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Love numbers for rotating black holes in higher dimensions
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We compute the scalar tidal Love numbers and static response coefficients associated with several
rotating black holes in higher dimensions, including Myers-Perry black holes, black rings, and black
strings. These coefficients exhibit a rich and complex structure as a function of the black hole parameters
and multipoles. Our results agree in limiting cases with known and new expressions for various lower-
dimensional black holes. In particular, we provide an alternative approach to the computation of the static
response of Kerr black holes as a limiting case of the boosted black string.
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I. INTRODUCTION

The tidal Love numbers are a set of quantities that
characterize the conservative static response of a gravi-
tating object under the influence of an external tidal
field. As an intrinsic property of black holes and other
compact objects, the Love numbers have been studied
extensively in recent years due to the role they play in
gravitational-wave astronomy: during the inspiral phase
of a binary merger, the tidal coupling between the two
compact objects can leave observable imprints on the
waveform.

How an object deforms tidally is related to what it is
made of, and indeed measurements of neutron star Love
numbers are expected to provide new constraints on the
equation of state [1-3]. For black holes in four-dimensional
general relativity, however, the Love numbers do not
appear to say very much about internal structure, because
they vanish regardless of the black hole’s mass and spin,
for both gravitational-wave polarizations [4—10]. The static
response coefficients turn out, in fact, to be purely
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imaginary, corresponding to dissipative effects induced
by the rotation of the black hole [11-14]. The vanishing
of the real part, i.e., of the Love numbers, in four
dimensions instead reveals underlying hidden symmetries
of general relativity [15-18], indicating their potential as a
tool to better understand gravitational dynamics.

In dimensions greater than four, the structure of the Love
numbers becomes more intricate, vanishing for specific
multipoles, while other multipoles can display features
such as running [7,10]. This complexity reflects the rich
geometry of higher-dimensional spacetimes and highlights
the need for a deeper understanding of black hole physics
in these contexts. Ultimately, the study of Love numbers
in higher-dimensional black holes can shed light on the
fundamental nature of gravity and the behavior of gravi-
tational waves.

In this paper, we aim to further map out the behavior
of the induced static response and Love numbers in the
zoo of higher-dimensional rotating black holes.! We
consider three classes of solutions, distinguished by the
topology of their horizons: rotating Myers-Perry black
holes in D =5, black rings, and boosted black strings.
In these cases, in suitable regimes the relevant equation
of motion can be put into hypergeometric form, allowing
for explicit solutions from which the Love numbers can
be read off.

Strictly speaking, to determine the Love numbers we
should solve the Einstein equations linearized about a black

'See also Refs. [19,20].
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hole background, i.e., the equations of a massless spin-2
field on said background. It turns out that the qualitative
features of the Love numbers, such as their multipolar and
dimensional dependence, are often largely independent of
the field’s spin, and so we can simplify matters significantly
by working instead with the Klein-Gordon equation for a
massless scalar [7,10,14,15]. Therefore we should empha-
size that in this paper we are calculating scalar Love
numbers. There are, however, interesting exceptions; see,
e.g., Refs. [10,21]. We leave the analysis of spin-1 and
gravitational tidal Love numbers of higher-dimensional
rotating black holes for future work.

This paper provides an in-depth analysis of the
intersection of tidal deformations and higher-
dimensional black holes in vacuum general relativity
(GR). Section II gives an overview of the methods we
use in each of the spacetime backgrounds we consider.
Section III discusses these coefficients for Myers-Perry
black holes in five spacetime dimensions. In Sec. IV we
discuss the static Love numbers in a black ring back-
ground, including separability of the Klein-Gordon
equation, new problem-solving approaches, and limiting
cases. The static Love numbers for black strings in a
near-zone approximation are explored in Sec. V. Finally,
the discussion in Sec. VI provides a summary of the
key takeaways for the static Love numbers in higher-
dimensional GR and speculations on the point-particle
effective field theory approach.

Notation and conventions: We work in natural units
¢ = h =1 (though leave in G) and use the mostly positive
signature for the metric. In the text, we use the same symbol
R to denote two different quantities: the radial component
of the scalar field in Secs. IIl and V [see, e.g., Eq. (3.12)],
and one of the parameters of the black ring metric in
Sec. IV [see Eq. (4.1)]. In addition, the same symbol A is
used in the expressions of the various metrics that we
consider in this paper: the reader should refer to the
definition that is given within each section for A.

II. METHODS

As a proxy for linear tidal responses in gravity, this paper
considers static solutions to the Klein-Gordon (KG) equa-
tion for a massless scalar ¥(x) living on a D-dimensional
stationary spacetime background g,,,

0¥ (x) 0,[v=9g"0,2(x)] = 0.  (2.1)

1

V=9
We will mostly be interested in solutions that have Cauchy
horizons, such as black holes and black rings. To begin
with, let us assume that the background has D — 2 Killing
vectors, one timelike and the rest spacelike. We can
therefore choose a coordinate basis x* = (¢, r, 0, ¢ ), where
the index k runs over 1,..., D — 3, so the Killing vectors
correspond to 0d;, dy, . The invariance of Eq. (2.1) under the

isometries generated by these Killing vectors allows us to
decompose the field as

D-3
¥(x) = exp (—ia)t +i mk¢k> ®(r,0). (2.2)

k=1

We will be interested in cases where the solution fully
separates,

O(r.0) = R(r)Y(6). (2.3)

This separability property famously holds for Kerr black
holes in D = 4 and persists to higher-dimensional (Myers-
Perry) black holes [22]. In both cases this is due to a
“hidden” symmetry generated by one or more Killing
tensors [23]. The situation is more subtle for backgrounds
with more general horizon topologies, such as black rings
and black strings. However, it turns out that for the static
field configurations (w = 0) that we are interested in, the
KG equation does separate in these backgrounds [24]. The
object of our study will therefore be the radial equation of
motion for R(r) in a variety of higher-dimensional black
hole backgrounds.

The radial equation is a second-order ordinary differ-
ential equation, so has two independent solutions. The
physical situation we have in mind is a black hole immersed
in an external, static tidal field. At infinity, if the metric is
asymptotically flat, the solutions to the radial equation
can either grow as r* or decay as r~“~", where we have
assumed that the solutions Y(Q% =Y,(0) are spherical
harmonics on an (n + 1)-sphere.” The growing behavior
would not be physical if infinity were truly infinity, but
here we are taking it to be a proxy for the location of the
tidal source. Decomposing the external tidal field in terms
of a superposition of #* modes sets one boundary con-
dition for each mode.

Meanwhile, at the (outer) horizon, one solution for R(r)
typically diverges logarithmically, while another can be
chosen to approach a constant. For black holes, where the
horizon is a physical location, we must discard the former
solution on physical grounds.3 This fixes the other boun-
dary condition. At infinity, this physical solution will be an
admixture of growing and decaying modes,

Ro(r) = Rpoo(r’ + A=), (2.4)

*We have left n general here since its relationship to D will
depend on the horizon topology. For instance, n = D — 3 for a
black hole, but n = D — 4 for a black string in the near region
(see Sec. V).

“To be more precise, one should require any diffeomorphism-
invariant physical quantity built from the solution for ¥ to be
well-defined at the event horizon.
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where R, , is a constant. The coefficient 4, is interpreted as
the static tidal response coefficient.* The Love number is
typically defined to be the conservative part of the response,
which is obtained by taking the real part of 1,, while the
imaginary piece corresponds to dissipative effects.

I11. SD MYERS-PERRY BLACK HOLE

We now turn to the Klein-Gordon wave equation (2.1) for
the five-dimensional (5D) Myers-Perry black hole [25]. The
equations of motion in this geometry (in arbitrary dimen-
sions) are separable [26-28] due to “hidden symmetries”
generated by a tower of Killing tensors [22,23,29,30].5
Since the aim is to compute Love numbers, which are static
responses, we will consider static scalar field configurations.

A. Background

In many respects, the Myers-Perry solution describing
spinning black holes in D = 5 possesses the same remark-
able properties as the standard Kerr black hole in four
dimensions. They are the unique asymptotically flat vac-
uum solutions with spherical topology, parametrized
by their mass and two angular momenta. The metric in
Boyer-Lindquist coordinates is

ds? = —di® + g (dt — asin*d¢p — bcos?Ody)?

2
>
+ FT dr? + 3d6? + (2 + a?)sin’0dg?

+ (r* + b?)cos?Ody?, (3.1)

where

T = r? + a’cos’0 + b’sin’6, (3.2)

A= (r*+a®)(r* + b?) — ur’. (3.3)

The coordinate ranges are 0 < r < o0, 0 <0 <, and
0 <y, ¢ <2x. These coordinates generalize the Boyer-
Lindquist coordinates (¢, r, 6, ¢) in D = 4 by the addition
of a second angular Killing direction . There are three free
parameters: y is a mass parameter and a and b are rotation

*Both the growing and decaying terms are the leading pieces in
an expansion in 1/r. This leads to an ambiguity in the definition
of 1, when # is an integer, as the O(r=2/~") correction to the
growing mode has the same r~“~" scaling as the leading static
response. As we discuss in more detail in Sec. IV, this can be
resolved by analytically continuing Z € R, where the source-
response split is unambiguous, extracting A, and then taking
¢ = N.

These symmetries are “hidden” in the sense that they act on
the full phase space of the dynamics, rather than the configuration
space (spacetime). This results in conserved quantities that are
nonlinear in the momenta, in contrast to the “explicit” symmetries
generated by Killing vectors [23].

parameters, related to the physical mass M and angular
momenta J, and J,, by

SGM 7 2M 7 2M
= s b = 7a’ " = —
F="3z 4 =73 V=3

b.  (3.4)

There are two horizons, located at the roots of

A= (r*- ri)(r2 -r2),

2 =@ =5 (- a - )~ dab (33)

The existence of the horizons requires

i > a* + b* + 2|abl (3.6)
2Tr
3 2 2
= M > > (T + Ty + 2, 0). (3.7)

B. Klein-Gordon equation

To calculate the Klein-Gordon equation (2.1) for a static
field W(r, 0, ¢,y) in this geometry, it is helpful to retain
manifest covariance on the 3-sphere, since we are ulti-
mately most interested in the radial dynamics. To this end,
let us package the coordinates on S* into &' = (6, ¢, y)
with i € (1,2, 3), and define the unit-sphere metric y; ; by
dQ? = y,;d0'd0’ = d6* + sin®0d¢p? + cos’Ody*. The KG
equation requires the 5D metric determinant and the metric
inverse in the angular directions,

V= 13VF,

where y"/ is the inverse of y;; and the matrix M"/(r) is only
nonzero along the Killing directions (¢, y):

g =y +M(r), (3.8)

y (b* = a®)(b? + 1) = bu
(a* = b*)(a*> + r*) — a*u
+ A 0z
b
-2550,0,. (3.9)

With these simplifications it is straightforward to check
that the Klein-Gordon equation reduces (after multiplying
by %) to

1

A y
—o, (— a,) ¥+ MU0,0,% + V3 =0,
r r

(3.10)

where Vé is the Laplacian on the 3-sphere.

This equation is fully separable, admitting solutions of
the form
Y(x) = O(0)R(r) (3.11)

= e/mdtmv) Y (O)R(r). (3.12)
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After dividing out by W, the first two terms in Eq. (3.10)
depend only on r and the last only on . This implies that
©(¢") is an eigenfunction of V§3, i.e., a hyperspherical

harmonic.’ The separation constant is well-known to be
—£(¢ + 2) for integer £ > 0,

V§3®(9i) =—£(¢+2)0(0), (3.13)
or equivalently,
sec § csc 0(sin 6 cos 00, ) — (mgesc®6 + my,sec’)Y

— (¢ +2)Y. (3.14)

With these simplifications we are only left with radial
derivatives in Eq. (3.10), so we can divide out ©(') to
obtain the radial equation,

1 A ,
o, (- ar>R —(A(£+2) + Mimm)R =0, | (3.15)
r r

where m;d0' = mydeg + my,dy. We can write this more
explicitly as

%6, <é O,R) + [(am,, + bmy)*p
+ (@ = b?)(my(b* + r*) = my,(a® 4 1°))|R

= £(¢ +2)AR. (3.16)

Herein we will replace £ with

£z (3.17)

2 _ =
D-3 2

This will turn out to be convenient because 7 plays a role
analogous to 7 in D = 4 [7,10].

The radial equation (3.15) has five regular singular
points, but two pairs of these (at the inner and outer

horizons) are degenerate. By changing variables from r to
> we can reduce the number of regular singular points to
three, which guarantees that Eq. (3.15) can be solved in
terms of hypergeometric functions. Concretely, let us

define the radial variable x by

s, (PR=r)x+ri 42

= 3.18
. ; (3.18)
The inner and outer horizons are located at x = —1 and
x = +1, respectively. In terms of x we have
1 1 4
Azz<ri—r%)2()€2—l>, ;ar:max, (319)

so that the radial equation becomes
PN 1 ..
9,[(x2 — 1)0,R] — [f(f +1)+ ZM’Jmimj]R. (3.20)

To solve the radial equation and read off the Love
numbers, it is convenient to change the basis of m; to
(my,mg) defined by

My = mpg +my, my, =mg—myg, (3.21)
and then to rescale each of these as®
- a—b my a-+b my
= = — 3.22
e ry+r_ 27 R ry—r_ 2 (3:22)

The term in Eq. (3.20) involving m; factorizes into poles at
the horizons x = +1,

1. 7 iy )2 iy — 2
_ZMumimj:2<(mR+’;1L) _ (my, —mg) ) (3.23)
x—

so the Klein-Gordon equation takes the form

(g + fmg)?

x—1

0,[(x* = 1)0,R] + 2(

(3.24)

®This is the higher-dimensional analogue of the fact that static perturbations of Kerr are expanded in (spin-weighted) spherical rather

than spheroidal harmonics.
’See, e.g., App. A.1 of Ref. [10] and references therein.

$These prefactors can be expressed in terms of thermodynamic quantities: the angular velocities at the horizon Q;  and the surface

gravity at the outer horizon «,
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C. Static responses

The static Klein-Gordon equation (3.24) has three regular
singular points—the inner and outer horizons and infinity—
and so admits hypergeometric solutions. The simplest
solutions, which do not depend on the Killing directions,
my = m,, = 0, are, in fact, Legendre polynomials,

R = c|Py(x) + c20,(x). (3.25)

To rewrite Eq. (3.24) in hypergeometric form we transform
the radial variable,

2 r-r
= = - 3.26
l+x r*-r2 (3.26)
and perform a field redefinition,
R(z) = 274! (1 = ) u(z), (327

so that we obtain the standard hypergeometric equation,

Z(l=2)u"(z) + [e—(a+ b+ 1)z]u/(z) — abu(z) =0

(3.28)
with
a=147+2im;,, b=1+7+2img, c=¢+2. (3.29)
These satisfy
a+b—c=2i(m; + mg). (3.30)

We summarize some of the salient features of the hyper-
geometric equation and its solutions in the Appendix.

Let us assume that /1; and 71y are both nonvanishing.9
Then ¢ is an integer but none of a, b, and a 4+ b — ¢ are, and
we can choose a basis of solutions to be [31]

u;(z) = F(a,b;¢2), (3.31)

u(z) = Fla,b;1 +a+b—-c1—-2z). (3.32)
At the outer horizon z = 1, u;(z) blows up while u,(z) is
regular, so we will focus on u,(z) as the physical solution.
Now we want to expand u,(z) around infinity (z = 0). For
the parameters we have chosen, the following identity

holds'®:

If a=+b, then one of these vanishes, and in the
Schwarzschild-Tangherlini case (a = b = 0) both vanish. In
either of these cases, a different basis of hypergeometric solutions
needs to be selected, as discussed in detail in the Appendix.
However, it turns out that the solution which is regular at the
horizon in each of these cases can be obtained as a limit of the
general solution.

10See Egs. (A6) and (A7).

u(z) = F(a, 051 +a+b—c1-2)

= F(a,b;¢;2)Inz

- (c=1)(n—1)! »

f~(c—n—1)(a-n), (b—n)n(_z)
+i‘; w(a+n)+w(b+n)

n=0

w(l+ ) w(c+n)l" (3.33)

Here (a), =T'(a + k)/T'(a) is the Pochhammer symbol,
and w(z) = 0, InT'(z) is the digamma function. As z — 0
this is dominated by the terms in the top line, in particular
the log and the term in the sum with n =c—1=7¢+ 1:

N+ 1)
(a=¢- 1)/+1(5 -7 - 1)f+1

uy(z) > Inz — (—z)~(HD,

(3.34)

The first term corresponds to the decaying r~“~2 falloff in
R(r), and the second to the growing r* falloff, so the static
response is given by the ratio of the first to the second
coefficient:

(= f+2lmL)f+1( f+2’mR)f+1 o
=2(—-1 In
Ao =2(=1) N+ 1) r

(3.35)

As a check, we can compare this to the nonspinning
Schwarzschild-Tangherlini metric, which is the limit
a = b =0 (implying m; = fp = 0) of the Myers-Perry
solution. The induced responses in this spacetime, for
general D, are known to be zero for integer £ = £/(D — 3)
and to run logarithmically for half-integer Z [7,10]. In
D =5 these are the only two options. We can see this
behavior from the expression (3.35) by inspecting the
Pochhammer symbols in this limit,

r(Z+1) 0, 7 integer,
B 7 (=1)(&+/2 ;}—fl, # half-integer.
(3.36)

For integer 7, 1/T'(—
vanishing of the Love numbers. For half-integer Z,
Eq. (3.35) agrees with Eq. (4.21) of Ref. [10].

7) =0, so that we recover the
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IV. BLACK RING
A. Background

In this section, we compute the Love numbers for
spinning black rings in D = 5. To this end we first review
some of the properties of black rings relevant to this paper.

The black ring is a solution of vacuum Einstein’s
equations in five spacetime dimensions [32]. In contrast
with the 5D Myers-Perry black hole, whose horizon is
topologically a 3-sphere, the black ring represents a
spinning, ring-shaped object with an event horizon that
|

is topologically a S' x §2. The black ring solution has
several interesting properties, such as the existence of an
ergosphere outside the horizon where objects can be
dragged along with the black ring rotation.

The current literature on the black ring spacetime is
reviewed in Ref. [33], and the corresponding geometry has
been given in related forms in Ref. [32]. In this paper we
shall work primarily with the metric in the (r,8) coor-
dinates introduced in Ref. [33] and parameters (ry,o)
which will correspond respectively to the mass and spin
parameters. The solution is given by

. 2
R hio ;-1
ds? = —J; dt — rysinh o cosh o + 70€08 26R ~— Rdy
i R —rycosh“c  rf

~ 2 d 2 2
+ L)z E <1 - %) R2dy? + % + g+ g r2sin29d¢2] :

s 0
(1 4 rc](;b

where

rocosh?c
f=1-——

r

(4.2)

and

g=1+ %cos 0, 0s6. (4.3)
The coordinates vary within the ranges 0 <r <R,
0<6O<anm and 0 <y, ¢ <2z, and the dimensionless
parameters within
0 < ry < rycosh’c < R. (4.4)

In these coordinates, R has dimensions of length, and for
thin large rings it corresponds roughly to the radius of the
ring S' circle. To avoid conical singularities the parameters
(rg,0) have to be related by cosh’c =2/(1 + (ry/R)?).
Fixing these values leaves only two independent parame-
ters in the solution, R and r. Actually, this is to be expected
based on physical principles. When you have the mass
and radius of a ring, the angular momentum needs to be
adjusted to achieve a balance between the tension and self-
attraction of the ring with the centrifugal force. This results
in only two remaining free parameters. It is easy to see that
the solution has a regular outer horizon at r = ry. In
addition, there is an inner horizon at »r =0 and a ring-
shaped ergosurface present at r = r, cosh ¢°.

One advantage of choosing the specific (r,6) coordi-
nates in the study of black rings is that the limit of a black
string becomes straightforward. Consider the limit

r, 1o, rocosh’c < R (4.5)

: 4.1
T~ g (4.1)

|

in which g, § ~ 1, and redefine y = z/R. Then the metric in
Eq. (4.1) becomes exactly the metric for a boosted black
string that extends along the z direction with a boost
parameter o, and the horizon is located at r = r. To avoid
conical singularities, y must be identified with a period of
27, which results in periodic identification of the string’s
radius R: z ~ z + 2aR. Consequently, the limit in Eq. (4.5)
corresponds to the scenario where the ring’s radius R is
significantly larger than its thickness r,, with a focus on the
region near the ring where r ~ r.

This precise definition clarifies the heuristic construction
of a black ring as a boosted black string that has been
bent into a circular shape. It also enables an approximate
interpretation of ry, R, and ¢. The parameter r is a measure
of the radius of the S? at the horizon, and the ring’s radius
is R. Hence, smaller values of ry/R correspond to thinner
rings. Additionally, cosh’? ¢ provides an estimate of the
ring’s rotational speed and can be approximately identified
with the local boost velocity v = tanho.

B. Klein-Gordon equation

Often, when a spacetime possesses a Killing tensor, it is
possible to find multiplicatively separable solutions of the
KG equation. In the case of black rings, the equation seems
not to be separable [34]. Only two specific scenarios allow
for separability. The first case under consideration in this
section involves a static time-independent perturbation
where @ equals zero [24]. Another scenario for the black
ring involves the infinite radius limit, where R approaches
infinity. This limit results in a boosted black string, which
we will analyze in the following section.

To analyze the KG equation for a massless scalar for
black rings it is convenient to adopt (r,0) coordinates
defined in terms of the most common employed (x,y)

084011-6
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coordinates. As we will see, the (r, 6) coordinates employed here are more convenient to show the separability of the wave
equation and take straight string limit R — oo. Let us try the following ansatz:

Y(t,7,0,¢,7) =e iwrtimptivz (1 +£cos 9> @(r,0).

(4.6)

It is worth noting that neither m nor v are integers, as (¢, z) do not have periodicity 2z. Below we will account for this. As
found in Ref. [35], the classical wave equation for ®(r, ) becomes

r? 1 r ,
o, [r(r— ”o)(l —R2>5r‘b} +sin€ag[(1 +1§cos¢9) smeagcb}

r? T )
+ TR —12,—22)(?— rocd) lwro%&;( _E) ey —u(r—rycy)
(1+2cZcosd)
(14 % cos0)sin’0

(1+2%c2cos0)r?

+ @? d-—m

(1 +%cos0)*(r — rocz)

where f, = —(2r —ry)r/R?, foy= —rycos@/R, and for
simplicity we defined cy =coshX and sy = sinhX.
Unfortunately, the @? term appears to hinder separation.
To compute the static Love number, however, we consider
the above equation with @ = 0 that becomes fully sepa-
rable. The remaining equations exhibit only regular sin-
gular points, which suggest that the problem can be solved
locally around these points. This is the subject of the next
section.

C. Static responses

In this section we will compute the static Love numbers
for black rings. In the static limit (w =0), the KG
equation (4.7) reduces to a coupled system of equations:

1 ro .
mag Kl + R €08 9) sin 9694

(1+2c2cos6)

2 To
- ——cosOy = —Ky, 4.8
" (1 +%’cos€)sin291 R X (48)
2
0, {r(r —rp) (1 - %) 0,(13,]
2 2
L ) g ) e, = ke,
(ro—r)(1-%) R
(4.9)

when @(r,0) = y(0)®,(r). The solution to both equations
involves the use of generalized Heun functions, with the
separation constants K serving as the eigenvalues on a
sphere. Unlike in the case of the more familiar hyper-
geometric equation (see Appendix), the K values in (4.8)
and (4.9) are not known in simple closed form, and can be
computed only numerically or with perturbative methods.

2

1+’—,§c{2, ®

D+ (f, + fo)® =0, (4.7)

R

Alternatively, one can start by asking whether it is possible
to find different near and far regions where the wave
equations can be solved in terms of simple special
functions, and then obtain a full solution by matching
solutions in each region together along a surface of an
intermediate overlap region. In the case of (4.8) and (4.9),
we see that this occurs when the horizon radius rq of the
black ring is smaller compared to the S' radius of the ring:
0 «1. (4.10)
R
In this case, each of these equations will be solvable

analytically in two regions. This is the regime we will
focus on in the rest of the section.

1. Spheroidal equation

Let us first focus on the angular Laplacian. In the
limit (4.10), the angular equation (4.8) for the black ring
reduces to

2

1 m
——0y(sinfBdyy) — | ——=—K |y = 0. 4.11
sin 0 b(sin 005 ) (sinzﬁ >X (4.11)

The associated Legendre function which represents the
solution that is regular at cos@ = +£1 is exactly the case
m = 0. We can therefore consider with full generality the
m = 0 case. The corresponding eigenvalues are

K=2(£+1)+ 0(ry). (4.12)

2. Radial equation

We will now focus on the radial equation (4.9). To solve
the differential equation we can perform an explicit
matching, dividing the spacetime outside the horizon,
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ro < r < R, into two overlapping regions defined by the
near region (ry < r < R) and the far region (ry < r < R).
However, for the computation of the Love numbers, the
complete matching procedure is unnecessary. As we will
see, solving the wave equation in the near-horizon region
(with ingoing boundary conditions on the surface) and
finding the transformation to the boundary will suffice to
deduce the static response coefficients.

The radial wave equation (4.9) in the near region, where
the coordinate distance r — ry is small compared to R,
takes the form

A0, (Ay0,®) + (V(r) — KA)D =0, (4.13)
where A=r(r—ry) and Ag=r(r—ro)(l—r3/R?).
We can further replace

V(r) + KA ~ V(rg) — KA, (4.14)

and Eq. (4.9) then becomes approximately

r2w2
- ® 0 )| ®penr =
ar[r(r rO)ar near} + }"(}" _ ”0) f(f + ) near 0’
(4.15)
with
w = Yo sine Sin}f" (4.16)
-z

The above equation contains three regular singular points
and is solved by hypergeometric functions. To bring it into
the standard form of the hypergeometric equation we define
a new variable and perform a field redefinition:

X =—,

0 @(r(n) = (11— )Mo u(x).

(4.17)

Then, Eq. (4.15) takes the standard hypergeometric
form (A1) with parameters

a=-7, b=-7-20V, c=-2¢. (4.18)

Note that a + b — ¢ = —2i{WV is not an integer, but a and ¢
are. To avoid ambiguities in the definition of the Love
numbers due to a possible uncertainty in the identification
of the response coefficients (see below), we first perform an
analytic continuation ¢ +— R [12,14]. The two linearly
independent solutions are therefore given by Eq. (A2).
Since now none of the numbers a, b, ¢ —a, ¢ — b, and ¢ is
an integer, we can use the connection formula (A3). We
then impose the boundary condition @ ~ (1 — x)~V at the
horizon r,, which amounts to requiring that u be regular at
x = 1. This fixes C, in terms of C as (A4). Plugging back
into Egs. (4.17) and (A2),

O(r(x)) = Ci (1 —x)™W|x7,F (=€, =€ = 2iW, =2¢; x)

_T(=226)0(£ + DI(£ =200 + 1)

£+1 _n; .
N(—f)T(=¢ = 20W)[ (27 1 2) XUFR(C+ 1,6 -20W+ 1,20 +2;x) | (4.19)
[

Note that in the analytic continuation sense there is no (=240 + 1)0(¢ -2+ 1)
uncertainty in how to split the external tidal field (i.e., the Arer = [(=)(=¢ =20WV)(2¢ +2) (4.20)
term « x~¢) from the response (i.e., the one « x“*1): they
both have subleading terms, resulting from expanding the  We can now take the limit Z — N. Using
hypergeometric functions in powers of x in (4.19), but for
real values of Z the two series never overlap. On the other (=1)"
hand, if # is an integer, the source contains, at subleading ['(-n+e¢)= —+ 0(&%), forneN, (4.21)
order, a piece that is degenerate with the response falloff, e
introducing in principle an ambiguity in the definition of we find

the Love numbers. To avoid this ambiguity, supplemented
with the analytic continuation £ € R, we can read off the
response coefficients from (4.19), and only later consider
the physical value # to be an integer. Taking the limit
x — 0, the response coefficients are''

""This seems to be consistent with Eq. (30) of Ref. [24].

I(£ + 1)20(£ = 200 + 1)
2T(2¢ + 1)L(2€ + 2)T(=¢ = 2iW)°

25, = (1)

(4.22)

As in the four-dimensional black hole cases, the response
coefficients are purely imaginary, which means that the
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FIG. 1. Visualization of the response coefficients AR for black
rings (4.22) as a function of the multipole moments £ for various
values of the boost parameter o. The real part of the coefficients
vanish, leading to vanishing static Love numbers. The nontrivial
dissipation coefficients, the imaginary part of the coefficients, are
represented here. As the black ring spin increases, for increasing
boost parameter ¢ (from blue to yellow curves), the dissipation
parameters become larger. This behavior of the dissipation
parameters is suppressed for increasing £ — oo where the
coefficients vanish.

static Love numbers vanish for the black ring (for all values
of 7 and v). It is instructive to take the limit V¥ — 0 and
compare our resulting expression with the induced re-
sponse of a Schwarzschild black hole. The static response
coefficients (4.22) vanish in this limit. This is consistent
with the fact that, when W =0, Eq. (4.15) formally
coincides with the equation of a massless scalar field on
a four-dimensional Schwarzschild spacetime (see, e.g.,
Eq. (2.2) of Ref. [15] with r, — ry) and inherits all the
symmetry structure discussed in Ref. [15].

We illustrate the behavior of the black ring configuration
representing the dissipative coefficients (4.22). This is done
for six different values of the angular momentum in Fig. 1.
In each case we have plotted the dissipative part of the
coefficients, Im[ABR], for different values of the boost
parameter o.

V. BOOSTED BLACK STRINGS

The focus of this section is on boosted black string
geometries, i.e., higher-dimensional stationary black string
solutions carrying momentum along their length. We will
derive in particular the static response of a test scalar field
in two distinct cases: first, we will consider the Klein-
Gordon equation on a D-dimensional nonrotating boosted
black string spacetime; then, we will focus on a boosted
Kerr black string in D = 6 and D =5 dimensions.

A. Nonrotating boosted black string in D dimensions

Nonrotating boosted black string solutions in D dimen-
sions can easily be constructed by boosting the static black
string metrics along the z direction. The geometry of such

solutions in generic D = n + 4 dimensions is given by the
following line element [36,37]:

n

ds? — — (1 - r—gcosh%) d2 =220 cosh o sinh o dt dz

r r
A 2 AP

+ {1+ sinh"o |dz=+ | 1 —— ) dr
r r

+ rzdﬁgnﬂ, (5.1)

where we assume that the z direction is periodically
identified [37]. Here o is the boost parameter and
ngnH the line element of the (n + 1)-sphere $"*! defined
recursively as dQz,,, = d6; | + sin®6),.;dQ5.. This sol-
ution has an event horizon located at r = r, and an
ergosurface at r = rocosh?”¢. The boost velocity is given
by v = tanho. The total energy and momentum of the
string are, respectively,

Q, R
Q'n+1R
8G

ri(ncosh’e + 1),

Py = rgn coshosinho, (5.2)

where Q, . is the area of a unit (n + 1)-sphere. We can
also define the horizon entropy

o ”QnJrlR

S n+1
bs 2G

ry" cosho.

(5.3)

Let us consider a massless Klein-Gordon field ¥ solving
Eq. (2.1) on the geometry (5.1). The symmetry structure
of the metric allows us to decompose ¥ in separation of
variables as

‘P(l‘, .7, 9) — e_iwl+sz(r)YL(0), (5_4)
where we Fourier transformed in time and in the co-
ordinate z. Y, (0) are the hyperspherical harmonics with

0=1{0,.....0,,,} the coordinates on §"*'.'* Using the
following expressions for the Christoffel symbols:

) 1
ri, =Tr4 =0, re = —Egababg,j, (5.5)

where the indices i, j,... and a, b, ... run over the coor-

dinates {t,z,r} and {0,,...,0,,}, respectively, we can
write the Klein-Gordon equation (2.1) as

"’The functions ¥, (#) provide a representation of the rotation
group SO(n + 1). The dimension N; of the representation is
given by N, = ("75) = (157 = %, as it can
easily be found by noting that a symmetric L-index tensor in
(n + 1)-dimensions has ("}©) independent components and that

the tracelessness condition imposes ("*£7?) conditions [10].
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9=V, Vep+ Ly

1 ..
3 5n+1‘1’+§9”9“bahgijaaq’=0’ (5.6)

where V., is the spherical Laplacian on the $"*!-sphere.
Using that Y, () are eigenfunctions of V2 e With
eigenvalues

VY (0) = =L(L + n)Y,(0), (5.7)
the equation for the radial field component R(r) can be cast
in the form

r(r" =rg) 0 [r(r" = rg)R ()]

—[L(L+n)r"(r" =) + 12" 2 (r" — ricosh?s)|R(r) =0,

(5.8)

in agreement with, e.g., Ref. [38] in the nonrotating limit.
Equation (5.8) does not admit a simple closed-form
solution. However, we can introduce a near-zone approxi-
mation, defined by ry < , where (5.8) is exactly
solvable in terms of hypergeometric functions, and
define the induced response at values of r in the range
ro < r < [1/v]. In practice, we will replace r — r( in the
potential as follows in such a way to preserve the form of
the singularity at the horizon:

r(rn - rg)ar[r(r - rO)RneaI(r)]

—[L(L +n)r"(r" = 1) = r’EW?|Rpeu(r) = 0, (5.9)

where we defined

vrg .
= —gsinho.
n

(5.10)

We should stress that there is no unique way of defining the
near-zone approximation (5.9)."° One can, in fact, define
different schemes, corresponding to different truncations of
the differential equation, that become all exact in the limit
r — ro but differ in the region r > ry. In this sense, the
response coefficients will be strictly speaking exact only in
the limit VW — 0.

After the following change of coordinate and field
redefinition:

X)"WxLu(x), (5.11)

. (—) R () = (1 =

r

where we defined

BIn the context of Schwarzschild or Kerr black holes in D = 4
(see, e.g., [16,17,39-43] for some examples of near-zone ap-
proximations.

L=

S

(5.12)

the near-zone equation (5.9) takes the standard hyper-
geometric form (A1) with parameters

a=-L, b=-L-20W, c¢==2L. (513)
In particular, assuming that L is neither integer nor semi-
integer, a basis of two linearly independent solutions to
the near-zone equation (5.9) for u(x) can be read off from
Eq. (A2). Then, imposing the correct “infalling” boundary
condition at the event horizon r = ry, i.e. (see, e.g.,
Refs. [24,38]),

iw

(r—roy)™", (5.14)

Rnear(r) ~ as r —ro,

is equivalent to requiring that u(x) is finite at the singular
point x = 1. Such a solution is written explicitly in
Eq. (AS). The response coefficients A;, defined for
each L as the ratio between the coefficients of the two
falloffs in R,

r2L+n
Ryear (1) <rL + AL ’?H) (5.15)

, across the near

zone and the far zone, are thus

DL = 2iW + 1)
20WC(2L +2)

AL:_

L(-2)r(t * (5.16)
L-

I(=L)r(=

for real L = L/n.

Two comments are in order here. First, note that the static
response coefficients (5.16) of a scalar field on a boosted
black string geometry in D = n + 4 dimensions reproduce
exactly the Love numbers of a Tangherlini black hole in
D — 1 dimensions [7,10]. Equation (5.16) thus provides
an independent check of the results of Refs. [7,10] for the
scalar field case. We will extend this check to rotating
spacetimes in the sections below. Second, taking the limit
D — 5 (n — 1) in the final result (5.16) recovers the static
response coefficients of a black ring in five dimensions, to
leading order in (4.10), computed in Eq. (4.22) (with the
replacement £ +— L). Note that performing the calculation
in generic D allowed us to avoid possible ambiguities in the
source/response splitting that may arise in degenerate cases
and obtain an independent check of the result (4.22).

B. Boosted Myers-Perry black string
in six dimensions

The result of the previous section can easily be extended
to boosted Myers-Perry black strings. In this section, we
will mainly focus on six-dimensional spacetimes and
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compute the static response of a scalar perturbation. In
particular, we will show that the calculation provides an
alternative way of rederiving the response coefficients of a
Myers-Perry black hole in D = 5.

The line element describing the geometry of a
boosted Myers-Perry black string in generic D =n +5
dimensions'*—obtained by adding a flat direction z to a
Myers-Perry black hole (with a single plane of rotation)
and then applying a Lorentz boost to it with parameter
o—is [38]

4 = — <1 _yr"”;oshzcr) » +;4r1‘” sinh(26) drdg
1-ng; h2 22
1+ g2 D262 4 a2
z A
r?(r* + az)z — Aa®sin0 i 0dg?
reX
2urt=" cosh
_washﬁgd;d(p
2
2ur'~"sinho .
- /;_Tasmz@ dzdgp + r2cos?0dQ2,,  (5.17)

where dQ2%, again describes the line element of a unit
n-sphere, and
A=7r(r*+ad*—pur'™), X =r*+d’cos’d. (5.18)
The Klein-Gordon equation on the geometry (5.17) admits
separation of variables. We shall thus decompose the
(static) scalar field ¥ as

W = e™mITIR(r) ST (0)Y 1 (Q), (5.19)
where S7 () are two-dimensional spheroidal harmonics,
while Y; are hyperspherical harmonics. After straightfor-

ward manipulations, the (static) radial equation for R(r)
takes the form [38]

A
330" 80,R) + VR =0, (5.20)
with potential
A 2
V=-S|v r2+Afm+L(L+n—1)a
r r
+ [m?a*cosh’e + ur'="(r* + a*)v*sinh’c
m*a’sinh’*c — 2umaur' =" sinh o], (5.21)

“Note that, here and in the next section, the relation between
D and n is different with respect to what we used in Sec. VA.

where A,,, are the separation constants in the spheroidal
harmonic equation, A,,, = (£ + n + 1) + O(a’v?), while
L(L+n—1) are the eigenvalues of the hyperspherical
harmonics on the n-sphere. Following the logic of the
previous section, we define the near zone in the range

ry <r<|1/v| as
A a*l?
-= 1/;’+—|—Afm—|—7

A
—30r(r_1A0,R) + .

.
+ m*a*cosh®c + u(rt + a*)v*sinh’c

2

— m?a*sinh®*c — 2umay sinh o] R=0, (5.22)

where we set n = 1 and where r, = \/u — a® is the event
horizon. After the field redefinition and change of variable

2
R(r(x)) = rix¥ e (1 - x)u(x),  x E’r_;, (5.23)
where
1
a52<\/1/ 2+ Ap+ 1= — 1>,
f= i(am—wsinha), (5.24)

2r,

the radial equation takes the standard hypergeometric
form (Al). The ¢ parameter is given by

c=1+4+/12 r+—|—A,,ﬂm+l

while the expressions for a and b are more cumbersome
and we do not report them explicitly here. We, however,
just point out that they are noninteger—likewise ¢ in
(5.25)—and therefore the equation belongs to the non-
degenerate case with independent solutions given by (A2).
To compute the response coefficients we will work per-
turbatively in va, as we will eventually take the limit v — 0.
We shall thus formally write

(5.25)

Apw = (€ +2) +AD 2+ OWH.  (5.26)

The coefficients A;zrzl can in principle be computed, e.g., in
perturbation theory or numerically; however, as we shall
see below, we will not need their explicit expressions. Since
the equation is nondegenerate for v # 0, we can take (A2)
with (A4), which corresponds to the solution that is regular
at the horizon r = r, (x = 1), and expand at large distances
r — oo (x — 0) at the first nontrivial order in v:
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L@ ()2 -c) ry 2f+2+zﬂA(i”«)lf+1'2+
" T(OT(a—c+ DI(b—c+1) (—) _

; (5.27)

Note that the response coefficients in (5.27) are formally divergent when v = 0 because the argument of ['(2 — ¢)
approaches a negative integer. After using the formula (4.21) and regularizing the result by subtracting the 1/& pole term
[7,10], we find the following expression for the logarithmic dependence of the response coefficients (in units of r +)15:

2I'(a)T°(b) ro
A= |(=1)¢ In| — 5.28
e=|=1) AT+ 2T (a—¢—)(b—2—-1) "\7 /)|, (5.28)
|
where the parameters are computed at v = 0. Note that, at L W2
v =0, a, b, and ¢ coincide with (3.29), if in (3.29) one sets re=5+\T-d (5.30)

to zero one of the two spins, e.g., b =0, and identifies
my > m and m, — L. In other words, 1, in (5.28)
reproduces exactly the scalar response coefficients of
five-dimensional single-spin Myers-Perry black holes from
Eq. (3.35), providing a nontrivial consistency check of our
results.

C. Boosted Myers-Perry black string
in five dimensions

Following the same logic of the previous section, we
now compute the static response coefficients of a boosted
Myers-Perry black string in D =35 dimensions (i.e.,
n = 0). Taking the limit o, v — 0 in the final result will
allow us to rederive the dissipative response of a Kerr black
hole in four dimensions [11,12,14,44,45].

In analogy with (5.22), we first define the following near
zone starting from the scalar equation (5.20) (note that we
need to set L = 0 along with n = 0):

A

5 (K23 4 Ayy,) + a*m?cosh’o

A
F 0r[r_1A0,R] + |:

~

+ ur, (rA + a*)v’sinh’c

2

— m*a*sinh’>6 — 2umayr. sinh o] R=0, (5.29)

where r, (r_) denotes the outer (inner) horizon, obtained
from solving A = 0 with n = 0:

Here we are keeping only the coefficient of the logarithmic
term in the ratio between the two falloffs in Eq. (5.27). This is
because only this term is unambiguous. In Eq. (5.28), r should be
thought of as the distance at which the response of the system is
measured, with the logarithmic dependence being an example of
classical renormalization group running [7,10]. In this sense, the
length scale r plays the role of a renormalization scale to be fixed
by experiments.

We shall then introduce

i(ma+pvr sinho)
(I—x) 7 u(x),

1 1—1/1+4Af,,,+4v2r2+)
R(r(x)) = x2<

ry—r_

X =

(5.31)

r—r_

Then, the near-zone equation (5.29) takes the standard
hypergeometric form (A1) with parameters

1
a=3 <1 - \/1 +4A,,, + 41/2&), (5.32a)
o o 2
p—qt " IV Ginhe,  (5.32b)
ry—r_ r_(ry—r_)
¢ = 2a. (5.32¢)

Again, for v # 0, none of the parameters above is an integer
number. This implies that a basis of two linearly indepen-
dent solutions is (A2) and the connection formula (A3)
holds. Note that imposing the correct infalling boundary
condition at the horizon is equivalent to requiring that u(x)
is regular at x = 1.'° This fixes the integration constants as
in (A4). Plugging back into the solution for R yields

i(ma+pxr sinho)

R(r(x)) =Ci(1 —x)" =+~ |x,F(a,b,¢;x)

I(e)l(a—c+ I(b—c+1)
B T'(a)T(6)1(2 — )

xx1‘52F1(a—c+l,b—c+1,2—c;x) .

(5.33)

'%This can easily be seen, for instance, by recalling that, for o,

ima

v =0, R(r) must oscillate as (r — r,. )+ as r —» r, [14,41,46].
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Note that § ~ —¢ 4+ O(v?) as v — 0. We can thus define the
response coefficients as

~ I(la—c+ 1) —c+1)
em =~ —Trarere-o | 3%

with a, b, and ¢ given in Eq. (5.32). The static response
of a scalar perturbation on Kerr spacetime can then be
obtained by setting o, v — 0 in (5.34). The limit is smooth,
and we find

L(=24)T(¢ + 1)F<1 O+ %)

r(2¢ + 2)F(—f)F(_f + z_) ’

ro—r_

JBer — _ (5.35)

correctly reproducing, e.g., Eq. (3.54) of Ref. [141."

It is well known that an ambiguity takes place in the
calculation, in advanced Kerr coordinates, of the static
response of a Kerr black hole in D =4 [11,12,14]. This
happens because, similar to what we discussed in Sec. IV, in
the physical case £ €N the subleading corrections in the
falloff of the source have the same power exponent as the
leading tidal response contribution. A possible way to address
such ambiguity in the source/response split is to perform an
analytic continuation in ¢: the calculation of the response
coefficients is performed by first assuming £ real, in which
case the degeneracy between source and response falloffs
does not occur, and by then taking in the final expression the
limit of integer £ [11,12,14]. In this section, although similar
in spirit, we provided an alternative derivation and check of
the result (5.35). Doing the calculation for a boosted black
string in one higher dimension provides an alternative way of
breaking the degeneracy and defining the static response of
Kerr black holes in D = 4 [7].

VI. DISCUSSION

The tidal Love numbers for rotating higher-dimensional
black holes capture intricate features of the dynamics of
massless fields on black hole backgrounds. Our main
results for Love numbers of higher-dimensional rotating
black holes can be summarized as follows:

Conjecture: The static response coefficients 4, for
rotating black holes in higher-dimensional (D > 5) space-
times display the following relations:

2\D-1)-BH _ AD-BR — 4D-DS

‘m ‘m (61)

among (D — 1)-dimensional black holes (BH) (including
Kerr and Myers-Perry black holes), D-dimensional thin
black rings (BR), and D-dimensional black strings (BS).

"Up to the factor [(r, —r_)/r]**! because of the slight
different definition of A,,,.

Re[/\’\[P]
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FIG. 2. Visualization of the response coefficients AMF for the
single spinning 5D Myers-Perry black holes (3.35) as a function of
the multipole moments #. The imaginary parts of the coefficients
vanish, leading to vanishing dissipative response coefficients.
The Love numbers, defined as the real part of the M, are
represented in the plot for fixed mass M = 1 and angular momenta
J/M3? =026, 029 (from gray to black curves), respectively,
below and above the critical value (J/M??)_; ~0.286. As the
multipole moments increase, the Myers-Perry black holes with
J/M?? > (J/M?/?)_,, exhibit increasing values of the Love
numbers. This behavior reverts for slowly rotating Myers-Perry
black holes where the tidal distortion tends to zero as £ — 0.

From our calculation of the static Love numbers, we see
that those of Myers-Perry black holes are finite, unlike their
four-dimensional Kerr counterparts, which vanish. The
variation of the signs of the various Love coefficients for
5D black holes are of paramount importance in determining
the nature of the horizon and stability of the solution. In the
presence of even/odd gravitational multipole moments,
the black hole undergoes opposite distortions positive/
negative. Interestingly, for, e.g., the single spinning
Myers-Perry black holes (b = 0) there seems to be a critical
region around (J/M%/?) ; ~ 0.286," where the behavior of
the dissipative coefficients varies as a function of the
multipole moment values #. For increasing multipole values
of 7, the Love numbers decrease for the slowly rotating
Myers-Perry black holes with J/M3/? < (J/M?3/?)_,,, while
an increasing dissipative response is found for black holes
with spins J/M3/% > (J/M?/?)_., (see Fig. 2). This suggests
that tidal deformations for the faster spinning Myers-Perry
black holes may play an important role in elucidating the
stability of these objects. Our results also complement the
analysis of Refs. [7,10], which have calculated the tidal
response of nonspinning Schwarzschild-Tangherlini black
holes. In the limit where the spin parameters a = b =0
are zero the Love numbers reduce to the Schwarzschild-
Tangherlini coefficients therein.

"This is far below the Myers-Perry extremal bound
(J/ M%) < (J/M3/?) 2 ~0.61.

extremal — 27x
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While the KG equation is generically not separable for
black rings, exploiting the fact that for @ = 0 the wave
equation is actually separable we were able to calculate the
Love number in these backgrounds. The static response
coefficients computed via a matching procedure imply the
vanishing of the Love numbers for black rings, with a
purely dissipative response. Importantly, we have found
that the static response of thin black rings (i.e., black rings
with ry/R < 1) matches exactly the one of Kerr black
holes. Indeed, by identifying

T

=7

VR — m, (6.2)

the dissipative coefficients for black rings (4.22) become
exactly the coefficients (5.35) for Kerr black holes,

Mom = A" (6.3)

parametrized by mass M, spin parameter a, and azimuthal
eigenvalue m. This agreement between the tidal deformation
coefficients for Kerr and black rings suggests that black
rings resemble much more the 4D black holes rather than
their 5D counterparts, the Myers-Perry black holes. Kerr
black holes have been shown to be stable [47] and to have a
2D CFT dual interpretation [48]. For black rings, stability
was considered in Ref. [37] and a 2D CFT interpretation
was also proposed [35]. Our findings on the Love numbers
add further evidence to the similarity between these 4D/5D
black hole solutions. It will be interesting in the future to
understand the connection between the tidal coefficients
beyond the thin black ring regime. Finally, note that the
expression for the black ring dissipation coefficients (4.22)
vanishes in the limit of vanishing spin parameter ¢ — 0,
reproducing the well-established result that the scalar
response coefficients of nonspinning Schwarzschild black
holes are identically zero.

We have also demonstrated several connections
between the Love numbers for boosted black strings and
D-dimensional black holes. Here are two points worth
noting. First, our analysis for the static response coeffi-
cients (5.16) of a scalar field in a boosted black string
geometry in D = n + 4 dimensions perfectly reproduces
the Love numbers of a Tangherlini black hole in D —1
dimensions [7,10] [see Eq. (4.17) of Ref. [10]].
Equation (5.16) acts as an independent verification of
the outcomes of Refs. [7,10] for the scalar field scenario.
We also expanded these results to rotating spacetimes.
Second, by taking the limit D — 5 (n — 1), our expres-
sions for the dissipation coefficients (5.16) match the static
response coefficients of a black ring in five dimensions
(4.22). The calculation in a general number of dimensions
D helped us avoid potential ambiguities in the source/
response splitting that arise in certain degenerate situations,

and we were able to obtain the coefficients without any
analytic continuation in 2.

Our analysis can be extended in multiple ways. In four
dimensions, a matching between the point-particle effective
field theory (EFT) [49,50] and full general relativity
calculations can be defined by employing the gauge-
invariant definition of Love numbers as Wilson coefficients
in the EFT. Higher-dimensional gravity poses an interesting
puzzle. Black hole solutions are no longer unique in
vacuum; hence, a complete point-particle EFT interpreta-
tion should reflect this fact. Our analysis here established
connections between the different black holes tidal
responses which will certainly play a role in the definitions
of these coefficients as Wilson coefficients in the EFT for
5D gravity. In addition, we calculated response coefficients
for a massless spin-0 field. The calculation of the tidal
responses to spin-1 and spin-2 fields on these backgrounds
has not yet been addressed. Finally, it will be interesting to
explore the (hidden) symmetries of these fields on black
hole geometries in higher dimensions and study how they
constrain the tidal response of the objects [15,16]. We leave
these research directions for future work.

Note added. Recently, Ref. [20] appeared. The paper
has some overlap with our work in the interpretation of
Love numbers for Myers-Perry black holes in five space-
time dimensions.
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APPENDIX: SOME USEFUL RELATIONS
INVOLVING HYPERGEOMETRIC FUNCTIONS

The hypergeometric equation is a second-order differ-
ential equation of the Fuchsian type, possessing three
regular singular points. In the standard form it is written as
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x(1=x)u"(x) + [c = (a+ b+ 1)x]u/(x) — abu(x) =0, (A1)

where a, b, and ¢ are constant parameters. In this appendix, we will provide a summary of the relevant properties of the
solutions and the connection coefficients in the two main cases that we encountered in the main text: (i) none of a, b, ¢ — a,
¢ — b, ¢ is an integer, and the equation is nondegenerate; (ii) a, b, ¢ — a — b are noninteger, while ¢ is integer. For a more
complete discussion, see Ref. [31].

1. Nondegenerate hypergeometric equation

Let us assume that none of the numbers a, b, ¢ — a, ¢ — b, ¢ is an integer. In this case, the equation is nondegenerate, and
the two linearly independent solutions, scaling as ~1 and ~x'~¢ near the singularity x = 0, are (see, e.g., Refs. [31,51])

u(x) = C,Fi(a,b,¢;x) + Cox' = F(a—e+ 1,b—c+ 1,2 — s x). (A2)
Using hypergeometric connection formulas, it is possible to reexpress the linear combination (A2) in terms of the

fundamental solutions in the neighborhood of any of the other two singular points. For instance, if we are interested in
x =1, we can write

u(x) = Chg%é%ﬁ%;%Fﬂmha+B—c+k1—@
%(1 —x) " F (c—a,c=b, 1 +c—a—b;1 —x)]
+ Oyl F(Fz(l—f);(;(‘l “_;;’)ZFl(a— ¢+ 1,b—c+latb—ctl;1l—x)

r2-co(a+b-rc)
IMNa—c+1)I'(b—c+1)

(l_x)c—a—bzpl(l_m]_5,1+c—a—b;1—x)}, (A3)

which holds identically. In several cases in the main text, we will require that u(x) is regular at x = 1. This fixes C, in terms
of C; as

Fela—c+1I(b—c+1)
[(a)L'(B)I(2 —¢)

C2 - _Cl (A4)

Plugging it back into (A3) yields

u(x) = FEQF(‘ f’; Fi(abatb—ctl31—x)

'T(c—a)l(c—b
T(e—a)l(c=bl(a—c+ I(b—c+1)
[(a)l'(B)I(1 = a)l'(1 - b)

xSF(a—c+1,b—c+1l,a+b—c+1;1-x)|. (AS)

2. Degenerate case: Integer ¢

Let us assume that in the hypergeometric equation (A1) the parameters a, b, ¢ — a — b are noninteger, while ¢ is an integer
number. In such a case, the fundamental solutions in (A2) are no longer independent. In fact, a degeneracy occurs and a
basis of linearly independent hypergeometric solutions is given by

Fi(a,b,¢x)

ui(x) = ,Fi(a.b.cix),  u(x) =In(x)? O + Do (), (A6)

where

Dap.c(x g a+k)+yb+k) - (k+1)_l’/(c+k)](c£1) 'k'x +Z( 1k1 cz'(lalkgb) —k k.

(A7)
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where (-), is the Pochhammer’s symbol defined by (c¢), =T'(c¢ + k)/I'(¢) and w denotes the digamma function,
w(z) =T"(2)/T'(z). Now, the solution that is regular at the singular point x = 1 is u,(x), while u; (x) diverges. Expanding
u,(x) around x = 0 yields

In(x)
I'(c)

For our purposes in the main text, it is useful to define from (A8) the In(x)-dependent ratio between the coefficient of the

Fla—c+1)I(b—c+1)
I(a) re)

1y (x = 0) & 4 (=1)¢(c — 2)! 4 (A8)

piece that goes as x!~¢ and the first term:

[(a)I(b)

A= (=1)*

(c=2)T(e)(a—c+1)I'(b—c+1)

In(x). (A9)
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