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Nuclear star clusters, which fragment into metal-poor stars in situ at the centers of protogalaxies, provide
ideal environments for the formation of intermediate-mass black holes with masses 103–106M⊙. We utilize
the semianalytic model implemented in RAPSTER, a public rapid cluster evolution code. We implement
simple recipes for stellar collisions and gas accretion/expulsion into the code and identify the regimes
where each channel contributes to the dynamical formation of intermediate-mass black holes via repeated
mergers of stellar black hole seeds. We find that intermediate-mass black hole formation in gas-rich
environments is almost inevitable if the initial mean density of the nuclear cluster is >108M⊙ pc−3. A
million solar mass black hole can form within 100 Myr in the heaviest (>107M⊙) and most compact
(< 0.5 pc) nuclear clusters. We demonstrate that by today these resemble the observed range of nuclear
clusters in dwarf galaxies and that there are potential gravitational-wave signatures of the massive black
hole formation process.
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I. INTRODUCTION

A growing number of intermediate-mass black hole
(IMBH) candidates, with masses in the range 103–106M⊙,
have been identified in the centers of nearby dwarf galaxies
[1–4]. Often, these black holes (BHs) are surrounded
by nuclear star clusters (NSCs), which are extremely
crowded stellar environments [5]. This coexistence might
suggest that NSCs have played a role in the formation
of IMBHs.
Supermassive BHs, with masses of up to several billions

of solar masses, are also believed to power quasars at
redshift z > 6 [6–8] and are found in the centers of all
massive galaxies [9]. The rapid emergence of these objects
in the high-redshift Universe is puzzling, however, most
researchers now believe that IMBH seeds may provide the
missing link to the heaviest BHs observed in the Universe
[10]. These seeds can then grow by a combination of
clustering, merging and gas accretion [11]. The current
challenge is then transformed into understanding how these
seeds formed in the first place.
Direct collapse of pristine gas clouds at z > 10 [12–14],

gravitational runaways of stars or of BHs in the cores of star

clusters [15–26], and accretion [27] are a few of the
channels for IMBH seed formation. While most studies
focus on each channel independently, many of these
mechanisms may apply simultaneously. This motivates
us to consider IMBH growth in NSCs that formed in situ
at the centers of protogalactic disks [28] in dwarf galaxies.
To carry out these simulations, we make use of the
semianalytic model RAPSTER [29], which is a rapid cluster
evolution public code that simulates the dynamical for-
mation of black hole binaries. We have implemented stellar
merger and residual gas accretion/expulsion recipes into
this code to consider the effects of these physical processes
all at once.
In Sec. II we present the details of our model, including

the initial conditions and the physical processes we con-
sider. We then identify the initial conditions for which gas
accretion and stellar mergers apply (Sec. III). In Sec. IV, we
discuss the anatomy of IMBH growth through examples,
and in Sec. V the gravitational-wave (GW) signal asso-
ciated with mergers between IMBHs and smaller BHs. In
Sec. VI, we present the results for a population of NSCs,
estimate the probability for IMBH formation, and set
bounds on the initial compactness of globular clusters
(GCs) based on current constraints. We follow their
evolution to the current epoch and compare with local
observations. In Sec. VII, we present conclusions and
directions for future work.
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II. METHODS

In this section, we describe the model used to perform
NSC simulations (Sec. II A), as well as our chosen initial
conditions (Sec. II B). We then discuss the most relevant
physical processes and formation channels that affect BH
growth (Sec. II C).

A. The model

Our simulations rely on the semianalytical model
RAPSTER, implemented in a PYTHON code designed to
rapidly simulate the evolution of BH subsystems and the
dynamical formation of binary BHs (BBHs) in the cores of
star clusters [29]. The version of the code used in this work
and the relative documentation are available on GitHub [30].
BBH formation channels include GW captures during BH-
BH hyperbolic encounters, and binary formation by the
interaction of three BHs (the three-body binary, or 3bb,
mechanism). The model also accounts for the formation
of BBHs through a pair of exchanges from star-star to
BH-star to BBHs, as well as binary-binary interactions
and the formation of hierarchical triples. It makes use of
PRECESSION [31] to compute the remnant properties of
BBH mergers, such as remnant mass, spin and GW recoil,
while all BH spin directions are assumed to be isotropic.
The minimum and maximum simulation time steps are set
to 0.1 and 50 Myr, respectively.
A detailed description of the model and its assumptions

can be found in Sec. 2 of Ref. [29]. In Sec. II C, we
elaborate on the prescriptions of those physical processes
that have been added for this study: runaway stellar
collisions and gas accretion/expulsion. In our study of
stellar systems in the centers of galaxies we have switched
off any effects of dynamical friction and galactic tides.

B. Initial conditions

We consider giant molecular clouds in the central regions
of protogalactic disks within dark matter halos enriched
with heavier elements from the first stars (also known as
Population III stars [32]). The initial mass Mcl;0 fragments
into stars with metallicity above some critical threshold Z ≳
10−4 (referred to as Population II stars) [33,34]. We set the
metallicity to Z=Z⊙ ¼ 0.01, where Z⊙ ¼ 1.4% is the solar
metallicity [35]. We do not regard Population III sites (that
could occur at even higher redshift), because it has been
shown by cosmological hydrodynamics simulations that
these form in relatively low numbers compared to our
targeted NSCs in the baryon-rich cores of dark matter
haloes [36,37].
Analysis of disk instabilities in high-redshift protoga-

lactic environments in the cores of early dark matter halos
showed that fragmentation of the central regions into stars
can give birth to NSCs formed in situ as massive as 106M⊙,
and with half-mass radii that can be as small as 0.5 pc
[28,38]. We focus on clusters with initial total mass

104 ≤ Mcl;0=M⊙ ≤ 109 for two reasons: (i) lighter systems
have a lower escape velocity, and thus do not easily retain
merger products due to gravitational recoils of the resulting
BH [39–41]; (ii) the cores of more massive stellar envi-
ronments take longer to collapse and virialize, since they
evolve more slowly (e.g. the NSC of the Milky Way has a
relaxation timescale of ≃11 Gyr [27]) so that the BH
subsystem does not form rapidly enough to provide the
massive seeds for supermassive black hole (SMBH) growth
by z ≈ 6. We assume the initial half-mass radius of the
NSC, which controls the compactness and central density,
to be in the range rh;0=pc∈ ½0.1; 3.0�.
We parametrize the fraction of the gas cloud that forms

stars by specifying the star formation efficiency, ε. We take
ε∈ f3%; 10%; 30%g, values which are consistent with
observations of present-day star formation efficiencies
[42]. The total stellar mass is given by εMcl;0, whereas ð1 −
εÞMcl;0 represents the residual gas that did not form stars.
To complete the description of our initial conditions, we
assume that the NSC fragmented at redshift z ¼ 13, the
initial binary star fraction is set to 10%, and we take a
Plummer profile for the distribution of stars. In particular,
the initial central stellar density would be given by
3εMcl;0=ð4πðrh;0=1.3Þ3Þ, and it evolves self-similarly.
The choice of NSCs forming at redshift z ¼ 13 is

somewhat arbitrary and coincides with the era of the
formation of the first galaxies. It also allows for evolving
NSCs for about a Hubble time and corresponds to the
distance range below which the space-borne GW detector
LISA is expected to be sensitive. Moreover, the observation
of SMBHs in quasars at z ∼ 7 motivated the above choice,
which is necessary in order to explain the formation of such
massive BHs at high redshift.

C. Physical processes

1. Core collapse

Star clusters evolve internally via two-body relaxation.
The timescale over which energy is shared among the stars
as the system attempts to establish thermal equilibrium is
given by the half-mass relaxation timescale, and it is
expressed as follows (see e.g. Ref. [43], page 40):

τrh ¼
�

rh
GMcl

�1
2 N
8 lnΛ

≃ 843 Myr · ε

�
rh
1 pc

�3
2

�
Mcl

107M⊙

�1
2 0.7M⊙

m̄
10

lnΛ
; ð1Þ

where N ¼ εMcl=m̄ is the number of stars in the cluster,
and m̄ is the average mass ≃0.7M⊙ for a Kroupa (2001)
initial mass function (IMF) [44]. Here, we emphasize that
Mcl denotes the total mass in stars and gas and rh is the half-
mass radius. The Coulomb logarithm is approximated by
Λ ≃ 0.1N. To account for the effect of a population of BHs
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in the late evolution of the cluster, we divide the relaxation
timescale by the multimass “psi” ψ factor using Eq. (12)
from [45], and write τrh → τrh=ψ .
The ultimate fate of self-gravitating systems is to evolve

towards a state of core collapse with expanding outer
layers, a phenomenon known as gravothermal catastrophe
[46]. In systems with a broad mass spectrum, the timescale
for core collapse is [47]

τcc ≃ 0.20τrh;0; ð2Þ

that is, a fraction of the initial half-mass relaxation time-
scale. Typically, the formation of hard binaries in the center
of the system provides the energy source required to halt
the collapse of the system into a singularity [48]. Moreover,
the heaviest objects in the cluster (BHs in particular) tend to
sink and settle into the core of the system, a process known
as mass segregation [49]. Nevertheless, complete energy
equipartition is rarely attained in collisional stellar systems
[50]. A BH subsystem then forms, which persists in the
core for up to a Hubble time [51,52].
In RAPSTER, whenever an interaction occurs among BHs,

we draw masses from the list of available BHs in the system
according to the dependence of the reaction rate on mass.
This choice favors interactions of the heaviest BHs in our
simulations.

2. Runaway stellar collisions

When the core of a star cluster collapses, the central
density and reaction rates rise dramatically. If the core
collapse timescale τcc occurs faster than massive stars
evolve to compact objects, those stars will condense into
the central region of the system and, due to finite-size
effects, physical stellar collisions will become inevitable
[47]. The lifetime of the most massive stars is below 4 Myr
(see Table I in [53]), with some dependence on metallicity
[54]. Furthermore, we extrapolate the stellar IMF to
150M⊙, which is believed to be the maximum stellar
initial mass based on observations of stellar masses in the
Arches cluster [55]. Since we simulate massive low-
metallicity giant molecular clouds which fragment into
millions of stars, we almost always find at least one star
with a mass above 100M⊙ for which the lifetime is
≈3 Myr. Based on these considerations, we account for
the effect of runaway stellar collisions when τcc < 3 Myr,
i.e., when

Mcl;0

107M⊙
≲ 3.2 × 10−4

1

ε2

�
rh;0
1 pc

�
−3
: ð3Þ

In this case, massive stars will start coalescing with each
other to form a runaway massive star, which later collapses
into an IMBH within a few Myr. If the condition (3) is not
met, then the most massive stars will form BHs on a

timescale smaller than the core collapses, at which point the
core will be BH dominated.
To account for runaway stellar collisions we implement a

simple model into RAPSTER based on Refs. [47,56,57].
According to simulations performed by Portegies Zwart
et al. (1999) [58], it is typically the heavier stars that begin
the runaway process. We assume that once the core
collapses at t ¼ τcc, the first stellar collision occurs, and
that it involves the heavier star (the seed) in the cluster [47].
As in Ref. [47], the minimum stellar mass mfðtÞ that sinks
into the core at time t in the simulation is inversely
proportional to t [see Eq. (9) from that reference], because
the dynamical friction timescale depends on the mass m as
a fraction ∼m̄=m of the half-mass relaxation timescale. To
carry out the stellar collision at time t, we draw the mass
ms ≥ mfðtÞ of the secondary from the list of stellar masses
as sampled from the IMF. In order to favor the collision of
heavier stars with the runaway, we draw ms according to
the distribution pðmsÞ ∝ m3=2

s , based on the mass depend-
ence of the reaction rate. The timescale between successive
collisions of the runaway with other stars is computed as
follows [see Eq. (17) from [47]]:

τcoll ≃ 0.23 Myr
τrh

500 Myr
107

N
: ð4Þ

After the collision, the two main sequence stars fuse
together into a single new main sequence star. The mass
m0

r of the collision product is m0
r ¼ ð1 − ϕÞðmr þmsÞ,

where mr is the mass of the runaway star and ϕ is the
fraction of mass lost during the collision (see the fit given
in Ref. [56]). Since ms ≪ mr, often this equation reduces
to m0

r ≃mr þms, known as the sticky-sphere approxima-
tion [59].
Typically, the runaway star (which is the primary) is the

most evolved of the two stars involved in the merger.
Therefore, the secondary supplies fresh hydrogen fuel and
extends the lifetime of the runaway star, provided efficient
H=He mixing is achievable [60]. This rejuvenation process
occurs only when both stars are burning hydrogen. We
compute the age of the collision product as [57,61]

τ0r ¼ frej
τMSðm0

rÞ
m0

r

�
mrτr

τMSðmrÞ
þ msτs
τMSðmrÞ

�
; ð5Þ

where τr and τs are the stellar ages of the runaway and the
secondary before the collision, respectively, and τMSðmÞ is
the lifetime of a star with massm on the main sequence. We
set frej, which quantifies the amount of rejuvenation
experienced by the stellar collision remnant via hydrogen
mixing, equal to 1.0, as in Ref. [59].
We update the simulation time at every collision and set

the time step equal to τcoll [cf. Eq. (4)]. Over time, lighter
stars penetrate the core of the cluster, and it becomes more
likely that the runaway swallows smaller stars. Thus, the
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growth of the runaway saturates. The runaway persists as
long as τcoll < τMSðmrÞ − τr, i.e., when the remaining
lifetime of the massive star is longer than the collision
timescale, or when 50% of massive stars have collapsed
into BHs. The latter condition is a conservative choice we
make as a termination criterion for the stellar runaway
growth.
We neglect the effect of stellar winds on the runaway.

Stellar winds are highly uncertain for massive stars.
Generally speaking, low-metallicity stars (which we are
dealing with) are expected to have smaller opacity due to
the reduction of metals in the stellar atmosphere [62,63],
and it is possible that winds would have a small effect on
the growth of the IMBH. See for example Fig. 2 in
Ref. [64], where a massive metal-poor star loses only a
small fraction of its original mass due to winds. The same
however cannot be said for higher metallicity environ-
ments, where it has been demonstrated that stellar winds
will likely limit the growth of the runaway significantly
[65,66]. However, we are not simulating these solar-
metallicity environments.
In Fig. 1 we show that our stellar collision model is in

good agreement with the analytical prescription of
Ref. [47], as it should be (after all, our collision rate
follows that reference). However, we predict slightly
smaller masses near the end of the collisional runaway,
especially in massive clusters. We have checked that during
the simulation some massive stars that do not undergo
coalescence evolve into BHs in real time as the runaway
coalescence proceeds. Thus, the mass of the runaway star

saturates, as it is only fed by lighter stars. This is more
realistic than the analytical formula presented in [47],
which does not take into account stellar evolution. We
have verified this hypothesis by turning off stellar evolu-
tion, and indeed we get a better agreement with Ref. [47], as
shown by the thin solid lines in Fig. 1. In our main
simulations, we do allow for the depletion of heavier-mass
runaway stars due to stellar evolution.

3. Residual gas accretion and removal

Only a fraction ε of the original giant molecular cloud
turns into stars, and for the first Myr, the star cluster is
embedded into a gas cloud [42]. The remaining gas within
the cluster does not settle into the core forever, but it is
expelled from the system altogether due to stellar feedback
(radiation and winds from OB stars) [67]. The expulsion
timescale of this residual gas due to feedback from OB stars
depends on the depth of the potential well of the cluster, and
is given by [68]

τOBge ≃ 0.71 Myr
1 − ε

ε

Mcl

107M⊙

1 pc
rh

: ð6Þ

It is usually assumed that any remaining gas is removed
from the cluster on timescales smaller than that of stellar
evolution, thus the impact of residual gas accretion onto
BHs is ignored in most studies. However, it could have a
significant effect if the gas expulsion timescale τge is longer
than the formation of the compact BH subsystem.
Therefore, BHs accrete from the residual gas until its
complete dispersion as long as τge > τcc. Evidently, mas-
sive compact clusters, with deep potential wells, expel their
gas component on a longer timescale, thus allowing for
stellar BHs (SBHs), with masses up to ∼100M⊙, to feed
from gas. Moreover, the smaller ε, the larger the amount of
residual gas and the smaller the core collapse timescale,
since the latter scales with the number of stars: cf. Eq. (1).
Individual supernova (SN) explosions release large

amounts of energy, typically of order 1051 erg. The total
amount of energy produced by all SNe altogether, ESN, is
given by Eq. (15) from [68]. We denote by Egas ≃ 0.4ð1 −
εÞGM2

cl=rh the binding energy of the residual gas cloud in
the cluster. If ESN > Egas, feedback from supernovae is
capable of removing the gas from the cluster on a timescale
of tSNge ¼ 3 Myr [68]. However, if ESN < Egas, feedback
from SNe cannot unbind the gas cloud from the cluster, and
its removal proceeds by stellar winds and radiation on a
longer timescale. In that case, formally, we have τSNge ¼ ∞.
Finally, the gas cannot disperse faster than the dynamical

time, rh=cs, which sets the lower bound for the gas
expulsion timescale τge. Putting all the pieces together,
and assuming that the total power released is the sum of the
power produced by each different feedback mechanism, we
compute τge as

FIG. 1. Comparison of our stellar collision model with the
analytical prescription of Ref. [47]. We plot the mass mr of the
runaway star normalized to the seed massmseed as it grows in time
(where time t is measured in units of the core collapse timescale
τcc for each cluster) for three values of the cluster mass, as
indicated in the figure. Each filled dot corresponds to a stellar
collision. The initial half-mass radius is rh;0 ¼ 0.1 pc for all three
clusters. The thin solid lines show the seed growth when we
ignore the effect of stellar evolution.
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τge ¼ max

�
rh
cs

;min ½τOBge ; τSNge �
�
: ð7Þ

We assume that the gas (primarily composed of hydro-
gen) disperses and its mass evolves exponentially with time
[69], but unlike that reference, we do not consider an initial
time delay in gas expulsion:

MgasðtÞ ¼ ð1 − εÞMcl;0e−t=τge : ð8Þ

The sound speed in the gas is set to cs ¼ 10 km=s [70].
Assuming the gas is homogeneous and follows the
Plummer profile, its mass density in the core is given by
ρgasðtÞ ≃ 0.53MgasðtÞ=rh;gasðtÞ3. The half-mass radius of
gas evolves according to Eq. (3) from Ref. [71], and at time
t ¼ 0 we set rh;gasðt ¼ 0Þ ¼ rh;0 as the initial condition.
We grow the mass of all in-cluster BHs (both single and

in binaries) by applying the Bondi accretion rate formula
for dmBH=dt capped by the Eddington limit, using a time-
dependent expression for the density of gas, ρgasðtÞ, as
above. In particular, at every step of the simulation we
increase the mass of every BH in the cluster by an amount
ΔmBH ¼ ðdmBH=dtÞΔt, where Δt is the current time step
of the simulation (note that this is an adaptive step). For
simplicity, we do not implement spin-up prescriptions for
the accreting BHs.

4. Black hole mergers

Once the residual gas disperses away from the cluster,
the BH subsystem becomes dry. The massive BH can now
continue growing—or emerge, if it did not form to begin
with—by repeated mergers of stellar-mass BHs, remnants
of stellar evolution. Below, we discuss the limitation of
hierarchical BH growth due to GW kicks imparted to the
merger remnant (which can eject it from its host environ-
ment), and then describe the dynamical formation scenarios
that contribute to the formation channels of BBHs in our
model. We start with our assumptions on the initial BH
mass spectrum.

Natal BH masses.—We compute the mass of SBHs,
remnants of stellar evolution, using the remnant-mass
prescription of Ref. [72] with pulsational pair-instability
and pair-instability supernova conditions from Ref. [73].
We make use of the “delayed” supernova engine (the
“rapid” model differs from the delayed model only for BH
masses below 20M⊙, but these are unlikely to be relevant
for dynamical environments, because the most massive
BHs are the ones that segregate strongly to the center and
react more often). In order to evolve single stars, we make
use of the SSE subroutine from the publicly available,
updated BSE package [74]. The remnant-mass prescription
is extrapolated to very massive stars, and we apply Eq. (7)
from Ref. [72] to predict the mass of the IMBH that forms
from the process of runaway collisions. In particular, for

stars more massive than a few hundredM⊙, the mass of the
IMBH remnant is given by

MIMBH ¼
 
1–1.3

ffiffiffiffiffiffi
Z
Z⊙

s !
m⋆ þ 18.35M⊙

ffiffiffiffiffiffi
Z
Z⊙

s
; ð9Þ

where m⋆ and Z are the mass and absolute metallicity of
the progenitor star, respectively. Moreover, we assume
BHs are born nonspinning. Second- and higher-generation
BHs obtain a nonzero spin by inheriting the orbital angular
momentum of the progenitor BBH, as calculated with
PRECESSION [31].

GW kick and BH retention.—When two BHs coalesce, the
merger remnant obtains a significant recoil velocity due to
asymmetric GW emission [75]. For instance, the GW kick
is about 175 km=s when the mass ratio is q ≈ 0.36 and the
BHs are nonspinning [76]. Moreover, second-generation
BHs—products of first-generation BH mergers—typically
have large spins (χ ≈ 0.7 [77,78]) and the merger remnant
might even obtain a superkick of thousands of km=s, with a
sensitive dependence on the spin configuration [79].
Hierarchical mergers are limited by the escape speed of
the host environment. Therefore, BH growth via repeated
mergers requires a massive dense environment for which
the escape velocity is larger than a few × 100 km=s
[19,80–83], and NSCs are exceptional examples. In
particular, the escape velocity from a cluster with total
(starsþ gas) mass Mcl and half-mass radius rh is given by
(Ref. [43], page 12)

vesc ¼ 2σ ≃ 262 km=s

�
Mcl

107M⊙

�1
2

�
rh
1 pc

�
−1
2

: ð10Þ

The properties of a merger remnant (mass, spin, and GW
kick) depend crucially on the mass ratio of the progenitor
BBH and BH spins [39]. Those are computed in RAPSTER

implementing the PRECESSION code [31]. As the runaway
BH grows in mass through a series of successive coales-
cence episodes and the mass ratio tends to zero, the remnant
spin is dominated by the primary’s spin, and given the
randomized orientations the latter tends to decrease with
time [84]. Obviously, assuming the merger remnants are
retained in the same dense environment, the mass increases
at a steady rate, however the spin of the BH asymptotically
approaches to zero executing a random walk. Such an
anticorrelation between the mass and spin of the runaway
BH has been reported before [23,78,85].

Dynamical BBH formation channels.—In star clusters,
BBHs form primarily via two-body and three-body inter-
actions. For a description of our treatment for these
processes in RAPSTER, see Sec. II of Ref. [29]. These
include GW captures, which occur during close BHBH
hyperbolic encounters and the interaction of three single
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BHs in the core, with the third BH carrying away the excess
kinetic energy required to be converted into the internal
degree of freedom (binding energy) of the induced BBH.
This is also known as the three-body binary (or 3bb)
channel.
The formation of BBHs via a pair of exchanges from

binary stars, process of the form star-star → BH-star →
BH-BH is also implemented in RAPSTER; however, this
exchange channel is quenched for very massive dense
clusters, because in those environments the hard-soft
boundary occurs at very small values of the semimajor
axis (since the velocity dispersion is very high) [86]:

ah ¼
Gm̄
4σ2

≃ 3.3R⊙
m̄

0.7M⊙

�
σ

100 km=s

�
−2
: ð11Þ

Thus, most hard binary stars are near-contact binaries, and
the binary cross section is small enough to make the
exchange channel inefficient for massive clusters. In
particular, we do not observe exchanged pairs in our
models of massive clusters.
The strong dependence of the 3bb rate on the velocity

dispersion σ (it scales as σ−9) makes the 3bb channel rare in
those NSCs. However, the absence of hard BBHs in the
core leads to its collapse, and the dramatic isothermal
increase in the central density overcomes the σ−9 depend-
ence [87]. Hence, a large number of three-body hard BBHs
still form in those massive clusters able to stop complete
core collapse. On the other hand, BBHs that merge on a
time smaller than the interaction timescale (such as GW
captures) cannot heat up the cluster [88].

5. Cluster evolution

Our time evolution simulations begin once the core has
collapsed, at time t ¼ τcc: cf. Eq. (2). We track the
evolution of the cluster as an isolated system, by modeling
mass loss due to gas expulsion and star loss from two-body
relaxation. We have modified the RAPSTER model to ignore
the effect of tidal stripping mass loss from the host galaxy,
since we have assumed the nuclear cluster rests in the center
of the galactic potential well. Hard binaries in the core
generate energy that heats up the whole cluster on the half-
mass relaxation timescale τrh of Eq. (1), and causes the
cluster to slowly expand. In the evolution of half-mass
radius, we also account for the expansion due to gas
dispersion by adding an adiabatic term. In summary, the
semianalytic differential equations that govern the evolu-
tion of the cluster mass Mcl ¼ Mgas þM⋆ and half-mass
radius rh are given by [45,89]

dMcl

dt
¼ dMgas

dt
− 2.5ξe

M⋆

τrh
; ð12aÞ

drh
dt

¼ ζ
rh
τrh

þ 2
rh
Mcl

dMcl

dt
−

rh
Mcl

dMgas

dt
; ð12bÞ

where ζ ¼ 0.0926 and ξe ¼ 0.0074. The first term in
Eq. (12a) is calculated by differentiating Eq. (8). Notice
that in our model,M⋆ accounts for both the stellar and BH
components. We solve these differential equations numeri-
cally as the simulation proceeds, with the time step dt1 set
by the algorithm of the code (see Sec. II.E.2 of Ref. [29]).
The redshift evolutions of cluster mass, half-mass radius,

escape velocity and GW capture rate are shown in Fig. 2 for
clusters with rh;0 ¼ 0.1 pc. Since ε ¼ 0.3 for these models,
the mass of the clusters drops to 30% of its initial value due
to rapid gas expulsion in the initial phase on short
timescales (∼Myr). Subsequent evolution proceeds via
two-body relaxation on longer timescales (∼Gyr). The
half-mass radius expands from 0.5 pc to a few pc within
a Hubble time (Fig. 2, lower left panel), which is typical of
the effective radii of present-day observed NSCs at ∼3 pc
[90]. The BHs settle within a smaller volume, with typical
segregation radii that are on average a factor of ∼3 smaller
than the cluster’s half-mass radius. The evolution of the
BH segregation radii is shown by thin lines in the lower
left panel of Fig. 2. Finally, the interaction rates decline
with time as a consequence of the expansion of the BH
subcluster, and its present-day value depends on the
cluster mass. For properties similar to the NSC that reside
in the center of our Milky Way (Mcl ≃ 2 × 107M⊙ and
rh ≃ 4 pc) [91], our simulations indicate that the capture
rate in its core could be of the order of one GW capture
every 10 Myr.
As evidenced by the lower-right panel of Fig. 2, the

number of captures (thick lines) becomes more significant
with increasing mass when compared to the cumulative
number of three-body binaries (thin lines). Even though a
large number of three-body binaries still form in heavier
NSCs, a smaller fraction of them eventually merges, thus
making the two-body capture a more efficient merger
channel in those environments. In the Appendix, we
explore the validity of our assumption that three-body
BH binaries can support the star cluster via binary-single
interactions within the BH subsystem. We show that the
vast majority (if not all) of our simulations—including
those we present in Fig. 2—have conditions that allow for
efficient heating of the cluster from three-body binaries.

III. INITIAL CONDITIONS

Depending on the initial conditions of NSCs, mass Mcl;0
and half-mass radius rh;0, the IMBH can emerge as a
consequence of runaway stellar mergers and/or repeated
BH mergers. In Fig. 3 we identify the regions of the rh;0 −
Mcl;0 parameter space where effects of stellar mergers and
residual gas accretion affect IMBH growth, selecting three
typical values of star formation efficiency of ε ¼
3%; 10%; 30% (consistent with observations in the local
Universe [42]).
Stellar mergers are likely to trigger IMBH growth in

lighter clusters, because their core collapse and relaxation
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FIG. 2. Redshift evolution of cluster mass (upper left), half-mass radius (lower left), escape velocity (upper right), and cumulative
number of captures and three-body binary formation (lower right). We show the evolution of models with rh;0 ¼ 0.5 pc and initial
cluster masses 108M⊙ (green), 107M⊙ (blue), and 106M⊙ (red), while ε ¼ 30% and Z ¼ 0.01Z⊙. The thin lines in the lower-left panel
correspond to the evolution of the segregation radius of BHs for the three models considered in this figure.

FIG. 3. Core-collapse time τcc (black, negative-slope contours) [cf. Eq. (2)] and gas-expulsion timescale τge (red, positive-slope
contours) [cf. Eq. (7)] in the parameter space of initial cluster mass Mcl;0 and initial half-mass radius rh;0. Contour labels refer to
timescales in Myr. The blue region above and to the left of the blue-dashed curves corresponds to clusters for which τcc < τge. The red
stripes correspond to clusters with a gas expulsion timescale of 3 Myr, the typical lifetime of massive stars. The peru-filled regions
correspond to clusters for which τcc < 3 Myr. The panels show the contour plots for three representative values of ε, the star formation
efficiency.
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timescales are small enough for massive stars to concen-
trate and collide before they evolve into compact objects. In
particular, runaway stellar collisions occur if the core of the
cluster collapses on a timescale less than the lifetime of
massive stars, which is around 3 Myr.
Residual gas, not turned into stars, may be accreted

by the central IMBH that just started to grow, as well as
by smaller BHs, before the gas disperses away due to
stellar feedback (radiation from OB stars and super-
novae). Nevertheless, for gas to have an effect on
the growing IMBH, it should be retained for tens or
hundreds of Myr, and this requires very deep potential
wells that prolong its presence in the cluster. As seen from
Fig. 3, this is achieved for the most massive compact
clusters, as the binding energy of the gas cloud is
proportional to ð1 − εÞM2

cl=rh [68]. In those cases—with
initial conditions that lie to the left of the blue-dashed line
in Fig. 3—the gas expulsion timescale is much larger than
the time necessary for the formation of the central BH
subcluster.

IV. GROWTH HISTORY OF INTERMEDIATE-
MASS BLACK HOLES

As the number of retained stellar black holes (SBHs)—
remnants of massive star evolution—can be up to hundreds
of thousands, there can potentially be a large number of
mergers among SBHs in a relatively small timescale. The
reaction rate between SBHs is enhanced by mass segre-
gation (in an attempt to reach energy equipartition with
low-mass stars, SBHs sink toward the center [87]). Figure 4
shows the merger tree history of three NSC simulations,
varying the initial total mass.
The two lighter simulated NSCs (red and blue points)

collapse on a timescale <3 Myr and a head-start IMBH
forms via stellar collisions. Once the supermassive star
collapses, the IMBH continues to grow slowly by merging
with SBHs over the course of a Hubble time. The runaway
star, due to rejuvenation as it merges with smaller stars, can
survive a little longer than 3 Myr. Some gas accretion
affects the IMBH of the 107M⊙ model in the first ≃15 Myr.
Even though the 106M⊙ cluster initially had an escape
velocity of a few 10 km=s—which decreases as it expands
and evaporates—the IMBH is not ejected, because IMBH-
SBH events are low-mass ratio inspirals whose merger
products hardly receive a significant GW kick [39]. In
our model, GW kicks are computed using the PRECESSION

code [31,92,93].
The heaviest cluster collapses on a timescale >3 Myr,

and thus stellar collisions have no effect. Regardless, the
conditions in the core are so extreme that repeated BH
mergers and gas accretion rapidly build up the mass of a
5 × 104M⊙ IMBH within 100 Myr. Such a process has
been referred to as a cluster catastrophe [85].
In fact, even SBHs experience gas accretion, increasing

their mass up to hundreds of solar masses. This can be

observed in the thousands of mergers among SBHs that
shift the BH pileup from ≃35M⊙ (a feature of the BH
mass spectrum in low-metallicity environments [73]) to
≃75M⊙, thus polluting the pair-instability supernova
(PISN) gap [94]. Figure 5 shows the effect of gas accretion
on BH masses. In particular, the lightest BHs grow by less
than 4M⊙, while BHs in the pileup grow by ∼30M⊙, as
evidenced by the secondary peak that moves from 45M⊙
to 75M⊙. The distribution is also skewed due to hierar-
chical mergers: these mergers produce the high-mass tail
that penetrates further into the PISN gap, extending up
to 300M⊙.
After gas removal, the system becomes dry and the

growth continues via mergers. The growth is dictatorial
[95] in the sense that no second IMBH of comparable mass
forms in the same environment, and any such attempt will
fail as the primary IMBHwill swallow it. In this simulation,
the massive BH reaches a mass of a little above 105M⊙
within a Hubble time.

V. GWs FROM ECCENTRIC INSPIRALS

The majority of the mergers in our simulations are GW
captures between two BHs (one of which might be the
IMBH), during which, a highly eccentric inspiral merges
promptly [96]. The right panel of Fig. 6 shows the
characteristic GW strain amplitude hc (computed following
Ref. [97]) including the first ten harmonics, as calculated

FIG. 4. Merger tree history of three clusters with rh;0 ¼ 0.1 pc
and initial masses shown with text in the plot, 30% of which
fragmented into stars. The metallicity Z was set to 1% of the solar
metallicity Z⊙ ¼ 1.4% [35]. Every point corresponds to a binary
merger episode at time t with primary mass m1. Models with
Mcl ¼ 106M⊙ and Mcl ¼ 107M⊙ experienced an initial phase of
runaway stellar collisions, and the evolution of the supermassive
star—which collapses into an IMBH at t ≃ 7 Myr—is shown by
the thin solid lines. The horizontal dashed line at m1 ≃ 45M⊙
represents the lower edge of the pair-instability supernova
gap [72].
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for a small random set of 100 inspirals from the simulation
of the 108M⊙ cluster in the left panel. We neglect for
simplicity the merger-ringdown part of the signal.
The value of the initial half-mass radius chosen for this

simulation (rh;0 ¼ 0.5 pc) is larger than the value chosen
for Fig. 4 in order to effectively switch off gas accretion and
focus on growth driven by black hole mergers. There are
two broad categories of inspirals: SBH-SBH and SBH-
IMBH events.

In the figure we also plot the sensitivity curves of future
ground-based and space-borne GW observatories. For
consistency, we plot the noise amplitude defined asffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fSnðfÞ

p
[103], where SnðfÞ is the noise power spectral

density of each detector. The area between the character-
istic strain of each event and the noise amplitude is (very
roughly) indicative of the signal-to-noise ratio of that event
in a particular detector.

VI. PROBABILITY OF IMBH FORMATION

We simulate thousands of NSC models with initial
masses drawn log uniformly in the range 104–109M⊙,
initial half-mass radii sampled in 0.1–3 pc, metallicity set to
0.01 of the sola metallicity, and for three discrete values of
ε ¼ 3%; 10%; 30%. Each cluster is evolved until today
(z ¼ 0), and we assume that fragmentation took place at
z ¼ 13, which essentially corresponds to simulating our
metal-poor NSCs for a Hubble time.
In Fig. 7 we plot the heaviest BH mass as a function of

the cluster mass, at the end of each simulation. Every point
represents a single NSC, and points are colored either by
their initial mean density (left panel) or initial half-mass
radius (right panel). The initial mean density is defined as
ρ̄0 ≡ 3Mcl;0=ð4πr3h;0Þ. We also plot observational data of
NSCs along with their measured central BH masses (from
Refs. [4,104]).
The left panel of Fig. 8 shows that in these simula-

tions the formation of a >103M⊙ IMBH is very likely
(with a probability of ≈60%) in clusters for which

FIG. 5. Histogram of BH masses when the BH subsystem
forms (black dashed) and at the end of the simulation (red). The
gray region denotes the limits of the PISN upper mass gap, and
extends from 45M⊙ to 120M⊙.

FIG. 6. Left panel: merger tree history of a NSC (with initial conditions shown in the inset) and formation of an IMBH by repeated BH
mergers. The points correspond to the primary masses m1 of inspirals that merged at redshift z. A random sample of 100 mergers is
shown with large colored dots. Right panel: the total characteristic GW strain hc of the 100 random events highlighted in the left panel,
as a function of detector-frame GW frequency f. All BBHs were evolved adiabatically using Peters’ formalism [98] from their formation
until the last stable orbit. The source distance is the luminosity distance of each merger at the redshift given by the x-ordinate value in the
left panel. The black lines (solid, dashed, and dotted) correspond to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fSnðfÞ

p
for future GW observatories. The sensitivity curves for

LISA, DECIGO, and ground-based detectors (ET, CE, Aþ) were obtained from Refs. [99–101], respectively. The strain for aLIGO can
be found online [102]. The colors of the GW-strain lines in the right panel are mapped one to one with those in the left panel.
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ρ̄0 > 107M⊙ pc−3, while if ρ̄0 > 1010M⊙ pc−3 IMBH
formation is inevitable. Furthermore, there is at least a
30% chance that a sparser cluster (ρ̄0 < 105M⊙ pc−3) may
harbor a low-mass IMBH, which typically forms via
stellar collisions.

The existence of IMBHs in GCs has perplexed astron-
omers who tried to find them in their cores [106–109]. It is
possible that the conditions in GCs are not favorable for the
dynamical growth of IMBHs [17,81] due to their small
escape speeds (commonly a few 10 km=s), which limits the
retention of IMBHs formed through a hierarchical BH
runaway. Current constraints place the mass of heavy BHs
to no more than ≈103M⊙ in the Milky Way GCs [105]. We
show these upper bounds in both panels of Fig. 7 by the
inverted red triangles. Nevertheless, our simulations indi-
cate the formation of some IMBHs in systems with
properties that resemble those of GCs. These typically
correspond to compact clusters with rh;0 ≪ 1 pc, which
assembled their IMBHs via runaway stellar collisions. In
GCs, the IMBH cannot grow via repeated BH mergers,
because the GW kick imparted to the growing BH often
exceeds the escape velocity, and residual gas is removed too
quickly to have an effect (see Fig. 3).
To compare our results with the current constraints, we

consider only clusters with present-day masses <106M⊙.
For a given rh;0 we find only a fraction of all simulated
systems to form an IMBH above 103M⊙ (no larger than
about 30%). A cluster with rh;0 > 0.5 pc can form an
IMBH that does not respect the upper bounds on GCs with
probability ≃2%, which is consistent with the nonobserva-
tion of an IMBH in the 47 systems analyzed in Ref. [105].
This constraint weakens with ε, because the efficiency of
stellar collisions depends on the relaxation timescale
[cf. Eqs. (1) and (4)].

FIG. 7. Mass of the heaviest BH formed versus the mass of the cluster at z ¼ 0 for a population of simulated NSCs. The color bar
shows the initial mean density (left panel) and initial half-mass radius (right panel). The blue, magenta, and red points are observational
data from Refs. [4,104,105], respectively, while the magenta and red inverted triangles correspond to upper bounds in IMBH mass. The
gray dashed lines show the fraction of the cluster’s mass in the IMBH.

FIG. 8. Fraction of clusters that formed a >103M⊙ IMBH with
ρ̄0 (rh;0) larger than the x-axis value in the left (right) panel,
respectively. In the right panel, we considered only clusters with a
present-day mass <106M⊙. Colored lines refer to specific values
of ε, while black solid lines account for all simulated NSCs
(summed with a uniform weight).
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The absence of indisputable evidence for massive BHs in
GCs allows us to constrain their initial half-mass radius to
be not much smaller than 0.5 pc for efficiently (ε≳ 10%)
star forming GCs (see Fig. 8, right panel), otherwise there
should be evidence of ∼104M⊙ IMBHs in some GCs. This
conclusion is circumstantially supported by astronomical
observations. Young massive clusters (Mcl > 104M⊙) are
dense collisional environments detected in the local
Universe with ages less than 100 Myr [110], and thus
have sizes and masses that are not very different from their
initial conditions and not as evolved as GCs. According to
data (see, e.g., Fig. 9 in Ref. [111]), they scarcely have half-
mass radii less than 0.5 pc. If we accept that young clusters
are progenitors of GCs, as some theories suggest [112],
then it is very likely that the initial conditions of GCs were
similar to present-day young massive clusters—albeit at
lower metallicity.

VII. CONCLUSIONS

We studied the formation of IMBHs in NSCs evolved to
the present epoch, and compared our results with local
observations. We found that the nonobservation of massive
BHs in GCs suggests that it is unlikely that they formed
with a half-mass radius <0.6 pc. Recent work also found
that >103M⊙ IMBHs can form with high probability in
large-mass, high-density star clusters [113].
Our treatment of stellar mergers relies on the collision

rate calibrated to N-body simulations of Ref. [47]. More
recent N-body studies of IMBH growth from stellar
mergers reported the formation of smaller IMBHs, with
typical masses of order at most a few hundred M⊙
[59,114,115]. Note, however, that the smallest cluster
simulated via N-body studies has rh;0 ∼ 0.5 pc [59]. In
our simulations, stellar collisions are likely to form
>103M⊙ IMBHs only in the most compact clusters with
rh;0 ∼ 0.1 pc. Even in that case, the probability of forming
such IMBHs ranges between ∼13% and ∼30%, depending
on the star formation efficiency (see Fig. 8). Furthermore,
very massive star runaways, whose evolution is highly
uncertain, may lose mass by stellar winds at a rate faster
than their growth through repeated stellar mergers, result-
ing in lower-mass remnants [65,66]. In summary, if the
possibility of the formation of supermassive stars in ultra-
compact metal-poor clusters is realized in nature, it implies
rather stringent constraints on the initial half-mass radius
rh;0 of GCs.
Our assumption of a Plummer profile is somewhat

conservative, because it has been shown that a cuspy
distribution of stars may develop around the central
IMBH [116,117]. Cuspy profiles would enhance the
interaction rates in the core and boost the growth of the
IMBH seed.
IMBH seeds can further grow by accretion in the context

of cosmological hierarchical assembly [118]. If two

merging galaxies host a central IMBH each, then an
IMBH-IMBH binary may form once the two IMBHs
approach each other. A recent study showed that dynamical
friction and binary-single hardening lead to the efficient
merging of such IMBH-IMBH pairs in the cores of
nucleated dwarf galaxies [119].
Asymmetry studies show that some 4%–5% of dwarf

galaxies have undergone major mergers [120,121].
Successive early merging events, when the dwarfs are
gas rich and gas accretion also plays a role, should be
sufficient to allow seeding of SMBH by IMBHs in massive
galaxies. This remains to be quantitatively demonstrated
via merger-tree analysis, a topic to which we intend to
return. However, since most dwarf galaxies have not
experienced mergers in the past, IMBH seeds remain as
relics to the present day without growing their masses
beyond the range that we have predicted.
In this work, we followed the monolithic formation of

NSCs by simplifying the star assembly history to a single
starburst at high redshift. An alternative scenario for the
formation of NSCs involves the buildup through the inspiral
of GCs and their coalescence at the center [122]. It is also
likely that such a pathway influences the growth of the
IMBH. Nevertheless, such a study goes beyond the scope of
our current work. While we acknowledge that the formation
and evolution of star clusters—let alone that of NSCs—is a
highly nontrivial process [111,123], we used a simplified
picture for the purposes of this study.
Observations of gravitational runaways can be made

with future GW observatories, such as LISA [124] and
DECIGO [125], which will observe mergers of IMBHs and
SBHs out to high redshift. In the local Universe, IMBHs
that reside in the centers of dwarf galaxies may disrupt
white dwarfs with an associated nuclear detonation tran-
sient [126] which, together with detections of intermediate-
mass ratio inspirals, can unambiguously disclose the
existence of the elusive IMBHs.
Finally, we cannot resist noting that six young massive

star clusters (with estimated stellar masses 106–107M⊙,
found in the reionization epoch via lensing of the Sunrise
arc [127]) are unusually compact (down to ∼1 pc) and
potential candidates for early NSC formation according to
our prescription for IMBH factories.
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APPENDIX: HEATING EFFICIENCY OF
THREE-BODY BH BINARIES IN NSCs

Reference [17] determined that binary star heating
would become inefficient in systems with velocity
dispersion σ that exceeds about 40 km=s. The limit comes
from the fact that the hard-soft boundary corresponds to a
value that is smaller than twice the solar radius. Therefore
there cannot be hard binary stars to provide energy
through binary-single interactions in sufficiently “hot”
environments. Their analysis, however, did not consider
stellar BHs, which are extremely compact and can form
hard pairs in environments with velocity dispersion that
well exceeds 40 km=s. Hence, BH binaries can provide a
source of energy for the cluster, with a mechanism that is
described in Ref. [51].
The energy produced via binary-single interactions in the

core of the BH subsystem is then transferred to the ambient
stars via relaxation, the whole system is balanced, and
collapse is prevented. Nevertheless, at sufficiently high
values of σ the hard-soft boundary of BH binaries is pushed
down to very small values, and the GW emission rate is
high enough that binaries merge before they heat up the
system through interactions. In that case the heating
efficiency drops. Since the merger time depends on
eccentricity, the heating efficiency is a number that ranges
from zero to one, because a fraction of three-body
binaries—if eccentric enough—merges promptly, while
the rest can heat up the cluster.
Under the assumption of a thermal eccentricity

distribution, we have computed the heating efficiency of
three-body binaries in the parameter space ðrh;MclÞ. For
this, we have randomly sampled 104 star clusters with
rh ∈ ½0.1; 3.0� pc andMcl ∈ ½104; 109�M⊙ while to compute
the heating efficiency we averaged over 104 realizations of
binary eccentricity per grid point. In particular, we have
compared the GW coalescence time with the interaction
time. If the former is larger than the latter, then the three-
body binary is able to generate entropy in the cluster.

We show our results in Fig. 9. We find that for star clusters
with Mcl < 108M⊙ and rh > 0.1 pc, three-body binaries
are able to provide the energy required to support the core
of the cluster from collapsing, and the balanced evolution
of Ref. [51] is valid. This is most of the parameter space we
have simulated (see Fig. 7), and this leads to the formation
of massive BHs.
To carry out our calculations we have made the following

assumptions for the BH subsystem. The stellar velocity
dispersion is vstar ¼ ð0.4GMcl=rhÞ1=2; the mean stellar
mass is 0.6M⊙; the mean BH mass is 20M⊙ (in low-
metallicity environments); the BH velocity is vBH ¼
½mstar=ð0.7mBHÞ�1=2vstar (see [87]); the BH hard-soft boun-
dary is aBH ¼ GmBH=ð4v2BHÞ (see [86]); the number of
BHs is NBH ¼ 3 × 103½Mcl=ð106M⊙Þ� (see [26]); the BH
half-mass radius is rh;BH ¼ 0.7rhNBHm2

BH=ðmstarMclÞ (see
[87]); the BH number density is nBH ¼ NBH=ð4r3h;BHÞ, and
the eccentricity of BH binaries is assumed to follow a
thermal distribution.
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