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We study extreme mass-ratio binary systems in which a stellar mass compact object spirals into a
supermassive black hole surrounded by a scalar cloud. Scalar clouds can form through superradiant
instabilities of massive scalar fields around spinning black holes and can also serve as a proxy for dark
matter halos. Our framework is fully relativistic and assumes that the impact of the cloud on the geometry
can be treated perturbatively. As a proof of concept, here we consider a point particle in circular, equatorial
motion around a nonspinning black hole surrounded either by a spherically symmetric or a dipolar
nonaxisymmetric scalar cloud, but the framework can in principle be generalized to generic black hole
spins and scalar cloud geometries. We compute the leading-order power lost by the point particle due to
scalar radiation and show that, in some regimes, it can dominate over gravitational-wave emission. We
confirm the presence of striking signatures due to the presence of a scalar cloud that had been predicted
using Newtonian approximations, such as resonances that can give rise to sinking and floating orbits, as
well as “sharp features” in the power lost by the particle at given orbital radii. Finally, for a spherically
symmetric scalar cloud, we also compute the leading-order corrections to the black-hole geometry and to
the gravitational-wave energy flux, focusing only on axial metric perturbations for the latter. We find that,
for noncompact clouds, the corrections to the (axial) gravitational-wave fluxes at high frequencies can be
understood in terms of a gravitational-redshift effect, in agreement with previous works.
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I. INTRODUCTION

The direct detection of gravitational waves (GWs) can
give us exceptional insights about binary black hole (BH)
systems [1]. Current observations [2] already provided
crucial new information regarding the population of binary
BH systems [3] and allowed us to perform novel tests of
gravity in strong and highly dynamical regimes [4].
However, with the planned construction of next-generation
ground-based [5–7] and space-based detectors [8–10], the
information that GW observations will be able to give us
will be pushed to new limits. For example, we expect that
such detectors will allow us to perform highly precise tests
of gravity, orders of magnitude better than what is currently
possible [1,7,11–14]. It has also been shown that, for some
sources, we might be able to detect GW signatures from the
environment in which binary BH systems live [15–20].
Intermediate and extreme mass-ratio inspirals (IMRIs

and EMRIs, respectively) are among the most interesting
sources for these purposes. Such sources are expected to
be observed with the upcoming space-based detector
LISA [11] and possibly with next generation ground-based
detectors in the case of IMRIs [21]. I/EMRIs are binary
systems with highly asymmetric component masses, and
are typically classified as IMRIs for mass ratios ranging

between ∼10−2–10−4 and EMRIs for mass ratios smaller
than ∼10−4 [11,21,22]. Such systems will typically com-
plete a large number of GW cycles in band, making them
ideal probes to not only perform highly precise tests of
gravity but also to probe the environment surrounding
astrophysical BHs [11,12,16,17,20].
An exciting prospect, which has received some

attention recently, is the possibility that GW signals
from these systems could carry information about the dark
matter environment surrounding massive BHs, see e.g.
[17,23–37], which could be partially or fully composed of
new light bosonic fields [38–43]. Light bosonic fields are
especially interesting because they can significantly impact
the dynamics of BHs. In particular, boson masses in the
range 10−21 − 10−11 eV have Compton wavelengths of the
order of the size of astrophysical BHs with masses in
the range 10M⊙–10

10M⊙, where the lower BH mass in this
range corresponds to the heavier bosons and the upper end
to the lighter bosons. This feature enhances wavelike
phenomena making it possible for unique effects to occur
when an ultralight boson interacts with an astrophysical
BH. For example, such fields can extract rotational energy
from a spinning BH through superradiant scattering and
can render spinning BHs unstable against energy and
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angular momentum extraction [44–56] (see Ref. [57] for an
extensive review on the subject). In this process, up to
∼10% of the BH’s energy can be transferred to the bosonic
field [53,58]. This mechanism provides a natural scenario
in which a macroscopic bosonic environment, also known
as “boson clouds” or “gravitational atoms,” can form
around astrophysical BHs. For complex boson fields, the
backreaction of these clouds on the BH metric leads to the
existence of stationary geometries known as “Kerr BHs
with bosonic hair” [59,60], which can form dynamically
through the superradiant instability [51,61]. Moreover,
ultralight fields can also form solitonic self-gravitating
structures, or boson stars [62–66], which could describe the
inner cores of dark matter halos [38,40,41,67]. When
interacting with BHs, such structures will typically form
long-lived states that can either be slowly accreted by the
BH [68–72] or, if the BH is spinning, they could also
possibly form Kerr BHs with bosonic hair, see e.g. [73].
These motivations have sparked considerable interest

in the study of binary systems, and more specifically
EMRIs, evolving in bosonic environments that can come
either in the form of boson clouds or as boson stars
[24,26–29,33,34,37,74–85]. However, while these works
suggest that such environments could be clearly identi-
fied through GW detections, most of these studies
employed approximations that are inaccurate when con-
sidering EMRIs, such as considering Newtonian approx-
imations or in some cases ignoring important effects such
as dynamical friction. The main exception to this rule is
the work of Refs. [20,36,86,87] where a fully relativistic
and self-consistent formalism to study GW emission
from EMRIs in spherically symmetric, nonvacuum BH
spacetimes was developed. Considering a fully relativ-
istic formalism for such sources is crucial given that
weak-field and post-Newtonian approximations are
known to be inadequate to describe I/EMRIs in the
regimes where they are expected to be observable [88].
For such systems, a strong-field perturbation theory
approach, in which the mass ratio is used as an expansion
parameter, is essential [88].
The main goal of this work is to start developing a

strong-field small-mass-ratio perturbation theory formalism
to study EMRIs in a boson cloud environment. Here we
will focus solely on boson clouds formed by a massive
scalar field; hence, we will usually refer to this environment
as a “scalar cloud” for concreteness. However, our work
can in principle be extended to the case of massive vector
fields in a straightforward manner by using the results of
Refs. [48,51,52,54,60,89]. We should also note that,
despite the fact that small mass-ratio approximations
have been historically developed to model EMRIs, recent
work suggests that the range of applicability of this
approximation also includes the IMRI range and can even
provide a good approximation for nearly equal mass
binaries [88,90–93]. Therefore we expect that the approach

taken in this paper can also be useful for IMRIs and provide
useful qualitative insights for comparable mass systems.
When using BH perturbation theory to study the EMRIs

in a given environment, the first difficulty that arises is
that one would need in principle to start by building a
nonvacuum BH background solution that includes the
impact of the environment. This was the approach taken in
Refs. [20,36,86,87], where the impact of matter environ-
ments in EMRIs was studied by constructing analytical
spherically symmetric BH spacetimes with an anisotropic
fluid “hair.” For boson clouds, however, exact BH sol-
utions that include the backreaction of the cloud are only
known numerically. For example, stationary BH solutions
surrounded by a (complex) boson clouds have been
constructed numerically [59,60], whereas geometries
describing BHs surrounded by slowly decaying spheri-
cally bosonic structures have been obtained through
numerical relativity simulations [70,72]. In addition
to the difficulty of having to deal with numerical
spacetimes, another difficulty that arises is the fact that
generic boson clouds, and specifically the ones formed
through superradiant instabilities, are not spherically
symmetric [50,51,59,60]. Therefore perturbing a BH
spacetime such as the Kerr BHs with bosonic hair
constructed in Refs. [59,60] would require not only to
deal with perturbations of a highly nontrivial geometry
constructed numerically, but, in general, would also
require dealing with solving a set of partial differential
equations describing those perturbations, see e.g. [94].
To avoid these problems we will consider that the boson

field, here described by a complex massive scalar field,
only affects the BH geometry perturbatively. That is,
our approach will be to consider a two-parameter pertur-
bation expansion, one parameter being the mass ratio
q ≔ mp=M ≪ 1, with M the mass of the massive BH
and mp the mass of the small orbiting compact object, here
described as a point particle, and a second parameter ϵ ≪ 1
describing the amplitude of the scalar field. Schemes that
are similar in spirit to the one we use here were proposed
and used, for example, to compute tidal Love numbers of
BHs surrounded by scalar clouds [95], to compute quasi-
normal modes of BHs accreting a scalar field environment
[96] and also to compute quasinormal modes of BHs in
beyond general relativity (GR) theories [97–100]. Such a
perturbative scheme allows us to use standard tools from
BH perturbation theory, since the background spacetime is
now given by an analytically known vacuum BH solution
on top of which the effects of the scalar field and the point
particle are added perturbatively. As a proof of concept,
here we will take the vacuum BH background to be given
by Schwarzschild and then consider either a spherically
symmetric or a dipolar scalar cloud. Even though this will
require some additional nontrivial extensions of this work,
we expect that the method can be generalized to Kerr BHs
with arbitrary BH spins using the methods developed in
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Refs. [97–100]. In addition, another major advantage of
this formalism is that it allows us to add the effect of the
environment on top of known vacuum general relativity
results. We expect this feature to be especially important
in the long term, given that it greatly simplifies the task of
building EMRI waveform models that include the effects
of scalar clouds. Therefore we expect that the method
could also become useful for other types of environments.
As we will show, our approach captures and generalizes
to a relativistic framework all the features that had been
computed using Newtonian approximations and quantum
mechanics analogies, namely, resonances at some spe-
cific orbital frequencies that can lead to sinking and
floating orbits [24,27,28,75,101,102] as well as sharp
features in the energy lost by the point particle due to
scalar radiation [32,33,37].
The rest of this paper is organized as follows. In Sec. II

we summarize our framework, present the perturbative
scheme that we use to study EMRIs in the presence of a
scalar cloud and give a short review of the quasibound
states of a massive scalar field in a BH spacetime, focusing
on a Schwarzschild BH background. Then, in Sec. III we
compute the leading-order perturbation on the scalar cloud,
induced by the presence of a point particle in circular,
equatorial motion. We then show that the presence of the
cloud introduces an additional source of energy loss in the
form of scalar radiation and present results for the power
lost through this radiation, focusing on a spherically
symmetric and a dipolar nonaxisymmetric scalar cloud.
For a more complete test of this framework we then also
compute part of the leading-order corrections to the GW
flux in Sec. IV. For this case we focus solely on a
spherically symmetric scalar cloud. We first compute the
leading-order corrections to the BH metric due to the
backreaction of the cloud on the geometry, and then use
these results to compute the leading-order corrections to the
axial metric perturbations and corresponding GW fluxes.
Finally, in Sec. V we conclude by summarizing our main
results and identifying some promising avenues for future
work. Some details of our computations are also shown in
the Appendixes. Throughout this work, we use units in
which G ¼ c ¼ 1.

II. FRAMEWORK

A. Action and equations of motion

We consider a complex massive scalar field Φminimally
coupled to gravity,1 described by the action

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
R
16π

− ∂μΦ�
∂
μΦ − μ2Φ�Φþ Lm

�
; ð1Þ

where an asterisk denotes the complex conjugate and Lm
represents the Lagrangian density for additional matter
fields, which are assumed to be minimally coupled to
gravity as well. Varying this action with respect to the
metric and the scalar field we get the Einstein-Klein-
Gordon field equations:

Gμν ¼ 8πðTΦ
μν þ TμνÞ; ð2Þ

□Φ ¼ μ2Φ; ð3Þ

whereGμν≔Rμν−gμνR=2,□≔∇μ∇μ is the d’Alembertian
operator, TΦ

μν is the stress-energy tensor of the scalar field,

TΦ
μν½Φ;Φ�� ¼ 2∂ðμΦ∂νÞΦ� − gμνð∂αΦ∂

αΦ� þ μ2Φ�ΦÞ;
ð4Þ

and Tμν represents the stress-energy tensor of any addi-
tional matter. The scalar field possesses a global Uð1Þ
symmetry which implies the existence of a conserved
current given by

jμ ¼ −iðΦ�
∂
μΦ −Φ∂

μΦ�Þ: ð5Þ

In the absence of dissipation in the system, such as scalar
radiation at the horizon or at infinity, the conserved current
implies the existence of a conserved Noether charge:

Q ¼
Z
Σ
d3x

ffiffiffiffiffiffi
−g

p
j0; ð6Þ

with Σ a spacelike hypersurface.

B. Perturbation scheme

We consider a small compact object (often times referred
to as the “secondary” object) with mass mp orbiting a BH
of massM surrounded by a scalar cloud, such that the mass
ratio q ≔ mp=M is small, i.e., q ≪ 1. At leading order in a
small-q expansion, the secondary object can be modeled as
a point particle moving on geodesics of the background
spacetime, ḡμν, generated by the BH-scalar cloud system
(see e.g. Refs. [107,108] for recent reviews). The point
particle’s stress-energy tensor is given by

Tμν½ḡ� ¼ mp

Z
uμpuνp

δð4Þðxμ − xμpðτÞÞffiffiffiffiffiffi
−ḡ

p dτ; ð7Þ

where τ is the particle’s proper time, xμp its worldline and
uμp ≔ dxμp=dτ its four-velocity.
In order to take into account the impact of the scalar

field, we consider that its amplitude is small, such that the
modifications to the BH spacetime induced by the scalar
field can be treated using perturbation theory. Therefore,
besides the mass ratio q we consider an additional small

1EMRIs in theories in which the scalar field couples non-
minimally to gravity have also been considered in Refs. [103–106].
We do not consider this case here.
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parameter ϵ ≪ 1 that parametrizes the scalar field
amplitude, such that in the limit ϵ → 0 we recover
GR’s vacuum solutions. Namely, keeping only the terms
up to order Oðq1; ϵ2Þ, we consider an expansion of the
form [96,98]

Φ ¼ ϵΦð1Þ þ ϵ2Φð2Þ þ qΦðqÞ þ � � � ; ð8Þ

gμν ¼ gð0Þμν þ ϵgð1Þμν þ ϵ2gð2Þμν þ qhμν þ � � � : ð9Þ

Inserting these expressions into Eqs. (2) and (3) we find,
up to order Oðq0; ϵ0Þ,

Gμν½gð0Þ� ¼ 0: ð10Þ

These are just the vaccum Einstein field equations for
which the most generic BH solution is the Kerr metric.
Continuing this procedure, at order Oðq0; ϵ1Þ we find

δGμν½gð1Þ� ¼ 0; ð11Þ

□
ð0ÞΦð1Þ ¼ μ2Φð1Þ; ð12Þ

where □
ð0Þ ≔ gð0Þμν∇ð0Þ

μ ∇ð0Þ
ν is the d’Alembertian

operator computed with respect to the metric gð0Þμν and
δGμν represents the standard linearized Einstein operator
defined as [98]

δGμν½h� ≔
1

2

h
2∇ð0Þα∇ð0Þ

ðμ hνÞα −□ð0Þhμν −∇ð0Þ
μ ∇ð0Þ

ν hαα

þ gð0Þμν

�
□

ð0Þhββ −∇ð0Þα∇ð0Þβhαβ
�i

: ð13Þ

Notice that there is no source term for the field equations of

the perturbation gð1Þμν . As we are only interested in metric
perturbations sourced by the scalar field or by the secon-

dary object, we set gð1Þμν ¼ 0 since this trivially solves
Eq. (11). Therefore the spacetime metric is only deformed
at order Oðϵ2Þ, as one could have easily guessed given that
the scalar field stress-energy tensor (4) is quadratic in the
field’s amplitude.

Setting gð1Þμν ¼ 0, at order Oðq0; ϵ2Þ we have

δGμν½gð2Þ� ¼ 8πTΦð2Þ
μν ½Φð1Þ;Φð1Þ��; ð14Þ

□
ð0ÞΦð2Þ ¼ μ2Φð2Þ; ð15Þ

where we defined

TΦð2Þ
μν ½Φð1Þ;Φð1Þ��
¼ 2∂ðμΦð1Þ

∂νÞΦð1Þ�

− gð0Þμν

�
gð0Þαβ∂αΦð1Þ

∂βΦð1Þ� þ μ2Φð1ÞΦð1Þ�
�
: ð16Þ

Notice that Eqs. (12) and (15) are exactly the same, meaning
that the correctionΦð2Þ can be reabsorbed into the definition
of Φð1Þ. Therefore, without loss of generality, we can set
Φð2Þ ¼ 0. In summary, up to orderOðq0; ϵ2Þ, once we have a
BH background solution that solves Eq. (10), the set of
equations one needs to solve is Eqs. (12) and (14).
We can now consider the impact of the point particle by

computing the corrections at orderOðq1; ϵ2Þ. Schematically,
we can write those as [96,98]

δGμν½ḡ; h� ¼ 8πTp
μν½ḡ�

þ 8πϵ
�
TΦð2Þ
μν ½Φð1Þ;ΦðqÞ�� þ TΦð2Þ

μν ½ΦðqÞ;Φð1Þ��
�

þ 8πϵ2Shμν½h;Φð1Þ;Φð1Þ��; ð17Þ

ð□ḡ − μ2ÞΦðqÞ ¼ ϵSΦ½h;Φð1Þ�; ð18Þ

where δGμν½ḡ; h� represents the linearized Einstein field
equations for the perturbation hμν but computed with the

background metric ḡμν ≔ gð0Þμν þ ϵ2gð2Þμν , for convenience
we factorized the q dependence from the point particle’s
stress-energy tensor as Tμν ¼ qTp

μν, □
ḡ represents the

d’Alembertian operator written with respect to the metric
ḡμν, Shμν is given by

Shμν½h;Φð1Þ;Φð1Þ�� ¼ gð0Þμν hαβ∂αΦð1Þ
∂βΦð1Þ�

− hμνgð0Þαβ∂αΦð1Þ
∂βΦð1Þ�

− μ2hμνΦð1ÞΦð1Þ�; ð19Þ

whereas SΦ is given by

SΦ½h;Φð1Þ� ¼ gð0ÞμνΓðqÞα
μν ∂αΦð1Þ þ hμν∇ð0Þ

μ ∂νΦð1Þ; ð20Þ

with

ΓðqÞα
μν ¼ 1

2
gð0Þαβ

�
∇ð0Þ

μ hνβ þ∇ð0Þ
ν hμβ −∇ð0Þ

β hμν
�
: ð21Þ

Importantly, we see from Eqs. (17) and (18) that even though
the secondary object does not interact directly with the scalar
field, the metric perturbations hμν induced by the object will
source scalar perturbations ΦðqÞ, as long as Φð1Þ ≠ 0. We
also note that, for consistency, δGμν½ḡ; h�, Tp

μν½ḡμν� and □
ḡ

should only be thought as being valid up to orderOðϵ2Þ. This
procedure can be continued to include Oðq2Þ effects, but for
the purposes of this work we will stop at order OðqÞ.
At this point we could stop and use directly Eqs. (17)

and (18). However, the problem can be further simplified
by noticing that the source term in Eq. (18) is of orderOðϵÞ.
Therefore for the scalar field perturbations we can seek
solutions of the form
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ΦðqÞ ¼ ϵΦðq;1Þ þ � � � : ð22Þ

Plugging in Eq. (17) we see that, up to order Oðϵ2Þ, the
metric perturbations hμν will be sourced only by terms of
order Oðϵ0Þ and Oðϵ2Þ. Therefore we expand hμν as

hμν ¼ hð0Þμν þ ϵ2hð2Þμν þ � � � : ð23Þ

Applying these expansions in Eqs. (17) and (18) we have
(i) at order Oðq1; ϵ0Þ:

δGμν½hð0Þ� ¼ 8πTp
μν½gð0Þ�; ð24Þ

(ii) at order Oðq1; ϵ1Þ:

ð□ð0Þ − μ2ÞΦðq;1Þ ¼ SΦ½hð0Þ;Φð1Þ�: ð25Þ

At order Oðq1; ϵ2Þ one can get an equation for hð2Þμν , but for
the purposes of this work we will not need this equation,
therefore we do not derive it explicitly here.
Besides the equations of motion for the scalar field and

the metric we also need the equations of motion for the
point particle, which can be derived from the conservation
equation ∇νTμν ¼ 0 [109]. For the purposes of this work it
will be enough to state that, up to order Oðϵ2Þ, the
equations of motion for the particle’s worldline can be
written as (see e.g. [109])

uνp∇ḡ
νu

μ
p ¼ 0þOðqÞ; ð26Þ

where ∇ḡ is the covariant derivative computed with the
metric ḡμν. The terms of order of OðqÞ, commonly known
as the “self-force,” are generated by the metric perturbation
hμν and express the fact that the particle’s motion can
be thought as being accelerated in the background space-
time ḡμν due to the perturbations induced by the point
particle [109]. However, for the purposes of solving
Eqs. (17) and (18), those terms are not needed since when
solving Eqs. (17) and (18) one only needs to consider that
the point particle moves along geodesics of the metric ḡμν
[or of gð0Þμν , if working only up to order OðϵÞ].
Noticeably, if one stops at order Oðq1; ϵ1Þ, the only

corrections to the vacuum case will occur due to Φðq;1Þ
which is sourced by the nontrivial background scalar

profile Φð1Þ and by the metric perturbation hð0Þμν

[cf. Eq. (25)], simplifying the problem considerably since

hð0Þμν can be obtained using standard vacuum BH perturba-
tion theory [cf. Eq. (24)]. Importantly, the perturbative
scheme we just summarized is generic and can in principle

be applied for any background BH metric gð0Þμν , including
the case in which this metric is given by the Kerr geometry,
which is the most general stationary BH solution of
Eq. (10). The main difficulty in the Kerr case, however,

is that perturbations are more easily studied using the
Teukolsky formalism [110], which provides separable
equations for certain spin-weighted scalars that are related
to the Weyl curvature scalars [110]. From those, it is

possible to reconstruct the metric perturbations hð0Þμν , but the
procedure is highly nontrivial (we refer the reader to the
review [108] for a list of references regarding the metric
reconstruction procedure). Given that the main goal of this
paper is to serve as a first stepping stone towards tackling
the full Kerr BH case, in this work we will instead start
by considering the much simpler case in which the back-

ground metric gð0Þμν is given by a Schwarzschild BH.

C. Quasibound states in black hole spacetimes

Let us start by considering solutions to order Oðq0; ϵ1Þ
that solve Eq. (12) when the background metric gð0Þμν

describes a BH spacetime, focusing on a Schwarzschild
BH as mentioned above. This problem has been widely
discussed in the literature (see Ref. [57] for a review), so let
us just briefly review the problem.
In a BH spacetime, massive scalar fields admit

quasibound state solutions that oscillate with a frequency
ω ∼ μ [44–46]. For Schwarzschild BHs such quasibound
states always decay in time due to absorption at the
horizon, but they can be extremely long-lived when
Mμ ≪ 1 [44,46] and can form under quite generic initial
conditions [68–72,111]. For Kerr BHs instead, some bound
states can become superradiantly unstable when their
oscillation frequency ω satisfies the superradiant condition,
ω < miΩH [44–46,57], where ΩH is the horizon’s angular
velocity2 and mi is the azimuthal index of a spheroidal
harmonic function used to separate the Klein-Gordon
equation in a Kerr BH background. The evolution of
this instability leads to the formation of scalar clouds
[50,51,53,61]. For clouds that only grow through super-
radiance, the backreaction of the cloud on the metric is
generically small [50,51,58,61] and the resulting configu-
ration is very well described by a bound state in a Kerr BH
background with spin that saturates the condition ΩH ¼
ω=mi [50,51,61]. The BH spin is essential to form scalar
clouds through superradiance, however some important
remarks should be made: (i) the condition for the super-
radiant instability to occur, ω < miΩH, with ω ∼ μ and
MΩH ≤ 1=2 (the equality corresponding to extremal Kerr
BHs), implies Mμ≲mi=2. Therefore for mi ¼ 1, which
corresponds to the most unstable mode, one always had
Mμ ≲ 1=2; (ii) even after a mi ¼ 1 cloud that saturates
ΩH ∼ ω has formed, higher modes with mi > 1 will still
keep growing. However, the instability timescale of those
modes can be sufficiently long such that the mi ¼ 1 cloud

2In Boyer-Lindquist coordinates, ΩH ¼ J=ð2M2rþÞ, where J
is the BH’s angular momentum and rþ is the outer event horizon
of the Kerr metric.
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is effectively stable over very long timescales, if Mμ is
small enough, see e.g. [112]; (iii) the profile of the bound
states peak at a radius that scales with M=ðMμÞ2, which
implies that for small Mμ, the cloud is localized far from
the horizon where BH spin effects are small; (iv) given that
MΩH ∼Mω ∼Mμ for mi ¼ 1 scalar clouds that have
saturated the superradiant instability, the BH dimensionless
spin J=M2 is small when μM ≪ 1. Taking all these points
into consideration makes us confident that considering the
background BH metric to be a Schwarzschild BH provides
a reasonably good approximation of what one should
expect for scalar clouds formed around Kerr BHs and
grown out of the superradiant instability.

Let us therefore consider gð0Þμν to be given by the
Schwarzschild metric:

ds2 ¼ −fðrÞdt2 þ fðrÞ−1dr2 þ r2dθ2 þ r2 sin2 θdϕ2;

ð27Þ

with fðrÞ ¼ ð1 − 2M=rÞ. Since the metric is spherically
symmetric, the scalar field can be decomposed as

Φð1Þðt; r; θ;ϕÞ ¼ RniliðrÞYlimi
ðθ;ϕÞe−iωt; ð28Þ

where Ylimi
are scalar spherical harmonics, ni ¼ 0; 1; 2;…

is the analog to the radial quantum number in the hydrogen
atom, describing the number of nodes in the radial wave
function, and fli; mig are the usual spherical harmonic
quantum numbers specifying the total and the projection of
the angular momentum along the z axis of a given mode,
respectively. Here we already anticipated that in a
Schwarzschild background RniliðrÞ does not depend on
the azimuthal number mi since, upon inserting (28) in
Eq. (12), one can show that the radial function Rnili

ðrÞ
satisfies the differential equation,

d2ðrRniliÞ
dr2�

þ ðω2 − ViÞðrRniliÞ ¼ 0: ð29Þ

Here r� is the tortoise coordinate, defined through
dr�=dr ¼ 1=fðrÞ and the effective potential reads

Vi ¼ fðrÞ
�
μ2 þ liðli þ 1Þ

r2
þ 2M

r3

�
: ð30Þ

Notice that Vi does not depend on mi and therefore the
radial function does not depend on it. This is only true in
Schwarzschild; in a Kerr BH background this degeneracy is
slightly broken [46].
For convenience, later on we will also make use of

ingoing Eddington-Finkelstein coordinates ðv; r; θ;ϕÞ,
with v ¼ tþ r�, for which the Schwarzschild metric reads

ds2EF ¼ −fðrÞdv2 þ 2dvdrþ r2dθ2 þ r2sin2θdϕ2: ð31Þ

In these coordinates we can decompose the scalar field as

Φð1Þðv; r; θ;ϕÞ ¼ R̃niliðrÞYlimi
ðθ;ϕÞe−iωv: ð32Þ

SinceΦð1Þ is a scalar function, it is locally invariant under a
coordinate transformation. Therefore by equating Eqs. (28)
and (32) one finds that the radial functions are related
by R̃niliðrÞ ¼ eiωr�RniliðrÞ [46]. We will make use of this
relation in order to compute the function R̃nili later on. It
can be easily verified that R̃nili satisfies the following
differential equation:

d2ðrR̃niliÞ
dr2�

− 2iω
dðrR̃niliÞ

dr�
− VirR̃nili ¼ 0: ð33Þ

Imposing appropriate boundary conditions, solutions to
Eq. (29) can be obtained numerically or semianalytically,
for example, by directly integrating the radial equation
or by using a continued-fraction method [45,46,113].
Through this work we employ the continued-fraction
method of Ref. [46] which provides a very efficient method
to get accurate semianalytical solutions. For quasibound
state solutions, one imposes boundary conditions in which
the field decays exponentially at spatial infinity, whereas
close to the event horizon only ingoing waves are present:

lim
r→2M

RðrÞ ∼ e−iωr� ; lim
r→∞

RðrÞ ∼ e−qr�rMμ2=q

r
; ð34Þ

where ν ¼ Mμ2=q, q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 − ω2

p
and one requires

ℜðqÞ > 0 for quasibound state solutions. This pair of
boundary conditions is satisfied for an infinite, discrete
spectrum of complex eigenfrequencies [46] that can
be labeled according to the three quantum numbers
ω ≔ ωnilimi

.3 In the smallMμ limit, the real and imaginary
part of the eigenfrequencies reads [44,114]

ℜðωÞ ≈ μ −
μ

2

�
Mμ

li þ ni þ 1

�
2

; ð35Þ

ℑðωÞ ∝ −ðMμÞ4liþ5ℜðωÞ: ð36Þ

In a Kerr spacetime, a similar expression can be found for
ℑðωÞ by doing the transformation ℜðωÞ → ℜðωÞ −miΩH
in Eq. (36), such that when ℜðωÞ < miΩH, ℑðωÞ > 0 and
the mode grows exponentially. Kerr BHs also admit true
bound states with ℑðωÞ ¼ 0 when ℜðωÞ ¼ miΩH, which
are a good approximation to the end state of the super-
radiant instability [61].

3We note that in a Schwarzschild BH background, modes
with the same fni;lig but different mi are degenerate, but as
alluded to above, this degeneracy is slightly broken in a Kerr BH
background [46].
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One can see that, within our approximation of using a
Schwarzschild BH background, the scalar bound states will
typically slowly decay in time, since true bound states can
only exist in a Kerr spacetime. However, Eq. (36) predicts
that jMℑðωÞj ≪ 1 when Mμ ≪ 1 and therefore, even in
Schwarzschild, quasibound states can be very long-lived,
as already mentioned. In Sec. IV we show how this can be
explicitly seen from the backreaction induced on the
metric for a spherically symmetric quasibound state
[cf. Eq. (114)]. Therefore, in this work we will neglect
the slow decay of the cloud in our calculations and also
assume that ω ≈ℜðωÞ when considering the perturbations
induced by the point particle. While this might not always
be a good approximation over the whole inspiral of an
EMRI, especially for large Mμ, this serves a good proxy
for what happens in a Kerr spacetime where true bound
states that do not decay over time exist and can be formed
through the superradiant instability. Even without this
approximation, we note that, as long as the decay timescale
τinst ¼ 1=jℑðωÞj is much larger than the typical orbital

period of the point particle Torb ¼ 2π
ffiffiffiffiffiffiffiffiffiffiffiffi
r3p=M

q
, with rp the

orbital radius, the decay of the cloud can be neglected when
computing the (orbital averaged) scalar and GW energy
fluxes emitted due to the orbital motion of the point
particle. The decay can be included a posteriori using a
flux-balance law when considering the slow inspiral of
the secondary object. This condition requires rp=M ≪
ð2πÞ−2=3ðMμÞ−4−8li=3, where we took ℜðωÞ ∼ μ.
Considering the mode with the smallest decay timescale,
li ¼ ni ¼ 0, rp=M ≪ 3 × 103ðMμ=0.1Þ−4. Therefore, as
long as we consider sufficiently small orbital radii, we
can neglect the decay of the cloud for the purposes of
computing fluxes at given orbital radii. If we instead
require the cloud’s decay timescale to be sufficiently slow
such that one can neglect it during the whole inspiral we
get a stricter bound on Mμ. Approximating the orbital
decay as being due solely to GW emission and using the
quadrupole formula in the EMRI limit, the typical orbital
decay is given by Peter’s formula tGW ∼ 5r4p;0=ð256M3qÞ
[115], where rp;0 represents the initial orbital radius.
Therefore, if rp;0=M ≪ 4ðq=5Þ1=4ðMμÞ−3=2−li , the
cloud’s decay can be neglected throughout the
whole inspiral. For li ¼ ni ¼ 0 this gives rp;0=M ≪
15ðq=10−3Þ1=4ðMμ=0.1Þ−3=2, whereas for li ¼ ni ¼ 1

we find rp;0=M ≪ 150ðq=10−3Þ1=4ðMμ=0.1Þ−5=2.
Finally, we should note that the metric perturbations hμν

and gð2Þμν should also induce small corrections of orderOðqÞ
and Oðϵ2Þ, respectively, to the quasibound state eigenfre-
quencies (see e.g. [27,75,98,116]). These small frequency
shifts can be computed perturbatively by expanding the
eigenfrequencies as ω ¼ ωð0Þ þ qωðqÞ þ ϵ2ωð2Þ (see e.g.
Ref. [98]), where ωð0Þ are the eigenfrequencies in the
vacuum BH background, whereas the frequency shifts ωðqÞ

and ωð2Þ can be obtained employing a formalism similar to
perturbation theory in quantummechanics (see e.g. Sec. IV
A of Ref. [98], and also Appendix E for more details).
However, for the purposes of computing the leading-order
power lost by a point particle moving inside a scalar cloud,
these frequency shifts can be neglected. Therefore we will
not consider these corrections here, leaving their compu-
tation for future work.

III. POINT PARTICLE IN CIRCULAR,
EQUATORIAL MOTION: LEADING-ORDER
METRIC AND SCALAR PERTURBATIONS

Using the framework presented in the previous section,
we now consider the leading-order perturbations induced
by a point particle in circular, equatorial motion around a
Schwarzschild BH surrounded by a scalar cloud, here
modeled as a quasibound state solution of the Klein-
Gordon equation in a Schwarzschild background. That
is, we will consider perturbations to the metric and the
scalar field up to order Oðq1; ϵ1Þ. As we saw above, those
are described by Eqs. (24) and (25). Therefore, we first
need to find the metric perturbations using Eq. (24) and
then use those solutions in the source of the scalar
field Eq. (25).

A. Metric perturbations

The problem of solving Eq. (24) in a Schwarzschild
BH background has been widely studied in the literature
(see e.g. Refs. [117–121] for classical papers on the
subject), therefore let us just briefly review the main
equations here. Some additional details can also be found
in Appendixes A and B.
In a spherically symmetric background, hμν can be

expanded in a complete basis of tensor spherical harmon-
ics. Those are labeled by spherical-harmonic indices l
and m, and can be classified as axial and polar perturba-
tions, depending on their properties under parity trans-
formations [117–119]. In this basis, the metric
perturbations can be decomposed as

hð0Þμν ðt; r; θ;ϕÞ ¼
X
l;m

ℜ
	Z þ∞

−∞
e−iσt½haxial;lmμν ðσ; r; θ;ϕÞ

þ hpolar;lmμν ðσ; r; θ;ϕÞ�dσ


; ð37Þ

where haxial;lmμν represent axial perturbations and hpolar;lmμν

represent polar perturbations, and notice that here we work
in the frequency domain. The explicit form of the polar and
axial perturbations in Regge-Wheeler gauge [117] can be
found in Appendix B, see Eqs. (B1) and (B2). Similarly the
point particle’s stress-energy tensor can be decomposed
in terms of the tensor spherical harmonics basis (see
Appendix A) which allows to separate the equations of
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motion. Because of the spherical symmetry of the back-
ground, polar and axial perturbations completely decouple.

1. Master equations for l ≥ 2

For l ≥ 2, polar and axial perturbations can be reduced to
two scalar and gauge-invariant master functions, Ψlm

polðt; rÞ
and Ψlm

ax ðt; rÞ, which can be computed from the metric
perturbations [121]. In the frequency domain, those func-
tions satisfy second-order ordinary differential equations
given by

�
d2

dr2�
þ σ2 − Vpol

�
ψ lm
polðrÞ ¼ SlmpolðrÞ; ð38Þ

�
d2

dr2�
þ σ2 − Vax

�
ψ lm
ax ðrÞ ¼ Slmax ðrÞ; ð39Þ

where ψ lm
pol and ψ lm

ax are the Fourier transforms of Ψpol

and Ψax, respectively, defined here as

Ψlm
pol=axðt; rÞ ¼

Z þ∞

−∞
e−iσtψ lm

pol=axðσ; rÞdσ; ð40Þ

ψ lm
pol=axðσ; rÞ ¼

1

2π

Z þ∞

−∞
eiσtΨlm

pol=axðt; rÞdt: ð41Þ

The potentials read

Vpol ¼
fð18M3 þ 18λM2rþ 6λ2Mr2 þ 2λ2ðλþ 1Þr3Þ

r3ð3M þ λrÞ2 ;

ð42Þ

Vax ¼ f

�
lðlþ 1Þ

r2
−
6M
r2

�
; ð43Þ

where λ ¼ ðl − 1Þðlþ 2Þ=2, whereas the source terms
Slmpol and Slmax can be found in Appendix B [cf. Eqs. (B4)
and (B10)].
These equations can be solved using a standard Green’s

function approach. Namely, for equations of the type (38)
and (39) we can construct two independent solutions of
the homogeneous part of the equations, which satisfy the
following boundary conditions (using the notation in
Ref. [122]):

ψp=a
in →

(
e−iσr� ; r → 2M;

Bp=a
inc e

−iσr� þ Bp=a
ref e

iσr� ; r → ∞;
ð44Þ

ψp=a
up →

(
Cp=a
ref e

−iσr� þ Cp=a
up eiσr� ; r → 2M;

eiσr� ; r → ∞;
ð45Þ

where here the superscripts “p” and “a” refer to a solution
to the (homogeneous) polar and axial master equation,
respectively, and one should remember that there is an
implicit dependence on l and m. The Wronskian of these
two solutions is constant and given by

Wðψp=a
in ;ψp=a

up Þ ¼ dψp=a
up

dr�
ψp=a
in −

dψp=a
in

dr�
ψp=a
up ¼ 2iσBp=a

inc :

ð46Þ

With these ingredients one can then construct a solution to
Eqs. (38) and (39) which behaves as a purely outgoing
wave at infinity and purely ingoing wave at the horizon:

ψpol=axðrÞ ¼
ψp=a
up ðrÞ
W

Z
r

2M

ψp=a
in ðr0ÞSpol=axðr0Þ

fðr0Þ dr0

þ ψp=a
in ðrÞ
W

Z
∞

r

ψp=a
up ðr0ÞSpol=axðr0Þ

fðr0Þ dr0: ð47Þ

For circular orbits, the functions Spol=axðrÞ only contain
terms proportional to Dirac delta functions δðr − rpÞ and
derivatives of it (see Appendix B). Therefore the integrals
can be easily computed analytically (derivatives of the
Dirac delta function can be dealt with by integrating by
parts). Notice in particular that this allows to rewrite the
integrals as

Z
r

2M

ψp=a
in Spol=ax

f
dr0 ¼ Θðr − rpÞ

Z
∞

2M

ψp=a
in Spol=ax

f
dr0;

Z
∞

r

ψp=a
up Spol=ax

f
dr0 ¼ Θðrp − rÞ

Z
∞

2M

ψp=a
up Spol=ax

f
dr0:

ð48Þ

Once solutions for ψ lm
polðrÞ and ψ lm

ax ðrÞ are obtained, the
metric perturbations can be reconstructed in a given gauge.
Explicit equations to reconstruct the metric perturbations in
the standard Regge-Wheeler gauge, which we use through-
out this work, are given in Appendix B.

2. Monopolar l = 0 and dipolar l = 1 perturbations

To complete the computation of metric perturbations we
also need to consider modes with l ¼ 0 and l ¼ 1. Those
modes do not contribute to the gravitational radiation that
travels towards future null infinity and the BH horizon,
however they need to be included for a complete descrip-
tion of the metric perturbations. For a point particle moving
in a Schwarzschild BH they were first computed in
Ref. [119] in a particular gauge that we shall call the
“Zerilli gauge” following Ref. [123]. In what follows we
will mostly use the Zerilli gauge in which the solutions take
their simplest form. For other possible gauge choices see
e.g. Ref. [123]. Since we will need them for later use, let us
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briefly review the solutions in the case of a point particle in
circular, equatorial motion in Schwarzschild.4

a. Monopolar perturbations. Monopolar l ¼ 0 metric
perturbations are purely polar as can be easily inferred
setting l ¼ m ¼ 0 in Eqs. (B1) and (B2). In this case, the
Zerilli gauge can be obtained from Eq. (B1) by setting the
polar functions Hl¼0

1 ðrÞ ¼ 0 and Kl¼0ðrÞ ¼ 0. Following
Refs. [119,120], we find the following analytical solution
for the functions Hl¼0

0 ðrÞ and Hl¼0
2 ðrÞ [123]:

Hl¼0
0 ðrÞ ¼

ffiffiffiffiffiffiffiffi
16π

p ðrp − rÞE
rðrp − 2MÞ Θðr − rpÞ; ð49Þ

Hl¼0
2 ðrÞ ¼

ffiffiffiffiffiffiffiffi
16π

p
rE

ðr − 2MÞ2Θðr − rpÞ; ð50Þ

where E ≔ mpðrp − 2MÞ= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rpðrp − 3MÞp

is the particle’s
conserved energy, Θðr − rpÞ is the Heaviside step function
and we recall that mp is the mass of the point particle. It is
easy to check that in the region r > rp the perturbed metric
simply describes another Schwarzschild geometry with
mass M þ E [119,123].
b. Dipolar, polar perturbations. Dipolar l ¼ 1 metric

perturbations exist both in the polar and axial sector. In the
polar sector, the Zerilli gauge corresponds to setting
Kl¼1ðrÞ ¼ 0 in Eq. (B1). In the frequency domain, the
solutions found in [119] can be written as

Hl¼1
0 ðrÞ ¼ Y�

1mðπ=2; 0Þ
8πEðrp − 2MÞ
3Mrðr − 2MÞ

× ðM − r3σ2ÞΘðr − rpÞδðσ −mΩpÞ; ð51Þ

Hl¼1
1 ðrÞ ¼ iY�

1mðπ=2; 0Þ
8πErðrp − 2MÞ

ðr − 2MÞ2 σ

× Θðr − rpÞδðσ −mΩpÞ; ð52Þ

Hl¼1
2 ðrÞ ¼ Y�

1mðπ=2; 0Þ
8πErðrp − 2MÞ

ðr − 2MÞ3
× Θðr − rpÞδðσ −mΩpÞ; ð53Þ

where Ylmðθ;ϕÞ are scalar spherical harmonics and

Ωp ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffi
M=r3p

q
is the particle’s orbital frequency,

with the plus (minus) sign corresponding to prograde

(retrograde) orbits.5 As discussed in Ref. [119], for
r > rp, the resulting perturbed metric represents a
Schwarzschild solution expressed in a noninertial coordi-
nate system, and therefore one can find a gauge in which
the perturbations vanish in the region outside r ¼ rp.
However, as emphasized in Ref. [123], the perturbations
in Eqs. (51)–(53) are not pure gauge because of the
presence of the particle at r ¼ rp.
In fact, as shown in Refs. [119,123] one can find a gauge

in which the polar l ¼ 1 metric perturbations can be set to
zero everywhere except at r ¼ rp. In this gauge, which we
shall call the singular gauge following [123], the dipolar
component of hpolarμν takes the form

hpolar;l¼1
μν ¼

0
BBB@

0 Hs
1ðrÞY1m 0 0

� Hs
2ðrÞY1m ηs1ðrÞ∂θY1m ηs1ðrÞ∂ϕY1m

� � 0 0

� � � 0

1
CCCA;

ð54Þ

where the superscripts “s” emphasize that these quantities
are in the singular gauge, asterisks represent symmetric
components and Y1m ≔ Y1mðθ;ϕÞ. Under this gauge the
radial functions are given by [123]

Hs
1ðrÞ ¼ iY�

1mðπ=2; 0Þ
4πr2pEσ

3M
δðr − rpÞδðσ −mΩpÞ;

ð55Þ

Hs
2ðrÞ ¼ Y�

1mðπ=2; 0Þ
8πr2pE

3Mðrp − 2MÞ δðr − rpÞδðσ −mΩpÞ;

ð56Þ

ηs1ðrÞ ¼ Y�
1mðπ=2; 0Þ

4πr2pE

3M
δðr − rpÞδðσ −mΩpÞ: ð57Þ

One can verify that plugging these expressions in Eq. (37)
reproduces Eqs. (5.8)–(5.11) in [123]. As we shall discuss,
we will use both the Zerilli and singular gauge to check the
consistency of some of our results when computing the
(gauge-invariant) scalar fluxes.
c. Dipolar, axial perturbations. Finally, for complete-

ness, let us also discuss l ¼ 1 perturbations in the axial
sector. The Zerilli gauge for these perturbations can be
found by setting hl¼1

1 ðrÞ ¼ 0 in Eq. (B2) and the only free

4Zerilli’s original work [119] has some sign errors as noticed
in [120], so to verify our computations we checked that our
solutions reproduce the ones shown in Ref. [123]. When
comparing with [123] we should also remember that all solutions
we show are in the frequency domain.

5In a vacuum Schwarzschild BH, the distinction between
prograde and retrograde orbits is purely conventional, given that,
in a spherically symmetric spacetime, observables cannot depend
on the direction of the orbit. However, this distinction becomes
relevant when including a rotating environment, as we do below.
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function is therefore hl¼1
0 ðrÞ. Following Refs. [119,123] we

find that it reads

hl¼1
0 ðrÞ ¼ −

�
8πL
3r

Θðr − rpÞ þ
8πLr2

3r3p
Θðrp − rÞ

�

× δðσ −mΩpÞ∂θY�
1mðθ; 0Þjθ¼π=2; ð58Þ

where L ¼ mp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mrp=ð1 − 3M=rpÞ

p
is the particle’s con-

served angular momentum. As discussed in [119,123] this
perturbation describes the shift in the spacetime’s angular
momentum that occurs at r ¼ rp due to the presence of the
point particle.

3. Gravitational-wave flux

The metric perturbations computed using the procedure
above can be used to analyze the gravitational radiation
emitted towards (future null) infinity and the BH horizon
[121]. As already mentioned, only the modes with l ≥ 2
contribute to this radiation. The procedure to compute the
energy and angular momentum fluxes can be found in
Ref. [121], therefore here we only provide the main
equations. The energy flux at infinity Ėg;∞ and at the
BH horizon Ėg;H can be written as

Ėg;H=∞ ¼ Ėax
H=∞ þ Ėpol

H=∞; ð59Þ

where

Ėpol=ax
∞ ¼ lim

r→∞

1

64π

X
l;m

ðlþ 2Þ!
ðl − 2Þ!

���Ψ̇lm
pol=ax

���2; ð60Þ

Ėpol=ax
H ¼ lim

r→2M

1

64π

X
l;m

ðlþ 2Þ!
ðl − 2Þ!

���Ψ̇lm
pol=ax

���2: ð61Þ

For circular orbits, the computation simplifies considerably
since the source terms in Eqs. (38) and (39) can be
factorized as Spol=ax ¼ S̃pol=axδðσ −mΩpÞ, where Ωp is
the particle’s orbital frequency. Therefore the solutions
computed using Eq. (47) can be similarly factorized and
one finds that jΨ̇lm

pol=axðt; rÞj2 ¼ ðmΩpÞ2ψ lm
pol=axðmΩp; rÞ

after using Eq. (40). In addition, for circular orbits, one
finds that polar (axial) perturbations are nonzero only for
modes for which the sum lþm is even (odd).
Finally, we note that angular momentum fluxes can be

similarly computed [121]. For circular orbits those can be
easily obtained from the energy flux through the rela-
tion L̇g ¼ Ėg=Ωp.

B. Scalar perturbations

At order Oðq1; ϵ1Þ the only equation one needs to solve
to describe perturbations to the scalar field configuration is
Eq. (25). This equation reduces to a Klein-Gordon equation

with a source term that depends on hð0Þμν and Φð1Þ. To find
solutions for Φðq;1Þ, we follow Ref. [29]6 and decompose
the perturbations as

Φðq;1Þ ¼ 1

2r

X
lj;mj

Z
dσ

h
Z
ljmj
þ ðrÞYljmj

ðθ;ϕÞe−iσt

þ ðZljmj
− ðrÞÞ�Y�

ljmj
ðθ;ϕÞeiσt

i
e−iωt: ð62Þ

Using this Ansatz in Eq. (25), together with (28) and (37),
we find that the resulting equation can separated into
two independent pieces, one that only contains factors of
e−iðσþωÞt and another piece that only contains factors of
eiðσ−ωÞt. Equating each of these pieces to zero allows to find
the following equations for Z

ljmj

� :

X
lj;mj

Yljmj

�
d2

dr2�
þ ðω� σÞ2 − Vj

�
Z
ljmj

� ¼
X
l;m

S�lm; ð63Þ

where

VjðrÞ ¼
�
1 −

2M
r

��
μ2 þ ljðlj þ 1Þ

r2
þ 2M

r3

�
; ð64Þ

the source term Sþlm is schematically given by

Sþlmðr; θ;ϕÞ ¼ PlmðrÞYlmYlimi

þ P̂lmðrÞ
�
Ylm
;θ Y

limi
;θ þ Ylm

;ϕ Y
limi
;ϕ

sin2θ

�

þ AlmðrÞ
Ylm
;θ Y

limi
;ϕ − Ylm

;ϕ Y
limi
;θ

sin θ
; ð65Þ

whereas S−lm can be obtained from Eq. (65) by doing the
transformation fω;Ylimi

;Rnili
g→f−ω;Y�

limi
;R�

nili
g. Here

the radial functions Plm; P̂lm only depend on polar func-
tions whereas Alm only depends on axial functions. Their
explicit form can be found in Appendix C.

Let us first focus on the equation for Z
lj;mj
þ . In order to

separate the angular part in Eq. (63), we project it onto the
basis of scalar spherical harmonics. Namely, we multiply
Eq. (63) by Y�

l0jm
0
j
and integrate over the solid angle. Using

the orthogonality properties of the spherical harmonics, we
find one radial equation for each pair of angular numbers
fl0

j; m
0
jg with a source term that contains the following

integrals:

6Note that slightly different Ansätze for the metric and scalar
perturbations can be found in Refs. [124–126]. These Ansätze are
ultimately equivalent to the ones used in Ref. [29] that we here
follow.
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P
l0j;l;li
m0

j;m;mi
≔

Z
dΩY�

l0jm
0
j
YlmYlimi

; ð66Þ

P̂
l0j;l;li
m0

j;m;mi
≔

Z
dΩY�

l0jm
0
j
Ylm

a Ylimi
b γab; ð67Þ

A
l0
j;l;li

m0
j;m;mi

≔
Z

dΩY�
l0jm

0
j
Xlm

a Ylimi
b γab; ð68Þ

where we defined γab ¼ diagð1; 1= sin2 θÞ and introduced
the polar, Ylm

a ðθ;ϕÞ, and axial, Slm
a ðθ;ϕÞ, vector spherical

harmonics, given by

Ylm
a ðθ;ϕÞ ¼ ðYlm

;θ ; Y
lm
;ϕ Þ ð69Þ

Xlm
a ðθ;ϕÞ ¼

�
−

Ylm
;ϕ

sin θ
; sin θYlm

;θ

�
: ð70Þ

For the equation that Z
lj;mj
− satisfies, the same procedure

can be done and we find integrals in its source term that can
be obtained from the ones above by replacing Ylimi

by its
complex conjugate Y�

limi
. To simplify the notation below

we relabel fl0
j; m

0
jg → flj; mjg.

As we discuss in Appendix D, the integrals (66)–(68) can
be computed explicitly in terms of the Wigner 3-j symbols
that satisfy known rules (see e.g. Chapter 34 in Ref. [127]).
In particular, we find that these integrals vanish unless they
satisfy the following selection rules:

(i) �mi þm −mj ¼ 0;
(ii) jlj − lij ≤ l ≤ lj þ li;
(iii) lj þ li þ l ¼ 2p with p∈N for the integrals (66)

and (67);
(iv) lj þ li þ l ¼ 2pþ 1 with p∈N for the inte-

gral (68).
In the first selection rule, the þ and − signs correspond to

the selection rule when considering the equations for Z
lj;mj
þ

and Z
lj;mj
− , respectively. In particular, when li ¼ mi ¼ 0,

we trivially find that lj ¼ l and mj ¼ m and only the term
proportional to PlmðrÞ contributes to the source term of
the radial equations. Therefore in the case where the
Schwarzschild BH is surrounded by a spherical cloud,
the scalar field perturbation Φðq;1Þ does not couple to axial
perturbations. In fact, for a spherical cloud, this seems to
remain true also at higher orders in ϵ. We will show this
explicitly in Sec. IV by computing axial perturbations up to
order Oðϵ2Þ when li ¼ mi ¼ 0. On the other hand, for the
quasibound state li ¼ mi ¼ 1, one finds that mj ¼ m� 1

and from the selection rules it follows that a scalar
perturbation with angular number lj couples to gravita-
tional polar perturbations with angular number l ¼ lj � 1

and to axial perturbations with angular number l ¼ lj.
Finally, we note that from the resulting radial equations

and the selection rules we can infer that Z
lj;mj
− ðσ; rÞ� ¼

ð−1ÞmjZ
lj;−mj
þ ð−σ; rÞ.7 Therefore for practical purposes we

will only need to compute Z
lj;mj
þ .

In summary, this procedure allows us to obtain an
ordinary differential equation for each pair flj; mjg of
the form

�
d2

dr2�
þ ðωþ σÞ2 − Vj

�
Z
ljmj
þ ¼ S̃

lj;li
mj;mi ; ð71Þ

where the source term is given by
(i) if li ¼ mi ¼ 0:

S̃
lj;0
mj;0

ðrÞ ¼ P
lj;lj;0
mj;mj;0

Pljmj
ðrÞ; ð72Þ

(ii) if li ¼ mi ¼ 1:

S̃
lj;1
mj;1

ðrÞ ¼
h
P

lj;l;1
mj;m;1PlmðrÞðδl;lj−1 þ δl;ljþ1Þ

þ P̂
lj;l;1
mj;m;1P̂lmðrÞðδl;lj−1 þ δl;ljþ1Þ

þA
lj;l;1
mj;m;1AlmðrÞδl;lj

i
δm;mj−1: ð73Þ

Based on the selection rules above, similar expressions
can be derived for other values of fli; mig, but we do not
write them explicitly since we only consider the cases
li ¼ mi ¼ 0 and li ¼ mi ¼ 1 in this paper. We also note
that, from the orthogonality properties of the spherical

harmonics, we have that P
lj;lj;0
mj;mj;0

¼ Y00 ¼ 1=
ffiffiffiffiffiffi
4π

p
.

As done in the case of metric perturbations, solutions to
Eq. (71) can be found using a Green’s function approach. In
this case, however, the asymptotic solutions at infinity will
depend on whether ω2þ − μ2 > 0 or ω2þ − μ2 < 0, where we
defined ωþ ¼ ωþ σ. If ω2þ − μ2 > 0, one can construct
one solution that behaves as an outgoing wave at spatial
infinity and a second that behaves as an ingoing wave at the
horizon (in the following we omit the superscript flj; mjg
for convenience):

Zin →

(
e−iωþr� ; r → 2M;

Aeikþr�r−νþ þ Be−ikþr�rνþ ; r → ∞;
ð74Þ

Zup →

(
Ceiωþr� þDe−iωþr� ; r → 2M;

eikþr�r−νþ ; r → ∞;
ð75Þ

where kþ ¼ sgnðωþÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2þ − μ2

p
and νþ ¼ −iMμ2=kþ.

Here the sign function sgnðωþÞ ensures that Zup describes

7This follows from using Y�
lj;mj

¼ ð−1ÞmjYlj;−mj
and the

symmetries of metric functions outlined in Appendix B.
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an outgoing wave at infinity. On the other hand, if
ω2þ − μ2 < 0, no waves can propagate to infinity. In that
case we require Zup to be regular at infinity, in which case

we set kþ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2þ − μ2

p
in Eqs. (74) and (75), such that

Zup ∼ e−
ffiffiffiffiffiffiffiffiffiffi
μ2−ω2

þ
p

r�r−νþ at infinity. The solution to the
inhomogeneous equation with appropriate boundary con-
ditions is then given by

ZþðrÞ ¼
ZupðrÞ
W

Z
r

2M

Zinðr0ÞS̃ðr0Þ
fðr0Þ dr0

þ ZinðrÞ
W

Z
∞

r

Zupðr0ÞS̃ðr0Þ
fðr0Þ dr0; ð76Þ

where to ease the notation we defined S̃ðr0Þ ≔ S̃
lj;li
mj;miðrÞ

and the Wronskian is now given by

WðZin; ZupÞ ¼ 2ikþB: ð77Þ

From Eq. (76), one infers that for circular orbits the radial

functions Z� can be factorized as Z
ljmj

� ¼ Z̃
ljmj

� δðσ−Ωmj

� Þ,
whereΩmj

� ¼ ðmj ∓ miÞΩp according to the selection rules
mentioned previously. This follows from the fact that
all metric functions inside the source term of Eq. (71)
can also be similarly factorized (see Sec. III A). Notice the
symmetries Ω−mj

� ¼ −Ωmj∓ . In the particular case mi ¼ 0,

one also has Ωmj;mi¼0
þ ¼ Ωmj;mi¼0

− .
In order to compute the integrals in Eq. (76) we notice

that, once we get the metric perturbations using the
procedure shown in Sec. III A and Appendix B, one can

separate the source S̃
lj;li
mj;miðrÞ in different factors that depend

on either δðr − rpÞ, δ0ðr − rpÞ, Θðr − rpÞ or Θðrp − rÞ. We
therefore separate the integrals in Eq. (76) into different
pieces, where the terms involving the Dirac delta function
and its derivative are integrated analytically, whereas the
terms containing the Heaviside step functions are instead
integrated numerically using Mathematica’s built-in func-
tion NDSOLVEVALUE (see also Sec. III C below for more
details concerning the computation of those integrals).
As a final note of caution, we remark that in the case in

which lj ¼ li and mj ¼ mi one should be careful when
solving Eq. (71), because (76) is ill defined when lj ¼ li

and mj ¼ mi,
8 i.e., if we naively set ω ¼ ωnilimi

to be the
eigenfrequency of the quasibound state as computed in the
Schwarzschild BH background, then the Wronskian (77)
identically vanishes when lj ¼ li, mj ¼ mi and σ ¼ 0.9

As we anticipated in Sec. II C, the usual approach to
circumvent this problem is to expand the eigenfrequencies
as ω ¼ ωð0Þ þ qωðqÞ [98], where we remind that here
ωð0Þ ¼ ωnilimi

corresponds to the eigenfrequency in the
background Schwarzschild BH. In Appendix E we show
that by doing this expansion, Eq. (71) with lj ¼ li and
mj ¼ mi, can be used to compute ωðqÞ. Obtaining this
frequency shift is an interesting problem on its own, but
here we will not compute it, since it does not affect the
leading-order power lost by the point particle due to
scalar radiation.

1. Scalar energy and angular momentum fluxes

In addition to GWemission, the scalar field perturbations
will also contribute to the total energy and angular
momentum radiated towards infinity and towards the BH
horizon. The energy and angular momentum fluxes can
be computed using the scalar field’s stress-energy tensor.
Assuming a Schwarzschild BH background, the (orbital-
averaged) energy flux towards infinity and at the horizon
are given by [29,110,128]

ĖΦ;∞ ¼ − lim
r→þ∞

r2
Z

dΩTΦ
μrξ

μ
ðtÞ; ð78Þ

ĖΦ;H ¼ lim
r→2M

4M2

Z
dΩTΦ

μνξ
μ
ðtÞl

ν; ð79Þ

where ξμðtÞ ≔ ∂=∂t is the Killing vector field associated with

the BH metric’s invariance under time translations and lμ is
a null vector, normal to the horizon. The flux of angular
momentum along the z direction is instead given by

L̇Φ;∞ ¼ lim
r→þ∞

r2
Z

dΩTΦ
μrξ

μ
ðϕÞ; ð80Þ

L̇Φ;H ¼ − lim
r→2M

4M2

Z
dΩTΦ

μνξ
μ
ðϕÞl

ν; ð81Þ

where ξμðϕÞ ≔ ∂=∂ϕ is the Killing vector field associated

with the axisymmetry of the BH metric.
In order to compute the scalar fluxes let us make some

remarks about the approximations we employ: (i) following
Ref. [46], one can show that Eqs. (79) and (81) predict that
at orderOðq0; ϵ2Þ one gets a horizon flux term proportional
to ϵ2ℑðωÞ, related to the slow decay of the background
quasibound statesΦð1Þ, which occurs even in the absence of
the point particle (see Sec. II C and also Sec. IV where we
show this explicitly for the case of a li ¼ mi ¼ 0 quasi-
bound state). As already mentioned, throughout this work
we neglect this decay. However, its inclusion can be done
in a straightforward manner by just adding an additional
term in the horizon fluxes computed below; (ii) in general,
the stress-energy tensor (4) also contains cross terms that

8Notice that this also implies that the solution only has support
at σ ¼ 0, given that Zlimiþ ¼ Z̃limiþ δðσÞ.

9This just follows from the fact that, in this case, the unique
solution to the homogeneous part of Eq. (71) is simply the
eigenstate rRnili , which satisfies the boundary conditions (34)
and therefore B ¼ C ¼ 0 in (74) and (75).
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involve ∂Φðq;1Þ
∂Φð1Þ� (and the complex conjugate of such

terms). At spatial infinity these terms do not contribute to
the fluxes, given that Φð1Þ decays exponentially there. On
the other hand, at the horizon, one needs to deal with
these cross terms more carefully. If lj ≠ li or mj ≠ mi,
cross terms of the type ∂Φðq;1Þ

∂Φð1Þ� end up vanishing
after integrating over the solid angle, due to the ortho-
normality properties of the spherical harmonics. For
lj ¼ li and mj ¼ �mi instead, one needs to consider
how the cross terms coming from Zþ and Z�

− in (62) affect
∂Φðq;1Þ

∂Φð1Þ�, separately. If lj ¼ li and mj ¼ mi

(mj ¼ −mi), cross terms related to Z�
− (Zþ) end up not

contributing to the fluxes since they vanish after integrat-
ing over the solid angle. On the other hand, if lj ¼ li

and mj ¼ mi (mj ¼ −mi) the terms in Φðq;1Þ coming from
Zþ (Z�

−) are related to static perturbations (i.e. they have
σ ¼ 0) of the scalar cloud profile and do not contribute
directly to the power lost by the point particle at
leading order, therefore we will not consider those terms;
(iii) if we use Eqs. (78)–(81) with TΦ

μν computed in a
Schwarzschild background and with Φ ¼ ϵΦð1Þ þ
ϵqΦðq;1Þ, up to order Oðϵ2; q2Þ, we are actually also
neglecting terms that, schematically, involve

hð0Þμν ∂Φð1Þ
∂Φð1Þ� and hð0Þμν ∂Φðq;1Þ

∂Φð1Þ� (and complex con-

jugates). The terms of the type hð0Þμν ∂Φð1Þ
∂Φð1Þ� oscillate

with frequencies e�iσt and therefore average to zero under
an orbit average of the fluxes. On the other hand, terms of

the type hð0Þμν ∂Φðq;1Þ
∂Φð1Þ� contain nonoscillating pieces

that cannot be averaged to zero, and that, as far as we
could check, do not vanish when integrating over the
sphere, given that they essentially involve integrals over
three harmonics of the type discussed above. While one
can argue that these terms can be neglected at infinity,
given that Φð1Þ is exponentially suppressed there, at the
horizon in principle they should contribute, since none of
the fields vanish there. We leave a more concrete under-
standing of this issue for future work, and make the
simplifying assumption of only computing the part of the
fluxes that are quadratic in Φðq;1Þ.
In summary, for the purposes of computing the fluxes

related to the scalar perturbationsΦðq;1Þ, we will simply use
Eq. (4) computed in a Schwarzschild BH background, with
Φ → Φðq;1Þ. Therefore, at leading order, the fluxes related
solely to scalar perturbations will be of order Oðq2; ϵ2Þ
since they involve terms quadratic in Φðq;1Þ [see Eqs. (8)
and (22)]. In order to simplify the notation, in the following
wewill absorb the factor q2ϵ2 inside the definition ofΦðq;1Þ,
however one should keep in mind that all expressions we
show below are proportional to q2ϵ2. After performing the
integration over the solid angle, one can also see that
the fluxes can be separated in different modes, due to the
orthonormality properties of the spherical harmonics, with

the total flux simply obtained by summing over all modes,
i.e., ĖΦ;∞=H ¼ P

lj;mj
ĖΦ;∞=H
ljmj

.

Inserting Eq. (62) in Eq. (78), and using Z
ljmj

� ¼
Z̃
ljmj

� δðσ −Ωmj

� Þ we find that the energy flux for a given
mode flj; mjg at infinity is given by [29]10

ĖΦ;∞
ljmj

¼ jωþ Ωþj
2

ℜ
h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðΩþ þ ωÞ2 − μ2
q i���Z̃ljmj

þ ðΩþÞ
���2

þ jω −Ω−j
2

ℜ
h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðΩ− − ωÞ2 − μ2
q i���Z̃ljmj

− ðΩ−Þ
���2;
ð82Þ

where here one should compute Z̃
ljmj

� ðΩ�Þ in the limit
r → ∞. Similarly, after using Eq. (79) for the flux at the
horizon we find

ĖΦ;H
ljmj

¼ ðωþΩþÞ2
2

���Z̃ljmj
þ ðΩþÞ

���2
þ ðω − Ω−Þ2

2

���Z̃ljmj
− ðΩ−Þ

���2; ð83Þ

where now Z̃
ljmj

� ðΩ�Þ is computed in the limit r → 2M. On
the other hand, the angular momentum fluxes are given by

L̇Φ;∞
ljmj

¼ mj

2
sþℜ

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΩþ þ ωÞ2 − μ2

q i���Z̃ljmj
þ ðΩþÞ

���2
−
mj

2
s−ℜ

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΩ− − ωÞ2 − μ2

q i���Z̃ljmj
− ðΩ−Þ

���2;
ð84Þ

L̇Φ;H
ljmj

¼ mj

2
ðωþ ΩþÞ

���Z̃ljmj
þ ðΩþÞ

���2
−
mj

2
ðω − Ω−Þ

���Z̃ljmj
− ðΩ−Þ

���2; ð85Þ

where, for convenience, we defined s� ¼ sgnðω� Ω�Þ.
In order to understand how the scalar radiation affects the

secondary object, one needs to take into account the fact
that scalar perturbations should also affect the scalar cloud
configuration. Here we follow the arguments of Ref. [29]
where a similar problem was studied but for the case of
boson stars. To compute the rate at which the total mass of
the scalar cloud Mb changes due to the motion of the point
particle, we use the fact that Mb is related to the cloud’s
Noether charge by Mb ¼ ωQ, and similarly for the cloud’s
total angular momentum Jb ¼ miQ (see Appendix F for a
proof of these relations). Using these relations we can
compute the rate of change of the cloud’s mass and angular
momentum using

10For convenience, in the following we drop the superscriptmj

in Ωmj

� , i.e. Ω� ≔ Ωmj

� .
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Ṁb ¼ ωQ̇; J̇b ¼ miQ̇: ð86Þ

Notice that here we have neglected accretion onto the small
secondary object [32], which would add a term in the right-
hand side of the equations above related to the rate of
change of the mass and spin of the secondary. For very
small mass ratios we expect this accretion term to be
subdominant [32], however an accurate evolution of the
orbits should include it, as done in Ref. [32]. Using the fact
that the current given by Eq. (5) is conserved, one can use
the divergence theorem to compute the rate of change of the
scalar charge Q̇ [29]:

Q̇∞ ¼ − lim
r→þ∞

r2
Z

dΩjr; ð87Þ

Q̇H ¼ lim
r→2M

4M2

Z
dΩjμlμ: ð88Þ

Plugging the Ansatz for the scalar perturbations in those
expressions, and making again the same approximations
mentioned below Eq. (81), we find [29]

Q̇∞
ljmj

¼ −
1

2
sþℜ

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΩþ þ ωÞ2 − μ2

q i���Z̃ljmj
þ ðΩþÞ

���2
−
1

2
s−ℜ

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΩ− − ωÞ2 − μ2

q i���Z̃ljmj
− ðΩ−Þ

���2; ð89Þ

Q̇H
ljmj

¼ −
ðωþ ΩþÞ

2

���Z̃ljmj
þ ðΩþÞ

���2
−
ðω −Ω−Þ

2

���Z̃ljmj
− ðΩ−Þ

���2; ð90Þ

where again it is implicitly assumed in these expressions
that Z̃� should be computed in the limit r → ∞ (r → 2M)
when computing Q̇∞ (Q̇H).
Given the fluxes computed above, we are now interested

in understanding how those are related to the energy lost by
the point particle. Under an adiabatic approximation, and
by conservation of the system’s total energy and angular
momentum, we expect that the particle’s energy E and
angular momentum L will change according to [29]

dE
dt

¼ −Ėg;∞ − Ėg;H − Ės;∞ − Ės;H; ð91Þ

dL
dt

¼ −L̇g;∞ − L̇g;H − L̇s;∞ − L̇s;H; ð92Þ

where Ėg;∞=H and L̇g;∞=H are the GW energy and angular
momentum fluxes at infinity and at the BH horizon,
respectively, and we defined

Ės;∞=H ¼ ĖΦ;∞=H þ ωQ̇∞=H; ð93Þ

L̇s;∞=H ¼ L̇Φ;∞=H þmiQ̇∞=H: ð94Þ

The quantities Ės ¼ Ės;∞ þ Ės;H and L̇s ¼ L̇s;∞ þ L̇s;H

represent the total rate of change of the energy and angular
momentum of the point particle due to the presence of the
scalar field configuration. In particular, Ės;∞ is equivalent
to the ionization power computed in a Newtonian approxi-
mation in Refs. [32,33,37] and can also be thought as the
power lost due to dynamical friction [29,37,77], whereas
we will see later that Ės;H encodes information about the
resonant transitions between different states of the cloud
considered in Refs. [27,28]. For lack of a better name, we
will often times simply refer to Ės as the scalar power.
Using the expressions for the fluxes derived above we find

Ės;∞
ljmj

¼ Ωþ
2

sþℜ
h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðΩþ þ ωÞ2 − μ2
q i���Z̃ljmj

þ ðΩþÞ
���2

−
Ω−

2
s−ℜ

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΩ− − ωÞ2 − μ2

q i���Z̃ljmj
− ðΩ−Þ

���2;
ð95Þ

Ės;H
ljmj

¼ Ωþ
2

ðωþ ΩþÞ
���Z̃ljmj

þ ðΩþÞ
���2

−
Ω−

2
ðω − Ω−Þ

���Z̃ljmj
− ðΩ−Þ

���2; ð96Þ

and

L̇s;∞
ljmj

¼ mþ
2

sþℜ
h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðΩþ þ ωÞ2 − μ2
q i���Z̃ljmj

þ ðΩþÞ
���2

−
m−

2
s−ℜ

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΩ− − ωÞ2 − μ2

q i���Z̃ljmj
− ðΩ−Þ

���2;
ð97Þ

L̇s;H
ljmj

¼ mþ
2

ðωþ ΩþÞ
���Z̃ljmj

þ ðΩþÞ
���2

−
m−

2
ðω −Ω−

�
jZ̃ljmj

− ðΩ−Þ
���2; ð98Þ

where m� ¼ mj ∓ mi. In practice, we can use the

symmetries Ωmj
− ¼ −Ω−mj

þ and jZ̃lj;mj
− ðΩmj

− Þj2 ¼
jZ̃lj;−mj

þ ðΩ−mj
þ Þj2 such that only Zþ needs to be computed.

In addition, we note that these symmetries also imply that
Ės
ljmj

¼ Ės
lj−mj

and L̇s
ljmj

¼ L̇s
lj−mj

. For circular orbits, we

also find that the source terms of Eq. (71) vanish for modes
in which the sum lj þmj is odd. Therefore those modes do
not contribute to the scalar power.
We also notice that when mi ¼ 0, the scalar power Ės is

invariant under a transformation Ωp → −Ωp, correspond-
ing to changing from prograde to retrograde orbits, whereas
the rate of change of the angular momentum L̇s changes
sign under this transformation, as one would expect
for a point particle moving in a spherically symmetric
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environment. On the other hand, if mi ≠ 0, this symmetry
is broken. In this case retrograde and prograde orbits11

need to be considered separately, in agreement with
Refs. [27,32,37].
As a final note, let us make the remark that for simplicity

we have focused on the case where the cloud is composed by
a complex scalar field. For real scalar fields there is nothing
equivalent to the Noether charge and therefore our setup
would need to be modified. However, we conjecture that our
formulas for the scalar energy loss should still apply to real
scalar fields in an averaged sense. We expect that the main
difference for a real field is the need to include an additional
term in the total energy and angular momentum loss budget,
Eqs. (91) and (92), describing the slow decay of the cloud
due to the emission of GWs by the cloud itself [50,129,130],
as done for example in Refs. [76,82,83,85].

C. Numerical procedure and results

In order to compute the scalar power for a point particle
in circular, equatorial motion, we have implemented the
procedure described above in a Mathematica code, con-
sidering the particular cases where the background scalar
field is either a spherically symmetric li ¼ mi ¼ 0 or a
dipolar li ¼ mi ¼ 1 cloud. We also consider that those
clouds are in the fundamental state ni ¼ 0. To find the
solutions ψp=a

in=up and Zin=up we numerically integrate the
corresponding homogeneous differential equations, requir-
ing that they satisfy the boundary conditions outlined in
Eqs. (44), (45), (74), and (75). The numerical domain is
restricted to the range r∈ ½2Mð1þ ϵhÞ; r∞� where, to
achieve good enough accuracy, ϵh ≪ 1 and r∞ typically
extends up to many wavelengths, i.e. r∞σ ≫ 1 for metric
perturbations and r∞jωþj ≫ 1 for scalar perturbations.
Numerically integrating over such a large domain becomes
however impractical when ω2þ − μ2 < 0, as first noticed in
Ref. [126]. When ω2þ − μ2 < 0, the scalar perturbations are
exponentially suppressed [cf. discussion below Eqs. (74)
and (75)], and therefore in that situation it becomes
unfeasible to numerically integrate the scalar perturbation
equation up to scales much larger than 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 − ω2þ

p
. This

sets an upper limit on the value of r∞ that can be used in
this case [126]. Results shown here were typically obtained
with ϵh ¼ 10−4 and r∞ ¼ 3000=σ for metric perturbations.
On the other hand, for scalar perturbations, we used
r∞ ¼ 3000=jωþj if ω2þ − μ2 > 0 and r∞ ¼ 50=kþ if
ω2þ − μ2 < 0. Notice that very close to the transition point
when ω2þ − μ2 ∼ 0, it becomes extremely challenging to
compute the scalar power accurately, since one needs
to use very large r∞, therefore we jump over the orbital
radii for which ω2þ − μ2 ∼ 0 and assume that the scalar

power changes smoothly as we approach that point
from either side.
Following previous work (see e.g. [36,126,131]), in

order to reduce numerical truncation errors, we use a
series expansion for the boundary conditions at the horizon
and at infinity, namely,

ψp=a
in ðr → 2MÞ ¼ e−iσr�

Xnin
i¼0

aiðr − 2MÞi; ð99Þ

ψp=a
up ðr → ∞Þ ¼ eþiσr�

Xnup
i¼0

bi
ri
; ð100Þ

Zinðr → 2MÞ ¼ e−iωþr�
X̃nin
i¼0

ãiðr − 2MÞi; ð101Þ

Zupðr → ∞Þ ¼ eþikþr�r−νþ
Xñup
i¼0

b̃i
ri
; ð102Þ

where we typically include up to ten terms in the series
expansions. The coefficients ðai; bi; ãi; b̃iÞ are obtained by
inserting these series expansions in the homogeneous
equations and solving them at each order in ðr − 2MÞ or
1=r and fixing the zeroth-order coefficients a0 ¼ b0 ¼
ã0 ¼ b̃0 ¼ 1. We also use a series expansion of the type
shown in Eqs. (100) and (102) to describe the asymptotic
behavior of ψp=a

in and Zin at r∞ [cf. Eqs. (44) and (74)]

which are used to extract the coefficients Bp=a
inc and B. Those

coefficients are then used to compute the Wronskians
according to Eqs. (46) and (77).
The integrals appearing in Eq. (76) are computed within

the same numerical domain we mentioned above when
discussing scalar perturbations (at least for the pieces in
those integrals that need to be evaluated numerically). Here
we should remark that the integrands can extend up to the
horizon when the source term of Eq. (71) contains metric
perturbations with l ≥ 2.12 Given that the integrand also
depends on the radial function Rnili and its first derivative
(see Appendix C), there is a very mild divergence at
r ¼ 2M due to the fact that Rnili diverges extremely slowly
when approaching the horizon [see Eq. (34), and remember
that ℑðωÞ < 0]. Therefore, in principle, one would need to
implement some regularization procedure to perform such
integrals. Similar nonconvergent integrals are commonly
found in calculations involving quasinormal modes and
different regularization procedures have been proposed in
such cases (see e.g. [98,132–136]). We did not attempt at

11Here prograde (retrograde) means that the orbit rotates in the
same (opposite) direction of the cloud’s rotation.

12When the source term contains metric perturbations with
l ≥ 2, the integrands in Eq. (71) involve terms that are multiplied
by Θðrp − rÞ. Therefore those terms have support up to the
horizon.
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implementing a regularization scheme in our case, since
we always have MℑðωÞ ≪ 1 for the values of Mμ we
considered here. Hence, the divergence of Rnili

when
approaching r → 2M is sufficiently mild such that, in
practice, Rnili can be considered approximately regular
since it behaves as ∼e−iℜðωÞr� up to reasonably small values
of ϵh. Therefore we checked that, for the values of Mμ and
the multipoles of the scalar power that we considered (see
results below), our results are indeed stable when varying ϵh
between ∼½10−2; 10−5�,13 indicating that good convergence
is obtained within that range.
We also checked that the results are stable under

changes of the numerical infinity r∞ and that our code
reproduces the GW fluxes available in the Black Hole

Perturbation Toolkit [137]. The results shown below were
obtained using the Regge-Wheeler and Zerilli gauges for
the metric perturbations, however, to check the robustness
of our results we also checked that, for the cases where a
comparison is possible, our results do not change when
using the singular gauge for l ¼ 1metric perturbations (see
Sec. III A), which further supports the robustness of our
results. This is discussed in Appendix G.
We should also mention that since Mb=M ∝ ϵ2, it

follows that the scalar power scales linearly with Mb=M.
Therefore we normalize all the results for the scalar power
by Mb, which we compute using Eq. (F3) in Appendix F.
The requirement that the scalar cloud only affects the
geometry perturbatively, i.e., ϵjΦð1Þj ≪ 1, implies that
our approximation should be formally only valid when
Mb=M ≪ 1. We do note however that, even for Mμ ¼ 0.2,
the largest value of Mμ we considered, we find that for a
cloud with total mass Mb=M ∼Oð1Þ, the maximum scalar
amplitude is ϵjΦð1Þj ∼Oð10−2Þ in the case of spherical
clouds and ϵjΦð1Þj ∼Oð10−3Þ for dipolar clouds.14

For smaller values of Mμ, one obtains even smaller
values for ϵjΦð1Þj. Therefore we expect that our perturbative
results should be a very good approximation even
for Mb=M ∼Oð1Þ.

1. Results for li =mi = 0

Let us first discuss the case in which the background
scalar cloud is spherically symmetric. Our main results are
summarized in Figs. 1 and 2.
Figure 1 shows the multipoles flj; mjg that contribute

the most to the scalar power Ės, for a cloud withMμ ¼ 0.2
and considering both the power at infinity and the horizon
[cf. Eqs. (95) and (96)]. Several features should be

highlighted: (i) for small orbital radii, the main contribution
to Ės comes from the dipolar lj ¼ mj ¼ 1 mode, with the
power emitted towards infinity contributing the most to the
energy loss budget; (ii) for rp=M ≳ 35, the lj ¼ mj ¼ 1

multipole does not contribute to the scalar power at infinity.
This occurs because the terms inside the square roots of
Eq. (95) become negative, i.e. for rp=M ≳ 35, lj ¼ mj ¼ 1

modes cannot propagate towards infinity because
ðΩ� � ωÞ2 − μ2 < 0. In particular, for lj ¼ mj ¼ 1, we
find that ðΩ− − ωÞ2 − μ2 < 0, all the way up to the inner-
most stable circular orbit (ISCO) radius, rISCOp ¼ 6M,15

whereas ðΩþ þ ωÞ2 − μ2 < 0 only when rp=M ≳ 35. For
larger values ofmj, the same happens but at larger values of
rp=M than what is shown in Figs. 1 and 2. When summing
up all the modes (left panel of Fig. 2), this leads to
characteristic sharp features in the power lost towards
infinity Ės;∞, as first noticed in Refs. [32,33,37]; (iii) the
contribution to Ės due to absorption of scalar waves at the
BH horizon is almost always subdominant, except at
specific orbital radii corresponding to orbital frequencies
such that eigenmodes of Eq. (71) are resonantly excited.
Specifically, for a cloud with generic quantum numbers
fni;li; mig these resonances should occur at an infinite set
of orbital frequencies (that we label with nj) given by

Ωnj
p ¼ ℜðωnjljmj

Þ ∓ ℜðωnilimi
Þ

mj ∓ mi
; ð103Þ

FIG. 1. Contribution of the most important multipoles flj; mjg
of the scalar power at infinity Ės;∞

ljmj
and at the horizon Ės;H

ljmj
, as a

function of the orbital radius rp=M. We consider a spherically
symmetric li ¼ mi ¼ 0 background scalar cloud in the funda-
mental state ni ¼ 0, withMμ ¼ 0.2. We take orbital radii ranging
from rp ¼ 50M up to the ISCO radius rISCOp ¼ 6M.

13For li > 0 the lower end of this range can be pushed even
further down while still obtaining stable results, given that ℑðωÞ
decreases very quickly with li [cf. Eq. (36)].

14These numbers were obtained by numerically evaluating
Eq. (F3) and agree quite well with estimates using Newtonian
approximations, see e.g. Eqs. (11) and (24) in Ref. [95].

15The adiabatic inspiral regime, which we are assuming in our
calculations, is only valid up to a transition regime in which the
orbit gradually changes from an inspiral to a plunging regime. For
quasicircular orbits this transition regime starts approximately at
a radius rtrans=M ≈ rISCO=M þ 3q2=5 [138], which can be taken to
be the radius at which the inspiral ends.
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where the minus and plus signs are the resonances due to
the term that depends on Zþ and Z− in the expression for
the fluxes [cf. Eq. (96)], respectively, and we recall that
ωnlm corresponds to an eigenfrequency of the Klein-
Gordon equation with quantum numbers fn;l; mg (see
Sec. II C). For the results shown here only the resonances
related to Zþ are important, since the ones associated to
Z− occur at frequencies above the ISCO frequency. Using
an analogy with the hydrogen atom, these resonances
were first discussed in [27,28] in the context of clouds in
the Newtonian regime. Analogous resonances were also
found in Ref. [126] in the context of EMRIs around boson
stars and in [101,139] in the context of scalar-tensor
theories of gravity. The widths of the resonances typically
scales with jMℑðωnjljmj

Þj [101,102,126,139] and are
therefore expected to be extremely narrow in the small
Mμ ≪ 1 limit [cf. Eq. (36)]. According to Eq. (103), the
first three nj ¼ f0; 1; 2g resonances for a cloud in the state
ni ¼ li ¼ mi ¼ 0 should occur at orbital radii rp=M ≈
f40.56; 36.93; 35.84g for the lj ¼ mj ¼ 1 scalar power.16

This is in excellent agreement with what we find in Fig. 1.
Notice also that in the high nj limit, one has ℜðωnjljmj

Þ →
μ [cf. Eq. (35)], so resonances with increasingly larger nj
tend to accumulate close to a given radius (in this
case rp=M ∼ 35).
The total scalar power when summing over different

flj; mjg modes is shown in Fig. 2, where we show the
results for several values of Mμ. We consider both the
scalar power at infinity (left panel) and at the horizon (right
panel) and, for reference, we also compare the results to the
(vacuum) GW flux at infinity and at the horizon (solid
black lines).17 When computing the total scalar power we

only considered the multipoles shown in Fig. 1, including
also the corresponding mj < 0 modes, which can be
obtained using Ės

lj−mj
¼ Ės

ljmj
[see discussion below

Eq. (98)]. We checked this to be a good approximation
since higher modes tend to be further suppressed. In
particular for the scalar power at the horizon we find that,
for the range of orbital radii we consider, higher multipoles
are several orders of magnitude smaller than the dominant
lj ¼ 1 mode. Therefore we did not include them here,
since they are harder to compute accurately. In general, the
scalar power increases with Mμ, which is to be expected
given that the cloud becomes more compact as Mμ
increases. One can see that, at large orbital radii and for
sufficiently large values of Mb=M, the total power lost by
the secondary due to the presence of the scalar field can
dominate over GW emission.

2. Results for li =mi = 1

Let us now turn to the case of a dipolar background
scalar cloud with li ¼ mi ¼ 1 and ni ¼ 0. This case is
particularly interesting since in a Kerr BH background,
such clouds can form through the superradiant instability
(see Sec. II C). The results are summarized in Figs. 3–5,
where we show results analogous to the ones we discussed
above. There are however some important differences with
respect to the case of a spherical cloud that are worth
highlighting.
First of all, as already anticipated, the scalar power

differs between prograde and retrograde orbits. This is
expected given that a li ¼ mi ¼ 1 cloud has a nonzero
angular momentum, which breaks the symmetry between
prograde and retrograde orbits. The multipoles that con-
tribute the most to the scalar power also depend on the
direction of the orbit, as can be seen in Fig. 3 for the
case where Mμ ¼ 0.2. In this example, for the case of
prograde orbits, multipoles lj ¼ 0 and lj ¼ 1 do not
contribute to the scalar power at infinity, Ės;∞, because:
(i) the lj ¼ mj ¼ 0 does not contribute given that
ðΩ� � ωÞ2 − μ2 < 0 for all radii larger than the ISCO

FIG. 2. Total scalar power at infinity Ės;∞ (left panel) and at the horizon Ės;H (right panel) as a function of the orbital radius rp=M for
different values ofMμ, when considering a spherically symmetric li ¼ mi ¼ 0 background scalar cloud in the fundamental state ni ¼ 0.
The solid black lines show the GW flux in the absence of a scalar cloud at infinity and at the horizon, as indicated in the figures.

16Those numbers were obtained by computing the eigenfre-
quencies numerically, using a continued-fraction method [46].
However, a rough estimate can also be obtained using the
analytical approximation (35) which is only accurate when
Mμ ≪ 1.

17All data shown for the GW fluxes were taken from the Black
Hole Perturbation Toolkit [137].
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frequency; (ii) a similar situation arises for the lj ¼ mj ¼ 1

(lj ¼ 1; mj ¼ −1) multipole. For this multipole, the
first (second) term on the right-hand side of Eq. (95)

vanishes, i.e. Ωmj¼1
þ ¼ 0 (Ωmj¼−1

− ¼ 0), whereas the second
(first) term also vanishes because ðΩ− − ωÞ2 − μ2 < 0

[ðΩþ þ ωÞ2 − μ2 < 0] for all radii larger than the ISCO
radius.18 These arguments do not apply in the case of
retrograde orbits, at least for most of the orbital radii we
show in Fig. 3 and therefore the multipoles lj ¼ 0; 1 do
contribute to the scalar power for retrogade orbits.19

The multipole that dominates the overall budget for the
scalar power at infinity depends in general on the orbital
radius, as well as the direction of the orbit. In the example
shown in Fig. 3, for prograde orbits the lj ¼ mj ¼ 3

multipole is the most important one, whereas for retrograde
orbits the lj ¼ mj ¼ 0 multipole dominates. While we do
find similar trends for other values of Mμ, it is unclear
whether this trend remains for smaller values of Mμ than
the ones we considered here. We should also make the
remark that, in the case of retrograde orbits, for Mμ ¼ 0.2
we see a minimum at rp=M ∼ 89 for the Ės;∞

11 multipole,
which does not seem to be related to any obvious properties
of the system. We have checked that this feature remains
when increasing the numerical precision of our code,
therefore we highly believe it to be a physical feature.
Finally, perhaps the most important distinctive feature

we find is that the scalar power at the horizon, which is
largely dominated by the lj ¼ mj ¼ 0 multipole for both
prograde and retrograde orbits, can dominate over the
scalar power at infinity, especially for prograde orbits, as
can be clearly seen in Fig. 3. Interestingly, for prograde

orbits and the values of Mμ that we considered, Ės;H
00 is

always negative [cf. Eq. (96)], that is, the particle gains
energy due to the presence of the term Ės;H

00 in this case.
These results therefore indicate that, for Mb=M above a
certain threshold, the total energy loss budget can vanish at
certain orbital radii, Ė ¼ 0 [cf. Eq. (91)], indicating the
possible presence of floating orbits for prograde orbits.20

In the case of prograde orbits, the peak of Ės;H
00 at

rp=M ∼ 40 seen in Fig. 3 is in agreement with the expected
location of a resonance with the mode fnj ¼ 0;lj ¼ 0;
mj ¼ 0g which is the only mode that can be excited within
the range of orbital radii shown here, according to
Eq. (103). To give further support to the claim that the
peak we see in Ės;H

00 is related to a resonance, in Fig. 4 we
show Ės;H

00 for different values of Mμ and also show the
expected orbital radius where a resonance should occur,
according to Eq. (103) (vertical dashed lines). As can be
seen, Ės;H

00 always peaks close to a resonance. However, we
do note that the width is much larger than the resonances
we found in Fig. 1. A possible explanation for this behavior
is that, for the values of Mμ we considered in Fig. 4, one
has jMℑðω000Þj ranging from ∼10−4 (forMμ ¼ 0.14) up to
∼10−3 (for Mμ ¼ 0.2)—compared to jMℑðω011Þj ∼ 10−8

for the resonance with the largest width in Fig. 1. Therefore
for the cases considered here, jMℑðω000Þj might be
too large to see a clear distinction between the “on-”
and “off-resonance” behavior, which might explain what
we observe. For smaller Mμ than what we considered in
Fig. 4, one should expect narrower resonances, occurring at
larger orbital radii. However, with our current code, we
found it challenging to compute the scalar power accurately
for much smaller values of Mμ and at larger radii, and
therefore we do not explore those cases here.

FIG. 3. Same as Fig. 1, but for a dipolar li ¼ mi ¼ 1 background scalar cloud. Both prograde (left panel) and retrograde (right panel)
orbits are shown. The range of orbital radii is here extended up to rp=M ¼ 100. In the right panel, the “noise” seen when rp=M ≳ 97 in
the multipole Ės;H

00 is due to the excitation of many close-by resonances, which are hard to resolve numerically.

18For sufficiently smallMμ this last condition is no longer true
for rp smaller than a given threshold. Therefore for sufficiently
small Mμ we do expect to have contributions from lj ¼ 0, 1
close to the ISCO.

19In the example shown in Fig. 3, the mode lj ¼ mj ¼ 0 stops
contributing to the power at infinity only when rp ≳ 97.

20Notice that the scalar radiation flux at the horizon, as given
by Eq. (83), is always positive. Therefore the energy that sustains
the floating orbit comes from the energy lost by the cloud,
Eqs. (86) and (90).
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On the other hand, for retrograde orbits, Fig. 3 also
shows that resonances arise in Ės;H

00 for rp=M ≳ 97.21

Those correspond to resonances with modes that have
a high overtone number nj. Notice that, just like in the
case we saw for spherical clouds, for large nj one should
get many close-by narrow resonances, therefore one
needs to use a very high resolution when computing
the scalar power close to these resonances, therefore we
did not attempt to fully resolve them. Hence, the Ės;H

00

curve in Fig. 3 for rp=M ≳ 97 can only be trusted at a
qualitative level.
We should emphasize that the possibility to excite a lj ¼

mj ¼ 0 multipole was missed in previous works [27,28].
According to the selection rules discussed in Sec. III B,
lj ¼ mj ¼ 0 scalar perturbations are excited by l ¼ 1;
m ¼ �1 metric perturbations which were not taken into
account in Refs. [27,28].22 As we emphasized in Sec. III A,
dipolar metric perturbations cannot be entirely gauged
away in the presence of the point particle. Our results
show that, due to the excitation of lj ¼ mj ¼ 0 scalar
perturbations, the scalar power at the horizon can dominate
the overall energy loss/gain budget in a given range of
orbital radii, especially for prograde orbits. This is a trend
we seem to find for other values of Mμ, as can be seen
in Fig. 5 where we show the total scalar power at infinity

(left panel) and at the horizon (right panel) for different
values of Mμ.
Overall, one can see from these results that Ės is in

general more important at larger orbital radii. This feature is
in agreement with Refs. [32,37,77] and can be understood
from the profile of dipolar scalar clouds which peak at a
radius 1=ðMμ2Þ (see e.g. Ref. [50]). One can also see that
Ės;∞ is in general slightly larger for retrograde orbits when
compared to the prograde case, also in agreement with
Refs. [32,37].
Finally, we note that in order to fully understand the impact

of the scalar power on the orbit and on the emitted gravita-
tional waveform requires a self-consistent evolution of the
orbit that also includes the evolution of the cloud’s mass and
angular momentum, according to the discussion presented in
the previous subsection. It is likely that this requires starting
the evolution at orbital radii much larger than what we
considered here, given that one needs to understand how
the cloud’s mass and angular momentum evolved since the
early formation of the binary. For example, it is not entirely
clear what would be appropriate values for the cloud’s initial
mass when an EMRI enters the LISA band. Studies of the
orbital evolution were explored in the Newtonian regime in,
e.g., Refs. [28,32,37,83]which showed that in some cases the
effect of the cloud can significantly alter the orbital evolution,
however, more accurate results would require joining our
results with the Newtonian approximations employed in
Refs. [27,28,32,37,83]. We will not attempt to do this in this
work, since we believe this issue requires its own dedicated
study. We therefore leave a detailed analysis of this problem
for future work.

IV. LEADING-ORDER CORRECTIONS TO THE
BLACK HOLE METRIC AND THE
GRAVITATIONAL-WAVE FLUX

Having laid down the foundation needed to compute
the leading OðϵÞ perturbations, the next step is to consider
Oðϵ2Þ perturbations. At that order, one needs to compute
corrections of order Oðq0; ϵ2Þ, which can be interpreted
as modifications to the background metric due to the
self-gravity of the cloud [cf. Eq. (14)], whereas at order
Oðq1; ϵ2Þ there will be corrections to the GW flux
[cf. Eq. (17)]. In order to fully compute all corrections
up to order Oðq1; ϵ2Þ one needs to compute both of these
corrections. As a proof of concept, here we will consider
only part of the problem, leaving a more detailed study for
future work. We will only consider the simpler case of
perturbations around a spherically symmetric cloud, for
whichOðq0; ϵ2Þ corrections can be computed following the
procedure in Refs. [95,96,140,141]. Then, we compute
corrections to the axial metric perturbations which, for a
spherically symmetric cloud, completely decouple from the
Oðq1; ϵ1Þ scalar perturbations that we computed in the
previous section, greatly simplifying the problem.

FIG. 4. Contribution of the mode lj ¼ mj ¼ 0 to the scalar
power at the horizon, for a dipolar li ¼ mi ¼ 1 background
scalar cloud, considering prograde orbits and different values of
Mμ. The vertical dashed lines correspond to the expected orbital
radius where a resonance with the fundamental mode lj ¼ mj ¼
0 should occur, according to Eq. (103).

21Notice that for retrograde orbits we can still use Eq. (103) to
compute the location of the resonances, but in that case one

should remember that Ωretro
p ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffi
M=r3p

q
, therefore the allowed

set of resonances is different for prograde and retrograde orbits,
as noticed in Ref. [27].

22This was corrected in more recent work [37], which uses the
same Newtonian formalism of Refs. [27,28]. However in that
work they did not compute the resonant transitions related to the
lj ¼ mj ¼ 0 mode, as far as we are aware.
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A. Corrections to the black hole metric
due to a spherical scalar cloud

Let us first compute the corrections to the BH metric at
orderOðq0; ϵ2Þ due to a spherically symmetric scalar cloud.
This problem was considered in Refs. [95,96], where it was
shown that in the standard Schwarzschild-like coordinate
system singularities appear at the horizon when considering
the backreaction of the scalar field on the metric, due to the
slow accretion of the scalar field by the BH. This problem
can be circumvented [95,96] by using ingoing Eddington-
Finkelstein coordinates ðv; r; θ;ϕÞ. In this coordinate
system, generic spherically symmetric perturbations of
the Schwarzschild metric can be written as [95,96]

ds2 ¼ −Fðv; rÞe2ϵ2δλðv;rÞdv2 þ 2eϵ
2δλðv;rÞdvdrþ r2dΩ2;

ð104Þ

where

Fðv;rÞ¼fðrÞ−2ϵ2δMðv;rÞ
r

; fðrÞ¼1−
2M
r

: ð105Þ

By inserting this metric in Einstein’s field equations and
expanding up to order Oðϵ2Þ, one finds that the metric
perturbations δM and δλ satisfy the following differential
equations:

∂rδM ¼ −4πr2Tv
v ≡ 4πr2ρEF; ð106Þ

∂vδM ¼ 4πr2Tr
v ≡ δAðv; rÞ; ð107Þ

∂rδλ ¼ 4πrTrr ¼ 2re2ℑðωÞvjR̃j2; ð108Þ

where we defined ρEF to be the energy density measured by
coordinate observers in ingoing Eddington-Finkelstein:

ρEF ¼ −Tv
v ¼

e2ℑðωÞv

4π
ðfj∂rR̃j2 þ μ2jR̃j2Þ; ð109Þ

whereas the function δA is given by

δA ¼ e2ℑðωÞvr2½2jωj2jR̃j2 − 2fℑðωR̃�
∂rR̃Þ�: ð110Þ

Differentiating Eq. (106) with respect to v and Eq. (107)
with respect to r and equating the two resulting equations
we find the following relation between δA and ρEF:

∂rδA ¼ 4πr2∂vρEF: ð111Þ

Integrating and using Eq. (109) we therefore have

δA ¼ 8πℑðωÞ
Z

r

2M
ρEFðv; r0Þr02dr0: ð112Þ

On the other hand, upon integrating Eq. (106) we get that

δMðv; rÞ ¼ 4π

Z
r

2M
ρEFðv; r0Þr02dr0: ð113Þ

FIG. 5. Same as Fig. 2, but for a dipolar li ¼ mi ¼ 1 background scalar cloud. The top panels show results for prograde orbits,
whereas in the bottom panels we show results for retrograde orbits. In order to obtain the total scalar power we summed over the modes
shown in Fig. 3 (including also the mj < 0 modes) for prograde orbits, while for retrograde orbits we also added the lj ¼ jmjj ¼ 3 and
lj ¼ jmjj ¼ 4 modes.
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We therefore find that Eq. (107) can be rewritten as

∂vδM ¼ 2ℑðωÞδMðv; rÞ: ð114Þ

The function ϵ2δMðv; rÞ gives us the mass contained in the
scalar cloud on a radius r and at given (advanced) time v.
In particular, the total mass in the cloud can be defined as
Mb ≔ limr→∞ ϵ2δM. Therefore Eq. (114) tells us that the
cloud decays with a rate 2ℑðωÞ. As already mentioned,
for quasibound states in a Schwarzschild background one
typically has MℑðωÞ ≪ 1. Therefore, as we did in the
previous section, for the purpose of computing the GW
fluxes we will take the approximation ∂vδM ≈ 0 and
∂vδλ ≈ 0, such that δM and δλ are constant in time
and ρEF ≈ ρEFð0; rÞ.
In summary, in order to find the perturbations to the

metric at orderOðq0; ϵ2Þ for a li ¼ 0 scalar bound state, we
first obtain a solution for the radial function R̃ðrÞ and then
solve the following differential equations:

∂rδM ≈ r2½fj∂rR̃j2 þ μ2jR̃ðrÞj2�; ð115Þ

∂rδλ ≈ 2rjR̃ðrÞj2: ð116Þ

In order to solve these equations we impose that
δMð2MÞ ¼ 0 and that the metric asymptotically
approaches the Minkowski metric in the form ds2 ¼
−dv2 þ 2dvdrþ r2dΩ2, at spatial infinity. We therefore
require limr→∞ δλ ¼ 0.23

Examples of solutions for different values ofMμ, obtained
by numerically solving Eqs. (115) and (116) are shown
in Fig. 6. When r → ∞, the spacetime approaches a
Schwarzschild metric with total mass M þMb, where the
main effect of the constant Mμ is to make the cloud more
compact as Mμ increases. In particular, from the curves in

the left panel of (115), one can check that ϵ2δMðrcÞ=Mb ∼
0.999 when rc ∼ 5=ðMμ2Þ, which we can use as a definition
of the typical size of the cloud. On the other hand, close to
the BH horizon, δλ approaches a negative constant value
δλðr → 2MÞ ∼ δλH < 0. Using a nonrelativistic approxima-
tion for the scalar eigenstates, R00 ∝ E−μ2Mr (see e.g. [95])
we find ϵ2δλH ≈ −μ2MMb, which is in good agreement with
our numerical results in the limit Mμ ≪ 1 (see thin lines
in Fig. 6). Therefore, in the region close to the horizon,
the difference with a vacuum Schwarzschild geometry can
be essentially interpreted in terms of a constant redshift
factor e2ϵ

2δλH ≈ 1–2μ2MMb, where we notice that the factor
μ2MMb can be thought as a measure of the compactness of
the cloud given that the cloud’s size is set by the scale
1=ðMμ2Þ. Notice that this is in agreement to what was found
in Refs. [20,36,86] where different types of dark matter
profiles around BHs were studied.

1. Timelike circular geodesics

Let us now assume a point particle moving along circular
geodesics of the spacetime given by Eq. (104). Following
the procedure outlined in Appendix H, one can compute the
leading-order corrections to the particle’s energy E, angular
momentum L and orbital angular frequency Ωp, which can
be written as24

E
mp

¼ rp − 2Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rpðrp − 3MÞp þ ϵ2δEðrpÞ; ð117Þ

L
mp

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mr2p

rp − 3M

s
þ ϵ2δLðrpÞ; ð118Þ

FIG. 6. Solutions for the metric perturbations δM (left panel) and δλ (right panel), as a function of the radial coordinate for different
values ofMμ and assuming a spherically symmetric scalar cloud in the fundamental state, i.e. li ¼ mi ¼ ni ¼ 0. Notice that δλ < 0, so
in order to use a log scale in the y axis of the right panel we plot jδλj. Thick lines are obtained by computing the scalar field eigenstates
numerically, whereas thin lines show the results when using the hydrogenic approximation R00 ∝ E−μ2Mr for the eigenstates.

23The function δλ is defined up to an arbitrary function of
v [141], which can always be chosen such that limr→∞ δλ ¼ 0.

24Given that we are considering a spherical cloud, for this
section we can take Ωp > 0 without loss of generality.
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Ωp ¼
ffiffiffiffiffi
M
r3p

s
þ ϵ2δΩðrpÞ; ð119Þ

where δEðrpÞ, δLðrpÞ and δΩðrpÞ are explicitly given
in terms of the perturbation functions δM and δλ in
Appendix H [cf. Eqs. (H8)–(H10)]. In vacuum, i.e. in
the absence of the cloud, only the order Oðϵ0Þ term
contributes and one recovers standard results. For con-
creteness, below we use the subscript or superscript “vac”
to refer to order Oðϵ0Þ quantities.
In Fig. 7 we compare the leading-order corrections to the

particle’s energy (top panel), angular momentum (middle
panel) and orbital angular frequency (bottom panel) against
the quantities computed in vacuum, for different values
of Mμ. As one can see from the plots, we have that

limrp→∞jϵ2rpδE=Evacj ¼ ϵ2MδL=Lvac ¼ ϵ2MδΩ=Ωp;vac ¼
Mb=2. This is consistent with the fact that for rp ≫ M the
metric (104) reduces to a Schwarzschild spacetime but
with total mass given by M þMb.

25

Stable circular orbits exist for r > rISCO, where rISCO
defines the ISCO radius. As shown in Appendix H, rISCO
can be written as

rISCO ¼ 6M þ ϵ2δrISCO; ð120Þ

where the explicit form of δrISCO can be found in
Eq. (H11). The dependence of δrISCO with Mμ is shown
in Fig. 8. Typically, we find δrISCO < 0, that is, the ISCO is
located at a slightly smaller radius in the presence of the
cloud, when compared to the vacuum case. We also find
that jδrISCOj=Mb monotonically increases with Mμ,
which can be understood from the fact that for larger
Mμ the cloud becomes more compact, leading to larger
corrections to the spacetime’s geometry in the BH’s
vicinity. Finally, let us also notice that if one computes
the orbital angular frequency at rISCO using Eq. (119)
and one uses the approximation δMðrISCOÞ ∼ 0 and
ϵ2δλðrISCOÞ ∼ −μ2MMb (see discussion above and
Fig. 6), we get MΩISCO ≈ 1=ð6 ffiffiffi

6
p Þð1 −Mμ2MbÞ, which

is in good agreement with what we find numerically when
Mμ ≪ 1. The same arguments also show that the energy E
close to the ISCO is redshifted by the same factor
ð1 −Mμ2MbÞ. This redshift factor is exactly the same as
the one computed in Refs. [20,36,86] if one identifies their
a0 with our 1=ðMμ2Þ. Finally, within this approximation
Eq. (H9) predicts δL ∼ 0 close to the ISCO, again in good
agreement with Fig. 7 when Mμ ≪ 1.

FIG. 7. Leading-order corrections to the energy (top panel),
angular momentum (middle panel) and orbital angular frequency
(bottom panel) of a point particle moving along circular geodesics
of the spacetime (104), when considering a spherically symmetric
scalar cloud. We show the corrections as a function of the
particle’s orbital radius rp and consider different values of the
constantMμ. The normalization shown in the plots was chosen in
such a way as to make the asymptotic behavior when rp ≫ M
clear (see main text).

FIG. 8. Leading-order corrections to the ISCO radius as a
function of Mμ. Note that δrISCO < 0, therefore the absolute
value of δrISCO is shown in order to use a log scale in the y axis.

25At large distances, the orbital frequency in such a spacetime

should begivenbyΩp≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMþMbÞ=r3p

q
≈

ffiffiffiffiffiffiffiffiffiffiffiffi
M=r3p

q
½1þMb=ð2MÞ�

forMb ≪ M, consistent withwhatwe find. Similar expressions can
be obtained for E and L replacing M → M þMb in the leading-
order expressions of Eqs. (117) and (118).
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B. Corrections to axial metric perturbations
due to a spherical scalar cloud

Having computed the corrections to the background
metric and to the circular orbits due to a spherical scalar
cloud, we now consider the leading-order corrections to the
GW flux induced by the motion of the point particle. In
Sec. III A we discussed how to compute gravitational
perturbations at order Oðϵ0; q1Þ. We now wish to consider
such perturbations up to Oðϵ2; q1Þ focusing on axial
gravitational perturbations which are much simpler to deal
with. In fact, since the scalar cloud and the spacetime (104)
are spherically symmetric, one can verify that scalar
perturbations only couple to polar gravitational perturba-
tions (see e.g. Refs. [20,96]). That is, the terms that depend
on the perturbation ΦðqÞ in Eq. (17) do not affect axial
metric perturbations.
As discussed in Sec. II B, we consider an expansion for

the metric of the form (9), where we recall that gð1Þμν ¼ 0 by

virtue of the field equations, gð2Þμν are the corrections to the
Schwarzschild metric that we just computed in the previous
subsection and hμν is what we wish to (partially) compute.
If we consider perturbations only up to order Oðϵ2; q1Þ, we
could in principle further expand hμν as done in Eq. (23).
However, in this case, it turns out to be simpler to work with
the expansion (9) as is and consider the perturbation
equations in the form (17). By doing so, our problem
reduces to considering axial perturbations of the back-
ground metric (104) (but neglecting the slow time variation
of δM and δλ as discussed above), which are induced by a
point particle moving along circular geodesics in this
background. The details of the computation are given in
Appendix B 4. Here we only provide the main results.
We follow a procedure similar to the one discussed in

Sec. III A, namely we decompose the metric perturbation
hμν using a similar decomposition to Eq. (37) but now,
given that we are working in ingoing Eddington-Finkelstein
coordinates, we replace t by v in Eq. (37). We also only
consider the axial part of the perturbations, as already
mentioned. Doing so, one finds that l ≥ 2 axial perturba-
tions can be described in terms of a single master wave
equation for the function ψ̄ lm

ax ðrÞ that can be written as26�
d2

dr̄2�
þ σ2 − V̄ax

�
ψ̄ lm
ax ðrÞ ¼ S̄lmax ðrÞ; ð121Þ

where the “generalized” tortoise coordinate r̄� related to the
metric (104) is now defined through dr̄�=dr ¼ 1=F�ðrÞ
with the function F�ðrÞ given by

F�ðrÞ ≔
�
fðrÞ − 2ϵ2δMðrÞ

r

�
eϵ

2δλðrÞ: ð122Þ

The potential V̄ax is given by

V̄ax ¼ F�

�ðl − 1Þðlþ 2Þ
r2

eϵ
2δλ −

F0�
r
þ 2F�

r2

�
; ð123Þ

whereas the source term S̄lmax ðrÞ can be found inAppendixB 4
[see Eq. (B17)]. We should note that when using Eq. (121)
one should remind ourselves that all quantities should
be expanded up to Oðϵ2Þ. Notice that when r → ∞, where
δλ ∼ 0 and ϵ2δM ∼Mb, Eq. (121) essentially describes axial
perturbations of a Schwarzschild spacetime with mass
M þMb. On the other hand, as discussed above, in the
vicinity of the BH one has δM ∼ 0 and ϵ2δλ ∼ ϵ2δλH, where
again ϵ2δλH ≈ −μ2MMb in the small-Mμ limit. Within
this approximation we find V̄ax ≈ ð1þ 2ϵ2δλHÞVvac

ax ,
dr=dr̄� ≈ ð1þ ϵ2δλHÞdr=drvac� , whereas the source term
satisfies S̄lmax ðrÞ ≈ ð1þ 3ϵ2δλHÞSvac;lmax ðrÞ, in agreement with
Ref. [20]. Therefore, at small orbital radii, the axial master
equation can be approximated by [20]

�
d2

dðrvac� Þ2 þ
σ2

γ2
− Vvac

ax

�
ψ̄ lm
ax ðrÞ ¼ γSvac;lmax ðrÞ; ð124Þ

where γ ¼ ð1þ ϵ2δλHÞ. As already noticed in
Refs. [20,36,86], this implies that the axial master equation
in the vicinity of the BH is well approximated by the same
master equation describing axial perturbations of a vacuum
Schwarzschild BH but with the following rescaling:

σvac→σ=γ; Ωp;vac→Ωp=γ; mp;vac→mpγ: ð125Þ

That is, at small orbital radii, corrections to the axial GW flux
can be fully understood in terms of a redshift effect.

1. Gravitational-wave flux

As we did in Sec. III A, solutions to Eq. (121) can be
constructed using a Green’s function technique. The
procedure is essentially identical to what we did there,
so let us just highlight the main differences. As done in
Sec. III A, one first computes two independent solutions
of the homogeneous part of Eq. (121), ψ̄ ax

up and ψ̄ ax
in ðrÞ,

satisfying boundary conditions identical to (44) and (45)
but with r� replaced by r̄�. From those two independent
solutions, one can construct a constant Wronskian given by
an expression similar to Eq. (46) but with r� again replaced
by r̄�. We can then use these ingredients to construct a
solution to Eq. (121) given by

ψ̄ axðrÞ ¼
ψ̄ ax
upðrÞ
W

Z
r

2M

ψ̄ ax
in ðr0ÞS̄axðr0Þ
F�ðr0Þ

dr0

þ ψ̄ ax
in ðrÞ
W

Z
∞

r

ψ̄ ax
upðr0ÞS̄axðr0Þ
F�ðr0Þ

dr0: ð126Þ26Here and in the following, quantities with a bar on top are
used to refer to quantities that are valid up to order Oðϵ2Þ.
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Similarly to Sec. III A, the integrals in the expression
above can be computed analytically since the function
S̄axðrÞ only contains terms proportional to δðr − rpÞ and
derivatives of it.
Having found a solution ψ̄ axðrÞ to Eq. (121) we can

compute the (axial) GW flux at infinity and at the horizon.
Since the metric (104) is asymptotically flat, the procedure
in Ref. [121] still applies and the flux at infinity can be
computed using an equation identical to Eq. (60).
Similarly, given that the metric (104) at the horizon is
geometrically equivalent to Schwarzschild, as long as we
neglect the slow time variation of δM, the procedure
of Ref. [121] to compute the axial flux at the horizon
also applies to our case and we can arrive at an equation
identical to Eq. (61) to compute the flux at the event
horizon. Again noticing that S̄axðrÞ ∝ δðσ −mΩpÞ,
where now Ωp contains corrections at order Oðϵ2Þ [see
Eq. (119)], we then get that the axial GW fluxes for each
multipole can be computed using

Ėg;H=∞
lm ¼ lim

r→2M=∞

1

64π

ðlþ 2Þ!
ðl − 2Þ! ðmΩpÞ2jψ̄ lm

ax j2; ð127Þ

where we recall that, for axial perturbations, only the
multipoles for which the sum lþm is an odd number
contribute.
Since one has Ωp ≈Ωvac

p þ ϵ2δΩ and ψ̄ lm
ax ≈ ψvac;lm

ax þ
ϵ2ψ ð2Þ;lm

ax , the leading-order correction to the GW flux
should also scale with ϵ2 or, equivalently, with the cloud’s
total mass Mb, that is: Ėg≈ Ėg;vacþðMb=MÞĖg;ð2Þ þOðϵ4Þ,
where Ėg;vac is the zeroth-order flux computed in Sec. III A
and ðMb=MÞĖg;ð2Þ is the correction at order ϵ2. In particular,
the absolute relative difference between the GW flux in the
presence of the cloud and in vacuum should scale
as δĖ ≔ j1 − Ėg=Ėg;vacj ≈ ðMb=MÞjĖg;ð2Þ=Ėg;vacj.

C. Numerical procedure and results

We implemented the procedure outlined above in a
Mathematica code that follows closely the discussion of
Sec. III C, the main difference being that now we also
need to compute the metric perturbations δM and δλ by
numerically integrating Eqs. (115) and (116). As done in
Sec. III C, we use a series expansion for the boundary
conditions at the horizon and at infinity, with the addition
that now δM, δλ and R̃ also enter the equations we need to
integrate. Therefore at the horizon we use

ψ ax
in ðr→2MÞ¼e−iσr̄�

Xnin
i¼0

�
að0Þi þϵ2að2Þi

�
ðr−2MÞi; ð128Þ

δMðr → 2MÞ ¼
Xnin
i¼1

ciðr − 2MÞi; ð129Þ

δλðr → 2MÞ ¼
Xnin
i¼0

diðr − 2MÞi; ð130Þ

R̃ðr → 2MÞ ¼
Xnin
i¼0

eiðr − 2MÞi; ð131Þ

where we explicitly expanded the coefficients of the series
expansion for ψ̄ ax

in in powers of ϵ given that Eq. (121) is
only valid up to that order and because the computation
of the coefficients turns out to be simpler by doing so.

We adopt an overall normalization að0Þ0 ¼ 1 and að2Þ0 ¼ 0,
whereas d0 is fixed by requiring δλðr → ∞Þ ¼ 0. On the
other hand, the arbitrary coefficient e0 can be absorbed in ϵ
which in turn we relate to the cloud’s total mass Mb using
Eq. (F3). The rest of the coefficients can be obtained by
inserting these series expansions in Eqs. (33), (115) and
(116), in addition to (the homogeneous part of) Eq. (121),
and expanding the equations in ϵ and at r ¼ 2M. On the
other hand, at infinity we fix ϵ2δMðr → ∞Þ ¼ Mb and
δλðr → ∞Þ ¼ 0 and expand ψ ax

up as

ψ ax
upðr → ∞Þ ¼ eþiσr̄�

Xnup
i¼0

�
bð0Þi þ ϵ2bð2Þi

�
ri

; ð132Þ

where we use the normalization bð0Þ0 ¼ 1 and bð2Þ0 ¼ 0 and
obtain the other coefficients by expanding and solving (the
homogeneous part of) Eq. (121) order by order in powers
of ϵ and 1=r. As done in Sec. III C, we keep up to ten terms
in these series expansions and integrate the equations in
the numerical domain described in Sec. III C, checking
a posteriori that our results are stable against changes
in these choices. We also checked that if we set Mb ¼ 0,
i.e., in the absence of the cloud, the absolute relative
differences between the fluxes obtained with our code
and with the ReggeWheeler package of the Black Hole

Perturbation Toolkit [137] are typically of the order
∼10−9–10−10 for the range of orbital radii we consider,
indicating very good agreement.

1. Results

Our main results are shown in Fig. 9 where we show
the relative differences between the GW energy flux in
the presence of a spherical scalar cloud against the GW
energy flux in vacuum. We consider both the flux at
infinity and at the horizon and focus on the l ¼ 2, m ¼ 1
multipole, the dominant axial GW multipole for a particle
in circular orbit.
The left panel of Fig. 9 shows how the relative difference

scales with the cloud’s total massMb, fixingMμ ¼ 0.1 and
the particle’s orbital radius rp ¼ 10M. As anticipated,
we find that the relative difference δĖ ≔ j1 − Ėg

21=Ė
g;vac
21 j

scales linearly withMb, as long asMb is sufficiently small,
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which is a good consistency check of our procedure. Given
this scaling, in the right panel of Fig. 9 we show the relative
difference normalized27 by Mb as a function of rp=M, and
for different values of Mμ. For the values shown, we find
that the maximum relative difference increases with Mμ,
which is to be expected, given that the compactness of the
cloud increases with Mμ.
As discussed above, and according to Ref. [20] where

GW fluxes for nonvacuum BH geometries for other types
of environments were computed, we expect that at high
orbital frequencies, or equivalently, at small orbital radii,

the results can be understood in terms of a simple redshift
effect. In order to check this claim, in Fig. 10 we show the
relative difference between the GW flux at infinity com-
puted in the presence of the cloud against the vacuum case
but now comparing the two cases at fixed GW frequency
(solid lines). This is to be contrasted with the relative
difference between the nonvacuum fluxes and the
“redshifted” fluxes (dashed lines), which were computed
assuming the vacuum perturbation equations after perform-
ing the rescaling given in Eq. (125). As expected, at high
frequencies, the redshifted vacuum fluxes are a good
description of our results for axial perturbations. This
description is more accurate for small Mμ, that is, when
the cloud is less compact, which is in agreement with the
findings of Ref. [20].

V. CONCLUSIONS AND OUTLOOK

In this work we presented a relativistic perturbation theory
framework to study EMRIs in BHs surrounded by scalar
clouds. Previous studies on this topic typically employed
nonrelativistic approximations [27,28,32,33,37], which are
known to be inaccurate to describe EMRIs in the regimes
where such sources are expected to be detected by LISA (see
e.g. Ref. [88]). The main goal of this work was to give the
first steps towards studying such systems using a fully
relativistic setup. This can be seen as a natural follow-up of
recent studies aimed at computing in a fully relativistic
framework the GW emission by EMRIs in nonvacuum
spacetimes [20,36,86], and is a crucial step towards the
goal of including environmental effects in accurate EMRI
waveforms. Two important contributions of our work when
compared to previous studies are: (i) we showed that our
framework allows to also consider nonspherically symmetric
environments, such as nonspherically symmetric scalar
clouds that can be formed through superradiant instabilities;

FIG. 10. Same as Fig. 9 but now we show the relative difference
of the flux at infinity as a function of the GW frequency (solid
line). We assume Mb ¼ 10−2M for the cloud’s total mass. Solid
(dashed) lines correspond to relative differences with respect to
vacuum unredshifted (redshifted) results (see discussion in the
main text).

FIG. 9. Left panel: absolute relative difference between the l ¼ 2,m ¼ 1multipole of the GWenergy flux, emitted in the presence of a
li ¼ mi ¼ ni ¼ 0 scalar cloud, against the same quantity computed in vacuum, as a function of the cloud’s total mass. We show both the
relative difference for the horizon flux, δĖH , and the flux at infinity δĖ∞. Solid lines correspond to a linear fit to the data points shown in
the figure. Right panel: same as the left panel but now the relative difference is normalized by Mb and shown as a function of the point
particle’s location rp=M, for different values ofMμ. Thicker lines are for the flux at infinity, whereas thin lines correspond to the horizon
fluxes. We note that at large orbital radii we typically have 1 − Ėg=Ėg;vac < 0, whereas close to the ISCO we find that 1 − Ėg=Ėg;vac > 0.
The peaks seen in the figure correspond to the transition between the two regimes.

27More concretely, we computed the nonvacuum fluxes by
fixing Mb=M ¼ 10−2 and then divided the computed relative
difference by 10−2. Since δĖ scales linearly withMb the resulting
values are valid for any value of Mb=M, as long as Mb=M is not
too large.
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(ii) we showed that the effect of the environment can be
added in a modular way on top of “vacuum” results.
We believe this to be an important feature, given that it
will allow an easy integration of environmental effects onto
the modular machinery being developed to compute fast
EMRI waveforms [142,143].
We did not perform a full comparison with previous

nonrelativistic studies [27,28,32,33,37], since we believe
this requires a full dedicated study. However, overall, our
results seem to be at least in qualitative agreement with
those works. We confirm that in the presence of a scalar
cloud, the energy lost by the orbit at infinity due to scalar
perturbations can exceed the energy loss due to GW
emission. We also found that the scalar power contains
“sharp features” at given orbital radii, as described in
Refs. [32,33,37], and also showed evidence that the modes
of the cloud can be resonantly excited. These resonances,
first studied in Refs. [27,28] for the case of Newtonian
scalar clouds, can lead to sinking or even floating orbits
[28,75,101]. There are however some important
differences, such as the relevance of the lj ¼ mj ¼ 0

scalar power at the horizon in the presence of a dipolar
nonaxisymmetric scalar cloud background, which was
missed in previous studies (see Sec. III C).
This work is only meant as a first important step towards

the long-term goal of building accurate EMRI waveforms
that take into account the presence of boson clouds around
supermassive BHs. There is plenty of room for significant
improvements. First of all, as already mentioned in the
main text, we did not compute the corrections to the
eigenfrequencies of the background scalar cloud that
should arise due to the secondary object as well as the
self-gravity of the cloud, but this can in principle be done
within the same perturbative framework we presented here
(see Appendix E). When computing the scalar fluxes we
neglected possible contributions that could arise due to the
interaction between the metric and the scalar perturbations
(see discussion in Sec. III B). A better understanding of
how to deal with such terms requires further work.
Furthermore, we only computed corrections to the GW
flux at order Oðϵ2Þ for axial perturbations and for spheri-
cally symmetric clouds. Besides extending this computa-
tion to nonspherical clouds, in order to fully describe
the GW flux at this order we also need to compute the
corrections to the polar GW fluxes, which we have not done
in this work. Using the results of Ref. [20] as a guide, we
anticipate that the corrections to the polar fluxes will be
comparable or slightly larger than what we found here for
axial perturbations. Although the contribution of the scalar
flux shown in Sec. III C typically dominates over the
corrections to the GW flux considered in Sec. IV C, we
found that the corrections to the axial GW flux can be
non-negligible. Therefore one might expect that accurate
waveforms will need to include both effects. However, a
full understanding of this issue will require studying the

evolution of the orbit and in turn studying how these
different effects impact gravitational waveforms. Another
obvious and very important extension of this work is to
generalize it to the case where the background BH geometry
is given by the Kerr geometry. This is a much harder task to
tackle, however we expect this to be possible using the
Teukolsky formalism and the methods recently built in
Refs. [97–100]. A possible intermediate step, before tackling
the Kerr BH case, is to consider a slowly rotating approxi-
mation [48,144], which might provide good insights into the
impact that the BH spin has on the results. Other improve-
ments include going beyond circular, equatorial orbits and
even adding self-force corrections. Finally, another natural
extension of this work is to consider clouds formed by
massive vector fields [28,54]. We plan to come back to these
problems in future work.
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APPENDIX A: DECOMPOSITION OF THE POINT
PARTICLE’S STRESS-ENERGY TENSOR

The point particle’s stress-energy tensor [Eq. (7)] can
be decomposed in terms of a tensor harmonics basis
as [119,120]

Tμν ¼
X∞
l¼0

Xl

m¼−l
ℜ
nh

Að0Þ
lm a

ð0Þ
lm;μνðθ;ϕÞ þAð1Þ

lm a
ð1Þ
lm;μνðθ;ϕÞ

þAlmalm;μνðθ;ϕÞ þ Bð0Þ
lm b

ð0Þ
lm;μνðr; θ;ϕÞ

þ Blmblm;μνðr; θ;ϕÞ þQð0Þ
lm c

ð0Þ
lm;μνðr; θ;ϕÞ

þQlmclm;μνðr; θ;ϕÞ þDlmdlm;μνðr; θ;ϕÞ
þ Glmglm;μνðr; θ;ϕÞ þ F lmflm;μνðr; θ;ϕÞ

io
; ðA1Þ

where ðcð0Þlm;μν; clm;μν; dlm;μνÞ are axial tensor harmonics

and ðað0Þlm;μν; a
ð1Þ
lm;μν; alm;μν; b

ð0Þ
lm;μν; blm;μν; glm;μν; flm;μνÞ are

polar tensor harmonics. Their explicit form can be
found in Refs. [119,120]. The tensor harmonics

ðcð0Þlm;μν; clm;μν; b
ð0Þ
lm;μν; blm;μνÞ vanish for l ¼ 0, whereas the

harmonics ðdlm;μν; flm;μνÞ vanish for l ¼ 0; 1. The expan-

sion coefficients ðAð0Þ
lm ;A

ð1Þ
lm ;…;F lmÞ are only functions of

the time and the radial coordinate and can be computed
making use of the orthonormality of the tensor harmonics
under the inner product ðA; BÞ ¼ R

ημρηνσA�
μνBρσdΩ, where
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A, B are two generic tensors and we defined the matrix
ημν ¼ diagð1; 1; r2; r2 sin2 θÞ. One can then find the expan-
sion coefficients by projecting the stress-energy tensor onto

each tensor harmonic, e.g., Að0Þ
lm ¼ ðað0Þlm;μν; TμνÞ and sim-

ilarly for other coefficients. The explicit form of these
coefficients when considering a point particle moving in a
Schwarzschild metric written in Schwarzschild coordi-
nates, can be found in [120] (see their Table I) and we
explicitly checked that we recover their results using the
procedure just outlined. Finally, since we work in the
frequency domain, we Fourier transform the coefficients

fAð0Þ
lm ðx0; rÞ;…g as in Eq. (41).28

1. The stress-energy tensor for circular orbits

Considering a spherical coordinate system, xμ ¼ ðx0; r;
θ;ϕÞ, where x0 ¼ t or x0 ¼ v depending on whether one
uses Schwarzschild or ingoing Eddington-Finkelstein
coordinates, Eq. (7) can be computed by transforming
the integral over τ into an integral over x0:

Tμν ¼ γmpffiffiffiffiffiffi−gp dxμp
dx0

dxνp
dx0

× δðr − Rðx0ÞÞδðθ − Θðx0ÞÞδðϕ −Φðx0ÞÞ; ðA2Þ

where we defined the Lorentz factor γ ≔ dx0p=dτ and
used the notation xμpðτÞ ¼ fx0pðτÞ; RðτÞ;ΘðτÞ;ΦðτÞg for
the particle’s worldline. For circular, equatorial orbits,
one has Rðx0Þ¼ rp, θðx0Þ¼π=2 and ϕðx0Þ¼Ωpx0þϕ0,
with rp the particle’s orbital radius, Ωp its angular orbital
frequency and ϕ0 an arbitrary initial phase that we can set
to zero without loss of generality (see Appendix H). In
order to compute the metric perturbations sourced by this
stress-energy tensor, we need the explicit form of the

coefficients fAð0Þ
lm ðx0; rÞ;…g which depend on the coor-

dinate system used for the computation, as we now discuss.

a. Schwarzschild coordinates

For the sake of generality, let us consider a generic
spherically symmetric metric in Schwarzschild coordinates:

ds2 ¼ −AðrÞdt2 þ dr2

BðrÞ þ r2dθ2 þ r2sin2θdϕ2: ðA3Þ

The Schwarzchild BH metric can be recovered by
simply setting AðrÞ ¼ BðrÞ ¼ 1–2M=r. Circular orbits
in this geometry are characterized by a Lorentz factor
γ ¼ E=ðmpAðrÞÞ, where the particle’s energy E, angular
momentum L and orbital frequency Ωp are given by [145]

E
mp

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2AðrpÞ2
2AðrpÞ − rpA0ðrpÞ

s
; ðA4Þ

L
mp

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r3pA0ðrpÞ
2AðrpÞ − rpA0ðrpÞ

s
; ðA5Þ

Ωp ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
A0ðrpÞ
2rp

s
: ðA6Þ

Applying the method outlined above for such orbits,

one finds that Alm ¼ Að1Þ
lm ¼ Blm ¼ Qlm ¼ 0, whereas the

Fourier transforms of the nonvanishing coefficients read

Ãð0Þ
lm ¼ EAðrÞ

r2
δrδσY�

lmðπ=2; 0Þ; ðA7Þ

B̃ð0Þ
lm ¼

ffiffiffi
2

p
mΩpEffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðlþ 1Þp
r
δrδσY�

lmðπ=2; 0Þ; ðA8Þ

Q̃ð0Þ
lm ¼

ffiffiffi
2

p
ΩpEffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðlþ 1Þp
r
δrδσ∂θY�

lmðπ=2; 0Þ; ðA9Þ

D̃lm ¼ −
iEΩ2

pffiffiffiffiffiffi
2Λ

p
AðrÞ δrδσX

�
lmðπ=2; 0Þ; ðA10Þ

G̃lm ¼ EΩ2
pffiffiffi

2
p

AðrÞ δrδσY
�
lmðπ=2; 0Þ; ðA11Þ

F̃ lm ¼ −
EΩ2

pffiffiffiffiffiffi
2Λ

p
AðrÞ δrδσW

�
lmðπ=2; 0Þ; ðA12Þ

where we definedΛ¼ðl−1Þlðlþ1Þðlþ2Þ, δr ≔ δðr − rpÞ,
δσ ≔ δðσ −mΩpÞ and the angular functions are defined as

Xlmðθ;ϕÞ ¼ 2
∂

∂ϕ

�
∂

∂θ
− cot θ

�
Ylmðθ;ϕÞ; ðA13Þ

Wlmðθ;ϕÞ ¼
�
∂
2

∂θ2
− cot θ

∂

∂θ
−

1

sin2 θ
∂
2

∂ϕ2

�
Ylmðθ;ϕÞ:

ðA14Þ

We also used a tilde to emphasize that the functions shown

above are frequency-domain quantities, i.e. Ãð0Þ
lm ðσ; rÞ is the

Fourier transform of Að0Þ
lm ðt; rÞ and similarly for the other

functions.

b. Ingoing Eddington-Finkelstein coordinates

Let us now perform the same computation as above but
considering a generic spherically symmetric metric in
ingoing Eddington-Finkelstein coordinates written as

28When working in ingoing Eddington-Finkelstein coordinates
we replace t by v in Eqs. (40) and (41).
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ds2 ¼ −AðrÞdv2 þ 2HðrÞdvdrþ r2dθ2 þ r2 sin2 θdϕ2:

ðA15Þ

Notice that we recover the Schwarzschid metric in ingoing
Eddington-Finkelstein coordinates, Eq. (31), when AðrÞ ¼
1–2M=r, HðrÞ ¼ 1. On the other hand, for the case of the
metric describing a BH surrounded by a spherical scalar
cloud, Eq. (104),29 one has AðrÞ ¼ ð1 − 2½M þ ϵ2δMðrÞ�=
rÞe2ϵ2δλðrÞ and HðrÞ ¼ eϵ

2δλðrÞ.
Circular, equatorial orbits in this geometry are computed

in Appendix H. The expressions for the particle’s Lorentz
factor, energy E, angular momentum L and orbital fre-
quency Ωp are the same as the ones given above, i.e., they
only depend on the function AðrÞ. Applying the same
method as above, we find

ÃEFð0Þ
lm ¼ EAðrÞ

r2
δrδσY�

lmðπ=2; 0Þ; ðA16Þ

ÃEFð1Þ
lm ¼ i

ffiffiffi
2

p
EHðrÞ
r2

δrδσY�
lmðπ=2; 0Þ; ðA17Þ

ÃEF
lm ¼ EHðrÞ2

AðrÞr2 δrδσY�
lmðπ=2; 0Þ; ðA18Þ

B̃EFð0Þ
lm ¼

ffiffiffi
2

p
mΩpEffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðlþ 1Þp
r
δrδσY�

lmðπ=2; 0Þ; ðA19Þ

B̃EF
lm ¼ −

i
ffiffiffi
2

p
mΩpEHðrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðlþ 1Þp
AðrÞr δrδσY

�
lmðπ=2; 0Þ; ðA20Þ

Q̃EFð0Þ
lm ¼

ffiffiffi
2

p
ΩpEffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðlþ 1Þp
r
δrδσ∂θY�

lmðπ=2; 0Þ; ðA21Þ

Q̃EF
lm ¼ i

ffiffiffi
2

p
ΩpEHðrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðlþ 1Þp
AðrÞr δrδσ∂θY

�
lmðπ=2; 0Þ; ðA22Þ

D̃EF
lm ¼ −

iEΩ2
pffiffiffiffiffiffi

2Λ
p

AðrÞ δrδσX
�
lmðπ=2; 0Þ; ðA23Þ

G̃EF
lm ¼ EΩ2

pffiffiffi
2

p
AðrÞ δrδσY

�
lmðπ=2; 0Þ; ðA24Þ

F̃EF
lm ¼ −

EΩ2
pffiffiffiffiffiffi

2Λ
p

AðrÞ δrδσW
�
lmðπ=2; 0Þ; ðA25Þ

where we added the superscript “EF” just to remind
ourselves that those expressions are valid when considering
the metric (A15).

We notice that, if we set HðrÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðrÞ=BðrÞp

, the
metrics (A3) and (A15) are related by a coordinate trans-
formation xμSch¼ftðv;rÞ;r;θ;ϕg→xμEF¼fv;r;θ;ϕg, where
tðv; rÞ ¼ v − r̄� and r̄� is defined through dr̄�=dr ¼
HðrÞ=AðrÞ. Therefore, under this coordinate transforma-
tion and setting HðrÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

AðrÞ=BðrÞp
, one should be able

to obtain the stress-energy tensor in ingoing Eddington-
Finkelstein coordinates from the one in Schwarzschild

coordinates using TEF
μν ðv;r;θ;ϕÞ¼ ∂xρSch

∂xμEF

∂xσSch
∂xνEF

TSch
ρθ ðt;r;θ;ϕÞ.

As a check of our computation, we verified that
Eqs. (A16)–(A25) can be obtained from Eqs. (A7)–(A12)
after applying this coordinate transformation.

APPENDIX B: METRIC PERTURBATIONS
FOR A POINT PARTICLE IN CIRCULAR ORBIT

In this Appendix we review the main tools we used
to compute metric perturbations. Perturbations in a
Schwarzschild BH background have been widely studied,
therefore we only briefly review some important formulas
and refer the reader to Refs. [20,117–121] for more
details. All the formulas shown below assume circular,
equatorial orbits.

1. Regge-Wheeler gauge

Metric perturbations can also be decomposed using tensor
spherical harmonics [117–119]. Here we work in the Regge-
Wheeler gauge [117–119] for which the polar and axial
perturbations appearing in Eq. (37) can be written as

hpolar;lmμν ¼

0
BBBBB@

H0Ylm H1Ylm 0 0

� H2Ylm 0 0

� � r2KYlm 0

� � � r2sin2θKYlm

1
CCCCCA;

ðB1Þ

and

haxial;lmμν ¼

0
BBBBB@

0 0 −h0Ylm
;ϕ = sin θ h0 sin θYlm

;θ

� 0 −h1Ylm
;ϕ = sin θ h1 sin θYlm

;θ

� � 0 0

� � � 0

1
CCCCCA; ðB2Þ

where Ylm ≔ Ylmðθ;ϕÞ are the usual scalar spherical har-
monics and ðH0; H1; H2; K; h0; h1Þ are radial functions
that depend on the frequency and on the angular momentum
numbers l and m, e.g., H0 ≔ Hlm

0 ðσ; rÞ. The � entries
indicate symmetric components, such that hμν ¼ hνμ.

29As argued in Sec. IV, here we neglect the dependence on the
advanced time for the functions δM and δλ.
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2. Polar perturbations of a Schwarzschild black hole

For l ≥ 2, polar perturbations can be described in
terms of a single gauge-invariant scalar function, the
Zerilli-Moncrief function Ψlm

pol, which can be computed
from the metric perturbations and that satisfies the Zerilli

equation [121]. Considering a Schwarzschild BH back-
ground written in Schwarzschild coordinates, the Fourier
transform of the Zerilli-Moncrief function, ψ lm

polðσ; rÞ [see
Eq. (41)], is related to the metric functions appearing in
Eq. (B1) by [121]

ψ lm
polðrÞ ¼

2r
lðlþ 1Þ

	
KlmðrÞ þ rfðrÞ

λrþ 3M
½fðrÞHlm

2 ðrÞ − rðKlmÞ0ðrÞ�


; ðB3Þ

where we recall that λ ≔ ðlþ 2Þðl − 1Þ=2 and fðrÞ ¼ 1–2M=r.
Using the perturbed Einstein field equations with a stress-energy tensor given by (A1), one can obtain a single differential

equation for ψ lm
polðrÞ, Eq. (38), where the source term reads

Slmpol ¼
4π

λðλþ 1Þð3M þ λrÞ2
n
2ð2M − rÞð3M þ λrÞ

h ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðλþ 1Þ

p
F̃ lmðrÞð3M þ λrÞ − λr2

�
Ãð0Þ

lm

�0ðrÞ
i

− 2λrÃð0Þ
lm ðrÞ

h
24M2 þ ð7λ − 9ÞMrþ ðλ − 1Þλr2

io
: ðB4Þ

Notice that, from Eqs. (A7) and (A12), one finds that Sl;mpolðσ; rÞ� ¼ ð−1ÞmSl;−mpol ð−σ; rÞ, which implies that ψ l;m
polðσ; rÞ� ¼

ð−1Þmψ l;−m
pol ð−σ; rÞ as well.

After finding a solution for ψpolðrÞ and its first derivative ψ 0
polðrÞ, one can also reconstruct the polar metric perturbations

(see e.g. Appendix of Ref. [120]). From the perturbed Einstein equations we find

H0ðrÞ ¼
�ðr − 2MÞð9M3 þ 9λM2rþ 3λ2Mr2 þ λ2ðλþ 1Þr3Þ

r3ð3M þ λrÞ2 − rσ2
�
ψpolðrÞ

þ ð2M − rÞ½3M2 þ λrð3M − rÞ�
r2ð3M þ λrÞ ψ 0

polðrÞ þ
8πr2ð3M2 þ λrð3M − rÞÞ

ðλþ 1Þð3M þ λrÞ2 Ãð0Þ; ðB5Þ

H1ðrÞ ¼
iσð3M2 þ λrð3M − rÞÞ
ðr − 2MÞð3M þ λrÞ ψpolðrÞ − iσrψ 0

polðrÞ þ
8iπr5σ

ðλþ 1Þðr − 2MÞð3M þ λrÞ Ã
ð0Þ; ðB6Þ

H2ðrÞ ¼
ðr−2MÞð9M3þ9λM2rþ3λ2Mr2þλ2ðλþ1Þr3Þ

ð3MþλrÞ2 − r4σ2

rðr − 2MÞ2 ψpolðrÞ þ
�
1þM

�
1

2M − r
−

3

3M þ λr

��
ψ 0
polðrÞ

þ 8πr4ð3M2 þ λrð3M − rÞÞ
ðλþ 1Þðr − 2MÞ2ð3M þ λrÞ2 Ã

ð0Þ −
8

ffiffiffi
2

p
πr3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λðλþ 1Þp ðr − 2MÞ F̃ ; ðB7Þ

KðrÞ ¼ 6M2 þ 3λMrþ λðλþ 1Þr2
r2ð3M þ λrÞ ψpolðrÞ þ

�
1 −

2M
r

�
ψ 0
polðrÞ −

8πr3

ðλþ 1Þð3M þ λrÞ Ã
ð0Þ: ðB8Þ

We checked that, using the conservation equations for the particle’s stress-energy tensor, our results are equivalent to the
ones found in Refs. [120,121]. From these expressions, one finds that Hl;m

0 ðσ; rÞ� ¼ ð−1ÞmHl;−m
0 ð−σ; rÞ with equivalent

expressions for all the other radial polar functions.

3. Axial perturbations of a Schwarzschild black hole

Axial perturbations with l ≥ 2 can be described in terms of a single gauge-invariant scalar function Ψlm
ax . Several gauge-

invariant axial scalar functions can be found in the literature, but here we choose to work with the Cunningham-Price-
Moncrief function, as defined in Ref. [121]. Namely, using the Regge-Wheeler gauge and working in Schwarzschild
coordinates, the Fourier transform of Ψlm

ax is related to the metric functions appearing in Eq. (B2) by [121]
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ψ lm
ax ðrÞ ¼ −

2r
ðl − 1Þðlþ 2Þ

×

�
iσhlm1 ðrÞ þ ðhlm0 Þ0ðrÞ − 2hlm0 ðrÞ

r

�
: ðB9Þ

The function ψ axðrÞ satisfies Eq. (39) with a source term
given by

Slmax ¼ −
16

ffiffiffi
2

p
πrfðrÞ

h
rðQ̃ð0Þ

lm Þ0ðrÞ þ Q̃ð0Þ
lm ðrÞ

i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp ðl2 þ l − 2Þ : ðB10Þ

Similarly to the polar sector, one can also reconstruct the

axial metric functions using ψ axðrÞ, ψ 0
axðrÞ and Q̃ð0Þ

lm ðrÞ.
From the perturbed Einstein equations we find

h0ðrÞ ¼ −
fðrÞ
2

d½rψ axðrÞ�
dr

−
8

ffiffiffi
2

p
πr3Q̃ð0Þ

lm ðrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp ðl2 þ l − 2Þ ;

ðB11Þ

h1ðrÞ ¼
irσψ axðrÞ
2fðrÞ : ðB12Þ

These expressions reproduce the ones found in Ref. [146]
(see their Appendix B), after noticing that there is an overall
minus sign difference between Eq. (B.21) of Ref. [146] and
the formulas shown here. This is due to the fact that our

normalization for ψ lm
ax and our definition of Q̃ð0Þ

lm ðrÞ differ
from Ref. [146] by an overall minus sign. As in the polar
sector, from these relations it follows that hl;m0 ðσ; rÞ� ¼
ð−1Þmhl;−m0 ð−σ; rÞ and hl;m1 ðσ; rÞ� ¼ ð−1Þmhl;−m1 ð−σ; rÞ.

4. Axial perturbations of a black hole surrounded
by a spherical scalar cloud

Let us now consider axial perturbations of the metric
(104). As argued in Sec. IV, we neglect the v dependence of
δM and δλ. Since the spacetime is spherically symmetric
we also use the decomposition (37) and (B2), but with
t → v in Eq. (37). Using this decomposition and Fourier
transforming the point particle’s stress-energy tensor, we
find that the vθ, rθ and θϕ components of the perturbed
Einstein’s equations give the following inhomogeneous
equations, respectively:

�
1 −

2M þ 2ϵ2δMðrÞ
r

�
h000ðrÞ þ

�
iσðϵ2δλðrÞ − 1Þ − ϵ2ðr − 2MÞδλ0ðrÞ

r

�
h00ðrÞ þ

iσðr − 2M − 2ϵ2δMðrÞÞ
r

h01ðrÞ

þ 4M − rðl2 þ l − 2irσÞ
r3

h0ðrÞ þ 2ϵ2f2δMðrÞ þ rf−3Mδλ0ðrÞ þ r½ð2M − rÞδλ00ðrÞ − iσδλðrÞ þ δM00ðrÞ�g

− 2r2½R̃0ðrÞððr − 2MÞR̃0ðrÞ� þ irωR̃ðrÞ�Þ þ rR̃ðrÞðμ2R̃ðrÞ� − iωR̃0ðrÞ�Þ�g h0ðrÞ
r3

þ
�
σ

�
σ þ 2iðr − 2MÞ

r2

��
h1ðrÞ

þ ϵ2
iσf−4δMðrÞ þ r½ð2M − rÞδλ0ðrÞ þ irσδλðrÞ�g

r2
h1ðrÞ ¼

8
ffiffiffi
2

p
πrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðlþ 1Þp Q̃EFð0Þ
lm ðrÞ; ðB13Þ

ðϵ2δλðrÞ − 1Þh000ðrÞ þ ϵ2δλ0ðrÞh00ðrÞ þ iσðϵ2δλðrÞ − 1Þh01ðrÞ þ
2 − 2ϵ2ðrδλ0ðrÞ þ δλðrÞÞ

r2
h0ðrÞ

−
l2 þ lþ 2irσ − 2

r2
h1ðrÞ þ ϵ2f½ir2σ − 2ðM þ rÞ�δλ0ðrÞ þ 2r½ð2M − rÞδλ00ðrÞ þ δM00ðrÞ� þ 2irσδλðrÞ

− 4r½R̃0ðrÞððr − 2MÞR̃0ðrÞ� þ irωR̃ðrÞ�Þ þ rR̃ðrÞðμ2R̃ðrÞ� − iωR̃0ðrÞ�Þ�g h1ðrÞ
r2

¼ 8i
ffiffiffi
2

p
πrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðlþ 1Þp Q̃EF
lmðrÞ; ðB14Þ

ð1 − ϵ2δλðrÞÞh00ðrÞ þ
�
1 −

2M þ 2ϵ2δMðrÞ
r

�
h01ðrÞ þ

�
2M
r2

− iσ

�
h1ðrÞ

þ ϵ2
2δMðrÞ þ r½ðr − 2MÞδλ0ðrÞ þ irσδλðrÞ − 2δM0ðrÞ�

r2
h1ðrÞ ¼

8i
ffiffiffi
2

p
πr2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðl − 1Þlðlþ 1Þðlþ 2Þp D̃EF

lmðrÞ: ðB15Þ

These equations should be solved jointly with Eqs. (33), (115) and (116), which can be used to eliminate derivatives of
δMðrÞ, δλðrÞ, R̃0ðrÞ and R̃0ðrÞ�. This system of equations can be turned into a single inhomogeneous differential equation by
defining a generalized master function for axial perturbations. Inspired by Eq. (B9) we define a new radial function given by

ψ̄ lm
ax ðrÞ ¼ −

2re−iσr̄�e−ϵ
2δλðrÞ

ðl − 1Þðlþ 2Þ
�
iσhlm1 ðrÞ þ ðhlm0 Þ0ðrÞ − 2hlm0 ðrÞ

r

�
; ðB16Þ
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where r̄� is the generalized tortoise coordinate defined below
Eq. (121). Eliminating hlm1 from Eq. (B13) using (B16),
gives us an equation that relates hlm0 with ψ̄ lm

ax ðrÞ, ðψ̄ lm
ax Þ0ðrÞ

and Q̃EFð0Þ
lm ðrÞ. Using the resulting equation for hlm0

and (B16) we can then eliminate hlm1 and hlm0 from
Eq. (B14), which becomes a single differential equation
for ψ̄ lm

ax that can be written in the form of Eq. (121) with a
source term given by

S̄lmax ðrÞ ¼
16

ffiffiffi
2

p
πre−iσr̄�F�ðrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðlþ 1Þp ðl2 þ l − 2Þ

×

h
rσQ̃EF

lmðrÞ − rðQ̃EFð0Þ
lm Þ0ðrÞ − Q̃EFð0Þ

lm ðrÞ
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp ðl2 þ l − 2Þ ;

ðB17Þ

where we recall that Eq. (121) is formally only valid up to
order ϵ2. As a consistency check, one can show that (B15) is

automatically satisfied after eliminating hlm1 and hlm0
from (B15) using the procedure just outlined, and then
making use of Eq. (121) and the conservation of the stress-
energy tensor that allows to write D̃EF

lm in terms of Q̃EF
lm

and Q̃EFð0Þ
lm . We also note that the homogeneous part of

Eq. (121) agrees with Ref. [96], where axial perturbations of
the metric (104) were also discussed, but in the context of the
computation of quasinormal modes.

APPENDIX C: COEFFICIENTS OF THE SCALAR
PERTURBATION EQUATION

In this Appendix we show the explicit form of the radial
functions appearing in Eq. (65).

1. Using the Regge-Wheeler and Zerilli gauge

In Regge-Wheeler gauge, the radial functions appearing
in Eq. (65) take the form

Plm ¼ H0

ðf − 1ÞfR0 − rωRðσ þ 2ωÞ
2f

þ iH1f½rðσ þ 2ωÞR0 þ 2ωR� − K
R½fliðli þ 1Þ þ r2σω�

r
− K0R0f2r

−H2

f½Rfr2ωðσ þ 2ωÞ − 2fðl2
i þ li þ μ2r2Þg þ ðf − 1ÞfrR0�
2r

þ 1

2
H0

0R
0frþ iωH0

1Rfrþ
1

2
H0

2R
0f3r; ðC1Þ

P̂lm ¼ RðH0 − f2H2Þ
2r

; ðC2Þ

Alm ¼ −
f½h1fðf − 1ÞR − 2frR0g − frRh01� − irh0Rðσ þ 2ωÞ

r2
: ðC3Þ

In the expressions above f ≔ fðrÞ ¼ 1–2M=r, and it is
implicitly assumed that the functions fH0; H1; H2; Kg are
computed with angular numbers l, m and R with ni;li. As
explained in Sec. III A, for the particular case in which
l ¼ 1, one can use the Zerilli gauge to simplify the source
term by setting Kl¼1ðrÞ ¼ 0 in (C1) and hl¼1

1 ðrÞ ¼ 0

in (C3). If l ¼ 0 instead, the Zerilli gauge corresponds
to setting Hl¼0

1 ðrÞ ¼ 0 and Kl¼0ðrÞ ¼ 0 in (C1). Finally,
we should also note that when deriving the expressions
for the source term of Eq. (25), we made use of Eq. (29)
and the second-order differential equation that spherical

harmonics satisfy [see Eq. (F5) in Appendix F], in order to
substitute second-order derivatives of RðrÞ and of the
spherical harmonics.

2. Using the singular gauge for polar,
dipolar metric perturbations

As mentioned in Sec. III A, another useful gauge for
polar metric perturbations with l ¼ 1 is the singular gauge
in which the metric perturbations take the form of
Eqs. (54)–(57). In this gauge, the l ¼ 1 polar radial
functions appearing in Eq. (65) are given by

Ps
1m ¼ iHs

1f½rðσ þ 2ωÞR0 þ 2ωR� −Hs
2

f½Rfr2ωðσ þ 2ωÞ − 2fðl2
i þ li þ μ2r2Þg þ ðf − 1ÞfrR0�
2r

−
2f2R0ηs1

r
þ iωðHs

1Þ0Rfrþ
1

2
ðHs

2Þ0R0f3r; ðC4Þ

P̂s
1m ¼ −R

f½frHs
2 − 2frðηs1Þ0 þ 2ðf − 1Þηs1�

2r2
þ 2f2R0ηs1

r
; ðC5Þ
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where we used the superscript “s” to emphasize that these
quantities are in the singular gauge. Results for the scalar
power when using this gauge are shown in Appendix G.

APPENDIX D: INTEGRAL OF THE PRODUCT
OF THREE SPHERICAL HARMONICS

In this Appendix we show how to explicitly compute
the integrals (66)–(68) in terms of Wigner 3-j symbols. The
integral (66) is a particular case of the generic integral
between three spin-weighted spherical harmonics [147]:

C
ljmjsj
lmslimisi

≔
Z

sjY
�
ljmj

sYlmsiYlimi
dΩ; ðD1Þ

where sYlm are spin-weighted spherical harmonics with
spin weight s. This integral can be explicitly evaluated
using (see Sec. IVA in Ref. [147])

C
ljmjsj
lmslimisi

¼ ð−1Þmjþsj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lj þ 1Þð2lþ 1Þð2li þ 1Þ

4π

r

×

�
lj l li

sj −s −si

��
lj l li

−mj m mi

�
; ðD2Þ

where the arrays are Wigner 3-j symbols. From the
properties of the Wigner 3-j symbols we find that the
integral above vanishes unless the following conditions are
satisfied: −mj þmþmi ¼ 0, sj − s − si ¼ 0, jlj − lij ≤

l ≤ lj þ li and lj þ li þ l is an integer (see Chapter 34 in
Ref. [127]). From the properties of the 3-j symbols it also
follows that (see Ref. [147] for a full set of symmetries)

C
ljmjsj
lmslimisi

¼ ð−1ÞljþlþliC
ljmj−sj
lm−slimi−si : ðD3Þ

In particular, the integral (66) can be evaluated by

computing C
ljmj0

lm0limi0
, and it follows directly from the

properties of C
ljmjsj
lmslimisi

just mentioned above, that (66)
vanishes unless it satisfies the selection rules discussed
in Sec. III B. In particular, the property (D3) implies that

C
ljmj0

lm0limi0
vanishes unless lj þ li þ l is an even number.

The integrals (67) and (68) can also be similarly computed
by using the following relations between vector spherical
harmonics and spin-weighted spherical harmonics (see
Sec. IV B in Ref. [147]):

Ylm
a ¼ λl;1

2
ð−1Ylmm̃a − 1Ylmm̃

�
aÞ; ðD4Þ

Xlm
a ¼ −

λl;1
2

ið−1Ylmm̃a þ 1Ylmm̃
�
aÞ; ðD5Þ

where, following [147], we defined the complex null
covector m̃a¼ð1;isinθÞ and λl;1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðlþ 1Þ!=ðl − 1Þ!p
.

Inserting in the integral (67) we find

Z
Y�
ljmj

Ylm
a Ylimi

b γabdΩ ¼ −
λl;1λli;1

2

�Z
Y�
ljmj−1Ylm1Ylimi

dΩþ
Z

Y�
ljmj1

Ylm−1Ylimi
dΩ

�

¼ −
λl;1λli;1

2

�
C
ljmj0

lm−1limi1
þ C

ljmj0

lm1limi−1

�
¼ −

λl;1λli;1
2

�
C
ljmj0

lm−1limi1
þ ð−1ÞljþlþliC

ljmj0

lm−1limi1

�
; ðD6Þ

where we used Eq. (D3) in the last step. Similarly for the integral (68) we find

Z
Y�
ljmj

Xlm
a Ylimi

b γabdΩ ¼ i
λl;1λli;1

2

�Z
Y�
ljmj−1Ylm1Ylimi

dΩ −
Z

Y�
ljmj1

Ylm−1Ylimi
dΩ

�

¼ i
λl;1λli;1

2

�
C
ljmj0

lm−1limi1
− C

ljmj0

lm1limi−1

�
¼ i

λl;1λli;1
2

�
C
ljmj0

lm−1limi1
− ð−1ÞljþlþliC

ljmj0

lm−1limi1

�
: ðD7Þ

From the expressions above it follows that (67) vanishes
unless lj þ lþ li is an even number, whereas (68)
vanishes unless lj þ lþ li is an odd number. Together

with the remaining properties of C
ljmjsj
lmslimisi

mentioned
above, this implies that (67) and (68) vanish unless they
satisfy the selection rules discussed in Sec. III B.

APPENDIX E: EIGENFREQUENCY SHIFTS
INDUCED BY THE METRIC PERTURBATIONS

In Sec. III B we argued that Eq. (71) for lj ¼ li and
mj ¼ mi, can be used to compute corrections to the cloud’s
eigenfrequencies, which are induced by the metric pertur-
bations. Let us see this more explicitly in this Appendix.
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As done in quantum mechanics, the usual approach to
compute the corrections to the eigenfrequencies is to
expand them as ω ¼ ωð0Þ þ qωðqÞ þ � � �, where again
ωð0Þ ¼ ωnilimi

are the eigenfrequencies in the background
Schwarzschild BH, and ωðqÞ are the corrections we are
interested in. If we do this from the very beginning,
the perturbation scheme in Sec. II B needs to be
slightly modified in order to take into account that the
scalar field depends on the eigenfrequency: Φω ¼
ϵΦð1Þ

ω þ ϵqΦðq;1Þ
ω þ � � �, where we added the subscripts ω

in order to emphasize the dependence on the frequency.
Upon inserting in the Klein-Gordon [see Eq. (3)] and
expanding up to order Oðϵ1; q1Þ, as done in Sec. II B we
find [98]

ϵ
�
□

ð0Þ
ωð0Þ − μ2

�
Φð1Þ

ωð0Þ þ ϵq
�
□

ð0Þ
ωð0Þ − μ2

�
Φðq;1Þ

ωð0Þ

þ ϵqωðqÞ ∂□
ð0Þ
ω Φð1Þ

ω

∂ω

����
q¼0

¼ ϵqSΦ
ωð0Þ

h
hð0Þ;Φð1Þ

ωð0Þ

i
: ðE1Þ

Here the term of order Oðϵ1; q0Þ gives ð□ð0Þ
ωð0Þ − μ2ÞΦð1Þ

ωð0Þ ¼
0which is simply Eq. (12) (solved in Sec. II C). Instead, the
terms of order Oðϵ1; q1Þ reduce to Eq. (25) but with the
addition of the term that depends on ωðqÞ. For Φð1Þ in a
given eigenstate fni;li; mig of Eq. (12), the operator

∂□
ð0Þ
ω Φð1Þ

ω =∂ωjq¼0 is defined by

∂□
ð0Þ
ω Φð1Þ

ω

∂ω

����
q¼0

¼ 2ωð0ÞfðrÞ−1RniliðrÞYlimi
ðθ;ϕÞe−iωt;

ðE2Þ

with fðrÞ ¼ 1–2M=r. Following the same procedure as in
Sec. III B, one can see that the terms of order Oðϵ1; q1Þ
therefore reduce to Eq. (63) but with the additional term

ωðqÞ
∂□

ð0Þ
ω Φð1Þ

ω =∂ωjq¼0. Upon projecting in the spherical
harmonics, as done below Eq. (63), one concludes that if
lj ≠ li or mj ≠ mi the final equation we need to solve is
Eq. (71), as we assumed in the main text. On the other hand,
if lj ¼ li and mj ¼ mi one ultimately gets

�
d2

dr2�
þ ðωð0ÞÞ2 − Vi

�
Z̃limiþ þ 2ωð0ÞωðqÞrRnili

¼ S̃li;limi;miðωð0Þ; rÞjσ¼0; ðE3Þ

where we used the fact that Zlimiþ ¼ Z̃limiþ δðσÞ, and sim-
ilarly for the metric perturbations (see Sec. III B), and
therefore the resulting equation only as support at σ ¼ 0.
In analogy with quantum mechanics, we can isolate ωðqÞ
from this equation by defining an appropriately chosen
product hAjBi such that: (i) it vanishes if A and B
correspond to two different eigenstates jnilimii; (ii) it is

finite if A ¼ B ¼ jnilimii are the same eigenstate; and
(iii) the order Oðq0Þ Klein-Gordon equation is self-adjoint
with respect to this product (discussions on how to
define such a product in similar situations can be found
in e.g. Refs. [98,133,136,148]), which for our purposes
ultimately means

hrRnili jÔZ̃limiþ i ¼ hÔðrRniliÞjZ̃limiþ i ¼ 0; ðE4Þ

where we defined the operator Ô ≔ ½ d2dr2�
þ ðωð0ÞÞ2 − Vi�

and, in the last step, we used Eq. (29). Then, in analogy
with quantum mechanics, we can act on the left of Eq. (E3)
with hrRnili j and use the self-adjoint property discussed
above to eliminate the first term [98,148], which then
allows to find

ωðqÞ ¼ hrRnili jS̃li;limi;miðωð0Þ; rÞi
2ωð0ÞhrRnili jrRnilii

: ðE5Þ

If we go to higher orders in perturbation theory, a similar
procedure can also be used to compute frequency shifts

of order ϵ2 that arise due to the metric perturbation gð2Þμν

[cf. (9)]. Here we will not study this issue further, leaving a
more detailed study of these shifts for future work.
An equivalent approach is to follow the perturbation

scheme in Sec. II B as is, and only expand ω a posteriori,
i.e., use the expansion ω ¼ ωð0Þ þ qωðqÞ in Eq. (71), where
again ωð0Þ ¼ ωnilimi

. Doing so, we find30

�
d2

dr2�
þ ðωð0Þ

þ Þ2 − Vj

�
Z̃
ljmj
þ þ 2qωð0Þ

þ ωðqÞZ̃ljmj
þ

¼ S̃
lj;li
mj;miðω; rÞjσ¼ðmj−miÞΩp

; ðE6Þ

where we defined ωð0Þ
þ ¼ ωð0Þ þ ðmj −miÞΩp. For lj ≠ li

and mj ≠ mi, we can obtain a finite solution using (76),
where terms related to ωðqÞ only end up contributing at
higher order in q and therefore we can neglect them, as we
argued in the main text. If instead lj ¼ li, mj ¼ mi, one
finds an equation identical to (E3) but with rRnili replaced

by qZ̃limiþ in the left-hand side. We can use the resulting
equation to find ωðqÞ by redefining Z̃limiþ as Z̃limiþ →

rRnili=qþ Z̃limiþ .31 After using Eq. (29), and discarding
higher-order terms in q we recover again Eq. (E3). We can
then again find ωðqÞ using Eq. (E5).

30Here we are already using the fact that Z
ljmj
þ ¼ Z̃

ljmj
þ δðσ−

ðmj −miÞΩpÞ, and similarly for the metric perturbations inside
the source term of Eq. (71).

31Notice that the term rRnili =q simply contributes to a
renormalization of the amplitude in the Oðq0Þ solution, therefore
we are always allowed to do this redefinition.
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APPENDIX F: RELATION BETWEEN MASS,
ANGULAR MOMENTUM AND NOETHER

CHARGE OF A SCALAR CLOUD

In this Appendix we provide a derivation of the
relation between the total mass, angular momentum and
Noether charge of the scalar cloud that we used in the main
text, namely Mb ¼ ωQ and Jb ¼ miQ. Since the cloud’s
energy density is singular at the horizon in Schwarzschild
coordinates (see Ref. [96] and Sec. IV), we work
with Eddington-Finkelstein coordinates ðx0; x1; x2; x3Þ ¼
ðv; r; θ;ϕÞ, although we checked that our proof also works
when using Schwarzschild coordinates. We decompose the
scalar field as in Eq. (32) and take the background metric to
be given by Eq. (31). As done in the main text, we neglect
the slow decay of the cloud due to absorption at the
horizon, i.e., we take ω ≈ℜðωÞ. The Noether charge of the
cloud, Eq. (6), then reads

Q ¼ iϵ2
Z
V
drdΩr2jYðθ;ϕÞj2WðrÞ ¼ iϵ2

Z
∞

2M
drr2WðrÞ;

ðF1Þ

where we used the orthonormality properties of the

spherical harmonics and defined WðrÞ ¼ R̃ðrÞ dR̃�ðrÞ
dr −

R̃�ðrÞ dR̃ðrÞdr . On the other hand, the cloud’s angular momen-
tum is given by [149]

Jb ¼
Z
Σ
d3x

ffiffiffiffiffiffi
−g

p
T0
3 ¼ miQ; ðF2Þ

where the last step follows from directly evaluating T0
3

using Eq. (4). The cloud’s total mass is instead given by

Mb ¼ −
Z
V
d3x

ffiffiffiffiffiffi
−g

p
T0
0

¼ ϵ2
Z
V
drdΩ

	
jYðθ;ϕÞj2

�
jR̃ðrÞj2

�
r2μ2 þ m2

i

sin2θ

�
þ fðrÞr2

���� dR̃ðrÞdr

����2
�
þ jR̃ðrÞj2

���� ∂Yðθ;ϕÞ
∂θ

����2


: ðF3Þ

Although this expression seems very different from Eq. (F1) we will now show that it can be simplified by performing
integration by parts. Let us first integrate the angular part of the last term in the integrand of Eq. (F3) by parts:

Z
dΩj∂θYðθ;ϕÞj2 ¼ −

Z
2π

0

dϕ
Z

π

0

dθY�ðθ;ϕÞ∂θ½sin θ∂θYðθ;ϕÞ�

¼ −
Z

2π

0

dϕ
Z

π

0

dθ sin θjYðθ;ϕÞj2
�

m2
i

sin2θ
− liðli þ 1Þ

�
; ðF4Þ

where ∂θ ≔ ∂=∂θ, we used the fact that boundary terms vanish since sin θ ¼ 0 at θ ¼ 0; π, and we used the differential
equation that spherical harmonics satisfy

1

sin θ
∂θ½sin θ∂θYðθ;ϕÞ� ¼

�
m2

i

sin2 θ
− liðli þ 1Þ

�
Yðθ;ϕÞ: ðF5Þ

On the other hand, integrating the radial part of the second term by parts gives

Z
∞

2M
drfðrÞr2

���� dR̃ðrÞdr

����2 ¼ 1

2

Z
∞

2M
drfðrÞr2

���� dR̃ðrÞdr

����2 þ 1

2

Z
∞

2M
drfðrÞr2

���� dR̃ðrÞdr

����2

¼ −
1

2

Z
∞

2M
drR̃�ðrÞ d½fðrÞr

2R̃0ðrÞ�
dr

−
1

2

Z
∞

2M
drR̃ðrÞ d½fðrÞr

2ðR̃�Þ0ðrÞ�
dr

¼ −
Z

∞

2M
drfjR̃ðrÞj2½liðli þ 1Þ þ r2μ2� − ir2ωWðrÞg; ðF6Þ

where we used the fact that the boundary terms vanish since fð2MÞ ¼ 0 and limr→∞ R̃ðrÞ ¼ 0, and we used Eq. (33).
Substituting (F4) and (F6) in Eq. (F3) we then find
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Mb ¼ iϵ2ω
Z

∞

2M
drr2WðrÞ ¼ ωQ; ðF7Þ

as promised. Our derivation assumed a nonspinning BH
background and for simplicity we neglected the slow
decay of the cloud. However, we conjecture that a similar
derivation can be done in a Kerr BH background, where we
recall that true bound states satisfying ω ¼ miΩH exist. In
fact, it was shown in [61] using BH thermodynamics
that “Kerr BHs with bosonic hair” satisfyMb ¼ ωJb=mi ¼
ΩHJb in the test field limit, in agreement with our
expectation.

APPENDIX G: USING THE SINGULAR GAUGE
FOR POLAR, DIPOLAR METRIC

PERTURBATIONS TO COMPUTE THE
SCALAR POWER

As explained in Sec. III A, throughout the main text we
always used the Zerilli gauge for the l ¼ 1 polar metric
perturbations. As a check of the robustness of our results,
for the most relevant multipoles of the scalar power that
depend on l ¼ 1 polar perturbations, we also checked our
computations using the singular gauge that we introduced
in Sec. III A. Comparisons between results obtained with
the Zerilli and the singular gauge are shown in Fig. 11.

FIG. 11. Comparison between the scalar power Ės
ljmj

computed when using the Zerilli gauge for the l ¼ 1 polar metric perturbations
(solid lines) against using the singular gauge (data points). Within numerical accuracy, the two gauge choices give the same results. Only
the most relevant multipoles that are sourced by l ¼ 1 polar metric perturbations are shown. Namely, for a li ¼ mi ¼ 0 background
scalar cloud, we show the lj ¼ mj ¼ 1multipole of the scalar power at infinity (top left panel) and at the horizon (top right panel), for a
li ¼ mi ¼ 1 background scalar cloud and prograde orbits; we show the lj ¼ mj ¼ 2multipole of the scalar power at infinity (center left
panel) and the lj ¼ mj ¼ 0 multipole of the scalar power at the horizon (center right panel), whereas for a li ¼ mi ¼ 1 background
scalar cloud and retrograde orbits; we show the lj ¼ mj ¼ 0 multipole of the scalar power at infinity (bottom left panel) and at the
horizon (bottom right panel). The results are shown as a function of the orbital radius rp=M and for different values of Mμ.
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For the data points shown in the plots the relative difference
between the two gauge choices is typically at the percent
level or smaller, indicating that the results are in good
agreement between the two gauge choices, as expected.

APPENDIX H: CIRCULAR ORBITS AROUND
A BLACK HOLE SURROUNDED

BY A SPHERICAL SCALAR CLOUD

In Sec. IV we showed how to compute the leading-order
corrections to the Schwarzschild BH metric induced by a
spherically symmetric scalar cloud. As we argued there, it
is convenient to use ingoing Eddington-Finkelstein coor-
dinates for this computation. Here we are interested in
computing timelike circular geodesics in a metric of the
form (104). Although the computation of circular geodesics
around generic spherically symmetric spacetimes can be
found in the literature (see e.g. Ref. [145]), this is typically
done using a standard Schwarzschild coordinate system
ðt; r; θ;ϕÞ. Let us then generalize this computation to the
case where the metric takes the generic form:

ds2 ¼ gvvdv2 þ 2gvrdvdrþ r2dΩ2: ðH1Þ

Following Refs. [145,150] we can describe geodesic
motion on this spacetime using the Lagrangian:

L ¼ 1

2
gμνẋ

μ
pẋνp; ðH2Þ

where xμp ¼ ½vðτÞ; rðτÞ; θðτÞ;ϕðτÞ� is the particle’s world-
line and an overdot denotes a derivative with respect to
the proper time such that for a timelike geodesic we
have 2L ¼ −1. Focusing on equatorial geodesics where
θðτÞ ¼ π=2 and θ̇ðτÞ ¼ 0, the Lagrangian reads

2L ¼ gvvv̇2 þ 2gvrv̇ ṙþr2ϕ̇2: ðH3Þ

From this Lagrangian we can derive generalized momenta
given by

pv ≔
∂L
∂v̇

¼ gvvv̇þ gvrṙ; pϕ ≔
∂L

∂ϕ̇
¼ r2ϕ̇; ðH4Þ

besides, pr ¼ gvrv̇ and pθ ¼ 0, since we are fixing θ̇ ¼ 0.
Given that the Lagrangian (H3) does not depend on v
and ϕ, it follows that pv and pϕ are constants of motion
that describe the energy and angular momentum (per unit
rest mass) of the point particle: pv ¼ −E=mp ≡ −Ẽ,
pϕ ¼ L=mp ≡ L̃.
Plugging these results back in the Lagrangian (H3) and

equating 2L ¼ −1, we find, after some algebra,

ṙ2 ¼ Vr ≡ Ẽ2

g2vr
þ L̃2gvv

r2g2vr
þ gvv

g2vr
: ðH5Þ

Circular orbits, which satisfy ṙ ¼ ̈r ¼ 0, exist when
Vr ¼ dVr=dr ¼ 0. This requirement yields

Ẽ2¼ 2gvvðrpÞ2
rpg0vvðrpÞ−2gvvðrpÞ

; L̃2¼ r3pg0vvðrpÞ
2gvvðrpÞ−rpg0vvðrpÞ

;

ðH6Þ

where we fixed r ¼ rp and the prime stands for a derivative
with respect to rp. On the other hand, the orbital angular
frequency associated with these circular orbits is given by

Ωp ≔
dϕ
dv

¼ ϕ̇

v̇
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
g0vvðrpÞ
2rp

s
: ðH7Þ

In the spacetime metric given by Eq. (104), these expres-
sions reduce to Eqs. (117)–(119), where the order Oðϵ2Þ
corrections are given by

δEðrpÞ ¼
ðrp − 6MÞδMðrpÞ þ ðrp − 2MÞ½ð6M − 2rpÞδλðrpÞ þ rpð2M − rpÞδλ0ðrpÞ þ rpδM0ðrpÞ�

2ð3M − rpÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rpðrp − 3MÞp ; ðH8Þ

δLðrpÞ ¼
r2pð2M − rpÞ½ð2M − rpÞδλ0ðrpÞ þ δM0ðrpÞ� þ r2pδMðrpÞ

2ðrp − 3MÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mðrp − 3MÞp ; ðH9Þ

δΩðrpÞ ¼
rpðrp − 2MÞδλ0ðrpÞ þ 2MδλðrpÞ − rpδM0ðrpÞ þ δMðrpÞ

2
ffiffiffiffiffiffiffiffiffi
Mr3p

q : ðH10Þ

Circular orbits are stable if V 00
r ðrpÞ < 0 [145]. For a spacetime perturbatively close to Schwarzschild, stable circular

orbits should exist for rp > rISCO. Therefore the ISCO radius rISCO in this spacetime can be found by looking at the
inflection point V 00

r ðrISCOÞ ¼ 0. Assuming an Ansatz of the form rISCO ¼ 6M þ ϵ2δrISCO, and solving the equation
perturbatively in ϵ2, we find that δrISCO is given by

δrISCO ¼ 6½δMð6MÞ − 96M3δλ00ð6MÞ − 32M2δλ0ð6MÞ þ 24M2δM00ð6MÞ − 4MδM0ð6MÞ�: ðH11Þ
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