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The horizon of a flat Friedmann-Robertson-Walker (FRW) universe is considered to be dynamic when
the Hubble parameter H and the Hubble radius ry vary with time, unlike for de Sitter universes. To clarify
the thermodynamics on a dynamic horizon, the evolution of a dynamical Kodama-Hayward temperature
and Bekenstein-Hawking entropy on the horizon of a flat FRW universe is examined in a A(r) model
similar to time-varying A(7) cosmologies. The A(f) model includes both a power-law term proportional
to H* (where a is a free variable) and the equation of state parameter w, extending a previous analysis
[N. Komatsu, Phys. Rev. D 100, 123545 (2019)]. Using the present model, a matter-dominated universe
(w = 0) and a radiation-dominated universe (w = 1/3) are examined, setting @ < 2. Both universes tend to
approach de Sitter universes and satisfy the maximization of entropy in the last stage. The evolution of
several parameters (such as the Bekenstein-Hawking entropy) is similar for both w =0 and w = 1/3,
though the dynamical temperature T is different. In particular, 7' is found to be constant when w = 1/3
with a = 1, although H and ry vary with time. To discuss this case, the specific conditions required for
constant T are examined. Applying the specific condition to the present model gives a cosmological
model that can describe a universe at constant 7, as if the dynamic horizon is in contact with a heat bath.

The relaxation processes for the universe are also discussed.

DOI: 10.1103/PhysRevD.108.083515

I. INTRODUCTION

To explain the accelerated expansion of the late Universe
[1-3], various cosmological models have been proposed
[4-6], such as lambda cold dark matter (ACDM) models,
time-varying A(#) cosmology [7-11], bulk viscous cos-
mology [12-16], creation of CDM models [17-19], and
thermodynamic scenarios [20-32]. Most of the models
imply that our Universe finally approaches a A-dominated
universe, namely a de Sitter universe. The de Sitter universe
is in thermal equilibrium from the viewpoint of horizon
thermodynamics [33], which is closely related to black hole
thermodynamics [34-36].

The thermodynamic scenario and thermodynamics of the
universe have been extensively examined [37-64], espe-
cially based on the holographic principle [65]. In those
works, the Gibbons-Hawking temperature [33] is widely
used as an approximate temperature on the cosmological
horizon. The Gibbons-Hawking temperature is constant
during evolution of de Sitter universes, in which the Hubble
radius and the Hubble parameter are also constant. In
contrast, these three quantities vary with time in the late
Universe [3]. In this sense, the horizon of the de Sitter
universe is static, whereas horizons of other universes
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(including our Universe) are generally considered to be
dynamic.

In fact, a dynamical temperature (called the Kodama-
Hayward temperature) has been proposed to describe the
temperature on dynamic horizons of black holes and
universes [66—-68]. The dynamical temperature on the
cosmological horizon [68] is considered to be an extended
Gibbons-Hawking temperature and has been examined
from various viewpoints [69-72]. The dynamical temper-
ature should be suitable for discussing the thermodynamics
on a dynamic horizon. However, the evolution of the
dynamical temperature has not yet been sufficiently studied
in cosmological models.

We therefore examine the evolution of the dynamical
temperature 75 on the horizon of a flat Friedmann-
Robertson-Walker (FRW) universe. For cosmological
models, we consider a A(7) model [58-61], similar to a
time-varying A(#) cosmology, which is a commonly used
model [62]. The A(z) model includes a power-law term
proportional to H%, where H is the Hubble parameter and o
is a free parameter [58]. Although this model has been used
for a matter-dominated universe (w = 0) [60-62], a radi-
ation-dominated universe (w = 1/3) has not yet been
examined, where w represents the equation of state param-
eter. Naturally, a dynamical temperature was not discussed
in the earlier works. Therefore, it is worth examining the

© 2023 American Physical Society
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evolution of 7T in matter- and radiation-dominated uni-
verses in the A(f) model. In addition, we recently found
that a universe with constant 7' is related to a radiation-
dominated universe in a A(¢) model. The constant Ty
universe should extend the concept of horizons at constant
temperature and may provide new insights for the dis-
cussion of horizon thermodynamics.

In this context, we examine the horizon thermodynamics
of matter and radiation-dominated universes in the A(¢)
model by observing the dynamical temperature 7 and the
Bekenstein-Hawking entropy. The A(f) model used here
includes both a power-law term and the equation of state
parameter, extending previous analyses [58—62]. In addi-
tion, we study cosmological models that can describe a
universe at constant 7.

The remainder of the present article is organized as
follows. In Sec. II, horizon thermodynamics is reviewed.
The Bekenstein-Hawking entropy and the dynamical tem-
perature 7'y on the cosmological horizon are introduced. In
Sec. III, we introduce a A(f) model that includes both a
power-law term and the equation of state parameter. Using
the present model, we examine the evolution of the
Bekenstein-Hawking entropy and the dynamical temper-
ature Ty. In Sec. IV, we study the specific conditions
required for constant 75 on dynamic horizons. Based on
the specific conditions and the present model, we formulate
a cosmological model that can describe a universe at
constant 7. We also discuss the properties of the universe
in the formulated model. Finally, in Sec. V, the conclusions
of the study are presented.

In this paper, a flat FRW universe is considered and,
therefore, the Hubble horizon is equivalent to an apparent
horizon. An expanding universe is assumed as well.
Inflation of the early Universe and density perturbations
related to structure formations are not discussed.

II. HORIZON THERMODYNAMICS

The horizon of a universe is assumed to have an
associated entropy and an approximate temperature [21],
based on the holographic principle [65]. The entropy and
the temperature are introduced in this section.

We select the Bekenstein-Hawking entropy as the
associated entropy [34-36]. In general, the cosmological
horizon is examined by replacing the event horizon of a
black hole by the cosmological horizon [63,64]. This
replacement method has been widely accepted [20,38—48]
and we use it here.

Based on the form of the Bekenstein-Hawking (BH)
entropy, the entropy Sgyy on the Hubble horizon is written as

kBC3 AH
Spggp=—"—-, 1
BTG 4 (m)

where kg, ¢, G, and 7 are the Boltzmann constant, the speed
of light, the gravitational constant, and the reduced Planck

constant, respectively. The reduced Planck constant is
defined by # = h/(2x), where h is the Planck constant
[58,59]. Ay is the surface area of the sphere with a Hubble
horizon (radius) ry given by

= — N 2
TH H (2)
where the Hubble parameter H is defined by
da/dt a(t
g = da/dr _aln 3)
a(t)  a(1)

and a() is the scale factor at time ¢ [58]. Substituting Ay =
4zr?, into Eq. (1) and applying Eq. (2) yields

kBC3 AH ﬂkBCS 1 K
BH = 72~ , — T g2 (4)
G 4 nG )H* H
where K is a positive constant given by
ﬂkBCS
K= . 5

The normalized Spy is written as [61]

-2
Sen _ ( H ) ’ (©)
Spuo  \Ho
where the subscript O represents the present time #.
When a de Sitter universe is considered, ry and Sy are
constant during the evolution of the universe because H is
constant. In this sense, the horizon of the de Sitter universe

is considered to be static. Note that the scale factor for the
de Sitter universe varies with time [63],

a

;0 = exp[H (1 — 19)], (7)

where a represents the scale factor at the present time.
Next, we introduce an approximate temperature on the
Hubble horizon. Before introducing the dynamical temper-
ature, we will review the Gibbons-Hawking temperature.
The Gibbons-Hawking temperature Tgy is given by [33]

hH
Ton = 2k, (8)
This equation indicates that TGy is proportional to H
and is constant during the evolution of de Sitter universes.
In fact, Ty is obtained from field theory in the de Sitter
space [33]. However, most universes are not pure de Sitter
universes in that their horizons are dynamic. A similar
dynamic horizon for black holes has been examined in the
works of Hayward [66] and Hayward et al. [67]. Hayward
suggested a dynamical temperature on a black hole horizon
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and clarified the relationship between the surface gravity
and the temperature on a dynamic apparent horizon for the
Kodama observer [66]. (The Kodama-Hayward temper-
ature was discussed in, e.g., the recent work of Muhsinath
et al. [72].)

Based on the works of Hayward er al., a dynamical
temperature on the cosmological horizon of an FRW
universe has been proposed [68] and examined from
various viewpoints [69-72]. When a flat universe is
considered, the apparent horizon is equivalent to the
Hubble horizon. Consequently, the dynamical temperature
Ty for a flat FRW universe can be written as [69,70]

r, 4 <1+ H> )

~ 2akg 2H?

where H > 0 is used for an expanding universe. For de
Sitter universes, Ty reduces to Tgy. That is, Ty is
considered to be an extended version of Tgy. For details
of Ty, see, e.g., the works of Tu et al. [69,70].

In this study, based on Eq. (9), we consider the
normalized temperature,

Ty H H
=— |1+ (10)
TGH,O HO 2H

where Ty is the Gibbons-Hawking temperature at the

present time, given by Ty o = 2%‘; In the next section, the

normalized entropy and the normalized temperature are
examined, using a A(#) model.

We note that various black hole entropies have been
proposed by extending the Bekenstein-Hawking entropy
[73-78]. The thermodynamic consistency of non-Gaussian
black hole entropies has been examined in Ref. [79]. Those
entropies have been applied to dynamic horizons of
universes, see, e.g., Refs. [28-32,58]. While it is worth-
while studying the thermodynamic relations between the
dynamical temperature and the entropy on the cosmologi-
cal horizon, the thermodynamic relation is not discussed
here and the present study focuses on and examines
evolution of thermodynamic quantities.

III. A(r) MODEL WITH A POWER-LAW TERM

We review the A(z) model with a power-law term and
study the evolution of the Bekenstein-Hawking entropy
Sgy and the dynamical temperature 7. In Sec. I A,
the A(f) model is introduced. In Sec. III B, background
evolution of the universe for the present model is discussed.
The evolution of the entropy and the temperature is
examined in Secs. III C and III D, respectively. We consider
a flat FRW universe and assume an expanding universe.

A. Cosmological equations

Based on previous works [60-63], a A(¢) model that
includes both a power-law term and the equation of state
parameter is introduced, using a general formulation of the
cosmological equations. The general Friedmann equation
for the A(7) model is given as

8rG

H( =257 pl0) + A () (1)

and the general acceleration equation is

afr) _ _‘“TTGU +3w)p(1) + (1), (12)

where w represents the equation of state parameter for a
generic component of matter, w = p()/(p(t)c?). Also,
p(t) and p(r) are the mass density and pressure of
cosmological fluids, respectively [60,62,63]. For a matter-
dominated universe, a radiation-dominated universe, and a
A-dominated universe, w is 0, 1/3, and —1, respectively.
In this paper, w = 0 and w = 1/3 are considered. An extra
driving term f,(z) is phenomenologically assumed.
Combining Eq. (11) with Eq. (12) yields [60]

.3 , 3
H:—E(l—l-w)H +§(1+w)f,\(t). (13)

Using the above equation, we have phenomenologically
formulated a A(z) model that includes a power-law term
based on Padmanabhan’s holographic equipartition law
[58,60—62]. The power-law term has been investigated in
previous works [60-62]. According to these works, we use
the following power-law term:

a0 =g (1) (14)

where a and W, are dimensionless constants whose values
are real numbers [58]. Also, a and ¥, are independent free
parameters, and @ <2 and 0 <¥, <1 are considered.
That is, ¥, is a kind of density parameter for the effective
dark energy. For the derivation of the power-law term, see,
e.g., Ref. [58]. A similar power series for H in A(¢) models
was examined in Ref. [10].
Substituting Eq. (14) into Eq. (13) yields

. 3 3 H\«
H=--(1 H>+=(1 W H3(—
w3 1w ()

This equation is satisfied for all a [60]. The solutions can
be categorized according to whether or not a = 2. The
solution for ¢ = 2 is written as [60]
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3(14w) (1-¥4)
H —_— G/
7 <i> o (16)
Hy ag

and the solution for a # 2 is written as

H\ 2« a _3+w)2-a)
) =U-%){- v, (17
(Ho) ( «) <a0> + ¥, (17)

The solution method is summarized in Ref. [60]. This
model has been studied for w = 0 in Refs. [60,61] and it
was found that when w =0, a < 2 leads to an initially
decelerating and then accelerating universe (hereafter, a
“decelerating and accelerating universe”). Also, when
w = 0, the universe for a < 2 satisfies the maximization
of entropy in the last stage [60,61]. Therefore, @ < 2 is
considered in this study.

Using the normalized scale factor &, the solution for
a # 2 given by Eq. (17) is written as

<Hﬁo)2_“ — (1) 1 ¥, (18)

where & and the parameter y are given by

. a 3(14+w)(2-a)
a—ao and y = > . (19)
A coefficient (1 + w) is included in y. In this paper, a < 2,
w=0, and w=1/3 are considered. Therefore, 2 — a,
1 + w, and y are positive.

We note that ACDM models are obtained from Eq. (18),
neglecting the influence of radiation. Substituting o = 0
and w = 0 into Eq. (19) yields y = 3. In addition, sub-
stituting @ = 0 and y = 3 into Eq. (18) and replacing ¥, by
Q, yields [60]

H\?2
() = (1-ena + 0, (20)
H,

where Q, is the density parameter for A and is given by
A/(3H3). The above equation corresponds to the ACDM
model in a flat FRW universe, where the influence of
radiation is neglected.

B. Deceleration parameter ¢

In this subsection, we examine the background evolution
of the universe for the present model. To this end, we
observe the evolution of the Hubble parameter and a
deceleration parameter ¢, defined by

0=-(o12): e1)

where a positive or negative g represents deceleration or
acceleration, respectively [60]. Substituting éi/a = H + H>

417
i - a=0,w=0(ACDM) (@)
3 - o= 1, w=0
| — a=0,w=1/3
:o ) — a=1,w=1/3
= L Observed data points
| i & A/
0 1 1 1 1
10 ¢ =0,w=0(ACDM) (p)
r a=1,w=0
05 FE\\ — a=0,w=13
> 00L W\ — a=Lw=1/3
0.5
A0 EL L e :
0 1 2 3 4 5
a

FIG. 1. Evolution of the universe for the present model for
¥, = 0.685. (a) Normalized Hubble parameter H/H,. (b) Decel-
eration parameter ¢g. The dashed and solid lines represent w = 0
and w = 1/3, respectively. The red and blue lines represent & = 0
and a = 1, respectively. In (a), the open diamonds with error bars
are observed data points taken from Ref. [3]. To normalize the
data points, Hy is set to 67.4 km/s/Mpc from Ref. [2]. Similar
evolution for w = 0 has been examined in Refs. [60-63].

into Eq. (21) and substituting Eq. (15) into the resultant
equation yields

q:—%—l :%(1 +w)<1 —‘P{,<Hﬁ>a_2> ~1. (22)

0

Substituting Eq. (18) into the above equation yields

3 v,
q_E(HW)(l_(l—‘Pa)a—uwa) -1
3

(I+w)(1-%,)a"
T (1=Yyar+ Y, -L (23)

where y = 3(1“”72)(2_”) as given by Eq. (19). Equation (23)

includes y and a coefficient (1 4+ w).

Figure 1 illustrates the evolution of the Hubble parameter
and the deceleration parameter. The dashed and solid lines
represent w =0 and w = 1/3, respectively. To examine
typical results, « is set to 0 and 1. In addition, ¥, is set to
0.685, which is equivalent to Q, for the ACDM model
from the Planck 2018 results [2]. That is, the plots for
[ =0, w=20] are equivalent to those for the ACDM
model. The normalized scale factor & increases with time
because an expanding universe is considered. Similar
evolution for w = 0 has been examined in Refs. [60-63].
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As shown in Fig. 1(a), H/H, decreases with &
and gradually approaches a positive value that depends
on a and ¥, but not on w. The positive value is given by
H/H, = pl/ (2_0‘), which is obtained by applying @ — oo
to Eq. (18) with a@ <2 [63]. Before approaching the
positive value, H/H, for w = 1/3 is quantitatively differ-
ent from that for w = 0. However, the evolution of H/H,
for w =0 and w = 1/3 is similar. We note that H/H, is
equivalent to the normalized Gibbons-Hawking temper-
ature Tgy = hH/(2rkp), as given by Eq. (8), because Tgy
is proportional to H.

Next, we observe the evolution of the deceleration
parameter g. As shown in Fig. 1(b), ¢ decreases with a
and gradually approaches —1, although it is positive in the
early stage. Also, g is negative at @ = 1, namely, at the
present time. This result indicates a decelerating and
accelerating universe, as examined in Refs. [60,61]. In
addition, ¢ for w = 1/3 is quantitatively different from that
for w = 0, but the evolution of ¢ for w = 1/3 is similar to
that for w = 0.

The deceleration parameter ¢ depends on w, a, ¥, and
H/H,, as shown in Eq. (22). Therefore, we discuss an
accelerating universe using the (@, ¥,) plane. The boun-
dary required for ¢ = O can be calculated from Eq. (22).
(The boundary of ¢ =0 for w =0 was discussed in
Ref. [60].) Substituting ¢ = 0 into Eq. (22) yields

Solving this with respect to ¥, yields

%= (s ()

This equation is satisfied for all . When a =2, from
Eq. (25), the boundary (point) is given by

1+ 3w
Y, = 30w (for a = 2). (26)

Also, substituting Eq. (18) into Eq. (25) yields

143w
Ta:m[(l

—W a4 (27)
and solving Eq. (27) with respect to ¥, yields the following
boundary of ¢ = O:

(1+3w)a”

Y=
“CT 24+ (143war’

(28)

[ a/a,=0.5 <0
08 F ACDM ™~
0.6 - way= 1

N RN 4 i
X o %
02 L a/a0=2 ——[;(’/,/
0.0 »-———1—1'T'r'1'_|>-|--|>—|—| L L
-2.0 -1.0 0.0 1.0 2.0
a

FIG. 2. Boundary of ¢ =0 in the (a,¥,) plane for various
values of a/ay. The dashed and solid lines represent w = 0 and
w = 1/3, respectively. The arrow attached to each boundary
indicates an accelerating-universe-side region that satisfies ¢ < 0.
The open circle represents (a, ¥,) = (0,0.685) for the ACDM
model.

where y = w from Eq. (19). The above equation

includes not only y but also a coefficient (1 4 3w). In this
study, 1 + 3w is positive because w = 0 and w = 1/3 are
considered.

Using Eq. (28), the boundary of ¢ = 0 can be plotted
in the (a,¥,) plane. In Fig. 2, a/ay is set to 0.5, 1,
and 2, to examine typical boundaries. In an expanding
universe, a/a, increases with time. The arrow attached to
each boundary indicates an accelerating-universe-side
region that satisfies g < 0. The upper side of each
boundary corresponds to this region. The dashed and
solid lines represent w =0 and w = 1/3, respectively.
Similar boundaries for w = 0 have been examined in
Ref. [60]. In this figure, to avoid confusion, a/a, is
used for the normalized scale factor, instead of &, because
the symbol & is similar to the symbol a on the horizon-
tal axis.

As shown in Fig. 2, the accelerating-universe-side region
for both w = 0 and w = 1/3 varies with a/a. The region
for w = 0 is similar to that for w = 1/3. For example, in
both cases, the boundaries for a/ay = 0.5 imply that a
large-a and large-¥, region tends to occur on the accel-
erating universe side. In contrast, the boundaries for
a/ay = 2 imply that a small-a and large-¥, region tends
to occur on the accelerating universe side. In both cases, a
decelerating and accelerating universe is further expected
with increasing a/ay. The results are consistent with those
in Ref. [60].

Of course, the boundaries for w = 1/3 are quantitatively
different from those for w = 0. That is, the boundaries for
w = 1/3 are located higher than those for w=0. To
examine this difference, we observe the two boundaries
for a/ay = 1, represented by the two horizontal lines in
Fig. 2. When a/a, =1, the boundary is given by
Y, = 31(;’3:), which is obtained by applying a=a/ay=1
to Eq. (28). The obtained boundary depends on w and is
equivalent to Eq. (26).
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C. Entropy Sgy on the horizon

Ordinary isolated macroscopic systems spontaneously
evolve to equilibrium states of maximum entropy consis-
tent with their constraints [80]. Previous works imply that
certain types of universes behave as ordinary macroscopic
systems [37,54-57,60,61]. In other words, the entropy on a
cosmological horizon does not decrease, i.e., Sgy > 0.
Also, the entropy approaches a certain maximum value
in the last stage; that is, the maximization of entropy,
Spn < 0, should be satisfied.

In this subsection, we examine the entropy Sgy on the
horizon for the present model for bothw = 0 andw = 1/3.
From Eq. (6), the normalized Sgy is written as

Sen _ (H>_2. (29)

SBH,0 H,

Substituting Eq. (18) into Eq. (29) yields

2
a=2

Sen_ {(1 —‘I’a)a‘7+‘l’a} , (30)
SBH,O

where 7 is w given by Eq. (19), which includes a

coefficient (1 4+ w). The case for w = 0 has been discussed
in previous works [60,61].

The calculations of Sy and Spy are summarized in the
Appendix, extending previous analyses [60,61]. Using
Eq. (A4) and Spy = K/H3, we obtain the normalized
Sp, which is given by

Sgn 314w (1-¥,)a G1)
SpuoHo  [(1 -W,)a7" + lPa]i%Z '

This equation indicates that Sg > 0 is satisfied because
w=0,w=1/3,and 0 < ¥, <1 are considered. In addi-
tion, from Eq. (A9), the normalized Sgy; is written as

Seu 9 .
=-(1+w)3(1-¥,)a~
SguoH} 2

(1-¥,)a 7:}_— (a—2)‘1’a. (32)

[(1 - lPa)a "+ Ta}z
Equation (32) implies that Sz < O should be satisfied in
the last stage when a < 2. The details of the calculation are
summarized in the Appendix.

We now observe the evolution of Sgy and Sgy for the
present model for both w = 0 and w = 1/3. To examine
typical results, « is set to 0 and 1, and ¥, is set to 0.685.
As shown in Fig. 3(a), Spy increases with a. That is, the
second law of thermodynamics, Sy > 0, is satisfied in
both cases. In addition, Sg approaches a positive value that
depends on a and ¥, but not on w. The positive value is

3
(a)
s 2
m
%I e
4 - =0, w=0(ACDM)
i p - a=1w=0
— a=0,w=1/3
— a=1,w=1/3
0 P S T TS B SR R SR
8
a=0,w=0(ACDM) (b)
&g a=1,w=0
T 4R —a=0w=13
= [\ —a=lLw=13
m
a
~~
00 N
1
_4\\\1\.\.\\\\\\\..\.\.‘.‘

N

FIG. 3. Evolution of the normalized entropic parameters for the
present model for ¥, = 0.685. (a) Sgy/Sgi.o- () Seu/ (SeroH3)-
The dashed and solid lines represent w =0 and w = 1/3,
respectively. The red and blue lines represent a =0 and
a = 1, respectively.

given by Sgu/Spuo = W' @™, which is obtained by

applying & — oo to Eq. (30) with a < 2. In fact, Sgy rapidly
increases in the early stage and gradually approaches a
positive value in the last stage. Consequently, Sgy is positive
in the early stage and negative in the last stage, as shown in
Fig. 3(b). These results are consistent with those in Ref. [60].
That is, in both cases, maximization of entropy, S‘BH <0,
should be satisfied in the last stage. Of course, the entropic
parameters for w = 1/3 are quantitatively different from
those for w = 0. However, the evolution of those for w =
1/3 is similar to that for w = 0, as for the case of H/H,.

As examined above, the universe observed here
approaches a kind of equilibrium state in the last stage.
The evolution of the universe is considered to be a
relaxation process. To study the relaxation process system-
atically, the boundary required for Sgyy = 0 is calculated.
(The boundary of Sgy =0 for w =0 was discussed in
Ref. [60].) Using Eq. (A8) and assuming H # 0, we obtain
the boundary of Sg; = 0, which is given by

1 H 2—a
wo= ()
=521 (33)

When a = 2, ¥, = 1 is obtained from this equation. When
a # 2, substituting Eq. (18) into Eq. (33) yields

Wy, — ﬁ [(1 —W)a + ‘I’a} . (34)

083515-6



EVOLUTION OF THERMODYNAMIC QUANTITIES ON ...

PHYS. REV. D 108, 083515 (2023)

1.0 =
Frrmeeees Seu<0
081 alay=05 T H--. 1T -
I ]
5 06F ACDM”
> i _
04L a/ao—\]
0.2 way=2
0.0 bommeacao e L
2.0 -1.0 0.0 1.0 2.0
o

FIG. 4. Boundary of Sz = 0 in the (a,¥,) plane for various
values of a/ay. The dashed and solid lines represent w = 0 and
w = 1/3, respectively. The arrow attached to each boundary
indicates the relaxation-process-side region that satisfies
Sgu < 0. The open circle represents (a,¥,) = (0,0.685) for
the ACDM model. When a/a, = 1, the boundary for w = 0 is
the same as that for w = 1/3, where the boundary is given
by ¥, =1/(3-a).

Solving Eq. (34) with respect to ¥, yields the following
boundary required for Sp = 0:

a_7

11272_a+a_y, (35)

w from Eq. (19). The influence of w is

where y =
included in y.

Using Eq. (35), the boundary of S = 0 for various
values of a/ay, can be plotted on the (a,¥,) plane.
In Fig. 4, a/ay is set to 0.5, 1, and 2, to observe
typical boundaries. In this figure, a/a, represents the
normalized scale factor. The dashed and solid lines represent
w =0 and w = 1/3, respectively. The arrow attached to
each boundary indicates the relaxation-process-side region
that satisfies Sgy < 0. For each boundary, the upper side
corresponds to this region. For both w =0 and w = 1/3,
this region gradually extends downward with increasing
a/ay. When a/ay = 1, the boundary for w = 0 is the same
as that for w = 1/3, where the boundary is given by ¥, =
1/(3 — a) from Eq. (35). In both cases, a small-a and large-
¥, region tends to satisfy Sg; < O at the present time. The
properties of the boundary of Sgy = 0 for both cases are
similar to each other. Note that the boundary for w = 1/3 is
quantitatively different from that for w = 0, except when
a/ay = 1.

D. Dynamical temperature 75 on the horizon

The evolution of the parameters examined, such as
H/H,, q, Sgy, and SBH, for the present model, was found
to be similar for both w = 0 and w = 1/3. However, we
expect that the evolution of the dynamical temperature for
w = 1/3 is different from that for w = 0. In this subsection,
we therefore examine the dynamical temperature 7' for the
present model.

Substituting Eq. (15) into Eq. (10) yields
T H H
no_ M0 2
TGH,O HO 2H

(A ()7)). e

where Ty is the Gibbons-Hawking temperature at the
present time, given by 7nH,/(2zkg). The normalized T is
not negative in the present model, because w = 0, w = 1/3,
0<Y¥Y,<1, and H >0 are considered. Substituting
Eq. (18) into Eq. (36) and performing several calculations
yields

Ty

TGH,O

= [a-war+ wa]ﬁ

e (]

1=-3w)(1-Y,)a" + 4¥
_ (1=3w)(1-¥,)a" + 4%, 37

0 -w)a + v

where y is 224 given by Eq. (19). Also, Eq. (37)
includes a coefficient (1 — 3w), which affects the properties
of Ty. For example, substituting w = 1/3 and « = 1 into

Eq. (37) yields

Ty
Tho

1
=Y, <f0r w=3 and a = 1). (38)

The obtained temperature does not depend on a.
Using Eq. (37), we study two specific cases: @ = 1 and
a — oo. First, substituting @ = 1 into Eq. (37) yields

T 1 -3w)(1 - 4¥
no_( w)( o) + 4 (for
Teno 4

a=1). (39

Equation (39) indicates that Ty does not depend on «a
at the present time. For w =0, Eq. (39) is written as
Ty/Tguo = (1 4+ 3%,)/4. For w = 1/3, Eq. (39) is writ-
ten as Ty /Tguo = ¥, which is equivalent to Eq. (38).
Second, substituting @ — oo into Eq. (37) with a < 2 yields

Ty

— W (for & — o). (40)
TGH,O

Equation (40) indicates that Ty does not depend on w
when d — oo.

We now observe the evolution of the normalized Ty for
the present model for both w = 0 and w = 1/3. To examine
typical results, « is set to 0 and 1, and ¥, is set to 0.685,
equivalent to Q, for the ACDM model.

As shown in Fig. 5, when a 5 0.6, Ty for w=0
decreases with a, whereas Ty for w=1/3 does not
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2 =
a=0,w=0 (ACDM)
\ a=1,w=0
- 1 — a=0,w=1/3
z i ':\ _ = =
Sl a=1,w=1/3
= PN e
0//lllllllllllll
0 1 2 3 4 5

a

FIG. 5. Evolution of the normalized Ty for the present model
for ¥, = 0.685. The dashed and solid lines represent w = 0 and
w = 1/3, respectively. The red and blue lines represent @ = 0 and
a = 1, respectively. The horizontal straight line corresponds to
[a=1,w=1/3].

decrease. The evolution of Ty for w = 1/3 is different
from that for w = 0 in the very early stage. In the last stage,
Ty gradually approaches a positive value, Ty/Tgho =

pl/ (Z—a)’ given by Eq. (40), that depends on a and ¥, but
not on w. In particular, Ty for [@ = 1, w = 1/3] is constant
during the evolution of the universe. The universe at constant
Ty is not a de Sitter universe because H/H,, for [a = 1,
w = 1/3] varies with &, as shown in Fig. 1(a). We note that
H/H, is equivalent to the normalized Gibbons-Hawking
temperature because Tgy = hH/(2rkg).

Figure 5 indicates that a universe at constant 7y on a
dynamic horizon is obtained from the present model for
[@ =1, w=1/3]. To observe this from a different view-
point, we plot contours of the normalized Ty in the (&, a)
plane. As shown in Fig. 6, the contour lines are plotted at
increments of 0.1. We set ¥, = 0.6, to make a certain
contour line for w = 1/3 clear, as discussed below.

As shown in Fig. 6(a), for w = 0, the normalized 7' for
all a varies with a. In contrast, for w = 1/3, the normalized
Ty for @ = 1 is indicated by the horizontal straight contour

2 = T/ Tonp
‘ 1
0.9
0.8
_ 0.7

line [Fig. 6(b)]. The horizontal straight contour line
corresponds to Ty /Tguo = ¥, = 0.6, which is given by
Eq. (38). Also, in the early stage (@ < 1), the normalized
Ty for a > 1 is high, whereas the normalized T for a < 1
is low. These results indicate that @ = 1 can be considered a
kind of critical value when the normalized Ty forw = 1/3
is discussed in the present model.

In this way, the evolution of the normalized 7'y for w =
1/3 is different from that for w = 0. In addition, we can
obtain a universe at constant 7'y on a dynamic horizon from
the present model for [@ =1, w = 1/3]. The obtained
universe corresponds to a radiation-dominated universe that
includes an extra driving term proportional to H. The
universe is expected to be a good model for studying
relaxation processes for the universe at constant 7' because
systems at constant temperature play important roles in
thermodynamics and statistical physics. In the next section,
we examine specific conditions required for constant 7y,
based on the definition of the dynamical temperature.

IV. CONSTANT Ty MODEL

In this section, we examine the conditions required for a
constant 7y and formulate a cosmological model that can
describe a universe at constant 7y on a dynamic horizon
and then discuss the properties of the constant 7'y universe
of the formulated model. The universe considered in this
section should be different from the late Universe, but
should help in studying the relaxation processes for
thermodynamic quantities on a dynamic horizon.

From Eq. (9), the temperature on the horizon of a flat
FRW universe is written as

Ty = hit 1+ il
B 2k 2H?)"
To examine the conditions required for constant 7y, we
consider a nondimensional parameter y, written as

(41)

FIG. 6. Contours of the normalized T in the (G, @) plane for the present model for ¥, = 0.6. (a) w = 0. (b) w = 1/3. The horizontal
axis represents the normalized scale factor &, which increases with time. In (b), the horizontal straight contour line at @ = 1 corresponds
to Ty /Tguo = ¥, = 0.6, which is given by Eq. (38). Note that, in (a) and (b), the vertical straight lines at & = 1 corresponds to Eq. (39).
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H H
S - 42
v Ho< +2H2) (42)

where y is assumed to be constant. When this equation is
satisfied, Ty is constant because Ty can be written as

_ hyH,

T, =
LD YT A

(for constant Ty, ), (43)

where Eqgs. (41) and (42) are used. The above equation
indicates that T is proportional to y. Note that y should
also be related to surface gravity because Ty given by
Eq. (41) is based on the relationship between the temper-
ature and the surface gravity [68-72].

Solving Eq. (42) with respect to H yields

H = —-2H? + 2yHH. (44)

We expect that Eq. (44) is related to cosmological models.
Based on this expectation, we attempt to formulate a
cosmological model that satisfies Eq. (44). To this end,
we consider the present model again. From Eq. (15), the
cosmological equation for the present model is written as

. 3 3 H\“
H=-=(1 H>+=(1 Y HI—). (4

By comparing Egs. (44) and (45), we find
1
a=1 and W=z (46)

In fact, substituting Eq. (46) into Eq. (45) yields
H = -2H?>+2¥,H,H. (47)

This equation is equivalent to Eq. (44) for ¥, = yw. The
above cosmological model, hereafter “the constant Ty
model,” can describe a universe at constant 7y on a
dynamic horizon. The constant 7; model corresponds to
the present model for [@a =1, w=1/3]. The model
obtained here is a viable scenario in that other models
can also satisfy Eq. (44). For example, substituting w = 0
and 3f,(t)/2 = —H?/2 + 2wHH into Eq. (13) can yield
Eq. (44). Even in this case, the background evolution of the
universe is equivalent to that for the constant 7 model
because Eq. (44) is satisfied. In the present study, we use
the constant 7'y; model as a viable scenario.

As mentioned above, y is considered to be related to the
horizon temperature and the surface gravity. Also, ¥, is a
kind of density parameter for the effective dark energy.
Therefore, ¥, =y may imply that the effective dark
energy is related to the temperature and the surface gravity.
In this study, we accept this relation and assume ¥, = .
Consequently, from Eq. (43), the constant normalized
temperature is written as

4
g
=20
> L
]
[0}
Noor
B0
S ../
“ ,SBH q/
2 L I L1 !
0 1 2 3 4 5

Sl

FIG.7. Evolution of normalized parameters for the constant 7'y
model for ¥, = 0.685. The parameters are replotted and ¢ is not
normalized. The normalized H is equivalent to the normalized
Tcu (see the text). The constant 7z model corresponds to the
present model for [ =1, w = 1/3].

T 7;//]1:]0

H 1

T = hHs =y = LP()w (48)
GHO 27k,

where Ty is the Gibbons-Hawking temperature at the
present time, given by AH,/(2nkg).

We now observe the evolution of several parameters for
the constant 7y model and examine the relaxation proc-
esses for the universe. To observe typical results, ¥, is set
to 0.685, as in previous sections.

As shown in Fig. 7, Ty is constant during the evolution
of the universe. The value of the normalized T’ is 0.685
from Eq. (48). The other parameters (namely, H, ¢, Sgy,
and Spy) gradually approach a constant value in the last
stage. The final state corresponds to a de Sitter universe
whose temperature is Tg.

We note that the Gibbons-Hawking temperature 7Tgy =
hH/(2rkg) is proportional to H, as given by Eq. (8).
Therefore, the normalized Ty, namely, Tgy/Tguo, 1S
H/H, and is equivalent to the normalized H. Thus, Fig. 7
indicates that the normalized Tgy decreases with a and
gradually approaches the normalized constant 7'y.

The evolution of these parameters can be interpreted as a
relaxation process at constant 7. To discuss the relaxation
process, we examine the evolution of Sgy and Sgyy for
various values of ¥,. To study typical results, ¥, is set to
0.4, 0.6, and 0.8. (Note that ¥, is equivalent to the value of
the normalized T'y.) As shown in Fig. 8(a), the normalized
Spy increases with @ and gradually approaches a positive
value that depends on ¥,,. The normalized value is given by
Sgu/Sero = W, > 2=%) — p-2 4 considered in Sec. 111 C,
where a =1 is used for the constant 7y model. The
evolution of Sgy depends on W; that is, the larger ¥, is, the
earlier Sgy approaches a positive value. Also, as shown in
Fig. 8(b), the normalized Sgy is positive initially and
negative finally. Accordingly, the maximization of entropy,
namely, S‘BH < 0, is satisfied in the last stage.
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N BH/ S BH,0

8
r b
& 4 ¥, =0.4 (®)
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1A
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FIG. 8. Evolution of normalized entropic parameters for the
constant Ty model for various values of W¥,. (a) Sgy/SgH.o-
(b) Seu/(SproH3). The constant Ty model corresponds to the
present model for [a = 1, w = 1/3].

In the constant T, model, the normalized T is
equivalent to ¥,, as shown in Eq. (48) and hence their
influence on the model can be seen as being the same.
Accordingly, to observe the influence of Ty, we examine a
temporal W, region that satisfies the maximization of
entropy, using contours of Sgy in the (&, ¥,) plane. In
Fig. 9, the arrow attached to the line Sgy = 0 indicates a
region that satisfies the maximization of entropy, Sgyy < 0.
The line Sgyy = 0 is equivalent to the boundary calculated
from Eq. (35). As shown in Fig. 9, the normalized Sgy
tends to be positive in the early stage and negative in the
last stage. In addition, the larger ¥, is, the earlier Sgy < 0
is satisfied. These results imply that the higher T is, the
earlier the entropy should be maximized.

In this way, using the constant 7y model, we can
examine the relaxation processes for a universe at constant
temperature on a dynamic horizon. Of course, this model is
simply one viable scenario with a constant horizon temper-
ature. The obtained universe is different from the late
Universe described by ACDM models because o = 1 and
w = 1/3 are considered here. However, we expect that the
constant 7' model will contribute to the study of thermo-
dynamics and statistical physics on dynamic horizons
because the horizon temperature is constant in de Sitter
universes. For example, the holographic equipartition law
of energy [39,42] should be properly applied to the
dynamic horizon in a constant 7y model. Based on this,
the energy Ey is written as Ey = Ny X %kBTH = 28Ty,
where Ny is the number of degrees of freedom on the
horizon, given by Ny =4Sgy/kz. Using these

L0 Sl (SproHo?)

bl oo

FIG.9. Contours of normalized Sgy in the (&, ¥,,) plane for the
constant Ty model. The vertical axis ¥, is equivalent to the
normalized Tp. The arrow attached to the line of Sy =0
indicates a region that satisfies Spy < 0. Unsatisfied regions
are displayed in gray, to make the boundary of Sz = O clear. The
contour lines are plotted at increments of 1. The color scale bar is
based on the normalized value, which is calculated from Eq. (32),
applying « =1 and w = 1/3.

thermodynamic quantities, thermodynamic relations can
be examined on the dynamic horizon at constant temper-
ature. Also, we may discuss the relationship between
holographic entanglement entropy [81-84] and thermody-
namic entropy on the dynamic horizon by extending this
model. Those tasks are left for future research.

V. CONCLUSIONS

To clarify the thermodynamics on a dynamic horizon, we
examined the evolution of the dynamical temperature 7y
and the Bekenstein-Hawking entropy Sgy on the horizon of
a flat FRW universe in a A(¢z) model. In this study, we
considered a A(7) model that includes both a power-law
term proportional to H* and the equation of state para-
meter w. Using the present model, we examined a matter-
dominated universe (w = 0) and a radiation-dominated
universe (w = 1/3), setting a < 2. Both universes are
found to approach de Sitter universes and satisfy maximi-
zation of the entropy in the last stage. The evolution of
several parameters (such as H/H, ¢, and Sgy) is similar
for w =0 and w = 1/3. However, the evolution of T is
different for w =0 and w = 1/3. In particular, Tj is
constant for w = 1/3 with a = 1, although the Hubble
parameter H and the Hubble radius ry vary with time,
unlike for a de Sitter universe.

To discuss this particular case, we examined the specific
conditions required for constant 7. By applying the
condition [@ =1, w=1/3] to the present model, we
formulated a cosmological model that can describe a
universe with constant Ty on a dynamic horizon. The
formulated constant 7 model implies that the density
parameter for the effective dark energy is related to 7y. It is
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found that the higher 7'y is, the earlier the entropy should
be maximized. Using the constant 7y model we can
examine the relaxation processes for a universe at constant
horizon temperature, as if the dynamic horizon is in contact
with a heat bath.

The present results may provide new insights for the
discussion of thermodynamics and statistical physics on the
cosmological horizon. Detailed studies are needed and are
left for future research.

APPENDIX: Sy AND Sy FOR THE A(f) MODEL
WITH A POWER-LAW TERM

In this appendix, we calculate Sgy and Sgy for a A(7)
model that includes both a power-law term and the equation
of state parameter. For this, the present model is given
again. From Eq. (15), the differential equation is

R 3 H\«
H=--(1+wH>*+=-(1+ w)‘P,,H2< >
2 H,

oo ()7

The solution for a # 2 given by Eq. (18) is written as

H\ 2-«a
(_) = (1 - \Pa)a—}’ + ‘Pa’

H,

(A1)

l\JIUJ NIM

(A2)

where y = 3“”72)(2_”) from Eq. (19).

The following calculations are based on Refs. [60,61].
The results examined in the previous works are slightly
extended because the present model includes the equation
of state parameter w.

To obtain Sgy for the present model, we first calculate
the first derivative of Sgy from Eq. (4). Differentiating
Eq. (4) with respect to ¢ yields [58,59]

¢ _dy d K _ —2KH
BH T g OB T g T OH

Substituting Eq. (A1) into Eq. (A3) and applying Eq. (A2)
yields

. -2KH 2K Hy
SgH = ——3— H2

(A3)

H ~ H, H

2K 3 H\*2\ H
~Ga (- (g) ) F
0 0

3K

:H_O(l +w)(1 T _q:;;—y +‘Pa>

x [(1 _W)a lp}_

3K (Lew(1 =i A4
Hy [(1=W)a +¥,[5

The obtained Spy includes y and a coefficient (1 + w).
Also, y includes the coefficient (1 + w). Except for these
points, Eq. (A4) is equivalent to that examined in
Refs. [60,61].

In this paper, 1 +w >0, 1 =¥, >0, and ¥, >0 are
satisfied because w =0, w=1/3, and 0 <¥, <1 are
considered. Accordingly, the second law of thermodynam-
ics on the horizon, namely, Sgy > 0, is satisfied in the
present model. The second law of thermodynamics has
been examined for w = 0 in Ref. [60].

Next, we calculate Sgy. Differentiating Eq. (A3) with
respect to ¢ yields

. d . d (-2KH H 3H?
= ) = 2K — -
SeH = 581 = dt( H? ) (H3 H4>

K (3H>-HH 3H* - HH

We now calculate Sgy for the present model. For this,
we calculate 3H? — HH in Eq. (A5) using Eq. (Al). The
detailed calculation is summarized in Ref. [60]. Based on
the result, 3H% — HH is written as

3H? - HH =~ (1 + w)(-H)H?

x {1 ~¥.(3-a) (HEO) H} .

The above equation includes a coefficient (1 4+ w). Except
for this point, Eq. (A6) is equivalent to Eq. (C7) of
Ref. [60]. Substituting Eq. (A6) into Eq. (AS) yields

| W

(A6)

28pu5(1+w)(—H)H? [1 ~¥,(3-a) (1%)(1_2}
_ ik

=3Sgu(1+w)(—H) {1 -¥,(3-0q) <£> H] :

Hy

Seu
(A7)
and applying Sgy = K/H? given by Eq. (4) yields

San=3K(1+w) <;{—IZ> [1 ¥, (3-a) (Hﬁ()) H} . (A8)

In addition, substituting Eq. (Al) into Eq. (A8) and
applying Eq. (A2) to the resultant equation yields
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Sp = 3K(1 +w) C{_’j) [1 _%G-a) <H£0>a_2]
o

[r-vis-af()

9K y
22 0+w2(1- a
5 (1+w) ( (1—111,1)24‘7+\I’,1>

lPa(3 — a)
|-
=2 (w21 - e
(I1-¥,)a7"+ (a—-2)¥,
[(l - Ta>a_y + lPa]z ’

(A9)

where y =302024 from Eq. (19). Equation (A9)
includes a coefficient (1 4+ w)? and y. Also, y includes
(1 + w). Except for these points, Eq. (A9) is equivalent to
that examined in Refs. [60,61]. The maximization of the
entropy for w = 0 was discussed in previous works and it
was reported that Sp; < 0 should be satisfied in the last
stage when a < 2 [60,61]. In the previous works, w = 0 is
considered and, therefore, (1 + w) is positive. In this
study, similarly, (1 4+ w) is positive because w =0 and
w = 1/3 are considered. Accordingly, the result reported
in Refs. [60,61] can also be applied to the present model.
That is, Eq. (A9) indicates that Sgy <O should be
satisfied in the last stage when a < 2. We note that Sgy
and Sgy for a # 2 reduce to those for a = 2, respectively,
when a — 2.

[1] S. Perlmutter et al., Nature (London) 391, 51 (1998); A. G.
Riess et al., Astron. J. 116, 1009 (1998).

[2] N. Aghanim et al., Astron. Astrophys. 641, A6 (2020).

[3] O. Farooq, F.R. Madiyar, S. Crandall, and B. Ratra,
Astrophys. J. 835, 26 (2017).

[4] S. Weinberg, Cosmology (Oxford University Press,
New York, 2008); G. E. R. Ellis, R. Maartens, and M. A. H.
MacCallum, Relativistic Cosmology (Cambridge University
Press, Cambridge, England, 2012).

[5] K. Bamba, S. Capozziello, S. Nojiri, and S. D. Odintsov,
Astrophys. Space Sci. 342, 155 (2012); S. Nojiri, S.D.
Odintsov, and V. K. Oikonomou, Phys. Rep. 692, 1 (2017).

[6] S. Wang, Y. Wang, and M. Li, Phys. Rep. 696, 1 (2017); N.
Frusciante and L. Perenon, Phys. Rep. 857, 1 (2020).

[7] K. Freese, F.C. Adams, J. A. Frieman, and E. Mottola,
Nucl. Phys. B287, 797 (1987); J.M. Overduin and F.I.
Cooperstock, Phys. Rev. D 58, 043506 (1998); J. Sola,
J. Phys. Conf. Ser. 453, 012015 (2013).

[8] S. Nojiri and S. D. Odintsov, Phys. Lett. B 639, 144 (20006);
Q. Wang, Z. Zhu, and W.G. Unruh, Phys. Rev. D 95,
103504 (2017).

[9] S. Basilakos, M. Plionis, and J. Sola, Phys. Rev. D 80,
083511 (2009); S. Basilakos, A. Paliathanasis, J. D. Barrow,
and G. Papagiannopoulos, Eur. Phys. J. C 78, 684 (2018).

[10] A. Gémez-Valent, J. Sola, and S. Basilakos, J. Cosmol.
Astropart. Phys. 01 (2015) 004; M. Rezaei, M. Malekjani,
and J. Sola Peracaula, Phys. Rev. D 100, 023539
(2019).

[11] J. Sola, A. Gomez-Valent, and J. C. Pérez, Phys. Lett. B 774,
317 (2017); S. Basilakos, N. E. Mavromatos, and J. Sola
Peracaula, Phys. Rev. D 101, 045001 (2020).

[12] S. Weinberg, Gravitation and Cosmology (John Wiley &
Sons, New York, 1972).

[13] J. D. Barrow, Phys. Lett. B 180, 335 (1986); J. A. S. Lima,
R. Portugal, and I. Waga, Phys. Rev. D 37, 2755 (1988);

J.A.S. Lima and A. S. M. Germano, Phys. Lett. 170A, 373
(1992); W. Zimdahl, Phys. Rev. D 53, 5483 (1996).

[14] 1. Brevik and S.D. Odintsov, Phys. Rev. D 65, 067302
(2002); S. Nojiri and S.D. Odintsov, Phys. Rev. D 72,
023003 (2005); B. Li and J. D. Barrow, Phys. Rev. D 79,
103521 (2009); S.D. Odintsov, D. Sdez-Chillon Gémez,
and G. S. Sharov, Phys. Rev. D 101, 044010 (2020).

[15] X.Dou and X.-H. Meng, Adv. Astron. 2011, 829340 (2011).

[16] A. Avelino and U. Nucamendi, J. Cosmol. Astropart. Phys.
04 (2009) 006; A. Sasidharan, N. D. J. Mohan, M. V. John,
and T. K. Mathew, Eur. Phys. J. C 78, 628 (2018); W. Yang,
S. Pan, E. DiValentino, A. Paliathanasis, and J. Lu, Phys.
Rev. D 100, 103518 (2019).

[17] L. Prigogine, J. Geheniau, E. Gunzig, and P. Nardone, Proc.
Natl. Acad. Sci. U.S.A. 85, 7428 (1988).

[18] M. O. Calvao, J. A. S. Lima, and I. Waga, Phys. Lett. A 162,
223 (1992); J. A. S. Lima, A.S. M. Germano, and L. R. W.
Abramo, Phys. Rev. D 53, 4287 (1996).

[19] W. Zimdahl, D.J. Schwarz, A. B. Balakin, and D. Pavon,
Phys. Rev. D 64, 063501 (2001); T. Harko, Phys. Rev. D 90,
044067 (2014); J. A. S. Lima, R. C. Santos, and J. V. Cunha,
J. Cosmol. Astropart. Phys. 03 (2016) 027.

[20] M. Li, Phys. Lett. B 603, 1 (2004); A. Sayahian Jahromi,
S. A. Moosavi, H. Moradpour, J.P. Morais Graga, 1. P.
Lobo, I. G. Salako, and A. Jawad, Phys. Lett. B 780, 21
(2018); S. Nojiri, S. D. Odintsov, and T. Paul, Symmetry 13,
928 (2021).

[21] D. A. Easson, P. H. Frampton, and G. F. Smoot, Phys. Lett.
B 696, 273 (2011).

[22] Y. F. Cai and E. N. Saridakis, Phys. Lett. B 697, 280 (2011).

[23] S. Basilakos, D. Polarski, and J. Sola, Phys. Rev. D 86,
043010 (2012); M. P. Dabrowski and H. Gohar, Phys. Lett.
B 748, 428 (2015); R. C. Nunes, E. M. Barboza, Jr., E. M. C.
Abreu, and J. A. Neto, J. Cosmol. Astropart. Phys. 08
(2016) 051.

083515-12


https://doi.org/10.1038/34124
https://doi.org/10.1086/300499
https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.3847/1538-4357/835/1/26
https://doi.org/10.1007/s10509-012-1181-8
https://doi.org/10.1016/j.physrep.2017.06.001
https://doi.org/10.1016/j.physrep.2017.06.003
https://doi.org/10.1016/j.physrep.2020.02.004
https://doi.org/10.1016/0550-3213(87)90129-5
https://doi.org/10.1103/PhysRevD.58.043506
https://doi.org/10.1088/1742-6596/453/1/012015
https://doi.org/10.1016/j.physletb.2006.06.065
https://doi.org/10.1103/PhysRevD.95.103504
https://doi.org/10.1103/PhysRevD.95.103504
https://doi.org/10.1103/PhysRevD.80.083511
https://doi.org/10.1103/PhysRevD.80.083511
https://doi.org/10.1140/epjc/s10052-018-6139-8
https://doi.org/10.1088/1475-7516/2015/01/004
https://doi.org/10.1088/1475-7516/2015/01/004
https://doi.org/10.1103/PhysRevD.100.023539
https://doi.org/10.1103/PhysRevD.100.023539
https://doi.org/10.1016/j.physletb.2017.09.073
https://doi.org/10.1016/j.physletb.2017.09.073
https://doi.org/10.1103/PhysRevD.101.045001
https://doi.org/10.1016/0370-2693(86)91198-6
https://doi.org/10.1103/PhysRevD.37.2755
https://doi.org/10.1016/0375-9601(92)90890-X
https://doi.org/10.1016/0375-9601(92)90890-X
https://doi.org/10.1103/PhysRevD.53.5483
https://doi.org/10.1103/PhysRevD.65.067302
https://doi.org/10.1103/PhysRevD.65.067302
https://doi.org/10.1103/PhysRevD.72.023003
https://doi.org/10.1103/PhysRevD.72.023003
https://doi.org/10.1103/PhysRevD.79.103521
https://doi.org/10.1103/PhysRevD.79.103521
https://doi.org/10.1103/PhysRevD.101.044010
https://doi.org/10.1155/2011/829340
https://doi.org/10.1088/1475-7516/2009/04/006
https://doi.org/10.1088/1475-7516/2009/04/006
https://doi.org/10.1140/epjc/s10052-018-6105-5
https://doi.org/10.1103/PhysRevD.100.103518
https://doi.org/10.1103/PhysRevD.100.103518
https://doi.org/10.1073/pnas.85.20.7428
https://doi.org/10.1073/pnas.85.20.7428
https://doi.org/10.1016/0375-9601(92)90437-Q
https://doi.org/10.1016/0375-9601(92)90437-Q
https://doi.org/10.1103/PhysRevD.53.4287
https://doi.org/10.1103/PhysRevD.64.063501
https://doi.org/10.1103/PhysRevD.90.044067
https://doi.org/10.1103/PhysRevD.90.044067
https://doi.org/10.1088/1475-7516/2016/03/027
https://doi.org/10.1016/j.physletb.2004.10.014
https://doi.org/10.1016/j.physletb.2018.02.052
https://doi.org/10.1016/j.physletb.2018.02.052
https://doi.org/10.3390/sym13060928
https://doi.org/10.3390/sym13060928
https://doi.org/10.1016/j.physletb.2010.12.025
https://doi.org/10.1016/j.physletb.2010.12.025
https://doi.org/10.1016/j.physletb.2011.02.020
https://doi.org/10.1103/PhysRevD.86.043010
https://doi.org/10.1103/PhysRevD.86.043010
https://doi.org/10.1016/j.physletb.2015.07.047
https://doi.org/10.1016/j.physletb.2015.07.047
https://doi.org/10.1088/1475-7516/2016/08/051
https://doi.org/10.1088/1475-7516/2016/08/051

EVOLUTION OF THERMODYNAMIC QUANTITIES ON ...

PHYS. REV. D 108, 083515 (2023)

[24] N. Komatsu and S. Kimura, Phys. Rev. D 87, 043531
(2013); N. Komatsu, J. Phys. Soc. Jpn. Conf. Proc. 1,
013112 (2014).

[25] N. Komatsu and S. Kimura, Phys. Rev. D 89, 123501
(2014); 90, 123516 (2014); 92, 043507 (2015).

[26] N. Komatsu and S. Kimura, Phys. Rev. D 93, 043530
(2016).

[27] A. Sheykhi, Phys. Rev. D 81, 104011 (2010); R. G. Cai,
L.M. Cao, and N. Ohta, Phys. Rev. D 81, 061501(R)
(2010); S. Mitra, S. Saha, and S. Chakraborty, Mod. Phys.
Lett. A 30, 1550058 (2015).

[28] A. Sheykhi and S.H. Hendi, Phys. Rev. D 84, 044023
(2011); K. Karami, A. Abdolmaleki, Z. Safari, and S.
Ghaffari, J. High Energy Phys. 08 (2011) 150.

[29] N. Komatsu and S. Kimura, Phys. Rev. D 88, 083534
(2013).

[30] N. Komatsu, Eur. Phys. J. C 77, 229 (2017).

[31] S. Nojiri, S.D. Odintsov, and T. Paul, Phys. Lett. B 831,
137189 (2022); S.D. Odintsov and T. Paul, Phys. Dark
Universe 39, 101159 (2023).

[32] E.N. Saridakis, Phys. Rev. D 102, 123525 (2020); S. Nojiri,
S.D. Odintsov, and V. Faraoni, Phys. Rev. D 105,
044042 (2022); A. Sheykhi, Phys. Rev. D 107, 023505
(2023).

[33] G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15, 2738
(1977).

[34] J.D. Bekenstein, Phys. Rev. D 7, 2333 (1973); 9, 3292
(1974); 12, 3077 (1975).

[35] S. W. Hawking, Phys. Rev. Lett. 26, 1344 (1971); Commun.
Math. Phys. 43, 199 (1975); Phys. Rev. D 13, 191 (1976).

[36] S. W. Hawking, Nature (London) 248, 30 (1974).

[37] D. Pavén and N. Radicella, Gen. Relativ. Gravit. 45, 63
(2013); J.P. Mimoso and D. Pavén, Phys. Rev. D 87,
047302 (2013).

[38] T. Jacobson, Phys. Rev. Lett. 75, 1260 (1995).

[39] T. Padmanabhan, Mod. Phys. Lett. A 25, 1129 (2010).

[40] E. Verlinde, J. High Energy Phys. 04 (2011) 029.

[41] T. Padmanabhan, Classical Quantum Gravity 21, 4485
(2004).

[42] Fu-Wen Shu and Y. Gong, Int. J. Mod. Phys. D 20, 553
(2011).

[43] T. Padmanabhan, arXiv:1206.4916; Res. Astron. Astrophys.
12, 891 (2012).

[44] R. G. Cai, J. High Energy Phys. 11 (2012) 016.

[45] S. Chakraborty and T. Padmanabhan, Phys. Rev. D 92,
104011 (2015); H. Moradpour, Int. J. Theor. Phys. 55, 4176
(2016).

[46] A. Sheykhi, Phys. Lett. B 785, 118 (2018); Phys. Rev. D
103, 123503 (2021).

[47] E.M.C. Abreu, J.A. Neto, A.C.R. Mendes, and A.
Bonilla, Europhys. Lett. 121, 45002 (2018).

[48] V. T. Hassan Basari, P. B. Krishna, and T. K. Mathew, Phys.
Rev. D 107, 063511 (2023).

[49] R. Easther and D. Lowe, Phys. Rev. Lett. 82, 4967 (1999).

[50] J. D. Barrow, New Astron. 4, 333 (1999).

[51] P.C. W. Davies and T. M. Davis, Found. Phys. 32, 1877
(2003); T. M. Davis, P. C. W. Davies, and C. H. Lineweaver,
Classical Quantum Gravity 20, 2753 (2003).

[52] B. Wang, Y. Gong, and E. Abdalla, Phys. Rev. D 74, 083520
(2000).

[53] C. A. Egan and C. H. Lineweaver, Astrophys. J. 710, 1825
(2010).

[54] L. Dyson, M. Kleban, and L. Susskind, J. High Energy
Phys. 10 (2002) 011; A. Albrecht, J. Phys. Conf. Ser. 174,
012006 (2009); S. M. Carroll and A. Chatwin-Davies, Phys.
Rev. D 97, 046012 (2018).

[55] P.B. Krishna and T. K. Mathew, Phys. Rev. D 96, 063513
(2017); 99, 023535 (2019).

[56] K. Bamba, A. Jawad, S. Rafique, and H. Moradpour,
Eur. Phys. J. C 78, 986 (2018); M. Gonzalez-Espinoza
and D. Pavon, Mon. Not. R. Astron. Soc. 484, 2924
(2019).

[57] S. Pan, W. Yang, C. Singha, and E. N. Saridakis, Phys. Rev.
D 100, 083539 (2019); E. N. Saridakis and S. Basilakos,
Eur. Phys. J. C 81, 644 (2021).

[58] N. Komatsu, Phys. Rev. D 96, 103507 (2017).

[59] N. Komatsu, Phys. Rev. D 99, 043523 (2019).

[60] N. Komatsu, Phys. Rev. D 100, 123545 (2019).

[61] N. Komatsu, Phys. Rev. D 102, 063512 (2020).

[62] N. Komatsu, Phys. Rev. D 103, 023534 (2021).

[63] N. Komatsu, Phys. Rev. D 105, 043534 (2022).

[64] N. Komatsu, Eur. Phys. J. C 83, 690 (2023).

[65] G. ’t Hooft, Conf. Proc. C 930308, 284 (1993); L. Susskind,
J. Math. Phys. (N.Y.) 36, 6377 (1995); R. Bousso, Rev.
Mod. Phys. 74, 825 (2002).

[66] S.A. Hayward, Classical Quantum Gravity 15, 3147
(1998).

[67] S. A. Hayward, R. D. Criscienzo, M. Nadalini, L. Vanzo,
and S. Zerbini, Classical Quantum Gravity 26, 062001
(2009).

[68] R. G. Cai and L. M. Cao, Phys. Rev. D 75, 064008 (2007);
M. Akbar and R. G. Cai, Phys. Rev. D 75, 084003 (2007); S.
Mitra, S. Saha, and S. Chakraborty, Phys. Lett. B 734, 173
(2014).

[69] Fei-Quan Tu, Yi-Xin Chen, Bin Sun, and You-Chang Yang,
Phys. Lett. B 784, 411 (2018).

[70] Fei-Quan Tu, Yi-Xin Chen, and Qi-Hong Huang, Entropy
21, 167 (2019).

[71] S. Nojiri, S.D. Odintsov, and T. Paul, Phys. Lett. B 835,
137553 (2022); L. M. Sanchez and H. Quevedo, Phys. Lett.
B 839, 137778 (2023).

[72] M. Muhsinath, V.T.H. Basari, and T.K. Mathew, Gen.
Relativ. Gravit. 55, 43 (2023).

[73] S. Das, S. Shankaranarayanan, and S. Sur, Phys. Rev. D 77,
064013 (2008); N. Radicella and D. Pavén, Phys. Lett. B
691, 121 (2010).

[74] K. A. Meissner, Classical Quantum Gravity 21, 5245
(2004); A. Ghosh and P. Mitra, Phys. Rev. D 71, 027502
(2005).

[75] C. Tsallis and L.J.L. Cirto, Eur. Phys. J. C 73, 2487
(2013).

[76] T.S. Bir6 and V.G. Czinner, Phys. Lett. B 726, 861
(2013).

[77] V. G. Czinner and H. Iguchi, Phys. Lett. B 752, 306 (2016);
Eur. Phys. J. C 77, 892 (2017).

[78] J.D. Barrow, Phys. Lett. B 808, 135643 (2020).

[79] S. Nojiri, S. D. Odintsov, and V. Faraoni, Phys. Rev. D 104,
084030 (2021).

[80] H.B. Callen, Thermodynamics and an Introduction to
Thermostatistics, 2nd ed. (Wiley, New York, 1985).

083515-13


https://doi.org/10.1103/PhysRevD.87.043531
https://doi.org/10.1103/PhysRevD.87.043531
https://doi.org/10.7566/JPSCP.1.013112
https://doi.org/10.7566/JPSCP.1.013112
https://doi.org/10.1103/PhysRevD.89.123501
https://doi.org/10.1103/PhysRevD.89.123501
https://doi.org/10.1103/PhysRevD.90.123516
https://doi.org/10.1103/PhysRevD.92.043507
https://doi.org/10.1103/PhysRevD.93.043530
https://doi.org/10.1103/PhysRevD.93.043530
https://doi.org/10.1103/PhysRevD.81.104011
https://doi.org/10.1103/PhysRevD.81.061501
https://doi.org/10.1103/PhysRevD.81.061501
https://doi.org/10.1142/S0217732315500583
https://doi.org/10.1142/S0217732315500583
https://doi.org/10.1103/PhysRevD.84.044023
https://doi.org/10.1103/PhysRevD.84.044023
https://doi.org/10.1007/JHEP08(2011)150
https://doi.org/10.1103/PhysRevD.88.083534
https://doi.org/10.1103/PhysRevD.88.083534
https://doi.org/10.1140/epjc/s10052-017-4800-2
https://doi.org/10.1016/j.physletb.2022.137189
https://doi.org/10.1016/j.physletb.2022.137189
https://doi.org/10.1016/j.dark.2022.101159
https://doi.org/10.1016/j.dark.2022.101159
https://doi.org/10.1103/PhysRevD.102.123525
https://doi.org/10.1103/PhysRevD.105.044042
https://doi.org/10.1103/PhysRevD.105.044042
https://doi.org/10.1103/PhysRevD.107.023505
https://doi.org/10.1103/PhysRevD.107.023505
https://doi.org/10.1103/PhysRevD.15.2738
https://doi.org/10.1103/PhysRevD.15.2738
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.9.3292
https://doi.org/10.1103/PhysRevD.9.3292
https://doi.org/10.1103/PhysRevD.12.3077
https://doi.org/10.1103/PhysRevLett.26.1344
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1103/PhysRevD.13.191
https://doi.org/10.1038/248030a0
https://doi.org/10.1007/s10714-012-1457-x
https://doi.org/10.1007/s10714-012-1457-x
https://doi.org/10.1103/PhysRevD.87.047302
https://doi.org/10.1103/PhysRevD.87.047302
https://doi.org/10.1103/PhysRevLett.75.1260
https://doi.org/10.1142/S021773231003313X
https://doi.org/10.1007/JHEP04(2011)029
https://doi.org/10.1088/0264-9381/21/18/013
https://doi.org/10.1088/0264-9381/21/18/013
https://doi.org/10.1142/S0218271811018883
https://doi.org/10.1142/S0218271811018883
https://arXiv.org/abs/1206.4916
https://doi.org/10.1088/1674-4527/12/8/003
https://doi.org/10.1088/1674-4527/12/8/003
https://doi.org/10.1007/JHEP11(2012)016
https://doi.org/10.1103/PhysRevD.92.104011
https://doi.org/10.1103/PhysRevD.92.104011
https://doi.org/10.1007/s10773-016-3043-6
https://doi.org/10.1007/s10773-016-3043-6
https://doi.org/10.1016/j.physletb.2018.08.036
https://doi.org/10.1103/PhysRevD.103.123503
https://doi.org/10.1103/PhysRevD.103.123503
https://doi.org/10.1209/0295-5075/121/45002
https://doi.org/10.1103/PhysRevD.107.063511
https://doi.org/10.1103/PhysRevD.107.063511
https://doi.org/10.1103/PhysRevLett.82.4967
https://doi.org/10.1016/S1384-1076(99)00026-3
https://doi.org/10.1023/A:1022318700787
https://doi.org/10.1023/A:1022318700787
https://doi.org/10.1088/0264-9381/20/13/322
https://doi.org/10.1103/PhysRevD.74.083520
https://doi.org/10.1103/PhysRevD.74.083520
https://doi.org/10.1088/0004-637X/710/2/1825
https://doi.org/10.1088/0004-637X/710/2/1825
https://doi.org/10.1088/1126-6708/2002/10/011
https://doi.org/10.1088/1126-6708/2002/10/011
https://doi.org/10.1088/1742-6596/174/1/012006
https://doi.org/10.1088/1742-6596/174/1/012006
https://doi.org/10.1103/PhysRevD.97.046012
https://doi.org/10.1103/PhysRevD.97.046012
https://doi.org/10.1103/PhysRevD.96.063513
https://doi.org/10.1103/PhysRevD.96.063513
https://doi.org/10.1103/PhysRevD.99.023535
https://doi.org/10.1140/epjc/s10052-018-6446-0
https://doi.org/10.1093/mnras/stz188
https://doi.org/10.1093/mnras/stz188
https://doi.org/10.1103/PhysRevD.100.083539
https://doi.org/10.1103/PhysRevD.100.083539
https://doi.org/10.1140/epjc/s10052-021-09431-y
https://doi.org/10.1103/PhysRevD.96.103507
https://doi.org/10.1103/PhysRevD.99.043523
https://doi.org/10.1103/PhysRevD.100.123545
https://doi.org/10.1103/PhysRevD.102.063512
https://doi.org/10.1103/PhysRevD.103.023534
https://doi.org/10.1103/PhysRevD.105.043534
https://doi.org/10.1140/epjc/s10052-023-11855-7
https://doi.org/10.1063/1.531249
https://doi.org/10.1103/RevModPhys.74.825
https://doi.org/10.1103/RevModPhys.74.825
https://doi.org/10.1088/0264-9381/15/10/017
https://doi.org/10.1088/0264-9381/15/10/017
https://doi.org/10.1088/0264-9381/26/6/062001
https://doi.org/10.1088/0264-9381/26/6/062001
https://doi.org/10.1103/PhysRevD.75.064008
https://doi.org/10.1103/PhysRevD.75.084003
https://doi.org/10.1016/j.physletb.2014.05.044
https://doi.org/10.1016/j.physletb.2014.05.044
https://doi.org/10.1016/j.physletb.2018.08.030
https://doi.org/10.3390/e21020167
https://doi.org/10.3390/e21020167
https://doi.org/10.1016/j.physletb.2022.137553
https://doi.org/10.1016/j.physletb.2022.137553
https://doi.org/10.1016/j.physletb.2023.137778
https://doi.org/10.1016/j.physletb.2023.137778
https://doi.org/10.1007/s10714-023-03091-x
https://doi.org/10.1007/s10714-023-03091-x
https://doi.org/10.1103/PhysRevD.77.064013
https://doi.org/10.1103/PhysRevD.77.064013
https://doi.org/10.1016/j.physletb.2010.06.019
https://doi.org/10.1016/j.physletb.2010.06.019
https://doi.org/10.1088/0264-9381/21/22/015
https://doi.org/10.1088/0264-9381/21/22/015
https://doi.org/10.1103/PhysRevD.71.027502
https://doi.org/10.1103/PhysRevD.71.027502
https://doi.org/10.1140/epjc/s10052-013-2487-6
https://doi.org/10.1140/epjc/s10052-013-2487-6
https://doi.org/10.1016/j.physletb.2013.09.032
https://doi.org/10.1016/j.physletb.2013.09.032
https://doi.org/10.1016/j.physletb.2015.11.061
https://doi.org/10.1140/epjc/s10052-017-5453-x
https://doi.org/10.1016/j.physletb.2020.135643
https://doi.org/10.1103/PhysRevD.104.084030
https://doi.org/10.1103/PhysRevD.104.084030

NOBUYOSHI KOMATSU

PHYS. REV. D 108, 083515 (2023)

[81] S. Ryu and T. Takayanagi, Phys. Rev. Lett. 96, 181602
(2006); J. High Energy Phys. 08 (2006) 045.

[82] Y. Hikida, T. Nishioka, T. Takayanagi, and Y. Taki, Phys.
Rev. Lett. 129, 041601 (2022).

[83] J. Maldacena and G. L. Pimentel, J. High Energy Phys. 02
(2013) 038; E. Verlinde, SciPost Phys. 2, 016 (2017);

K. Narayan, Int. J. Mod. Phys. D 28, 1944019 (2019);
J. Kames-King, E. M. H. Verheijden, and E.P. Verlinde,
J. High Energy Phys. 03 (2022) 040.

[84] C. Arias, F. Diaz, and P. Sundell, Classical Quantum Gravity
37, 015009 (2020); C. Arias, F. Diaz, R. Olea, and P.
Sundell, J. High Energy Phys. 04 (2020) 124.

083515-14


https://doi.org/10.1103/PhysRevLett.96.181602
https://doi.org/10.1103/PhysRevLett.96.181602
https://doi.org/10.1088/1126-6708/2006/08/045
https://doi.org/10.1103/PhysRevLett.129.041601
https://doi.org/10.1103/PhysRevLett.129.041601
https://doi.org/10.1007/JHEP02(2013)038
https://doi.org/10.1007/JHEP02(2013)038
https://doi.org/10.21468/SciPostPhys.2.3.016
https://doi.org/10.1142/S021827181944019X
https://doi.org/10.1007/JHEP03(2022)040
https://doi.org/10.1088/1361-6382/ab5b78
https://doi.org/10.1088/1361-6382/ab5b78
https://doi.org/10.1007/JHEP04(2020)124

