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We discuss the production of primordial gravitational waves (GW) from radiative inflaton decay during
the period of reheating, assuming perturbative decay of the inflaton either into a pair of bosons or fermions,
leading to successful reheating satisfying constraint from big bang nucleosynthesis. Assuming that the
inflaton ϕ oscillates in a general monomial potential VðϕÞ ∝ ϕn, which results in a time-dependent inflaton
decay width, we show that the resulting stochastic GW background can have optimistic detection
prospects, especially in detectors that search for a high-frequency GW spectrum, depending on the choice
of n that determines the shape of the potential during reheating. We also discuss how this GW energy
density may affect the measurement of ΔNeff for bosonic and fermionic reheating scenarios.
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I. INTRODUCTION

The primordial gravitational wave (GW) is an essential
cosmic relic that can provide direct insight into the
unknown physics of the early universe. It can potentially
originate from various processes, viz. quantum fluctuations
during inflation, particle production during preheating,
or oscillations of cosmic string loops, as discussed, for
example, in Refs. [1,2]. Recently, Refs. [3–6] have high-
lighted the possibility of a stochastic GW background
generated by the radiative decay of inflatons during the
reheating period. This phenomenon results from the irre-
ducible interaction of gravitons, quantum fluctuations
emerging over the classical background, with all matter
fields. As a consequence, graviton bremsstrahlung becomes
an inevitable process.1 Although the amplitude of this GW
spectrum is suppressed by the Planck scale due to the

minimal coupling with gravity, it could still be detected in
future high-frequency GW detectors such as resonant
cavities [10–12], as illustrated in Ref. [6]. We refer the
reader to Ref. [13] for a recent review on the detection
prospects of high-frequency GWs.
It is generally assumed that the (p)reheating period [14]

is preceded by a cosmic inflationary epoch [15–18] in
which the inflaton ϕ slowly rolls along a plateau on its
way to the minimum of the scalar potential. The cosmic
reheating period (coherent oscillations around the mini-
mum) can be approximated by different inflaton potentials
VðϕÞ.2 In this article, we go beyond the previous results
in Refs. [3,4,6] and consider general monomial potentials
ϕn for the inflaton during reheating. Such potentials
can naturally arise from, for example, the α-attractor
T- and E-model [20–22], or the Starobinsky inflationary
model [15,23–25].
As the inflaton oscillates in a monomial potential ϕn

during reheating, its equation of state (EoS) w ¼ ðn − 2Þ=
ðnþ 2Þ depends on the shape of the potential, while the
decay width of the inflaton develops a time dependence for
n ≠ 2 [26–33]. We consider the inflaton to perturbatively
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1We notice that thermal fluctuations in the Standard Model
(SM) plasma could trigger a similar process [7–9].

2Notice that the slow-roll inflationary models ϕn with n ¼ 2, 4
that are assumed to be valid for both inflation and reheating
periods are disfavored by Planck constraints [19] on the scalar
index ns and the tensor-to-scalar ratio r for cosmological density
perturbations.
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decay into either bosonic or fermionic final states, and in
each case, we compute the GW energy density originating
from the graviton bremsstrahlung process. We find that the
detection prospect of such high-frequency stochastic GW is
crucially dependent on the choice of n. For the bosonic
reheating scenario, the spectrum can be significantly
boosted for n > 2, while such a boost is less prominent
in the case of fermionic reheating. We also compute the
upper bound on the GW energy density at the time of big
bang nucleosynthesis (BBN) and the cosmic microwave
background (CMB) decoupling, in terms of ΔNeff , which
constrains the number of relativistic degrees of freedom
tolerated at those cosmic epochs. However, we find that the
current or even future measurements of ΔNeff hardly put
any bound on the GW energy density in the present
scenario.
The paper is organized as follows. In Sec. II we briefly

go through the underlying model that gives rise to different
decay channels. Details of the reheating with a monomial
potential are elaborated in Sec. III. We then compute the
primordial GW spectrum from gravitational bremsstrah-
lung during reheating in Sec. IV, and discuss its detection
prospects in Sec. V. Finally, we summarize our results and
draw conclusions in Sec. VI.

II. THE SETUP

Here, we briefly discuss the underlying interaction
Lagrangian that gives rise to the relevant decay widths for
the inflaton. The particle physics framework of the present
analysis is entirely based on the model in Ref. [6]. For
two-body decay processes, we consider trilinear inter-
actions between the inflaton ϕ and a pair of complex
scalar doublets φ (e.g. the Higgs boson doublet) or a pair
of vectorlike Dirac fermions Ψ. The corresponding
Lagrangian density reads

Lint ⊃ −μϕjφj2 − yψ Ψ̄Ψϕ: ð2:1Þ

The interaction strengths are parametrized in terms of the
couplings μ and yψ , respectively. Note that μ is a dimen-
sionful coupling. On the other hand, when expanding the
metric gμν around a flat spacetime, gμν ≃ ημν þ 2

MP
hμν,

we end up with gravitational bremsstrahlung processes
involving massless graviton final states via the interaction
of the form [34]

ffiffiffiffiffiffi
−g

p
LðgÞ
int ⊃ −

2

MP
hμνTμν; ð2:2Þ

where hμν refers to the graviton field that appears as a
quantum fluctuation on the flat background, and Tμν

represents the energy-momentum tensor that involves
matter particles in the theory. Here MP is the reduced
Planck mass. The interactions in Eqs. (2.1) and (2.2) give

rise to 2- and 3-body decays of the inflaton into pairs of φ
and Ψ, along with the radiative emission of a massless
graviton. The 3-body decay processes are of present
interest, as they are the source of the stochastic GW back-
ground. Full expressions of the differential 3-body decay
rates are reported in Appendix A.

III. REHEATING DYNAMICS

In this section, we closely follow Ref. [31] and revisit the
details of reheating through bosonic and fermionic decays,
considering the evolution of the energy densities of the
inflaton and radiation. We consider the postinflationary
oscillation of the inflaton ϕ at the bottom of a monomial
potential VðϕÞ of the form

VðϕÞ ¼ λ
ϕn

Λn−4 ; ð3:1Þ

where λ is a dimensionless coupling and Λ an energy scale.
Now, the equation of motion for the oscillating inflaton
field reads [35]

ϕ̈þ ð3H þ ΓϕÞϕ̇þ V 0ðϕÞ ¼ 0; ð3:2Þ

whereH denotes the Hubble expansion rate, Γϕ the inflaton
decay rate, dots ð̇ Þ derivatives with respect to time, and
primes ( 0) derivatives with respect to the field. Defining the
energy density and pressure of ϕ as ρϕ ≡ 1

2
ϕ̇2 þ VðϕÞ and

pϕ ≡ 1
2
ϕ̇2 − VðϕÞ, together with the EoS parameter w≡

pϕ=ρϕ ¼ ðn − 2Þ=ðnþ 2Þ [35], one can write the evolution
of the inflaton energy density as

dρϕ
dt

þ 6n
2þ n

Hρϕ ¼ −
2n

2þ n
Γϕρϕ: ð3:3Þ

During reheating aI ≪ a ≪ arh, where a is the scale factor,
the term associated with expansion, that is, Hρϕ typically
dominates over the interaction term Γϕρϕ. Then it is
possible to solve Eq. (3.3) analytically, leading to

ρϕðaÞ ≃ ρϕðarhÞ
�
arh
a

� 6n
2þn

: ð3:4Þ

Here, aI and arh correspond to the scale factor at the end of
inflation and at the end of reheating, respectively. Since the
Hubble rate during reheating is dominated by the inflaton
energy density, it follows that

HðaÞ ≃HðarhÞ ×
(�arh

a

� 3n
nþ2 for a ≤ arh;�arh

a

�
2 for arh ≤ a:

ð3:5Þ

At the end of the reheating (that is, at a ¼ arh), the energy
densities of the inflaton and radiation are equal, ρRðarhÞ ¼
ρϕðarhÞ ¼ 3M2

PHðarhÞ2. Note that to avoid affecting the
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success of BBN, the reheating temperature Trh must satisfy
Trh > TBBN ≃ 4 MeV [36–41]. The evolution of the SM
radiation energy density ρR, on the other hand, is governed
by the Boltzmann equation of the form [27]

dρR
dt

þ 4HρR ¼ þ 2n
2þ n

Γϕρϕ; ð3:6Þ

where it is implicitly assumed that during reheating the
inflaton energy density is transferred to the radiation energy
density. Using Eq. (3.4), one can solve Eq. (3.6) and further
obtain

ρRðaÞ ≃
2

ffiffiffi
3

p
n

2þ n
MP

a4

Z
a

aI

Γϕða0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ρϕða0Þ

q
a03da0: ð3:7Þ

Note that here a general scale factor dependence of Γϕ has
been assumed, which may arise, for example, from the
field-dependent inflaton mass. In the present setup, the
effective mass MðaÞ for the inflaton can be obtained from
the second derivative of Eq. (3.1), which reads

MðaÞ2 ≡ d2V
dϕ2

¼ nðn − 1Þλ ϕ
n−2

Λn−4

≃ nðn − 1Þλ2
nΛ

2ð4−nÞ
n ρϕðaÞn−2n ; ð3:8Þ

or equivalently,

MðaÞ ¼ Mrh

�
arh
a

�3ðn−2Þ
nþ2

; ð3:9Þ

where

Mrh ≡MðarhÞ ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn − 1Þ

p
λ
1
nΛ4−n

n
�
3M2

PH
2ðTrhÞ

�n−2
2n :

ð3:10Þ
It is interesting to note that for n ≠ 2, M has a field
dependence that, in turn, would lead to an inflaton decay
rate with a scale factor (or time) dependence.
Before moving further, we would like to note that the

potential in Eq. (3.1) can naturally arise in a number of
inflationary scenarios, for example, the α-attractor T- or
E-models [20–22], or the Starobinsky model [15,23–25].
Now, given a particular inflationary model, for example, in
α-attractor T-model [20,21]

VðϕÞ ¼ λM4
P

	
tanh

�
ϕffiffiffiffiffiffi

6α
p

MP

�

n
≃ λM4

P

×

(
1 for ϕ ≫ MP;�

ϕffiffiffiffi
6α

p
MP

�
n

for ϕ ≪ MP:
ð3:11Þ

The overall scale of the potential parametrized by the coup-
ling λ can be determined from the amplitude of the scalar
perturbation power spectrum AS ≃ ð2.1� 0.1Þ × 10−9 [19],

λ ≃
18π2αAS

6n=2N2
⋆

; ð3:12Þ

whereN⋆ is the number of e-folds measured from the end of
inflation to the time when the pivot scale k⋆ ¼ 0.05 Mpc−1

exits the horizon. Furthermore,Mrh no longer remains a free
parameter, as it is fixed by λ and Trh. However, we keep our
discussion as general as possible and do not consider any
particular underlying inflationary potential. With this prem-
ise, we now move on to the discussion of two reheating
scenarios, where the reheating is completed via inflaton
decays either into a pair of bosons or into a pair of fermions
[cf. Eq. (2.1)].

A. Fermionic reheating

We first consider the scenario where the inflaton decays
into a pair of fermions via the Yukawa interaction in
Eq. (2.1), with a decay rate

ΓϕðaÞ ¼
y2eff
8π

MðaÞ; ð3:13Þ

where the effective coupling yeff ≠ yψ (for n ≠ 2) is obtained
after averaging over several oscillations [27,42,43]. The
evolution of the SM energy density [Eq. (3.7)] in this case
becomes [31]

ρRðaÞ≃
3n
7−n

M2
PΓϕðarhÞHðarhÞ

�
arh
a

�6ðn−1Þ
2þn

	
1−

�
aI
a

�2ð7−nÞ
2þn



;

ð3:14Þ

and, therefore, the temperature of the SM bath evolves as

TðaÞ ≃ Trh

�
arh
a

�
α

; ð3:15Þ

with

α ¼
 3

2
n−1
nþ2

for n < 7;

1 for n > 7:
ð3:16Þ

Trading the scale factor with temperature, the Hubble
expansion rate during reheating [cf. Eq. (3.5)] can be
rewritten as

HðTÞ ≃HðTrhÞ
�

T
Trh

� 3n
2þn

1
α

: ð3:17Þ

Note that, for the case with n ¼ 2 where the inflaton
oscillates in a quadratic potential with an EoS parameter
w ¼ 0, the standard dependences with the scale factor
ρRðaÞ ∝ a−3=2 and TðaÞ ∝ a−3=8 are reproduced.
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B. Bosonic reheating

Alternatively, if inflatons only decay into a pair of bosons
through the trilinear scalar interaction in Eq. (2.1), the decay
rate is instead

ΓϕðaÞ ¼
μ2eff

8πMðaÞ ; ð3:18Þ

where again the effective coupling μeff ≠ μ (if n ≠ 2) can be
obtained after averaging over oscillations. Using a procedure
similar to the previous fermionic case, one sees that the SM
energy density scales as [31]

ρRðaÞ≃
3n

1þ2n
M2

PΓϕðarhÞHðarhÞ
�
arh
a

� 6
2þn
	
1−

�
aI
a

�2ð1þ2nÞ
2þn



;

ð3:19Þ

with which the SM temperature and the Hubble rate evolve
as Eqs. (3.15) and (3.17), respectively, with

α ¼ 3

2

1

nþ 2
ð3:20Þ

during reheating. As before, we reproduce the results of the
oscillation in a quadratic potential for n ¼ 2. Note that for
n > 2 the radiation energy density is diluted faster in the
case of fermionic reheating than in bosonic reheating. As an
example, for n ¼ 4, the radiation energy density decreases as
ρR ∝ a−3 for fermionic and ρR ∝ a−1 for bosonic reheating,
respectively. It is important to briefly discuss the qualitative
behavior of the two reheating scenarios. As we have already
noticed, the inflaton decay width into fermionic final states
∝ MðaÞ, while for bosonic final states the decay width
∝ 1=MðaÞ. Since the inflaton mass MðaÞ is a decreasing
function of time, the reheating process becomes more
efficient over time for the bosonic final states than for the
fermionic final states for n > 2.
Finally, we would like to mention that for n≳ 8 (or

equivalently ω≳ 0.65), purely gravitational reheating
becomes important [44–47] and may dominate over per-
turbative reheating for certain choices of the inflaton-
matter couplings, as shown in Refs. [44,47]. Typically,
for ω≳ 0.65, gravitational reheating alone can be sufficient
to reheat the Universe, without requiring any contribution
from perturbative reheating.3 Since we are interested in the
perturbative reheating scenario, in the subsequent analysis
we shall therefore consider n < 8.

IV. GRAVITATIONAL WAVES FROM GRAVITON
BREMSSTRAHLUNG

After production via the bremsstrahlung process,
gravitons propagate and constitute a stochastic GW back-
ground. In this section, we compute the contribution to the
effective number of neutrinos Neff and the GW spectrum,
considering bosonic and fermionic reheating scenarios. To
do that, we first write down the Boltzmann equations for
the inflaton, SM radiation, and GW energy densities as

dρϕ
dt

þ 6n
2þ n

Hρϕ ¼ −
2n

2þ n

�
Γð0Þ þ Γð1Þ�ρϕ; ð4:1Þ

dρR
dt

þ 4HρR ¼ þ 2n
2þ n

Γð0Þρϕ

þ 2n
2þ n

Z
dΓð1Þ

dEω

M − Eω

M
ρϕdEω; ð4:2Þ

dρGW
dt

þ 4HρGW ¼ þ 2n
2þ n

Z
dΓð1Þ

dEω

Eω

M
ρϕdEω; ð4:3Þ

where Eω corresponds to the graviton energy at the moment
of production, Γð0Þ to the 2-body inflaton decay width in
Eqs. (3.13) and (3.18), and Γð1Þ to the 3-body decay width
in Eqs. (A1) and (A4).4 We note that, for n ¼ 2, these
equations reproduce those presented in Ref. [6] where a
quadratic potential was assumed. The Hubble expansion
rate is given by

H2 ¼ 1

3M2
P
ðρϕ þ ρR þ ρGWÞ: ð4:4Þ

Note that ðM − EωÞ=M and Eω=M correspond to the
fractions of inflaton energy injected into SM radiation
and GWs, respectively.

A. Contribution to ΔNeff

When the production of gravitons terminates after
reheating, the GW energy density redshifts as a−4, mim-
icking that of SM radiation. As a result, GW itself acts
as an additional source of radiation with the potential to
alter the prediction of BBN. Thus, an excess of the GW
energy density around T ∼MeV can be restricted by
considering the (present and future) limits on ΔNeff from
CMB and BBN. From Eqs. (4.2) and (4.3), it follows that
the evolution of the ratio GW to SM radiation energy
density is

3Such scenarios, however, are severely constrained from
inflationary GW overproduction [48–50].

4We note that the 2-to-2 process inflatonþ ψ → gravitonþ ψ
(with ψ being a decay product of inflaton) has the same topology
as the 3-body decay. However, the contribution of the 2-to-2
process is subdominant compared to the 1-to-3 decay in our case
because the inflaton mass is always larger than the bath temper-
ature [51].
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dðρGW=ρRÞ
da

≃
2n

2þ n
1

aH

ρϕ
ρR

	Z
dΓð1Þ

dEω

Eω

M
dEω −

ρGW
ρR

Γð0Þ


; ð4:5Þ

which, taking into account the scaling of ρϕ and T given in Eqs. (3.4) and (3.15), can be further reduced to

dðρGW=ρRÞ
da

≃
2n

2þ n
1

aHðTrhÞ
�
arh
a

� 3n
2þn−4α

	Z MðaÞ
2

0

dΓð1Þ

dEω

Eω

M
dEω −

ρGW
ρR

Γð0Þ


; ð4:6Þ

where, at the end of reheating, the equality ρRðarhÞ ¼ ρϕðarhÞ is met. Considering the coupling of the inflaton to a pair of
fermions or a pair of bosons, we obtain

dðρGW=ρRÞ
da

≃
2n

2þ n
1

aHðTrhÞ
�
arh
a

� 3n
2þn−4α

8<
:

3y2eff
1024π3

MðaÞ3
M2

P
− ρGW

ρR

y2eff
8π MðaÞ fermions;

1
768π3

μ2effMðaÞ
M2

P
− ρGW

ρR
1
8π

μ2eff
MðaÞ bosons:

ð4:7Þ

The previous equations can be analytically solved taking
into account the scale dependence of the inflaton mass and
assuming that at the beginning of reheating both the SM
and GWenergy densities were vanishingly small. Imposing
HðTrhÞ ¼ Γð0ÞðTrhÞ and y2eff ¼ 8πHðTrhÞ=Mrh for the fer-
mionic and μ2eff ¼ 8πMrhHðTrhÞ for the bosonic reheating
scenarios, respectively, it follows from Eq. (4.7) that

ρGW
ρR

ðaÞ≃ C
192π2

n
n−3

�
Mrh

MP

�
2
�
arh
a

�6ðn−2Þ
2þn

	�
a

amax

�4ðn−3Þ
2þn

−1



;

ð4:8Þ

with C ¼ 1 for scalars and C ¼ 9=4 for fermions. In the left
panel of Fig. 1 the evolution of the ratio of GW to radiation
energy density ρGW=ρR during reheating, as a function of
the scale factor a is shown, taking arh=amax ¼ 10, for

n ¼ 2, 4, and 6. It is interesting to observe that for n ¼ 2

the bulk of the GW energy density is produced at the end
of reheating, near a ¼ arh. However, if n ≥ 4, GWs are
produced during reheating, close to a ∼ amax. The different
spins in the final states give a small difference encoded in
the overall factor C. However, the impact of the spin
becomes more clear when the ratio ρGW=ρR is shown as
a function of the bath temperature, as in the right panel
of Fig. 1. Here, the black and blue lines correspond
to fermionic and bosonic reheating, respectively, for
Tmax=Trh ¼ 10. It is important to note that, in the bosonic
case, the ratio ρGW=ρR is larger with respect to the
fermionic case because the former experiences a smaller
dilution during reheating. As we will see, a larger ρGW=ρR
ratio shall also help to improve the GW spectrum in the
bosonic scenario, compared to the fermionic reheating
scenario for n > 2.

FIG. 1. Evolution of the ratio ρGW=ρR as a function of the scale factor a (left) and the bath temperature T (right) during reheating, for
arh=amax ¼ 10 and Tmax=Trh ¼ 10, respectively. On the vertical axis of the left panel C ¼ 1ð9=4Þ for bosonic (fermionic) reheating
[cf. Eq. (4.8)]. In the right panel, the blue curves correspond to bosonic reheating, while the black curves correspond to fermionic
reheating. For n ¼ 2 the two cases are identical.
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From Eq. (4.8) it follows that at the end of reheating one has

ρGWðTrhÞ
ρRðTrhÞ

≃
n

n − 3

�
Mrh

MP

�
2

×

8<
:

3
256π2

h�Tmax
Trh

�8
3
n−3
n−1 − 1

i
for fermions;

1
192π2

h�Tmax
Trh

�8
3
ðn−3Þ − 1

i
for bosons;

ð4:9Þ

in the limit where the decay products are massless (y → 0).
Here we have integrated between amax ≤ a ≤ arh, corre-
sponding to photon temperatures Tmax ≥ T ≥ Trh. During
reheating, in which the SM thermal bath is produced and
the universe transitions to radiation domination, the bath
temperature may rise to a value Tmax that exceeds Trh [52].
For n ¼ 2, if Tmax ≫ Trh the square bracket tends to unity
[6], while if Tmax ≳ Trh, the square bracket corresponds to a
reduction factor for GW production. Interestingly, it could
also become an enhancement factor for n > 3. For exam-
ple, for the case n ¼ 4, we obtain

ρGWðTrhÞ
ρRðTrhÞ

≃

(
3

64π2

�Mrh
MP

�
2
�Tmax
Trh

�8
9 for fermions;

1
48π2

�Mrh
MP

�
2
�Tmax
Trh

�8
3 for bosons;

ð4:10Þ

which features a power-law dependence on the ratio
Tmax=Trh. The effective number of neutrinos at a

temperature T ¼ TΔNeff
is expressed via

ρradðTΔNeff
Þ ¼ ργ þ ρν þ ρGW

¼
	
1þ 7

8

�
Tν

Tγ

�
4

Neff



ργðTΔNeff

Þ; ð4:11Þ

where ργ , ρν, and ρGW correspond to the photon, SM
neutrino, and GW energy densities, respectively, with
Tν=Tγ ¼ ð4=11Þ1=3. In particular, Eq. (4.11) is valid for
TΔNeff

≲me, that is, after electron-positron annihilation
when neutrinos are decoupled from the thermal plasma.
The presence of extra relativistic degrees of freedom

(in terms of GW) implies a deviation from the prediction of
the SM NSM

eff ¼ 3.046 [53–61]. This deviation is para-
metrized as

ΔNeff ≡ Neff − NSM
eff ¼ 8

7

�
11

4

�4
3 ρGW
ργ

����
TΔNeff

¼ 8

7

	
11

4

g⋆sðT ≲ TΔNeff
Þ

g⋆sðTrhÞ

4

3 g⋆ðTrhÞ
2

ρGW
ρR

����
Trh

: ð4:12Þ

Exploiting Eq. (4.9) we obtain

ΔNeff ≃
11

768π2
n

n − 3

�
Mrh

MP

�
2

8><
>:

9
h�Tmax

Trh

�8
3
n−3
n−1 − 1

i
for fermions;

4
h�Tmax

Trh

�8
3
ðn−3Þ − 1

i
for bosons;

ð4:13Þ

where we have considered g⋆sðT ≃MeVÞ ≃ 10.75 and
g⋆sðTrhÞ ¼ g⋆ðTrhÞ ¼ 106.75. For n ¼ 2 we reproduce
the result presented in Ref. [6] where a quadratic potential
was considered. Alternatively, for n ¼ 4 we find

ΔNeff ≃

(
5.2 × 10−2

�Mrh
MP

�
2
�Tmax
Trh

�8
9 for fermions;

2.3 × 10−2
�Mrh
MP

�
2
�Tmax
Trh

�8
3 for bosons:

ð4:14Þ

There are several present bounds and future experimental
projections on ΔNeff . Here, we briefly summarize them
in Table. I. Furthermore, as mentioned in Ref. [62], a
hypothetical cosmic-variance-limited (CVL) CMB polari-
zation experiment could presumably be reduced to as low
as ΔNeff ≲ 3 × 10−6. Generically, the bound of ΔNeff is
applicable to an integrated energy density in the present

epoch [2,63] as ðh2ρGW=ρcÞ0 ¼
R
df=fðh2ΩGWðfÞÞ,

where the GW spectral energy density ΩGW shall be
derived shortly. However, with an exception for the case of
a GW spectrum with a very narrow peak of width Δf ≪ f,

TABLE I. Present and future constraints on ΔNeff from differ-
ent experiments.

ΔNeff Experiments

0.34 Planck legacy data [64]
0.14 BBN+CMB combined [65]
0.06 CMB-S4 [66]
0.027 CMB-HD [67]
0.013 COrE [68], Euclid [69]
0.06 PICO [70]
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we can simply consider Ωð0Þ
GWðfÞh2 ≤ 5.6 × 10−6ΔNeff,

over a wide range of frequencies.

B. Spectrum of stochastic gravitational waves

Contrary to the previous case, for the GW spectrum one
needs to keep track of the differential GW energy density
dρGW=dEω. Is it therefore convenient to write Eq. (4.3) in
its differential form

d
dt

dρGW
dEω

þ 4H
dρGW
dEω

¼ þ 2n
2þ n

dΓð1Þ

dEω

Eω

M
ρϕ: ð4:15Þ

The evolution of the differential ratio dðρGW=ρRÞ=dEω is
given by

d
da

dðρGW=ρRÞ
dEω

≃
2n

2þ n
1

aH

ρϕ
ρR

	
dΓð1Þ

dEω

Eω

M
−
dðρGW=ρRÞ

dEω
Γð0Þ




≃
2n

2þ n
1

aHðTrhÞ
�
arh
a

� 3n
2þn−4α

×

	
dΓð1Þ

dEω

Eω

M
−
dðρGW=ρRÞ

dEω
Γð0Þ



: ð4:16Þ

It is important to emphasize that in the previous expres-
sions, Eω corresponds to the graviton energy at the moment
of emission. However, to compute the GW spectrum,
one needs to take into account the redshift and sum over
different (redshifted) energies. Therefore, in Eq. (4.16) the
change of variable EωðE0

ω; aÞ ¼ E0
ω
arh
a , with E0

ω being the
energy at a ¼ arh, is required, yielding to

d
da

dðρGW=ρRÞ
dE0

ω
≃
arh
a

2n
2þ n

1

aHðTrhÞ
�
arh
a

� 3n
2þn−4α

×

	
dΓð1Þ

dE0
ω

E0
ω

M
−

a
arh

dðρGW=ρRÞ
dE0

ω
Γð0Þ



;

ð4:17Þ

where the overall factor arh=a comes from the Jacobian
related to the change of variable.
The primordial GW spectrum at present ΩGWðfÞ per

logarithmic frequency f is defined as

ΩGWðfÞ ¼
1

ρc

dρGW
d ln f

¼ Ωð0Þ
γ

dðρGW=ρRÞ
d ln f

¼ Ωð0Þ
γ

g⋆ðTrhÞ
g⋆ðT0Þ

	
g⋆sðT0Þ
g⋆sðTrhÞ



4=3

×
dðρGWðTrhÞ=ρRðTrhÞÞ

d lnE0
ω

; ð4:18Þ

where ρc is the critical energy density and Ωð0Þ
γ h2 ≃ 2.47 ×

10−5 is the observed photon abundance [64]. The GW

frequency at present can be associated with the graviton
energy E0

ω at the end of reheating via

f ¼ E0
ω

2π

arh
a0

¼ E0
ω

2π

T0

Trh

	
g⋆sðT0Þ
g⋆sðTrhÞ



1=3

; ð4:19Þ

considering the redshift of the GW energy between reheat-
ing and the present epoch. The frequency is bounded from
above because the graviton at production could carry at
most half of the inflaton energy, namely EωðaÞ ≤ MðaÞ=2
[6], which translates into

f ≤
Mrh

4π

arh
a0

�
arh
a

�2ðn−4Þ
nþ2

≤
Mrh

4π

T0

Trh

	
g⋆sðT0Þ
g⋆sðTrhÞ



1=3

×

(
1 for n ≤ 4;�Tmax
Trh

�2ðn−4Þ
αðnþ2Þ for n > 4;

ð4:20Þ

or, equivalently,

f ≤ 4.1 × 1012 Hz
Mrh

MP

5.5 × 1015 GeV
Trh

×

8>>>>>><
>>>>>>:

1 for n ≤ 4;�Tmax
Trh

�4ðn−4Þ
3 for bosonsn > 4;�Tmax

Trh

�4
3
n−4
n−1 for fermions 4 < n < 7;�Tmax

Trh

�2ðn−4Þ
nþ2 for fermions n > 7:

ð4:21Þ

1. Fermionic reheating

For the fermionic case, Eq. (4.17) can be analytically
solved. Taking into account that there is no energy stored
in GWs at the end of inflation, the expression of
dðρGW=ρRÞ=dE0

ω at the end of reheating, that is at
a ¼ arh, for the case n ¼ 2 is given by

dðρGW=ρRÞ
dE0

ω
≃

1

48π2
Mrh

M2
P

	
2E0

ω

Mrh

	
12

�
1 −

�
Tmax

Trh

�8
3

�

þ 9

2

2E0
ω

Mrh

��
Tmax

Trh

�16
3

− 1

�
þ
�
2E0

ω

Mrh

�
2

×

�
1 −

�
Tmax

Trh

�
8
�


þ 16 ln
Tmax

Trh



; ð4:22Þ

for 0 ≤ E0
ω ≤ 1

2
MrhðTmax=TrhÞ−8=3. Here, the integration

has been performed between amax ≤ a ≤ arh. Alter-
natively, for 1

2
MrhðTmax=TrhÞ−8=3 ≤ E0

ω ≤ 1
2
Mrh one has
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dðρGW=ρRÞ
dE0

ω
≃

1

96π2
Mrh

M2
P

	
2

��
2E0

ω

Mrh

�
3

− 1

�

þ 9

�
1 −

�
2E0

ω

Mrh

�
2
�

þ 24

�
2E0

ω

Mrh
− 1

�
− 12 ln

2E0
ω

Mrh



; ð4:23Þ

after integrating between 2arhE0
ω=Mrh ≤ a ≤ arh. We note

that the two cases correspond to two different regimes, as
shown in Fig. 2. In the first case, low-energy GWs are
produced during the entire reheating process, while in the
second case, high-energy GWs can only be emitted during
the last stage of reheating, as shown in Fig. 2. This can be
understood taking into account (i) the maximal energy
of the graviton at production is EωðaÞ < MðaÞ=2, (ii) for
n ¼ 2 the inflaton mass is constant MðaÞ ¼ Mrh, and

(iii) the redshift of the GW energy. Alternatively, for
n ¼ 4 one has

dðρGW=ρRÞ
dE0

ω
≃

1

8π2
Mrh

M2
P

	�
Tmax

Trh

�8
9

− 1




×

	�
1 −

�
2E0

ω

Mrh

�
3
�
þ 3

��
2E0

ω

Mrh

�
2

− 1

�

þ 4

�
1 −

2E0
ω

Mrh

�

; ð4:24Þ

for 0 < E0
ω ≤ Mrh

2
. Interestingly, for n ¼ 4, a single expres-

sion is required, such as the graviton energy and the
inflaton mass scale in the same way: as the inverse of
the scale factor a.
For n ¼ 6, on the other hand, one has

dðρGW=ρRÞ
dE0

ω
≃

1

80π2
Mrh

M2
P

�
2E0

ω

Mrh

�
2
	
24 ln

Tmax

Trh
þ 15

�
2E0

ω

Mrh

���
Tmax

Trh

�
− 8
15

− 1

�
þ 60

�
Mrh

2E0
ω

��
1 −

�
Tmax

Trh

� 8
15

�

þ 15

�
Mrh

2E0
ω

�
2
��

Tmax

Trh

�16
15

− 1

�

; ð4:25Þ

for 0 ≤ E0
ω ≤ 1

2
Mrh, while for 1

2
Mrh ≤ E0

ω ≤ 1
2
MrhðTmax=TrhÞ8=15 one has

dðρGW=ρRÞ
dE0

ω
≃

3

16π2
Mrh

M2
P

�
2E0

ω

Mrh

�
2
	
3 ln

	�
Mrh

2E0
ω

��
Tmax

Trh

� 8
15



þ
��

2E0
ω

Mrh

��
Tmax

Trh

�
− 8
15

− 1

�
þ 4

�
1 −

�
Mrh

2E0
ω

��
Tmax

Trh

� 8
15

�

þ
��

Mrh

2E0
ω

�
2
�
Tmax

Trh

�16
15

− 1

�

: ð4:26Þ

In the latter case, the integration of Eq. (4.17) has to be
done in two steps: first between amax ≤ a ≤
arhðMrh=ð2E0

ωÞÞ2 with the source term, then between
arhðMrh=ð2E0

ωÞÞ2 ≤ a ≤ arh without the source term, as
GW emission can only occur for EωðaÞ ≤ MðaÞ=2. It
is interesting to note that when n ¼ 6 (and in general
when n ≥ 6), graviton energies higher than 1

2
Mrh, up to

E0
ω ≤ 1

2
MrhðTmax=TrhÞ2αn−4nþ2, are allowed. This can be under-

stood by noticing that the inflaton mass decreases as
MðaÞ ∝ a3=2, i.e., faster than the energy redshift. Therefore,
high-energy GWs with energies E0

ω > 1
2
Mrh can be pro-

duced at the beginning of reheating when the inflaton was
very massive (heavier than its effective mass at the end of

FIG. 2. Schematic plot for the regime of integration in the plane ½a; E0
ω�, for n ¼ 2, 4, and 6. The vertical lines correspond to the scale

factor at a ¼ arh and a ¼ amax.
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reheating). GWs with energies E0
ω < 1

2
Mrh can be produced

during the entire reheating process.

2. Bosonic reheating

For the scenario where the inflaton decays into scalar
final states, we follow the same procedure presented in the
previous section. For the case n ¼ 2, dðρGW=ρRÞ=dE0

ω at
the end of reheating is given by

dðρGW=ρRÞ
dE0

ω
≃

1

32π2
Mrh

M2
P

	�
2E0

ω

Mrh

�
2
��

Tmax

Trh

�16
3

− 1

�

− 4

�
2E0

ω

Mrh

���
Tmax

Trh

�8
3

− 1

�
þ 16

3
ln
Tmax

Trh



;

ð4:27Þ

for 0 ≤ E0
ω ≤ 1

2
MrhðTmax=TrhÞ−8=3, whereas for

1
2
MrhðTmax=TrhÞ−8=3 ≤ E0

ω ≤ 1
2
Mrh one has

dðρGW=ρRÞ
dE0

ω
≃

1

32π2
Mrh

M2
P

	�
1 −

�
2E0

ω

Mrh

�
2
�

þ 4

��
2E0

ω

Mrh

�
− 1

�
− 2 ln

2E0
ω

Mrh



: ð4:28Þ

Again the n ¼ 4 scenario comes with a single expression
as before, that reads

dðρGW=ρRÞ
dE0

ω
≃

1

8π2
Mrh

M2
P

�
1 −

2E0
ω

Mrh

�
2
��

Tmax

Trh

�8
3

− 1

�
;

ð4:29Þ

for 0 < E0
ω ≤ 1

2
Mrh. Finally, for n ¼ 6 one has

dðρGW=ρRÞ
dE0

ω
≃

1

32π2
Mrh

M2
P

	
16

�
2E0

ω

Mrh

�
2

ln
Tmax

Trh

þ 3

��
Tmax

Trh

�16
3

− 1

�
þ 12

�
2E0

ω

Mrh

�

×

�
1 −

�
Tmax

Trh

�8
3

�

; ð4:30Þ

for 0 ≤ E0
ω ≤ 1

2
Mrh, whereas for 1

2
Mrh ≤ E0

ω ≤
1
2
MrhðTmax=TrhÞ8=3 one obtains

dðρGW=ρRÞ
dE0

ω
≃

3

32π2
Mrh

M2
P

�
2E0

ω

Mrh

�
2
	
2 ln

	�
Mrh

2E0
ω

��
Tmax

Trh

�8
3




þ 4

�
1 −

�
Mrh

2E0
ω

��
Tmax

Trh

�8
3

�

þ
��

Mrh

2E0
ω

�
2
�
Tmax

Trh

�16
3

− 1

�

: ð4:31Þ

Before closing, we note that, as a sanity check, the results
of Eq. (4.9) for both fermions and scalars can be recovered
by integrating dðρGW=ρRÞ=dE0

ω over the corresponding
range of energy.

V. NUMERICAL RESULTS AND DISCUSSIONS

We show the contribution of the GW energy density to
ΔNeff , cf. Sec. IVA, in Fig. 3 for different choices of n,
considering both bosonic (top panel) and fermionic (bottom
panel) decay of the inflaton. There, we also depict the
current constraint from Planck (solid lines) as well as
sensitivity projections from CMB-HD (dashed lines) and
the hypothetical CVL experiment (dotted lines). For each
curve, the region on its right-hand side is ruled out (in the
case of Planck) or could be tested in the future. However,
as we see, except for CVL, the corner of the parameter
space that is constrained by ΔNeff is already ruled out from
the super-Planckian inflaton mass MðaÞ > MP, shown by
the red-shaded region. Therefore, ΔNeff does not impose
any significant constraint on the parameter space. A small
fraction of the parameter space is within reach of the
projected sensitivity of the CVL experiment.
In order to project limits from different GWexperiments,

it is convenient to construct the dimensionless strain hc in
terms of the GW spectral energy density as [63]

hcðfÞ ¼
H0

f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2π2
ΩGWðfÞ

r

≃ 1.26 × 10−18
�
Hz
f

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2ΩGWðfÞ

q
; ð5:1Þ

where H0 ≡HðT0Þ ≃ 1.44 × 10−42 GeV is the present-day
Hubble parameter and h ¼ 0.674 [64]. The upper panel of
Fig. 4 shows the dimensionless strain of GW as a function
of frequency, considering fermionic reheating for Mrh ¼
5 × 1016 GeV, Trh ¼ 1013 GeV, and Tmax=Trh ¼ 10. In
this case, the increase in n slightly affects the GW
spectrum. If we go from n ¼ 2 to n ¼ 4, the spectrum is
boosted by a factor 3

4
ðTmax=TrhÞ8=9= lnðTmax=TrhÞ.

Similarly, going from n ¼ 4 to n ¼ 6 one gets an Oð1Þ
factor ∼ 3

4
ðTmax=TrhÞ8=45. The lower panel of Fig. 4 shows

the dimensionless strain of GW as a function of frequency,
in the case of bosonic decay, for Mrh ¼ 5 × 1015 GeV,
Trh ¼ 1013 GeV, and Tmax=Trh ¼ 2. Contrary to the fer-
mionic case, for bosons, the increase in n has a significant
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impact on the GW spectrum. If we go from n ¼ 2 to n ¼ 4,
the spectrum is boosted by a factor 3

4
ðTmax=TrhÞ8=3=

lnðTmax=TrhÞ. Similarly, going from n ¼ 4 to n ¼ 6 one
gets a factor ∼ 3

4
ðTmax=TrhÞ8=3. Note that this choice of

parameters obeys the upper bound on Trh derived in
Appendix B for both fermionic and bosonic cases, and
the consistency relation MP > MðaÞ > TðaÞ. In Fig. 4
we also project the limits from several proposed GW detec-
tors, for example, LISA [71], the Einstein Telescope (ET)
[72–75], the Big Bang Observer (BBO) [76–78], ultimate
DECIGO (uDECIGO) [79,80], GW-electromagnetic wave
conversion in vacuum (solid) and in a Gaussian beam (GB)
(dotted) [81,82], resonant cavities [10,11], and the Inter-
national Axion Observatory (IAXO) [83,84] in the same
plane.5 Interestingly, the bremsstrahlung-induced GWs are
well within the reach of resonant-cavity detectors in the
high-frequency regime. Still, at the same time, at lower
frequencies, they might become sensitive to future space-
based GW detectors, e.g., uDECIGO.

VI. CONCLUSIONS

In this study, we investigate the production of stochastic
gravitational waves through graviton bremsstrahlung
during the reheating period. To ensure a viable scenario,

we assume that the inflaton oscillates in a generic mono-
mial potential of the form ϕn during reheating. Unlike
oscillations in a quadratic potential, this leads to a time-
dependent decay width of the inflaton due to the field-
dependent inflaton mass. The reheating process occurs
through the inflaton’s perturbative decay into either a pair
of bosons or fermions, resulting in a successful reheating
that satisfies the BBN measurements. As a result of the
unavoidable gravitational interaction resulting from the
graviton-matter coupling, the inflaton undergoes 3-body
decay with the radiative emission of massless gravitons,
which comprise the GW spectrum.
We find that the GW spectrum is affected by the details

of the reheating, or, in other words, by (i) the equation of
state parameter of the inflaton during reheating, and (ii) the
type of inflaton-matter coupling. Importantly, for n > 2,
there is a significant increase in the amplitude of GW
during bosonic reheating, which is still safe from the
constraint of ΔNeff on the extra radiation energy density
around BBN or CMB, in terms of GWs. However, for the
fermionic reheating scenario, this boost becomes negligible
for n > 4 due to the typical functional dependence of the
decay width on the inflaton mass. For a certain choice of
parameters, we find, the predicted high-frequency GW
signal is within the sensitivities of resonant cavity detectors
for both bosonic and fermionic reheating. Our finding thus
opens up the possibility that future (high-frequency) GW

FIG. 3. Contours showing the contribution of GW energy density to ΔNeff , for ΔNeff ¼ 3 × 10−6 (CVL, dotted), 0.013 (CMB-HD,
dashed), and 0.34 (Planck, solid), assuming y → 0. Red bands are excluded since MðaÞ > MP.

5The projected sensitivity curves are adapted fromRefs. [82,85].
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experiments could potentially shed light on the microscopic
dynamics of reheating, for example, on the shape of the
inflaton potential and types of inflaton-matter couplings.
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UdeA/Comité para el Desarrollo de la Investigación
(CODI) Grant No. 2020-33177.

APPENDIX A: THREE-BODY DIFFERENTIAL
DECAY RATE

The differential decay rate for the scalar final state with
the emission of a graviton of energy Eω reads

dΓð1Þ
0

dEω
¼ 1

32π3

�
μeff
MP

�
2
	ð1 − 2xÞð1 − 2xþ 2y2Þ

4xξ−1

þ y2ðy2 þ 2x − 1Þ
x

ln

�
1þ ξ

1 − ξ

�

; ðA1Þ

with x≡ Eω=M and

ξ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4y2

1 − 2x

r
; ðA2Þ

with a graviton energy spanning the range

0 < Eω ≤ M

�
1

2
− 2y2

�
: ðA3Þ

For the fermionic final state, we obtain

dΓð1Þ
1=2

dEω
¼ y2eff

64π3

�
M
MP

�
2

×

	
1 − 2x
xξ−1

½8xy2 þ 2xðx − 1Þ − 8y4 − 2y2 þ 1�

þ 4y2½ð5 − 8xÞy2 − ðx − 1Þ2 − 4y4�
x

ln

�
1þ ξ

1 − ξ

�

:

ðA4Þ

We follow the Feynman rules in Appendix A of Ref. [6] for
the computation of the decay rates.

APPENDIX B: BOUND ON THE REHEATING
TEMPERATURE

The evolution of the radiation energy density can be
extracted from Eqs. (3.14) and (3.19), for fermionic and
scalar decays, respectively. It follows that the thermal bath
reaches a maximum temperature T ¼ Tmax, at a ¼ amax,
when only a small fraction of the inflaton has decayed
[52,86], with

FIG. 4. Dimensionless strain of GW, as a function of frequency,
considering a fermionic reheating with Mrh ¼ 5 × 1016 GeV,
Trh ¼ 1013 GeV, and Tmax=T rh ¼ 10 (upper panel) or a bosonic
reheating with Mrh ¼ 5 × 1015 GeV, Trh ¼ 1013 GeV, and
Tmax=Trh ¼ 2 (lower panel).
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amax ¼ aI ×

8<
:

�
3
2
n−1
nþ2

� nþ2
2ðn−7Þ for fermions;�

2
3
ðnþ 2Þ� nþ2

2ð2nþ1Þ for bosons:
ðB1Þ

Taking into account the upper limit on the inflationary scale
HCMB

I ≤ 2.0 × 10−5MP [19,87], an upper bound on Trh can
be extracted [88,89]. For fermions, the radiation energy
density at a ¼ amax given by ρRðamaxÞ ¼ π2

30
g⋆T4

max,
together with Eqs. (3.5), (3.14), (3.15), and (B1), and
the fact that ΓϕðTrhÞ ¼ HðTrhÞ can be expressed as

T2
rh ≃

3

π

ffiffiffiffiffi
5

g⋆

s ffiffiffiffiffiffiffiffiffiffiffi
n

nþ 2

r �
3

2

n − 1

nþ 2

�3
2

n
7−n
MPHI

�
Tmax

Trh

� 2n
1−n
; ðB2Þ

which corresponds to

Trh ≲

8>><
>>:

3.1 × 1015 GeV ×
�Tmax
Trh

�−2 for n ¼ 2;

3.3 × 1015 GeV ×
�Tmax
Trh

�−4=3 for n ¼ 4;

3.4 × 1015 GeV ×
�Tmax
Trh

�−6=5 for n ¼ 6:

ðB3Þ

Equivalently, for scalars, one can get

T2
rh ≃

1

π

ffiffiffiffiffiffiffiffi
15n
g⋆

s 	�
1

8

�
n
�

3

nþ 2

�
1þ5n


 1
2ð1þ2nÞ

MPHI

�
Tmax

Trh

�
−2n

;

ðB4Þ

which corresponds to

Trh ≲

8>><
>>:

3.1 × 1015 GeV ×
�Tmax
Trh

�−2 for n ¼ 2;

2.8 × 1015 GeV ×
�Tmax
Trh

�−4 for n ¼ 4;

2.5 × 1015 GeV ×
�Tmax
Trh

�−6 for n ¼ 6:
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