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Structure formation in the Universe has been well studied within the Eulerian and Lagrangian
perturbation theories, where the latter performs substantially better in comparison with N-body
simulations. Standing out is the celebrated Zel’dovich approximation for dust matter. In this work, we
recall the description of gravitational noncollisional systems and extend both the Eulerian and Lagrangian
approaches by including, possibly anisotropic, velocity dispersion. A simple case with plane symmetry is
then studied with an exact, nonperturbative approach, and various approximations of the derived model are
then compared numerically. A striking result is that linearized Lagrangian solutions outperform models
based on Burgers’ equation in the multistream regime in comparison with the exact solution. These results
are finally extended to a 3D case without symmetries, and master equations for the evolution of all parts of
the perturbations are derived. The particular 3D case studied corresponds to a maximally anisotropic
collapse, which involves an approximation based on the estimation of importance of the different levels of

spatial derivatives of the local deformation field.

DOI: 10.1103/PhysRevD.108.083502

I. INTRODUCTION

Structures in the Universe, such as galaxies and their
clustering into superunits, originate in the gravitational
collapse of large, dilute matter clouds. These collapsing
clouds are well described by a fluid of massive particles in
gravitational interaction but with no collisions with each
other, a so-called collisionless self-gravitating flow, treated
in terms of deviations from the homogeneous expansion
of the Universe, described by the commonly adopted
Friedmann-Lemaitre-Robertson-Walker (FLRW) models.
Gravitational interactions in these systems are to date
mostly described in Newtonian theory [1,2], although first
studies of this kind were done in the general-relativistic
(GR) framework [3,4]. The dynamics of the collapse is
described by the laws of hydrodynamics, which can be
derived from conservation laws in Hamiltonian phase space
through various approaches, including continuum mean-
field approximation (Vlasov equation) or the Klimontovic
coarse-graining approach [5,6]. However, these equations
are highly nonlinear and do not admit analytical solutions
in the general case. First attempts at describing structure
formation in the late Universe used linearized versions of
perturbation theory, referred to as the Eulerian perturbation
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theory. This theory is based on the assumption that the
density contrast (i.e., the dimensionless deviation from the
mean density of the universe model) is small. However,
although the volume-averaged density contrast over large
regions of the Universe (typically of radius ~10 Mpc) is
of order unity, it can reach much larger values in galaxy
clusters (~10) or in galaxies themselves (~10%). For this
reason, the Eulerian perturbation theory is insufficient, and
other approaches have to be investigated.

Part of the nonlinearity of the hydrodynamical equations
stems from the convective derivative that accounts for the
motion of the fluid elements. For this reason, the Eulerian
description of the fluid is not best suited, and a Lagrangian
approach is more efficient [7-9]. In the Lagrangian picture,
fluid elements themselves constitute the coordinate system,
assumed to be constant along the flow, so that there is no
longer the need to account for their motion with respect to a
Eulerian reference system. Following what was done in
Eulerian perturbation theory, new perturbative approaches,
based on the Lagrangian framework, appeared. Among
them is the celebrated Zel’dovich approximation [10,11],
which for the first time described the collapsing elements as
highly anisotropic structures (pancakes), rather than spheri-
cally symmetric structures as it was understood before.
These theories provide solutions for higher-order approx-
imations and encompass nonlinearity to a better extent than
Eulerian theories, yielding much more accurate results,
even competing with those of many-body simulations. For
a summary and a comprehensive list of references, see the
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historical account on the Lagrangian approach in Newtonian
cosmology in the otherwise GR-based review [121.!

All the models mentioned above admit analytical expres-
sions for the evolution of the density contrast in the most
simple systems, called dust fluids, in which the interaction
between fluid elements is only described by gravitation.
However, dust fluids have their shortcomings in describing
structure formation: as there is no other interaction than
gravity between fluid elements, stable structures have a
hard time to form in such a system, since they can only be
supported by vorticity. The need for a counteracting force
led to the development of models including velocity
dispersion [14], which were shown to create vorticity in
the flow [15]. In the simplest case velocity dispersion was
modeled as an isotropic pressure that allowed stabilizing
the structures arising from the collapse. Elliptic galaxies are
examples of velocity dispersion-supported structures.
Eulerian and Lagrangian perturbative theories were adapted
to these new models, along with a phenomenological
extension of Zel’dovich’s approximation, aiming at
describing the system after shell-crossing singularities first
appeared—coined the “adhesion approximation” [16] that
has been derived from kinetic theory in [17], reviewed
in [6] with an explicit coarse-graining method that includes
deviations from mean-field gravity. Lagrangian methods
have been developed to access this regime through effective
pressure forces [18,19], also emphasizing the emergence
of vorticity and the impact of anisotropic stresses on the
matter power spectrum [20]. Numerical studies started to
be performed to check existing models’ predictions and
explore nonanalytical solutions [21,22]; for recent papers
see [23-27]. The reader may again consult the summary
paper [12] for further references on the investigation of
analytical models and simulations.

In this work, we aim at exploring Lagrangian and non-
perturbative approaches to collisionless, self-gravitating flows
with anisotropic velocity dispersion within Newtonian cos-
mology. We will first recall the basic equations in Eulerian
and Lagrangian coordinates in Secs. II and III. In Sec. IV
we will study the case of plane-symmetric perturbations,
both analytically and numerically. In particular, the effect of
the size and average density of the clouds on the properties
of the collapse phase will be investigated using our
numerical integration engine. In Sec. V we will extend
our reasoning to a more general three-dimensional case
without symmetries. In particular, we will be interested in
the performance of a Lagrangian linearization of multi-
stream forces in comparison with exact integration of the

'Zel’dovich’s approximation has then been transposed to the
GR framework (the GR form of Zel’dovich’s approximation
will not be treated in this work, see [13] and subsequent papers in
the series for a derivation), where perturbations are no longer
described within the global vector space of a Galilei-Newton
spacetime, but are intrinsic perturbations of spatial coframe fields
in the local rest frames of the fluid.

equations and with models based on Burgers’ equation. We
conclude in Sec. VI, and we dedicate Appendices to the
presentation of proofs and details on the analytical and
numerical methods.

II. THE EULER-JEANS-NEWTON SYSTEM

To set notations, we use Einstein’s summation conven-
tion for repeated indices regardless of their (up or down)
position (the Newtonian metric is Euclidean). Derivatives
with respect to Eulerian coordinates {x;} are denoted
by a subscript comma, and derivatives with respect to
Lagrangian coordinates {X;} are denoted by a subscript
vertical bar, e.g.

of _ oo of _
6_xi = 0;f = f, ox, = fli-

Vector differential operators without a subscript indicate
differentiation with respect to Eulerian coordinates. Vector
differential operators with subscript O indicate differentia-
tion with respect to Lagrangian coordinates, e.g.

VA :Ak.lw VoA :Ak\k'
Other coordinate systems will be explicitly denoted by an
appropriate subscript.

A. General formulation

We consider a fluid embedded into Galilei-Newton
spacetime described by its Hamiltonian phase space density
f(z,x,v) in Eulerian phase space coordinates for positions
and velocities. Under the hypothesis that the acceleration b
is given by the gravitational field g and is therefore velocity
independent, the evolution equation for the phase space
density f is given by the Vlasov equation (see e.g. [5,17]),

af af a
or Vg, TG, T

0. (1)
The first moments of this equation provide evolution
equations in space for the rest mass and momentum density
(higher-order velocity tensors are constructed in the same
fashion),

pimm [ g&0. pri=m [ugde. @

in the form
0 d
2+ L (pp) =0 3
o’ o (p7;) = 0, (3a)
0, _ 0
E(pvi) +E(pvivj) = pYi- (3b)
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Introducing the reduced second velocity moment tensor,
I1;; = p(v;0; — 0;7;), (4)

and the Lagrangian time derivative d, = d, + 7,d;, we can
write (3) as the Euler-Jeans equation

d
=10, 5
e T (5)

d_
—
pdt’

=PYi—
The reduced second velocity moment tensor is symmetric
and acts like a stress tensor, the divergence of which creates
a (multistream) force that counteracts the gravitational field
strength. An evolution equation can be found for this
tensor, using the second velocity moment of the Vlasov
equation (details can be found in Appendix A), in the form

d [om v, o3, P
EHU =% knu+ o, ij""a_xknki —a—kaijk, (6)

where L;j is the third reduced velocity moment

Lijk = p(v; — v, )(U] -7 )(Uk — Tg). (7)

However, this equation cannot yield a closed system, due to
the introduction of the third-order tensor L;;;. One way to
close it is to consider that deviations from the mean velocity
are small (which is valid in the previrialization regime and
before any shell crossing), typically |v — ¥| ~ ¢|¥|, which
allows to estimate the higher-order moments I1;; ~ pe?|v|*
and L;j ~ pe’|[v]*. If € is small enough, one can drop the
L;j term in (6). For later stages of evolution, the omission
of the third-order term remains phenomenological, which
should be kept in mind when solutions of the following
system are studied. With this truncation of the hierarchy,
the resulting system, along with the Newtonian field
equations for the gravitational field strength, is called the
Euler-Jeans-Newton (EIN) system and reads

jtﬂ = =Pl (8a)
Cn=g- %n,.j,‘,., (8b)
d _ _ _
EHU = =[0Il + 0 0Ly + 0 400, ], (8c)
i) =0, Gkx = A —4nGp. (8d)

B. Hubble-comoving frame and deviation fields

As it is usually done in cosmology, we introduce
Eulerian Hubble-comoving coordinates q = x/a(t) with
the isotropic and homogeneous expanding Friedmannian

background [with scale factor a(z)], and we split the
dependent variables as follows [2,6]:

v(q.1) = vy +u(q.1), (9a)
g(q.1) = gu + w(q. 1) (9b)
p(q.1) = pu(l +8(q.1)], (9¢)
(g, 1) = zff + 7;5(q, 1), (9d)

where homogeneous quantities are given in the background
by vy =aq, gy = dq and #fl = pra®s;;.> The homo-
geneous density pg is given by the integral of the continuity
equation py = pyi/a’, where py; denotes the background
density at some initial time. The variables u, w and 6 are
usually called peculiar velocity, peculiar acceleration and
density contrast. In Hubble-comoving coordinates, the
differential operators transform as

0

-2 —Hq-V,. 10
al, q-V, (10)

with H = a/a the Hubble function. Within this framework,
we can split the EJN system (8) using (9). Assuming
Friedmann’s differential equations to hold for the (possibly
relativistic) background model (in particular, neglecting
any backreaction of inhomogeneities on the latter), we
obtain the EJN system for the deviation fields:

d 1 ouy
51 5 0. 11
dt a( + )aCIk e
d 1 1 0
S AHu =w————— 11b
T A P (R
d al/tk au' ou,
O A S5Hn. — — g+ Ly
ar™i [0qk oq."" " ag, ”kl}
10
— pua [(7H+—ﬂ>6
ao
1 [ou; Ou;
_< iy ”fﬂ, (11c)
a aqj' 9q;
ow; ow, d

oq; 9dq;  Oqy

2We, henceforth, omit the overbar for the homogeneous and
the deviation fields with the understanding that both are mean
quantities in the fluid description.
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III. LAGRANGIAN FORMULATION OF THE
EULER-JEANS-NEWTON SYSTEM

In this section, we base our analysis on the detailed
investigation for an isotropic-pressure supported fluid
in [18], and generalize to nonisotropic velocity dispersion.
The reader may also consult the investigation in [20] within
the Lagrangian picture, emphasizing the impact of aniso-
tropic stresses in dispersion-supported fluids.

A. Lagrangian picture
We consider that the Eulerian coordinates x can be

related to the Lagrangian coordinates, X, via a time-
dependent diffeomorphism f, that is

x = £(X. 1), (12)

with f(X, #y) = X. Lagrangian coordinates stay attached to
fluid elements along their trajectories, meaning in particular
that % X = 0. The Lagrangian time derivative thus merely
reads as the partial time derivative in the Lagrangian frame,

d 0

dr ot

0

= -V. 13
=LY (13)

X

We also define the Jacobian matrix of the transfor-
mation from Lagrangian to Eulerian coordinates, and its
determinant,

of i
Jlk(X7 t) = an ’

J(X.1) = det (X, 1), (14)

According to usual calculus rules, volume elements then
transform as

Bx = Jd*X. (15)

In the Lagrangian framework, the diffeomorphism f is
the only dynamical variable. The velocity and acceleration
fields are directly given by the definitions

v(X, 1) = (X, 1), b(X,t) =f(X,7). (16)

The continuity equation, which represents the total rest
mass conservation within a compact domain D, (evolving
in time in the Eulerian frame, but its boundaries are
comoving with the fluid), is solved by an exact integral
for the density field as a functional of f. Indeed,

d
—M
dr P 0
d 3 d 3
=— [ pix,t)d’x=— [ pX,0)J(X,1)d°X
dt Jp, dt Jp,
/lduxwmow (17)
= [ -— X
D, Jdt PR ’ ’

which implies that the quantity pJ is conserved along flow
lines, i.e.

C(X
J = pJ. = C(X X, 1) = .
pJ = piJ; (X) = p(X,1) JX.0)

(Since J; =1, C = p;.)

B. Lagrangian derivative
In the process of getting rid of Eulerian coordinates, we
need to transfer Eulerian derivatives to the Lagrangian
frame [18]. To do so, we consider the inverse diffeo-
morphism of f,

h:=f"! ie. X=h(x1). (19)

Using this definition, we can write

0 oh 0 0
— =, (20a)
ox;  0x; 0Xy 0Xy
and with the definition of the adjoint matrix,
1
ad']ik = ieklmeiqup\lfq\mv (ZOb)
we get the transformation rule
0 1 0
(20c)

a_xi = ﬂeklmeiqup\lfq\m 0—Xk

To further lighten the notations, we define the functional
determinant

0(A.B.C)

JAB.CO) = o X ks)

eiklA‘iB‘kC‘l' (213)

The functional determinant satisfies the usual rules of
determinants, plus the Leibniz rule,
J(AD,B,C)=AJ(D,B,C)+DJ(A,B,C). (21b)

Using this notation and Eq. (20c), the Eulerian derivative of
a field A can be written as

1
A,i = Zeiklj(A’ fkvfl)‘ (22)
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C. Lagrangian form of the field equations

As it has been said above, the continuity equation and the
momentum conservation equation are automatically solved
in the Lagrangian picture through definitions and an exact
integral,

_rolo

. 23)

Let us now consider the field equations of the Euler-Jeans-
Newton system. With (8b), we can first write

V= Hij,j = Tjj j- (24)

1
g=b+—wy,
P

Using vector identities, Eq. (8d) takes the form

. 1
~TI(fis frr [i) +ﬁj(l//k’fk’fi) -

(fk fnf]) ! ekz]j(l//k fl’f])

1
2_J€kzj

Replacing y; by its Lagrangian expression y; = 7, ,

1 _ . 1 1
_j(fk»fk7fi)+2lD_J€pqrt7<J (ﬂkp’ftpfr) fk fz)

1
Zekl]
=A—-4zG(p +3pn).

We now introduce a common approximation3 in cosmol-
ogy: writing p(X, 1) = py(1)(1 +86(X, 1)), we consider
that at the initial time #,, the density contrast is small,
so that the density is approximately homogeneous
p(X, 1;) ~ py(t;). This approximation is particularly good
at the time of recombination (or time of decoupling,
|

1 . 1
jj(fkvfkvfi) +m€pqr

1 .. 1
Zekijj(fk’fi’fj) + mekijepqr

Finally, we decompose z;; =

j(j(ﬂkp’fqvfr)’fkvfi> = 05

j(j(”kp’fwfr)’fi’fj)

1 1
Vxb+-Vxy—-—Vpxy=0, (25a)
p p

1 1
V-b+;V-w—;\p-Vp:A—47zG(p+3pH).

(25b)

As we may consider a relativistic Friedmannian back-
ground, the homogeneous pressure py appears in the
acceleration law and as a source of the gravitational field
(in general relativity, a pressure is self-gravitating, whereas
it is not in Newtonian cosmology). We then transform the
Eulerian derivatives as in (22), and we recall the identity
€jik€jim = 6i10km — OimOpy> to obtain the Lagrange-Jeans-
Newton system (LJN):

1 1 1
(fk fl’f]) 4 Jeklj pqrj( (ﬂkpifq’fr) fuf]) 2J2€kl] pqr (pffi’fj)j(ﬂkp’fq’fr)

1

TJij(pvfk’fi) =0, (26a)

1
J eI (P fi. fj) = A=4xG(p + 3py). (26b)

= 2—1J€,,q,j(7rk,,,fq,f,), this becomes
1

2,]2 €pqr\7(p fk fl) (ﬂ"kp’fqvfr) =0, (278.)
(27b)

[
t; = to. =~3.8 x 10°y). Therefore, we have Ci==Cy;=0

that simplifies the equations substantially. We use the
notation Cy to remind the reader of this step, Cy =
puJ = py(t;). Using this approximation and the integral
(23) for the density, the LIN system (27) simplifies to

(28a)

= A—47G(p + 3py). (28b)

pd;j + A;j into an isotropic kinetic pressure function and a traceless part, and we make the

further assumption that the isotropic pressure is also barotropic, thatis p = a(p). Using the antisymmetry of the Levi-Civita
tensor and of the functional determinant, one can show that the LIN system takes the following form (where & indicates the

derivative da/dp):

3This approximation can be formally avoided through an exact argument that can be found in Appendix A of [18].
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1 _ . 1
7k7(fkvfkafi) + mepqrj(j(Akpqu’fr)’fk9fi) =0, (293)
1 . C 1 / /
syeuird G fiofi)+ (2”;;’ +j‘4) TS IDITUS1f3) =55 T T Srf3) fin )
1 c
+ @ekijepqrj(j(Akpvfq’fr)’fi’ fj) =A- 4”G<7H + 3pH> . (29b)

D. Principal scalar invariants

We now wish to define the useful notion of principal
scalar invariants of a tensor. Given an order 2 tensor A =
(Aij) in three dimensions, with eigenvalues A, 1, A3, the
following quantities are independent of the frame in which
the tensor is written [28]:

I(A) == TI(A) = Aii == /11 + 12 + 13, (308.)
1 5 5 1
- /11/12 + /12/13 + /11/13, (30b)
1
III(A) =detA = geijkelmnAilAijkn = 211213. (30C)

In particular, we are interested in the invariants of the
gradient of the deformation field dP describing the
deviation from the homogeneous and isotropic background
expansion. We can write

£(X.1) = a()[X + P(X, 1), (31)

with P(X, ¢) the scaled deviation from the background, and
we define I = I(VyP), Il = II(V,P), Il = II(V,P), where
V, indicates the gradient with respect to the Lagrangian
coordinates, with components P;j;. Using the above def-
initions and the properties of the Levi-Civita tensor, one can
show the following identities [28]:

e (Xi, X, X)) = 6,
€ijk\7(Xl-,Pj,Pk) = ZII,

€ijk\7(Xi’Xj7Pk) =21
€ijk~7(Pianka) = 6III,
(32)

which in turn yield an expression for the Jacobian deter-
minant of the Lagrangian transformation

J = det(Vof) = a3(1 + 1+ 11+ II). (33)

[
IV. NONPERTURBATIVE PLANE-SYMMETRIC
GRAVITATIONAL COLLAPSE WITH
VELOCITY DISPERSION

A. Motivation

The first two sections of this work gave the theoretical
framework needed to investigate large-scale structure for-
mation in the late Universe. In the following, we will apply
this framework to systems with isotropic (plane-symmetric)
and anisotropic (three-dimensional) velocity dispersion,
with a nonperturbative approach.

Before diving into those cases, it is useful to remind of
the results obtained from standard Eulerian perturbation
theory (see e.g. [2], for a systematic list of the different
approximations involved and the notion of “nonperturba-
tive,” see [19]). Starting from the Euler-Jeans-Newton
system in the Eulerian comoving picture (11), considering
only isotropic pressure with a dynamical equation of state
n;; = pd;; = a(p)d;;, and keeping only terms of order 1 in
peculiar fields, one obtains the following Eulerian evolu-
tion equation for the density contrast o:

P 5 om 2| 5 axGpys = L2 (34)
— —| 6—4n =— V.
or? q ot PH a? 1

q

The right-hand side of this equation may not be linear due
to the term o' (p), which can have any dependence on p and
shall then be linearized too. Here we can also introduce a
characteristic length for self-gravitating systems with pres-
sure, called Jeans’ length, and reading

a/

B 4zGpy’

Lj (35)

so that the above equation can be rewritten as

@ d
—| 0+ 2H —

L2
Py b 5 — 4nGpyd = 4nGpy CTZ{ Vis.  (36)
q

q

Jeans’ length represents the typical size of the self-gravi-
tating system below which the system collapses under its
own gravity, and above which it expands (for more details
on Eulerian perturbation theory and self-gravitating sys-
tems stability, see [5]).
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Moving now to the LIN system (29) with isotropic
pressure, using the ansatz (31) and linearizing with respect
to P, one obtains a similar evolution equation for the
longitudinal (irrotational) part PX of P:

/
PL + 2HPL — 42Gpy P! = %V%PL, (37)

which can be written in terms of ¢ using the (linearized)
relation 5§ = =V, - P = —V,, - PL. However, it is to be noted
that Lagrange-linear equations are not Euler linear, due to
the presence of the convective derivative. The Lagrangian
approach is intrinsically nonlinear. Yet, although Lagrange-
linear approximation allows us to encompass nonlinearity to
some extent, it is still a perturbative approach and relies on
various approximations, which can be found in detail in [19],
along with the most general evolution equation for the
perturbations.

In the following, we will first solve the LJN system (29)
in the case of plane symmetry exactly using Burgers’
equation and Fourier analysis, which removes the aniso-
tropy of velocity dispersion and renders the equations more
manageable. Then, we will move on to three-dimensional
anisotropic deviations, which we will solve by using a

|

T fi.f;) = ae;iPy.
T( T fif) fisfj) =2d" Py,
j(Akp*fq’fr) = azelqrAkP\l’

ekijepqrj(j(Akp7fq’fr)1fi!fj) = 4a4All\lly

which finally lead to the equation

a a . P1|1
3—+4+2 Py +
a Cl(l—f—Pl‘l) i

N < Cyad’ n 2d >P2
a(1 +P1\1)5 a*(1 *‘Pm)4 i

/

a a
% __p 4 A
a*(1+4 Py)? e +CH(1 + Pij) tin
Cy
—A—d2G( 1 3p,). 40
<a3(1+P11) pH) (40)

“locally one-dimensional” approach arising from a maxi-
mal anisotropy hypothesis.

B. Plane-symmetric collapse

In the case of plane symmetry, a solution for the
Lagrange-linearized version of (29) has been found in [29].
Here we will take the same path to obtain the evolution
equation for the deviation field (in Newtonian theory), but
we will then explore a different approach to find solutions
to the latter, which will be useful to solve the 3D case. Note
that in the case of an Einstein—de Sitter background, exact
solutions in the form of power series have been made
explicit in [23-25].

We start with the following ansatz for the deformation
field:
fi=a(X, + Pi(X,1)),

Jfr=aX,, f3 = aXs,

(38)

where the background is expanding in all three dimensions,
but the deviations from isotropic expansion only happen in
one direction. The goal here is to find a closed equation for
the evolution of the deviation P,. Using our ansatz, we can
calculate the different terms of Eq. (29b)4:

J:a3(1+P]“>, (393)
(39b)
(39¢)
(39d)
(3%)
ewj T (fuo fin f;) = 6da*(1 + Pyy) + 4aa® Py +2a° Py, (39f)
. c
3ﬁ:A—4nG<—§’+3pH>, (41)
a a
we are left with
a . .. Cyd’ 2d
2—-P P P2
p 11+ + <a5(1 +P1\1)4 +a2(1 +P1\1)3 111
o a
S S— LA
21+ Pyy) 1\111+CH 11t
C
:4nGa—’;Pm, (42)

Injecting Friedmann’s acceleration law for the homo-
geneous background,

4Equation (29a) is trivial with this ansatz.
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which can conveniently be rewritten as a derivative,

) . 42GC
(Pl 1 2HP, —7”613 HP1>
I

a’P1|11 a >
=l -—A . 43
<a2(1 +Pyp)* Cy i I 43)

Relevant initial conditions are prescribed, following the
notations developed in the relativistic context in [30,31],

P, =0, P, =U,, Py =W, -2HU,, (44)
where P;, U;, and W; are shorthand notations for the
deviation fields, peculiar velocity and acceleration at the
initial time #,. However, within the homogeneous approxi-
mation Cy; = 0 used previously, there is no initial peculiar
acceleration [see the field equations (11d) with § = 0], so
that we can take W; ~ 0. Using these initial conditions, the
integration constant arising when integrating (43) can be set
to zero, leaving us with

47GCyy
— P
a

/
a Py a

Py +2HP, - =———
' 1 a*(1 +P1\1)2 Cy

— Ay
(45)

Linearizing this equation with respect to P; and neglecting
anisotropy A;;, we find an equation similar to (37). Now,
pursuing our nonperturbative approach, we need to close
the previous equation. To do so, we have to relate the
velocity dispersion to other variables of the system. As the
velocity field is homogeneous in the directions X, and X3,
the only nonvanishing component of the peculiar-velocity
dispersion tensor 7;; is 7;, so that we can write

7y 0 0 %7711 0 0
=10 0O0f=| 0 iz, O
0 0 O 0 %;;11
pdi;
%ﬂ” 0 0
+ —im 0 (46)
0 —%”11

The evolution equation for z;; (11c) reads for the only
component 7;;:

—Tpgaa. (47)

After the time of recombination, Friedmann’s expansion
law starts to be dominated by matter, and we may neglect
the background pressure py (being, however, nonvanishing
also in the matter-dominated regime) leaving only

on 11 l/tl on 1 1
— SHr\| = ———my;. 48

o a oq +OoHmy, P 611”“ (48)
Solutions of this equation are polytropic with adiabatic
exponent y = 3 (see Appendix A for proof):

1= ﬁa4ﬂ3a (49)

where f can be chosen constant with appropriate initial
conditions. Knowing this, the right-hand side of Eq. (45)
simplifies to

471GCH 3pC,

a*(1+ P1|1)4

P1+2HP1 P1:— P1|11' (50)

C. Explicit solution

Equation (50) has been solved in [29] after linearization
in P, using Fourier analysis, and the following expression
was found:

Pi(X,.1) = /m Cy(X, - S)A(S, 1)dS,  (51)

where
A(S,t) = lim ( +2Re[ / ])
y=0* \/Q—tS
2
with G(S) = aS” + ivb6acS
2C<\/;—IS)
and C,(X,) = / ke et Xidk,. (52)

Here, we want to be more general than the linear approxi-
mation. In the case of plane symmetry, both the peculiar
acceleration w and the peculiar velocity u have only one
nonzero component in the direction ¢;, and are therefore
parallel, so that we can write in general

= h(q, f)u. (53)

This condition is not generally verified in the absence of
symmetry in the model, but is usually postulated as an
approximation (so-called “slaving condition”). Assuming
further that the proportionality factor 4 is the same as in the
Eulerian linear dust (pressureless) model (and in particular,
only depends on time), we obtain the so-called adhesion
approximation [16], [6,32]:
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b
h(t) = 4nGpy 5

b +2Hb — 4xGpyb = 0. (54)

w = h(t)u,

This approximation is supposed to be valid in the weakly
nonlinear regime with pressure, before any shell-crossing
singularities appear. Injecting this approximation into the
EJN system (11), along with the expression (49) for the
pressure term, changing the time variable to b and rescaling
the peculiar velocity as it = u; /ab, we obtain the equation:

@— ( t)az_ﬁ
db*ﬂp’ aq%,

W) = 3030 (1+8) 5 (59
The coefficient y formally plays the role of a time and
density-dependent viscosity term, although the equations
are fully time reversible. If y is high enough, the viscosity
term in the above equation can prevent the system from
developing shell-crossing singularities. Setting ¢ as con-
stant, the above equation is Burgers’ equation, which
solutions are known analytically [33]. Using the Cole-
Hopf transform

d
1

Burgers’ equation (with periodic boundary conditions)
turns into a heat equation for ¢,

o P
. 57
b~ Hop (57)
This equation can be solved using Fourier analysis, and
then inverting the Cole-Hopf transform leads to the general
solution of (55) with constant viscosity and initial condition

i(0,q,) = U(q,):
. 0
i(qy,b) :—2u£1n2[
1

1 oo
A=——= Bds;
b /_oo exp Bds

B — {—(‘“47_;)2—%/)5 f](f)dé} (58)

In order to study the constant ¢ approximation (which was
the assumption in the adhesion approximation), we will
solve numerically Eq. (55), however, taking into account
the time dependence of u. The spatial dependence (coming
from 6) will not be considered for the time being. In this
approximation, the viscosity coefficient u(¢) reads

b
u(t) = 3ﬂﬂ%1,oa47[?2- (59)

To compute this quantity, we need to provide the evolution
of parameters a and b along with their derivatives. In a flat
universe (with no curvature) and with the constraint that
a(t;) = b(t;) = 1 where t; is the initial time, these read [34]

a(7) = r'3sinh®3(wr), (60a)
lda 20 1

ho =24 1 60b

) =2 dr = 3 tanh(ar) (600)
5r13 (52

b(r) =21 —B.(2.2). 60

0 =37=5(35) (60¢)

db 5 4 h 1 52
ab N _ 2 apnh SI6(1—)-13_2p (2 =2
0 =3 a0 -8, (2.5

(60d)

where r = 87Gpy ;/A is the matter to dark energy ratio in
the Universe at initial time, 7 = H,f, and where H; is the
initial value of the Hubble parameter, w = v/3A/2H;, and
x=1/(1+ra>). B,(a,b) denotes the incomplete beta
function,

By(a,b) = A =1 (1 = )P dr. (61)

From now on, we will denote with an overdot the
derivative with respect to 7. With values of cosmological
parameters at present time taken from [35], we derive their
values at the initial time, chosen at the time of recombi-
nation,

H; = 1.357 x 10° kms~! Mpc™!;
Qi , =249 x 1077 Qin=1-Qyx; (62)

the obtained evolution of a, b and their derivatives is
represented in Figs. 1 and 2, for 7 € [0, 2¢,]. As expected, we

T T T

2.5 [ ‘

FIG. 1. Evolution of the parameters a and b from 0 to 21,.
Values of cosmological constants are taken from [35].
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FIG.2. Evolution of the parameters & = @/a and b/b from 0 to
2ty. Values of cosmological constants are taken from [35].

see that b ~ a ~ t*/3 (as in an Einstein—de Sitter universe
model) for @ < 1, and that b converges to a finite value
when a > 1, whereas a grows exponentially due to the
dark energy term.

D. Numerical simulation results

In order to compare the different approximations that
were made above with the exact solution of the non-
perturbative equation (50), we numerically integrate it and
compare the predicted evolution at different times with
the various approximations. All simulations start from
the time of recombination, where the scale factor is taken
to be unity. Every equation is integrated using implicit
second-order finite-differences schemes [33]. We first
integrate both the exact and the linearized versions
of Eq. (50) in Lagrangian coordinates (recall that the
overdot is merely a partial time derivative). The resulting
P((X,,1) is then mapped to Eulerian Hubble-comoving
space as Pi(q,t) = P;(X, + P,(X,,t),t) for later com-
parison with the other simulations. Initial conditions are
Pi(X,,t;) =0 in order to match the requirement
X(t;) = x(t), and P;(X,,1) = U(X;), where U is the
initial peculiar-velocity field. Boundary conditions are
assumed periodic.

Then, Burgers’ equation with time-dependent viscosity
(55) is integrated in Eulerian Hubble-comoving coordi-
nates, where the total derivative dj, reads dj, = 9, + it/ad,, .
Initial conditions are ii(q;.t) = U(q,) and boundary
conditions are assumed periodic. Finally, the same pro-
cedure is applied to solve Burgers’ equation with constant
viscosity, where the value of y is taken as the average value
of the time-dependent viscosity coefficient over the inte-
gration interval. However, there is always a degree of
freedom in the definition of u, as the constant f is a priori
unknown. In our simulations, the value of g will be

manually adjusted so that Burgers’ solution coincides best
with the exact solution.

The integration time interval is the same for all the
simulations. Its end is determined by the time when o
locally reaches a magnitude that renders the nonlinear term
in (50) divergent. In order to realize shell crossing for some
coherence scale, the initial peculiar-velocity profile is taken
of the simple form

0(@) =sin(%22), (63)

where U,§ and L are the dimensionless initial peculiar
velocity, spatial coordinate and length of the spatial domain
of the simulation (see Appendix B for the definition of the
dimensionless variables).

1. Comparison of the different approximations

First, all of the equations are integrated over a spatial
domain of length L = 1, from a scale factora —1 =0to a
scale factor a —1 = 1.01 x 1073, The value of § (see
Appendix B) was adjusted to f = 1.5 x 1072 such that
all approximations agree best with the exact integration.
Figure 3 shows the results obtained for the perturbation
field, the peculiar velocity, and the density contrast right
before shell crossing happens (note the almost vertical
tangent of the exact peculiar-velocity field), around § = 0.5
where the deviations between both models are the largest.

A first observation to make is that the results obtained
within the adhesion approximation and Burgers’ equation
are almost identical either with variable or average viscos-
ity. However, no conclusion can be drawn here, as the time
interval of the simulation is so small that the viscosity
parameter u(¢) almost does not change at all during that
interval. The bottom-right panel of Fig. 3 shows the local
error € = Pegaer — Papprox between each approximation of
the perturbation field and its exact solution. Overall, all
three approximations are accurate within a local error under
1% almost everywhere. However, the Lagrange-linear
approximation astonishingly exhibits a smaller error than
that of the adhesion approximation, which may show that
the restricting assumptions underlying the latter are
stronger than those of the “mere” Lagrange linearization
of the exact equation (50). To reduce the number of
approximations made in this case, one may try to use
the divergence equation (11d) with the slaving condition
(53) to write 6 as a function of u, leading to the
conservation law,

on o[  on 1_ ()b (0w
MOy g P (O 64
b o "V 72" T2 <aq> - (64)

instead of Burgers’ equation. The added nonlinearity might
help improve the description of shell crossing, which is

083502-10



NONPERTURBATIVE COLLAPSE MODELS FOR COLLISIONLESS ...

PHYS. REV. D 108, 083502 (2023)

1.5 T

P [x10]

!
0.5

! !
0.45 0.55

q

q
T T T T T
- --- LLN
Ay
10 - £ —=--BVM |
'.’ [ AT PPPPP BAM
£
K 1
5 [~ ‘:! B II —
13 SN il
— FoL Pl
E ISP b i i ~
X OfF-- /.{:. " p _i.;_ ------
v /.",':. ?‘ /' . -';
PRl oo J
[z | N, '.-
-5+ '. 7 -
1 ].
v
i E
()
-10 - S i
W
I I I I I
0.4 0.45 0.5 0.55 0.6
7

FIG. 3. Comparison of the three different approximations with the exact solution of Eq. (50). We adjusted # = 1.5 x 1072 such that all
approximations agree best with the exact integration. Top left: rescaled perturbation P. Top right: rescaled peculiar velocity i. Bottom
left: density contrast & (exact). Bottom right: error P, — Pappmx. LEX = Lagrange exact; LLN = Lagrange linear; BVM = Burgers’

equation with time-dependent viscosity; BAM = Burgers’ equation with average viscosity.

where all the approximations appear to break down, as
shown by the density contrast plots.

2. Impact of the cloud’s initial parameters

The value of the dimensionless parameter f entering in
all the collapse equations plays a significant role for the

timescale of the collapse. Indeed, ,B is linked to the cloud’s
initial Jeans’ length and density via

B _ 3Bpu;

, 65
4ﬂGL%J- (65)

which means that large values of / correspond to denser
clouds, which should therefore collapse faster than larger
and more dilute ones. Figure 4 shows the perturbation and
density contrast fields obtained with the Lagrange exact
model, integrated from a —1 =0to a—1=1.4x 107!,
with the parameter / ranging from 1 x 1073 to 1 x 1072, It
appears clearly that the smaller the value of /3, the later shell
crossing happens, with the maximum density contrast
decreasing with decreasing /3.

In order to study this dependence in more detail, we
integrate the Lagrange exact model until shell crossing with

083502-11



FARDEAU, BUCHERT, AL ROUMI, and FELEGARY

PHYS. REV. D 108, 083502 (2023)

T T T
—pB=1x107?
06 - B=7x107 ||
B =4x107
04|
02}
g
X o
R
02}
04|
06|
| | |
0.48 0.49 05 0.51 0.52

T T T T T

—pB=1x1072
5| Se- B=T7x107 |
—-B=4x107

| | |

! !
0.46 0.48 0.5 0.52 0.54

q

FIG. 4. Perturbation and density contrast fields obtained for various values of the dimensionless parameter j at a scale factor
a—1=14x10"". Plots with § = 0 are added for reference and correspond to the dust model.
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FIG. 5. Scale factor at shell-crossing time for various values of
the j dimensionless parameter.

varying values of # within 107 and 10~'. Figure 5 shows
the scale factor at which shell crossing happens for each
value of /3 on a semilogarithmic scale. For very low values
of f, the effect of velocity dispersion is completely
negligible and the cloud collapses as in the dust model,
which results in a constant value of a at shell crossing.
The asymptotic value of a is in agreement with the value
a—1=1792(2) x 10" obtained when taking f = 0.
Higher values of f§ lead, however, to an earlier shell
crossing, which confirms the qualitative observations made

in Fig. 4. Our numerical integration code did not allow us to
explore values of j greater that 107",

Another important parameter is the initial size, L, of the
cloud. Indeed, smaller clouds should collapse faster than
larger ones. Figure 6 shows the perturbation and density
contrast fields obtained with the Lagrange exact model,
integrated froma — 1 =0toa—1 = 1.6 x 107!, with the
parameter /Ni = 1073, for various initial cloud sizes. In the
plots, the domain size has been rescaled to fit within
q €10, 1] so that the results can be compared. Clearly, shell
crossing happens later the larger the cloud. In order to
quantify this dependence, we integrate the Lagrange exact
model until shell crossing with various initial domain sizes
L €[1,100] for different values of 3. Figure 7 shows the
scale factor at which shell crossing happens for each value
of L on a logarithmic scale. It appears that, for both small
and large values of L, the dependence is of power-law type,
with the impact of § being mostly relevant for small
clouds. A power law of the form a — 1 = aq¢L" is then
fitted to the obtained data for both Le([l,5] and
L €[40, 100], for each value of B. Results are gathered
in Table I. All values of j lead to similar L dependence,
with an exponent of r = 1.2 for small clouds and r =~ 1 for
large clouds. For the latter, the behavior becomes inde-
pendent of the value of /. This indicates that the effect of
velocity dispersion is mostly significant in small matter
clouds, and tends to be negligible in larger ones. In small
clouds, the effect of velocity dispersion can be seen in the
prefactor a,, which decreases rapidly with increasing f.
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FIG. 6. Perturbation and density contrast fields obtained for various initial domain sizes L with the parameter § = 10~ at a scale

factor a — 1 = 1.6 x 1071,
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FIG. 7. Scale factor at shell-crossing time for various initial
cloud sizes L. Dashed lines correspond to the fitted power laws
for choices of f whose parameters are given in Table I.

However, no clear analytical dependence between a and /8
can be inferred from the available data. Also, our current
numerical simulation does not allow us to gather data for
very large clouds L 2 100.

TABLE 1. Power law coefficients for the dependence of the
shell-crossing time on the initial cloud size L.

Le]l,5] L €40, 100]
ﬁ ag r agp r
0 0.172(9) 1.24(4) 0.3(1) 1.04(7)
1072 0.13(1) 1.26(5) 0.29(9) 1.06(7)
107! 0.107(8) 1.23(5) 0.25(3) 1.08(3)

V. THREE-DIMENSIONAL GRAVITATIONAL
COLLAPSE WITH VELOCITY DISPERSION

In this section we aim at extending the results previously
obtained in the plane-symmetric case to a more general case
without any particular symmetry, in the spirit of [36].

A. Maximal anisotropy and estimate
of importance of derivatives

Three-dimensional collapsing fluids were first under-
stood in the case of spherically symmetric systems, which
allowed for nonlinear analytical developments. However,
the work of Zel’dovich (e.g., among many others, [10,11])
has shown that these systems are not spherically symmetric,
but instead pancakelike, exhibiting maximal anisotropy
in one particular direction. Another way of saying this
is to consider the scalar invariants of the Lagrangian
perturbation tensor P;; (that have been defined previously).
Maximal anisotropy implies that this tensor has one domi-
nating eigenvalue, which we may call A;: 4; > 1,, 13, which
implies that the first scalar invariant is dominating the other
two: I>1II, III, see the appendix of [37] for a recent
collection of arguments and numerical tests.

This approximation only takes into account the qualita-
tive kinematics of the collapse, without any consideration
on the magnitude of the individual coefficients Py;.
However, it can be shown in the context of general
relativity that both the perturbation gradient P;; and its
first derivatives P; ., respectively related to the perturba-
tions of the three-metric g;; and the spatial connection
coefficients I"'j;, can be considered small in regular systems
(i.e., without singularities) [38]. However, the second
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derivatives (related to the spatial curvature) are not typically
small in those systems. Although in Newtonian cosmology
spacetime is flat, the analogy and the two-scale argument
of [38] prevails algebraically in the Lagrangian represen-
tation of the Newtonian system with the Lagrangian metric,
Gee = 6 f" e f!|r» and the same arguments allow to estimate
the smallness in magnitude of the different levels of
derivatives. The reader may consult the explicit presenta-
tion of this correspondence in [39].

Taking into account both of these approximations
(i.e. the perturbation gradient itself and its first derivatives
are small), one can simplify the expressions involved in
Eq. (29) by neglecting all nonlinear terms in the perturba-
tions or their first derivatives, along with terms proportional
to II and III, but keeping second derivatives.

B. Field equations

Using the hypotheses made above, the remaining terms
involved in (29) read

J:Cl3(1+1):(13(1+Pk|k>, (663.)
j(Jvfivfj) = 05€kij1\k, (66b)
T( T fis fi)fisfi) =2a T, (66¢)

€kijj(fk,fi,fj) = 6ga3(1 +1) +4Ha’1 + 24°T.
(66d)

Moreover, considering that the anisotropy A;; is bound to
the same level of approximation imposed on the whole
perturbation gradient, the last term evaluates to

€kij€pqr\7(j(Akp’fq’ fr)’fi’ f]) = 4a4Akp\pk'

Injecting all the above expressions into the field equa-
tion (29b), one obtains

(66¢)

a i i o I\kk a Akp|pk
35 4+ 2H -4 £
T T a(1+1)3 Cy1+1
Cu
=A—-42G|———+3 . 67

Injecting Friedmann’s equation (41) and linearizing with
respect to I then yields

. Cy. o
[+ 2HI —42G =21 =" (1= 2)V3T+ A i (68)
a a Cy

The form of this equation is reassuring, as the left-hand side
is the well-known time-derivative operator appearing in
every perturbative development discussed in Sec. IVA.
The Laplacian term on the right-hand side is also the same
as in Lagrangian-linear perturbation theory, reminiscent

of Eq. (37). The remaining term encodes the effects of the
anisotropy of the velocity dispersion. It is to be noted
though, that the Lagrangian Laplacian appearing in the
right-hand side is only Lagrangian due to the linearization
in the first invariant I and its gradient. Quadratic terms in |
and all Lagrange-nonlinear terms neglected above sum up
to the full Eulerian Laplacian.

Now we proceed by determining equations of state for
the isotropic pressure p and the anisotropic dispersion
A;j, in the form p = a(p) and A;; = B;;(p, v). The (full)
velocity field v, being the source of anisotropy in the
system, the anisotropic part of the velocity dispersion
tensor must be a function of the latter, and not only of the
density. At this point it is useful to introduce the kinematic
decomposition of the full Eulerian velocity gradient v; ;:

1
l),-’j:geﬁij—l-aij—i-a)ij, (69)
where 0 = vy, = —p/p is the rate of expansion, o;; the

shear tensor (symmetric and traceless) and w;; the vorticity
tensor (antisymmetric). Using the definition (9a) of the
peculiar velocity, we can write this decomposition for the
peculiar velocity as

19u;

1
—(0-3H)5; + 0;; + w;;. 70
aaqj 3( )l]+6 +a)l_] ( )

)

Injecting this decomposition into the Euler-Jeans equa-
tion (11c), we obtain

d 5
i (pd;; +Ay) + 59(1751‘]' +A;) = =2[po; + oy
(71)

Taking the trace of this equation and taking into account
that both o;; and A;; are traceless yields

3P 50— 26,0, (72)
P

This has once again the expected form, leading in the
isotropic limit A;; = 0 to the classical polytropic solution

p « p/3 reminiscent of an adiabatic ideal gas, which is a
correct analogy if we consider our system as a dilute fluid
of massive particles, the difference being the kinetic
pressure source which does not originate from collisions
between particles but from (isotropic) velocity dispersion.
However, here the anisotropic part of the velocity
dispersion has a feedback effect on the isotropic pressure,
which alters the equation of state and makes p become also
velocity dependent (via the shear tensor).’

*With Eq. (72) we also recover the equation of state of the
background dispersion for vanishing shear [40], [17].
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Here, in accordance with our approximation that the
perturbation gradient P;; is small, we make the approxi-
mation that the peculiar velocities are small, which in turn
implies that also both the shear and the anisotropic velocity
dispersion are small. Keeping only order 1 terms in both o;;

and A;; in the previous equations leads to
d 5
I (pdij +A;j) + 3 0(pd;; + Aj;) = —2po;j, (73a)
p 5
—+-60=0, 73b
b3 (73b)

and the trace equation is immediately solved by p = kp>/3,
where x can be set constant with appropriate initial
conditions. Injecting back this solution into the first
equation then yields

Al] + §9A” = _ZKPS/301‘]" (74)
It is interesting here to see that A;; indeed depends on the
total velocity field v, and not only on the peculiar velocity,
despite the Hubble velocity being isotropic. For the sake of
consistency, we translate this equation into the Lagrangian
picture. Using the integrals (23) for p and v, we obtain the
following expressions:

0 — § (75a)
C
p= KJ5—73, (75b)

1
Ojj = 4J(jkfj(fl’fkﬂff)+€lkf‘-7(fj’fk’ff)> (75C)

Within our approximations on the importance of different
levels of derivatives, these reduce to

0 =3H+1, (76a)
(s
_ 1-21), 76b
p=-A4 3 (76b)
P 1,
oy = 5 (Py; + Pj) = 5165, (76c)

and we are finally left with the following system:

I+2HI—47zG

c 5kCy? ( 8

2
=3 1—§I)V1+C At pis

(77a)

. c5/3 . 2.

Yet this system is not closed, as it contains nine unknowns
(three coefficients of the perturbation vector P and six co-
efficients of the symmetric anisotropic velocity dispersion
tensor) and only eight equations [one scalar equation (77a),
six equations (77b) plus the traceless condition on A;;].
In order to close the system, one may use the first set of
Lagrangian equations (29a), which gives three more
equations in the form

V, x P+2HP+C1VO-A —0.  (77¢)
H

This set of equations can be viewed as evolution equations
for the whole perturbation gradient tensor P;;, decomposed
into its trace, traceless symmetric and antisymmetric parts.
Using the notations of [30] in the GR setting, we write the
Lagrange-Newton counterpart,

1
~ P, + S + By, (78)

Pi‘j - 3

where we defined P = Py =1, ©;; = P(;;) — P/35;; and
*Bij = Pij;)- The previous equations then finally read

51</)2/3 8
P+2HP —4nGpyP=="1 <1——P>v5P

3 42 3
+ ! A (79a)
asz kplpk>
Koy Sy + Ay + 5SHA;; = 0, (79b)
. . 1
€ijk spk]+2Hmk]+mAkp‘pj =0. (79C)

C. Discussion

Looking at the previous set of equations governing the
evolution of the perturbation gradient, it is interesting to
note the similarity with the plane-symmetric case, and in
particular Egs. (45) and (50). Indeed, linearizing the former
with respect to Py, Py, and Py as prescribed by the
GR analogy, we recover an equation much similar to (79a).
The main difference between the two comes from the
equation of state, which for the plane-symmetric case was
p « p> and in the approximate 3D case is p « p*/3. This
only changes the coefficient in front of the Laplacian,
which we may call the speed of sound. Indeed, for such a
self-gravitating fluid, the speed of sound waves can be
defined as
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dp 5 a3
= - o (p) = ngH/ , (80)

which allows to interpret Eq. (79) as a nonlinear wave
equation, rewritten in the form

2

. C . 8c2
P - a—gng +2HP — 4zGpyP = ga—;PV%P

1
+—— B (81)
pHaz plp

The first two terms form the d’Alembertian of P which
drives the evolution of waves in the fluid. The other terms
are a damping term in P, source terms in P and A, and a
nonlinear term in PV%P. The linearized trace equation thus
describes the propagation of “sound waves” in a self-
gravitating fluid with velocity dispersion. However, the
nonlinearity that appears here is a highly approximated
result where higher-order nonlinear terms in P and VP
were neglected.

The other main difference with the plane-symmetric
case is that the off-diagonal terms of the perturbation
gradient are a priori nonzero. The expression for A;; is
then not immediate, and is instead given by the evolution
equation (79b). The nonzero anisotropic dispersion then
becomes a source term for the vorticity in Eq. (79c). Indeed,
one can show that the vorticity vector w; = 1/2¢;;.y;
(where w;; = vy; ; is the vorticity tensor as defined pre-
viously) can be expressed in the linearized Lagrangian
picture as

1 .
w; = Eeijks‘pkj’ (82)

so that Eq. (79c) reads
. 2
w; —|—2Ha),»+2—€,»jkAkp|pj =0. (83)
a Py

(A perturbative expansion for the vorticity field’s evolution
equation is given in [20].) Now let us look at an interesting
limiting case. Going back to our main hypothesis that the
perturbation gradient is dominated by one eigenvalue,
which can be time and space dependent, we consider that
locally, the eigendirections of the perturbation gradient and
the velocity dispersion tensor z;; are coincident, so that we
can diagonalize both of them simultaneously. This way, we
can locally restrict ourselves to a case where 7;; is also
dominated by one eigenvalue, which physically corre-
sponds to the velocity dispersion being significant only
in the direction of the collapse. This locally 1D approxi-
mation leads to a situation that is similar to the plane-
symmetric case, where we consider the velocity dispersion
tensor to only have one significant term on its diagonal,
with all other terms being negligible along with their

derivatives. The vorticity equation then becomes the usual
linearized Kelvin-Helmholtz transport equation [7], [8],

® +2Hw =0, (84a)

which is solved by the linearized exact Cauchy integral

Q
® —

=—, 84b
> (34b)

VI. CONCLUSION AND OUTLOOK

In this work, the formulation of the Newtonian equations
describing a collisionless, self-gravitating fluid with veloc-
ity dispersion has been derived both in standard Eulerian
coordinates (x,?), as well as in Hubble-comoving coor-
dinates (q,1), leading to the general Euler-Jeans-Newton
system under the hypothesis of truncation of the third
reduced velocity moment. Then the Lagrangian formu-
lation of this system has been derived, leading to the
Lagrange-Jeans-Newton system, consisting of only ten
independent equations (four field equations and six evo-
lution equations for the components of I1;;) instead of 14 in
the Euler-Jeans-Newton system (as Euler and continuity
equations are automatically solved in the Lagrangian
picture).®

Using the Lagrangian framework, the special case of
plane symmetry was studied, reducing the four field
equations to only one nontrivial equation for the perturba-
tion field P;. This case would describe the collapse of a
string embedded into a three-dimensional relativistic back-
ground. The remaining equation is nonlinear and does not
admit analytical solutions, but it can be linearized and then
solved analytically using Fourier analysis (see [29]). Trying
another path to approximate the solution of the general,
nonlinear equation, the adhesion approximation has been
applied to the Euler-Jeans-Newton system, resulting into
an equation for the peculiar-velocity field in the form of
Burgers’ equation, where the effective viscosity coefficient
depends on both space and time. From there, two further
approximations were made, the first being to merely get rid
of the spatial dependence and considering only a time-
dependent coefficient, and the second to consider a con-
stant coefficient, the value of which being obtained by time
averaging the previous time-dependent coefficient. The
interest of the latter approximation is the existence of
rather simple analytical solutions to Burgers’ equation with
constant coefficient. To compare these two new models to
the linearized Lagrangian equation, both the exact equation

®Both of these systems are overdetermined, but can be
rewritten (over a simply connected spatial domain) using the
gravitational potential @ such that g = —V® with @ the solution
of Poisson’s equation V2® = 47Gp — A instead of the gravita-
tional field equations forg, Vx g =0,V .g = A — 4zGp, where
the existence of ® is ensured by Poincaré’s lemma.
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and the three approximations were integrated numerically
and results compared with each other at the time of shell
crossing. Overall, all three approximations are in good
agreement with the exact solution, but the adhesion
approximation performs a bit worse than the Lagrange-
linear approximation. This may come from the neglected
spatial dependence of the viscosity coefficient, which can
be taken into account in the form of Eq. (64). It might be
interesting to investigate numerical solutions to this
equation in order to extend the idea of the adhesion
approximation.

Investigating on the intuitive idea that the size and
density of the initial collapsing cloud has an impact on
the dynamics of the said collapse, the exact Lagrangian
equation was integrated for various initial domain sizes and
densities, and the time of first shell crossing was identified.
Results show that the crossing time expressed in terms of
the scale factor a(t) —1 is, as expected, a decreasing
function of the initial density and an increasing function
of the initial size of the cloud. For very small or very large
clouds, this behavior is well approximated by a power law
of the initial cloud size, and overall exhibits a nontrivial
dependence on the dimensionless parameter /3 linked to the
initial density. Further investigation of the parameter space
is needed to conclude on any analytical relation between
those quantities.

In the last section of this work, the Lagrangian formalism
was applied to the general case of a three-dimensional
collapsing cloud without any particular symmetry. In this
case it has been shown that the dynamics of the collapse
can be rendered locally one-dimensional using physical
considerations on the magnitude of the invariants of the
perturbation tensor. Within this approximation, rather
simple evolution equations were found for the various
kinematic parts of the Lagrangian perturbation tensor.
In particular, the equation for its trace part is similar to
the one obtained in the plane-symmetric approximation,
except for the equation of state linking the trace of the
velocity dispersion tensor to the density. An interesting
further work would be to study this equation under various
approximations. In particular, dropping the nonlinear term
and assuming a spatially constant proportionality between
P and A;j; (which can be justified by the coinciding
eigendirections of the tensors) may open possible analytical
developments on the obtained master equation.
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APPENDIX A: PROOFS

1. Moments of the Vlasov equation

We consider the phase space density as a function of
Eulerian phase space coordinates and time, f(x;, v;, ), and
we start by specifying our integration domain. We take a
domain " included in the velocity phase subspace. We
first calculate the zeroth velocity moment of the Vlasov
equation, expressing the conservation of the phase space
volume [5]:

of of of
b i ) dB.
n [E" <0t + v 8x,» + 9 ()Ul‘) v

The first two terms are readily integrated by swapping the
integral and the differential operators:

(A1)

of 9 d

d=2 Bo=: —p, A2

mL ot 0t Jor mfdv o’ (42)
of d

L= fdv=—(p7;). (A3

w [ o= [ mugdo= ). (a3

In the third term, as g does not depend on the velocities, we
can take it out of the integral and use Stokes’ theorem to

write
af
m/ gia—:mgi/ fd?A”.
Qv 0v; Q'

Now we make the physical assumption that the high-
velocity states are rare,

(A4)

VneN v'f(-,-,v) — 0.

V=00

(AS)

In practice, we suppose that the phase space density is cut
off at some finite velocity that is contained in the velocity
subspace. Under this assumption, we have in particular
that, for a large enough QV,

/ VR =0, (A6)
o0QY

and the third term we were calculating vanishes, leaving the
desired continuity equation for the rest mass density p.
Now, we consider the first velocity moment:

of of of
(=L i L\ By,
m[z U’<0t+”-’axj+g-’avj> !

As before, the first two terms are readily integrated

(A7)

of 9 0
G2 FdPv=:—(p7.), (A8
m/“vlat at[ymv,f v= 2 (o0, (AB)
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0 d 3}
m/v ”i%%z_/um”i”jfd%’=gj(/7m)- (A9)

;o 0x;

The third term can be integrated by parts:

of
g -2 3
m[y" v,gjavj v

of
= mg]/1 Ui%d:%U

J

= mg, / v fd*AY — (A10)
Q" Q

=5;;

The integrated term vanishes as f is cut off, and we are left
with

0
w [ vapgdo =g [ mfdv=-pg. (A1)
Qv UJ- v

which yields the momentum conservation equation. To
obtain the Euler-Jeans equation, we start by injecting the
Lagrangian time derivative into this equation, which yields

d 0 0
7 D;— T,0;). Al2
4, PP = i ox; (p?:) = pgi — axj(/wzv,) (A12)
Now, using the continuity equation,
d
—p=—pV.-¥, Al3
5= PV (A13)
we rewrite
d d d d 0
PP = p—Ti B —p = p—T; — pb;— ;.  (Al4
5 PO) =P Vi b p = p oD PV 5, U (A14)
which leads to
< O () 4 Ty (p7) + Py
—D; = py; U0 v,i—(pv Vi—7;
pdll PYi ajpzj jaxjpt plaxjj
0 o, _ _
pgl_a(pvzvj) Ej(pviv])
0 o 0
Pgi—g(ﬂ(viﬂj—vlvﬂ):’ﬂgi—anu, (A15)

J

where we have defined the reduced second velocity
moment IT;; = p(v; — v;)(v; — v;) = p(V;0; — V;;).

2. Evolution of the reduced second velocity moment

We calculate the second velocity moment of the Vlasov
equation, using the same techniques as above, and find

0, 0 _ _

E(pvivj) +a—xk(ﬂvivj”k) =p(9v; +g;v;). (Al6)
Reexpressing the third reduced velocity moment,
Lij = p(v; = 0;)(v; = 0;) (v = Ty

= p(Vivjvy = ;0;0;) — [0 + 010 + 3,10,

(A17)

writing the Lagrangian time derivative of IT;;,

d o, . 0, __ _ 0

Enij = E(ﬂvivj) o (p?;0;) + Uka_xknijv (A18)

and using the previous velocity moment equations, we
arrive at

d ov o0v 0v; 0
—H” = Ukl—[ l H + 1} Hki
dr - 0 Xk 0 Xk 0xk

3. EJN system for peculiar quantities
To show Eq. (11), we recall the expressions of the
homogeneous quantities: vy =aq,gy = dq,py :pHO/a3,
and 71:5 = pHaz(Sij. Injecting the decomposition (9) into
(8a), one obtains

G400+ (14 000 (% —0. (A20)

The Lagrangian time derivative is invariant under the
transformation from inertial Eulerian to Hubble-comoving
Eulerian coordinates, so that we only have to transform
the Eulerian derivatives. Expanding the different terms, we
rewrite the above expression in the form

d
—0
PHdt +-

1 d 100y,
14+0)py—+ 1+
S0t (1) Gt 5 =

(A21)

We now show that the bracketed term is zero, using the
expressions for py and vy:

d 1aka

d pu,
7PH +Pu a 9q,

T dt &

PH, 4 0qy

a’ aoq,

a a
= _3'0H0 E + 3PH0 F =0. (A22)
This leaves us with
d 1 auk
—6+—(1+6)—=0. A23
dt + a( + )0qk (423)
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Now, we move to the momentum conservation equation:

(1+ 5)/)H%(UH,~ +u;) = (1 +8)pu(gui +w;)
—£(n 4 my). (A24)

d
E(a%) =dq; +aq; = dq; + Hu,, (A26)

which gives after reinjecting in the above equation

d
(1+6)py(aq; + Hu;) + (1 + 8)py —-u

dr '
As before, we transform the equation into the Hubble-
comoving coordinates, and we make use of the expressions = (1 + 5)/711in +(1+ 5)PHWi oo Zijs (A27)
for the background quantities. In particular, as ﬂg is /
h hes, 1
omogeneous, its gradient vanishes, leaving which simplifies to
d d
(1 +5)Pﬂd (agq;) + (1+5)PHZMI' d 1 1 9
4 —u;+ Huy = w; — ———————1;;.  (A28)
) dt a(l+06)pyoq;
= (1+0)pudq; + (1 + 6)pyw; = ———m;;.  (A25)
J
We continue with the evolution equation for the reduced
As an aside, we calculate peculiar-velocity moment tensor 7;;:
J
d 1 oq; Ou; dq; ou
o (pua*s;; +m;;) = - K aq; + £> (pua®Sy +my) + ( 34, — 4+ a) (PHa*Sy + my)
qu 0
+ aaqk aqk (pHa 5l]+7rlj> (A29)

First, we can expand the lhs and use the identity 6qqu- = 0;; on the rhs, then expand it:

) d 1 ) ou; ) ou; . Ouy
2ppaad; + - m; == Kuéik + 0_%) (Pua®Sj+mp) + (a5jk + a—qu) (Pua* 8+ my) + <3a + B_qk) (Pua*s;; + ”ij):|
1 ou; Ou; ou ou; ou; dou
— = |5ppaa®s; — 4 =K, ) + 5an;; Yz A30
{ pHAO T Pue (aq,- aq, " gy ”) ¥ G T o™ T g™ (A30)
Finally, regrouping similar terms and rearranging the expression, we obtain

d 1 (ou; ou; ouy, 1 [ou; Ou; 1 ouy,
—m;+S5Hmy = —— | ——mp Ly ;| — 2= =+ ——+TH |6;; A3l
dt iy R a <561k ik o Fhi t 9qy ”U) bud [a <aCIj * 9q; - aoqy * ( )

The irrotationality constraint on the gravitational field
becomes

1
—V Xq+-Vyxw=0=V,xw=0,

(A32)
a\,_/ a
while the divergence equation becomes
a 0qk 1 aWk
——+——=A—-47Gpy(1+6
adq, " adq 7Gpp (1 +9)
i 10
39 " N _4nGpy(1+6),  (A33)
a adqy

and with the Friedmannian acceleration law for the (even-
tually relativistic) background,

3% = A= 42G(py + 3pn). (A34)
a
we finally have
dwk
=4zGa(B3py — puod). (A35)
afIk

In the Newtonian case, there is no background pressure, so
one may take py = 0. Keeping terms in py accounts for
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the relativistic pressure in the background, which may or may not be relevant. In this paper, we are eventually neglecting it
for our purpose of comparing solutions.

4. Lagrangian field equations

Proving Eqgs. (25)—(27) is straightforward, making use of usual vector calculus identities and of the Lagrangian form of
the Eulerian derivative. To prove Eq. (28), we write on the one hand, using Leibniz rule,

1

1
2[)./j< (Hkp»f(pfr) fk fl) 2 J

1 1
|: (j(nkp’fq’fr)7fkvfi) _ﬁj(nkp’fwfr)j(']!fk’fi)

1
2Cy 20,07

T(T Wy fos o) fro fi) = I Wy for F)T U fro fi). - (A36)

T 20,

writing p = Cy/J with Cp); = 0. On the other hand,

1
_Wj(p’fbfi)j(nkpquvfr): C2 j< fk fl> (Hkpqu’fr)

2C sz(‘] fk ) (Hk[nfqvfr)’ (A37)

so that these terms cancel out with the second term of the first expression, leaving only the desired terms in (28). To prove
(29) from there, we expand Il , = pé;, + Ay, and make use of the properties of contracted Levi-Civita tensors, to obtain

.. 1 1
_\7<fk7fk’fi) +wequj(j(pﬁfq’fr)’fk’fi) +ﬁepqrj(j(Akpﬂfq?fr)?fk’fi) = O; (A38)
1 1 1
ﬂeku (fk fuf]) 2C 7 (J(p9fi’fj)’fi’fj)+@ekijepqrj(j(Akp’fq»fr)’fi’fj) = A —4znGp. (A39)

The first and last terms of each equation are already those that appear in (29), so that we are only interested in the terms
involving p. The one in the first equation can be shown to be zero. Indeed, using the equation of state p = a(p),

1 1
ﬁequ ( (p fqvfr) fk fl) 2C Jequ (a/j(p’fqvfr)’fbfi)
1
2C Jequ[a j( (p’fq7fr)vfk’fi) +a//j(pffq!fr)j(p’fk’fi)]’ (A4O)

and by antisymmetry properties, the last term in the brackets is zero. For the first term, we rewrite

/ / 1
30,5 4T (T0- Lo f2). Fio 1) = 55650 (J(qu,fr),fk,fi)

o

1 2
:Zequ [_ﬁj(j(*]’fq’fr)ﬂfbfi) +F~7(J7fq’fr)j(*]’fk?fi):|' (A41)

Here, we can again use the antisymmetry properties to get rid of the last term, but we may actually keep a part of it, to put the
remaining terms into the form

a

/ / 1
2C Jequj(J(p fqvfr> fk fl) - 7€qu|:2J2 ( (J fqvfr) fk fl) 2]3 (‘] fqvfr) (Jvfk’fi):|7 (A42)

where the bracketed term is the Lagrangian form of the vector identity V x VJ = 0, hence the first equation of (29) is
proven.
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For the second equation, the proof is straightforward:

2CyJ - 2CyT

1
j(j(p’fwf])’fl?fj) = —[a/j(j(p’fi’fj)vfivfj) +a”j(pnfivfj)j(p’fhfj)]

— 1 / Cy P Cy Cy
=367 |:aj<j<77fi’fj>’fi’fj> + o j(T’fi’fj>j<71fi’fj>:|

|:CO[I(—%j(j(*]’fi’fj)vfivfj) +%‘7(J’fi’f/)‘7(J’fi’fj)>

(A43)

X
2C,7
//C2
+ LTS DTS f,-)]
_ (Cpa"
ERNE A

5. 1D isotropic pressure

We wish to prove the stated solution of Eq. (48). We
postulate a solution of the form z;; = fa’p’, with f an
arbitrary constant. We then have

oryy “ -1 dp

—_— = H — A44
o = Pao ™ \ upH o (A44)
oy 1 Op

_ = ﬁ}/aﬂpy | . (A45)
9q, 9q,

We also recall the continuity equation

dp  uy op 4 . pou;
r oAz _ Py . = 3pH -—"—. A46
ot adq, a 9 (aq-+u) P aodq, (A46)
Injecting everything into Eq. (48), we obtain
p ouy
(5+u=37)pH+ (3 -y)=-—=0,  (A47)
aoq,

which is generally satisfied only for y = 3 and y = 4.

6. Expressions for a and b

We start by rewriting Friedmann’s equation (restricted to
vanishing background pressure pp) in the adimensional
form,

0

i=—-=—"2+MNa,

o (Ad8)

8G,
where Q) = 252 and Q) = 34 are the matter and dark
]

3H; 3

energy density parameters at the present time in the FLRW
universe model, and the overdot now denotes the derivative
with respect to z. One can easily verify that the given
expression for a(z) satisfies this equation. We then
obtain £ by differentiation. Now, starting from the equation
for b in (54), and using a as a new time variable

+_>~7(J’fi7fj)j(~lvfi’fj) _%j(j(']vfivfj)’fi’fj)-

(differentiation with respect to a is denoted by a /), we
can rewrite

300,

S5b=0.

%)
a
a*b" + (a +2 —) b — (A49)
a
Integrating Friedmann’s equation in the absence of curva-
ture allows to write &> as a function of a,

0
o

a + Q%a?, (A50)

T a
which can then be injected, along with Friedmann’s
equation, into the previous equation for b, yielding

3(rg +2a%) 3r

b// b _
+ 2a*(ry + a?)

b=0,
2a(ry + a°)

(AS1)

where we introduced ry = QJ,/Q%. This equation admits
non-Liouvillian solutions that can be written in terms of the
hypergeometric function ,F;. The change of dependent
variable

3(ro +2a%)
=b —————~d
e [ e
2

= [@*(d® + ro)]V*b(a) = [Ur_i’;)z] l/4b(x) (AS2)

maps the above equation to its so-called “normal form,”

3(4a® 4 20a’r + 7r%)

h(x) = 16a*(a® + r)? ’

y'=1(x)y (A53)

where I, (x) is called the invariant of the equation. Two
equations such as (A51) can be mapped onto each other if
their normal form coincides after a change of independent
variable £ = a*. To simplify the calculations, we look for
the exponent k such that the exponents found in the
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numerator of the invariant of the transformed equation,
I, (€), are the lowest integers possible. In our case, we make
the transformation & = a?, resulting in

20E2 + 4rgé + 1173

I =— A54
0(5) 14462(5""’0)2 ( )

The hypergeometric equation,
x(x=1)y"+(u+v+x—oly +uy=0, (AS5)

admits the normal form (also known as Q-form)

Y =1 =12 +22u = (p+v—1)olx + o(0 - 2)
y 4x*(x—1)? .
(A56)

We now look for a Mobius’ transformation of the inde-
pendent variable

_ak+p
T yE+S

(A57)

mapping the invariant of the hypergeometric equation,
I (x) to Iy(&). After the transformation, one can write

@& + 2w, & + on

I = . (A58

) = e o ot oot T ot Y
where

wy = A*(BPA + 2p6B + 6*C) (A59a)

w; = A*(apA + (ad + By)B + y5C) (A59Db)

w, = A?(a?A + 2ayB + y*C) (A59c¢)

o) = a, 6, =/ (A594d)

63 =17, 0,=96 (A59%)

o5 =a—y, o =p—6 (A59f)

A =ad-py (A59g)

A=glu—vP -1 (A59h)

= % Ruv—(u+v—1)o] (A59i)

C= %a(a -2). (A59))

We first identify the poles of both invariants, which yields
the coefficients of the Mobius transform:

_ ¢
E+rg

(A60)

Then we inject these values in the coefficients w; of the
numerator, and we find the possible hypergeometric coef-
ficients:

1 11

3 o= (A61)
The solutions of this hypergeometric equation then yield
the solution of (A51) by reverting all the transformations.
Solutions satisfying the correct boundary condition
b(a—0)~a and lim,_ b < oo yield both growing
and decaying modes:

b~ = (rox)~/? (A62a)
L_5n (52
bt =2 \/_B ( > (A62b)

APPENDIX B: NUMERICAL METHODS

1. Adimensional equations

In all the following, the overdot denotes the derivative
with respect to the rescaled time variable 7 = H,t.

a. 1D master equation

In order to adimensionalize Eq. (50), we define the
following rescaled quantities:

5 P . ¢ - . 3 )
P:f.l, X:—l’ ﬂ:ﬁ’ LlJ: ;BOpH,l.
L; Ly Po 4zG
(B1)

The scaling factor L} is the Jeans length of the system at
initial time. Although £ is a constant, it is not dimensionless
and is a priori unknown, giving a degree of freedom in the
global magnitude of the viscosity. To emphasize this
arbitrary choice, we split f into its dimensional value f,
and a dimensionless coefficient ﬁ In these new variables,
Eq. (50) reads

*P 0P o . .60 2P oP\ 4
4 2h———P=—p— — 1 ., (B2
or? + o b a*o ( +ax> (B2)

where ¢ = 3Qi, /2. The parameters a and ¢ are determined
by the initial time 7;, and the only free parameter is /. This
equation is of second order in time, and although it might
be integrated numerically in its current form, it is easier and
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more adapted to our solver (see Appendix B 2) to rewrite it
as a system of two first order partial differential equations
(PDEs) in time. Let

. 0P

=P, =—, B3
3 n= (B3)
then the previous equation can be written as
E=1n
c . 5//
)= 2m+—=E-f—5———, B4
N n+5¢ ﬂa4(1+5,)4 (B4)

where an overdot denotes a partial derivative with respect to
time and a prime denotes a partial derivative with respect to
space. Note that the linearized version of this system can be
written in the matrix form,

0 1

z= (1—35%) —2h

|a

z. z=|] ®s)

0ol

a

b. Burgers’ equation

In order to adimensionalize Eq. (55), we use the previous
rescaled variables, to which we add

it
i _ . B6
=5 (B6)
In these new variables, Burgers’ equation reads
oit ot 0%l ~3Qi b
TR Py , 0= (1 48)—. B7
TR s p=p——(1+ )a4b (B7)

The dependence in § will be put aside in the numerical
integration of this equation.

2. Numerical scheme

Consider a generic PDE of the form

a—u:L(u) + N(u)+ g.

ot (B8)

where u is the unknown function of space and time, L is a
linear spatial differential operator acting on u, N is a
nonlinear operator acting on u (that does not imply any time
differentiation) and ¢ is a given function of space and time.
Let At, Ax be the time and space steps and N, J be the
number of time and space intervals, so that the discretized
space and time variable read {x;} = x,....x; and {t,} =
to, ..., ty. Let U" be the approximation of the solution at
time #,. We denote respectively by L", N(U") and g" the
matrix representation of the linear operator L, the approxi-
mation of N(u) and of g at time 7, after taking into account

boundary conditions. In all the calculations, the first spatial
derivatives will be computed using a first-order centered
differences scheme and the second spatial derivatives with
the standard three-point centered differences scheme:

X X X X

At each time step, the evolution of u is approximated using
a second-order accurate Crank-Nicholson scheme for the
linear part of the equation, and a second-order accurate
Adams-Bashforth scheme for the nonlinear part. Taking
into account the periodic boundary conditions that sum up
to identifying x, with x;, we obtain the following expres-
sion at each time step:

Ut =gt (B10a)

n At n _1
U[OJ:F;—I] - (ﬂ —7|]_ H) >

At v At u
o [(11 +h >U[0:J_1] + 5L (ON(U,_y)

At
“NW ) + 5 @ | (B10y

where Uﬁ): J-1] denotes the vector constituted of the first J

components of U”. The first time step cannot use a second
order Adams-Bashforth scheme for the nonlinear term, and
we therefore jump-start the solver using a simple forward
Euler scheme:

Ul = U, (Blla)
At -1 At
UEO:J—I] = (ﬂ _7”-l> Kﬂ +7[LO>U?O:J—1]
AN(UO AL gl 4 g0 B11b
+ At ( [0;]_1]) +7(g +g ) ( )

As an example, let us consider Burgers’ equation (B7),
which reads (letting all the hats down for the sake of
readability)

ou Pu  ou
—=U——u—. B12
b o2 "og (B12)
Here, there is no source term hence g = 0. We identify the
linear and nonlinear terms,

0 d
L=p=. N(u):—ua—u, (B13)
q q

and their following discrete approximation, taking into
account periodic boundary conditions, reads
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FA\Tn) Lo : Bl4
v N (B14)

1 L =21,y

Us(Uj- = UY)
Ui (U = U3)

1
N(U”

) = 5aq (B15)

Uj5(Uj5=Ujy)

7-1(Uj2 = Up)
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