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We present a Bayesian parameter estimation progress to infer the stellar mass binary black hole
properties by TianQin, LISA, and TianQinþ LISA. Two typical stellar mass black hole binary systems,
GW150914 and GW190521 are chosen as the fiducial sources. In this work, we establish the ability of
TianQin to infer the parameters of those systems and first apply the full frequency response in TianQin’s
data analysis. We obtain the parameter estimation results and explain the correlation between them.We also
find the TianQinþ LISA could marginally increase the parameter estimation precision and narrow the 1σ
area compared with TianQin and LISA individual observations. We finally demonstrate the importance of
considering the effect of spin when the binaries have a nonzero component spin and great deviation will
appear especially on mass, coalescence time, and sky location.
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I. INTRODUCTION

In the 2030s, multiple spaceborne gravitational wave
(GW) detectors, TianQin [1,2], LISA [3], and Taiji [4] will
be launched and operational. They could detect GW signals
from various sources, including massive black hole binaries
(MBHBs) [5], extreme-mass-ratio inspirals (EMRIs) [6],
Galactic double white dwarf binaries (GBs) [7], stochastic
gravitational-wave background (SGWB) [8], and stellar
mass binary black hole (sBBH) inspirals [9]. As potential
detectable sources for spaceborne detectors, sBBHs have
been detected by ground-based detectors (LIGO-Virgo-
KAGRA) [10], with nearly 100 events reported [11–13].
Moreover, a fraction of these events can be detected by
both TianQin [9] and LISA [14], which allows for joint
observation (TianQinþ LISA) and being possible multi-
band sources.
Accurate parameter estimation (PE) is crucial for char-

acterizing the physics of GW sources. Parameters such as
spin and mass can provide hints about the population
properties of different formation channels. Many numerical
simulations have shown that binaries formed in galactic
fields should have spins preferentially aligned with the
angular momentum [15–20], while the spin tends to
have a random orientation when binaries are formed dyna-
mically [21–25]. The spin of a binary also correlates with
its mass, with more unequal-mass systems having a more
significant effective spin and the GWTC-3 dataset supports

the correlation between spin and mass [26]. The value of
the mass also plays an important role in distinguishing the
sBBH system formation channel, the event GW190521
[27] indicates sBBH could lie in the mass gap [28–31],
which is the mass gap of stellar mass black holes (sBHs)
predicted by pair-instability supernovae (PISNs). Notice
that different teams report different masses for GW190521
[32,33], adding extra layers of complexity to its formation
channel. Therefore, achieving precise PE results is vital
for increasing scientific understanding and improving our
knowledge of sBBHs [34,35].
Since the GW detection of the first sBBH systems, many

works have demonstrated how spaceborne GW detectors
can improve precision on the physical parameters, and how
a joint observation TianQin and LISA can further improve
the science. Sesana [14] demonstrated that LISA could
provide strict constraints on the sBBH mass with the
relative error to be ∼10−6. Besides spin, parameters such
as sky location and coalescence time can be estimated with
high precision, less than 1 deg2 and less than 10 seconds
respectively. This level of precision in time and space
enables the electromagnetic (EM) and ground-based detec-
tors’ follow-up observation. Furthermore, TianQin has also
shown similar capabilities in PE, with joint observation
allowing for significant improvements in coalescence time,
sky localization, and chirp mass [9,36]. As an ideal type of
multiband source, a precise estimation of the sky location
of sBBH system could also enable us to constrain the
Hubble constant [37,38], with even better precision achiev-
able through joint observations [39].
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Previous studies also indicate that precise measurement
on black holes (BHs) with spaceborne GW missions is
crucial for analyzing the environment and the astrophysical
formation mechanism of sBBHs [40–47], as well as the
testing of the general relativity [48–57]. However, many of
the aforementioned works rely on the method of the Fisher
information matrix (FIM), which is lightweight in terms of
computation demands, with the cost of neglecting details
[49,58]. Recent works have started to utilize the Bayesian
inference to perform the PE in sBBH inspirals [59–62]
and all of them do not consider the noise simulation. In
our work, we choose to use Bayesian inference tools like
the Markov chain Monte Carlo (MCMC) methods to
obtain the posterior distribution on the parameter space,
in the hope the obtain a more accurate and reliable
understanding of future data analysis ability of spaceborne
GW missions.
Although many mature pipelines have been developed in

the context of ground-based GW detectors [63–65], space-
borne missions face different challenges. For example, due
to the long-lasting nature of the source and the motion of
the spaceborne GW detectors, the response function varia-
tion to GW signals and rotation of the constellation cannot
be ignored over the long lifetime of the binaries. Also, the
commonly used response model that works in the low-
frequency limit [66] is not applicable when sBBH inspirals
approach high-frequency regions. To obtain a realistic
and comprehensive understanding of precisely how future
spaceborne missions can constrain sBBH parameters, we
incorporate the time delay interferometry (TDI) response
described in [59,67]. This response model is available in
full frequency region and has been incorporated into the
analysis for TianQin.
In our work, we aim to develop software to perform

Bayesian inference on sBBH inspiral with simulated data
for spaceborne GW detectors, TianQin, while taking the
full frequency TDI response into consideration, both in
generating data and parameter estimation. Our method
could be easily applied to other GW sources. Here, we
apply this software to two of the most studied GW events,
GW150914 [10] and GW190521 [27]. The first for being
the first ever detection and also among the loudest event;
the second for being among the heaviest systems. For the
Bayesian inference algorithm, we use the affine-invariant
sampling software EMCEE [68] to obtain the posterior
distribution.
The paper is organized as follows. In Sec. II, we give a

brief description of the theoretical foundations for the
sBBH systems, including the waveform model we adopt,
the TDI response, and the concepts of the TianQin mission.
In Sec. III, we present the Bayesian framework as well as
the implementation of the parameter estimation methods. In
Sec. IV, we provide our PE results for the two events and
discuss the impact of spin mismodeling on those results. In
Sec. V, we summarize our findings and discuss possible

future works. Throughout the work, we use the geometrical
units ðG ¼ c ¼ 1Þ unless otherwise stated.

II. THEORETICAL BASICS

A. sBBH system

The spaceborne GW detectors could only observe the
inspiral stage of these binaries, and no confident observa-
tion of orbital eccentricity has been observed with ground-
based facilities. For simplicity, we assume the binaries
follow quasicircular orbits, therefore the contribution from
other subdominant harmonics can be neglected and the 22
mode is sufficient to describe the waveform. In our work,
we adopt the IMRPhenomD waveform [69,70]. The choice
is made so that our method is general enough that can be
easily applied to other types of waveforms. Notice that
IMRPhenomD assumes aligned spin so it uses only two
parameters to describe the spin parameters. For the adop-
tion of more general waveforms, one needs to consider the
spin-precession effect, which will increase the complexity
of the waveform [59]. In this frame, a sBBH system can be
characterized by four intrinsic parameters: two component
masses ðm1; m2Þ and two component dimensionless spins
ðχ1; χ2Þ; and seven extrinsic parameters: luminosity dis-
tanceDL of the source, inclination angle ι that describes the
angle between the orbital angular momentum with respect
to the line of sight, polarization angle ψ , coalescence time
and phase ðtc;ϕcÞ and the ecliptic longitude and ecliptic
latitude ðλ; βÞ in the solar-system barycenter (SSB). We set
a group of parameters that are used for estimation and they

are θ ¼ ðDL;Mc; χa; χl; tc; η; ι; λ; β;ψ ;ϕcÞ, where Mc ¼
ðm1m2Þ3=5
ðm1þm2Þ1=5 is the chirp mass, η ¼ m1m2=ðm1 þm2Þ2. And
due to χ1 and χ2 being highly correlated, we reparametrize
them into χa; χl ¼ ðχ1 þ χ2Þ=2; ðχ1 − χ2Þ=2 to remove
some correlation and use them to perform the parameter
estimation. In the IMRPhenomD waveform model, sBBH
can be described by h̃ðfÞ ¼ h̃þðfÞ − ih̃×ðfÞ, where

h̃þðfÞ ¼
1þ cos2ι

2

M5=6
c

π2=3DL
f−7=6 expðiΨðfÞÞ;

h̃×ðfÞ ¼ −i cos ι
M5=6

c

π2=3DL
f−7=6 expðiΨðfÞÞ: ð1Þ

More details about the phase ΨðfÞ can be seen in Khan
et al. [69].
Some parameters may have similar effects on the wave-

form, therefore leading to degeneracies between parame-
ters. For example, in our work, we focus on the inspiral
stage and near-circular systems and use the waveform
only in 22 mode. Therefore, the inclination angle cos ι
and luminosity distance DL are strongly correlated as they
both appear in the amplitude with combinations like
ð1þ cos2 ιÞ=2DL and cos ι=DL in Eq. (1). The degeneracy
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can be broken if the polarization can be measured accu-
rately since their combinations differ in different polar-
izations [59], or if higher modes can be observed asDL and
ι affect the amplitudes through different combinations [71].
Another example is the two spins ðχa; χlÞ. The leading
orders of ΨðfÞ that contain spin parameters are the 1.5
and 2 order post-Newtonian (PN) terms, which are
113δ
3

χl þ ð113
3
− 76η

3
Þχa, and ð−405

8
þ200ηÞχ2l − 405

4
δχaχl þ

ð−405
8
þ 5η

2
Þχ2a respectively, where δ¼ðm1−m2Þ=ðm1þm2Þ.

B. Detector response

For some science cases studies for LISA [14,34] and
TianQin [9,36], had not adopted TDI, since it does not
significantly alter signal to noise ratio (SNR) while greatly
complicates the calculations. However, in reality, since the
laser phase noise can be orders of magnitude higher than
the GW signals, one has to rely on the TDI combination
of channels to cancel out the laser phase noise [72–75].
Various TDI schemes can be constructed with different
combinations of measurement readouts from satellites.
In particular, we adopt the A, E, T [76] combination, with
A and E reflecting the two GW polarizations and the T
channel is a noise-monitoring channel.
In this work, we utilized the analytical full frequency

response described in [59,67] for the purpose of ensuring
speed. The TianQin TDI response can be constructed by
combining the delayed signal-link observables. The signal-
link observables denoted as yslr, where yslr ¼ ðνr − νsÞ=ν
represents the GW-induced laser frequency shift between
the transmitting satellite s and the receiving satellite r along
the link l. The equation below defines the observable ysr,

ysr ¼
1

2

n̂l ⊗ n̂l
1− k̂ · n̂l

∶
h
h
�
t−L− k̂ · p⃗s

�
− h

�
t− k̂ · p⃗r

�i
; ð2Þ

where h denotes the transverse-traceless metric perturba-
tion [77,78], L is the armlength, n̂l is the unit vector from
satellite r to s, the vector k̂ is the unit vector of GW
propagation, and fp⃗r; p⃗sg represent the gravitational wave
propagation direction and the positions of two satellite,
respectively. Here we assume a rigid armlength between
satellites and the delay is the same in each link. The
Michelson X channel [79] is composed of

X ¼ y31 þ y13;L þ ðy21 þ y12;LÞ;2L − ðy21 þ y12;LÞ
− ðy31 þ y13;LÞ;2L; ð3Þ

where ysr;nL ¼ ysrðt − nLÞ and the other Michelson
observables Y, Z are obtained through cyclic permutation.
The TDI channels A, E, and T are orthonormalized. The A
and E channels contain the GW signal, while the T channel
is insensitive to GW signals.

A ¼ 1ffiffiffi
2

p ðZ − XÞ;

E ¼ 1ffiffiffi
6

p ðX − 2Y þ ZÞ;

T ¼ 1ffiffiffi
3

p ðX þ Y þ ZÞ: ð4Þ

In the TDI channels, we denote the signal-link observable
h̃slr to be the Fourier transform of yslr, and it can be
explained by the GW h̃ðfÞ in frequency domain and
transfer function T slr,

ỹslr ¼ T slrh̃ðfÞ: ð5Þ

Furthermore, in the leading order of timescale separation
[67], the transfer function T slr could be expanded to

T slrðfÞ ¼ Gslrðf; tðfÞÞ; ð6Þ

where

Gslrðf; tÞ ¼
iπfL
2

sinc½πfLð1 − k · nlÞ�
· exp½iπfðLþ k · ðpr þ psÞÞ�nl · P · nl; ð7Þ

where P is the polarization tensor [59]. As the sBBH
inspiral waveform consists of slowly varying phase and
amplitude, which can be written as h̃ðfÞ ¼ AðfÞe−iΨðfÞ. In
Eq. (6), the time-frequency correspondence can be obtained

by waveform phase ΨðfÞ, and tðfÞ ¼ − 1
2π

dΨðfÞ
df .

C. TianQin mission

TianQin [80] is a GW observatory designed for space-
borne operation, consisting of a constellation of three
Earth-orbiting satellites arranged in an approximately equi-
lateral triangular formation with an armlength of aboutffiffiffi
3

p
× 105 km. The norm of the orbital plane is oriented

towards the double white dwarf (DWD) system J0806
[81,82]. Due to the specific orbit configuration, TianQin
operates in a three month on, three month off scheme, so
that the thermal load imposed by direct sunlight entering
the telescopes can be mitigated.
TianQin is anticipated to observe various types of GW

sources, and many works have utilized the TianQin to
explore physics and cosmology. For example, GBs are
expected to be the most abundant detectable source for
TianQin, and the detection of more GB events can help test
formation models and analyze the mass distribution of our
Galaxy [7]. Additionally, research indicates that TianQin
could observe the MBHBs [5] and constrain the source
parameters. Moreover, TianQin is expected to observe the
EMRIs [6], providing opportunities to test general relativity
through their GW characteristics. The researches [9,36]
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based on TianQin, have demonstrated its ability to detect
sBBH system and precisely estimate the source parameters.
The SGWB consists of a multitude of GW signals, the
research [8] has shown that TianQin can place constraints
on the source parameters of the SGWB. In terms of
cosmology, by utilizing the sky location information,
TianQin can employ sBBH, MBHBs, and EMRIs to
constrain the Hubble constant [39,83] and contribute to
our understanding of the expanding Universe.
As mentioned in Sec. II B, sharing with a same con-

stellation, the spaceborne response signals in each channel
can be obtained as h̃i ¼ T ih̃ðfÞ, where T iðfÞ is the transfer
function for each channel (i ¼ A, E, T). In Fig. 1, we
demonstrate the transfer functions of TianQin’s three
TDI channels. For both TianQin and LISA missions, their
technical requirements lead to estimated accuracies as
follows: For TianQin [80], the position noise

ffiffiffiffiffi
Sx

p
≈

1 pm=Hz1=2 and the residual acceleration measurements
have a value of

ffiffiffiffiffi
Sa

p
≈ 10−15 ms−2=Hz1=2. The power

spectral density (PSD) for LISA can also be described
with the similar scheme [3], and the noise parameters in
PSD for LISA can be expressed as follows: the acceleration
noise is

ffiffiffiffiffiffiffiffiffi
SAcc

p
≈ 3 × 10−15 m−2=Hz1=2 and the interfero-

metric measurement is
ffiffiffiffiffiffiffiffiffi
SIMS

p
≈ 12 pm=Hz1=2. The for-

mulas for the noise PSD in the TDI channels (A, E, T) are
as follows:

SAn ¼ SEn ¼ 8sin2ωL
�
4ð1þ cosωLþ cos2ωLÞSacc

þ ð2þ cosωLÞSpos
�
;

STn ¼ 32sin2ωLsin2
ωL
2

�
4sin2

ωL
2

Sacc þ Spos

�
; ð8Þ

where the unfolding of noise parameters Sacc and Spos in the
case of TianQin and LISA can be seen in Refs. [1,84].

III. PARAMETER ESTIMATION METHODOLOGY

In this study, our primary focus is on the sBBH parameter
estimation rather than detection. The successful detection
method used by ground-based detectors is matched filtering,
which requires a set of waveform templates [85]. However,
this method poses significant challenges for space-based
gravitational wave detectors, and Moore et al. [86] has
demonstrated that for LISA, it requires a template bank on
the order of 1030 in size for matched filtering. The size of the
template bank far exceeds acceptable computational limi-
tations. There have been efforts to address this issue, like
using the semicoherent search methods [87] or adopting
the archive search methods [14,45,47,88,89], which utilize
information from ground-based observations to reduce the
size of the template bank.

A. Bayesian inference theory

We work on the Bayesian framework for the PE, and
according to the Bayes theorem, the posterior probability
distribution pðθjDÞ of the source parameters θ can be
expressed as

pðθjDÞ ¼ pðDjθÞpðθÞ
pðDÞ ; ð9Þ

where pðθÞ represents the prior information obtained prior
to the detection, pðDjθÞ is the likelihood, and pðDÞ denotes
the evidence or marginalized likelihood. And our work
only concerns parameter estimation and does not perform
model selection, we can safely treat pðDÞ as a normali-
zation constant for the posterior pðθÞ. Therefore, the
posterior probability of the source parameters is propor-
tional to the product of the prior and the likelihood
L ¼ pðDjθÞ,

pðθjDÞ ∝ L × pðθÞ: ð10Þ

FIG. 1. The frequency domain transfer function under TianQin TDI channels.
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Here we introduce the inner product,

ðDjhÞ ¼ 4R
Z þ∞

0

df
D̃�ðfÞh̃ðfÞ

SnðfÞ
; ð11Þ

where SnðfÞ represents the one-sided PSD of detector
noise, D̃�ðfÞ is the complex conjugate of the observation
data in the frequency domain. The Bayesian inference
method was employed to extract the physical information
from the data. This method involves comparing the GW
templates h̃0ðfÞ with the data D. For stationary Gaussian
noise, the logarithm of the likelihood function L of the GW
signal takes the following form.

lnL ∝ −
1

2
ðD − hðθÞjD − hðθÞÞ;

¼ −
1

2
½ðDjDÞ þ ðhðθÞjhðθÞÞ − 2ðhðθÞjDÞ� ð12Þ

The term ðDjDÞ is independent of the parameters θ and can
be regarded as a constant in the likelihood calculation.
For a GW detector, the optimal signal-to-noise ratio

(SNR) ρ for a GW signal hðtÞ is defined as the square root
of the inner product ð·j·Þ,

ρ2 ¼
ffiffiffiffiffiffiffiffiffiffiffi
ðhjhÞ

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4R

Z þ∞

0

df
h̃�ðfÞh̃ðfÞ
SnðfÞ

s
: ð13Þ

If the signal was detected by multiple detectors, the total
SNR could be derived by the root sum square of the SNR
from individual detectors. For example, in the case of joint
observations, the total squared SNR can be obtained by the
sum of the individual detector (e.g., TianQinþ LISA),

ρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2TianQin þ ρ2LISA

q
: ð14Þ

B. Implementation

Since there is no actual observation data of spaceborne
GW interferometry available, we simulate sBBH inspiral
data for our analysis. As described in Sec. II B, the TianQin
and LISA observation data needed to be constructed
from the A, E, and T channels. In order to make a fair
demonstration of the ability to constrain the source param-
eters for TianQin and LISA and also consider a reasonable
computing time of PE, we choose the observation period
for TianQin and LISA are both two years. During the
observation period, we assume that the TianQin satellite
shut down during the 3rd–6th, 9th–12th, 15th–18th,
21st–24th months. As a result, the data DðfÞ can be
divided into eight parts corresponding to the remaining
time periods: D0−3ðfÞ; D6−9ðfÞ; D12−15ðfÞ; D18−21ðfÞ.
Additionally, using the time-frequency mapping function
[90], we can determine the starting and ending frequencies

for each data segment. Therefore, the 3þ 3 observation
mode results in multiple three-month data segments. Under
this situation, we denote the TianQin data as DTianQin∶
½D0−3; D6−9; D12−15; D18−21�. The likelihood of these data
segments for the source parameter θ can be expressed as

lnLðDTianQinjθÞ ¼ lnLðD0−3jθÞ þ lnLðD6−9jθÞ
þ lnLðD12−15jθÞ þ lnLðD18−21jθÞ;

ð15Þ

For a network of multiple detectors, such as the
TianQinþ LISA network, we can express the joint like-
lihood as the product of individual likelihoods. Conse-
quently, the logarithm of the joint likelihood becomes

lnLjoint ¼ lnLTianQin þ lnLLISA

¼ −
1

2

�ðDTianQin − h̃0ðθÞjDTianQin − h̃0ðθÞÞ
þ ðDLISA − h̃0ðθÞjDLISA − h̃0ðθÞÞ�: ð16Þ

Bayesian inference theorem provides a means to estimate
the posterior distribution of parameters using their prior
distribution pðθÞ and likelihood L. However, the dimen-
sion of the waveform parameters θ could up to be 11 in our
study, and exploring high-dimensional posterior distribu-
tion will be computationally intensive. To address this,
Markov chain Monte Carlo [91,92] methods have been
widely adopted as efficient sampling algorithms to approxi-
mate the posterior distribution by counting the probability
density of the sample points. In this study, we employ a
program implementation of the affine invariant ensemble
sampler for MCMC EMCEE [68]. In this software, several
sampling algorithms are provided. Besides the default
move algorithm “stretch move,” we consider using the
other different move algorithm when generating the sample
points. As we find they could help get more independent
points with less computational consumption.

IV. RESULTS

In this work, we simulate the sBBH inspiral signals
with parameter values from two detected events reported
by the LIGO-Virgo Collaboration, namely GW150914
and GW190521, as how fiducial systems. We then
perform parameter estimation on TianQin, LISA, and joint
observation. GW150914 is chosen as it is the first con-
firmed GW event and therefore also the most thoroughly
studied one. GW190521 stands out as the component black
hole’s mass falls in the higher mass gap predicted by the
PISN [93–100], and the merger remnant mass 142þ28

−16M⊙
made it the first confirmed intermediate-mass black hole.
To perform parameter estimation, we first employ the

IMRPhenomD waveform model to generate the GW signal
and compute the TDI response of the TianQin and LISA to
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obtain the response signals. Then, we set a flat prior
distribution for all the parameters, For the sampling
process, we adopt the EMCEE realization of the affine
invariant sampling MCMC to efficiently sample in the
parameter space.
We first demonstrate the procedure we adopt to simulate

the GW signals in Sec. IVA. The simulation signals are
displayed and the corresponding sources’ parameters are
listed. The set of the prior range for all source parameters is
shown in Sec. IV B. The posterior distribution of two
sources’ parameters, GW150914-like and GW190521-like,
is shown in Sec. IV C in the first two parts with the form of
a “corner plot” [101]. The PE results of TianQin, LISA, and
TianQinþ LISA are plotted together with different colors,
and the difference in the posterior distribution can be seen
from the contour plots. Almost all of the parameters we
search over are significantly constrained compared to their
respective priors. In the third part of Sec. IV C, we discuss
the effect of spin mismodeling when the GW sources
have nonzero spin. As the joint observation is an optimal
situation and it actually performs better than the individual
(TianQin/LISA). We utilize the zero spin waveform and
the PE method based on joint observation to obtain the
posterior distribution of all source parameters except spin.
The PE results are plotted together, in order to clearly show
the divergence of posterior distribution caused by zero-spin
waveform and nonzero-spin waveform in the under the
joint observation.

A. GW data simulation

For the simulation of data, we adopt the mean value
presented in the GWTC-3 catalog [13] as injected param-
eters. However, considering the detection ability [86] of the
detectors, we make adjustments to the luminosity distance
and sky location of the injected sources to ensure that
the SNR of both sources meets the threshold of 12 [86],
otherwise the SNR in TianQin and LISA might be too
low to be detected. Here we assume that the spins of the
binary components are either aligned or antialigned with
the orbital angular momentum. Consequently, we use two

spin parameters χ1 and χ2 to represent the spin magnitude
of the two components. All the source parameters are
given in Table I alone with the true values. The intrinsic
parameters, mass and spin, are listed in the top half of the
table and the other extrinsic are displayed in the lower half
for clarity.
In our work, several assumptions were made in the

analysis. Firstly, the noise realization n was assumed to be
zero in the simulated observation data for DTianQin and
DLISA. This assumption is commonly adopted in previous
works [59,60], and to make a meaningful comparison we
also do not include noise in the simulated data. Further-
more, this study aims to assess the parameter estimation
precision with MCMC, and compare it with methods
adopted in science case studies, like the FIM. The inclusion
of noise would cause the maximum a posteriori to deviate
from the injected value, which will not appear in the
FIM analysis. Secondly, the systematic error caused by
waveform mismodeling was neglected, and we assume
the waveforms accurately describe the GW signals. The
selected waveform model, IMRPhenomD, was chosen
based on the sensitive frequency band of TianQin and
LISA, corresponding to the inspiral stage of sBBH systems.
Thus, the joint likelihood can be approximated as the
product of individual likelihoods, as described in Eq. (15).
In the case of joint observation, the logarithmic likelihood
is given by Eq. (13).
TianQin and LISA’s characteristic strains for GW150914

and GW190521 and noise in A=E channel are shown in
Fig. 2. Due to the observation scheme of “three months on,
three months off” for TianQin, the response signals are
discontinuous. In the upper plot of Fig. 2, as we assume
TianQin and LISA begin observation at the same time, they
share the same starting frequency. The characteristic strains
2fjh̃ðfÞj from TianQin and LISA present different features,
which come from the difference in their respective transfer
functions. The noise

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fSnðfÞ

p
of TianQin and LISA are

represented by the solid lines. Both are dimensionless so
that one can make reasonable comparisons. It is clear that
response signals and noise in LISA are generally larger than

TABLE I. Parameters of the GW150914-like and GW190521-like case.

Parameters Symbols GW150914-like GW190521-like

Chirp mass ðM⊙Þ Mc 32 88
Symmetric mass ratio η 0.24 0.23
Primary spin, secondary spin ðχ1; χ2Þ (0.15, 0.05) (0.69, 0.73)

Inclination angle (rad) ι 3π=4 π=6
Luminosity distance (Mpc) DL 100 900
Coalescence time (sec) tc 6.31 × 107 6.31 × 107

Ecliptic longitude (rad) λ 2.50 5.66
Ecliptic latitude angle (rad) β −1.17 −0.055
Polarization angle (rad) ψ π=3 2π=3
Coalescence phase (rad) ϕc 0 0
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those in TianQin. There are no significant differences in
the total SNR, because, although the response signals of
LISA in A, E, and T channels are generally higher than
TianQin, the relative noise PSD is also higher as the
different technical requirements. Then, in the bottom plot
of Fig. 2, the GW190521 system characteristic strains show
up at a lower frequency area, because the chirp mass of
GW190521 is heavier and the start frequency f0 is propor-
tional to M−5=8

c .
With the GW strains and the PSD, the SNRs for the two

events are 16.1 and 14.1 (GW150914), 13.0 and 14.0
(GW190521) for LISA and TianQin. Based on the SNRs,
one might conclude that LISA could provide a tighter
constraint on the parameters for GW150914 while offering
a weaker constraint on GW190521.
In our work, the two GW signals are assumed to merge

within two years, which aligns with the observation time
for both TianQin and LISA. However, in the 3þ 3

observation schemes utilized in this work, TianQin will
not operate in the last three months, while LISA could
observe consistently. Consequently, the high-frequency
components of signals, which contribute more to the SNR,
cannot be detected by TianQin. Despite this unfavorable
scenario, the total SNRs obtained from TianQin are still
comparable to those from LISA.

B. Parameter priors

To obtain the posterior of the parameters, one needs to
specify the prior probability of all the parameters and we
adopt uninformative priors therefore the prior distributions
of all parameters are flat. All the priors for the para-
meters are listed in Table II. In the table, the priors for
fMc; η; DL; tcg are different for the two injected sources,
the upper line is for GW150914 and the lower line is for
GW190521.
One should note that the spin parameters ðχa; χlÞ are the

reparametrization of the spin χ1 and χ2. Because in our
practice, the strong correlation between ðχ1; χ2Þ was found
and it caused a decrease in sample efficiency and lead to a
long computational time. Thus, we utilize the parametriza-
tion parameters ðχa; χlÞ to help improve efficiency and the
physical boundary should be considered that component
spin jχij ≤ 1; ði ¼ 1; 2Þ. Besides, the priors of the chirp
mass Mc, symmetric mass ratio η, luminosity distance DL,
and coalescence time tc were restricted to around the
injected parameters’ value, since we assume the detection
pipeline can successfully identify the signal, and under this
assumption, we are able to start the sampling process
around the injected value to boost convergence efficiency.

C. Parameter estimation results

This work considered an ideal scenario where only one
sBBH GWevent was injected into the data. In this way, we
have considered several scenarios, i.e., the two GW events
were measured by TianQin only, LISA only, and TianQin
with LISA (joint), respectively. Additionally, we use the
full 11 parameters and the 9 waveforms, ðχ1; χ2 ¼ 0Þ to
obtain and compare the PE results.

FIG. 2. The observation data and noise counterpart of
GW150914 and GW190521 for TianQin and LISA are displayed
in the upper and lower subplot. The purple dashed line and
the other four parts dashed lines represent the characteristic
strain 2fjh̃ðfÞj observed by LISA and TianQin in 3þ 3 mode.
The blue and red solid lines are the noise of the LISA and
TianQin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fSnðfÞ

p
.

TABLE II. Priors of the GW events’ parameters.

Intrinsic Priors Extrinsic Priors

Mc
½20; 40�M⊙ DL [50, 150] Mpc
½45; 85�M⊙ [400, 1400] Mpc

η
[0.2, 0.25] Δtc ½−1000;þ1000� s
[0.2, 0.25] ½−1000;þ1000� s

χa ½−1; 1� λ ½0; 2π�
χl ½−1; 1� β ½−π=2; π=2�
ι ½0; π� ψ ½0; π�

ϕc ½0; 2π�
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1. GW190521 PE result

The constraint results for the parameters of GW190521-
like event are summarized in Table III and the correspond-
ing posterior distributions are shown in the corner plots
of Fig. 3. From Table III, one can find that the constraint
variances of the intrinsic parameters are similar with only
TianQin and only LISA, while it becomes strict for Mc
and η under the joint of TianQin and LISA. For the mass
parameters ðMc; ηÞ, the PE precision could be ≈10−5 and
≈0.07, and the joint observation will help decrease the
precision to half of the TianQin and LISA. The TianQin and
LISA didn’t limit the spin parameters ðχa; χlÞ very well
because the spin effect appears in the 1.5 and 2 order PN of
GW waveform, rather than the leading order.
For parameters ðDL; ιÞ, the joint observation doesn’t

improve the PE results significantly. Both TianQin and
LISA suffers from the similar degeneracy, and the combi-
nation does not help to break the degeneracy. For the sky
location ðλ; βÞ, the joint observation shows the advantage
in giving a narrower and more precise area of the GW
sources around the injected value is ð5.66;−0.055Þ. For the
polarization angle ψ and coalescence phase ϕc, the pos-
terior distribution is generally flat. It can be explained by
the fact that they appear only in the phase term of the
response signal. In the 22-mode signals, polarization angle
ψ and coalescence phase ϕc only affect the phase, and
higher-harmonics waveforms will help constrain the two
parameters [60].
For most of the parameters of the sources in Table III,

TianQin and LISA have demonstrated similar constraining
abilities, which show compatible 1σ widths. This is
expected since the sources’ SNRs are also comparable.
While the PE results of tc show a significant divergence.

The contribution of PE precision of joint observation
mostly came from LISA, while TianQin is almost one

order worse. This is mainly due to the fact that the time
period we set. For the observation windows 2 × ð3 monthsÞ
during the whole two years, TianQin missed the last three
month data, when the sBBHs are actually closing to merge
and the frequency and waveform phase change dramati-
cally. In the first order of the tðfÞ in frequency domain
waveform [102,103], tðfÞ ¼ tc − 5

256
M−5=3

c ðπfÞ−8=3 and
consequently f8=3 ∝ ðtc − tÞ−1. When time is close to tc,
the waveform frequency and the corresponding phase will
evolve dramatically compared with the time period long
before the merge. Under this situation, a tiny shift in the
waveform will create a great difference in likelihood value,
making LISA and joint observation more sensitive to tc.
Other than the most pessimistic case we assumed for
TianQin, we also test the optimistic case for TianQin that
the last three-month signal can be observed. We find the PE
precision of tc for TianQin could approach about 3.9 s,
which is also consistent with the PE results in Liu et al. [9].
More details are presented in the Appendix.
The posterior distribution of whole parameters is shown

in Fig. 3. As predicted in Sec. II A, the correlation between
parameters can be forecasted. From the left top of the
corner plot, χa, χl shows a strong negative correlation.
In the phase of the IMRPhenomD waveform, the spin
parameters χa and χl appear in the form of the product,
while χa and χl are only the linear combinations of
individual spin magnitude, could not break the degeneracy
between χ1 and χ2 as we tested. Meanwhile, the marginal
correlation between the spin ðχa; χlÞ, symmetric mass ratio
(η), and chirp mass ðMcÞ could also be seen in the corner
plot, which is consisting of the results in [104] that there is a
correlation between mass and spin. For the parameter group
ðMc; ηÞ, the contour plot also shows a strong correlation,
which is in good agreement with [60].
We could also see a significant correlation between

luminosity distance ðDLÞ and inclination angle (ι). These
two parameters only appear in the amplitude item. The
criteria for matching waveform templates with data is the
value of the product of the likelihood and prior. TheDL and
cos ι will only affect the amplitude of the waveform, the
matching could only constrain the combination of them
as a scale factor. The degeneracy can be observed in the
TianQin and LISA PE results, and it still can not be broken
under the TianQinþ LISA observation. However, the
TianQinþ LISA can give a tighter constraint on DL, as
the 90% confidence interval (CI) of TianQinþ LISA is
around 346 Mpc and TianQin, LISA are about 400 Mpc
and 446 Mpc respectively. Under the present methodology,
it is hard to give a precise limitation on each parameter.

2. GW150914 PE result

The constrained results and corresponding contour plots
for the parameters of GW150914-like event are summa-
rized in Table IV and Fig. 4, respectively. Similar to
Sec. IV C 1, we will discuss the results.

TABLE III. 1σ confidence region of parameters for the
GW190521-like case.

Parameters TianQin LISA Joint

McðM⊙Þ 65.10þ8.087×10−4
−6.077×10−4 65.10þ7.43×10−4

−4.53×10−4 65.10þ3.47×10−4
−3.48×10−4

η 0.228þ0.014
−0.017 0.224þ0.017

−0.016 0.238þ0.0085
−0.0010

χa 0.60þ0.098
−0.16 0.61þ0.090

−0.17 0.67þ0.051
−0.089

χl 0.15þ0.26
−0.30 0.17þ0.28

−0.26 0.082þ0.24
−0.22

ι (rad) 0.48þ0.40
−0.34 0.55þ0.38

−0.38 0.44þ0.38
−0.31

DL (Mpc) 972.18þ178.50
−222.44 962.05þ205.49

−221.23 972.18þ143.45
−202.52

Δtc −154þ197
−210 −59.9þ53.5

−69.7 −22.1þ51.2
−22.8

λ (rad) 5.66þ0.0061
−0.0064 5.66þ0.0049

−0.0049 5.66þ0.0029
−0.0030

β (rad) −0.0093þ0.090
−0.074 −0.014þ0.067

−0.058 −0.0046þ0.062
−0.060

ψ (rad) 1.51þ1.089
−1.015 1.55þ1.092

−1.075 1.67þ0.97
−1.093

ϕc (rad) 0.0067þ2.057
−2.20 0.16þ2.033

−2.17 −0.18þ2.23
−2.15
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What is noteworthy is that the PE of the spin parameters
shows a divergence in three cases in Table IV. The joint
observation nearly didn’t improve the constrain precision,
especially the χl, which is the ðχ1 − χ2Þ=2. Comparing the
initial injected values of parameters for the two GWevents,
the injected value of spin parameters is much closer to
zero in the case of the GW150914-like event than that
of the GW190521-like event. This may suggest that the

magnitude of spins for the system will affect the results of
constrained variance and for lower spin magnitude GW
sources, TianQin and LISA are less capable to give a
precise PE and neither for joint observation. And for mass
parameters ðMc; ηÞ, the joint observation will marginally
improve the PE precision and there is also a slight
improvement compared with GW190521 PE results which
can be explained by the higher SNR. The precise estimation

FIG. 3. The combination of PE results of TianQin, LISA, and joint observation (GW190521). The black dashed lines indicate the GW
waveform parameters’ true values and the 1 − 2σ contour plots represent the inferred PE results. The results were obtained with our three
different samples, TianQin in blue, LISA in red, and TianQin þ LISA in green. The chirp massMc and coalescence time tc are changed
into the derivation value ΔMc;Δtc from their true figure.
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results of chirp mass also benefit the ability to constrain the
coalescence time. Because the initial frequency primarily
depends on the binary’s chirp mass and coalescence time,
the shift on tc will affect the frequency regions of the
waveforms and naturally change the inner product value
with observation data. Consequently, the TianQin and
LISA are sensitive to the coalescence time. For sky-location
parameters ðλ; βÞ, there is no significant improvement in
joint observation. It may be the reason that the short
observation time ð2 yrsÞ has less ability to give a better
location and the results in [60] demonstrate the longer time
ð5 yrs; 10 yrsÞ period will increase the PE precision. More
PE details are shown in Fig. 4. For DL and ι, the joint
observation will lead to a more off-center feature while a
strong correlation still exists between parameters, and the
90CI is narrower than TianQin and LISA. Meanwhile, for
most of the parameters, TianQinþ LISA could help give a
more narrow distribution and center on the true value of the
parameter.

3. Spin mismodeling effect

Spin is a crucial parameter in describing the GW
waveform, and the spin value can provide evidence for
exploring the formation channels of sBBHs. Therefore,
obtaining accurate parameter estimation results for spin is
essential.
In our analysis, we investigate a common situation that

can lead to biased parameter estimation results, which is
spin mismodeling. Spin mismodeling means that we
estimate the parameters of an sBBH source under the
assumption that it has no spin, while in reality, the source
has a nonzero spin.
To analyze the spin mismodeling effect on our PE

results, we assume a waveform with fixed spin magnitude
ðχ1; χ2Þmodel ¼ ð0; 0Þ, while allowing the other parameters

to be freely explored. Additionally, to mimic the potential
differences that could arise from different detectors, we
perform the joint observation (TianQinþ LISA) to esti-
mate the effect of spin mismodeling based on the same data
set used in Secs. IV C 1 and IV C 2.
The TianQinþ LISA parameter estimation results pre-

sented in Figs. 5 and 6 reveal a significant deviation
between the posterior distribution and the true value of
the GW signal for GW150914 and GW190521 system.
This discrepancy can be anticipated, as neglecting the spin
parameter leads to a noticeable difference in the likelihood
value between the mismodeling waveforms and the true
signal. Specifically, the joint distribution of mass param-
eters ðMc; ηÞ shifts far away from the 3σ region of the true
parameters’ value, when the spin is neglected. It indicates
that mass and spin are degenerate and the absence of spin
will cause a significant derivation in mass. Since mass plays
a crucial role in sBBH formation, large deviations caused
by mismodeling can affect subsequent analyses related to
the formation mechanism [105], event rates [106], and the
environment sBBH grow [105,107–110].
Moreover, sBBH systems are expected to be dark in the

EM channel [111,112], meaning that the cosmological
information sBBH provided by sBBHs is limited to the
GW source’s sky location and luminosity distance. And the
GW sources without EM counterparts are known as “dark
siren” [113,114]. The absence of spin also leads to an
approximate 2σ shift in coalescence time and sky location,
which have a significant impact on determining the Hubble
constant, follow-up EM observation, and ground-based
GW examinations for merger moment. While for DL and
ι, there are approximate 1σ derivations from the PE results
with spin, possibly due to weaker constraints on these
parameters. These results underscore the significant impact
that mismodeling waveforms can have on the constraint
results for the physical parameters of detected GW events.

V. CONCLUSION

The sBBH inspiral systems have emerged as a significant
GW source for spaceborne GW detectors. This work first
aims to verify the full-frequency response function for
LISA and TianQin and use the Bayesian inference method
to extract physical information from the simulated GW
data. As the ground-based GW detectors have published
81 sBBH merger events, we use two GW150914-like and
GW190521-like systems as our target, and we further
explore the effect of spin mismodeling. Further, we provide
a reasonable interpretation of these PE results. The whole
procedure could be generalized to the other GW sources.
Our study primarily focuses on the construction of the

TianQin simulated data, and obtaining the full-frequency
TDI response function derived from the TianQin orbit
function for the first time. The construction of the TianQin
simulated data is based on the “three months on, three
months off” observation windows and is generated directly

TABLE IV. Constraint results of the parameters for the
GW150914-like case.

TianQin LISA Joint

Mc 28.72þ7.81×10−5
−9.77×10−5 28.72þ1.12×10−4

−4.99×10−5 28.72þ6.76×10−5
−2.33×10−5

η 0.24þ6.28×10−3
−8.35×10−3 0.244þ3.36×10−3

−7.74×10−3 0.247þ1.51×10−3
−4.059×10−3

χa 0.095þ0.073
−0.091 0.14þ0.067

−0.077 0.14þ0.054
−0.053

χl 0.16þ0.39
−0.29 0.091þ0.39

−0.41 0.079þ0.40
−0.41

ι 2.62þ0.36
−0.32 2.54þ0.32

−0.25 2.75þ0.26
−0.35

DL 121.43þ17.86
−24.52 118.78þ18.13

−21.10 127.46þ11.23
−22.56

Δtc −46.2þ42.6
−65.9 −6.93þ7.47

−12.3 −4.59þ3.37
−8

λ 2.50þ5.78×10−3
−4.92×10−3 2.50þ3.046×10−3

−2.75×10−3 2.50þ1.88×10−3
−2.11×10−3

β −1.17þ1.34×10−3
−1.5046×10−3 −1.17þ1.16×10−3

−1.30×10−3 −1.17þ8.91×10−4
−7.77×10−4

ψ 1.63þ1.083
−1.18 1.51þ1.15

−0.96 1.63þ0.97
−0.93

ϕc −0.062þ2.20
−2.14 0.037þ2.051

−2.30 0.26þ2.13
−2.32
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in the frequency domain, while LISA simulated data is
assumed to be consistent during the observation period.
And for the purpose of inclusivity for potential applications
to other GW sources, not just sBBH, we adopt the
IMRPhenomD waveform. For the efficiency of PE and
to decrease the dimension of the parameter space, we
consider a special case (aligned spin) and as the sBBH
sources stay in the inspiral stage in the mHz frequency

band, it is sufficient to concentrate on the dominant mode
(22 mode), and higher harmonics are neglected.
The two cases studied in this work, GW150914-like

and GW190521-like systems, are chosen to demonstrate
the validity of our Bayesian inference method. And for
TianQin, the absence of the last three months’ data lead to a
pessimistic situation as more SNR is lost and physical
characteristic is missing, which means a decrease in the

FIG. 4. The combination of PE results of TianQin, LISA, and joint observation (GW150914). The black line shows the waveform
parameters’ true values. The red contour line represents the posterior distribution derived by TianQin, the blue contour line indicated the
posterior distribution from LISA, and the magenta contour line is the posterior distribution of joint observation. The vertical dashed lines
represent the 90% confidence interval.
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ability to constrain parameter. We adopt the Bayesian
inference method, and the parameter information is recov-
ered in the form of the posterior distribution shown in
corner plots and the drawback in TianQin’s pessimistic
situation can be seen. Firstly, the correlation between
different parameters could also be seen, especially the joint
distribution of spin parameters ðχa; χlÞ, mass parameters
ðMc; ηÞ, luminosity distance and inclination angle ðDL; ιÞ.
With the h22 waveform, the two parameters ðDL; ιÞ
are degenerate as they only existed in the waveform
amplitude, and future research including higher harmonics

may be helpful as some works have proven the importance
[115–118]. We also found a marginal relation between
two spins ðχa; χlÞ and mass ðMc; ηÞ, which could also be
demonstrated in other people’s work and a strong corre-
lation between two spin parameters χa and χl. The
coalescence phase ϕc and the polarization angle ψ could
not be limited in all three kinds of observation (TianQin,
LISA, TianQinþ LISA), as they are neither constrained
well in TianQin and LISA.
The distinct discrepancy in the coalescence time tc

PE precision for different detectors is remarkable, for

FIG. 5. The comparison between GW190521 PE results with considering the spin (spin) in red and PE results with assuming all spin to
be 0 (Without spin) in blue. The black dashed lines indicate the true value and the 1 − 2σ contour.
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GW150914-like system, TianQin’s is Δtc ¼ ½−68.43;
þ46.30� and LISA is Δtc ¼ ½−14.49;þ7.75�. The reason
is that compared with LISA’s consistent observation,
TianQin has a “three month on, three month off” schedule,
and sBBH system in our work evolve faster during the last
three months close to the merger. The observation could
provide a better ability for LISA to constrain the coales-
cence time as it directly affects the time-frequency evolu-
tion for sBBH systems. We noticed with the increase of the
network SNR, nearly all the joint observation PE precision
results were slightly better than single detectors. Especially,
for the χl in GW150914 data, the joint observation was

slightly worse than the single. In that case, the GW150914-
like system was assumed to have a tiny spin and the spin
effect in the GW was too weak to be distinguished,
especially the poor limitation on χl. We move forward to
investigate the effect of spin mismodeling. In this way, we
ignored the spin parameter ðχa; χlÞ in the waveform model.
The PE results demonstrated a significant derivation
from the true waveform parameter. It means that the spin
effect plays a significant role for the sBBH evolution
and should not be easily ignored. The basis of the PE
method we used, together with the response functions and
the inclusive IMRPhenomD waveform, have proved the

FIG. 6. The comparison between GW150914 PE results with considering the spin (spin) in red and PE results with assuming all spin to
be 0 (Without spin) in blue. The black dashed lines indicate the true value and the 1 − 2σ contour.
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potential that we could extend this process to many
different GW sources.
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APPENDIX: IMPACT OF THE
COALESCENCE TIME

The 3þ 3 observation mode of TianQin means that if
the binary coalesces in the nonobserving period, then a
significant part of the high SNR data will be missed. In this
appendix, we demonstrate the impact of the choice of
coalescence time tc to the PE results for TianQin.
In our work, we fix tc to be two years for both

GW150914-like and GW190521-like systems, meanwhile
the total observation period for TianQin and LISA is also
set to 2 years. We assume that LISA observes continuously
for two years, while TianQin observes in a 3þ 3 mode. In
our observation period setting, TianQin will start observa-
tion from begin to the third month, shut down in the next
three months, and start observation again. This means that
the merger happens at the end of the nonobserving three-
month period. Since the last three month data embodies
the strongest SNR, and results shown in Figs. 3 and 4
correspond to the pessimistic scenario. This setting is quite
different from the optimistic setting in other works like
Liu et al. [9], where tc is set to the beginning of the
nonobserving three-month period. Comparisons between
our MCMC results to Fisher analysis should be treated
carefully to include this difference.

In order to make a more direct comparison with
Liu et al. [9], for the GW190521-like event, we set the
tc at the beginning of the last nonobserving three-month
period, but keep every other parameters fixed. We then
perform parameter estimation on the new data and present
the comparison of results from different tc in Fig. 7. The
coalescence time tc can be constrained with a precision of
around 3.9 s, which is comparable with Liu et al. [9] and is
better than LISA’s. For this optimistic scenario, the last
three-month data will be detected by TianQin, and the fast
frequency evolution will also dramatically improve the
precision on the mass parameter. We notice that by shifting
the tc, the precision on the chirp mass Mc improves from
1.42 × 10−3M⊙ to 4.86 × 10−4M⊙.
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