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We study a scattering problem of gravitational waves (GWs) by an axion domain wall in Chern-Simons
(CS) gravity. We find that a circular polarization of GWs is produced after passing through the domain wall.
It turns out that the circular polarization is sizable if the frequency of the GW is comparable to a critical
value determined by the characteristic CS length scale and the energy scale of the axion domain wall. Thus,
observations of the circular polarization could give a stringent constraint on the characteristic CS length

scale or could be a new avenue to search for axions.
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I. INTRODUCTION

Gravitational waves (GWs) are a useful probe of new
physics. In string theory, axions [1-4] or axionlike particles
(ALPs) [5] are ubiquitous. We call the ALPs axion hereafter.
Since the axion is pseudoscalar, it typically couples with
GWs through Chern-Simons (CS) term [6,7]. If the axion
has an expectation value, the CS term often induces circular
polarization of GWs [8]. For example, axion inflation in
CS gravity can produce circularly polarized primordial
GWs [9], and the circular polarization is shown to be
enhanced in the presence of the Gauss-Bonnet term [10],
violation of the null-energy condition [11], or bouncing
universe [12]. The axion is also a candidate for dark
matter [13-15]. Studies of circular polarization of GWs
propagating in homogeneous axion dark matter are initiated
in [16,17] but it was pointed out that the circular polarization
is not large enough by using LIGO data or in a realistic halo
profile by subsequent studies [18-20]. In this paper, we
investigate circular polarization of GWs passing through a
domain wall which consists of the axion. In this case, the
axion becomes inhomogeneous in the background in con-
trast to the cosmological homogeneous axion studied so far.
We analyze a scattering problem and study how the axion
domain wall induces the circular polarization of GWs.

The formation of domain walls in the early Universe is
an important phenomenon [21]. When the Peccei-Quinn
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(PQ) symmetry is spontaneously broken after inflation,
domain walls are formed [22]. The energy density of the
domain walls formed in such scenarios is of the order of
10° ~ 10'2 GeV [23,24]. However, since their energy
density decays too slowly relative to the energy density
of the surrounding matter, they overclose the universe [25].
This is a notorious domain wall problem. On top of the
domain wall problem, cosmic microwave background
(CMB) observations give a stringent constraint on the
surface energy density of domain walls ¢ < (0.93 MeV)?
at the 95% confidence level for the standard A-CDM
cosmology [26]. Thus, the domain walls formed via the
spontaneous breaking of the PQ symmetry after inflation
seem to be ruled out by the CMB observation.

However, several ideas to resolve the domain wall
problem are proposed. For instance, one can simply
consider preinflationary breakdown of the PQ symmetry.
In [27], the authors consider a tilt of the potential or biased
initial conditions. Interestingly, in the scenario [28,29], the
domain wall does not have the domain wall problem
because the energy density of the domain wall decreases
faster than that of radiation.

Let us consider the domain walls from the perspective of
CS gravity. The coupling constant between axions and CS
gravity is a free parameter from the theoretical point of
view. On the other hand, the strength of the coupling can be
constrained by measurements of the frame dragging of
objects orbiting the Earth [30] or by observations of
double-binary pulsars [31]. The authors in [32] analyzed
the measurements of frame-dragging effects around the
Earth by Gravity Probe B in the case of massless axions and
gave the upper bound of the characteristic CS length scale ¢
suchas # <1 AU ~ 10® km. We here point out that there is
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no constraint on the strength of the coupling in the case of
massive axions.

In this paper, we consider massive axions coupled to the
CS gravity under the assumption that the axion domain
wall with the surface energy density o ~ (1 MeV)? exists
within the cosmological horizon at present. We then
evaluate the circular polarization of GWs when they pass
through the domain wall. Then, we argue the observability
of the circular polarization in this setup, and discuss the
implications of circular polarization for the coupling
constant between the axion and CS gravity. If the circular
polarization is observed, it would be a new avenue to search
for axion.

The paper is organized as follows. In Sec. II, we present the
setup and derive the equation of motion (EOM) of GWsin CS
gravity. In Sec. III, we solve the EOM of GWs passing
through the domain wall. In Sec. IV, we discuss phenom-
enological implications. In particular, we argue how to
constrain the coupling constant. The final section is devoted
to conclusion. In the Appendix, the derivation of basic
equations is shown. We work in the natural unit: 24 = ¢ = 1.

II. GWs PASSING THROUGH A DOMAIN WALL
IN CS GRAVITY

In this section, we consider GWs propagating in the
background of an axion domain wall. We first present a
background solution of the axion domain wall and then
consider the GWs in the background.

A. Axion domain wall background
The action of the axion field ¢ is given by

S=- / d*x\/=g B 0,0 + v(¢)], (2.1)

where V(¢) is a double-well potential with two minima
located at ¢p = +# such as

IS

Vig) =7 (@ —n*), (2.2)

where A is a coupling constant and the axion mass is v/A7.
Note that the action is parity even because of the quadratic
form of the ¢ even if the ¢ is pseudoscalar. We assume that
the domain wall is static and planar. Then, without loss of
generality, the planar domain wall is assumed to be in the
(x,y)-plane and it is orthogonal to the z-axis. In this case,
the variation of the action (2.1) with respect to ¢ gives

d2
20 i@ -t @3
Z
If we impose the boundary condition
P(£o0) = 41, (2.4)

the solution is given by [21]

¢(z) = ntanh <\/%11z).

By using this solution, the surface energy density is
calculated as

(2.5)

6= / dz(z) ~ V. (2.6)
In the next subsection, we consider the situation in which
GWs propagate in the z-direction and cross the domain
wall. In our setup, we ignore the backreaction of the
domain wall to the spacetime.

B. Gravitational waves in Chern-Simons gravity

Let us consider GWs in the Minkowski space expressed
by the tensor mode perturbation in the three-dimensional
metric,

ds* = —dr* + (8;; + hj;)dx'dx/, (2.7)

where §;; are Kronecker delta. The metric perturbation
h;; satisfies the transverse traceless gauge conditions
h';; =h'; =0. The indices (i,j) run from 1 to 3, and
(1,2,3) = (x,,2).

The action we consider is Chern-Simons gravity
expressed by

M3 M2 .
S:TP/d4x,/—gR+%/d4x,/—g¢RR, (2.8)

where M3 = 1/(8zG), ¢ is a length scale characterizing
the coupling strength between the axion field and Chern-
Simons gravity which refers to as the characteristic CS
length scale in the following and RR = 1/2¢/°% R* (5R s
Here, the four-dimensional Levi-Civita tensor &”°% is
defined by ¢”'* = —1/,/=g. Note that the action is parity
invariant because the parity-odd Chern-Simons gravity RR
couples with the pseudoscalar ¢. Substituting the metric
Eq. (2.7) into the action Eq. (2.8), we obtain the action of
quadratic form of A;;,

2 M3 i,
S _?P/d4x|:hljhij_hl,],khij’k

2 U .
- ﬁeld{az(ﬁ{hmihkm + him,f(hfk'm - hmkf)} )
p

(2.9)

where a dot denotes the derivative with respect to the time and
€'k is a three-dimensional Levi-Civita symbol. Note that ¢
depends only on z. The variation of the action with respect to
h;; gives the equation of motion for GWs in CS gravity,
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. 2 ..
Okl = i gzzk[¢/D +¢//az]h_[k
p
2

4 . iy
+ e PO+ @0 iy,

2.10
i (2.10)

where a prime denotes the derivative with respect to z. Since
we assumed that GWs propagate along the z-axis,
the wave vector is expressed as k* = (w,0,0,w) in the
asymptotic region. We introduce the polarization tensors for
the right-handed and left-handed circularly polarized modes
as

1 i 0 1 =i 0
egf)z i =1 0/, e§jL>: -i =1 0
0O 0 O 0O 0 O
(2.11)
Note that we have relations
ez”keg,f) = iegllf), ezpkel(-,l;) = —iel(-,f). (2.12)

Using these polarization tensors, the GWs can be decom-
posed into the amplitude and the polarization such as
R L
hij(1.2) = hg(t.2)el]) + hy(t.2)ely),  (2.13)
where hg(t,z) and hy (¢, z) are the amplitude of the right-

handed and left-handed modes respectively. Substituting
Eq. (2.13) into Eq. (2.10), we obtain

2 :
Ohgy(t.2) = ilﬁ ("0 + ¢"0 | hg (2, 2).
P

(2.14)

The 4 correspond to the right-handed and the left-handed
mode, respectively. By using the time translation symmetry
in Eq. (2.14), we can write them by the Fourier mode
hg;i(t.z) = Hgyp(z)e™". Then Eq. (2.14) is written as

w?? w??
(1 + prf’/) Hy, + de’”H;e/L

2
+w2<1ﬂ:%¢’>HR/L =0. (2.15)
M,

Apparently, right-handed and left-handed modes obey differ-
ent equations. Thus, the circular polarization is expected to
be produced after passing through the domain wall.
Curiously, the above equations have been derived in the
context of condensed matter physics [33].

III. CIRCULAR POLARIZATION INDUCED
BY A DOMAIN WALL

In this section, we derive the effective potential for the
GWs. Then we give a formula of reflection coefficients,
transmission coefficients, and circular polarization.

A. Effective potential for GWs
If we change the variables in Eq. (2.15) such as

wt? _ fR/L(Z)
Vp HR/L(Z) = FO)

. (3.)

we obtain the canonical form of Eq. (2.15) given by
d?
[— > T Veff(Z)] friL = @ fryL.

s (3.2)

where we can read off the effective potential V(z) of the

form
1 (F\2 1F"
Veir = =7 (—) + (3.3)

4\ F 2F°
where ¢(z) in F(z) is given by (2.5). The effective potential
for right-handed and left-handed circular polarizations is
depicted in Fig. 1 where the value of the potential vanishes
to the far left (region:I) and far right (region:II). Thus, there
is no distinction between fr,;(z) and Hg, (z) in these
regions because F(z) = 1.

B. Reflection and transmission coefficients

We now consider an incident wave from the region I
which is scattered by the potential according to Eq. (3.2).
Since the potential vanishes in regions I and II, we can
express the solution of Eq. (3.2) as

f/% +Re/1L % (region:1I)

frie(2) = { . (B4

ioz
e

TR/L \/T_w (region . II)

where R/, and 7 g/, are the reflection and transmission
coefficients. In order to obtain the transmission coefficient

FT T T |
i E E — : Right A
3 b E E — : Left
2t i i |
= | : : ]
~®  t region: I | i region : II
s i | ]
i /\“J(’F
-10 -5 0 5 10
Z
FIG. 1. The effective potentials V(z) are depicted for right-

handed and left-handed circular polarization modes. The param-
eters are set to be = 0.9, 1 = 2, and wfz/Mp = 1. We see the
potential vanishes in the asymptotic region I and II.
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T g1, we need to solve Eq. (3.2) from the region z <0
numerically. However, the reflection coefficient Rp/; in
z < 0 is unknown a priori, so we consider two auxiliary
problems. One is to consider an incident wave e?//2w
from the far left in region I and a solution of Eq. (3.2) in
region II. The other is to consider a wave =% /\/2w that
moves backward in z in region I and a solution of Eq. (3.2)
in region II. That is,

ioz

rs (region:I)
fg;;i(z) = (+) oz (+) gmio: . ’ (3'5)
AriL g T BriL oy (region:1I)
o e\;% (region:I)
fR/L(Z> = () i (=) gmioe ) - (3.0
ApiL s+ BriL 5 (region:II)

We can construct the solution f/; of the original problem
Eq. (3.4) as a superposition of the solutions fgj/)L and fge_/)L-
If we impose the condition that no wave from the far right
by multiplying it by —BE;;)L / B%_/)L, we can consider an
incoming wave ¢“*/\/2@ and a wave that moves back-
wards toward the far left —(ng/i / B;;L)e‘iwz /v2@. Then

the reflection and transmisson coefficients in Eq. (3.4) can
be obtained as

_Brn By
R/L BR/L

Defining the mode function as v(z) = e~ /+/2w, we can

deduce Aﬁei/)L and B;i/)L as follows:

A LCTE O ACLICINIER)
By =il @F 1 @) = @' @) (39)

where an asterisk denotes the complex conjugate. The
degree of the circular polarization is defined as

| Tr” = 1T,

NM=—————.
[ TrI>+ 1T,

(3.10)

IV. IMPLICATIONS FOR COSMOLOGY

We are now in a position to discuss implications for
cosmology. First, we need to clarify the condition that
a sizable circular polarization of GWs can be produced.
From Eq. (2.15), we see that the CS correction to the
Einstein gravity comes in the form of w#?¢’' /M p- Since the
CS gravity has to be small relative to the Einstein gravity,
the CS correction has to satisfy

— 77— 77— T——T— 77—

1.0[ ]
0.8} ]
0.6 ]
B ]
0.41L ]
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w/w,

FIG. 2. The plot of the degree of the circular polarization as a
function of frequency normalized by the critical frequency. Here,
M, =10"® GeV, # =10% km, n = 1 MeV, and 1 = 2, thereby
o, = 107! eV are used. The CS gravity is valid as long as
o/w. < 1. As w/w,. approaches the 1, the degree of circular
polarization increases.

w2 \/E \/Z ¢ \/E
= Zsech?| 4/= <—wn* /=<1,
4’) M, wn 2sec znz =M, wn 5 <

(4.1)

where we used Eq. (2.5). The critical frequency @, is
obtained from the last inequality

M, 2

s (4.2)

W, =

In Fig. 2, we plotted the degree of the circular polari-
zation I for the parameters # = 10% km, = 1 MeV, and
A= 2. We see that a sizable circular polarization can be
produced. In particular, it becomes maximum when the
frequency of GWs satisfies @ = w,., that is, when the CS
correction gets comparable to Einstein gravity.

The domain wall surface energy density is constrained as
o < (MeV)? by the CMB power spectrum [26]. Then we
find n ~MeV at most by using Eq. (2.6). In [28], the
authors consider a model where the domain wall tension
decreases with the expansion of the Universe and satisfies
this constraint. If we assume the coupling constant v/4 ~
O(1) and use M, = 10'® GeV, the constraint of Eq. (4.1) is
written as

wt? < 108 eV, (4.3)
Since the characteristic CS scale ¢ is free from con-
straints by observations in our model of massive axion,
let us take £ ~ 10% km just for reference. Then Eq. (4.3)
gives w, ~ 1072! eV ~ 1 uHz. We should observe circular
polarization around . ~ 1 pHz. If the circular polarization
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was not observed, it would mean that £ has to be smaller than
10® km. Repeating this procedure by decreasing £, we can
get more stringent constraints on #. Note that decreasing ¢
corresponds to increasing w,.. If the circular polarization of
GWs was observed at a frequency, say o, = 10 GHz, it
would imply the existence of domain walls and the character-
istic CS scale is around 1 km. Then, it will be important to
probe such high frequency GWs [34—40].

Although we supposed that GWs are scattered by the
domain walls at present, the scattering could have occurred
in the early Universe. If so, the GWs having passed through
the domain wall should be red shifted at present. Then we
need to take into account that the frequency w of the GWs
becomes higher in the past. Thus, we would be able to
obtain a stronger constraint on £ using Eq. (4.3). It would
be also worth studying circular polarization of primordial
GWs from the point of view of searching axion. Future
space observations [41] would be desired for this purpose.

V. CONCLUSION

In this paper, we studied the circular polarization of GWs
in a massive axion domain wall background. We first
derived the EOM for the GWs in CS gravity. We solved the
EOM numerically and evaluated the degree of the circular
polarization. We found that the degree of the circular
polarization depends on the frequency of the GW and
increases as the characteristic CS length scale £ becomes
larger. When the effect of the CS correction becomes
significant compared to Einstein gravity, the degree of the
circular polarization becomes maximum. Depending on the
value of the coupling strength of CS gravity ¢, we may
be able to observe the circular polarization that arose out of
the axion domain walls. If it happened, observation of the
circular polarization would provide us the information
about CS gravity and a new avenue to search for axions.

If the circular polarization of GWs is found in a large
solid angle of the sky, the origin of the circular polarization
could be a condensation of the massive axion that consists
of the domain wall. To be consistent with CMB observa-
tions, we need to assume that the energy scale of the
domain wall 7 is less than 1 MeV. We argued that we can
obtain new constraints on the characteristic CS length scale
in CS gravity that consists of massive axion by searching
for the circular polarization of the high frequency GWs.
Indeed, it would turn out that the massive axion exists and
the CS gravity with £ ~ 1 km holds if the circular polari-
zation of GWs around 10 GHz was observed.
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APPENDIX A: QUADRATIC ACTION
OF GWs IN CS GRAVITY

We derive the quadratic action of CS gravity (2.9). Up
to second order in h, the metric an its inverse can be
expressed as

gij = 0ij + hij.
gij = 511 - hl] + hilhil.
The second order perturbations of Chern-Simons term is
given by
~ 1

[\/:gd)RR] @ = 5 \/:_§¢€/)6(lﬁ [Rm/aﬁRu/Apa} @

= 20pe 7 ([2R0 10, R 1] @) 4[RO 1, R™ ] 2)),

(A3)

where the superscript (2) denotes the second order pertur-
bation. Since the background is Minkowski spacetime, in
the transverse traceless gauge, we obtain

ellk [2ROiOmR0mjk] @ = ‘9ijkhmk-j}iim’ (A4)
glik [Roillemjk] @ = 5ijkhim,l(hlk'm’j - hmk’l’j)' (AS)
It is straightforward to show the following identity
28[jk(hmk,jhim + him,lhlkquj - h"m~lhmk.1'j)
= 8ijkat(hmk,jhim + him,lhlk’msj - him’lhmk.l’j)
+ Sijkaf(}imihkm + ];lim,lhlk’m - himslhmk.l)' (Aé)

The reason that the action is expressed in terms of total
derivatives is that the CS term is a topological term. In other
words, the CS term appears when there is a coupling field
¢. Thus, the quadratic action reads

2 M, >
SCS: £

[ astv=merr)

/ d*x[pe'i*o,
X (" jhim + i 1™ = B th™ ;)
+ ¢8ijkaj(hmihkm o+ Dy B ™ = gy "))

M, ? )
-2 [ axoes

X (W™ ihg + BB ™ = By ™).

M,

(A7)
where we used the fact ¢ depends only on z.

APPENDIX B: EQUATION FOR GWs
IN CS GRAVITY

Now, we derive EOM from the quadratic action. Taking
the variation of the action (2.9) with respect the metric

perturbation h;;, we obtain
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L . )
Oh) == e (0.0 + G20, ) + (i< ) (B1)
p
or
Ohil = ——* (@O + ¢"0.) Wi + (i < j),  (B2)
oM,

where [ denotes the d’Alembert operator, and prime
denotes the derivative with respect to z.

APPENDIX C: EFFECTIVE POTENTIAL

We derive the effective potential (3.3). Substituting
H(z)g/ = x(2)f(z)g/, into the Eq. (2.15), we obtain,

x/ F/ x// F/x/
f"+<2;+F>f'+<7+f;+w2)f:°’ ()

where F = 1 + wf*¢//M,, and the indices R/L are omit-
ted. In order to transform (Cl1) into the form of
Schrodinger-type equation, the coefficients of f/ must
vanish, hence we have

x' 1F
PR (€2)

Without loss of generality, this can be solved as x = 1/+/F.
Substituting (C2) into (C1), we obtain

? 1[/F\2 1F
[‘@‘Z(f) +§7]f=w2f. (€3)
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