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Charged-current neutrino processes such as v, + n=p +e¢~ and 7, + p ==n + e* destroy the flavor
coherence among the weak-interaction states of a single neutrino and thus damp its flavor oscillation. In a
dense neutrino gas such as that inside a core-collapse supernova or the black hole accretion disk formed
in a compact binary merger, however, these “collision” processes can trigger large flavor conversion in
cooperation with the strong neutrino-neutrino refraction. We show that there exist two types of collisional
flavor instability in a homogeneous and isotropic neutrino gas which are identified by the dependence of
their real frequencies on the neutrino density n,. The instability transitions from one type to the other and
exhibits a resonancelike behavior in the region where the net electron lepton number of the neutrino gas is

negligible. In the transition region, the flavor instability grows exponentially at a rate o ny/?. We find that
the neutrino gas in the black hole accretion disk is susceptible to the collision-induced flavor conversion
where the neutrino densities are the highest. Further investigations are needed to confirm if the collisional
flavor instability will indeed result in the production of large amounts of heavy-lepton flavor neutrinos in

this environment which would have important ramifications in its subsequent evolution.
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I. INTRODUCTION

The protoneutron star (PNS) in a core-collapse super-
nova (CCSN) and the black hole (BH) accretion disk/torus
formed in a compact binary merger are immersed in and/or
surrounded by dense neutrino media at birth. Emitted by
the rapidly cooling remnants, these neutrinos help to shape
the evolution of the physical environments through various
processes including

vo+n=p+e and 7,+p=n+et. (1)

Because the neutrinos emitted by the remnants typically

have different energy spectra and fluxes for different
species, a change of the neutrino flavor, v, =v,/, and
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Ue == Uy, can have important consequences in the remnant
physics including but not limited to the nucleosynthesis in
their ejecta.

Although much has been learned in the last decade, the
flavor evolution of the neutrinos in the compact object
environment remains an unsolved problem. This is partly
because, through the neutrino-neutrino refraction [1-3], a
dense neutrino gas can experience flavor transformation
collectively [4-7]. It is a daunting task to include both the
neutrino flavor oscillations and the remnant dynamics in a
single numerical simulation because of the large disparity
between the time and distance scales of the two. But the
integration of these two kinds of calculations is probably
necessary given the discovery of the “fast flavor conver-
sion” which can occur on the timescale of a nanosecond or
shorter and even before the neutrinos are fully decoupled
from the matter [8—11].

Recently, yet another type of collective flavor trans-
formation is found that can take place inside the PNS or the
BH accretion disk [12]. This kind of flavor transformation
in a dense neutrino gas is triggered by the charged-current
processes such as those in Eq. (1). These processes,
when acting on a single neutrino, “measure” its flavor
and, therefore, destroy the coherence among the different
weak-interaction states of the neutrino. In a dense neutrino

Published by the American Physical Society


https://orcid.org/0000-0002-2385-6771
https://orcid.org/0000-0002-7279-4626
https://orcid.org/0000-0003-4960-8706
https://orcid.org/0000-0001-6708-3048
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.083002&domain=pdf&date_stamp=2023-10-02
https://doi.org/10.1103/PhysRevD.108.083002
https://doi.org/10.1103/PhysRevD.108.083002
https://doi.org/10.1103/PhysRevD.108.083002
https://doi.org/10.1103/PhysRevD.108.083002
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

XIONG, JOHNS, WU, and DUAN

PHYS. REV. D 108, 083002 (2023)

" T T T T T T T T T
0.4 [ = max. gr.
[ —— approx.
02F pp
3 0.0 d
3
—0.2 frr et
—0.4F 7
L L L L 1 L L L L 1 L L L L
1.0F
0.5F
T i
g o0o0f
> :
-05F
—LOF fo R
0 50 100 150
x [km]
FIG. 1. The frequency Q = wp + iy of the neutrino oscillation

mode with the maximum growth rate (solid curves) in the
equatorial plane of the BH accretion disk/torus model
M3A8m3a5 at =20 ms [15]. Also plotted is the analytic
approximation of the frequencies of the two collective modes
in the continuous energy limit (dashed curves) [Eq. (11)]. The
CFI of the plus type (with wp/pu ~ 0) existing in the inner torus
transitions to the minus type [with wp  (n,, — n; )] in the outer
torus at x ~ 103 km where n, =~ n; and exhibits a resonancelike

1/2

behavior with y o p'/=, where y < n, .

gas, however, these flavor decohering “collisions” can
induce significant flavor conversion because the flavor
evolution of different neutrino modes are tightly coupled by
the neutrino-neutrino refraction.

The study of the collision-induced flavor conversion in
Ref. [12] was carried out for a monochromatic neutrino gas.
The recent numerical simulation of the neutrino transport in
a spherically symmetric supernova model (with tempered
parameters) suggests that such flavor conversion can indeed
occur inside the CCSN [13]. Very recently, the collisional
flavor instability (CFI) has been shown to exist in the
neutrino gas with a continuous energy spectrum [14]. In
this work, we further demonstrate that both types of CFI
that were discovered in Ref. [12] can exist in a homo-
geneous and isotropic neutrino gas and are identified by the
frequencies of the corresponding neutrino oscillation
modes. We will also show that the CFI of one type can
transition to the other, e.g. in the hot BH accretion disk
(Fig. 1), where the number densities of v, and v, are
similar.

II. EQUATION OF MOTION

For simplicity, we consider the mixing of two neutrino
flavors, the e and x flavors with the latter being a linear
combination of the physical y and 7 flavor neutrinos. When

the neutrinos are in the nearly pure weak-interactions states,
the mean-field density matrix of the neutrino flavor [16]
can be written as

- 1 s
gt o fu f[ ] 2)

2 2 S -1

where f, and f, are the occupation numbers in the
corresponding weak-interactions states, respectively, and
Sey(t,r) (with |S| < 1) is the flavor coherence of the
neutrino of energy E and velocity v at time ¢ and position r.
We assume that the neutrinos are ultrarelativistic so that
|v| = ¢, and we adopt the natural units with A =c =1
throughout this work.

The equation of motion at the linear order of S is [17,18]

0= [wﬂdﬂ - \/EGF/U/)’(]/e} + ]{f) + weff] SE,V

o E2dE [ dV
+\/§GF’U/}/ 2—”2/5’[1%G(E/, V/)SE’.V’- (3)

In the above equation, Gy is the Fermi constant, jg =
J(fee = fer)uPd®p/(2x)? is the four-current density of
the net electron lepton number (ELN) (in the absence
of the heavy leptons), and j& = J1(fo, = fo) = (f2, —
f2.)]v"d*p/(2x)? is the VELN four-current density, where

v# = (1,v) and u” are the four velocities of the neutrino
and the charged lepton, respectively. In Eq. (3), we define
the ELN distribution as

if E>0
if E<O’

fye_fvx

4
fo, = 15, @

aaw:{

where we denote the antineutrino as the neutrino with
negative energy. We have also incorporated the effect of the
flavor-decohering collisions [19] into the effective oscil-
lation frequency

2

A
e = c0s(20) (%) +ilg, (5)

where Am? and 6 are the mass-squared difference and the
vacuum mixing angle of the neutrino, respectively, and I'g
is the average of the emission and absorption rates of the
electron flavor (anti)neutrino in Eq. (1).

III. COLLISIONAL FLAVOR INSTABILITY

A collective flavor oscillation mode of the neutrino gas
is given by Sg‘lf(t r) o e {(@=K1) 117 20]. In general, the
frequency Q = wp + iy of a collective mode with the (real)
wave vector K can be complex. A flavor instability is
identified when y > 0 for a collective mode whose ampli-
tude growths as e’’ until |S| ~ 1 or the physical conditions
have changed significantly. In this work, we consider a
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homogeneous and isotropic gas which can exist in the
compact object remnant where the neutrinos are trapped.
We also focus on the collective mode that preserves the

homogeneity and the isotropy, i.e. S%‘If — §%. Equation (3)
is greatly simplified in this case:

@+ wu)st+u [ oE)SEE 0. (6

—o0

where y = \/2Gg(n, — n, ) is a measure of the strength of

the neutrino-neutrino refraction, and
E? dv

n, —n, | (2x)

G(E,v) (7)

is the energy vELN distribution. We have applied the shift
Q — Q +v2Gp(j% + j9) in Eq. (6) as is commonly done
in the literature [17].

Equation (6) implies S « 1/(Q + @) [21], which
can be substituted back into Eq. (6) to obtain the self-
consistency equation

/WM—_l (8)
—c0 L+ Wefp i

A solution to the above equation has been found in the large
u limit by assuming wp « u [14]. However, there are two
branches of the dispersion relation Q(K) in a dense
neutrino gas that preserve the axial symmetry about the
wave vector K in the limit @,y = O [17]. Therefore, one
expects Eq. (8) to have two solutions that preserves the
homogeneity (i.e. K =0) and isotropy in the limit
|Q| > |@es|- In this limit, we expand the left-hand side
of Eq. (8) up to the first order of w./€2 and obtain

Qz +MDQ_M<weff> %0, (9)
where
o0 n_ _n_
D = EYE=1-"% 10
/_m 9(E) o (o)

is a dimensionless measure of the net vELN, and (h) =

f «© E)dE is the average of an arbitrary function

h(E ) welghted by the vELN energy distribution.
Equation (9) indeed has two solutions

—uD
2

Qr P ey g @) (11)
2 JZ

In the limit D? < |[{we)/u|, we obtain

Qr £/ H(wer). (12)

The above equation implies the existence of a flavor
instability that grows at a rate y « u'/> where the vELN
is negligible as long as (I'z) # 0.' In the opposite limit
D? > |(wegr)/ul, we find

and Q@ ~—ubD — 2 (3

We note that Q_ is exactly the solution found in Ref. [14]
under the same conditions. We also note that these two
solutions correspond to the two types of CFI in the
monochromatic gas [12,24] which transition to one another
as D changes sign.

As a concrete example, we solve Eq. (8) with

p=10° ps,

1 MeV i
Weff = 1.8 IJS_1< © ) ac

E \2
14
E ) Tio ps(l MeV) - (14)

and

g(E) =

2ay E?)T? } (15)

3¢(3) {GXP(IEI/T) +1]

where ac =ay =1 and 7T =4 MeV for the neutrino
(E>0),and ac =03, an=D —1, and T =5 MeV for
the antineutrino (E < 0). We plot the real and imaginary
parts of the frequencies of the two collective modes as
functions of D in Fig. 2. As comparison, we also plot the
approximate solutions in Eq. (11) as dashed curves in the
same figure.

Figure 2 demonstrates a resonancelike instability where
the net vELN is negligible (D? < |{we)/u]) [Eq. (12)]. On
the side of the resonance where D < 0, the upper-branch
solution is well approximated by Q_. We shall call this
flavor instability the minus type, which has wp « u. We call
the instability on the other side of the resonance the plus
type, which has wp/u ~ 0 in the large p limit. Following

Ref. [14] we define
FEdE = [ g(E)TdE

po JRIETE L [ 9(ETAE
(E )dE

fo f“

as the average collision rates of the neutrino and the
antineutrino, respectively. The numerical example shown
in Fig. 2 has I'/T % 2.13 > 1, and the CFI exists in the
range

(16)

il
A
[
>
I
A
=

(17)

'An acute reader may realize the existence of a flavor
instability in the collisionless gas if (w) < 0. This corresponds
to the bipolar type of the neutrino oscillations [4,22] which can be
understood as a flavor pendulum [23].
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FIG.2. The collective frequencies = wp + iy in Eq. (8) (solid
curves) and the approximate solutions in Eq. (11) (dashed curves)
with = 103 ps™! and w4 and g(E) defined in Eqs. (14) and
(15), respectively. The solutions away from the resonance at
D =0 are labeled as the plus and minus types according to
Eq. (13). The vertical dot-dashed line in the lower panel
corresponds to the approximate upper limit of D ~ 0.53 of the
instability which is obtained from Eq. (17) and is slightly higher
than the actual upper limit D = 0.50. The lower limit of the
instability at D ~ —1.13 is not shown.

The higher end of the inequality (or the lower limit of D) is
determined by Q_ in Eq. (13). We use the criterion in the
monochromatic gas [12] for the lower end of the inequality
(or the upper limit of D) because the condition |Q| > |@.y|
is no longer satisfied for the upper-branch solution at D >
[{weg/u)| in Fig. 2. The direction of the inequality in
Eq. (17) is reversed if I'/T < 1.

IV. BLACK HOLE ACCRETION DISK

To investigate the existence of the CFI in the BH
accretion disk/torus, we look into the model M3A8m3a5
from [15] which is a long-term axisymmetric simulation of
a remnant BH-torus system including both the energy-
dependent neutrino transport and a viscosity parameter.
In the upper row of Fig. 3 we plot the net VELN parameter
D =1-n;/n, in three representative snapshots at
t = 20, 35, and 50 ms, respectively. Following Ref. [25],
we also plot

- [futrp)dp 3

for v = v, and 7, as the solid and dashed curves, respec-
tively. The condition of homogeneity and isotropy, which is
one of the assumptions of this work, is approximately

satisfied in the inner part of the disk where F, is small.”
M3A8m3a5 does not include heavy-lepton neutrinos which
have much smaller densities than v, and U, in the BH-torus
system.

The high electron degeneracy in the inner disk favors the
production of v, over v, which leads to a positive vELN.
Above the emission surface, however, 7, generally has a
higher flux than v, as a result of the protonization of the
disk which is extremely neutron rich. The only exception is
near the polar region at later times where the larger
emission surface of v, causes a higher concentration of
v, than 7, [25]. More physics details of the model can be
found in Refs. [15,25].

For the neutrino gases with discrete energy groups,
Eq. (6) becomes

Z{[Qa + werr (E;)6;; + g, AE;}S§ =0, (19)
J

where Ej, g;, and AE; are the energy, the vVELN weight,
and the width of the neutrino in the jth energy group,
respectively. (The antineutrinos are counted as the neu-
trinos with negative energies.) There are N normal modes
for N discrete neutrino energy groups, and €, and S¢
(a=1,...,N) are the eigenvalues and eigenvectors of the
matrix with the elements A;; = —[w.(E;)5;; + pg,AE],
respectively. We solve the frequencies of the normal modes
in M3A8m3a5 with Am? =25x 1073 eV?, 6 =8.6°
and the emission and absorption rates of v, and 7, in
Eq. (1) [27]. In Fig. 3 we show both the real and imaginary
components of the frequency of the normal mode that has
the largest growth rate in each spatial grid. One can see that
the growth rates of the flavor instabilities are the largest
where the net #ELN is negligible, which is expected from
the previous analysis.

Throughout the BH-torus system, one has I'/T" > 1
because the collision rates are dominated by the neutrino
absorption rates and there are more neutrons than protons in
this region. Although the entire accretion disk tends to emit
more 7, than v,, the density of v, in the inner torus is
actually larger where the chemical potential of the electron
is significant. Therefore, we expect only the CFI of the plus
type (with wp/u =~ 0) can exist in the inner torus. Earlier in
Fig. 1 we have shown the frequency € of the normal mode
with the largest growth rate in the equatorial plane of the
accretion disk at = 20 ms. It is clear from Figs. 1 and 3
that the CFI in the inner torus is indeed of the plus type,
while the instability in the outer region of the torus is of
the minus type [wp o (n, —n; )] if our analysis can be
generalized to the anisotropic environment.

*However, a recent study [26] which appeared while this work
was under review suggests that the qualitative results discussed
here may still be valid even in anistropic environments.
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The vELN excess parameter D = 1 —n; /n, (upper row) and the frequency Q = wp + iy of the normal mode with the

maximum growth rate y > 1073 ps™' (middle and lower rows) at three snapshots (as labeled) in the BH accretion disk model
M3A8m3a5 of Ref. [15]. The solid and dashed curves are the contours with F, = 1/3 and F;;, = 1/3, respectively. [See Eq. (18)]. The

dot-dashed curves are the contours with D = 0.

V. DISCUSSION AND CONCLUSIONS

We have shown that there exist two types of CFI in a
dense neutrino gas that preserves the homogeneity and
isotropy. The CFI transitions from one type to the other
where the net »ELN is zero and has a resonancelike

instability that grows at a rate « ny/?. But this is only part
of the story. There can exist the CFI that breaks these
symmetries or even in the inhomogeneous and aniso-
tropic environment as one maps out the full dispersion
relation Q(K) of the collective neutrino oscillation wave.
Numerical simulations are needed to confirm if the exist-
ence of the CFI can lead to significant flavor conversion
before the physical conditions change.

We would like to emphasize that, although the CFI
can interplay with the fast neutrino flavor conversion
[12,24,28], its existence does not require a crossing of
the vELN angular distribution as the latter does. Therefore,
the CFI can exist in CCSNe and compact binary merger
remnants in the regions and at the epochs where/when fast
flavor instabilities do not yet exist (see, e.g., Ref. [29]).

Our result is strong motivation for follow-up work
assessing how the CFI impacts the dynamics, element
production, and kilonova emission of neutron-star mergers.
For example, substantially more v,,, and ,,, can be
produced by the BH accretion disk through flavor con-
version and thus cool the remnant faster. The change of the

physical conditions will, of course, affect the existence of
the CFI as well as the condition of fast flavor instabilities.
This again cries out for the integration of the flavor
oscillations into the neutrino transport in the simulations
of CCSNe and compact binary mergers.
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