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In this work, we explore the intriguing possibility of connecting self-interacting dark matter (SIDM)
with the recently observed exceptionally bright and long-duration gamma-ray burst (GRB221009A). The
proposed minimal scenario involves a light scalar mediator, simultaneously enabling dark matter (DM)
self-interaction and explaining the observed very high energy photons from GRB221009A reported by
Large High Altitude Air Shower Observatory (LHAASO) data. The scalar’s mixing with the Standard
Model Higgs boson allows for its production at the GRB site, which will then propagate escaping
attenuation by the extragalactic background light. These scalars, if highly boosted, have the potential
to explain LHAASO’s data. Moreover, the same mixing also facilitates DM-nucleon or DM-electron
scatterings at terrestrial detectors, linking SIDM phenomenology to the GRB221009A events. This
manuscript presents the parameter space meeting all constraints and offers an exciting opportunity to

explore SIDM in future direct search experiments using insights from the GRB observation.
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I. INTRODUCTION

The astrophysical and cosmological observations have
always been one of the guiding principles while developing
new physics models beyond the Standard Model (BSM),
especially pertaining to dark matter (DM). For example,
with the addition of DM, electromagnetism and general
relativity correctly explain the observable spectrum of the
cosmic microwave background (CMB) and the large-scale
structure of the Universe. Moreover, strong and weak
interactions play nontrivial roles in the big bang nucleo-
synthesis (BBN) of light nuclei in agreement with the
observations. While there has been no discovery of BSM
physics yet, there exist a few puzzling observations that
may be hinting at some specific new physics scenarios.
One such puzzle that has created a lot of intrigue among the
particle physics community is the recently reported excep-
tionally bright and long-duration gamma-ray burst (GRB),
GRB221009A [1-7].

On the 9th of October, 2022, this brightest GRB was
detected by the Neil Gehrels Swift Observatory [1], Fermi
satellite [2,6,8], and various other detectors [3,5,7]. In
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particular, the Water Cherenkov Detector Array and Square
kilometer array (KM2A) of Large High Altitude Air
Shower Observatory (LHAASO [4]) detected O(5000)
events of photons with energies ranging from 0.5 to
18 TeV within a time window of 2000 s. However, these
observations are puzzling since this has been detected at
redshift z = 0.15 which corresponds to a comoving dis-
tance of ~600 Mpc. Given this redshift of the source, the
expected attenuation due to the extragalactic background
light (EBL) is so severe that this detection has become
very difficult to explain. The standard propagation model
gives optical depths 7~ 5(15) for the photons of energy
E, ~10(18) TeV, and such a flux of very high energy
(VHE) photons from extragalactic sources is strongly
attenuated through the production of ete™ pairs in the
intergalactic medium. This inconsistency motivated several
attempts to solve the puzzle invoking physics beyond the
Standard Model. Models involving Lorentz invariance
violation [9], axionlike particles [10-15], sterile neutrinos
[16-19], light scalar [20], and external inverse Compton
mechanism [21-23] have appeared in the literature.
Another such long-standing puzzle stemming from the
discrepancy between the astrophysical observations and
ACDM simulations are the so-called small-scale structure
problems, namely, core-cusp problem, too-big-to-fail and
missing satellite problems [24-28]. In light of these small-
scale issues that the conventional cold dark matter (CDM)
paradigm faces, the self-interacting dark matter (SIDM)
offers an interesting viable alternative. In scenarios where
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DM possesses a light mediator, the necessary self-
interaction described in terms of the ratio of the cross
section to DM mass as ¢/m ~ 1 cm?/g can be naturally
accomplished. Moreover, with the light mediator, one can
achieve velocity-dependent DM self-interactions to address
small-scale problems while maintaining consistency with
typical CDM features at larger sizes.

In this article, we present an interesting scenario in which
the self-interaction of DM can be probed both indirectly
and in direct search experiments through the LHAASO’s
VHE photon events. We propose a minimal scenario where
a light singlet scalar that mediates the DM self-scattering is
also instrumental in explaining the VHE observation of
GRB221009A evading the attenuation by the EBL. This is
possible if the light scalar singlet S mixes with the SM
Higgs boson & and thus the S particles produced in the
GRB are highly boosted. Once produced in the GRB, they
can undergo radiative decay to two photons (i.e. S — yy)
while propagating to Earth. These resulting photons
may thus be produced at a remote region without being
nullified by the EBL. Interestingly, the mixing parameter
between S and & which is crucial for the GRB221009A
observation also facilitates the DM-nucleon or DM-
electron scatterings at the terrestrial detectors and hence
establishes a unique connection between the DM phe-
nomenology and GRB221009A observation.

In Fig. 1, we have shown the key processes for DM self-
scattering, S diphoton decay to explain the GRB events,
and the DM-nucleon scattering at direct search experi-
ments. The crucial feature to notice here is that not only the
SIDM light mediator is responsible for explaining the GRB
events, but the S — H mixing angle that gives rise to the
observed number of events can also be probed at the DM
direct search experiments [29].

Here it is worth mentioning that, though recently there
has been considerable interest in the regime of light DM
typically in GeV or sub-GeV scale, mainly because such
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FIG. 1. A schematic diagram to depict the key processes and
their interconnection in our scenario.

scenarios face weaker constraints from direct detection
experiments [30], the DM coupling with light mediators to
solve the small-scale anomalies results in significant DM
annihilation rates, often leading to a lower-than-desired
relic abundance in the low DM mass range below a
few GeV. Despite various production mechanisms for
SIDM proposed in the literature, obtaining the correct relic
remains a formidable task. While a pure thermal relic is
challenging to achieve, some studies have explored a
hybrid approach involving both thermal and nonthermal
contributions, which could potentially lead to the correct
relic density for SIDM with the inclusion of new degrees of
freedom making the model nonminimal [31-34]. A new
mechanism to achieve the thermal relic of SIDM by
conversion from heavier partners during the freeze-out
epoch is also recently proposed in [35]. In addition, the
light scalar mediator also faces stringent cosmological
constraints [36] because of its large lifetime required to
explain the GRB221009A events by its diphoton decay.
However, these two challenges can be mitigated if the
mediator had a heavier mass in the early Universe [37-39],
which we discuss in subsequent sections.

II. MINIMAL SETUP

In this minimal setup, the SM particle content is
augmented by a gauge singlet Dirac fermion y and a
singlet scalar S. y is odd under an additional Z, symmetry
while all other particles transform trivially under this Z,.
With its stability being guaranteed by the Z, symmetry,
fermion y becomes a viable dark matter candidate. The
scalar S, because of its Yukawa coupling with y, mediates
the dark matter self-interaction as shown in Fig. 1. The
relevant Lagrangian of this model can be written as

LD -M,jy—ysixyS+Hc. —V(H,S), (1)
and the relevant terms in the scalar potential is given by

V(H.S) D y2S1S + Ag(STS)? + Asu(HTH)(S'S)
+usyS(H'H).

Here it is worth mentioning that the mixing that arises
between the singlet scalar S and the SM Higgs because
of the couplings pgy and Agy not only paves the way to
detect DM at terrestrial laboratories, but also explains the
LHAASO’s 18 TeV photon events.

In order for DM to possess a significant self-scattering
cross section and to account for the GRB221009A events
through its diphoton decay, it is necessary for S to be light in
the present day. We focus on DM mass in the range of sub-
GeV to a few GeV which requires the S to be in the MeV
scale to achieve sufficient self-interaction that can resolve the
small-scale anomalies of the Universe. Moreover, as dis-
cussed in Sec. III, to ensure that S dominantly decays into
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two photons to explain the GRB events, the mass of S is
further constrained to be Mg < 1 MeV.

However, the presence of a light scalar with strong
coupling to DM typically leads to a thermal underabun-
dance of DM relic due to the strong annihilation of y to S.
Additionally, this scenario faces severe constraints as such
a light scalar can be long-lived with a lifetime greater than
the age of the Universe at the epoch of recombination and
hence can distort the CMB anisotropy because of its decay
to charged fermions or photons [40]. To address these
challenges and salvage the scenario, it is preferable for the
scalar S to have a heavier mass during the early Universe.
Then, through a phase transition,' the initial mediator

mass denoted as MY decreases to its current value Mé =
Mg < M [37,38]. For example, if mediator S couples to
another scalar # driving a first-order phase transition
(FOPT) with a coupling of the type unS'S, then below
the nucleation temperature of the FOPT, the physical mass
of the mediator can change to (M})? = (M%)? — v, with
v, being the vacuum expectation value acquired by 7. With
suitable fine-tuning between the two terms (M%)* and pv,,
it is possible to get a final mediator mass that is the order
of magnitude smaller than the initial mass. The discon-
tinuous nature of FOPT can, therefore, abruptly reduce the
mass of the mediator after the nucleation temperature. If
this FOPT occurs well after establishing the correct relic
abundance of DM, or DM freeze-out, then it does not
affect the DM relic obtained at a higher temperature up to
some dilution due to the release of latent heat from the
FOPT. However, such dilution can be kept negligible
depending upon the details of the FOPT model, which we
leave for an upcoming work.

In this proposed scenario, the correct DM relic abun-
dance can be achieved through the usual thermal freeze-out
mechanism by suppressing the DM annihilation to S
through phase-space blocking, achieved by tuning the
mediator mass Mf9 according to Mpy. This also ensures
that the lifetime of S is consistent with the constraints from
BBN which is otherwise of the order O(10'3) s for a
1 MeV scalar due to very small mixing with SM Higgs
needed to explain the GRB events.

III. GRB221009A

In order to explain the LHAASO GRB events, one first
needs to know the production mechanism and energy
profile of S at the GRB site. Despite the environment,
we still have the information for the most dominant mode
for light scalar production, the nucleon-nucleon brems-
strahlung via pion exchange [41-48]. The relevant
Lagrangian for this process can be written as

'We leave the details of such a phase transition and associated
model building to an upcoming work.

LD —sinfgy [Aﬂ(n:on:o +atn7) +yuNN + ﬂZl} S,
VEw
(2)
and the process is
N+N—->N+N+S, (3)

where N is either neutron (n) or proton (p) and A, is the
effective coupling of S to pions. Thus once produced, the
scalar can decay into leptons or pions at tree level or to
photons at one-loop level via mixing with the SM Higgs
boson. The decay width of S are given by [49]

121 &> M3sin®Ogy

21T Sy
r o MSmgSiHZHSH 4mg 3/2 4
S—e"et — 8—2 - 2 . ( )
TVEw M

Now if the mass of S is at least twice the mass of
electrons (Mg > 2m,), then it will dominantly decay to
e”e" pairs. Thus, the ratio I'_,,-,+/I's_,,, becomes very
large and hence the diphoton decay is suppressed heavily.
This will not be able to explain the LHAASO data.
Therefore, we restrict the mass of S to be less than or
equal to 1 MeV, and then this S scalar decays dominantly to
diphotons. If ®¢ denotes the average flux of scalar S on
Earth, the corresponding gamma-ray flux from S decay is
given by [20]

s Zq)sBr},

' ajd—1 (e7hs —e7), (5)

where d is the distance of the GRB source from Earth, Br,
is the branching fraction of S — yy, and 7 = d/4, is the
optical depth of the photons with 4, being the mean free
path of the photon. The quantity Ag is given in terms
of § decay rate ' and the energy of the scalar E¢ in Earth’s
rest frame:

_ Eg
S Mg

(6)

Given the information of this S-induced y flux, one can
calculate the number of events as

I8 Tev
N, = At/ Area x @3 (E,)dE, (7)
05

However, the unattenuated gamma flux is obtained by
extrapolating the flux measured by Fermi-LAT in the
energy range from GeV to higher TeV as [10]

@}(E,) (8)

2.1 x10°° E, | ~1.87+0.04
"~ cm?sTeV <TeV)
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FIG. 2. Flux of S-induced gamma rays for N, = 10, 100, 1000,
5000 assuming Eg = 2E, over a detector of area 1 km? in a time
window of Ar = 2000 s.

In Fig. 2, we have shown the flux of y rays originated
from the decay of § as a function of the photon energy E,
that can give rise to 10, 100, 1000, and 5000 events
assuming the scalar energy Eg = 2E,. This flux has been

calculated over a detector area of 1 km? and in a time
window of 2000 s which is typical of LHAASO’s KM2A
detector. We have also shown the unattenuated flux in the
same figure by the red dotted line and it is clear that,
because of attenuation, the flux reduces by almost a factor
of O(1077) which is still sufficient to explain the TeV
energy photons observed by LHAASO.

IV. SELF-INTERACTING DM

It is well known that a discrepancy exists between
the results obtained from the simulation of collisionless
cold dark matter and the astrophysical data at small
scales. To address this mismatch, researchers have
explored the possibility of relaxing the collisionless
picture and considering self-scattering among the DM
particles [24-28].

By means of the 7-channel process, the DM particle y is
capable of undergoing elastic self-scattering mediated by
the scalar S. Notably, the typical cross section for DM self-
scattering in this scenario is significantly larger than that of
typical thermal DM, and this effect arises naturally due to
the presence of the light scalar S which has a mass much
smaller than typical weak-scale mediators. As discussed
earlier in the preceding section, this scalar must have a mass
restricted by the upper limit Mg < 2m, in order to explain
LHAASQO’s 18 TeV photon observation through the dipho-
ton decay process.

In the case of such a light mediator, the nonrelativistic
self-interaction of DM can be described by a Yukawa-type

2
potential: V(r) = %e‘MS’. By evaluating the quantum

mechanical self-interaction cross sections and imposing
constraints on 6/ Mpy; based on astrophysical observations
at various scales, such as dwarfs, low surface brightness
galaxies, and clusters [50,51], we can determine the
permissible parameter space of the model in the
Mpy = M, and mediator mass Mg plane. This information
is depicted in Fig. 5 by the color-coded band. It is important
to note that calculations need to extend beyond the
perturbative limit to fully explore the parameter space,
and based on the mass of the mediator, mass of DM,
coupling strength, and relative velocity, three distinct
regimes can be identified in this parameter space: the
Born regime, the classical regime, and the resonant regime.
Further details on the self-interaction of DM and the self-
scattering cross section can be found in [25,52-54].

A. Production of SIDM

As mentioned previously, in the simplest setup without
introducing any new degrees of freedom into the theory,
the thermal relic density of SIDM particles (y) remains too
low due to excessive annihilation into the light mediator,
especially for DM in the GeV or sub-GeV mass range.
However, by considering new particle species in thermal
or hybrid scenarios, as discussed in [31-35], it becomes
possible to achieve the correct relic density.

In our study, we choose to work with the most minimal
setup, where the dark sector consists solely of the dark
matter y and the mediator S. Note that as discussed in
Sec. II, the scalar S goes through a phase transition in the
early Universe. Prior to the phase transition the mass of S,
M < Mpy(= M,,), such that the DM annihilation rate to S
is phase-space suppressed. This reduces the yy — SS
annihilation cross section to give rise the correct relic
density of y. After the phase transition, S becomes light
with Mg <1 MeV that is required to describe the self-
interaction of DM and the GRB events.

In our scenario, the singlet scalar S is in thermal
equilibrium with the SM bath through its scalar portal
interactions. This also brings DM y to thermal equilibrium
because of its significant coupling with S. The S — H
mixing angle is given by

(uvdsy + V2vpsy)
tan(ZHSH) = . (9)
M3 — M3

We maintain 0g; = O(1078) by choosing Agy and pgy
appropriately. In particular, in Fig. 3, we show that for
Asy ~ O(1073), HH <> SS can be in thermal equilibrium
while still being consistent with the perturbativity, unitarity,
and copositivity constraints. By setting u =1 GeV,
we choose two benchmark points for {Asy,psy}, i.e.
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FIG. 3. Interaction rate of HH <> SS process in comparison to

the Hubble expansion rate for two different values of Agy.

{1073, -6.6 x 107} and {1075, -2.6 x 1077} which cor-
responds to A, = 107% and showcase the interaction rate
for the process HH <> SS against the Hubble expansion
rate in Fig. 3. Clearly this justifies the assumption that S
and DM are in thermal equilibrium in the early Universe.

In Fig. 4, we show the evolution of the comoving number
density of DM for Mpy; = 0.7 GeV by solving the relevant
Boltzmann equation:

dYpm _ _ s(Mpm)(00) o
dx 'sz(MDM)

(Yiy = (Ypm)?) - (10)

10°F

m— M=Mpy-1.2 MeV
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FIG. 4. Evolution of comoving number density of DM of mass
MDM = 0.7 GeV.

where x = Mpy\ /T, H is the Hubble parameter, and s is the
entropy density. Here (60) . = (60) 55+ (V) spsm-
However, due to the small mixing angle €5, DM annihi-
lation into SM final state processes are less significant
compared to the yy — SS process, which is governed
by the same coupling y¢ that is responsible for DM self-
interaction. The thermally averaged cross section for y
annihilation to S, which is the dominant number changing
process for y, is given by

3 y§ 5 (Mzs)z 1/2
=1 I 1
@) = 4 tomz M2 ()

Here it is worth noticing that for a particular value of M,
and yg, which are relevant for self-interaction at late times,
we can achieve the correct relic abundance of y by
appropriately choosing the value of MX. In particular, we
have chosen M, — M{ = 1.2 MeV for M, = 0.7 GeV and
vg = 0.03. The corresponding comoving number density of
x 1s shown by the green line in Fig. 4. We see that the
correct abundance of DM can be achieved with the above-
mentioned parameters. However, had the Mg value been

chosen to be Mg = Mj; = 1 MeV, with the same choice
of M, =0.7 GeV and yg = 0.03, then the resulting DM
abundance would have been 2 orders of magnitude smaller
than the observed relic due to efficient annihilation of y
into S. This is depicted by the orange line in Fig. 4.

B. Direct detection

As mentioned earlier, the most intriguing link between
the observation of GRB221009A and SIDM in our scenario
emerges when we explore the possibilities of direct
detection of SIDM in terrestrial laboratories. The spin-
independent elastic scattering of DM-nucleon becomes
possible due to S —H mixing, which is significantly
influenced by Mg and Ogy for a fixed DM mass and yg
coupling. Interestingly, this same S — H mixing plays a
crucial role not only in the production of S particles at the
GRB site, but also in their subsequent diphoton decay,
which offers a plausible explanation for the observation of
18 TeV photon by the LHAASO experiment.

This fascinating connection allows us to explore the
SIDM parameter space in direct search experiments with
the added advantage of using the information on Ogy
obtained from the GRB events. Normally, 85 is considered
a free parameter in the theory, but the GRB observation
provides valuable insights, making it a more constrained
and informative aspect of this study as demonstrated in
Fig. 1 too.

The spin-independent (SI) scattering cross section of
DM per nucleon is given by

2
osi = o [Zf, (A= 2P (12)
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where g, is the reduced mass of the DM-nucleon system.
A and Z are the mass number and the atomic number of the
target nucleus, respectively. The interaction strengths f,
and f, of proton and neutron with DM are given as

ml’q"l mp,n

Fon= frla + froa 13
p q:;’s Ty %4 g q;b 6% . (13)
with a, defined by
m 1 1
a, = y,sinf —q{———] 14
q SH Vew M% M%{ ( )

Here it is worth mentioning that for the explanation of
LHAASQO’s VHE photon events, the mixing parameter 0y
which is consistent with all the relevant constraints is of
the order O(1078). Thus we take the benchmark values of
Osy = 1078 and yg = 0.03 and showcase the constraints
from direct search experiments against the parameter space
giving rise to the required self-interaction cross section
for the dwarf galaxies (v~ 10 km/s) on the plane of
Mg vs Mpy in Fig. 5. The shaded regions in the plot
represent the existing constraints from CRESST-III [55]
and Xenon1T(M) [56,57]. These regions do not exclude the
self-interaction parameter space for 5, = 1078, However,
it is noteworthy that the sensitivity projections (at
90% C.L.) for spin-independent DM-nucleon scattering
of CRESST [55], NEWS-G [58], SuperCDMS [59], and
DS-LM [60] experiments have the potential to significantly
probe the SIDM parameter space corresponding to the

0.1 ‘ '
-] vums DS-LM (>2¢)
0.1 1 10 100 .=—=: CRESST
.—- NEWS-G

: 2
o/Mpy in cm” /g SuperCDMS (Ge)

SuperCDMS (Si)

05]{: 10-8

FIG. 5. Constraints from existing DM direct detection as well
as the projected sensitivities of the future experiments in the
plane of DM mass (Mpyy) versus mediator mass (M) for self-
interaction.

S — H mixing angle inferred from LHAASO’s observation
of VHE photons.

V. SUMMARY AND CONCLUSION

In this article, we unveil a fascinating and innovative
link between SIDM and the recently observed VHE photon
events associated with GRB221009A, as reported by
LHAASO. Our study centers on the most minimal con-
figuration, where the dark sector comprises one fermionic
DM particle, denoted as y, and a light scalar mediator,
referred to as S. This setup is designed to introduce
velocity-dependent self-interaction among DM, addressing
small-scale issues.

Interestingly, the presence of the light scalar mediator
plays a pivotal role in explaining the GRB events. During
the occurrence of GRB, this light scalar is produced at
the GRB site through its mixing with the SM Higgs.
Subsequently, it undergoes significant boosting, remaining
unattenuated by the EBL. Upon reaching Earth, the light
scalar decays remotely, yielding two highly energetic
photons via radiative processes. These photons then mani-
fest as VHE signals, detectable by terrestrial detectors.

In Fig. 6, we present the final parameter space that
explains the GRB221009A observation, considering all
relevant constraints. The solid black and purple contours
represent the parameter space capable of yielding an
expected number of VHE photon events, N, =10 and
N, = 100, respectively. The orange shaded band shows the
constraints from SN1987A, which arise because abundant
production of light mediators S leaving the source conflicts
with the observed neutrino luminosity [61]. Notably, the
most stringent constraint originates from DM direct search.

107 T T ]
- CRESST-III Mpy = 0.7 GeV
SNI1987A
_4 +=-=  Sensitivity Projection DS-LM
10 - Sensitivity Projection NEWSG
Sensitivity Projection SuperCDMS (Ge)
107 &
jas} L
7] £
D
N
107 ¢
107 ¢ L5
10_8—5 ‘ “IH‘—4 I II‘.H.”—S
10 10 10

M;s (Gev)

FIG. 6. The final parameter space to explain the LHAASO
18 TeV photon observation.
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The blue shaded region denotes the constraints from
CRESST-III [55] on SI DM-nucleon scattering, ruling out
larger values of sinfgy and smaller Mg below 100 keV.
Additionally, we illustrate the projected sensitivities of future
direct search experiments DS-LM [60], NEWS-G [58], and
SuperCDMS [59] with dot-dashed contours, indicating their
potential to explore the parameter space further.

We emphasized that the correct relic density of SIDM
can be achieved through the thermal freeze-out mechanism
by tuning the mediator mass to a heavier value in the
early Universe. This adjustment addresses the issue of
underabundance due to excessive annihilation to S.
Subsequently, the mass of S can decrease to its present
value after a phase transition that occurs well after the
establishment of DM relic density and S decay to SM
fermions via § — H mixing which reduces the S number
density Yy — 0. Consequently, our scenario remains con-
sistent with BBN and CMB constraints on light mediator
decay [40]. Importantly, our case benefits from p-wave
suppressed DM annihilation to light mediators [as men-
tioned in Eq. (11)], making it safe from constraints on DM
annihilation during the recombination epoch [40].

By satisfying all these constraints, the remarkable con-
nection between the GRB events and SIDM enables us to
explore the SIDM parameter space in future DM direct
search experiments, utilizing the information of Ogy
inferred from the GRB observation. This unique connection
enhances the predictiveness of the entire scenario.
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APPENDIX: LOW ENERGY SELF-INTERACTION
CROSS SECTIONS

The nonrelativistic DM self-scattering can be well
understood in terms of the attractive Yukawa potential

Vs
V(r) :4—W€_Msr. (Al)

To capture the relevant physics of forward scattering, the
transfer cross section is defined as

or = /dQ(l —cos@)j—g.

In the Born limit, y;Mpy/(47Ms) < 1,

Born _ yfé lz)M 1)2 _ M2DM Uz
07" = >— |log [ 1+ 5 3 — |-
2nMppv M M5+ Mpyv

Outside the Born limit, where y3Mpy/4zMg > 1, there
can be two different regions: classical regime and reso-
nance regime. In the classical regime (Mpyv/Mg > 1),
solutions for an attractive potential are given by [25,53,62]

WA (147 p>1,
2
o = 3t [ﬁ} 107! < p < 10°,

ZInf+1-1/2In" 162 B> 103,

2
MS

2y§M s
4xMpyv*”
Finally in the resonance region (Mpyv/Mgs <1), no
analytical formula for o7 is available. So approximating the

2 —or
Yukawa potential by Hulthen potential [V (r) = + Z—f{ 15_@;5,],
the transfer cross section is obtained to be

where f =

167 sin’ 8,

6¥ulthen _
2 2
Mpyv

where [ = 0 phase shift J, is given by

iF(iMDMv/kMS)]

50:A“"[ (2 )r()

with

A _1+iMDMU:|:\/yS2MDM MZDM”2

2kM 4rkMg  4K*M3

and k ~ 1.6 is a dimensionless number.
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