) but with r, again replaced
by 7,. We can then use these ingredients to construct a
solution to Eq. (121) given by

l/_/, Wup r) / l//m réll ) d}’

wm(r) “Wup( MSx(r)
W / i)

+

(126)
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Similarly to Sec. IIT A, the integrals in the expression
above can be computed analytically since the function
Sax(r) only contains terms proportional to §(r — r,) and
derivatives of it.

Having found a solution y,,(r) to Eq. (121) we can
compute the (axial) GW flux at infinity and at the horizon.
Since the metric (104) is asymptotically flat, the procedure
in Ref. [121] still applies and the flux at infinity can be
computed using an equation identical to Eq. (60).
Similarly, given that the metric (104) at the horizon is
geometrically equivalent to Schwarzschild, as long as we
neglect the slow time variation of oM, the procedure
of Ref. [121] to compute the axial flux at the horizon
also applies to our case and we can arrive at an equation
identical to Eq. (61) to compute the flux at the event
horizon. Again noticing that Sy (r) « (o — mQ,),
where now Q, contains corrections at order O(e?) [see
Eq. (119)], we then get that the axial GW fluxes for each
multipole can be computed using

1 (1+2)!
_ Q 2 —'lm
o Gar (1= 2)1 )

~g.H/oo
Elgm -

2 (127)

where we recall that, for axial perturbations, only the
multipoles for which the sum /+ m is an odd number
contribute.

Since one has Q, ~ Q¥ + €26Q and Pl ~yio" +

Ey2™ the leadlng-order correction to the GW flux

should also scale with € or, equivalently, with the cloud’s
total mass M, that is: E9~ E%* + (M,/M)E??) + O(e*),
where E9V is the zeroth-order flux computed in Sec. III A
and (M,,/ M)E%®) is the correction at order €2. In particular,
the absolute relative difference between the GW flux in the
presence of the cloud and in vacuum should scale
as OF = |1 — E9/E9V| = (M,,/M)|E??) J E9V|,

C. Numerical procedure and results

We implemented the procedure outlined above in a
Mathematica code that follows closely the discussion of
Sec. III C, the main difference being that now we also
need to compute the metric perturbations 6M and 64 by
numerically integrating Eqgs. (115) and (116). As done in
Sec. IIIC, we use a series expansion for the boundary
conditions at the horizon and at infinity, with the addition
that now 8M, 84 and R also enter the equations we need to
integrate. Therefore at the horizon we use

Nin

vir(r—2M)=e 3 (¥ +al? ) (r-2m),
i=0

(128)

SM(r — 2M) = (129)

A(r — 2M) Zd (r—2M) (130)
R(r—2M) =Y ei(r—2m), (131)

i=0

where we explicitly expanded the coefficients of the series
expansion for ¥ in powers of e given that Eq. (121) is
only valid up to that order and because the computation
of the coefficients turns out to be simpler by doing so.

We adopt an overall normalization a(<)0> =1 and aéz) =0,
whereas d is fixed by requiring 64(r — o0) = 0. On the
other hand, the arbitrary coefficient ¢, can be absorbed in ¢
which in turn we relate to the cloud’s total mass M, using
Eq. (F3). The rest of the coefficients can be obtained by
inserting these series expansions in Egs. (33), (115) and
(116), in addition to (the homogeneous part of) Eq. (121),
and expanding the equations in € and at r = 2M. On the

other hand, at infinity we fix €?6M(r — o0) = M,, and
SA(r = o0) = 0 and expand iy as
o (67 + )
ax — ptior, _ , 132
plr = ) = e S L ()
where we use the normalization b(()0> =1and bf)z) =0 and

obtain the other coefficients by expanding and solving (the
homogeneous part of) Eq. (121) order by order in powers
of e and 1/r. As done in Sec. III C, we keep up to ten terms
in these series expansions and integrate the equations in
the numerical domain described in Sec. III C, checking
a posteriori that our results are stable against changes
in these choices. We also checked that if we set M, = 0,
i.e., in the absence of the cloud, the absolute relative
differences between the fluxes obtained with our code
and with the ReggeWheeler package of the Black Hole
[137] are typically of the order
~107°-101° for the range of orbital radii we consider,
indicating very good agreement.

Perturbation  Toolkit

1. Results

Our main results are shown in Fig. 9 where we show
the relative differences between the GW energy flux in
the presence of a spherical scalar cloud against the GW
energy flux in vacuum. We consider both the flux at
infinity and at the horizon and focus onthe [ =2, m =1
multipole, the dominant axial GW multipole for a particle
in circular orbit.

The left panel of Fig. 9 shows how the relative difference
scales with the cloud’s total mass M, fixing My = 0.1 and
the particle’s orbital radius r, = 10M. As anticipated,
we find that the relative difference 6F := |1 — EJ,/E5"™
scales linearly with M, as long as M, is sufficiently small,
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FIG. 9. Left panel: absolute relative difference between the / = 2, m = 1 multipole of the GW energy flux, emitted in the presence of a
¢; = m; = n; = 0 scalar cloud, against the same quantity computed in vacuum, as a function of the cloud’s total mass. We show both the
relative difference for the horizon flux, SE*, and the flux at infinity SE®. Solid lines correspond to a linear fit to the data points shown in
the figure. Right panel: same as the left panel but now the relative difference is normalized by M, and shown as a function of the point
particle’s location r,, /M, for different values of Mu. Thicker lines are for the flux at infinity, whereas thin lines correspond to the horizon
fluxes. We note that at large orbital radii we typically have 1 — E9/E%¥ < 0, whereas close to the ISCO we find that 1 — E9/E%V2¢ > (.
The peaks seen in the figure correspond to the transition between the two regimes.
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FIG. 10. Same as Fig. 9 but now we show the relative difference
of the flux at infinity as a function of the GW frequency (solid
line). We assume M, = 10~2M for the cloud’s total mass. Solid
(dashed) lines correspond to relative differences with respect to
vacuum unredshifted (redshifted) results (see discussion in the
main text).

which is a good consistency check of our procedure. Given
this scaling, in the right panel of Fig. 9 we show the relative
difference normalized®’ by M,, as a function of r,/M, and
for different values of Mu. For the values shown, we find
that the maximum relative difference increases with My,
which is to be expected, given that the compactness of the
cloud increases with Myu.

As discussed above, and according to Ref. [20] where
GW fluxes for nonvacuum BH geometries for other types
of environments were computed, we expect that at high
orbital frequencies, or equivalently, at small orbital radii,

“"More concretely, we computed the nonvacuum fluxes by
fixing M;,/M = 1072 and then divided the computed relative
difference by 1072 Since SE scales linearly with M, the resulting
values are valid for any value of M, /M, as long as M, /M is not
too large.

the results can be understood in terms of a simple redshift
effect. In order to check this claim, in Fig. 10 we show the
relative difference between the GW flux at infinity com-
puted in the presence of the cloud against the vacuum case
but now comparing the two cases at fixed GW frequency
(solid lines). This is to be contrasted with the relative
difference between the nonvacuum fluxes and the
“redshifted” fluxes (dashed lines), which were computed
assuming the vacuum perturbation equations after perform-
ing the rescaling given in Eq. (125). As expected, at high
frequencies, the redshifted vacuum fluxes are a good
description of our results for axial perturbations. This
description is more accurate for small My, that is, when
the cloud is less compact, which is in agreement with the
findings of Ref. [20].

V. CONCLUSIONS AND OUTLOOK

In this work we presented a relativistic perturbation theory
framework to study EMRIs in BHs surrounded by scalar
clouds. Previous studies on this topic typically employed
nonrelativistic approximations [27,28,32,33,37], which are
known to be inaccurate to describe EMRIs in the regimes
where such sources are expected to be detected by LISA (see
e.g. Ref. [88]). The main goal of this work was to give the
first steps towards studying such systems using a fully
relativistic setup. This can be seen as a natural follow-up of
recent studies aimed at computing in a fully relativistic
framework the GW emission by EMRIs in nonvacuum
spacetimes [20,36,86], and is a crucial step towards the
goal of including environmental effects in accurate EMRI
waveforms. Two important contributions of our work when
compared to previous studies are: (i) we showed that our
framework allows to also consider nonspherically symmetric
environments, such as nonspherically symmetric scalar
clouds that can be formed through superradiant instabilities;
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(i) we showed that the effect of the environment can be
added in a modular way on top of “vacuum” results.
We believe this to be an important feature, given that it
will allow an easy integration of environmental effects onto
the modular machinery being developed to compute fast
EMRI waveforms [142,143].

We did not perform a full comparison with previous
nonrelativistic studies [27,28,32,33,37], since we believe
this requires a full dedicated study. However, overall, our
results seem to be at least in qualitative agreement with
those works. We confirm that in the presence of a scalar
cloud, the energy lost by the orbit at infinity due to scalar
perturbations can exceed the energy loss due to GW
emission. We also found that the scalar power contains
“sharp features” at given orbital radii, as described in
Refs. [32,33,37], and also showed evidence that the modes
of the cloud can be resonantly excited. These resonances,
first studied in Refs. [27,28] for the case of Newtonian
scalar clouds, can lead to sinking or even floating orbits
[28,75,101]. There are however some important
differences, such as the relevance of the £; =m; =0
scalar power at the horizon in the presence of a dipolar
nonaxisymmetric scalar cloud background, which was
missed in previous studies (see Sec. II1 C).

This work is only meant as a first important step towards
the long-term goal of building accurate EMRI waveforms
that take into account the presence of boson clouds around
supermassive BHs. There is plenty of room for significant
improvements. First of all, as already mentioned in the
main text, we did not compute the corrections to the
eigenfrequencies of the background scalar cloud that
should arise due to the secondary object as well as the
self-gravity of the cloud, but this can in principle be done
within the same perturbative framework we presented here
(see Appendix E). When computing the scalar fluxes we
neglected possible contributions that could arise due to the
interaction between the metric and the scalar perturbations
(see discussion in Sec. III B). A better understanding of
how to deal with such terms requires further work.
Furthermore, we only computed corrections to the GW
flux at order O(e?) for axial perturbations and for spheri-
cally symmetric clouds. Besides extending this computa-
tion to nonspherical clouds, in order to fully describe
the GW flux at this order we also need to compute the
corrections to the polar GW fluxes, which we have not done
in this work. Using the results of Ref. [20] as a guide, we
anticipate that the corrections to the polar fluxes will be
comparable or slightly larger than what we found here for
axial perturbations. Although the contribution of the scalar
flux shown in Sec. IIIC typically dominates over the
corrections to the GW flux considered in Sec. IV C, we
found that the corrections to the axial GW flux can be
non-negligible. Therefore one might expect that accurate
waveforms will need to include both effects. However, a
full understanding of this issue will require studying the

evolution of the orbit and in turn studying how these
different effects impact gravitational waveforms. Another
obvious and very important extension of this work is to
generalize it to the case where the background BH geometry
is given by the Kerr geometry. This is a much harder task to
tackle, however we expect this to be possible using the
Teukolsky formalism and the methods recently built in
Refs. [97-100]. A possible intermediate step, before tackling
the Kerr BH case, is to consider a slowly rotating approxi-
mation [48,144], which might provide good insights into the
impact that the BH spin has on the results. Other improve-
ments include going beyond circular, equatorial orbits and
even adding self-force corrections. Finally, another natural
extension of this work is to consider clouds formed by
massive vector fields [28,54]. We plan to come back to these
problems in future work.
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APPENDIX A: DECOMPOSITION OF THE POINT
PARTICLE’S STRESS-ENERGY TENSOR

The point particle’s stress-energy tensor [Eq. (7)] can
be decomposed in terms of a tensor harmonics basis
as [119,120]

[se]

[
0) (0 1) (1
TP”/ - Z Z SR{ |:A§m)a5m>’”y(9, ¢) + Agm)agm),ﬂy(ev ¢)
m=-I

=0

0), (0
+ Almalm,/w (6? ¢) + Bgm)b;m),,w(’”’ 9? ¢)
+ Blmblm,uzx(n 9’ ¢) + Qgi)n) C§21>,uv(r’ 9’ d))
+ leclm,/w(r’ 67 ¢) + Dlmdlm,/w(rﬂ 67 ¢)

+ glmglm,/w(r’ 97 ¢) + :Flmflm,m/(r’ 9’ ¢)i| }’ (Al)

where (Cg:;) »

© . 1 L0, . .
and (alm,;w’ alm./w’ alm,/ﬂ/’ blm,/w’ blm,ﬂ”’ glm./w’ flm.;w) are

polar tensor harmonics. Their explicit form can be

S Comyw> Apmyy) are axial tensor harmonics

found in Refs. [119,120]. The tensor harmonics
(cgi)n)w; Clm b;gfw;blm,”y) vanish for [ = 0, whereas the

harmonics (d,, 13 fim ) vanish for I =0, 1. The expan-

sion coefficients (A;SI) AE,L) , ...s F1n) are only functions of
the time and the radial coordinate and can be computed
making use of the orthonormality of the tensor harmonics
under the inner product (A, B) = [#*’n*°A;,B,,,dQ, where
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A, B are two generic tensors and we defined the matrix
n" = diag(1,1, 7%, > sin? #). One can then find the expan-
sion coefficients by projecting the stress-energy tensor onto
each tensor harmonic, e.g., AESB = (aggiﬂy, T,)
ilarly for other coefficients. The explicit form of these
coefficients when considering a point particle moving in a
Schwarzschild metric written in Schwarzschild coordi-
nates, can be found in [120] (see their Table I) and we
explicitly checked that we recover their results using the
procedure just outlined. Finally, since we work in the
frequency domain, we Fourier transform the coefficients

{AY(x0 r),...} as in Eq. (41).%8

and sim-

1. The stress-energy tensor for circular orbits

Considering a spherical coordinate system, x* = (x%, 7,
0, ), where x" = t or X = v depending on whether one
uses Schwarzschild or ingoing Eddington-Finkelstein
coordinates, Eq. (7) can be computed by transforming

the integral over 7 into an integral over x°:

ym, dx}, dx},
V=9 dx" dx®
x 8(r — R(x))8(0 — ©(x"))5(¢p — @(x?)),

™ =

(A2)

where we defined the Lorentz factor y := dx?7 /dr and
used the notation x),(z) = {x%(z), R(7),0(7),®(r)} for
the particle’s worldline. For circular, equatorial orbits,
one has R(x°)=r,, 0(x")=x/2 and ¢(x") =Q,x°+ ¢y,
with r, the particle’s orbital radius, 2, its angular orbital
frequency and ¢, an arbitrary initial phase that we can set
to zero without loss of generality (see Appendix H). In
order to compute the metric perturbations sourced by this
stress-energy tensor we need the explicit form of the
coefficients {A (x r),...} which depend on the coor-
dinate system used for the computation, as we now discuss.

a. Schwarzschild coordinates

For the sake of generality, let us consider a generic
spherically symmetric metric in Schwarzschild coordinates:

dr? 2002 | 2020 740
+ ——+ r°df” + resin“0dg-.

B(r)
The Schwarzchild BH metric can be recovered by
simply setting A(r) = B(r) = 1-2M/r. Circular orbits
in this geometry are characterized by a Lorentz factor
y = E/(m,A(r)), where the particle’s energy E, angular
momentum L and orbital frequency €, are given by [145]

ds> = —A(r)dt? (A3)

*When working in ingoing Eddington-Finkelstein coordinates
we replace ¢ by » in Egs. (40) and (41).

E 2A(r,)?
m, \/2A(r,,) —r,Al(r,) (A4)
L rf,A/(rp)
o i\/2A(rp) — A () (A5)
L A(ry)
Q,=+ T (A6)

Applying the method outlined above for such orbits,

one finds that A;, = AE},} = By, = Q;,, = 0, whereas the
Fourier transforms of the nonvanishing coefficients read

50) _ EA( r)

‘Alm 6 g Y}km( /2’ O)’ (A7)
- \/EmQ E
(0) _ P * (o
Im — l(l—|— l)rér(saylm( /270)? (AS)
. f Q,E
o) _ ju
Dy = —}Tgf’(r)arﬁgxrm (x/2.0).  (AI0)
) o
G = 72AC )5 5,7 (/2,0), (Al1)
2
Im = _\/Z_T()(S 06 Wi, (7/2,0), (A12)

where we defined A= (I—1)I(I+1)(I+2),6, = &(r —r),),
8, = 6(c —mQ,,) and the angular functions are defined as

a 0
Xin(0.0) =25 (5= cot0 ) Vinl0.0). (A1
0 0 1
Wi (6, ¢) = (aaﬁ — cot 0 511129&452> Y1 (0, ).
(Al4)

We also used a tilde to emphasize that the functions shown
above are frequency-domain quantities, i.e. Alm (0,7) is the

Fourier transform of Alm (t,r) and similarly for the other
functions.

b. Ingoing Eddington-Finkelstein coordinates

Let us now perform the same computation as above but
considering a generic spherically symmetric metric in
ingoing Eddington-Finkelstein coordinates written as

084019-27



RICHARD BRITO and SHREYA SHAH

PHYS. REV. D 108, 084019 (2023)

ds* = —A(r)dv* + 2H(r)dvdr + r*d0* + r? sin® Od¢*.
(A15)

Notice that we recover the Schwarzschid metric in ingoing
Eddington-Finkelstein coordinates, Eq. (31), when A(r) =
1-2M/r, H(r) = 1. On the other hand, for the case of the
metric describing a BH surrounded by a spherical scalar
cloud, Eq. (104),” one has A(r) = (1 — 2[M + 25M(r)]/
r)eQSZz%(r) and H(I’) — eezél(r)‘

Circular, equatorial orbits in this geometry are computed
in Appendix H. The expressions for the particle’s Lorentz
factor, energy FE, angular momentum L and orbital fre-
quency €2, are the same as the ones given above, i.e., they
only depend on the function A(r). Applying the same
method as above, we find

- EA(r
A0 _EAD s v (2,00, (Al)
- \TEH
ABFD) — (r )5 5,Y: (n/2,0),  (Al7)
EF EH(r)2 *
AEE A2 oY . (7/2,0), (A18)
y 2mQ,E
lE;(O) _ \/_’1171’@50)/7,"(7;/2,0), (A19)
I+ 1)r
5 ivV2mQ , EH
BEF — _"[’”—P(’)(gr(sgy;m(ﬂ/z, 0),  (A20)
{14+ 1)A(r)r
. V2Q,E
QEF(O) — T 55,0, 2.0 A21
Im l(l+ 1) 0 (ﬂ/ ) ( )
N iV2Q, EH
PR “/_"—mgr(sgaey}ﬂm(ﬂ/z,o), (A22)
I(I+ 1A(r)r
- [ EQ?
PEF _ _lip(srggx* 2,0), A23
== ana(r) 0K/ 2:0). - (A23)
. EQ?
gEIS = P 5 6 Y*m T 2,0 N A24
= 50 in(7/2.0) (A24)
TEF 127
Fiy = ———2—5,6,W;,(/2.0),  (A25
i = anan) o Win(e/2.0), - (A29)

where we added the superscript “EF” just to remind
ourselves that those expressions are valid when considering
the metric (A15).

P As argued in Sec. IV, here we neglect the dependence on the
advanced time for the functions 6M and JA.

We notice that, if we set H(r) = +/A(r)/B(r), the
metrics (A3) and (A15) are related by a coordinate trans-
formation x§ , = {#(v.r),r,0,¢} = xip ={v.7,0,¢}, where
t(v,r)=v—7, and 7, is defined through d7,/dr =
H(r)/A(r). Therefore, under this coordinate transforma-

tion and setting H(r) = \/A(r)/B(r), one should be able

to obtain the stress-energy tensor in ingoing Eddington-

Finkelstein coordinates from the one in Schwarzschild

. . P
coordinates using Th; (v,r,0.¢) = ax?fha);*hT/S)gh(t,r,H,(j)).

As a check of our computation, we verified that
Egs. (A16)—(A25) can be obtained from Egs. (A7)-(A12)
after applying this coordinate transformation.

APPENDIX B: METRIC PERTURBATIONS
FOR A POINT PARTICLE IN CIRCULAR ORBIT

In this Appendix we review the main tools we used
to compute metric perturbations. Perturbations in a
Schwarzschild BH background have been widely studied,
therefore we only briefly review some important formulas
and refer the reader to Refs. [20,117-121] for more
details. All the formulas shown below assume circular,
equatorial orbits.

1. Regge-Wheeler gauge

Metric perturbations can also be decomposed using tensor
spherical harmonics [117-119]. Here we work in the Regge-
Wheeler gauge [117-119] for which the polar and axial
perturbations appearing in Eq. (37) can be written as

HO Ylm Hl Ylm 0 0
hpolar Im _ * Hz Ylm 0 0
12 * * rzKYlm 0 5
* * * r’sin’0KY ,
(B1)
and
0 0 —hoY'/sing hgsingY'y
haxial,lm _ * 0 _hl Yl:;/ sin @ ”l] sin HY%” (BZ)
v B 9
: * ok 0 0
* * % 0

where Y, :=Y,,,(0,¢) are the usual scalar spherical har-
monics and (Hy, H,H,, K, hy, h;) are radial functions
that depend on the frequency and on the angular momentum
numbers [ and m, e.g., Hy:=HM"(c;r). The * entries
indicate symmetric components, such that h,, = h,,.
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2. Polar perturbations of a Schwarzschild black hole equation [121]. Considering a Schwarzschild BH back-
For [>2, polar perturbations can be described in ground written in Schwarzschild coordinates, the Fourier

terms of a single gauge-invariant scalar function, the  transform of the Zerilli-Moncrief function, Wé’&(ff; r) [see
Zerilli-Moncrief function W, which can be computed — Eq. (4D)], is related to the metric functions appearing in
from the metric perturbations and that satisfies the Zerilli Eq. (B1) by [121]

2r rf(r)
Im — Klm _JN) Hlm _ Klm ! , B3
W) = g { K0+ ) = Y ) (B3)
where we recall that 4 := (I +2)(I = 1)/2 and f(r) = 1-2M/r.

Using the perturbed Einstein field equations with a stress-energy tensor given by (A1), one can obtain a single differential
equation for y/é’gl(r), Eq. (38), where the source term reads

Im 4

S = T T M 1) {20M = 1)3M +2r) [V2/AG+ D F i (r)3M + ) 272 (A5)) ()]

= 24r A0 (r) [24M? + (2= 9)Mr + (3= 1)22] }. (B4)

Notice that, from Egs. (A7) and (A12), one finds that S (o3 r)* = (=1)"S}7" (=03 r), which implies that y/} (a3 r)* =
(—1)’"1;/]{;0_1'”(—0'; r) as well.

After finding a solution for y,,(r) and its first derivative z//iml (r), one can also reconstruct the polar metric perturbations
(see e.g. Appendix of Ref. [120]). From the perturbed Einstein equations we find

(r —2M)(9M> + 9AM?*r + 32°Mr* + 22(A + 1)r?)

Ho(r) = r3 (3M + ﬂr)z - rgz Wpol(r)
(2M = r)3M?* + Aar(3M = r)] 8xr?(3M? + Ar(3M — 1)) ~ ©)
A B5
P2(3M + ar) Voo (") 0 M + 4 (B5)
ic(3M? + Ar(3M — 1)) . Sinr’c -
H = - ! (0) B
) = em ) e T e G o G an (B6)
(r=2M)OMP+ M r+32MP+22(0+1)r?) 4 2
(BM+ir)? —ro 1 3 ,
H = 1 M —
2(7) r(r —2M) Wpal(r) { - <2M = 3w ar) | Vel
8ar*(3M> +ArBM = 1)) ~(0) _ 8v2xr? 7 (B7)
(A+1)(r=2M)*(3M + ar)? A0+ 1)(r—2M)
6M? + 3AMr + A(A+ 1)r? 2M 8xr’ ~
K(r) — 122 _ () B8
() = PRI )+ (1= 20 - A (B8)

We checked that, using the conservation equations for the particle’s stress-energy tensor, our results are equivalent to the
ones found in Refs. [120,121]. From these expressions, one finds that Hy" (;r)* = (=1)"H§ ™" (—0o; r) with equivalent
expressions for all the other radial polar functions.

3. Axial perturbations of a Schwarzschild black hole

Axial perturbations with / > 2 can be described in terms of a single gauge-invariant scalar function W2”. Several gauge-
invariant axial scalar functions can be found in the literature, but here we choose to work with the Cunningham-Price-
Moncrief function, as defined in Ref. [121]. Namely, using the Regge-Wheeler gauge and working in Schwarzschild
coordinates, the Fourier transform of W7 is related to the metric functions appearing in Eq. (B2) by [121]
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2r
N (S
: 1l Im\/ Zhém(r)
x [zahlf"(r) + (Y (r) - =22 } (B9)

The function y,, (r) satisfies Eq. (39) with a source term
given by

16v2rrf(r) [ r(Q,)) (1) + 97

Slm:_
= T+ 1) (2 +1-2)

(B10)

Similarly to the polar sector, one can also reconstruct the

axial metric functions using w,,(r), wi(r) and Qggl)(r)
From the perturbed Einstein equations we find

() = ~F O dlva(n)] | 8V2ar QL)
0 2 dr I+ 1) (P +1-2)
(B11)
_ iroyy(r)
hy(r) = 0 (B12)

eX(r—2M)sA' (r)

These expressions reproduce the ones found in Ref. [146]
(see their Appendix B), after noticing that there is an overall
minus sign difference between Eq. (B.21) of Ref. [146] and
the formulas shown here. This is due to the fact that our

normalization for " and our definition of QES)(;’) differ
from Ref. [146] by an overall minus sign. As in the polar
sector, from these relations it follows that 45" (o;r)* =
(—1)”’h(l)’_m(—0'; r) and hll’m(a; r)* = (—l)mhll’_m(—a; r).

4. Axial perturbations of a black hole surrounded
by a spherical scalar cloud

Let us now consider axial perturbations of the metric
(104). As argued in Sec. IV, we neglect the v dependence of
OM and 64. Since the spacetime is spherically symmetric
we also use the decomposition (37) and (B2), but with
t — v in Eq. (37). Using this decomposition and Fourier
transforming the point particle’s stress-energy tensor, we
find that the v6, r@ and 8¢ components of the perturbed
Einstein’s equations give the following inhomogeneous
equations, respectively:

ioc(r—2M —2e*5M(r))

(1 _ M+ 2eoMUr) 2525M (’)) H(r) + [ia(em(r) 1) -
N AM — (P + 1 = 2iro)

3

[0+ e

r

ho(r) 4+ 2€*{26M (r) + r{=3M85X (r) + r[(2M — r)5"(r) — ic6A(r) + 6SM" (r)]}

=272 [R'(r)((r = 2M)R'(r)* + iroR(r)*) + rR(r) (W*R(r)* — ioR'(r)*)]} h(;(;’) + |:6 (6 + w>] hy(r)

L ic{—45M(r) + r[(2M — r)5X' (r) + irc5A(r)]}

2 hy(r)

r

I+ 1)91’”

r

8\/§7H’ ~EF(0)(I’), (B13)

2 =2e2(réX (r) + 8A(r))

(€53(r) = DRI(F) + 63 (P (r) + io(63(r) — 1)) (1) + 2 o (r)
_E+i +r22”" =2 1y (F) + 2{[ir0 — 2(M + F)J6A(F) + 2F{(2M — IS () + SM"(r)] + 2ircs(r)
R (= R )+ iR+ rRNGPRO) = 0R (1) ) = STt i
(1 = E5A(r)Hy(r) + (1 - M) () + <2r—1‘f - ia)hl ")
L 26M (r) + r[(r - 2M)5ﬂ’(;) + irosA(r) — 26M'(r)] h(r) = 8iv/2rr? BEE). (BIS)

I%

VI=DII+ D) +2) Din

These equations should be solved jointly with Egs. (33), (115) and (116), which can be used to eliminate derivatives of
SM(r), 8A(r), R'(r) and R'(r)*. This system of equations can be turned into a single inhomogeneous differential equation by
defining a generalized master function for axial perturbations. Inspired by Eq. (B9) we define a new radial function given by

2re—inhe—€25/1(r)
(I-1)(1+2)

—Ilm

Wax(r) =

iohi"(r) + (hg")'(r) ===/

2" () (B16)

r
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where 7, is the generalized tortoise coordinate defined below
Eq. (121). Eliminating h’l’” from Eq. (B13) using (B16),
gives us an equation that relates A{" with ' (r), (yi) (r)
and Q];S(O)(r). Using the resulting equation for A"
and (B16) we can then eliminate h!" and hl" from
Eq. (B14), which becomes a single differential equation

for ! that can be written in the form of Eq. (121) with a
source term given by

St (r) = 1 OV2Are ML)

V(@2 1-2)

[ro QB () = r( @0 (1) = G ()
L+ 1)(P+1-2)

X

El

(B17)

where we recall that Eq. (121) is formally only valid up to
order €%. As a consistency check, one can show that (B15) is

(f = 1)fR' - roR(c + 2w)

automatically satisfied after eliminating A" and hJ"
from (B15) using the procedure just outlined, and then
making use of Eq. (121) and the conservation of the stress-

energy tensor that allows to write DIF in terms of QFF

and Q]linl: © We also note that the homogeneous part of
Eq. (121) agrees with Ref. [96], where axial perturbations of
the metric (104) were also discussed, but in the context of the
computation of quasinormal modes.

APPENDIX C: COEFFICIENTS OF THE SCALAR
PERTURBATION EQUATION

In this Appendix we show the explicit form of the radial

functions appearing in Eq. (65).

1. Using the Regge-Wheeler and Zerilli gauge

In Regge-Wheeler gauge, the radial functions appearing
in Eq. (65) take the form

[f¢i(¢; + 1) + rPow)

P, = H, of +iH, f[r(c + 2w)R' + 2wR] —KR . — K'R'fr
2 _ 2 . 2.2 _ /
)
by = Ko=) 2)
A, = _f[hl{(f— 1)R - 2frR'} —zerh’l] — irhgR(c + 2(0). (©3)

In the expressions above f := f(r) = 1-2M/r, and it is
implicitly assumed that the functions {Hy, H, H,, K} are
computed with angular numbers /, m and R with n;, Z;. As
explained in Sec. III A, for the particular case in which
[ =1, one can use the Zerilli gauge to simplify the source
term by setting K'=!'(r) =0 in (C1) and A!='(r) =0
in (C3). If [ =0 instead, the Zerilli gauge corresponds
to setting H{™°(r) =0 and K'=°(r) =0 in (C1). Finally,
we should also note that when deriving the expressions
for the source term of Eq. (25), we made use of Eq. (29)

and the second-order differential equation that spherical
|

I%

harmonics satisfy [see Eq. (F5) in Appendix F], in order to
substitute second-order derivatives of R(r) and of the
spherical harmonics.

2. Using the singular gauge for polar,
dipolar metric perturbations

As mentioned in Sec. Il A, another useful gauge for
polar metric perturbations with / = 1 is the singular gauge
in which the metric perturbations take the form of
Egs. (54)—~(57). In this gauge, the [ =1 polar radial
functions appearing in Eq. (65) are given by

fIR{PPw(o +2w) = 2f(£; + £+ p°r*) } + (f = DfrR]

P}, = iHf[r(c + 2w)R + 20R] — H}

2r

2 2R/ K 1
_ fr nl—|—la)(Hi)’Rfr—|-§(H§)’R’f3r, (C4)
R HS —2 s/ 2 — 1 2 2R/ s
im:_Rﬂfr 2 f’"(;hl +2(f )’71]+ f N (C5)
r r
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“ E3]

where we used the superscript “s” to emphasize that these
quantities are in the singular gauge. Results for the scalar
power when using this gauge are shown in Appendix G.

APPENDIX D: INTEGRAL OF THE PRODUCT
OF THREE SPHERICAL HARMONICS

In this Appendix we show how to explicitly compute
the integrals (66)—(68) in terms of Wigner 3-j symbols. The
integral (66) is a particular case of the generic integral
between three spin-weighted spherical harmonics [147]:

£im;s;

Cttnn = [0 Vims V@ (DY)

where (Y., are spin-weighted spherical harmonics with
spin weight s. This integral can be explicitly evaluated
using (see Sec. IVA in Ref. [147])

£im;s;
Ims?;m;s;

— 1y \/(2/,- +1)(2141)(2¢;+1)
B . 47
¢ 1 ¢ ¢ 1 ¢
(o )G ) @
s; =85 =S -m; m m;

J

where the arrays are Wigner 3-j symbols. From the
properties of the Wigner 3-j symbols we find that the
integral above vanishes unless the following conditions are
satisfied: —m; +m +m; =0, s, —s—5;, =0, |£; = ¢;| <

|

I<?;+¢;and ¢; + ¢; + Lis an integer (see Chapter 34 in
Ref. [127]). From the properties of the 3-j symbols it also
follows that (see Ref. [147] for a full set of symmetries)

£ims;

Citl+t £jm;=s;
Imst;m;s; — ( 1) LC

Im—st;m;—s;"

C (D3)

In panicular the integral (66) can be evaluated by
computing CZmOme’ and it follows directly from the

properties of CZ’ "%

msé.mys; JUst mentioned above, that (66)

vanishes unless it satisfies the selection rules discussed
in Sec. III B. In particular, the property (D3) implies that

£ im;0
C lm(); 0 vanishes unless ¢; + ¢; + [ is an even number.

The integrals (67) and (68) can also be similarly computed
by using the following relations between vector spherical
harmonics and spin-weighted spherical harmonics (see
Sec. IV B in Ref. [147]):

m j'ﬁ ~ ~ %
Yim = _2‘ (Y, g — Y, i), (D4)
’ Ag
Xam = 2 ( Yfm + Yfm ) (DS)

where, following [147], we defined the complex null
covector i, =(1,isin@) and A, = /(£ +1)!/(£ - 1)L
Inserting in the integral (67) we find

* Imy€imi, ab _ l“lfi,l * »
ijija Y,y dQ = — ) Yzf’jm‘/-—IYllef,-midQ + Yf./-mjlylm—lyf,m,-dg
Aiade 1 [ im0 £m,0
I— (Clm—lfim 1+ Conttm,— >
/11,1/1&,1 £ im0 £ im0
== 2 (Clm 1¢;m;1 + ( l)bﬂ +l+flclm 14;m; 1) (D6)
where we used Eq. (D3) in the last step. Similarly for the integral (68) we find
leYf m; ab QO — }“l 1lf 1 * Q * Q
Yf im; d T ijmjflylmlyf,-m,-d - ijmjlylmlefim,-d
Aiide  ( timo £,m,0
=1 3 (Clm 16m1 — Clmlf[m,-—l)
Aide 1 ( 6m0 , £m,0
=1 2 (Clm 12;m;1 ( l)fj+l+f Clm 1£;m; 1) (D7)

From the expressions above it follows that (67) vanishes
unless ¢; +1+¢; is an even number, whereas (68)
vanishes unless ¢; + [+ ¢; is an odd number. Together

with the remaining properties of C"™%  mentioned

Imst;m;s;
above, this implies that (67) and (68) Vanlsh unless they
satisfy the selection rules discussed in Sec. III B.

APPENDIX E: EIGENFREQUENCY SHIFTS
INDUCED BY THE METRIC PERTURBATIONS

In Sec. III B we argued that Eq. (71) for £; = #; and
m; = m;, can be used to compute corrections to the cloud’s
eigenfrequencies, which are induced by the metric pertur-
bations. Let us see this more explicitly in this Appendix.
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As done in quantum mechanics, the usual approach to
compute the corrections to the eigenfrequencies is to
expand them as @ = w® + gw'®9 +---, where again
o) = ,,¢,m, are the eigenfrequencies in the background

Schwarzschild BH, and @9 are the corrections we are
interested in. If we do this from the very beginning,
the perturbation scheme in Sec. IIB needs to be
slightly modified in order to take into account that the
scalar field depends on the -eigenfrequency: @
efbﬁ,l ) + eqdﬁf’l) + -+, where we added the subscripts @
in order to emphasize the dependence on the frequency.
Upon inserting in the Klein-Gordon [see Eq. (3)] and

expanding up to order O(e!, g'), as done in Sec. I B we
find [98]

@

(09 -0, + g (0 - 42)0ls)
ool

(9)
+ eqw Fy

¢[00 (@D
q=0
Here the term of order O(e', ¢°) gives (Di?(())) - yz)d)i)l(z)) =
0 which is simply Eq. (12) (solved in Sec. II C). Instead, the
terms of order O(e', ¢') reduce to Eq. (25) but with the
addition of the term that depends on (). For ®) in a
given eigenstate {n;,¢;;m;} of Eq. (12), the operator

OVl 0w, is deﬁned by

= Zw(o)f<r)_1Rn[f,-(r)Y)f’;m,v(ev ¢)e—iwt’
(E2)

with f(r) = 1-2M/r. Following the same procedure as in
Sec. 11 B, one can see that the terms of order O(e!, g')
therefore reduce to Eq. (63) but with the additional term

<‘1>6D£9)d>,(1,1) /0wl|,_y. Upon projecting in the spherical
harmonics, as done below Eq. (63), one concludes that if
£ # ¢ or m; # m; the final equation we need to solve is
Eq. (71), as we assumed in the main text. On the other hand,
if £; = ¢; and m; = m; one ultimately gets

d2
dr?

il
= 8505 ()

+ (@) -V, Zﬂm‘ + 2000 @R, ,

+7)lo=0- (E3)
where we used the fact that Z/"™ = 77" 5(c), and sim-
ilarly for the metric perturbations (see Sec. III B), and
therefore the resulting equation only as support at ¢ = 0.
In analogy with quantum mechanics, we can isolate (%)
from this equation by defining an appropriately chosen
product (A|B) such that: (i) it vanishes if A and B
correspond to two different eigenstates |n;&;m;); (ii) it is

finite if A = B = |n;¢;m;) are the same eigenstate; and
(iii) the order O(¢") Klein-Gordon equation is self-adjoint
with respect to this product (discussions on how to
define such a product in similar situations can be found
in e.g. Refs. [98,133,136,148]), which for our purposes
ultimately means

(rRy |OZ5"™) = (O(rR, )| Z5") = 0, (E4)

where we defined the operator 0= [4 d2 + (@) = v;]
and, in the last step, we used Eq. (29). Then, in analogy
with quantum mechanics, we can act on the left of Eq. (E3)
with (rR, .| and use the self-adjoint property discussed
above to eliminate the first term [98,148], which then
allows to find

(R, | Siiion, (@), 7))

oD =
2w (><ar[f,~|ar[f,v>

(ES)

If we go to higher orders in perturbation theory, a similar
procedure can also be used to compute frequency shifts
of order €? that arise due to the metric perturbation g,(fy)
[cf. (9)]. Here we will not study this issue further, leaving a
more detailed study of these shifts for future work.

An equivalent approach is to follow the perturbation
scheme in Sec. II B as is, and only expand @ a posteriori,
i.e., use the expansion ® = »(®) 4 gw'? in Eq. (71), where
again ) = @, 4, . Doing so, we find™

2 L” m S im;
T @) =V 20 4 200 7"
RARS
- Sm/j m; (a) r)|o'=(ml'_’ni)gp’ (Eé)

where we defined 0 = 0© + (m; —m;)Q,.For¢; # ¢,
and m; # m;, we can obtain a finite solution using (76),
where terms related to @@ only end up contributing at
higher order in g and therefore we can neglect them, as we
argued in the main text. If instead ¢; = ¢;, m; = m;, one
finds an equation identical to (E3) but with rR,, .. replaced
by qu"m" in the left-hand side. We can use the resulting
equation to find @ by redefining Z7™ as Z7™
"R,.z./q +me U After using Eq. (29), and drscardrng
hrgher—order terms in ¢ we recover again Eq. (E3). We can
then again find »(? using Eq. (ES5).

Here we are already using the fact that Zf " Zijm-’ 8(o—
(m; —m;)Q,), and similarly for the metric perturbations inside
the source term of Eq. (71).

'Notice that the term "Ry.s./q s1mp1y contributes to a
renormalization of the arnplrtude in the O(¢°) solution, therefore
we are always allowed to do this redefinition.
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APPENDIX F: RELATION BETWEEN MASS,
ANGULAR MOMENTUM AND NOETHER
CHARGE OF A SCALAR CLOUD

In this Appendix we provide a derivation of the
relation between the total mass, angular momentum and
Noether charge of the scalar cloud that we used in the main
text, namely M, = wQ and J, = m;Q. Since the cloud’s
energy density is singular at the horizon in Schwarzschild
coordinates (see Ref. [96] and Sec. IV), we work
with Eddington-Finkelstein coordinates (x°, x!', x?,x%) =
(v, 1,0, ), although we checked that our proof also works
when using Schwarzschild coordinates. We decompose the
scalar field as in Eq. (32) and take the background metric to
be given by Eq. (31). As done in the main text, we neglect
the slow decay of the cloud due to absorption at the
horizon, i.e., we take @ ~ 0 (w). The Noether charge of the
cloud, Eq. (6), then reads

|

Mh = —//de\/—_ng
262/drdQ{|Y(9,¢)|2[|R(r)|2<rz,u2+
\%4

) 107

sin%0

0= iez/ drdQr?|Y (0,¢)PW(r) = i€ /oo drr*W(r),
v 2

M
(F1)

where we used the orthonormality properties of the
dR*(r)
dr

R*(r) dlz(rr). On the other hand, the cloud’s angular momen-

tum is given by [149]

spherical harmonics and defined W(r) = R(r)

1y = [ dvy=art =mo (F2)
X

where the last step follows from directly evaluating Tg
using Eq. (4). The cloud’s total mass is instead given by

dR(r)
Cdr

oY (0, ¢)
00

T+ ko

2}. (F3)

Although this expression seems very different from Eq. (F1) we will now show that it can be simplified by performing
integration by parts. Let us first integrate the angular part of the last term in the integrand of Eq. (F3) by parts:

2n T
/dQ|0eY(¢9, h)> = —A dqﬁ/() dOY*(0,§)0y[sin B0y Y (0, P)]

:_/2”d¢/”d9sin9|y(9,¢)|2< m; —fi(fi+1)), (F4)
0 0

sin%0

where 0y := d/00, we used the fact that boundary terms vanish since sinf = 0 at @ = 0, z, and we used the differential

equation that spherical harmonics satisfy

1
——0,[sin 09, (0. ¢)] = < n

sinZ @

2

i+ 1)) Y(0.4). (F5)

On the other hand, integrating the radial part of the second term by parts gives

dR(r)
dr

’ —%/200 drf(r)r?

M

/oo drf(r)r?
oM

dR(r)
dr

2

dR(r)

2 1 0 5
—l—El drf(r)r o

M

dlf(r)r*(R")'(r)]

. iR (r o
= —%/2 drR*(r) 7d[f( )drR< ) —%/2 drR(r) o

M

M

== /2: dr{[R(r)P[£i(¢; + 1) + r*p?] = ireW(r)}, (Fo)

where we used the fact that the boundary terms vanish since f(2M) = 0 and lim,_ o, R(r) = 0, and we used Eq. (33).

Substituting (F4) and (F6) in Eq. (F3) we then find
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M, = 1'62(0/oo drr*W(r) = wQ, (F7)
2

M

as promised. Our derivation assumed a nonspinning BH
background and for simplicity we neglected the slow
decay of the cloud. However, we conjecture that a similar
derivation can be done in a Kerr BH background, where we
recall that true bound states satisfying @ = m;Qy exist. In
fact, it was shown in [61] using BH thermodynamics
that “Kerr BHs with bosonic hair” satisfy M, = wJ,/m; =
QuJ, in the test field limit, in agreement with our
expectation.

74: l’,=m,=b ' ' ' T l\;lu:OJZ '
10 M u=0.16
8 \\-\.\‘_‘* —— Mpu=020
T 1075 ]
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¢ 107°F 1
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1078k M 1=0.16 E
10-1 —M‘u:OZO ‘
6 8 07 12 14 16 18 20
ro/M
-5
10 '(’,‘:m,»:1,' retrograée j ' . r\;lpzon !
M =016
8o 10—6, ——— M u=0.20 |
|
S 107} !
S
's 1078
10Ok T ‘
6 8 07 12 14 16 18 20

ro/M

APPENDIX G: USING THE SINGULAR GAUGE
FOR POLAR, DIPOLAR METRIC
PERTURBATIONS TO COMPUTE THE
SCALAR POWER

As explained in Sec. III A, throughout the main text we
always used the Zerilli gauge for the [ = 1 polar metric
perturbations. As a check of the robustness of our results,
for the most relevant multipoles of the scalar power that
depend on [ = 1 polar perturbations, we also checked our
computations using the singular gauge that we introduced
in Sec. Il A. Comparisons between results obtained with
the Zerilli and the singular gauge are shown in Fig. 11.
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FIG. 11. Comparison between the scalar power Ej/;vm] computed when using the Zerilli gauge for the [ = 1 polar metric perturbations

4

(solid lines) against using the singular gauge (data points). Within numerical accuracy, the two gauge choices give the same results. Only
the most relevant multipoles that are sourced by [ = 1 polar metric perturbations are shown. Namely, for a #; = m; = 0 background
scalar cloud, we show the £; = m; = 1 multipole of the scalar power at infinity (top left panel) and at the horizon (top right panel), for a
¢; = m; = 1 background scalar cloud and prograde orbits; we show the #; = m; = 2 multipole of the scalar power at infinity (center left
panel) and the £; = m; = 0 multipole of the scalar power at the horizon (center right panel), whereas for a ; = m; = 1 background
scalar cloud and retrograde orbits; we show the £; = m; = 0 multipole of the scalar power at infinity (bottom left panel) and at the
horizon (bottom right panel). The results are shown as a function of the orbital radius r,/M and for different values of Mpu.
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For the data points shown in the plots the relative difference
between the two gauge choices is typically at the percent
level or smaller, indicating that the results are in good
agreement between the two gauge choices, as expected.

APPENDIX H: CIRCULAR ORBITS AROUND
A BLACK HOLE SURROUNDED
BY A SPHERICAL SCALAR CLOUD

In Sec. IV we showed how to compute the leading-order
corrections to the Schwarzschild BH metric induced by a
spherically symmetric scalar cloud. As we argued there, it
is convenient to use ingoing Eddington-Finkelstein coor-
dinates for this computation. Here we are interested in
computing timelike circular geodesics in a metric of the
form (104). Although the computation of circular geodesics
around generic spherically symmetric spacetimes can be
found in the literature (see e.g. Ref. [145]), this is typically
done using a standard Schwarzschild coordinate system
(t,r,0,¢). Let us then generalize this computation to the
case where the metric takes the generic form:

ds® = g,,dv?> + 2g,,dvdr + r*dQ?. (H1)
Following Refs. [145,150] we can describe geodesic
motion on this spacetime using the Lagrangian:

L,
L= _guvx/;’xl;?’

. (H2)

where x4, = [v(7), r(7),0(z), ¢(7)] is the particle’s world-
line and an overdot denotes a derivative with respect to
the proper time such that for a timelike geodesic we
have 2L = —1. Focusing on equatorial geodesics where
6(7) = z/2 and 6(z) = 0, the Lagrangian reads
2L = g,y + 29,0 7 +17¢7. (H3)

|

(r, =6M)6M(r,) + (r, = 2M)[(6M = 2r,)6A(r,) + r,(2M — )64 (r,) + r,06M'(r,)]

From this Lagrangian we can derive generalized momenta
given by

oL .
Ppi=—= r2¢’

-5 (H4)

oL . .
Py = 0_ = GpoU + Gyl
v

besides, p, = g,,v and p, = 0, since we are fixing = 0.

Given that the Lagrangian (H3) does not depend on v

and ¢, it follows that p, and p, are constants of motion

that describe the energy and angular momentum (per unit

rest mass) of the point particle: p, =—E/m, = —E,
pp=1L/m,=L.

Plugging these results back in the Lagrangian (H3) and

equating 2L = —1, we find, after some algebra,
E* 7%,
P=V, = ey e (HS)
g1)r r g?jr g?)l’

Circular orbits, which satisfy 7 =# =0, exist when
V,=dV,/dr = 0. This requirement yields

()
291/‘1)(rp) _rpgiw(rp) ’
(H6)

EQ: 29w(rp>2 le
rpg/m;(rp) _2gvv(rp)

where we fixed r = r,, and the prime stands for a derivative
with respect to r,. On the other hand, the orbital angular
frequency associated with these circular orbits is given by

Q :=@:?: _g;”/(rp)
P dv v 2r,

(H7)

In the spacetime metric given by Eq. (104), these expres-
sions reduce to Egs. (117)~(119), where the order O(e?)
corrections are given by

OE(r,) = 2(3M —r,)\/1,(r, —3M) ’ (HE)
B r2(2M = r,)[(2M = r )82 (r,,) + M (r,)] + r36M(r,)

oHn = 2(ry = 30) (7 = 391 | .

50(r,) rp(r, =2M)6X (r,) +2M&A(r,) — r,6M'(r,) + 6M(r,) ' (H10)

24/Mr;,

Circular orbits are stable if V7/(r,) < 0 [145]. For a spacetime perturbatively close to Schwarzschild, stable circular
orbits should exist for r, > rigco. Therefore the ISCO radius rigco in this spacetime can be found by looking at the
inflection point V/(rgco) = 0. Assuming an Ansatz of the form rigeq = 6M + €25rigco, and solving the equation

2

perturbatively in e, we find that drigco is given by

Srisco = 6[OM(6M) — 96M352" (6M) — 32M25) (6M) + 24M>SM" (6M) — 4MSM' (6M)).

(H11)
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