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We compute the scalar tidal Love numbers and static response coefficients associated with several
rotating black holes in higher dimensions, including Myers-Perry black holes, black rings, and black
strings. These coefficients exhibit a rich and complex structure as a function of the black hole parameters
and multipoles. Our results agree in limiting cases with known and new expressions for various lower-
dimensional black holes. In particular, we provide an alternative approach to the computation of the static
response of Kerr black holes as a limiting case of the boosted black string.
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I. INTRODUCTION

The tidal Love numbers are a set of quantities that
characterize the conservative static response of a gravi-
tating object under the influence of an external tidal
field. As an intrinsic property of black holes and other
compact objects, the Love numbers have been studied
extensively in recent years due to the role they play in
gravitational-wave astronomy: during the inspiral phase
of a binary merger, the tidal coupling between the two
compact objects can leave observable imprints on the
waveform.
How an object deforms tidally is related to what it is

made of, and indeed measurements of neutron star Love
numbers are expected to provide new constraints on the
equation of state [1–3]. For black holes in four-dimensional
general relativity, however, the Love numbers do not
appear to say very much about internal structure, because
they vanish regardless of the black hole’s mass and spin,
for both gravitational-wave polarizations [4–10]. The static
response coefficients turn out, in fact, to be purely

imaginary, corresponding to dissipative effects induced
by the rotation of the black hole [11–14]. The vanishing
of the real part, i.e., of the Love numbers, in four
dimensions instead reveals underlying hidden symmetries
of general relativity [15–18], indicating their potential as a
tool to better understand gravitational dynamics.
In dimensions greater than four, the structure of the Love

numbers becomes more intricate, vanishing for specific
multipoles, while other multipoles can display features
such as running [7,10]. This complexity reflects the rich
geometry of higher-dimensional spacetimes and highlights
the need for a deeper understanding of black hole physics
in these contexts. Ultimately, the study of Love numbers
in higher-dimensional black holes can shed light on the
fundamental nature of gravity and the behavior of gravi-
tational waves.
In this paper, we aim to further map out the behavior

of the induced static response and Love numbers in the
zoo of higher-dimensional rotating black holes.1 We
consider three classes of solutions, distinguished by the
topology of their horizons: rotating Myers-Perry black
holes in D ¼ 5, black rings, and boosted black strings.
In these cases, in suitable regimes the relevant equation
of motion can be put into hypergeometric form, allowing
for explicit solutions from which the Love numbers can
be read off.
Strictly speaking, to determine the Love numbers we

should solve the Einstein equations linearized about a black
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hole background, i.e., the equations of a massless spin-2
field on said background. It turns out that the qualitative
features of the Love numbers, such as their multipolar and
dimensional dependence, are often largely independent of
the field’s spin, and so we can simplify matters significantly
by working instead with the Klein-Gordon equation for a
massless scalar [7,10,14,15]. Therefore we should empha-
size that in this paper we are calculating scalar Love
numbers. There are, however, interesting exceptions; see,
e.g., Refs. [10,21]. We leave the analysis of spin-1 and
gravitational tidal Love numbers of higher-dimensional
rotating black holes for future work.
This paper provides an in-depth analysis of the

intersection of tidal deformations and higher-
dimensional black holes in vacuum general relativity
(GR). Section II gives an overview of the methods we
use in each of the spacetime backgrounds we consider.
Section III discusses these coefficients for Myers-Perry
black holes in five spacetime dimensions. In Sec. IV we
discuss the static Love numbers in a black ring back-
ground, including separability of the Klein-Gordon
equation, new problem-solving approaches, and limiting
cases. The static Love numbers for black strings in a
near-zone approximation are explored in Sec. V. Finally,
the discussion in Sec. VI provides a summary of the
key takeaways for the static Love numbers in higher-
dimensional GR and speculations on the point-particle
effective field theory approach.
Notation and conventions: We work in natural units

c ¼ ℏ ¼ 1 (though leave in G) and use the mostly positive
signature for the metric. In the text, we use the same symbol
R to denote two different quantities: the radial component
of the scalar field in Secs. III and V [see, e.g., Eq. (3.12)],
and one of the parameters of the black ring metric in
Sec. IV [see Eq. (4.1)]. In addition, the same symbol Δ is
used in the expressions of the various metrics that we
consider in this paper: the reader should refer to the
definition that is given within each section for Δ.

II. METHODS

As a proxy for linear tidal responses in gravity, this paper
considers static solutions to the Klein-Gordon (KG) equa-
tion for a massless scalar ΨðxÞ living on a D-dimensional
stationary spacetime background gμν,

□ΨðxÞ ¼ 1ffiffiffiffiffiffi−gp ∂μ½
ffiffiffiffiffiffi
−g

p
gμν∂νΨðxÞ� ¼ 0: ð2:1Þ

We will mostly be interested in solutions that have Cauchy
horizons, such as black holes and black rings. To begin
with, let us assume that the background has D − 2 Killing
vectors, one timelike and the rest spacelike. We can
therefore choose a coordinate basis xμ ¼ ðt; r; θ;ϕkÞ, where
the index k runs over 1;…; D − 3, so the Killing vectors
correspond to ∂t, ∂ϕk

. The invariance of Eq. (2.1) under the

isometries generated by these Killing vectors allows us to
decompose the field as

ΨðxÞ ¼ exp

 
−iωtþ i

XD−3

k¼1

mkϕk

!
Φðr; θÞ: ð2:2Þ

We will be interested in cases where the solution fully
separates,

Φðr; θÞ ¼ RðrÞYðθÞ: ð2:3Þ

This separability property famously holds for Kerr black
holes in D ¼ 4 and persists to higher-dimensional (Myers-
Perry) black holes [22]. In both cases this is due to a
“hidden” symmetry generated by one or more Killing
tensors [23]. The situation is more subtle for backgrounds
with more general horizon topologies, such as black rings
and black strings. However, it turns out that for the static
field configurations (ω ¼ 0) that we are interested in, the
KG equation does separate in these backgrounds [24]. The
object of our study will therefore be the radial equation of
motion for RðrÞ in a variety of higher-dimensional black
hole backgrounds.
The radial equation is a second-order ordinary differ-

ential equation, so has two independent solutions. The
physical situation we have in mind is a black hole immersed
in an external, static tidal field. At infinity, if the metric is
asymptotically flat, the solutions to the radial equation
can either grow as rl or decay as r−l−n, where we have
assumed that the solutions YðθÞ ¼ YlðθÞ are spherical
harmonics on an (nþ 1)-sphere.2 The growing behavior
would not be physical if infinity were truly infinity, but
here we are taking it to be a proxy for the location of the
tidal source. Decomposing the external tidal field in terms
of a superposition of rl modes sets one boundary con-
dition for each mode.
Meanwhile, at the (outer) horizon, one solution for RðrÞ

typically diverges logarithmically, while another can be
chosen to approach a constant. For black holes, where the
horizon is a physical location, we must discard the former
solution on physical grounds.3 This fixes the other boun-
dary condition. At infinity, this physical solution will be an
admixture of growing and decaying modes,

RlðrÞ → Rl;∞ðrl þ λlr−l−nÞ; ð2:4Þ

2We have left n general here since its relationship to D will
depend on the horizon topology. For instance, n ¼ D − 3 for a
black hole, but n ¼ D − 4 for a black string in the near region
(see Sec. V).

3To be more precise, one should require any diffeomorphism-
invariant physical quantity built from the solution for Ψ to be
well-defined at the event horizon.
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where Rl;∞ is a constant. The coefficient λl is interpreted as
the static tidal response coefficient.4 The Love number is
typically defined to be the conservative part of the response,
which is obtained by taking the real part of λl, while the
imaginary piece corresponds to dissipative effects.

III. 5D MYERS-PERRY BLACK HOLE

We now turn to the Klein-Gordon wave equation (2.1) for
the five-dimensional (5D) Myers-Perry black hole [25]. The
equations of motion in this geometry (in arbitrary dimen-
sions) are separable [26–28] due to “hidden symmetries”
generated by a tower of Killing tensors [22,23,29,30].5

Since the aim is to compute Love numbers, which are static
responses, we will consider static scalar field configurations.

A. Background

In many respects, the Myers-Perry solution describing
spinning black holes in D ¼ 5 possesses the same remark-
able properties as the standard Kerr black hole in four
dimensions. They are the unique asymptotically flat vac-
uum solutions with spherical topology, parametrized
by their mass and two angular momenta. The metric in
Boyer-Lindquist coordinates is

ds2 ¼ −dt2 þ μ

Σ
ðdt − asin2θdϕ − bcos2θdψÞ2

þ r2Σ
Δ

dr2 þ Σdθ2 þ ðr2 þ a2Þsin2θdϕ2

þ ðr2 þ b2Þcos2θdψ2; ð3:1Þ

where

Σ ¼ r2 þ a2cos2θ þ b2sin2θ; ð3:2Þ

Δ ¼ ðr2 þ a2Þðr2 þ b2Þ − μr2: ð3:3Þ

The coordinate ranges are 0 < r ≤ ∞, 0 < θ < π, and
0 ≤ ψ , ϕ ≤ 2π. These coordinates generalize the Boyer-
Lindquist coordinates ðt; r; θ;ϕÞ in D ¼ 4 by the addition
of a second angular Killing direction ψ . There are three free
parameters: μ is a mass parameter and a and b are rotation

parameters, related to the physical mass M and angular
momenta Jϕ and Jψ by

μ ¼ 8GM
3π

; Jϕ ¼ 2M
3

a; Jψ ¼ 2M
3

b: ð3:4Þ

There are two horizons, located at the roots of
Δ ¼ ðr2 − r2þÞðr2 − r2−Þ,

2r2� ¼ μ − a2 − b2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðμ − a2 − b2Þ2 − 4a2b2

q
: ð3:5Þ

The existence of the horizons requires

μ ≥ a2 þ b2 þ 2jabj ð3:6Þ

⇒ M3 ≥
27π

32G
ðJ2ϕ þ J2ψ þ 2jJϕJψ jÞ: ð3:7Þ

B. Klein-Gordon equation

To calculate the Klein-Gordon equation (2.1) for a static
field Ψðr; θ;ϕ;ψÞ in this geometry, it is helpful to retain
manifest covariance on the 3-sphere, since we are ulti-
mately most interested in the radial dynamics. To this end,
let us package the coordinates on S3 into θi ¼ ðθ;ϕ;ψÞ
with i∈ ð1; 2; 3Þ, and define the unit-sphere metric γij by
dΩ2 ¼ γijdθidθj ¼ dθ2 þ sin2θdϕ2 þ cos2θdψ2. The KG
equation requires the 5D metric determinant and the metric
inverse in the angular directions,ffiffiffiffiffiffi

−g
p ¼ rΣ

ffiffiffi
γ

p
; Σgij ¼ γij þMijðrÞ; ð3:8Þ

where γij is the inverse of γij and the matrix MijðrÞ is only
nonzero along the Killing directions ðϕ;ψÞ:

Mij
∂i∂j ¼

ðb2 − a2Þðb2 þ r2Þ − b2μ
Δ

∂
2
ϕ

þ ða2 − b2Þða2 þ r2Þ − a2μ
Δ

∂
2
ψ

− 2
abμ
Δ

∂ϕ∂ψ : ð3:9Þ

With these simplifications it is straightforward to check
that the Klein-Gordon equation reduces (after multiplying
by Σ) to

1

r
∂r

�
Δ
r
∂r

�
ΨþMij

∂i∂jΨþ∇2
S3Ψ ¼ 0; ð3:10Þ

where ∇2
S3 is the Laplacian on the 3-sphere.

This equation is fully separable, admitting solutions of
the form

ΨðxÞ ¼ ΘðθiÞRðrÞ ð3:11Þ

¼ eiðmϕϕþmψψÞYðθÞRðrÞ: ð3:12Þ

4Both the growing and decaying terms are the leading pieces in
an expansion in 1=r. This leads to an ambiguity in the definition
of λl when l is an integer, as the Oðr−2l−nÞ correction to the
growing mode has the same r−l−n scaling as the leading static
response. As we discuss in more detail in Sec. IV, this can be
resolved by analytically continuing l∈R, where the source-
response split is unambiguous, extracting λl and then taking
l → N.

5These symmetries are “hidden” in the sense that they act on
the full phase space of the dynamics, rather than the configuration
space (spacetime). This results in conserved quantities that are
nonlinear in the momenta, in contrast to the “explicit” symmetries
generated by Killing vectors [23].
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After dividing out by Ψ, the first two terms in Eq. (3.10)
depend only on r and the last only on θ. This implies that
ΘðθiÞ is an eigenfunction of ∇2

S3 , i.e., a hyperspherical
harmonic.6 The separation constant is well-known to be
−lðlþ 2Þ for integer l ≥ 0,7

∇2
S3ΘðθiÞ ¼ −lðlþ 2ÞΘðθiÞ; ð3:13Þ

or equivalently,

sec θ csc θ∂θðsin θ cos θ∂θYÞ − ðm2
ϕcsc

2θ þm2
ψ sec2θÞY

¼ −lðlþ 2ÞY: ð3:14Þ

With these simplifications we are only left with radial
derivatives in Eq. (3.10), so we can divide out ΘðθiÞ to
obtain the radial equation,

1

r
∂r

�
Δ
r
∂r

�
R − ðlðlþ 2Þ þMijmimjÞR ¼ 0; ð3:15Þ

where midθi ¼ mϕdϕþmψdψ . We can write this more
explicitly as

Δ
r
∂r

�
Δ
r
∂rR

�
þ ½ðamψ þ bmϕÞ2μ

þ ða2 − b2Þðm2
ϕðb2 þ r2Þ −m2

ψða2 þ r2ÞÞ�R
¼ lðlþ 2ÞΔR: ð3:16Þ

Herein we will replace l with

l̂≡ l
D − 3

¼ l
2
: ð3:17Þ

This will turn out to be convenient because l̂ plays a role
analogous to l in D ¼ 4 [7,10].
The radial equation (3.15) has five regular singular

points, but two pairs of these (at the inner and outer

horizons) are degenerate. By changing variables from r to
r2 we can reduce the number of regular singular points to
three, which guarantees that Eq. (3.15) can be solved in
terms of hypergeometric functions. Concretely, let us
define the radial variable x by

r2 ¼ ðr2þ − r2−Þxþ r2þ þ r2−
2

: ð3:18Þ

The inner and outer horizons are located at x ¼ −1 and
x ¼ þ1, respectively. In terms of x we have

Δ ¼ 1

4
ðr2þ − r2−Þ2ðx2 − 1Þ; 1

r
∂r ¼

4

r2þ − r2−
∂x; ð3:19Þ

so that the radial equation becomes

∂x½ðx2 − 1Þ∂xR� −
h
l̂ðl̂þ 1Þ þ 1

4
Mijmimj

i
R: ð3:20Þ

To solve the radial equation and read off the Love
numbers, it is convenient to change the basis of mi to
ðmL;mRÞ defined by

mϕ ¼ mR þmL; mψ ¼ mR −mL; ð3:21Þ

and then to rescale each of these as8

m̃L ¼ a − b
rþ þ r−

mL

2
; m̃R ¼ aþ b

rþ − r−

mR

2
: ð3:22Þ

The term in Eq. (3.20) involving mi factorizes into poles at
the horizons x ¼ �1,

−
1

4
Mijmimj ¼ 2

�ðm̃R þ m̃LÞ2
x − 1

−
ðm̃L − m̃RÞ2

xþ 1

�
; ð3:23Þ

so the Klein-Gordon equation takes the form

∂x½ðx2 − 1Þ∂xR� þ 2

�ðm̃R þ m̃LÞ2
x − 1

−
ðm̃L − m̃RÞ2

xþ 1

�
R ¼ l̂ðl̂þ 1ÞR: ð3:24Þ

6This is the higher-dimensional analogue of the fact that static perturbations of Kerr are expanded in (spin-weighted) spherical rather
than spheroidal harmonics.

7See, e.g., App. A.1 of Ref. [10] and references therein.
8These prefactors can be expressed in terms of thermodynamic quantities: the angular velocities at the horizon ΩL;R and the surface

gravity at the outer horizon κþ,

m̃L;R ¼ ΩL;R

κþ
mL;R:
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C. Static responses

The static Klein-Gordon equation (3.24) has three regular
singular points—the inner and outer horizons and infinity—
and so admits hypergeometric solutions. The simplest
solutions, which do not depend on the Killing directions,
mϕ ¼ mψ ¼ 0, are, in fact, Legendre polynomials,

R ¼ c1Pl̂ðxÞ þ c2Ql̂ðxÞ: ð3:25Þ

To rewrite Eq. (3.24) in hypergeometric form we transform
the radial variable,

z≡ 2

1þ x
¼ r2þ − r2−

r2 − r2−
; ð3:26Þ

and perform a field redefinition,

RðzÞ ¼ zl̂þ1ð1 − zÞiðm̃Lþm̃RÞuðzÞ; ð3:27Þ

so that we obtain the standard hypergeometric equation,

zð1 − zÞu00ðzÞ þ ½c − ðaþ bþ 1Þz�u0ðzÞ − abuðzÞ ¼ 0

ð3:28Þ

with

a¼1þ l̂þ2im̃L; b¼1þ l̂þ2im̃R; c¼lþ2: ð3:29Þ

These satisfy

aþ b − c ¼ 2iðm̃L þ m̃RÞ: ð3:30Þ

We summarize some of the salient features of the hyper-
geometric equation and its solutions in the Appendix.
Let us assume that m̃L and m̃R are both nonvanishing.9

Then c is an integer but none of a, b, and aþ b − c are, and
we can choose a basis of solutions to be [31]

u1ðzÞ ¼ Fða; b; c; zÞ; ð3:31Þ

u2ðzÞ ¼ Fða; b; 1þ aþ b − c; 1 − zÞ: ð3:32Þ

At the outer horizon z ¼ 1, u1ðzÞ blows up while u2ðzÞ is
regular, so we will focus on u2ðzÞ as the physical solution.
Now we want to expand u2ðzÞ around infinity (z ¼ 0). For
the parameters we have chosen, the following identity
holds10:

u2ðzÞ ¼ Fða; b; 1þ aþ b − c; 1 − zÞ
¼ Fða; b; c; zÞ ln z

−
Xc−1
n¼1

ðc − 1Þ!ðn − 1Þ!
ðc − n − 1Þ!ða − nÞnðb − nÞn

ð−zÞ−n

þ
X∞
n¼0

ðaÞnðbÞn
n!ðcÞn

½ψðaþ nÞ þ ψðbþ nÞ

− ψð1þ nÞ − ψðcþ nÞ�zn: ð3:33Þ

Here ðaÞk ¼ Γðaþ kÞ=ΓðaÞ is the Pochhammer symbol,
and ψðzÞ ¼ ∂z lnΓðzÞ is the digamma function. As z → 0
this is dominated by the terms in the top line, in particular
the log and the term in the sum with n ¼ c − 1 ¼ lþ 1:

u2ðzÞ → ln z −
l!ðlþ 1Þ!

ða − l − 1Þlþ1ðb − l − 1Þlþ1

ð−zÞ−ðlþ1Þ:

ð3:34Þ

The first term corresponds to the decaying r−l−2 falloff in
RðrÞ, and the second to the growing rl falloff, so the static
response is given by the ratio of the first to the second
coefficient:

λl ¼ 2ð−1Þl ð−l̂þ 2im̃LÞlþ1ð−l̂þ 2im̃RÞlþ1

l!ðlþ 1Þ! ln

�
r0
r

�
:

ð3:35Þ

As a check, we can compare this to the nonspinning
Schwarzschild-Tangherlini metric, which is the limit
a ¼ b ¼ 0 (implying m̃L ¼ m̃R ¼ 0) of the Myers-Perry
solution. The induced responses in this spacetime, for
general D, are known to be zero for integer l̂ ¼ l=ðD − 3Þ
and to run logarithmically for half-integer l̂ [7,10]. In
D ¼ 5 these are the only two options. We can see this
behavior from the expression (3.35) by inspecting the
Pochhammer symbols in this limit,

ð−l̂Þlþ1 ¼
Γðl̂þ 1Þ
Γð−l̂Þ ¼

(
0; l̂ integer;

ð−1Þðlþ1Þ=2 l!!2

2lþ1 ; l̂ half-integer:

ð3:36Þ

For integer l̂, 1=Γð−l̂Þ ¼ 0, so that we recover the
vanishing of the Love numbers. For half-integer l̂,
Eq. (3.35) agrees with Eq. (4.21) of Ref. [10].

9If a ¼ �b, then one of these vanishes, and in the
Schwarzschild-Tangherlini case (a ¼ b ¼ 0) both vanish. In
either of these cases, a different basis of hypergeometric solutions
needs to be selected, as discussed in detail in the Appendix.
However, it turns out that the solution which is regular at the
horizon in each of these cases can be obtained as a limit of the
general solution.

10See Eqs. (A6) and (A7).

LOVE NUMBERS FOR ROTATING BLACK HOLES IN HIGHER … PHYS. REV. D 108, 084011 (2023)

084011-5



IV. BLACK RING

A. Background

In this section, we compute the Love numbers for
spinning black rings in D ¼ 5. To this end we first review
some of the properties of black rings relevant to this paper.
The black ring is a solution of vacuum Einstein’s

equations in five spacetime dimensions [32]. In contrast
with the 5D Myers-Perry black hole, whose horizon is
topologically a 3-sphere, the black ring represents a
spinning, ring-shaped object with an event horizon that

is topologically a S1 × S2. The black ring solution has
several interesting properties, such as the existence of an
ergosphere outside the horizon where objects can be
dragged along with the black ring rotation.
The current literature on the black ring spacetime is

reviewed in Ref. [33], and the corresponding geometry has
been given in related forms in Ref. [32]. In this paper we
shall work primarily with the metric in the ðr; θÞ coor-
dinates introduced in Ref. [33] and parameters ðr0; σÞ
which will correspond respectively to the mass and spin
parameters. The solution is given by

ds2 ¼ −
f̂
ĝ

 
dt − r0 sinh σ cosh σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rþ r0cosh2σ
R − r0cosh2σ

s
r
R − 1

rf̂
R dψ

!2

þ ĝ
ð1þ r cos θ

R Þ2
�
f

f̂

�
1 −

r2

R2

�
R2dψ2 þ dr2

ð1 − r2

R2Þf
þ r2

g
dθ2 þ g

ĝ
r2sin2θdϕ2

�
; ð4:1Þ

where

f ¼ 1 −
r0
r
; f̂ ¼ 1 −

r0cosh2σ
r

; ð4:2Þ

and

g ¼ 1þ r0
R
cos θ; ĝ ¼ 1þ r0cosh2σ

R
cos θ: ð4:3Þ

The coordinates vary within the ranges 0 ≤ r ≤ R,
0 < θ < π, and 0 ≤ ψ , ϕ ≤ 2π, and the dimensionless
parameters within

0 < r0 ≤ r0cosh2σ < R: ð4:4Þ

In these coordinates, R has dimensions of length, and for
thin large rings it corresponds roughly to the radius of the
ring S1 circle. To avoid conical singularities the parameters
ðr0; σÞ have to be related by cosh2σ ¼ 2=ð1þ ðr0=RÞ2Þ.
Fixing these values leaves only two independent parame-
ters in the solution, R and r0. Actually, this is to be expected
based on physical principles. When you have the mass
and radius of a ring, the angular momentum needs to be
adjusted to achieve a balance between the tension and self-
attraction of the ring with the centrifugal force. This results
in only two remaining free parameters. It is easy to see that
the solution has a regular outer horizon at r ¼ r0. In
addition, there is an inner horizon at r ¼ 0 and a ring-
shaped ergosurface present at r ¼ r0 cosh σ2.
One advantage of choosing the specific ðr; θÞ coordi-

nates in the study of black rings is that the limit of a black
string becomes straightforward. Consider the limit

r; r0; r0cosh2σ ≪ R ð4:5Þ

in which g; ĝ ≈ 1, and redefine ψ ¼ z=R. Then the metric in
Eq. (4.1) becomes exactly the metric for a boosted black
string that extends along the z direction with a boost
parameter σ, and the horizon is located at r ¼ r0. To avoid
conical singularities, ψ must be identified with a period of
2π, which results in periodic identification of the string’s
radius R: z ∼ zþ 2πR. Consequently, the limit in Eq. (4.5)
corresponds to the scenario where the ring’s radius R is
significantly larger than its thickness r0, with a focus on the
region near the ring where r ∼ r0.
This precise definition clarifies the heuristic construction

of a black ring as a boosted black string that has been
bent into a circular shape. It also enables an approximate
interpretation of r0, R, and σ. The parameter r0 is a measure
of the radius of the S2 at the horizon, and the ring’s radius
is R. Hence, smaller values of r0=R correspond to thinner
rings. Additionally, cosh2 σ provides an estimate of the
ring’s rotational speed and can be approximately identified
with the local boost velocity v ¼ tanh σ.

B. Klein-Gordon equation

Often, when a spacetime possesses a Killing tensor, it is
possible to find multiplicatively separable solutions of the
KG equation. In the case of black rings, the equation seems
not to be separable [34]. Only two specific scenarios allow
for separability. The first case under consideration in this
section involves a static time-independent perturbation
where ω equals zero [24]. Another scenario for the black
ring involves the infinite radius limit, where R approaches
infinity. This limit results in a boosted black string, which
we will analyze in the following section.
To analyze the KG equation for a massless scalar for

black rings it is convenient to adopt ðr; θÞ coordinates
defined in terms of the most common employed ðx; yÞ
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coordinates. As we will see, the ðr; θÞ coordinates employed here are more convenient to show the separability of the wave
equation and take straight string limit R → ∞. Let us try the following ansatz:

Ψðt;r;θ;ϕ;zÞ¼ e−iωtþimϕþiνz

�
1þ r

R
cosθ

�
Φðr;θÞ: ð4:6Þ

It is worth noting that neither m nor ν are integers, as ðϕ; zÞ do not have periodicity 2π. Below we will account for this. As
found in Ref. [35], the classical wave equation for Φðr; θÞ becomes

∂r

�
rðr − r0Þ

�
1 −

r2

R2

�
∂rΦ

�
þ 1

sin θ
∂θ

��
1þ r0

R
cos θ

�
sin θ∂θΦ

�

þ r2

ðr0 − rÞð1 − r2

R2Þðr − r0c2σÞ

"
ωr0cσsσ

�
1 −

r
R

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r0

R c
2
σ

1 − r0
R c

2
σ

s
− νðr − r0c2σÞ

#2
Φ

þ ω2
ð1þ r0

R c
2
σ cos θÞ2r3

ð1þ r
R cos θÞ2ðr − r0c2σÞ

Φ −m2
ð1þ r0

R c
2
σ cos θÞ

ð1þ r0
R cos θÞsin2θ

Φþ ðfr þ fθÞΦ ¼ 0; ð4:7Þ

where fr ¼ −ð2r − r0Þr=R2, fθ ¼ −r0 cos θ=R, and for
simplicity we defined cX ¼ coshX and sX ¼ sinhX.
Unfortunately, the ω2 term appears to hinder separation.
To compute the static Love number, however, we consider
the above equation with ω ¼ 0 that becomes fully sepa-
rable. The remaining equations exhibit only regular sin-
gular points, which suggest that the problem can be solved
locally around these points. This is the subject of the next
section.

C. Static responses

In this section we will compute the static Love numbers
for black rings. In the static limit (ω ¼ 0), the KG
equation (4.7) reduces to a coupled system of equations:

1

sin θ
∂θ

��
1þ r0

R
cos θ

�
sin θ∂θχ

�

−m2
ð1þ r0

R c
2
σ cos θÞ

ð1þ r0
R cos θÞsin2θ

χ −
r0
R
cos θχ ¼ −Kχ; ð4:8Þ

∂r

�
rðr − r0Þ

�
1 −

r2

R2

�
∂rΦr

�

þ ν2
r2ðr − r0c2σÞ

ðr0 − rÞð1 − r2

R2Þ
Φr − ð2r − r0Þ

r
R2

Φr ¼ KΦr;

ð4:9Þ

when Φðr; θÞ ¼ χðθÞΦrðrÞ. The solution to both equations
involves the use of generalized Heun functions, with the
separation constants K serving as the eigenvalues on a
sphere. Unlike in the case of the more familiar hyper-
geometric equation (see Appendix), the K values in (4.8)
and (4.9) are not known in simple closed form, and can be
computed only numerically or with perturbative methods.

Alternatively, one can start by asking whether it is possible
to find different near and far regions where the wave
equations can be solved in terms of simple special
functions, and then obtain a full solution by matching
solutions in each region together along a surface of an
intermediate overlap region. In the case of (4.8) and (4.9),
we see that this occurs when the horizon radius r0 of the
black ring is smaller compared to the S1 radius of the ring:

r0
R

≪ 1: ð4:10Þ

In this case, each of these equations will be solvable
analytically in two regions. This is the regime we will
focus on in the rest of the section.

1. Spheroidal equation

Let us first focus on the angular Laplacian. In the
limit (4.10), the angular equation (4.8) for the black ring
reduces to

1

sin θ
∂θðsin θ∂θχÞ −

�
m2

sin2θ
− K

�
χ ¼ 0: ð4:11Þ

The associated Legendre function which represents the
solution that is regular at cos θ ¼ �1 is exactly the case
m ¼ 0. We can therefore consider with full generality the
m ¼ 0 case. The corresponding eigenvalues are

K ¼ lðlþ 1Þ þOðr0Þ: ð4:12Þ

2. Radial equation

We will now focus on the radial equation (4.9). To solve
the differential equation we can perform an explicit
matching, dividing the spacetime outside the horizon,
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r0 ≤ r < R, into two overlapping regions defined by the
near region (r0 ≤ r ≪ R) and the far region (r0 ≪ r < R).
However, for the computation of the Love numbers, the
complete matching procedure is unnecessary. As we will
see, solving the wave equation in the near-horizon region
(with ingoing boundary conditions on the surface) and
finding the transformation to the boundary will suffice to
deduce the static response coefficients.
The radial wave equation (4.9) in the near region, where

the coordinate distance r − r0 is small compared to R,
takes the form

Δ∂rðΔ0∂rΦÞ þ ðVðrÞ − KΔÞΦ ¼ 0; ð4:13Þ
where Δ≡ rðr − r0Þ and Δ0 ≡ rðr − r0Þð1 − r20=R

2Þ.
We can further replace

VðrÞ þ KΔ ∼ Vðr0Þ − KΔ0; ð4:14Þ
and Eq. (4.9) then becomes approximately

∂r½rðr − r0Þ∂rΦnear� þ
�

r20W
2

rðr − r0Þ
− lðlþ 1Þ

�
Φnear ¼ 0;

ð4:15Þ
with

W ¼ νr0 sinh σ

1 − r2
0

R2

: ð4:16Þ

The above equation contains three regular singular points
and is solved by hypergeometric functions. To bring it into
the standard form of the hypergeometric equation we define
a new variable and perform a field redefinition:

x ¼ r0
r
; ΦðrðxÞÞ ¼ ð1 − xÞ−iWx−luðxÞ: ð4:17Þ

Then, Eq. (4.15) takes the standard hypergeometric
form (A1) with parameters

a ¼ −l; b ¼ −l − 2iW; c ¼ −2l: ð4:18Þ

Note that aþ b − c ¼ −2iW is not an integer, but a and c
are. To avoid ambiguities in the definition of the Love
numbers due to a possible uncertainty in the identification
of the response coefficients (see below), we first perform an
analytic continuation l ↦ R [12,14]. The two linearly
independent solutions are therefore given by Eq. (A2).
Since now none of the numbers a, b, c − a, c − b, and c is
an integer, we can use the connection formula (A3). We
then impose the boundary condition Φ ≈ ð1 − xÞ−iW at the
horizon r0, which amounts to requiring that u be regular at
x ¼ 1. This fixes C2 in terms of C1 as (A4). Plugging back
into Eqs. (4.17) and (A2),

ΦðrðxÞÞ ¼ C1ð1 − xÞ−iW
�
x−l2F1ð−l;−l − 2iW;−2l; xÞ

−
Γð−2lÞΓðlþ 1ÞΓðl − 2iW þ 1Þ
Γð−lÞΓð−l − 2iWÞΓð2lþ 2Þ xlþ1

2F1ðlþ 1;l − 2iW þ 1; 2lþ 2; xÞ
�
: ð4:19Þ

Note that in the analytic continuation sense there is no
uncertainty in how to split the external tidal field (i.e., the
term ∝ x−l) from the response (i.e., the one ∝ xlþ1): they
both have subleading terms, resulting from expanding the
hypergeometric functions in powers of x in (4.19), but for
real values of l the two series never overlap. On the other
hand, if l is an integer, the source contains, at subleading
order, a piece that is degenerate with the response falloff,
introducing in principle an ambiguity in the definition of
the Love numbers. To avoid this ambiguity, supplemented
with the analytic continuation l∈R, we can read off the
response coefficients from (4.19), and only later consider
the physical value l to be an integer. Taking the limit
x → 0, the response coefficients are11

λl∈R ¼ −
Γð−2lÞΓðlþ 1ÞΓðl − 2iW þ 1Þ
Γð−lÞΓð−l − 2iWÞΓð2lþ 2Þ : ð4:20Þ

We can now take the limit l → N. Using

Γð−nþ εÞ ¼ ð−1Þn
n!ε

þOðε0Þ; for n∈N; ð4:21Þ

we find

λBRl∈N ¼ ð−1Þlþ1
Γðlþ 1Þ2Γðl − 2iW þ 1Þ

2Γð2lþ 1ÞΓð2lþ 2ÞΓð−l − 2iWÞ :

ð4:22Þ

As in the four-dimensional black hole cases, the response
coefficients are purely imaginary, which means that the11This seems to be consistent with Eq. (30) of Ref. [24].
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static Love numbers vanish for the black ring (for all values
of l and ν). It is instructive to take the limit W → 0 and
compare our resulting expression with the induced re-
sponse of a Schwarzschild black hole. The static response
coefficients (4.22) vanish in this limit. This is consistent
with the fact that, when W ¼ 0, Eq. (4.15) formally
coincides with the equation of a massless scalar field on
a four-dimensional Schwarzschild spacetime (see, e.g.,
Eq. (2.2) of Ref. [15] with rs ↦ r0) and inherits all the
symmetry structure discussed in Ref. [15].
We illustrate the behavior of the black ring configuration

representing the dissipative coefficients (4.22). This is done
for six different values of the angular momentum in Fig. 1.
In each case we have plotted the dissipative part of the
coefficients, Im½λBRl �, for different values of the boost
parameter σ.

V. BOOSTED BLACK STRINGS

The focus of this section is on boosted black string
geometries, i.e., higher-dimensional stationary black string
solutions carrying momentum along their length. We will
derive in particular the static response of a test scalar field
in two distinct cases: first, we will consider the Klein-
Gordon equation on a D-dimensional nonrotating boosted
black string spacetime; then, we will focus on a boosted
Kerr black string in D ¼ 6 and D ¼ 5 dimensions.

A. Nonrotating boosted black string in D dimensions

Nonrotating boosted black string solutions in D dimen-
sions can easily be constructed by boosting the static black
string metrics along the z direction. The geometry of such

solutions in generic D ¼ nþ 4 dimensions is given by the
following line element [36,37]:

ds2 ¼ −
�
1 −

rn0
rn

cosh2σ

�
dt2 − 2

rn0
rn

cosh σ sinh σ dt dz

þ
�
1þ rn0

rn
sinh2σ

�
dz2 þ

�
1 −

rn0
rn

�
−1
dr2

þ r2dΩ2
Snþ1 ; ð5:1Þ

where we assume that the z direction is periodically
identified [37]. Here σ is the boost parameter and
dΩ2

Snþ1 the line element of the (nþ 1)-sphere Snþ1 defined
recursively as dΩ2

Snþ1 ¼ dθ2nþ1 þ sin2θnþ1dΩ2
Sn . This sol-

ution has an event horizon located at r ¼ r0 and an
ergosurface at r ¼ r0cosh2=nσ. The boost velocity is given
by v ¼ tanh σ. The total energy and momentum of the
string are, respectively,

Mbs ¼
Ωnþ1R
8G

rn0ðn cosh2σ þ 1Þ;

Pbs ¼
Ωnþ1R
8G

rn0n cosh σ sinh σ; ð5:2Þ

where Ωnþ1 is the area of a unit (nþ 1)-sphere. We can
also define the horizon entropy

Sbs ¼
πΩnþ1R

2G
rnþ1
0 cosh σ: ð5:3Þ

Let us consider a massless Klein-Gordon field Ψ solving
Eq. (2.1) on the geometry (5.1). The symmetry structure
of the metric allows us to decompose Ψ in separation of
variables as

Ψðt; z; r; θÞ ¼ e−iωtþiνzRðrÞYLðθÞ; ð5:4Þ

where we Fourier transformed in time and in the co-
ordinate z. YLðθÞ are the hyperspherical harmonics with
θ ¼ fθ1;…; θnþ1g the coordinates on Snþ1.12 Using the
following expressions for the Christoffel symbols:

Γi
ab ¼ Γa

bi ¼ 0; Γa
ij ¼ −

1

2
gab∂bgij; ð5:5Þ

where the indices i; j;… and a; b;… run over the coor-
dinates ft; z; rg and fθ1;…; θnþ1g, respectively, we can
write the Klein-Gordon equation (2.1) as

FIG. 1. Visualization of the response coefficients λBRl for black
rings (4.22) as a function of the multipole moments l for various
values of the boost parameter σ. The real part of the coefficients
vanish, leading to vanishing static Love numbers. The nontrivial
dissipation coefficients, the imaginary part of the coefficients, are
represented here. As the black ring spin increases, for increasing
boost parameter σ (from blue to yellow curves), the dissipation
parameters become larger. This behavior of the dissipation
parameters is suppressed for increasing l → ∞ where the
coefficients vanish.

12The functions YLðθÞ provide a representation of the rotation
group SOðnþ 1Þ. The dimension NL of the representation is
given by NL ¼ ðnþL

L Þ − ðnþL−2
L−2 Þ ¼ ðLþn−2Þ!ð2Lþn−1Þ

ðn−1Þ!L! , as it can
easily be found by noting that a symmetric L-index tensor in
(nþ 1)-dimensions has ðnþL

L Þ independent components and that
the tracelessness condition imposes ðnþL−2

L Þ conditions [10].
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□Ψ¼∇a∇aΨþ 1

r2
∇2

Snþ1Ψþ1

2
gijgab∂bgij∂aΨ¼0; ð5:6Þ

where ∇2
Snþ1 is the spherical Laplacian on the Snþ1-sphere.

Using that YLðθÞ are eigenfunctions of ∇2
Snþ1 with

eigenvalues

∇2
Snþ1YLðθÞ ¼ −LðLþ nÞYLðθÞ; ð5:7Þ

the equation for the radial field component RðrÞ can be cast
in the form

rðrn−rn0Þ∂r½rðrn−rn0ÞR0ðrÞ�
− ½LðLþnÞrnðrn−rn0Þþν2rnþ2ðrn−rn0cosh

2σÞ�RðrÞ¼0;

ð5:8Þ

in agreement with, e.g., Ref. [38] in the nonrotating limit.
Equation (5.8) does not admit a simple closed-form
solution. However, we can introduce a near-zone approxi-
mation, defined by r0 ≤ r ≪ j1=νj, where (5.8) is exactly
solvable in terms of hypergeometric functions, and
define the induced response at values of r in the range
r0 ≪ r ≪ j1=νj. In practice, we will replace r ↦ r0 in the
potential as follows in such a way to preserve the form of
the singularity at the horizon:

rðrn − rn0Þ∂r½rðrn − rn0ÞR0
nearðrÞ�

− ½LðLþ nÞrnðrn − rn0Þ − r2n0 W2�RnearðrÞ ¼ 0; ð5:9Þ

where we defined

W ≡ νr0
n

sinh σ: ð5:10Þ

We should stress that there is no unique way of defining the
near-zone approximation (5.9).13 One can, in fact, define
different schemes, corresponding to different truncations of
the differential equation, that become all exact in the limit
r → r0 but differ in the region r > r0. In this sense, the
response coefficients will be strictly speaking exact only in
the limit W → 0.
After the following change of coordinate and field

redefinition:

x ¼
�
r0
r

�
n
; RnearðrðxÞÞ ¼ ð1 − xÞ−iWx−L̂uðxÞ; ð5:11Þ

where we defined

L̂≡ L
n
; ð5:12Þ

the near-zone equation (5.9) takes the standard hyper-
geometric form (A1) with parameters

a ¼ −L̂; b ¼ −L̂ − 2iW; c ¼ −2L̂: ð5:13Þ

In particular, assuming that L̂ is neither integer nor semi-
integer, a basis of two linearly independent solutions to
the near-zone equation (5.9) for uðxÞ can be read off from
Eq. (A2). Then, imposing the correct “infalling” boundary
condition at the event horizon r ¼ r0, i.e. (see, e.g.,
Refs. [24,38]),

RnearðrÞ ∼ ðr − r0Þ−iW ; as r → r0; ð5:14Þ

is equivalent to requiring that uðxÞ is finite at the singular
point x ¼ 1. Such a solution is written explicitly in
Eq. (A5). The response coefficients λL, defined for
each L as the ratio between the coefficients of the two
falloffs in Rnear,

RnearðrÞ ∝
�
rL þ λL

r2Lþn
0

rLþn

�
; ð5:15Þ

in the intermediate region r0 ≪ r ≪ j1=νj, across the near
zone and the far zone, are thus

λL ¼ −
Γð−2L̂ÞΓðL̂þ 1ÞΓðL̂ − 2iW þ 1Þ
Γð−L̂ÞΓð−L̂ − 2iWÞΓð2L̂þ 2Þ ; ð5:16Þ

for real L̂ ¼ L=n.
Two comments are in order here. First, note that the static

response coefficients (5.16) of a scalar field on a boosted
black string geometry in D ¼ nþ 4 dimensions reproduce
exactly the Love numbers of a Tangherlini black hole in
D − 1 dimensions [7,10]. Equation (5.16) thus provides
an independent check of the results of Refs. [7,10] for the
scalar field case. We will extend this check to rotating
spacetimes in the sections below. Second, taking the limit
D → 5 (n → 1) in the final result (5.16) recovers the static
response coefficients of a black ring in five dimensions, to
leading order in (4.10), computed in Eq. (4.22) (with the
replacement l ↦ L). Note that performing the calculation
in genericD allowed us to avoid possible ambiguities in the
source/response splitting that may arise in degenerate cases
and obtain an independent check of the result (4.22).

B. Boosted Myers-Perry black string
in six dimensions

The result of the previous section can easily be extended
to boosted Myers-Perry black strings. In this section, we
will mainly focus on six-dimensional spacetimes and

13In the context of Schwarzschild or Kerr black holes inD ¼ 4
(see, e.g., [16,17,39–43] for some examples of near-zone ap-
proximations.
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compute the static response of a scalar perturbation. In
particular, we will show that the calculation provides an
alternative way of rederiving the response coefficients of a
Myers-Perry black hole in D ¼ 5.
The line element describing the geometry of a

boosted Myers-Perry black string in generic D ¼ nþ 5
dimensions14—obtained by adding a flat direction z to a
Myers-Perry black hole (with a single plane of rotation)
and then applying a Lorentz boost to it with parameter
σ—is [38]

ds2 ¼ −
�
1−

μr1−ncosh2σ
Σ

�
dt2 þ μr1−n sinhð2σÞ

Σ
dtdz

þ
�
1þ μr1−nsinh2σ

Σ

�
dz2 þ r2Σ

Δ
dr2 þΣdθ2

þ r2ðr2 þ a2Þ2 −Δa2sin2θ
r2Σ

sin2 θ dϕ2

−
2μr1−n coshσ

Σ
asin2θ dtdϕ

−
2μr1−n sinhσ
Σ− μr1−n

asin2θ dzdϕþ r2cos2θ dΩ2
Sn ; ð5:17Þ

where dΩ2
Sn again describes the line element of a unit

n-sphere, and

Δ ¼ r2ðr2 þ a2 − μr1−nÞ; Σ ¼ r2 þ a2cos2θ: ð5:18Þ

The Klein-Gordon equation on the geometry (5.17) admits
separation of variables. We shall thus decompose the
(static) scalar field Ψ as

Ψ ¼ eimϕþiνzRðrÞSml ðθÞYLðΩÞ; ð5:19Þ

where Sml ðθÞ are two-dimensional spheroidal harmonics,
while YL are hyperspherical harmonics. After straightfor-
ward manipulations, the (static) radial equation for RðrÞ
takes the form [38]

Δ
rnþ2

∂nðrn−2Δ∂rRÞ þ VR ¼ 0; ð5:20Þ

with potential

V ¼ −
Δ
r2

�
ν2r2 þ Alm þ LðLþ n − 1Þ a

2

r2

�
þ ½m2a2cosh2σ þ μr1−nðr2 þ a2Þν2sinh2σ
−m2a2sinh2σ − 2νmaμr1−n sinh σ�; ð5:21Þ

where Alm are the separation constants in the spheroidal
harmonic equation, Alm ¼ lðlþ nþ 1Þ þOða2ν2Þ, while
LðLþ n − 1Þ are the eigenvalues of the hyperspherical
harmonics on the n-sphere. Following the logic of the
previous section, we define the near zone in the range
rþ ≤ r ≪ j1=νj as

Δ
r3
∂rðr−1Δ∂rRÞ þ

�
−
Δ
r2

�
ν2r2þ þ Alm þ a2L2

r2

�
þm2a2cosh2σ þ μðr2þ þ a2Þν2sinh2σ

−m2a2sinh2σ − 2νmaμ sinh σ

�
R ¼ 0; ð5:22Þ

where we set n ¼ 1 and where rþ ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffi
μ − a2

p
is the event

horizon. After the field redefinition and change of variable

RðrðxÞÞ≡ r−
3
2x

2lþ1
4

þαð1 − xÞβuðxÞ; x≡ r2þ
r2

; ð5:23Þ

where

α≡ 1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2r2þ þ Alm þ 1

q
− l − 1

�
;

β≡ iðam − νμ sinh σÞ
2rþ

; ð5:24Þ

the radial equation takes the standard hypergeometric
form (A1). The c parameter is given by

c ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2r2þ þ Alm þ 1

q
; ð5:25Þ

while the expressions for a and b are more cumbersome
and we do not report them explicitly here. We, however,
just point out that they are noninteger—likewise c in
(5.25)—and therefore the equation belongs to the non-
degenerate case with independent solutions given by (A2).
To compute the response coefficients we will work per-
turbatively in νa, as we will eventually take the limit ν → 0.
We shall thus formally write

Alm ¼ lðlþ 2Þ þ Að2Þ
lmν

2 þOðν4Þ: ð5:26Þ

The coefficients Að2Þ
lm can in principle be computed, e.g., in

perturbation theory or numerically; however, as we shall
see below, we will not need their explicit expressions. Since
the equation is nondegenerate for ν ≠ 0, we can take (A2)
with (A4), which corresponds to the solution that is regular
at the horizon r ¼ rþ (x ¼ 1), and expand at large distances
r → ∞ (x → 0) at the first nontrivial order in ν:

14Note that, here and in the next section, the relation between
D and n is different with respect to what we used in Sec. VA.
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uðx ≈ 0Þ ∝

2
641 − ΓðaÞΓðbÞΓð2 − cÞ

ΓðcÞΓða − cþ 1ÞΓðb − cþ 1Þ
�
rþ
r

�
2lþ2þν2

A
ð2Þ
lm

þr2þ
lþ1

3
75: ð5:27Þ

Note that the response coefficients in (5.27) are formally divergent when ν ¼ 0 because the argument of Γð2 − cÞ
approaches a negative integer. After using the formula (4.21) and regularizing the result by subtracting the 1=ε pole term
[7,10], we find the following expression for the logarithmic dependence of the response coefficients (in units of rþ)

15:

λl ¼
�
ð−1Þl 2ΓðaÞΓðbÞ

l!Γðlþ 2ÞΓða − l − 1ÞΓðb − l − 1Þ ln
�
r0
r

��
ν¼0

; ð5:28Þ

where the parameters are computed at ν ¼ 0. Note that, at
ν ¼ 0, a, b, and c coincide with (3.29), if in (3.29) one sets
to zero one of the two spins, e.g., b ¼ 0, and identifies
mϕ ↦ m and mψ ↦ L. In other words, λl in (5.28)
reproduces exactly the scalar response coefficients of
five-dimensional single-spin Myers-Perry black holes from
Eq. (3.35), providing a nontrivial consistency check of our
results.

C. Boosted Myers-Perry black string
in five dimensions

Following the same logic of the previous section, we
now compute the static response coefficients of a boosted
Myers-Perry black string in D ¼ 5 dimensions (i.e.,
n ¼ 0). Taking the limit σ, ν → 0 in the final result will
allow us to rederive the dissipative response of a Kerr black
hole in four dimensions [11,12,14,44,45].
In analogy with (5.22), we first define the following near

zone starting from the scalar equation (5.20) (note that we
need to set L ¼ 0 along with n ¼ 0):

Δ
r3
∂r½r−1Δ∂rR� þ

�
−
Δ
r2
ðκ2r2þ þ AlmÞ þ a2m2cosh2σ

þ μrþðr2þ þ a2Þν2sinh2σ

−m2a2sinh2σ − 2νmaμrþ sinh σ

�
R ¼ 0; ð5:29Þ

where rþ (r−) denotes the outer (inner) horizon, obtained
from solving Δ ¼ 0 with n ¼ 0:

r� ≡ μ

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2

4
− a2

r
: ð5:30Þ

We shall then introduce

RðrðxÞÞ≡ x
1
2

�
1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4Almþ4ν2r2þ

p �
ð1 − xÞ

iðmaþμνrþ sinh σÞ
rþ−r− uðxÞ;

x≡ rþ − r−
r − r−

: ð5:31Þ

Then, the near-zone equation (5.29) takes the standard
hypergeometric form (A1) with parameters

a ¼ 1

2

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4Alm þ 4ν2r2þ

q �
; ð5:32aÞ

b ¼ aþ 2iam
rþ − r−

þ 2iμa2ν
r−ðrþ − r−Þ

sinh σ; ð5:32bÞ

c ¼ 2a: ð5:32cÞ

Again, for ν ≠ 0, none of the parameters above is an integer
number. This implies that a basis of two linearly indepen-
dent solutions is (A2) and the connection formula (A3)
holds. Note that imposing the correct infalling boundary
condition at the horizon is equivalent to requiring that uðxÞ
is regular at x ¼ 1.16 This fixes the integration constants as
in (A4). Plugging back into the solution for R yields

RðrðxÞÞ ¼ C1ð1 − xÞ
iðmaþμκrþ sinh σÞ

rþ−r−

�
x

c
2
2F1ða; b; c; xÞ

−
ΓðcÞΓða − cþ 1ÞΓðb − cþ 1Þ

ΓðaÞΓðbÞΓð2 − cÞ

× x1−
c
2
2F1ða − cþ 1; b − cþ 1; 2 − c; xÞ

�
:

ð5:33Þ

15Here we are keeping only the coefficient of the logarithmic
term in the ratio between the two falloffs in Eq. (5.27). This is
because only this term is unambiguous. In Eq. (5.28), r should be
thought of as the distance at which the response of the system is
measured, with the logarithmic dependence being an example of
classical renormalization group running [7,10]. In this sense, the
length scale r0 plays the role of a renormalization scale to be fixed
by experiments.

16This can easily be seen, for instance, by recalling that, for σ,
ν ¼ 0, RðrÞ must oscillate as ðr − rþÞ

ima
rþ−r− as r → rþ [14,41,46].
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Note that c
2
≈ −lþOðν2Þ as ν → 0. We can thus define the

response coefficients as

λlm ¼ −
ΓðcÞΓða − cþ 1ÞΓðb − cþ 1Þ

ΓðaÞΓðbÞΓð2 − cÞ ; ð5:34Þ

with a, b, and c given in Eq. (5.32). The static response
of a scalar perturbation on Kerr spacetime can then be
obtained by setting σ, ν → 0 in (5.34). The limit is smooth,
and we find

λKerrlm ¼ −
Γð−2lÞΓðlþ 1ÞΓ

�
1þ lþ 2iam

rþ−r−

�
Γð2lþ 2ÞΓð−lÞΓ

�
−lþ 2iam

rþ−r−

� ; ð5:35Þ

correctly reproducing, e.g., Eq. (3.54) of Ref. [14].17

It is well known that an ambiguity takes place in the
calculation, in advanced Kerr coordinates, of the static
response of a Kerr black hole in D ¼ 4 [11,12,14]. This
happens because, similar to what we discussed in Sec. IV, in
the physical case l∈N the subleading corrections in the
falloff of the source have the same power exponent as the
leading tidal response contribution.A possibleway to address
such ambiguity in the source/response split is to perform an
analytic continuation in l: the calculation of the response
coefficients is performed by first assuming l real, in which
case the degeneracy between source and response falloffs
does not occur, and by then taking in the final expression the
limit of integer l [11,12,14]. In this section, although similar
in spirit, we provided an alternative derivation and check of
the result (5.35). Doing the calculation for a boosted black
string in one higher dimension provides an alternative way of
breaking the degeneracy and defining the static response of
Kerr black holes in D ¼ 4 [7].

VI. DISCUSSION

The tidal Love numbers for rotating higher-dimensional
black holes capture intricate features of the dynamics of
massless fields on black hole backgrounds. Our main
results for Love numbers of higher-dimensional rotating
black holes can be summarized as follows:
Conjecture: The static response coefficients λlm for

rotating black holes in higher-dimensional (D ≥ 5) space-
times display the following relations:

λðD−1Þ-BH
lm ¼ λD-BR

lm ¼ λD-DS
lm ; ð6:1Þ

among (D − 1)-dimensional black holes (BH) (including
Kerr and Myers-Perry black holes), D-dimensional thin
black rings (BR), and D-dimensional black strings (BS).

From our calculation of the static Love numbers, we see
that those of Myers-Perry black holes are finite, unlike their
four-dimensional Kerr counterparts, which vanish. The
variation of the signs of the various Love coefficients for
5D black holes are of paramount importance in determining
the nature of the horizon and stability of the solution. In the
presence of even/odd gravitational multipole moments,
the black hole undergoes opposite distortions positive/
negative. Interestingly, for, e.g., the single spinning
Myers-Perry black holes (b ¼ 0) there seems to be a critical
region around ðJ=M3=2Þcrit ∼ 0.286,18 where the behavior of
the dissipative coefficients varies as a function of the
multipole moment values l. For increasingmultipole values
of l, the Love numbers decrease for the slowly rotating
Myers-Perry black holes with J=M3=2 < ðJ=M3=2Þcrit, while
an increasing dissipative response is found for black holes
with spins J=M3=2 > ðJ=M3=2Þcrit (see Fig. 2). This suggests
that tidal deformations for the faster spinning Myers-Perry
black holes may play an important role in elucidating the
stability of these objects. Our results also complement the
analysis of Refs. [7,10], which have calculated the tidal
response of nonspinning Schwarzschild-Tangherlini black
holes. In the limit where the spin parameters a ¼ b ¼ 0
are zero the Love numbers reduce to the Schwarzschild-
Tangherlini coefficients therein.

FIG. 2. Visualization of the response coefficients λMP
lm for the

single spinning 5DMyers-Perry black holes (3.35) as a function of
the multipole moments l. The imaginary parts of the coefficients
vanish, leading to vanishing dissipative response coefficients.
The Love numbers, defined as the real part of the λMP

lm , are
represented in the plot for fixed massM ¼ 1 and angular momenta
J=M3=2 ¼ 0.26, 0.29 (from gray to black curves), respectively,
below and above the critical value ðJ=M3=2Þcrit∼0.286. As the
multipole moments increase, the Myers-Perry black holes with
J=M3=2 > ðJ=M3=2Þcrit exhibit increasing values of the Love
numbers. This behavior reverts for slowly rotating Myers-Perry
black holes where the tidal distortion tends to zero as l → ∞.

17Up to the factor ½ðrþ − r−Þ=rs�2lþ1 because of the slight
different definition of λlm.

18This is far below the Myers-Perry extremal bound

ðJ=M3=2Þcrit < ðJ=M3=2Þextremal ¼
ffiffiffiffiffiffi
32
27π

q
∼ 0.61.
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While the KG equation is generically not separable for
black rings, exploiting the fact that for ω ¼ 0 the wave
equation is actually separable we were able to calculate the
Love number in these backgrounds. The static response
coefficients computed via a matching procedure imply the
vanishing of the Love numbers for black rings, with a
purely dissipative response. Importantly, we have found
that the static response of thin black rings (i.e., black rings
with r0=R ≪ 1) matches exactly the one of Kerr black
holes. Indeed, by identifying

νR → m; W → −
maffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rþ − r−

p ; ð6:2Þ

the dissipative coefficients for black rings (4.22) become
exactly the coefficients (5.35) for Kerr black holes,

λBRlm ¼ λKerrlm ; ð6:3Þ

parametrized by mass M, spin parameter a, and azimuthal
eigenvaluem. This agreement between the tidal deformation
coefficients for Kerr and black rings suggests that black
rings resemble much more the 4D black holes rather than
their 5D counterparts, the Myers-Perry black holes. Kerr
black holes have been shown to be stable [47] and to have a
2D CFT dual interpretation [48]. For black rings, stability
was considered in Ref. [37] and a 2D CFT interpretation
was also proposed [35]. Our findings on the Love numbers
add further evidence to the similarity between these 4D/5D
black hole solutions. It will be interesting in the future to
understand the connection between the tidal coefficients
beyond the thin black ring regime. Finally, note that the
expression for the black ring dissipation coefficients (4.22)
vanishes in the limit of vanishing spin parameter σ → 0,
reproducing the well-established result that the scalar
response coefficients of nonspinning Schwarzschild black
holes are identically zero.
We have also demonstrated several connections

between the Love numbers for boosted black strings and
D-dimensional black holes. Here are two points worth
noting. First, our analysis for the static response coeffi-
cients (5.16) of a scalar field in a boosted black string
geometry in D ¼ nþ 4 dimensions perfectly reproduces
the Love numbers of a Tangherlini black hole in D − 1
dimensions [7,10] [see Eq. (4.17) of Ref. [10]].
Equation (5.16) acts as an independent verification of
the outcomes of Refs. [7,10] for the scalar field scenario.
We also expanded these results to rotating spacetimes.
Second, by taking the limit D → 5 (n → 1), our expres-
sions for the dissipation coefficients (5.16) match the static
response coefficients of a black ring in five dimensions
(4.22). The calculation in a general number of dimensions
D helped us avoid potential ambiguities in the source/
response splitting that arise in certain degenerate situations,

and we were able to obtain the coefficients without any
analytic continuation in l.
Our analysis can be extended in multiple ways. In four

dimensions, a matching between the point-particle effective
field theory (EFT) [49,50] and full general relativity
calculations can be defined by employing the gauge-
invariant definition of Love numbers as Wilson coefficients
in the EFT. Higher-dimensional gravity poses an interesting
puzzle. Black hole solutions are no longer unique in
vacuum; hence, a complete point-particle EFT interpreta-
tion should reflect this fact. Our analysis here established
connections between the different black holes tidal
responses which will certainly play a role in the definitions
of these coefficients as Wilson coefficients in the EFT for
5D gravity. In addition, we calculated response coefficients
for a massless spin-0 field. The calculation of the tidal
responses to spin-1 and spin-2 fields on these backgrounds
has not yet been addressed. Finally, it will be interesting to
explore the (hidden) symmetries of these fields on black
hole geometries in higher dimensions and study how they
constrain the tidal response of the objects [15,16]. We leave
these research directions for future work.

Note added. Recently, Ref. [20] appeared. The paper
has some overlap with our work in the interpretation of
Love numbers for Myers-Perry black holes in five space-
time dimensions.

ACKNOWLEDGMENTS

We thank Lam Hui, Austin Joyce, Riccardo Penco, and
Malcolm Perry for useful discussions and collaboration on
related topics. We thank also the Centro de Ciencias de
Benasque Pedro Pascual for the hospitality where some of
the research was carried out. The work of M. J. R. is
partially supported through the NSF Grants No. PHY-
2012036, No. RYC-2016-21159, No. CEX2020-001007-S,
and No. PGC2018-095976-B-C21, funded by MCIN/AEI/
10.13039/501100011033. L. S. is supported by the Centre
National de la Recherche Scientifique (CNRS). The
research of A. R. S. was partially supported by funds from
the Natural Sciences and Engineering Research Council
(NSERC) of Canada. Research at the Perimeter Institute is
supported in part by the Government of Canada through
NSERC and by the Province of Ontario through MRI.
L. F. T. acknowledges support from USU PDRF fellowship
and USU Howard L. Blood Fellowship. M. J. R. also
thanks the Mitchell Family Foundation for hospitality in
2023 at Cook’s Branch workshop.

APPENDIX: SOME USEFUL RELATIONS
INVOLVING HYPERGEOMETRIC FUNCTIONS

The hypergeometric equation is a second-order differ-
ential equation of the Fuchsian type, possessing three
regular singular points. In the standard form it is written as
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xð1 − xÞu00ðxÞ þ ½c − ðaþ bþ 1Þx�u0ðxÞ − abuðxÞ ¼ 0; ðA1Þ

where a, b, and c are constant parameters. In this appendix, we will provide a summary of the relevant properties of the
solutions and the connection coefficients in the two main cases that we encountered in the main text: (i) none of a, b, c − a,
c − b, c is an integer, and the equation is nondegenerate; (ii) a, b, c − a − b are noninteger, while c is integer. For a more
complete discussion, see Ref. [31].

1. Nondegenerate hypergeometric equation

Let us assume that none of the numbers a, b, c − a, c − b, c is an integer. In this case, the equation is nondegenerate, and
the two linearly independent solutions, scaling as ∼1 and ∼x1−c near the singularity x ¼ 0, are (see, e.g., Refs. [31,51])

uðxÞ ¼ C12F1ða; b; c; xÞ þ C2x1−c2F1ða − cþ 1; b − cþ 1; 2 − c; xÞ: ðA2Þ

Using hypergeometric connection formulas, it is possible to reexpress the linear combination (A2) in terms of the
fundamental solutions in the neighborhood of any of the other two singular points. For instance, if we are interested in
x ¼ 1, we can write

uðxÞ ¼ C1

�
ΓðcÞΓðc − a − bÞ
Γðc − aÞΓðc − bÞ 2F1ða; b; aþ b − cþ 1; 1 − xÞ

þ ΓðcÞΓðaþ b − cÞ
ΓðaÞΓðbÞ ð1 − xÞc−a−b2F1ðc − a; c − b; 1þ c − a − b; 1 − xÞ

�

þ C2x1−c
�
Γð2 − cÞΓðc − a − bÞ
Γð1 − aÞΓð1 − bÞ 2F1ða − cþ 1; b − cþ 1; aþ b − cþ 1; 1 − xÞ

þ Γð2 − cÞΓðaþ b − cÞ
Γða − cþ 1ÞΓðb − cþ 1Þ ð1 − xÞc−a−b2F1ð1 − a; 1 − b; 1þ c − a − b; 1 − xÞ

�
; ðA3Þ

which holds identically. In several cases in the main text, we will require that uðxÞ is regular at x ¼ 1. This fixes C2 in terms
of C1 as

C2 ¼ −C1

ΓðcÞΓða − cþ 1ÞΓðb − cþ 1Þ
ΓðaÞΓðbÞΓð2 − cÞ : ðA4Þ

Plugging it back into (A3) yields

uðxÞ ¼ C1

ΓðcÞΓðc − a − bÞ
Γðc − aÞΓðc − bÞ

�
2F1ða; b; aþ b − cþ 1; 1 − xÞ

−
Γðc − aÞΓðc − bÞΓða − cþ 1ÞΓðb − cþ 1Þ

ΓðaÞΓðbÞΓð1 − aÞΓð1 − bÞ x1−c2F1ða − cþ 1; b − cþ 1; aþ b − cþ 1; 1 − xÞ
�
: ðA5Þ

2. Degenerate case: Integer c

Let us assume that in the hypergeometric equation (A1) the parameters a, b, c − a − b are noninteger, while c is an integer
number. In such a case, the fundamental solutions in (A2) are no longer independent. In fact, a degeneracy occurs and a
basis of linearly independent hypergeometric solutions is given by

u1ðxÞ ¼ 2F1ða; b; c; xÞ; u2ðxÞ ¼ lnðxÞ 2F1ða; b; c; xÞ
ΓðcÞ þ Da;b;cðxÞ; ðA6Þ

where

Da;b;cðxÞ ¼
X∞
k¼0

½ψðaþ kÞ þ ψðbþ kÞ − ψðkþ 1Þ − ψðcþ kÞ� ðaÞkðbÞk
ðc − 1þ kÞ!k! x

k þ
Xc−1
k¼1

ð−1Þk−1 ðk − 1Þ!ðaÞ−kðbÞ−k
ðc − 1 − kÞ! x−k;

ðA7Þ
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where ð·Þk is the Pochhammer’s symbol defined by ðcÞk ≡ Γðcþ kÞ=ΓðcÞ and ψ denotes the digamma function,
ψðzÞ≡ Γ0ðzÞ=ΓðzÞ. Now, the solution that is regular at the singular point x ¼ 1 is u2ðxÞ, while u1ðxÞ diverges. Expanding
u2ðxÞ around x ¼ 0 yields

u2ðx → 0Þ ≈ lnðxÞ
ΓðcÞ þ ð−1Þcðc − 2Þ!Γða − cþ 1Þ

ΓðaÞ
Γðb − cþ 1Þ

ΓðbÞ x1−c þ � � � : ðA8Þ

For our purposes in the main text, it is useful to define from (A8) the lnðxÞ-dependent ratio between the coefficient of the
piece that goes as x1−c and the first term:

λ≡ ð−1Þc ΓðaÞΓðbÞ
ðc − 2Þ!ΓðcÞΓða − cþ 1ÞΓðb − cþ 1Þ lnðxÞ: ðA9Þ
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