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As a fundamental parameter for modern cosmology, the Hubble constant H0 is experiencing a serious
crisis. In this paper, we explore an independent approach to measure H0 based on the time-delay
cosmography with strong gravitational lensing of a quasar by a galaxy cluster. Specifically we focus on the
strong lensing system SDSS J1004þ 4112 with the maximum image separation of 14.6200, the first system
of a quasar lensed by a galaxy cluster with five multiple images. Incorporating the latest time-delay
measurements, we investigate the lens model dependence from the combination of 16 different lens mass
models. We find that the lens model dependence is indeed large, with the combined measurement of the
Hubble constant of H0 ¼ 67.5þ14.5

−8.9 km s−1 Mpc−1 that is obtained by summing posteriors of the Hubble
constant from the 16 models with equal weighting. Interestingly, our results show that the value of Hubble
constant decreases as the complexity of the perturbation around the lens increases, although weighting
based on positional errors of quasar images does not significantly improve the H0 constraint. We find that
the 16 different mass models predict largely different shapes of the lensed quasar host galaxy as well as
other lensed galaxies behind the cluster. By selecting two mass models that best reproduces those shapes,
the constraint on the Hubble constant is significantly tightened to H0 ¼ 59.1þ3.6

−3.5 km s−1 Mpc−1. While we
caution that our analysis still does not fully explore all the possible mass model uncertainty, our results
highlight the importance of including as many constraints as possible such as extended shapes of lensed
galaxies for obtaining tight constraints on the Hubble constant from cluster-lensed quasar lens systems.
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I. INTRODUCTION

The Hubble constantH0, which quantifies the expansion
rate of the Universe today, is one of the most important
cosmological parameters that is also related to the age and
the total energy density of the Universe [1,2]. Although H0

has been measured with high precision, the determination
of its accurate value is extremely challenging, followed
with an increasing tension. In particular, the discrepancy of
measured H0 values between different measurements is
becoming more pronounced. The cosmic microwave back-
ground radiation of the early Universe from the Planck
satellite provides a tight constraint on the Hubble constant
as H0 ¼ 67.4� 0.5 km s−1Mpc−1, which is based on the
so-called standard cosmology, Λ-dominated cold dark

matter (ΛCDM) model [3]. Such concordance ΛCDM
model has withstood most popular observational evidences
[4–12]. An independent measurement of H0 has been
obtained by type Ia supernovae (SNe Ia) calibrated via
the distance ladder in the local Universe, with the value of
H0 ¼ 73.04� 1.04 km s−1Mpc−1 released by SH0ES
(SNe, H0, for the equation of state of dark energy)
collaboration [13]. It is obvious that the H0 constraints
derived by these two methods are inconsistent. Such
significant 5σ tension has sparked debates about the
validity of the ΛCDM model.
As a consequence, any other methodology to measure

the Hubble constant is very necessary to clarify the origin
of the discrepancy. The tip of the red giant branch (TRGB)
as a local standard candle provides another way to
determine the Hubble constant. Reference [14] presented
H0 ¼ 69.8� 0.8 km s−1 Mpc−1 by measuring TRGB in
nine SNe Ia hosts and calibrating TRGB in the Large
Magellanic Cloud. Several recent calibrations of the TRGB
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method were further combined, which are internally self-
consistent at the 1% level [15]. Making geometric distance
measurements to megamaser galaxies in the Hubble flow is
another particular approach to constrain the Hubble con-
stant [16–20]. Recently, Ref. [21] employed such approach
to derive the value of H0 ¼ 73.9� 3.0 km s−1Mpc−1. In
addition, gravitational waves from compact binary mergers
provide a useful means of directly measuring luminosity
distances, and therefore provide an independent approach
to constrain H0, which is sometimes referred to as the
standard siren technique. For instance, from the neutron star
merger event GW170817 with its electromagnetic counter-
parts AT2017gfo and GRB170817A, Ref. [22] obtained
the Hubble constant value of H0 ¼ 66.2þ4.4

−4.2 km s−1Mpc−1.
The LIGO-Virgo-KAGRA Scientific Collaboration obtai-
ned H0 ¼ 68þ12

−8 km s−1 Mpc−1 with 47 gravitational-wave
sources from the Third LIGO-Virgo-KAGRAGravitational-
Wave Transient Catalog (GWTC3) [23].
It is extremely important to further derive measurements

of H0 using independent techniques such as strong gravi-
tational lensing. Reference [24] proposed that observations
of time delays between multiple images of gravitationally
lensed supernovae could be used to determinate H0

independently of the distance ladder. Very recently, this
method finally applied to the gravitationally lensed super-
nova SN Refsdal to obtain the constraint on the Hubble
constant of 64.8þ4.4

−4.3 km s−1Mpc−1 [25].
Given the rarity of lensed supernovae, lensed quasars have

so far been mostly used to constrain the Hubble constant. For
instance, the H0LiCOW (H0 Lenses in COSMOGRAIL’s
Wellspring) collaboration presented the estimation of the
Hubble constant from the analysis of time delays for six
lensed quasars as H0 ¼ 73.3þ1.7

−1.8 km s−1Mpc−1 [26]. While
the H0LiCOW result was obtained by assuming rather sim-
plistic radial mass distributions for lensing galaxies, the
TDCOSMO (time-delay cosmography) team addressed
the effect of lens model degeneracies by considering
more flexible radial mass distributions and breaking the
degeneracies by stellar kinematics, yielding a somewhat
weaker constraint of H0 ¼ 74.5þ5.6

−6.1 km s−1Mpc−1 [27].
In the same paper, a slightly different value of H0 ¼
67.4þ4.1

−3.2 km s−1Mpc−1 was also obtained by adding a prior
from Sloan ACS survey galaxy-galaxy strong lens systems.
Recently, Ref. [28] obtained H0 ¼ 77.1þ7.3

−7.1 km s−1Mpc−1

from the lens RXJ1131-1231 using spatially resolved stellar
kinematics of the lens galaxy. Clearly a challenge lies in how
to break degeneracies between different mass models for
obtaining tight constraints on the Hubble constant.
We note that galaxy-scale lensed quasars are used in the

H0LiCOW and TDCOSMO analysis. Since lens modeling
of galaxy- and cluster-scale lenses involve quite different
systematic errors, it is worth exploring the possibility of
obtaining the complementary constraint on the Hubble
constant from cluster-lensed quasar systems, which is a
relatively new area of research partly because of the small

sample of such strong lens systems. One notable difference
between galaxy- and cluster-scale lensed quasars is that
constraints on the lens mass model from additional multiple
images of galaxies behind the lensing cluster are commonly
available for the latter [29–32]. While it is known that
cluster strong lens mass modeling exhibits relatively large
positional offsets between observed and model-predicted
multiple images, a careful analysis with mock strong lens
data from ray-tracing simulations [33] has demonstrated that
it is possible to recover input Hubble constant accurately
even with such large positional offsets [25]. Reference [34]
used the cluster-scale lensed quasar SDSS J1004þ 4112
[35–38] togetherwith 7 galaxy-scale lensed quasars to obtain
H0 ¼ 71.8þ3.9

−3.3 km s−1Mpc−1. Reference [39] focused more
specifically on cluster-scale lensed quasars by studying three
cluster-lensed quasars SDSS J1004þ 4112, SDSS J1029þ
2623 [40–42], and SDSS J2222þ 2745 [43,44], to produce a
combined measurement of Hubble constant asH0 ¼ 71.5�
6.1 km s−1 Mpc−1. However, in this analysis only one spe-
cific mass model is considered for each lens system, and as a
result the degeneracy among different mass models has not
been fully explored. Very recently, Ref. [45] presented a
new constraint on the Hubble constant from the SDSS
J1004þ 4112, H0 ¼ 74þ9

−13 km s−1Mpc−1, using a free-
form lens model.
In this paper, we focus on the first cluster-lensed quasar

system SDSS J1004þ 4112 [35–37] to derive an indepen-
dent H0 measurement, paying a careful attention to the
dependence of the H0 constraint on the assumed lens mass
model. Specially, the latest time-delay measurements
between different images [46] and the combination of 16
different lens mass models are considered in order to
address the lens mass dependence on derived values of
H0. Our work is complementary to Ref. [47] in which the
latest time-delay measurements are used to place tight
constraints on the lens mass distribution. We also discuss
possibilities to break the lens model degeneracy by adding
other observables to obtain better constraints on H0. Our
work will be useful for future cosmological application of
cluster-lensed quasar systems that are actively being
searched and discovered recently [48–51].
This paper is arranged as follows. In Sec. II, we briefly

describe the cluster-lensed quasar system SDSS
J1004þ 4112. We introduce the methodology of lens
modeling in Sec. III. Results of our analysis are presented
in Sec. IV. The possible improvement of the Hubble
constant with additional constraints is discussed in
Sec. V. We summarize the main conclusion in Sec. VI.

II. OBSERVATIONS OF SDSS J1004 + 4112

As the first system of a quasar lensed by a cluster,
the large-separation gravitationally lensed quasar SDSS
J1004þ 4112 [35–37] was discovered from the Sloan
Digital Sky Survey (SDSS) [52,53] data, which has
generated much interest due to its rarity and particularity.
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This system is composed of five multiple images of a
quasar at zs ¼ 1.734 [54] with the maximum separation
angle between the multiple images of 14.6200. A cluster of
galaxies as the lensing object has been identified at zl ¼
0.68 centered among the five images, the brightest galaxy
and more galaxy cluster members have also been observed.
In Fig. 1, we present the five multiple images of the lensed
quasar as well as seven lensed background galaxies at three
different redshifts, which have also been spectroscopically
confirmed [29,55,56]. Such a wealth of observational
constraints suggest that it may be possible to tightly
constrain the Hubble constant from this lens system.
In our investigation, we employ positions of the five

quasar images in Ref. [56] which was adapted according to
the Hubble Space Telescope Advanced Camera for Surveys
(HST/ACS) F814W images [37]. For images of lensed
background galaxies, we include the constraints identified
in Refs. [29,55,56]. There are 7 multiply-imaged knots
originating from three galaxies (A, B, and C) at different
redshifts. The galaxy A contains three knots, each of which
is lensed into five images. Galaxies B and C each have two
knots in a galaxy with three lensed images. In Table I, we
summarize positions of the multiple images, which are
distributed in a very wide range of radius. This remarkable
feature helps us model this cluster strong lensing system in
great detail and to constrain the Hubble constant.
Moreover, the newly measured time delay between lensed
quasar images D and C (tDC ¼ 2456.99� 5.55 days) is
included in our analysis in addition to the previously

measured time delays between images A-C and B-C
[38,46,57] as well as magnitude differences between the
quasar multiple images. For the brightest cluster galaxy
(BCG), the position is fixed to the observed position at
ðΔx;ΔyÞ ¼ ð7.10400; 4.36200Þ with respect to the quasar
image A.We also include the positions, ellipticities, position
angles and luminosity ratios (with respect to the BCG) of 90
cluster galaxy members, which are selected from the HST/
ACS F435W and F814W images with the red-sequence
feature and whose properties are measured also in the HST/
ACS F814W image using the SEXTRACTOR software [58].

III. LENS MODELING

We compute the lens model with the publicly available
software GLAFIC [56,59], which is designed to model strong

FIG. 1. The HST/ACS F814W image of the cluster-lensed
quasar system SDSS J1004þ 4112. Red dots labeled with A-E
are five multiple images of a lensed quasar. Red squares are
images of three lensed background galaxies at redshifts 3.33,
2.74, and 3.28, respectively.

TABLE I. Observational constraints from multiple images of
lensed quasar and galaxies. Source redshift, x- and y-positions
with respect to the quasar image A, the magnitude difference, and
the relative time delay are listed in columns 2–5, respectively.

Name zs Δx ½ 00� Δy ½ 00� Δm Δt ½days�
A 1.734 0.000 0.000 ≡0 825.99� 2.10
B −1.317 3.532 0.35� 0.3 781.92� 2.20
C 11.039 −4.492 0.87� 0.3 ≡0
D 8.399 9.707 1.50� 0.3 2456.99� 5.55
E 7.197 4.603 6.30� 0.8 � � �
A1.1 3.33 3.93 −2.78
A1.2 1.33 19.37
A1.3 19.23 14.67
A1.4 18.83 15.87
A1.5 6.83 3.22

A2.1 3.33 4.13 −2.68
A2.2 1.93 19.87
A2.3 19.43 14.02
A2.4 18.33 15.72
A2.5 6.83 3.12

A3.1 3.33 4.33 −1.98
A3.2 2.73 20.37
A3.3 19.95 13.04
A3.4 18.03 15.87
A3.5 6.83 3.02

B1.1 2.74 8.88 −2.16
B1.2 −5.45 15.84
B1.3 8.33 2.57

B2.1 2.74 8.45 −2.26
B2.2 −5.07 16.04
B2.3 8.33 2.57

C1.1 3.28 10.25 −3.06
C1.2 −7.55 15.39
C1.3 8.49 2.72

C2.1 3.28 9.95 −3.36
C2.2 −7.30 15.44
C2.3 8.49 2.72
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lens systems and can compute efficiently lensed image
positions of point sources with adaptive-meshing.

A. Dark matter halo

The Navarro-Frenk-White (NFW) profile is employed to
model the mass distribution of a dark matter halo [60]. The
radial density profile of the NFW profile is described by

ρ ¼ ρs
ðr=rsÞð1þ r=rsÞ2

; ð1Þ

where rs indicates the scale radius and ρs is the character-
istic density. The projected NFW profile that is used for
lensing analysis is parametrized by mass M, the position x
and y, the ellipticity e, the position angle θe, and the
concentration parameter c≡ rvir=rs. In our analysis, we
optimize all these parameters with the range for the mass of
1014–1015h−1M⊙ and concentration parameter from 1.0 to
10.0. We adopt the fast approximation of the lensing
calculation of the NFW profile proposed in Ref. [59],
which is named anfw in GLAFIC.
In addition to the NFW profile, the Pseudo-Jaffe

Ellipsoid (jaffe in GLAFIC) profile [61,62] is also used
to model the dark matter halo. In this model, the radial
density profile is described as

ρ ¼ ρs
f1þ ðr=rcoreÞ2gf1þ ðr=rtrunÞ2g

: ð2Þ

The projected density profile is parametrized by the
velosity dispersion σ, the position, the ellipicity, the
position angle, the core radius, and the truncation radius.
In our analysis, we optimize all the parameters, but we
restrict the range of σ from 500 km s−1 to 800 km s−1, rtrun
from 5.000 to 50:000 and rcore is smaller than 15:000.

B. The brightest cluster galaxy
and other cluster galaxy members

In some of our mass models, the brightest cluster galaxy
(BCG) is parametrized by the Hernquist profile [63], which
takes the following radial form

ρ ¼ Mtot

2πðr=rbÞð1þ r=rbÞ3
; ð3Þ

where the scale radius rb is related to the effective radius Re
of a project surface mass density as rb ¼ 0.551Re. The
projected density profile can be parametrized by the total
mass Mtot, the position, the ellipticity, position angle, and
the scale radius. In our analysis, we fix the position x and y
to the observed BCG centroid as described in Sec. II and we
optimize the total massMtot and the scale radius rb with the
range of 1012–1013h−1M⊙ and 1.000–10.000, respectively.
We adopt the fast approximated calculation of lensing
properties of the Hernquist profile (ahern in GLAFIC)
proposed in Ref. [59]. In addition, we add Gaussian priors

to the ellipticity and the position angle of the BCG, e ¼
0.355� 0.05 and θe ¼ −20.47°� 5°, respectively, based
on the observed shape of the light profile of the BCG.
For the other cluster galaxy members, the scaled pseudo-

Jaffe ellipsoids (gals in GLAFIC) are included to model.
The velocity dispersion σ and truncation radius rtrun for
each galaxy are scaled based on its luminosity relative to
that of the BCG as

σ

σ�
¼

�
L
L�

�
1=4

; ð4Þ

rtrun
rtrun;�

¼
�
L
L�

�
η

: ð5Þ

During our optimization, σ�, rtrun;�, and η are all allowed to
vary with the range for the σ� of 100.0–400.0 km s−1, rtrun;�
from 1.000 to 100.000 and η from 0.2 to 1.5.
To check the dependence of our results on the treatment

of the BCG, in some lens mass models we do not explicitly
include the BCG as a separate component, but include it as
one of Pseudo-Jaffe ellipsoids of cluster member galaxies
(gals) with its velocity dispersion and the truncation
radius determined following the same scaling relations for
cluster member galaxies.

C. External perturbations
and multipole perturbations

In order to achieve a better fit, multipole perturbations
are sometimes included in mass modeling. In this paper, we
consider multipole perturbations of order up to 5 at most
(e.g., m ¼ 2, 3, 4, and 5) with the potential [64–67]

ϕ ¼ −
ϵ

m
r2 cosmðθ − θϵ − π=2Þ: ð6Þ

For each order, ϵ and θϵ are model parameters, which we
optimize without any prior ranges. The perturbation with
m ¼ 2 is referred to as an external shear [68] and named
pert in GLAFIC, while the terms with m ≥ 3 are
named mpole.

D. Model optimization

In this paper, we consider 16 different lens mass models
to fit this cluster-lensed quasar system in order to check
how the constraint on H0 depends on the different
assumption on the lens mass model. Specifically, we
consider the following three variation of assumptions on
the mass model, (1) which model is used to describe the
dark matter halo; (2) whether to remove the BCG from all
cluster member galaxies and include a separate Hernquist
component to model it; (3) how many orders of perturba-
tions are considered.
More specifically, we use the NFW profile (anfw in

GLAFIC) and the pseudo-Jaffe ellipsoid profile (jaffe in
GLAFIC) to describe the mass distribution of dark matter
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halos. For convenience, we label modeling of the darkmatter
halowithanfw orjaffe as 1 or 2. In addition, ifwe include
the brightest cluster galaxy (BCG) as one of the cluster
members, we apply the scaled pseudo-Jaffe ellipsoids profile
(gals in GLAFIC) to model mass distribution; we label this
situation as 1. On the contrary, BCG as a separate Hernquist
profile (ahern in GLAFIC) component from the other cluster
member galaxies is labeled as 2. As for perturbations, we
consider not only external shear (pert in GLAFIC) but also
multipole perturbations (mpole in GLAFIC) of order up to 5
at most. Conveniently, labels 1-4 are used to represent which
corresponds to pert only, pert plus mpole with m ¼ 3,
pert plus mpole with m ¼ 3, 4, and pert plus mpole
with m ¼ 3, 4, 5, respectively.
We summarize all our mass models and corresponding

labels, which describe the difference of the models more
concisely, in Table II. The label mijk means the label i for
the dark matter halo, the label j for the cluster member
galaxies (BCG and other members), and the label k for
perturbations. For instance, the label m112 means that we
employ the NFW profile (anfw) to model the dark matter
halo, include BCG as one of the cluster members that are
described by the scaled Pseudo-Jaffe Ellipsoid profile
(gals), and the external shear (pert) and third-pole
perturbation [mpole(m ¼ 3)] are included. Therefore we
also note it as model m112 [anfw+gals+pert+mpole
(m ¼ 3)]. As another example, the difference of the model
m122 [anfw+ahern+gals+pert+mpole(m ¼ 3)]
with the model m112 is that we describe the BCG
separately with the Hernquist profile (ahern) instead of

treating the BCG similarly with other cluster member
galaxies by the scaled Pseudo-Jaffe Ellipsoid profile
(gals). As yet another example, the difference of the
model m222 [jaffe+ahern+gals+pert+mpole
(m ¼ 3)] with the model m122 is that the pseudo-Jaffe
ellipsoid profile (jaffe) is used to parametrized the dark
matter halo instead of the NFW (anfw) profile. If we
include an additional order of multipole perturbations to the
model m222, the new model is referred to as m223 [jaffe
+ahern+gals+pert+mpole(m ¼ 3; 4)].
In cluster strong lens modeling, it is customary to assume

positional errors that are much larger than measurement
errors of positions of multiple images, in order to take
account of the complexity of cluster mass distributions
due to e.g., substructures in clusters and the line-of-sight
matter fluctuations. For massive clusters, a typical scatter
of multiple image positions due to such complexity is
∼0.500 − 100 (e.g., [69]). Because of the lack of the guidance
on what positional errors should be assumed for SDSS
J1004þ 4112, we choose positional errors for each of our
mass models such that the value of reduced-χ2 for the best-
fitting model becomes roughly equal to one. Following
[56], we also choose smaller positional errors for quasar
multiple images than for galaxy multiple images, because
accurate quasar image positions are important for accurate
predictions of time delays between multiple images.
Table II summarizes specific positional errors that we
adopt for the 16 different lens mass models.
In our mass modeling, we have 71 observational con-

straints. Naturally, different mass models use different

TABLE II. Assumed positional errors of quasar images σq and galaxy images σg for the 16 different lens mass
models.

Label Modela σq ½00� σg ½00�
m111 anfw+gals+pert 0.12 1.2
m112 anfw+gals+pert+mpole(m ¼ 3) 0.07 0.7
m113 anfw+gals+pert+mpole(m ¼ 3; 4) 0.05 0.5
m114 anfw+gals+pert+mpole(m ¼ 3; 4; 5) 0.04 0.4

m121 anfw+ahern+gals+pert 0.07 0.7
m122 anfw+ahern+gals+pert+mpole(m ¼ 3) 0.05 0.5
m123 anfw+ahern+gals+pert+mpole(m ¼ 3; 4) 0.04 0.4
m124 anfw+ahern+gals+pert+mpole(m ¼ 3; 4; 5) 0.03 0.3

m211 jaffe+gals+pert 0.12 1.2
m212 jaffe+gals+pert+mpole(m ¼ 3) 0.09 0.9
m213 jaffe+gals+pert+mpole(m ¼ 3; 4) 0.07 0.7
m214 jaffe+gals+pert+mpole(m ¼ 3; 4; 5) 0.04 0.4

m221 jaffe+ahern+gals+pert 0.10 1.0
m222 jaffe+ahern+gals+pert+mpole(m ¼ 3) 0.08 0.8
m223 jaffe+ahern+gals+pert+mpole(m ¼ 3; 4) 0.06 0.6
m224 jaffe+ahern+gals+pert+mpole(m ¼ 3; 4; 5) 0.05 0.5

aFor Model components, anfw refers to the NFW profile for the halo, jaffe refers to the pseudo-Jaffe profile
for the halo, gals refers to being the BCG treated same as the other member galaxies, ahern refers to the
Hernquist profile for the BCG, pert refers to an external shear, mpole refers to multipole perturbations of order m.
See the text for a detailed explanation on the label.
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model parameters, and as a result the degree of freedom
(dof) is different for different mass models. For example,
for the model m111 (anfw+gals+pert) in which we use
the NFW profile to describe the dark matter halo, do not
employ the Hernquist profile to model the BCG separately
from all the cluster member galaxies, and just consider the
external shear (i.e., pert), there are 28 model parameters
and the degree of freedom is 43. For model m224 [jaffe
+ahern+gals+pert+mpole(m ¼ 3; 4; 5)] in which
the dark matter halo is parametrized by the pseudo-Jaffe
ellipsoid profile, the Hernquist profile is employed to
model the BCG, and we not only consider external shear
but also third-, fourth-, and fifth-order multipole perturba-
tions, we have 39 model parameters leaving with 32 degree
of freedom.
In our all calculations and model parameter optimiza-

tions, we use a standard χ2 minimization method imple-
mented in the GLAFIC software and estimate χ2 in the source
plane by taking the full account of the magnification tensor
at each image position (see [56]) in order to speed up the
calculations.

IV. HUBBLE CONSTANT FROM THE TIME
DELAY COSMOLOGY

Thanks to the progress of observations as well as
theoretical understanding of the lens model dependence,
time-delay cosmography has emerged as an important
independent technique to constrain the Hubble constant.
For a strong lensing system with a background quasar as a
source and a cluster as a lens, variability patterns of a quasar
for different multiple images have some time lag because of
different light paths for the different multiple images. The
time delay between image i and j is calculated as (e.g., [70])

Δtij ¼
DΔt

c
Δϕij; ð7Þ

where the time delay distanceDΔt is defined as (e.g., [24,71])

DΔt ≡ ð1þ zlÞ
DA

l D
A
s

DA
ls

; ð8Þ

with zl being the redshift of the lens,DA
l ,D

A
s , andDA

ls being
angular diameter distances from the observer to the lens,
from the observer to the source, and between the lens and the
source, respectively. Representing the angular image posi-
tion in the image plane and the angular source position in the
source plane by θ⃗ and β⃗, respectively, the Fermat potential
difference Δϕij is calculated as (e.g., [72])

Δϕij ¼ ϕðθ⃗i; β⃗Þ − ϕðθ⃗j; β⃗Þ; ð9Þ

ϕðθ⃗; β⃗Þ ¼ 1

2
ðθ⃗ − β⃗Þ2 − ψðθ⃗Þ; ð10Þ

where ψðθ⃗Þ indicates the gravitational lens potential.

Given the definition of the angular diameter distance in the
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric

DAðz1; z2Þ ¼
1

1þ z2
fK½Xðz1; z2Þ�; ð11Þ

where the spatial curvature is described by K,

fKðXÞ ¼

8>><
>>:

K−1=2 sinðK1=2XÞ; K > 0

X; K ¼ 0

ð−KÞ−1=2 sinh½ð−KÞ1=2X�; K < 0;

ð12Þ

and

Xðz1; z2Þ ¼
c
H0

Z
z2

z1

Eðz0Þdz0; ð13Þ

with the dimensionless Friedman equation being EðzÞ, the
Hubble constant is associated with time delays in the flat
Universe (K ¼ 0) as follows

H0 ¼
1

Δtij

R zl
0 Eðz0Þdz0 R zs

0 Eðz0Þdz0R
zs
zl
Eðz0Þdz0 Δϕij: ð14Þ

It is clearly seen that H0 can be constrained from the
measurements of time delays, as long as the Fermat potential
Δϕij is well constrained from lens mass modeling.
Throughout our analysis, we assume a flat Universe with
Ωm ¼ 0.3 and ΩΛ ¼ 0.7.
In practical analysis, we include H0 as a model param-

eter and vary it together with all the other model parameters

TABLE III. The Hubble constant with 68.3% confidence in-
terval and reduced-χ2 (χ2=dof) values for the 16 different lens
mass models.

Model H0 [km s−1 Mpc−1] χ2=dof

m111 71.4þ5.0
−5.0 46.7=43

m112 59.2þ1.5
−3.5 36.0=41

m113 57.5þ2.0
−3.0 41.6=39

m114 58.0þ2.0
−3.0 31.1=37

m121 71.1þ2.0
−3.0 38.2=39

m122 62.4þ3.5
−3.5 37.5=37

m123 60.9þ2.5
−2.0 38.7=35

m124 60.8þ2.0
−2.0 31.0=33

m211 88.9þ4.0
−3.0 53.8=42

m212 88.7þ3.5
−3.0 39.1=40

m213 79.5þ4.0
−2.5 38.6=38

m214 79.6þ3.0
−3.0 38.1=36

m221 76.7þ3.5
−3.5 45.8=38

m222 74.8þ3.5
−3.5 42.8=36

m223 64.2þ3.5
−3.5 39.6=34

m224 62.1þ3.0
−2.5 29.7=32
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to simultaneously fit the image positions, magnitude
differences, and time delays that are summarized in
Table I. The error on H0 is estimated by changing the H0

value around the best-fit value with a step size of
0.5 km s−1Mpc−1, and for each value of H0 we optimize
the other model parameters to obtain the best-fit χ2, and
derive the 1σ error by the range where the difference of the
best-fit χ2,Δχ2, is smaller than 1, assuming Gaussian errors.
We summarize our results in Table III and Fig. 2. We find

that the best-fit H0 values are significantly different for
different lens mass models and are much larger than the
statistical errors derived for individual lens mass models.
For instance, when the NFW profile is used to model
the dark matter halo and using the external shear to

describe the perturbation (m111), we obtain H0 ¼
71.4þ5.0

−5.0 km s−1Mpc−1. Whenmore multipole perturbations
are added, it becomes H0 ¼ 59.2þ1.5

−3.5 km s−1Mpc−1 for
m112, andH0 ¼ 57.5þ2.0

−3.0 km s−1 Mpc−1 for m113. We find
that the best-fit Hubble constant becomes smaller whenmore

FIG. 2. Top: the summary of the constraint on the Hubble
constant for all the 16 different lens mass models. Bottom: similar
to the top panel, but for assumed position errors of quasar images
σq in 16 different lens mass models with measurements of the
Hubble constant.

FIG. 3. Top: the probability distribution functions (PDFs) of the
Hubble constant for all the 16 different lens mass models (dashed),
as well as the PDF after combining all the 16 mass models with
equal weighting (solid). The vertical gray dotted lines and shaded
region indicate the median and 68.3% confidence interval for the
PDF of the combined result. Middle: similar to the top panel, but
combining all the mass models with different weighting. Bottom:
also similar to the top panel, but for 2 best mass models that best
reproduce the observed shapes of the lensed quasar host galaxy and
the lensed galaxies behind the cluster.
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multipole perturbations are added. Interestingly, this trend
appears to be common for all themassmodels we consider in
this paper, and is also seen in the bottom panel of Fig. 2.
We find that changing the halo density profile from the

NFW profile to the Pseudo-Jaffe Ellipsoid profile has a
larger impact on the resulting H0 value. For instance, we
obtainH0 ¼ 79.6þ3.0

−3.0 km s−1Mpc−1 in lens modeling com-
bination m214, which is significantly larger than H0 for
m114. Figure 2 clearly indicates that H0 values tend to be
much higher in general when the pseudo-Jaffe ellipsoid
profile is used to model the dark matter halo. Modeling the
BCG separately as the Hernquist profile also has some
impact on the result, e.g., H0 ¼ 62.1þ3.0

−2.5 km s−1Mpc−1 is
derived from m224, which is much smaller than the H0

value obtained for m214.
Combining results from these different lens mass models

require the determination of how the weight is assigned to
each lens mass model. For instance, in the analysis of SN
Refsdal [25], a weight for each mass model is assigned
based on the reproducibility of flux ratios and time delay
ratios of multiple supernova images that are not included in
the mass modeling. In our case, we cannot use the flux
ratios and time delay ratios for weighting as they are
explicitly included as model constraints. Given the lack of
the clear guidance on how to assign weights to individual
lens mass models, first we simply sum up posteriors
expð−Δχ2=2Þ of the Hubble constant from individual mass
models with equal weighting. The combined posterior
probability distribution function (PDF) of H0, as well as
PDFs for individual lens mass models, are shown in Fig. 3.
The constraint on H0 from this combined PDF is
H0 ¼ 67.5þ14.5

−8.9 km s−1 Mpc−1, which represents a weak
constraint on H0 due to the large scatter among different
lens mass models.
To see how the result depends on weighting, we next

combine all the lens mass models with weighting based on

the assumed positional errors of quasars images σq.
Specifically, we adopt the weighting value of wi ¼ 1=σ2q;i,
where σq;i are positional errors of individual mass models

quoted in Table II. With this weighting, we obtain H0 ¼
62.0þ15.7

−4.2 km s−1Mpc−1 (see Fig. 3), which represents a
slightly tighter constraint than for equal weighting. While
the slight improvement comes from the trend ofH0 with the
positional errors as shown in Fig. 2, we conclude that the
error on theHubble constant is still large evenwithweighting
based on positional errors of quasar images.
We note that the 16 lens mass models explored in this

paper do not cover the full lens model uncertainty, and
combining these 16 lens mass model results with equal
weighting or weighting with positional errors is also not
well motivated, indicating that this constraint on H0 should
be taken with caution. The multiple peaks in the PDF
indeed imply that we do not yet fully marginalize over the
full lens model uncertainty. Nevertheless, our analysis at
least suggests that the lens mass model uncertainty is quite
large for the current observational constraints and the
treatment of positional errors. These findings motivate us
to further discuss other possibilities to distinguish or
exclude some of the lens mass models to further improve
constraints on the Hubble constant.

V. POSSIBILITY OF IMPROVING HUBBLE
CONSTANT WITH ADDITIONAL CONSTRAINTS

First, it is possible that different lens mass models predict
quite different outer density profiles of the lensing cluster,
which can be constrained by weak gravitational lensing. To
explore this possibility, we calculate radial convergence and
tangential shear profiles of all the 16 different lens mass
models. Since themass distribution is not circular symmetric,
we compute the azimuthal average of the convergence at each
radius to derive radial convergence and tangential shear

FIG. 4. Radial convergence (left) and tangential shear (right) profilers for the 16 different lens mass models, which are computed
assuming the source redshift of zs ¼ 1. Gray dots with errors represent tangential shear measurements from previous weak gravitational
leasing analysis [73].
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profiles. The results shown in Fig. 4 indicate that the
convergence and tangential shear profiles are quite similar
between different lens mass models, implying that they
cannot be distinguished by weak gravitational lensing. For
comparison, we plot results from the weak gravitational
lensing analysis in Ref. [73] using Subaru Suprime-Cam
images, which indicates that measurements errors are much
larger compared with the difference of tangential shear
profiles among different models. In order to distinguish
these different models with weak lensing, we need much
improved weak lensing measurements with deep imaging
from space telescopes such as JamesWebb Space Telescope,
and hence is challenging.
In addition, we predict the shapes of lensed quasar host

galaxies and lensed background galaxies, which are shown

in Fig. 5. We find that there are obvious differences of those
shapes between different lens mass models. For instance, as
multipole perturbations increase, the arcs become more
extended in most cases. There are also notable differences
between different models to describe the dark matter halo
such that the arcs are smaller when using the pseudo-Jaffe
ellipsoid profile than using the NFW profile. In addition,
some slight differences are presented when we model the
BCG with the Hernquist profile separately. By comparing
our models predications with observations, we find that the
lens mass models m113 and m123 best match the observed
shapes of lensed quasar host galaxy and lensed galaxies.
When we restrict our mass models to m113 andm123 and

exclude the other models, the combined constraint becomes
much tighter,H0 ¼ 59.1þ3.6

−3.5 km s−1Mpc−1. The PDF ofH0

FIG. 5. The predicated shapes of the lensed host galaxy of the quasar and lensed background galaxies for all the 16 different lens mass
models. Shapes enclosed in red ellipses indicate arcs whose shapes are relatively more sensitive to the difference of lens mass models.
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for this case is also shown in Fig. 3. Again we caution that
these two mass models perhaps do not fully cover the lens
model uncertainty. However we can at least conclude that
adding constraints from shapes of lensed galaxies can greatly
help breaking degeneracies between different lens mass
models.

VI. DISCUSSIONS AND CONCLUSION

In this paper, we explore the possibility of constraining
the Hubble constant using time-delay cosmography with a
cluster-lensed quasar system. As a specific example, we
focus on the first discovered cluster-lensed quasar lens
system SDSS J1004þ 4112, in which a background quasar
is lensed into five multiple images. In addition, several
multiple images of galaxies behind the lensing cluster have
also been identified.
In order to check how the constraint on the Hubble

constant depends on the choice of the lens mass model, we
employ 16 different lens mass models in which different
assumptions on profiles of the dark matter halo, the BCG,
and multipole perturbations are made. We find that the
variation of the best-fit values of the Hubble constant is
very large among the 16 lens mass models. Interestingly,
we find that the value of the best-fit Hubble constant
decreases as the complexity of the multipole perturbation
increases, whose origin is to be understood. By summing
posteriors of the Hubble constant with equal weighting, the
combined constraint is H0 ¼ 67.5þ14.5

−8.9 km s−1 Mpc−1. We
also consider different weighting values based on positional
errors of quasar images, wi ¼ 1=σ2q;i, to obtain a slightly

tighter constraint on H0 ¼ 62.0þ15.7
−4.2 km s−1Mpc−1, which

does not represent a significant improvement.
We discuss possible ways to distinguish different lens

mass models by adding other observational constraints. We
find that there are no obvious differences in radial density
profiles and tangential shear profiles in the outer region that
can be constrained byweak gravitational lensing. In contrast,
we find that there are distinct differences in critical curves,
and also predicted shapes of quasar host galaxies as well as
other lensed galaxies. By comparing those shapes with
observations, we find that there are two models (m113
and m123) that best match the observed shapes. By combin-
ing the constraints from these two models, we obtain much
tighter constraint of H0 ¼ 59.1þ3.6

−3.5 km s−1Mpc−1. We
emphasize that our analysis with 16 mass models does not
fully cover thewhole mass model uncertainty and our results
are also dependent on how to assign weight to each mass
model. Therefore our result should be takenwith caution.We
expect that our results at least indicate that incorporating as
many lensing constraints as possible, most notably those
from shapes of lensed extended objects, is important for

obtaining tight constraints on the Hubble constant from
cluster-lensed quasar lens systems.
The importance of including constraints from extended

arcs has also been emphasized for galaxy-scale quasar lens
systems [74–76]. Our analysis indicates that this may also be
the case for the cluster-scale lens system. However, one
technical difficulty in the analysis of cluster-scale lens
systems lies in the fact that we cannot perfectly reproduced
observed image positions in cluster lens modeling, which
mainly originates from small-scale matter distributions that
cause random scatter in multiple image positions. In the
presence of significant mismatches of image positions
between model predictions and observations, it is not
obvious how to rigorously incorporate such shape informa-
tion in lens modeling, because we cannot simply conduct
pixel-by-pixel fitting of lensed arc shapes. How to efficiently
and rigorously include such extended arc information in
cluster strong lens modeling, which requires understanding
of how such small-scale matter distributions not only affect
their positions but also their shapes, is an open question,
which needs to be overcome for turning cluster-lensed quasar
systems into useful and accurate probe of the Hubble
constant. In order to obtain accurate constraints on the
Hubble constant from time delays, accurate and realistic
error bars on time delays are also important.
A caveat is that the situation could be different for more

massive clusters (e.g., MACS J1149þ 2223) where there
are many more multiple images, typically more than 100, to
tightly constrain lens mass distributions. The large mass
model dependence for SDSS J1004þ 4112 may originate
from the small number of multiple images that we can use.
Deep imaging of cluster-lensed quasar systems with e.g.,
James Webb Space Telescope may increase the number
of multiple images for SDSS J1004þ 4112 and other
cluster-lensed quasar systems, which can help reduce the
lens mass model dependence on the Hubble constant
measurement.
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