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Lorentz- and CPT-violating effects in Penning traps at linear boost
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We present in this work an analysis of Lorentz- and CPT-violating signals at linear boost order in
Penning-trap experiments. The theory of quantum electrodynamics with Penning traps is revisited and the
dominant shifts in the cyclotron and anomaly frequencies of confined particles and antiparticles are
reproduced. To study time variations of the experimental signals at linear boost order, we provide a general
discussion on transformations of coefficients for Lorentz violation between different frames, and derive the
expressions of the cyclotron and anomaly frequency shifts in the Sun-centered frame. Relating these
frequency shifts to the charge-to-mass ratios, the g factors, and their comparisons between particles and
antiparticles, we extract numerous new or improved bounds on coefficients for Lorentz violation from

existing Penning-trap measurements.
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I. INTRODUCTION

Invariance under Lorentz transformations stands as a
foundational symmetry of both general relativity and the
Standard Model of particle physics. However, tiny deviation
of Lorentz symmetry could naturally emerge in a more
fundamental theory that unifies gravity with quantum
physics, such as string theory [1]. Since CPT violation in
effective field theory is accompanied by Lorentz violation
[2,3], it follows that testing Lorentz symmetry includes CPT
tests as well. Motivated by this, numerous high-precision
experiments spanning over various subfields of physics have
been performed to search for possible Lorentz- and CPT-
violating signals [4]. Among these experiments, the Penning
trap is of particular interest, as it provides impressive
sensitivities to measurements of the fundamental properties
of particles and antiparticles [5—11], permitting searches for
any tiny deviation from Lorentz and CPT symmetry.

A well-known signal for Lorentz and CPT violation is an
observable that depends on the orientation and velocity of
the experimental system relative to a fixed inertial reference
frame. The standard reference frame used in the literature,
known as the canonical Sun-centered frame [12], has the
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property that the speed of the experimental system, typically
located on the surface of the Earth, is small compared to the
speed of light. This property is frequently exploited by
expanding the observable as a power series of the small boost
parameter obtained from the system’s velocity and truncating
the expansion to some order in the boost parameter to
simplify the analysis. The most popular choice is to study
the dominant effects by truncating the expansion at the zeroth
boost order. This approach produces signals known as
sidereal variations and investigations of the sidereal varia-
tions have resulted in many high-precision tests of Lorentz
and CPT symmetry. For example, Refs. [13-18] have
studied the sidereal variations of Lorentz- and C PT-violating
signals arising from Penning-trap experiments measuring the
charge-to-mass ratios, the g factors, and their comparisons
between particles and antiparticles.

Besides the success of this approximation, the limitation
on effects at only the zeroth order in boost excludes the
possibility of identifying new types of Lorentz- and CPT-
violating signals linked to a change in the linear motion of
the system. A prime example of a signal that becomes
discernible at least at first boost order but not at the zeroth
order is the annual variation of the observable, arising from
the Earth’s orbit around the Sun in the presence of Lorentz
violation [12,19]. Publications considering contributions to
the boost-dependent variation of an observable up to first
[20-25] or second boost order [26,27] exist in the literature.
In particular, Ref. [27] reported an apparent variation of the
observable at the second harmonic of the annual frequency
which is one of the signals for Lorentz violation predicted
at the second boost order. However, no study of the effects
at linear boost order in Penning-trap experiments has been
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performed to date. Extending the Penning-trap analysis to
include the effects at linear order in boost is of significance
as it can reveal additional types of measurable observables
that cannot be studied by a sidereal variation analysis.

In the absence of compelling experimental evidence for
Lorentz violation so far, instead of constructing a specific
model for Lorentz violation, we take a more realistic
approach by adopting a general theoretical framework
for Lorentz violation to conduct a comprehensive study
of possible effects. This framework is known as the
Standard Model extension (SME) [2,28], which is devel-
oped in the context of effective field theory by adding all
possible Lorentz-violating terms into the action of general
relativity and the Standard Model. Each of these terms is
constructed from a coordinate-independent contraction
between a Lorentz-violating operator and a corresponding
controlling coefficient, typically referred to the SME
coefficient or coefficient for Lorentz violation. The subset
of the SME that restricts us to power-counting renormaliz-
able operators of mass dimensions d <4 is called the
minimal SME, while the nonminimal SME contains oper-
ators of mass dimensions d > 4 and is assumed to produce
suppressed effects to conventional physics.

In this work, within the SME framework, we extend the
previous studies of Lorentz- and CPT-violating effects in
Penning-trap experiments by considering additional contri-
butions at linear boost order. Both the minimal and non-
minimal SME produces various measurable Lorentz- and
CPT-violating effects in Penning-trap experiments. These
effects include shifts in the cyclotron and anomaly frequen-
cies that can depend on time and also differ between particles
and antiparticles. To keep a reasonable scope of this work,
we restrict our attention to the effects due to the minimal
SME. The treatment of nonminimal SME effects at linear
boost order would be an excellent subject of future work. To
investigate the boost effects in Penning traps, results on the
cyclotron and anomaly frequency shifts due to Lorentz and
CPT violation obtained in Refs. [14,17] provides a solid
foundation. Applying the general Lorentz transformation at
linear boost order, we express the frequency shifts in terms
of the SME coefficients in the Sun-centered frame and
study their time-dependence structure. Relating these
expressions to the charge-to-mass ratios, the ¢ factors,
and their comparisons between particles and antiparticles
in Penning-trap experiments, we extract constraints of the
SME coefficients from available experimental results.
The results derived from this work are complementary
to the existing ones from sidereal variation studies of
Penning-trap effects [14,17,18], the investigations of the
anomalous magnetic moment of muons in a storage ring
[22,29], the spectroscopic studies of hydrogen, antihy-
drogen, and other related systems [24], and experiments
involving clock comparisons [23].

This work is organized as follows. In Sec. II, we revisit
the theory of quantum electrodynamics with Lorentz- and

CPT-violating operators of mass dimensions up to six and
its application to confined particles and antiparticles in
Penning-trap experiments. The perturbative Hamiltonian at
leading order in Lorentz and CPT violation is presented in
Sec. IT A. The result is then applied in Sec. II B to discuss
the dominant Lorentz- and CPT-violating energy shifts of a
confined particle or antiparticle in a Penning trap. The
shifts in the cyclotron and anomaly frequencies are repro-
duced in Sec. II C. We next address in Sec. III the general
transformation of SME coefficients from the apparatus
frame to the Sun-centered frame. Restricting our attention
to the minimal SME, we derive the expressions of the
cyclotron and anomaly frequency shifts in terms of the
Sun-centered frame SME coefficients at linear boost order.
We next turn in Sec. IV to applications to Penning-trap
experiments involving confined protons and antiprotons.
We begin in Sec. IVA with a general discussion of the
relationship of the charge-to-mass ratio comparisons with
the difference of cyclotron frequency shifts between pro-
tons and antiprotons. The result is then applied to the
ATRAP and BASE Penning-trap experiments to obtain
limits on the cyclotron frequency shifts. Next, we consider
in Sec. IV B the applications to Penning-trap experiments
that measure and compare the g factors between protons
and antiprotons. We first relate the g factor comparisons
between protons and antiprotons to their anomaly fre-
quency shifts, and then apply it to the BASE experiments
to derive relevant limits on the anomaly frequency shifts. To
illustrate the process of extracting limits on the SME
coefficients, we provide in Sec. IV C an explicit example
using the BASE experiment comparing the charge-to-mass
ratios between protons and antiprotons. Finally, using
published results from Penning-trap measurements, we
obtain first-time constraints on 18 SME coefficients and
improve limits on two additional SME coefficients as well.
Some comments on the prospects of improving the current
SME limits or imposing more first-time SME limits are
offered in Sec. V. A summary of this work is provided in
Sec. VI. For completeness, Appendix presents the contri-
butions to the cyclotron and anomaly frequency shifts
including effects at the zeroth order in the boost.
Throughout the paper, we follow the same notation used
in Refs. [14,17], unless otherwise specified. Natural units
with Ai=c=1 and mass units in GeV are adopted
throughout the paper.

II. THEORY

In this section, we revisit the theory of Lorentz-violating
spinor electrodynamics with operators of mass dimensions
up to six, which was developed in Ref. [14]. By applying
the theory to the Penning trap, we reproduce the leading-
order contributions to the cyclotron and anomaly frequen-
cies of confined particles and antiparticles due to Lorentz
and CPT violation.
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A. The SME Lagrangian and Hamiltonian

The SME Lagrangian can be written as the conventional
Standard Model Lagrangian plus all possible terms that
break Lorentz symmetry. For a single Dirac fermion field y
with charge ¢ and mass m,,, the Lagrangian density £,, can
be obtained by adding a general Lorentz-violating operator

O to the conventional Lagrangian density,
1_, . A
L, ziw(y”LD,,—m,l,—ﬁ— Q)y + H.c., (1)

where D, = (d, + iqA,) represents the covariant deriva-
tive involving the electromagnetic four-potential A, by the
minimal coupling, and H.c. stands for Hermitian conjugate.
The general Lorentz-violating operator Qin the Lagrangian
density (1) contains terms formed by the contraction of
coefficients for Lorentz violation, the covariant derivative
iD,, the antisymmetric electromagnetic field tensor
Fop = 0,Ap — 0A,, and one of the 16 Dirac basis matrices.
For example, one of the dimension-five operators involving
the F-type coefficients for Lorentz violation takes the form

bsf)” P wp¥sYu- A comprehensive list of the relevant coef-
ficients for Lorentz violation and their properties, up to
mass dimensions d <6, can be found in Table I of
Ref. [14]. It is worth noting that the Hermiticity of the
Lagrangian density (1) requires that the operator Q satisfies
the condition Q = 70 QT)/O. In the case of free fermions
with A, = 0, the explicit expression of the Lagrangian
density (1) at arbitrary mass dimension has been studied in
Ref. [30]. For the interaction case with A, # 0, Ref. [14]
developed a theory for operators with mass dimensions up
to six. An extension of this theory to include operators of
arbitrary mass dimension was recently presented in
Ref. [31]. Similar analyses have also been performed for
other SME sectors, including photon [32], neutrino [33],
and gravity [34].

The presence of the general operator Q in the Lagrange
density (1) modifies the conventional Dirac equation for a
fermion in electromagnetic fields to

(p-v—my+Qw=0, (2)

where p, =iD,. As no Lorentz-violating signals have
been observed thus far, any such signal is expected to be
extremely small compared to the energy scale of the system
of interest. Consequently, we can treat the corrections
due to Lorentz and CPT violation to the conventional
Hamiltonian as perturbative and apply perturbation theory
to calculate the dominant shifts in the energy levels of the
confined particles and antiparticles. Based on the modified
Dirac equation (2), the exact Hamiltonian H is defined as

Hy = py =yo(p -7y +m, — Qw = (Hy + sH)y, (3)

where p® represents the exact energy of the system,
encompassing all contributions from Lorentz and CPT
violation, p and y are the canonical momentum and gamma
matrix vectors, respectively, H, denotes the conventional
Hamiltonian for a fermion in an electromagnetic field, and
SH = —y,Q represents the exact perturbative Hamiltonian.

To derive the perturbative Hamiltonian §H, we note that

the operator Q generally contains terms that involve powers
of p?, corresponding to the exact Hamiltonian H itself. In
certain simple cases, it is possible to perform an appropriate
field redefinition to eliminate the additional time deriva-
tives and then adopt the standard procedure involving time
translation on wave functions to obtain the exact perturba-
tive Hamiltonian H [35]. However, in more general
situations where powers of time derivatives exist, directly
constructing 6H becomes challenging. Nevertheless, we
notice that any contributions to 6+ due to the exact
Hamiltonian A are at second order or higher in the
coefficients for Lorentz violation. Therefore, to obtain
the leading-order results, one can apply the following
substitution, as proposed in Refs. [33,14],

OH ~ —}’0Q|p0_,50, (4)

where E, is the unperturbed eigenvalue, which can be
obtained by solving the conventional Dirac equation for a
fermion in an electromagnetic field.

B. Perturbative energy shifts

Given the perturbative Hamiltonian §H as defined by
expression (4), the Lorentz- and CPT-violating perturba-
tive energy levels 6E, . of a confined particle can be
calculated using perturbation theory,

5En,i = Wﬂ,iléHwn,i% (5)

where y, . denote the unperturbed stationary eigenstates,
n specifies the energy-level number, and + represent the
spin states of a positive-energy fermion.

Before applying expression (5) to a confined particle in a
Penning trap, we note that a Penning trap can be idealized
as a uniform magnetic field responsible for confining
the radial motion of the particle plus a quadrupole electric
field providing confinement along the axial direction. The
primary contributions to the nonperturbative energy levels
are from the interactions of the confined particle with the
magnetic field, since the effects arising from the quadru-
pole electric field are suppressed by a factor of E/B ~ 107>
in natural units for a typical field configuration of
E~20kV/m and B~5T in a trap. Consequently, to
obtain the dominant results in the energy shifts, we can
simplify the trap configuration even further by conceptu-
alizing it as consisting solely of a uniform magnetic field in
which a quantum fermion moves.
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The corresponding shifts in the energy levels OE], |
due to Lorentz and CPT violation for antifermions can
be obtained by applying the perturbation theory in a
similar way,

5Efz.i = <ZZ,1|5HC fl.i)’ (6)

where y; . represent the eigenstates of positive-energy
antifermions obtained from the solutions of negative-
energy fermions y, . by charge conjugation, §H¢ is the
perturbative Hamiltonian for the antifermion derived from
O'H by charge conjugation in a similar way, n specifies the
energy level number, and + denote the spin states for the
antifermion as before.

C. Cyclotron and anomaly frequencies

The primary observables of interest in a Penning-trap
experiment are frequencies. Two key frequencies are the
cyclotron frequency v, = w,./2z and the Larmor spin-
precession frequency v; = w; /2x, with their difference
denoted by the anomaly frequency v; — v, = v, = w,/2x.
In the Lorentz-invariant scenario, the charge-to-mass ratio
and the g factor of a confined particle moving in a Penning
trap with a magnetic field strength B are related to the
cyclotron and anomaly frequencies by

gl _ o
2__c 7
B ()
and
g__ oL Dy
t=——=14+—, 8
2 ¢ * o, (8)
respectively.

A frequency can be viewed as the difference between
different energy levels. For a confined fermion of flavor w
and charge sign ¢ in a Penning trap, the cyclotron and
anomaly frequencies can be defined as the energy differ-
ence between the following energy levels [35]:

o) =EY, - Ej

0,0° = E(VJV.—G - E?/,O' (9)
The corresponding definitions for the cyclotron and
anomaly frequencies of an antifermion of flavor w are
given by [35]
= EY, - Eg,, =Ey_,—E{,, (10)

with the understanding that the charge signs ¢ in definitions
(10) are reversed compared to these in definitions (9).

In the presence of Lorentz and CPT violation, both the
cyclotron and anomaly frequencies for fermions and anti-
fermions can be shifted, given by

swY = OFY, — OEy,, vy =06Ey_,— OBy, (1)

for fermions, and

swf = SE}, —SEy,  Swi = OEy_, — OE}

1,07

(12)

for antifermions, respectively.

Applying perturbation (5) and (6) and following the
definitions in expression (11), the cyclotron and anomaly
frequency shifts of a fermion due to Lorentz violation are
found to be [17]

1., 1
S} = (—b” — (&
m

w w

— (B3 4+ Efvzz)>eB,
Sw) = 2b3, - 2b3 B, (13)
where the tilde coefficients are given by

7 300
B = b3 20 = g+ 2) - il

_ 2m,2V(H5V5)1200 _ H( jo2 H( )0201)

+omd dsvﬁ)moo

+ 3mgv(g£§)lzooo _ gowi002 | (602001 ),
200 — 00 _py (5100 o, (51000

=+ 3m3Vcl(v 0000 Zm&eﬁf)ooo,
el = ¢lf — 2mwa5V5)j0j + 3m3‘,6‘$v6)j00j _ mwagvs)ojj

— mwmsvs)fl + 3mngE1/6)00jj + 3mgve‘</v6)0]]

BRI — O | o123

— 3, A9 _ 3y O12077

w wIw
B3 = b3 + H2—m,d —m, g2 + m? P00
+m? H$V>1200 _ 3d )3000 3 (6)12000
bF = b( )312 i H(F)mz mwdﬁf,lfm _ mwgsg)wumz’

(14)

with j taking values of 1 or 2 (no summation assumed).

In a similar way, taking the differences in expression (12)
gives the shifts in the cyclotron and anomaly frequencies of
an antifermion due to Lorentz violation [14],

1
~x00 ~x11 ~%22
(Cw +Cy +Cw)
w

W 1 T1%3
+ (l;;k‘}:ill + [}':}322)) eB,

Sl = =2b% + 2533 B, (15)
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where the starred tilde coefficients are given by

(5)300

B =ty (20 =+ g2 = b

+2m%,(H$V)IZOO—H( )0102+H( )0201)

—omd dﬁf)SOOO
6)12000 6)01002 6)0200
+3m3 (g0 — g1 4 gD,
~*00_coo m m&) +2m.a ( )000
w w W
+3me EV)0000—2m2e( )000

~

z JJ_CV +2mwa&)10]+3m CW6)J001+ waES)OJJ

(5)jJ +3m3vcsv6)00u —3m§ve(6)0“

—m,,my . ’

B3l — b‘(4/5)3jj —H&,S)mj +3mwdsv6)30jj _3mwg$v6>120jj,
B3 = b3 — HI2 4 m, d® — m, g120 4 m2 p>P
—m? HEmeO m d(e)aooo _ mfv 55)12000’

b*33 b;)jlz—H( )1212+ dF)W3012 mwgff,)fm, (16)
with j taking values of 1 or 2 (no summation assumed as
before).

We note in passing that comparing the result (13) to (15),
together with the relevant definitions (14) and (16), the
shifts in the cyclotron and anomaly frequencies between a
fermion and an antifermion differ only by the signs of all
the basic coefficients for Lorentz violation that control
CPT-odd effects, as might be expected. We also remark in
passing that the rotation properties of the coefficients for
Lorentz violation in results (13) and (15) are indicated by
their indices. To illustrate, the pair of indices “12” on the
right-hand sides of the definitions (14) and (16) are
antisymmetric. In three dimensions, any antisymmetry pair
of spatial indices rotate as a single spatial index. In
particular, the antisymmetry indices “12” obey the same
rotation rule as a single index “3”. This suggests that these
particular coefficients for Lorentz violation undergo rota-
tion transformations akin to a single index “3”, while
coefficients with an index “0” or a pair of indices “00” are
invariant under rotations. Also, the cylindrical rotational
symmetry inherent to the Penning trap is correctly reflected
in the fact that results (13) and (15) only depend on index
“0%, “3”, and “11+22”. However, when considering
boost transformations, each fundamental coefficient in def-
initions (14) and (16) has distinct transformation properties.

III. TRANSFORMATIONS

The SME coefficients are assumed to be constant and
uniform in any inertial reference frame. The value of each
coefficient is frame dependent as they transform as tensor
components under observer transformations [2], and in
general, they are spacetime dependent in noninertial

reference frames. For these reasons, all the limits on
SME coefficients should be reported in the same inertial
reference frame to allow for any systematic comparison of
the results obtained by different experiments. The canonical
frame commonly adopted in the literature for this purpose
is the Sun-centered celestial-equatorial frame [12]. By
definition, the rest frame of the Sun is not an inertial
reference frame, but it is more than close enough to one for
our purpose. The origin of the Sun-centered frame is
specified as the location of the Sun at the 2000 vernal
equinox. The time coordinate 7 is the Cartesian coordinate
time in the rest frame of the Sun. The spatial cartesian
coordinates X/ = (X, Y, Z) are specified by aligning the Z
axis along the Earth’s rotation axis and having the X axis
pointing from the Earth to the Sun at 7 = 0. The Y axis is
obtained by completing a right-handed coordinate system.

After the preambles, we can move to the main part of this
section that describes the Lorentz transformation used to
express the frequency shifts in Egs. (13) and (15) in terms
of the SME coefficients in the Sun-centered frame for an
Earth-based experiment. It is convenient to separate the
transformation into two stages. We start by transforming
from the Sun-centered frame to the so-called standard
laboratory frame with coordinates x* = (¢, x, y, z) [12]. The
standard laboratory frame is instantaneously comoving
with the laboratory, and its spatial axes are defined by
having the x-axis pointing to the local south, the y-axis
pointing to the local east, and the z-axis pointing to the
local zenith. The final stage in the transformation is a
rotation from the standard laboratory frame to the apparatus
frame with Cartesian coordinates x* = (x%, x!, x2, x3).

Equations (13) and (15) are expressed in the apparatus
frame that has the x* axis in the direction of the applied
magnetic field [14]. We can always define the orientation of
the apparatus frame by specifying the Euler angles to rotate
from the standard laboratory frame to the apparatus frame.
Fortunately, all the systems considered in this work have
their applied magnetic field parallel or perpendicular to a
vector pointing toward the local zenith. We only need to
introduce two convections for the apparatus frame depend-
ing on the relative orientation between the z axis of the local
standard laboratory frame and the magnetic field [14]. For a
vertical magnetic field, parallel to the z axis, we define the
apparatus frame as the standard laboratory frame. In other
words, the rotation between the frames is the identity
matrix with the coordinates related by (x,x!',x% x%) =
(t,x,y, z). For a horizontal magnetic field, perpendicular to
the z axis, we have the x? axis toward the local zenith, the
x? axis in the direction of the applied field, and the x! axis
obtained by the right-hand rule.

The observer Lorentz transformation A%, (6, f) between
the apparatus frame and the Sun-centered frame is the
composition of a rotation R¥* (@) with a boost B*,(f),

N (0. ) = RM4(0)B°,(B). (17)
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where 6 is the rotation parameter, and f is the velocity of
the apparatus frame in the Sun-centered frame. The speed
p=~10"* between the frames is small compared to the
speed of light. We can simplify the expression for A¥, by
expanding it as a power series of § and truncating it at some
power of . The truncation of the power series to zeroth
order in f reduces the transformation to a pure rotation,
where the boost matrix in Eq. (17) is replaced with the
identity matrix. Therefore, the Lorentz transformation A¥,
takes the form
A =1, A=A =0, N, =TR/,, (18)
where lower-case and upper-case indices represent spatial
cartesian coordinates in the apparatus frame and the Sun-
centered frame, respectively. The expressions for the
Lorentz-violating frequency shifts in Eqs. (13) and (15)
at the zeroth order in the boost were obtained in previous
publications [14,17,35,36]. Further below, we will repro-
duce some of the main results of these previous works to
facilitate the discussion. Our goal in this work is to extend
these previous works by expanding the Lorentz trans-
formation in A#, to linear order in f. At linear order
in f#, we get that
A7 =1,

AOJ - _ﬂja AJT = _Rj]ﬂjv A]J - 7?’]J

(19)

It is convenient to introduce the local sidereal time 7'g,
before discussing the main results of the previous works.
The local sidereal time T'g is an offset from the time 7T in
the Sun-centered frame [14],

(66.25° — 1)

23934 hr, (20)

Te=T-

where 4 is the longitude of the laboratory in degrees. The
crucial property of the sidereal time is that wgTg is a
multiple of 2z every time that the y axis in the standard
laboratory frame lies along the Y axis in the Sun-centered
frame, where wg ~27/(23.934 hr) is the sidereal fre-
quency of the Earth.

The rotation matrix R/, in Egs. (18) and (19) depends on
the direction of the magnetic field. For a vertical magnetic
field, it is given by [12,14]

cosycoswglg cosysinwgTg —siny
Ry = —sinwgTg cos wgTg 0 ,
sinycoswgTg sinysinwglg cosy
(21)

where y is the colatitude of the laboratory. For a horizontal
magnetic field, the rotation matrix takes the form [14]

0 0 -1
Ri;=| —sinf cos® O
cosf sind 0
cosycoswglg cosysinwglg —siny
X —sinwgTg coswgTg 0 ,
sinycoswgTg sinysinwglg cosy
(22)

where 6 is the angle of the horizontal magnetic field from
the local south assuming the convection that counterclock-
wise angles are positive.

The form of the frequency shifts in Eq. (13) in the
Sun-centered frame, at the zeroth order in the boost, is
obtained by expressing the apparatus-frame SME coeffi-
cients in terms of the Sun-centered-frame ones using
Eq. (18) together with Eq. (21) or Eq. (22). The effective
coefficients in Eq. (13) facilitate these transformations by
grouping all the coefficients that transform similarly under
rotations. The effective coefficients Z){., and l;{ﬂ, given in
definition (14), contain only the SME coefficients that

rotate as vectors. All the coefficients that contribute to IZ}k »
and E(;,k rotate as rank-2 tensors, and the ones that contribute

to E{Vkl as rank-3 tensors.

As an example, we will reproduce the results presented
in Ref. [14] for the anomaly frequency assuming a
vertical magnetic field. The relevant effective coefficients
transform as

b3 = bZ cos y + (b cos wgTg + bl sin wg Tg) siny,
(23)

~ ~ 1 -~ ~ ~ .
bi}w = bIZTZ + _<b§§v + blg,{v - 2b127§v)51n2)(

F‘W) coswgTg + ng) sinwgTg) sin 2y
I - -
[5 (X%, = BI) cos 20T

+ 5% §in 2w, T | sinZy. 24
F.w ol @ X

Applying these results in Eq. (13) reveals that the Lorentz-
violating anomaly frequency shifts of a particle at the
zeroth order in f have the form

(a.0)

Swy oy =Ay " + ALY cos wgTg + A gin wgTg

+ A% cos20gTg + A% sin20gTg.  (25)
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where the 0 subscript in dw) , indicate the zeroth boost

order. The amplitudes Aﬁa’o) are linear combinations of the

SME coefficients with subscripts * ranging over values
0,c,s,c2,s2 that specify the harmonics associated with
the amplitudes. According to this result, a signal for
Lorentz violation is a sidereal variation of the anomaly
frequency resulting from the rotation of the Earth relative
to a fixed inertial reference frame. A sidereal variation of a
resonance frequency is the most common signal for
Lorentz violation studied in the literature [4]. The signals
for Lorentz violation resulting from this analysis, at the
zeroth order in the boost, were studied in detail in
Refs. [14,17]. A reproduction of the main expressions
for the frequency shifts at the zeroth order in  obtained in
these publications is listed in the Appendix. The analysis
in Ref. [14] predicted a sidereal variation of the anomaly
frequency with the first and second harmonic of the
sidereal frequency, and the prediction of Ref. [17] is a
variation of the cyclotron frequency up to the third
harmonic of the sidereal frequency. The variation of the
anomaly frequency is only with the first harmonic of the
sidereal frequency and for the cyclotron frequency up to
the second harmonic if we limited the scope of these
works to the minimal SME coefficients by using the
frequency shifts defined in Eq. (29).

After summarizing the previous works, we consider the
advantages of including corrections at linear order in the
boost. A drawback of limiting the frame transformation to
zeroth order in f is that it disregards the contributions from
some SME coefficients to the frequency shifts [24]. The
expansion of these previous works to linear order in the
boost has the advantage of revealing a greater number of
SME coefficients that can produce signals for Lorentz
violation detectable in Penning-trap experiments. Another
feature of expanding the analysis is to unveil new signals
for Lorentz violation including an annual variation of the
anomaly and cyclotron frequencies.

An implication from Eq. (19) is that the time interval
measured between events happening at the laboratory is the
same in the apparatus frame as in the Sun-centered frame at
the first order in . From now on, we will express the time
dependence of the Lorentz-violating frequency shifts using
time intervals AT in the Sun-centered frame as they are
identical, up to the first order in f, to the time intervals
measured in the laboratory frame. The velocity f of the
apparatus frame relative to the Sun-centered frame is
approximately given by

B=~Pe+PL (26)

where B, is the velocity of the Earth relative to the Sun and
B is the velocity of the laboratory relative to Earth’s center
of mass, both expressed in the Sun-centered frame. Taking
the Earth’s orbit as circular, we get that

Bo = P 5in Qe TX — fg cos Qg T (cos ¥ + sinnZ),
(27)

where g ~ 107 is the Earth’s orbital speed, Qg ~ 27/
(365.26 d) is the Earth’s orbital angular frequency, and
n =~ 23.4° is the angle between the XY plane and the Earth’s
orbital plane. Treating the Earth as a sphere, we have

B = rewg siny(—sinwgTeX + coswgTeY), (28)

where y is again the colatitude of the laboratory, rg is the
radius of the Earth, and wg is the sidereal frequency.
The magnitude of B, is around 10~ and two orders of
magnitude smaller than fg,. Note that the sidereal time T'g,
is used in Eq. (28) and the difference of 7' — T given in
Eq. (20) is a phase that physically represents a convenient
choice of a local time zero.

A straightforward extension of the previous works would
include contributions to the frequency shifts at linear order
in S due to the SME coefficients with mass dimensions up
to six. In this work, we opted for a more pragmatic
approach by limiting the scope of our work to contributions
at linear order in f due to the minimal Lorentz-violating
operators. The challenge of including the nonminimal
terms is that the expressions for the frequency shifts can
become overwhelming as some of the coefficients that
contribute transform as rank-5 tensors under observer
Lorentz transformation even if they only transform as
rank-3 tensors under rotations. Another justification to
pursue this approach is that it results in new limits on
previously unconstrained minimal SME coefficients as
discussed in Sec. IV. The treatment of nonminimal SME
coefficients at linear order in £ would be a subject of future
work. Keeping only the minimal SME coefficients in
the cyclotron and anomaly frequency shifts (13) and (15),
we have

1 - 1
owy = (W by - m—(C?vO +cll + C%vz)>637

sw? = 2b3, (29)

where the tilde coefficients are defined by

B = b+ m (9120 = 2 + g2
b= b+ HE =y d =g, (30

and

i 1 - 1
dwf = <——2b’w*3 ——(cW+a + c%)eB,
mW w

swlj = —2b33, (31)
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where the starred tilde coefficients are given by

B = b+ (gl - 2+ g,

B = b= HE Sl - (32)

Note 5”3 and 5> have the same expression in the limit of
the minimal SME.

The notation in the cyclotron and anomaly frequency
shifts (29) can be misleading if we move beyond the pure
rotation approximation. For instance, the coefficient bJ,
doesn’t transform as a Lorentz vector under observer
transformations. We can observe from Eq. (30) that bl is
a linear combination of coefficients that transform differ-
ently from each other under observer Lorentz trans-
formations. To illustrate the point, consider b}, and
g'20 that are two of the coefficients contained in b3.
The former coefficient transforms as a Lorentz vector
while the latter transforms as a rank-3 Lorentz tensor.
Hence, obtaining the expression for the frequency shifts
in the Sun-centered frame requires abandoning the
effective-coefficient notation and expressing the fre-
quency shifts in terms of coefficients that transform as
Lorentz tensors.

The SME coefficients in the apparatus frame can be
expressed in terms of the SME coefficients in the
Sun-centered frame at linear order in # by applying the
Lorentz transformation (17) together with the boost veloc-
ities (26)—(28), and the rotation matrix (21) or (22). For
|

ow"”

example, assuming a vertical magnetic field, the coefficient
b3, contained in b} transforms as

b3, = bZ cosy + siny(b¥ cos wgTg + bl sinwgTg)
+ bI g cos y sinn cos Qg T
— bl Bg siny cos wgTg sin Qg T

+ bl g siny cos 7 sin wg T cos Qg T (33)

As previously stated, the coefficient bI appearing at linear
order in the boost is independent of the coefficients b, bY,
and bZ appearing at the zeroth order in f3.

Keeping terms up to linear order in S, the Lorentz-
violating cyclotron frequency shifts in Eq. (29) expressed in
terms of the SME coefficients in the Sun-centered frame
take the form

oo} = 6w + dw) |, (34)

where Swy, are the boost-independent cyclotron fre-
quency shifts and 6w, denote the contributions at linear
order in the boost. The SME coefficients in dw;, includ-
ing nonminmal ones up to mass dimension six have been
studied in detail in Ref. [17]. For completeness, we
reproduce the zeroth order results dw;, in Eq. (Al) in
Appendix. The ratio between éw?; at linear order in  and
the product of the unit electric charge e and the magnetic
field B takes the form

el — Al L ALY cos wg T + ALY sinwgTg + A cos Qg T + ALY sinQg T

eB 0

+ cos wg T (A% cos Qg T + A'SY sin Qg T) + sin wg T (A" cos Qg T + A" sin Qg T)

Ry

+ 08 20 T (A5 cos Qe T + ALY sin Qg T) + sin 20 Tg (A5 cos Qg T + ALY sin Qg T)

+ AS’U cos 2wg T + Agg‘l) sin20g T g,

where notation A" is used for the amplitude of each

harmonic, with superscripts (c, 1) representing the cyclo-
tron frequency shifts at linear order in £ and subscript *
taking values ranging over 0, c, s, C, S, cC, ¢S, sC, sS, ....
We list in Tables I and II the explicit expressions of the
amplitudes A“Y for a vertical and horizontal magnetic
field, respectively. In each table, the first column specifies
the amplitudes AS:“). The second column lists the corre-
sponding boost factors with g ~ 10~* denoting the Earth’s
revolution velocity about the Sun and fp = rgwg ~ 1.6 x
107% specifying the tangential velocity of a point on the
Earth’s equator due to the Earth’s rotation, respectively.
Finally, the third column gives the combinations of the Sun-
centered frame SME coefficients. In the final column,
notations cg = cos d and sy = sinJ are used, where 9 can

(35)

|
represent the colatitude y, the angle  ~ 23.4°, or the angle

0 between the local south and the magnetic field. The

amplitudes A" are obtained by multiplying the terms in

the second and third columns.

The structure of the frequency shifts (35) predicts
sidereal variation of @) up to the second harmonic of
the sidereal frequency in contrast to the case of éw!,, see
Eq. (Al), that contains contributions up to the third
harmonic of the sidereal frequency [17], as expected, since
contributions from the nonminimal terms to Jw) are
disregarded. If these nonminimal terms are included, the
sidereal variation would contain contributions up to the
fourth harmonic of the sidereal frequency. Emerging at
linear order in f is a variation of @)’ with the first harmonic
of the annual frequency €24. The other variations of @} are
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TABLE I. SCF expressions of cyclotron frequency shifts for a vertical B.

Boost
Amplitude factor Coefficient combination
Al Pe =g + g + g\ )sy/m,
Al Be 202 4 (gTxT - g )e,)s, /m,
Alet) Be  2((gl¥" + g e, 2C<TX)) s,/m,,
A" Po  [25,((0] + (7% 4+ g7 = glP)m,)e, + e my (3, = 3)) + cymu (A" = giXT)e, = eV (T + e))] 2
Agc’l) Po (74 ) — 4(gWYT + g %)e,)/2my,
AgY Pe (@7 =g )s3/m,
AEZJ) Be (G + glPX)s2/m,
A" Po  2(c,(gl7" + gi?) + s, (g7 = gbT + i ¥c,))s, m
A" Po  —(bL + (@7 = g% + g7 m,, + 26\ my,c,)s, /m?,
A" beo [Cq(bﬁ = m (G5 + G+ gl = 2607 c))) + 2mys, (g5 = g5 + e )]s, m3
Ale Po  2gi*" + gi#)s,/m,
Agg'é) Po —C&TY) cnsﬁ/mw
A Be —dMigm,
AEfZ"Cl) Po ¥ s2/m,,
Ay Pe cﬁf g /m,

TABLE II. SCF expressions of cyclotron frequency shifts for a horizontal B.

Amplitude Boost factor Coefficient combination
A Pe s (G 7m, = b5+ (el sos, = (20177 + G + g7 ), mycol /m,
Al Pe sx[c(.Ty)(3 +cop) — CEVTX)C 520 — 2(g8XT — gk )cgs, | /m
Al P —s)([ (3 + co) + ™Me 520 + 2(g5"T + g ) cps, ) /m,
Al Po [, ¢, (2(gEXT = g )egs, — o\ (2 + ¢+ ¢l + 53)
~2me Vs (1 + 5355 + c;()—( L (G g = gl m, ) s cos, ) m,
A(SC’I) Po (g2 + g ) cos, + ™Mo+ cisy+ 52+ c3)l/my,
A B (G2 = G )coc, + (G577 + 7 selfmy
Al e sl + g )ene, + (g7 = G7)selfm,
el o (6= G4 2y 7 1 =)
s, (G ~ G¥T)so + zc9(<g£" A7), + Al sgs,) + cTOcGs,))

A" Po [RAGET + G 9 = (0] + (G2 + g = g7 ym, ) ce, + el m, s, /m
Alel Pe [ey (bl = myy (G877 + @7+ giP¥))eqc, = 2my (gl + ¢ )sg — TP my, sy, )

+5,m (2G0T = G577 )coe, + 259(ghT = g + i cgs,) — T cGsy, )] m3
A" Pe [(B% + (@77 = g% + gEP)m, ) s + 2myco(Gh7T + g7 )c, = el P sys, )|/
AGe bo eylel™ e s+ el (s + 53— )l /m
AE;SI) Pe —[c&”)c 529 — i) (c2sh+ 52— cg)]/m
Aggcl) Pe c,,[cw (3629 +2c5¢5, — 1) + 4ciMe - S20)/4m,,
Ag'sl) Peo _[Cw (3029 +2¢50y, = 1) = ac\! )C;(Sza]/4mw
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the products between the first harmonics of Qg with the
first and second harmonics of wg,.

We can repeat the approach for the anomaly frequency
shifts in Eq. (29) in a similar way. At linear order in S,
the anomaly frequency shifts due to Lorentz violation in
terms of the Sun-centered frame SME coefficients can be
expressed as

dw); = dw), ) + dw)y |, (36)

where éw), ,, the shifts at the zeroth order in the boost, are
described in detail in Ref. [14] and take the form specified
in Eq. (A7) in Appendix. The expressions of dw), ; can be
decomposed into

5w, = ALY + AL cos wg T + ALY sinwgTe

(a,1

+ ALY cos Qg T + ALY sin Qg T

+ cos wg T (A% cos Qg T + Ag'” sin Qg T)
+ sin wg T (A" cos Qg T + A%V sin Qg T)
+ ALY cos 20 T + Ay sin 2w T, (37)
where a similar notation Aia’l) is used for the amplitudes for
the case of the anomaly frequency shifts and their expres-
sions are given in Tables III and IV for a vertical and
horizontal magnetic field, respectively. The structure of the
tables is the same as the ones described before for the
cyclotron frequency shifts.

The signals for Lorentz violation predicted by Eq. (37)
include a sidereal variation of @)} with the first and second
harmonic of the sidereal frequency similar to the signals

predicted at the zeroth order in /. Introduced at linear order
in B is a variation of w,, with the first harmonic of the annual

frequency Qg and the product between the first harmonics
of Qg with the first harmonic of wg.

The frequency shifts dw} and Sw}} for antifermions, see
Eq. (31), at linear order in the boost are given by Egs. (35)
and (37) with some modifications. The amplitudes ASFC’”
and A" are replaced by A'“" and A", in which that the
signs in front of the CPT-odd SME coefficients b, and ¢y

. —(a,1) .
are reversed. As an example, the expression for AE,“ ) 18

AV = Bysiny(HIX + (d2 + glXT = g )m,,),  (38)

compared to
ALY = ppsindy (HIX + (d2Y — gIXT 4+ g8 \m,,).  (39)

Before concluding this section it is convenient to
introduce some terminology to facilitate the discussion
of the signals for Lorentz violation. We define the pure
sidereal variation of the cyclotron frequency shifts at linear
order in f by

(6w )

sid _ Agc.l) )
eB

coswgT g +AL! sinwgTg
+ A cos 20 Tg + A" sin20g T, (40)
and for the anomaly frequency shifts, we define it by
50" ) = AV cos e T + A sin e T
a,1/sid [SSRac>) "D
+ Ag‘” cos2wgTg + Ay sin2wgTg.  (41)

The pure annual variations are defined by

oY : :
(0 amn ”’é)a"“:A(g’l)cosQ@T+Ag°’l)sinQ®T (42)
e

TABLE III.  SCF expressions of anomaly frequency shifts for a vertical B.

Amplitude Boost factor Coefficient combination

Al B —(HL = (&) = &\ + 295" + g™ + gl )m,,)sy

Al P (HX + (di" = g0 + g )my) sy,

Ay P (HLY = (dE* + g + gi ™ )my) sy,

A bo =20, [(HEY + (&8 = g7 + g ym e, — (0 = (1T + &7 + g2 %ym, )5
AlD Pe —2(Hy" = (dF* + g3 + g™ )m,)c,

Ag.l) B (dXY 4 dYX — ghZX 4 g2\ 52

Ag,l) B —(dXX = d¥Y + gEPY 4 g¥ZX)m, 52

Aleh Pe 2(H = (5" + g”" + g )my)ey = (HY' + (437 = " + g7 )my)s,ls,
Al bo =26, = (dIT + d¥ + g7 )m, )s,

AlgY Pe 2((by, = (dif +di" = g ymy,)e, + (HIX = (47 + X" = gi?%)my,)s,]s,
Al Pa 2(H? = (=di* + g”" + g )my)s,
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TABLE IV. SCF expressions of anomaly frequency shifts for a horizontal B.

Boost

Amplitude factor Coefficient combination

Al Be  =[QHY? = (dY = & +2g}7T + g + gl )my, ) eoe, +(2b], — (24T + & 4 A = gi 7Y 4 gl X my)sols,

AE,a’l) ﬁE _Z(HvTvX + (déy - gvTvXT + wyy)mw)cgs)%

Al P =2(H)Y = (diX + gl + gl )my,)cosy

Al Be 2e[(HY + (diF = giXT + gl )my) e,y = (b, = (i + di7 + gi"*)my,)s, s,

AED bo 2HLY — (@ + gl 4 G )m, )cos,

Al B my, (A + diX — g + g )eoc, — (@ = &Y + g + 917 )so)s,

Alah Be —m, (@5 = Y + g7 + gl eoe, + (d + dF = g7 + gl )s0)s,

As) e 26, (HEZ = (d" + gI7" + gl Ymy )eoc, + (BT = (dIT + dif = gi7"ym, s,
+2s, [(HEX = (@7 + gi*" = gl )my)so — (HYY + (&7 = gi¥" + gi7)m.,)coc]

AleY Pe =2(bj, — (d" + d¥* + g} )my)coc, + 2(HLF + (d) — gTvZT g X)m,,)sq

AlsY Pe 2¢,[(b), = (d" + diY = gi?)my,)coc, — (HYLP — (d)" + gKZT + gy )m,) o)
25, [(HX = (d + giX" = gl )my)coc, + (HLY + (d = gi"" + g% )m, )se)

Al fo 2[(HIZ + (& = gI7T = 2% m, )cqc, + (T — (dIT + dssx + g7 )m,)s)

for the cyclotron frequency shifts, and by

(80" )amn = ALY cos Qe T + AL sin Qg T (43)

a,l)ann

for the anomaly frequency shifts. Finally, we define the
mixed annual-sidereal variation of the cyclotron and
anomaly frequency shifts by

(5wﬁ1)mix . (c.1) (c.1) .
2 =coswgTg(A s cosQqT+A S sinQgT)
e
+sinwgTg (Aﬁ%l) cos Q@T—I—AEE'U sinQgT)
+ 0820 Tg (A5 cos Qg T+ A5 sinQg T)
+5in20g Tg (A5 cos Qe T + A5 sinQg T)
(44)
and

(60} )le = COS wGBTGB (A(aéw COS Q®T + Agfl) sin Q®T)

+ sin a)@TGB(Agc cos Qg T —|—A a1 sinQg 7).
(45)

We use the same terminology for the frequency shifts for
antiparticles by replacing the amplitudes A&C'l), Ai“’l) by
AS(C,I)7 Agka,l)‘

IV. EXPERIMENTS

In this section, we analyze several Penning-trap experi-
ments that measure the charge-to-mass ratios, the g factors,
and their comparisons between particles and antiparticles,
and use the reported experimental measurements to con-
strain the relevant Sun-centered frame SME coefficients
that are associated to linear-boost corrections. The experi-
ments chosen for discussion here are listed in Table V. For
each experiment, we include the relevant particle species,
the colatitude y of the laboratory, the direction and

TABLE V. Experimental quantities for relevant Penning-trap experiments.

Experiment Species X B direction B Precision
ATRAP [7] PP 43.8° Upward 585T |6wf — 1.00160F | g < 3.33 X 10726 GeV
BASE [8] p, D 43.8° Horizontal (120°) 1.946 T |5w7 — 1.00160 | ope < 8:46 x 10727 GeV
|60? — 1.0018w! |, < 8.83 x 10720 GeV
BASE [16] D 43.8° Horizontal (120°) 1.946 T |5wa|lst < 1.81 x 10724 GeV
|6@] | 5q < 1.81 x 1072* GeV
BASE [9,10] D, D 40.0°, 43.8° Horizontal (18°, 120°) 19T |6w? — 0_985605;’\60“8[ <953 %1072 GeV
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magnitude of the magnetic field B used in the trap (for a
horizontal magnetic field, the angle in the parenthesis
specifies its direction in the horizontal plane, measured
from the local south in the counterclockwise direction),
and the translated precision from the reported measure-
ment by each experiment in terms of the upper limit of the
relevant frequencies in units of GeV (details are given in
the next two subsections). We note that the Penning-trap
experiments involving electrons and positrons are not
included in Table V as the limits of the electron coef-
ficients for Lorentz and CPT violation obtained from
these experiments are 10’—10'® orders of magnitude larger
than the current best bounds obtained from other exper-
imental systems. For example, the limit on the magnitude
of the electron coefficient bl obtained in this work is
|bT| <107'"! GeV, while experiments using a torsion
pendulum have constrained this coefficient to a
10727 GeV level [25]. Therefore, we restrict our attention
to Penning-trap experiments involving protons and anti-
protons in this work.

A. The charge-to-mass ratios

It is evident from Eq. (7) that the charge-to-mass ratio of
a charged particle or antiparticle confined in a Penning trap
is related to the ratios of its cyclotron frequency and the
magnetic field used in the trap. In the presence of Lorentz
and CPT violation, corrections can be introduced to the
cyclotron frequencies, as shown by expressions (29) and
(31) in the context of the minimal SME. These corrections
are controlled by a set of tilde effective coefficients b7,
el 222, b3, and ¢! 4 22 in the apparatus frame. The
fundamental coefficients for Lorentz violation in these tilde
effective coefficients are given by definitions (30) and (32).
The coefficients for Lorentz violation appearing in these
expressions have nontrivial transformation properties
under rotations and boosts to the Sun-centered frame, thus
introducing time-varying signals to the measured cyclotron
frequencies given by Eq. (35), as discussed in detail in
Sec. III. Performing a time-variation analysis of the
measurement data can extract the time dependence of
the cyclotron frequencies and set bounds on relevant
coefficients for Lorentz violation.

Results (29) and (31) also show that the cyclotron
frequency shifts due to Lorentz and CPT violation for a
particle are different from these for its corresponding
antiparticle, due to the sign changes of all the CPT-odd
coefficients in these two expressions. For experiments
comparing the charge-to-mass ratios between a particle
and its corresponding antiparticle, the difference in the
charge-to-mass ratios corresponds to that in the cyclotron
frequency shifts,

(|q|/m)v'v_1 (_)a)_c_ :50)6 _5606 (46)

where the Lorentz- and CPT-invariant pieces in the cyclo-
tron frequencies are exactly canceled by the CPT theorem
if the same magnetic field is used. The notation < indicates
the correspondence between the experimental interpreted
charge-to-mass ratio comparison and the measured fre-
quency difference. Based on relation (46), the measurement
precision in the difference |g|/m);/(|g|/m),, — 1 reported
by an experiment can be used to extract limits on the
relevant coefficients for Lorentz violation that appear in
Sw! and Sw.

Before we start the analysis of the experiment results to
extract the limits on the coefficients for Lorentz violation,
we want to point out a subtlety related to the particle
species used in the experiments. For the experiment
comparing the charge-to-mass ratios between protons
and antiprotons, most experiments use a hydrogen ion
(H™) as a proxy for the proton to eliminate systematic
shifts caused by polarity switching of the trapping
voltages. This modifies relation (46) to

(Iql/m),-,_lz (Iql/m); DR
(Iql/m), R(|q|/m)y-

where R = my-/m, = 1.001089218754 is the ratio of the
mass between a hydrogen ion and a proton [8], ! is the
cyclotron frequency for the hydrogen ion, and dw!! is its
corresponding  shift. To obtain Sw! , one can apply
w = H~ in expression (13) and the related tilde coeffi-
cients for Lorentz violation become the effective ones for
hydrogen ions. Expressing these effective coefficients in
terms of the corresponding fundamental coefficients for
the hydrogen ion constituents, the electron and proton
coefficients, is challenging due to nonperturbative issues
including binding effects in the composite hydrogen ion.
However, an approximation to these coefficient relations
can be obtained by treating the wave function of the
hydrogen ion as a product of the wave functions of a
proton and two electrons. Applying perturbation theory at
the lowest order and ignoring the related binding energies,
the cyclotron frequency shifts éw! of the hydrogen ion
due to Lorentz and CPT violation can then be approxi-
mated as the sum of these for its constituents, sw!l ~
dw? +26w¢ . The term Sw¢ contains coefficients for
Lorentz violation in the electron sector. Compared to
the shifts in the proton cyclotron frequencies, the ones
arising from the electron cyclotron frequency shifts are
suppressed by a factor of m,/m,, ~ 1073, For this reason,
we can ignore the term 26w¢  in the shifts of the hydrogen
ion cyclotron frequency shifts and keep contributions
from the protons only. Under this assumption, relation
(47) now becomes

(lgl/m),
(lal/m),

Sw? — RS
Rt

. (47)

Sw” — Réw!

Ro'T (48)
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In the following two subsections, we will use relation (48),
together with the reported precisions of the charge-to-
mass ratio comparisons between protons and antiprotons
and appropriate numerical values of @' for different
Penning-trap experiments to constrain the relevant coef-
ficients for Lorentz violation.

1. ATRAP at CERN

In a Penning-trap experiment located at CERN by the
ATRAP Collaboration, Gabrielse and his group achieved
a precision of 90 ppt for the difference of the proton-
antiproton charge-to-mass ratio comparison [7]. The
experiment applied an upward uniform magnetic field
B =5.85T in the trap. The reported result was obtained
by taking the time average of the cyclotron frequency
measurements. This procedure resulted in a suppression of
the time-dependent terms and implies that only the coef-
ficients that appear in the constant term in the time
variations of the cyclotron frequencies can be constrained
using the experimental result.

Applying expression (48) by taking the reported pre-
cision of 90 ppt for (|g|/m);/(|q|/m), — 1 and identifying
ol =27 x 89.3 MHz given in the ATRAP experiment,
the following limit can be obtained,

|60l — 1.001807 | . < 3.33 X 10726 GeV,  (49)
where the subscript “const” indicates that only the constant
terms contributing to the frequency shifts are relevant to the
above limit.

2. BASE at CERN

More recently, another Penning-trap experiment at
CERN by the BASE Collaboration led by Ulmer improved
the comparison to a sensitivity of 69 ppt [8], by applying a
horizontal magnetic field B = 1.946 T pointing 6 = 120°
from the local south in the counterclockwise direction. The
BASE experiment analyzed the data of the charge-to-mass
ratio comparisons to search for both time-averaged effects
and sidereal variations in the first harmonic wg of the
Earth’s rotation frequency. Focusing on the linear order

boost effects, the reported results can be taken to set bounds

on not only the constant terms A" and A\, but also on

the amplitudes AL Al 3@ and ACY which are
proportional to the first harmonic of the variations in the
sidereal frequencies.

Using the reported 69 ppt for the time-averaged precision
and 720 ppt for the limit of the first harmonic amplitude for
the comparison (48) and taking w!l” = 27z x 29.6 MHz for
the BASE experiment, the following limits are obtained,

6wl — 1.001807 | o < 846 x 10727 GeV  (50)

const ~~

and

6! —1.0018wF |, <8.83 x 10726 GeV,  (51)

where the subscript “const” in the limit (50) takes the same
meaning as the one in (49), while the subscript “1st” in the
limit (51) specifies the amplitude of the first harmonic in
the sidereal variation.

B. The g factors

Another intrinsic fundamental quantity of a particle is
known as the g factor, which is associated to the particle’s
anomalous magnetic moment. The g factor of a particle
can be determined using a Penning trap by measuring the
ratio of its anomaly frequency and cyclotron frequency,
as shown by expression (8). Similar to the discussion of the
charge-to-mass ratios in Sec. IVA, Lorentz and CPT
violation can introduce shifts to both cyclotron and
anomaly frequencies of the particle in the trap according
to expressions (29) and (31). Compared to the shifts in the
anomaly frequencies éw! and S, contributions to the
cyclotron frequencies dw) and Sw! are suppressed by
factors of eB/m?. Even for a comparatively large magnetic
field of B ~ 5 T in a Penning trap, these factors are at orders
of eB/m? ~ 107" for protons and antiprotons. Therefore,
to obtain the dominant effects due to Lorentz and CPT
violation, we can ignore the shifts in the cyclotron frequen-
cies and focus only on these in the anomaly frequencies.
According to expressions (29) and (31), the shifts in the
anomaly frequencies are controlled by the tilde combinations
b3, and b?? in the apparatus frame, with their definitions in
terms of the fundamental coefficients for Lorentz violation
given by expressions (30) and (32). The rotation and boost
transformations of these fundamental coefficients for
Lorentz violation from the apparatus frame to the Sun-
centered frame introduce time-varying signals in the mea-
surements of the g factors. A time-variation analysis of the
anomaly frequency measurements would permit constraints
on the relevant coefficients for Lorentz violation.

Since the shifts in the anomaly frequencies due to
Lorentz and CPT violation between a particle and an
antiparticle are different, as shown in results (29) and (31),
for experiments comparing the g factors between a particle
and its antiparticle, the comparison is related to the
difference in the anomaly frequencies, given by

1 ® ol Swl ¥
Z — . Ze _ T84 -—, 52
5 (9w = 95) < prib (52)

where again all Lorentz- and CPT-invariant contributions
are canceled out on the right-hand side. Note relation (52)
doesn’t require the use of the same magnetic field to
measure the g factors of a particle and an antiparticle. If
different magnetic fields are used in the traps, »} and @?
would have different values, and the coefficients in dw)] and
dw? would have different transformation expressions as
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they depend on the field orientations used in the traps. In
the next two subsections, we will analyze Penning-trap
experiments that measure the g factors of protons, anti-
protons, and their comparisons, and use the reported
precisions for these measurements to constrain the relevant
coefficients for Lorentz violation in the proton sector.

1. BASE at CERN

The measurement of the g factor for antiprotons has
reached a record precision of 1.5 ppb by the BASE
Collaboration using a Penning trap located at CERN, with
a horizontal magnetic field B = 1.946 T at 0 = 120° from
the local south [10]. A sidereal-variation analysis of the
Larmor frequencies was performed at the frequencies of wg
and 2wg, yielding a precision of 5.3 ppb and 5.2 ppb,
respectively. Since w; = @, + @, any shift in the Larmor
frequency of the antiproton is the sum of the shifts in
its anomaly frequency and the cyclotron frequency.
However, as discussed at the beginning of this subsection,
shifts in the cyclotron frequencies are suppressed by these
in the anomaly frequencies by a factor of eB/m? ~ 10716
Keeping only the dominant contributions to the Larmor
frequency, we have éw; = dw,. Identifying a)’z =27 X
82.82 MHz, together with the reported precisions of
5.3 ppb and 5.2 ppb of the sidereal variations in wg and
2wg, we have the following limits in natural units

6008 , < 1.81 x 10724 GeV (53)
and
1608 ppq < 1.81 x 1072* GeV, (54)

where the subscripts “lst” and ‘“2nd” take the same
meaning as before.

2. BASE at Mainz and CERN

The proton’s g factor has been measured to a record
precision of 0.3 ppb, by the same BASE Collaboration
using a Penning trap located at Mainz with a horizontal
magnetic field B=19T at 6= 18° from the local
south [9]. At the end of this subsection, we combine the
proton’s g factor measurement with that of an antiproton,
discussed in the preceding section, to extract limits of
additional coefficients for Lorentz violation in the proton
sector. Combining the reported precisions of 0.3 ppb
(proton) and 1.5 ppb (antiproton) for the time-averaged
measurements, and identifying ! = 2z x 28.96 MHz
and a)é7 = 2z x 29.66 MHz for each experiment, compari-
son (52) gives

|68 — 0.986000 | on < 9.53 x 1072° GeV,  (55)

|c0nst

where the same subscript “const” is used to specify only
the constant terms in the transformation are relevant to the
above limit. The factor 0.98 is the ratio of w” / w{_-’ due to the
different cyclotron frequencies in the two experiments.

C. Results

The limits appearing in expressions (49)—(55) contain
the shifts in the cyclotron and anomaly frequencies of
protons and antiprotons. The exact expressions of these
frequency shifts in terms of the fundamental coefficients
for Lorentz violation in the Sun-centered frame depend, in
general, on the field configuration of each experiment, as
given by Tables [-IV in Sec. III. Extracting the terms in the
relevant amplitudes according to the subscripts of the limit
expressions, together with the corresponding experimental
values listed in Table V for each experiment, the limits
on the relevant coefficients for Lorentz violation can be
obtained. To illustrate this idea in more detail, we provide
here an example that analyzes the BASE experiment
comparing the charge-to-mass ratios between protons
and antiprotons at CERN.

Since the BASE experiment at CERN applied a magnetic
field of B=1.946 T in the horizontal direction, and
limits (50) and (51) include shifts in the cyclotron frequen-
cies of protons and antiprotons, the corresponding table
that lists the transformation results is identified as Table II.
The subscript “const” in limit (50) suggests that only the
constant terms in the time variations can be constrained
using this limit, which are the terms appearing in the

amplitudes Aéc‘o), A(OC'U, Aéc‘o), and A(()C’l) in the first
expression in Eq. (A6). Similarly, the subscript “Ist” in
limit (51) implies that the terms corresponding to both
coswgTgq and sin wgT'¢ can be bounded. These terms can

be identified as the ones in the amplitudes AE-C’O), Aﬁ""”,

Aﬁ.“’”, Aﬁ“’”, AE-C'O), AFYC’O), AE-C’I), and AES’I) in the second
expression in Eq. (A6). The amplitudes with a O in the
superscripts denote contributions at the zeroth boost order
and they have been studied in detail in Ref. [17], therefore,
we focus here on the reinterpretation of limits (50) and (51)
on the amplitudes at the linear boost order. Keeping only
the amplitudes at linear boost order in limits (50) and (51)
with the laboratory colatitude y = 43.8° listed in Table V
and taking fg~1.6x 107%, the limits on the relevant
combination of coefficients for Lorentz violation are thus
obtained. We note that in deriving the limits from the BASE
at Mainz and CERN experiments (discussed in Sec. [V B 2)
using this method, since the two BASE experiments used
magnetic fields in different directions, the angle 0 in the
transformations of dw’, and dw?’ takes different values. We
also note that Appendix provides an extended discussion on
combining the present work at linear boost order with the
previous works on zeroth boost order [14,17].

Some intuition about the scope of the limits on the
individual fundamental coefficients for Lorentz violation
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appearing in the above limits can be obtained using a
common practice adopted in many subfields searching for
Lorentz and CPT violation [4], which assumes that only
one individual coefficient is nonzero at a time and neglects
any possible cancellation among different coefficients.
This procedure offers a reasonable insight into the maxi-
mum conceivable sensitivity from the constraint to each
individual coefficient, allowing us to quickly compare the
sensitivities of different experiments to the individual
coefficients and to recognize which sectors of the SME
remain poorly explored. Following this spirit, we set limits
on individual components of the coefficients for Lorentz
violation and list them in Table VI. In the table, the first
column lists the components of the coefficients for Lorentz
violation in the Sun-centered frame, with parentheses on n
indices implying symmetrization and brackets on n indices
indicating antisymmetrization, both with a factor of 1/n!.
The second column displays the constraints obtained from
other work. A blank space in this column indicates that we
did not find any previous work that has imposed a limit
on this coefficient in the literature. We also verified that
the listed coefficient does not contribute to any of the

TABLE VI. Limits on the proton coefficients in the

constraints reported in the most recent edition of the Tables
for Lorentz and CPT violation [4], including the ones listed
in Tables D9 and D10 of this reference. The third column
displays the constraints obtained by this work. The final
column gives the relevant experiments used to obtain the
constraints, in which the notations in the parentheses indicate
the relevant particle species and quantities measured by the
experiment. For example, (p g) means g factor measure-
ments for protons and (p —p c¢/m) implies proton-
antiproton charge-to-mass ratio comparisons. As shown in
Table VI, this work obtained 18 first-time limits on coef-
ficients that have not been bounded before and improved
the constraints of two additional coefficients, b7, and d}7,

by about 4 and 10 orders of magnitude compared to the

previous constraints. The limits on cE,TX), cE,Tn, and cE,TZ) are

not comparable to the previous ones, but for completeness,
we also include them in the table.

V. PROSPECTS

We provide in this section the prospects of improving the
current SME limits or imposing first-time SME limits from

minimal SME.

Coefficient Previous constraint This work Experiment

b3 3.8 x 1071 GeV [37] 3.8 x 107" GeV BASE at Mainz (p g)

1)) 1.0 x 10720 [38] 5.1x 107! BASE at CERN (p — p ¢/m)
1) 1.0 x 10720 [38] 5.1x 107! BASE at CERN (p — p ¢/m)
1) 1.0 x 10720 [38] 2.1 x 107! BASE at CERN (p — p ¢/m)
5T 3.0 x 1078 [39] 8.2x 1071 BASE at Mainz (p g)

3| 1.6 x 10718 BASE at Mainz (p ¢)

Frsdl 8.9 x 101 BASE at Mainz (p g)

|} | 1.6 x 10718 BASE at Mainz (p ¢)

7| 2.5x 10718 BASE at CERN (p g)

a7 2.5x 10718 BASE at CERN (p ¢)

[H}| 2.3 x 10718 GeV BASE at CERN (p ¢)

H}Y| 23 x 1078 GeV BASE at CERN (p g)

|H}| 42 %1071 GeV BASE at Mainz (p ¢)

95| 2.5x 10718 BASE at CERN (p g)

95" | 2.5x 10718 BASE at CERN (p ¢)

19,7 1.4 x 10718 BASE at Mainz (p g)

5" 2.5 % 10718 BASE at CERN (p g)

175 2.5x 10718 BASE at CERN (p ¢)

195" 3.6x 107 BASE at CERN (p — p ¢/m)
1957 1.8 x 10~'8 BASE at CERN (p g)

957" 8.1x 1071 BASE at Mainz (p g)

977 8.1x 10719 BASE at Mainz (p g)

175 1.8 x 10718 BASE at CERN (p g)
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time-variation analysis of @} and !} of confined particles
or antiparticles in Penning-trap experiments. The limits
listed in Table VI were obtained from pure sidereal-
variation studies of the cyclotron and anomaly frequencies
and their comparisons between particles and antiparticles.
A detailed comparison of the SME coefficients from
different rows in each of Tables I-IV reveals that some
SME coefficients that contribute to a pure sidereal variation
also appear in a pure annual variation. This indicates that an
additional pure annual variation study could potentially
achieve greater sensitivities to these overlapping SME
coefficients than a pure sidereal variation analysis due to
the larger value of ¢ compared to g, by about two orders
in magnitude. Moreover, an additional pure annual varia-
tion or mix sidereal-annual variation analysis of @} and w;
could constrain additional SME coefficients that are unde-
tectable in a pure sidereal variation study.

To give an explicit example, we consider the measure-
ments of the anomaly frequencies with a horizontal
magnetic field, corresponding to the setup used in
Penning-trap experiments carried out by the BASE

Collaboration. As observed in Sec. 1V, the SME coeffi-

cients in A'""Y and A" can be constrained by particle-

antiparticle comparison studies while those contributing
to A(Ca’l), A§“’l), Ag’l), and Aﬁ;’l) are sensitive to pure
sidereal variation studies. Some of the coefficients that
contribute to these amplitudes in Table IV also contribute to

the A(C“ " and A(Sa’l) in the same table. These coefficients are
identified as oI, HIX, HIY dIT dZX 6 aZz¥, glXT & qIYT
gX¥X and gX'Y. A pure annual variation study is potentially
up to two orders of magnitude more sensitive to these
coefficients because fig /B =~ 10?. In addition to the above
SME coefficients, the pure annual variation analysis is
also sensitive to two more SME coefficients, d2# and gX'?,
that do not contribute to either the constant term or the
amplitudes of the sidereal variations of the anomaly

frequencies. We note that the coefficient gX'# does con-

tribute to the constant term A(()C"l) of the cyclotron frequen-

cies, and we used limit (50) to obtain a first bound on the
size of this coefficient, which is listed in Table VI.
However, a pure annual variation study of the anomaly
frequencies could in principle improve its limit from 107>

level to 107!8 level, an improvement of 13 orders of
magnitude, since the minimal SME contributions to the
anomaly frequencies are independent of the term |eB|
compared to these to the cyclotron frequencies. There are
four more SME coefficients, dX?, d¥7, gX%%, and g!## that
only contribute to the amplitudes of the mixed annual-
sidereal variations in Table IV and therefore, can only be
detected by searching for this type of variation. These four
coefficients are currently unconstrained in the proton
sector. The attainable limits on their size based on a
mixed annual-sidereal variation study are in the order of
1078 or better.

To make the discussion complete, we provide Table VII
to summarize the improvable and new SME coefficients
by additional annual and mixed sidereal-annual variation
studies of the cyclotron and anomaly frequencies for
different field configurations. In this table, the first column
gives the frequencies of analysis and the second column
displays the field direction used in an experiment. The third
column lists the SME coefficients that appear in both a pure
sidereal variation (including the constant term) and a pure
annual-variation analysis. Note for these coefficients,
assuming a pure sidereal variation study has been per-
formed already, an additional pure annual-variation analy-
sis has the advantage of improving their bounds by about
two orders in magnitude, as discussed at the beginning
of this section. The fourth column specifies the new SME
coefficients that can be detected by an additional annual
variation analysis. The final column presents the additional
SME coefficients that are sensitive to an additional mixed
sidereal-annual variation study, assuming pure sidereal and
annual variation studies have been performed already. At
the end of this section, we point out that since the limit of
coefficient gy "# listed in Table VI is obtained by analyzing
the cyclotron frequency difference between protons and
antiprotons from the BASE experiment using a horizontal
magnetic field, and this coefficient also lies in the category
of “Coefficients improvable by an annual variation” for the
case of @ with a horizontal magnetic field in Table VII, an
additional pure annual variation study could in principle
improve its limit by one or two orders of magnitude due to
the larger boost factor associated with the annual variation.
The BASE Collaboration recently performed an annual

TABLE VII. Accessibility of different time-variation studies to the SME coefficients.
New coefficients New coefficients
Field by an annual by a mixed
Frequency direction Coefficients improvable by an annual variation variation variation
W i (TX)  (TY) TXT _TYT XYX XYY _XZY _YZX r (T2) xyz 2z GYiz
W Vertical Cw "5 Cw "5 0w 5 9w > 955 ’ gﬁ > gl)f > 9w bw’ Cw gl)‘f gﬁ » Gw
W i r (TX) (1Y) (TZ) _rXT _TYT XYX XYY _XZY _YZX XYZ 2z gYZZ
Wc Horizontal byscw ™ cw s ew g G s Gw > 9w s 9w s Gw None gé » G
w : TX pgTY gZX g2Y TXT TYT _XYX XYY T T g77Z XYZ JXZ gYZ XZZ _YZZ
wa Vertlcal HV/ b HW b d‘V b dVV b gw b g"V > g% b gw bW7 dM" 9 dH/ 2 g% d‘V b dW 2 gw 2 gW
' ; T gTX gTY 1T gZX g2Y IXT TYT XYX XYY 77 XYZ XZ gYZ XZZ YZZ
a)é; Honzontal bwv HW ’ HW 2 dW ’ dW ? dW 2 gW ’ gW K giv(' 2 g% dW 2 gg"r( dW 2 dW > ﬁ > gW
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variation study of the cyclotron frequency difference
between protons and antiprotons as a test of the weak
equivalence principle [11], so it has a great potential to
improve the limit of g}¥%.

VI. SUMMARY

In this work, we studied the Lorentz- and CPT-violating
effects at linear boost order in Penning-trap experiments.
Within the SME framework, we first reproduced the
dominant Lorentz- and CPT-violating cyclotron and
anomaly frequency shifts of confined particles and anti-
particles in Penning traps. We then presented a general
discussion of transforming SME coefficients from the
apparatus frame to the Sun-centered frame at linear boost
order. Restricting the analysis to the minimal SME, the
transformation was applied to express the cyclotron and
anomaly frequency shifts in terms of the Sun-centered
frame SME coefficients. We found that the expressions of
these frequency shifts can be decomposed as a sum of
harmonics of the Earth’s sidereal frequency, the annual
frequency, and the product of the two. The amplitudes of
the harmonics expressed in terms of the Sun-centered frame
SME coefficients were given in Tables I-IV. Moving to the
applications to Penning-trap experiments, we adopted the
experimental measurements of the charge-to-mass ratios,
the g factors, and their comparisons between protons and
antiprotons from the ATRAP and BASE Penning-trap
experiments and translated them in terms of the limits
on the cyclotron and anomaly frequency shifts. Relating the
frequency limits to the SME coefficients, we extracted first-
time constraints on 18 SME coefficients and improved the
limits of two additional SME coefficients, by about 4 and
10 orders of magnitude. The results were summarized
in Table VI. To conclude the work, we provided some
comments on improving the current SME limits or impos-
ing limits on new SME coefficients from different time-
variation analysis. Following the present summary,
Appendix presented the Lorentz- and CPT-violating con-
tributions to the cyclotron and anomaly frequency shifts at
the zeroth boost order. |

AFO = (2B, — my (@ )1+ )

> X(XZ 7Y(YZ
+ (bF,(w )+bF(W ) bZZZ) )( )2(’

- zmw( Cy

(c0) _ (XZ)
ALY = (b’X -+ 2mw c, = ?
2

Y
(b{v +2m,, cw cl <

A"

IT 4§72 2))/2m

(byxx(7 +c ) _ 16EVZV(YZ)c§ + Eﬁ”(5 + 3c21))>

2
= ~ 7Y(YZ) 7X(XZ) _ 77ZXX | FZYY Sy
(c?ng &Y _m, <2bw — 20y, — BEXX 4 pE )c)() x

Overall, this work presents a general methodology for
studying Lorentz- and CPT-violating boost effects in
Penning-trap experiments. It provides a strong basis for
future searches for Lorentz and CPT violation using Earth-
based experiments. Given the impressive measurement
precision and excellent coverage of the SME coefficients,
Penning-trap experiments remain in the exciting category
of experiments that have great potential to unveil novel
signals for Lorentz and CPT violation in nature.

APPENDIX: EXPRESSIONS FOR PURE
SIDEREAL VARIATIONS AT BOTH ZEROTH
AND FIRST ORDER IN g

The discussion in this work focused on Lorentz- and
CPT-violating corrections to the cyclotron and anomaly
frequencies at linear order in  due to the minimal SME
terms. The results at the zeroth order in f§ including the
nonminimal SME terms up to mass dimensions six were
given in Refs. [14,17]. For completeness and the conven-
ience of future time-variation studies of Penning-trap
experiments, we provide in this appendix the full results
including both the zeroth and linear order in f.

We start the discussion by reproducing the main results
for the cyclotron frequency shifts obtained in Ref. [17]. The
general form of the Lorentz- and CPT-violating shifts to
the cyclotron frequencies of confined particles at the zeroth
order in f is given by

w
50)0,0

5 = AY 4+ ALY cos g Tg + ALY sinwg Tg
e

+ AECZ’O) cos 2wg T + Aggo) sin2wg Tg

+ A% cos3wgTe + A sin3wgTe, (Al
where wg is the sidereal frequency and Tg the sidereal

time. As discussed in Sec. III, the explicit expressions of

the amplitudes A'“” in Eq. (A1) depend on the field

orientation in a trap. For a vertical magnetic field, ALY

given by

are

(bzxx 4 bZYY) ¢ 05,

~ ~ s - 1.
Y (B (T 4 ) — 1652592 4 BV (s 3%))) = - (bézz - 5%“”) 53
x !
2

2m,,
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2
Agcz-m _ <55ny> +mw(l~7§("z) + XD +;,5<XY))CX>S_;(,

my,

3
AELS-,O) _ _%ﬂr (253;(”) —pRxx 4 l;ﬁ”), Agg,O) 53 <2bw( L YXX _ Z)gYY). (A2)

Sx
4

For a horizontal magnetic field, we have
A(()C 0 — |:b/ZCQS +m ( T 4 — (cfgx + ) (e + cisg + 53) + T (s + 55 ))} /m?

1 - - ~ | -
~3 B + o — b7 )co(5s, — 4caps;y + 53,) —— (vaVXX + b5 )(2¢) 53, — o5, (3cag + 11)),

A0 (BXcoe, + bl sy — mw(E‘(fZ) c3sa, + & Z>Szgs;,)) mg, = 1_6b Ce((@a = T)e, = 2ccy,)
— cpe, 116 (BXX (329 = 6¢2cs, +T) + BEYY (cag — 22y, + 13) + 165572 (5252 + ¢2) — 16b7 ") 2s,)
+ %se(lgﬁ(n)(cécz){ + sf,c}% + sf) - ZEV};ZZ(S?)S)Z( + c)z() + 4I~9£(YZ> césf()
— g [BU (s9(25 ~ dces,) +520) + B (so(11 = 12633,) + 30)].
A§C’O> = (B¢, c, - bXsy+ mw(cgz)swsx - cEVYZ) cesz)())/mw + ZCesx(bZWZ)cacl - I;i(xz)stg)
1i6 coc, [BYXX (chp — 2¢5co, +13) + bYYY (3¢, — 6¢5co, +7) + 1653;22(555% +c3)]
- ﬁ 25X ¢o((29 = T)e, = 2c3c3,) + BX (59(1263¢5, — 11) = Bs3g) + BXY (sg(dc3cy, — 25) = s39)]
+ sp[bE?% (5252 + ¢2) — %EYV(XY)(L%QX + 552 + s2)]. (A3)
and
Ai;’()) =- <é (e =2l (1 = 3cap — 2¢hcy,) — EEVXY)chw) /m,, — (leS(YZ) 1 prxA) E£<XY))s9c§sz){
+3 L QBEXE) _aB0D) L BB (g — Sexg)s, — dcdsa,).
— - (e = e 1 = 3z 2chs) )+ (BEO7 = B 4 LB - B) Jouci
+i6(b DD L 5D L B (e = Ses)s, — dedsy,),
A5 = LB - B 2B (3 (e = Seso)e, — Aces,) = 3 L @B 4 XX B (Bsy(1 — dcdes,) — Ss30).
A = L (B = B = 2B10) Bsy(1 = dcdes,) — Ssa0) g B 4 B~ B) 3o = Sesg)e, — dcies,),

(A4)

where the definitions of all the relevant tilde effective coefficients can be found in Ref. [17]. The frequency shifts 6w, for

antiparticles can be obtained by replacing the amplitudes A" by A“”) in Eq. (A1). The expressions of amplitudes A"
are obtained from Eqgs. (A2)—(A4) by replacing b — —bi/, &)X — &:/K, and bkl — —by/KL.

For pure sidereal variation studies of the cyclotron frequencies, the expressions of the different amplitudes can be
obtained by summing Egs. (A1) and (35), given by
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5! (Ag;*’) + 4],

¢l
const

o= |/ (A0 + ALY 4

60 10g = \/ (457 +a5V) +

(AE-C’O) +AlD

(415"

c,1
+AGY

)

where the Agf’l) amplitudes are given by Tables I and II.

Note the constraining of amplitudes |A(()C‘O)| and |Aéc’1)|
in [6w)| s requires comparisons of different cyclotron
frequencies.

For cyclotron frequency shifts comparisons |6w) — dw}?|
between particles and antiparticles, the expressions of
different amplitudes for a pure sidereal variation study

|6l |54 = \/(Ag’o))z + (A£§,1))2, (A5)  are given by
|
800 = 500F ooy =[5 + AGY = A0~ A
6wl — S0, = \/(Agc,o) 1 AleD _ 40 _Agc,l))z n (Agc,()) 4 Al _ 40 _Agc,1)>2’
600 = 80|y = ¢ (45" + 45" - 25" - ALV + (a5 + AV - ALY - A5,

W 0
(602 = 50739 = \/ (45"

The limits (49), (50), and (51) obtained by pure sidereal
variation studies of @, can be used to impose constraints on
the first two expressions in Eq. (A6). This expands the

results obtained in Ref. [17] by including the contributions

at linear order in S contained in the amplitudes Al

and AV,

Moving the discussion to the anomaly frequencies,
the general form of the Lorentz- and CPT-violating shifts
to the anomaly frequencies at the leading order in S is
given by

bwy, ( = A(()a’o) + A" cos wgTg + A9 sin wgTg

+ A% cos20g T + A% sin2wgTe. (A7)
with the amplitudes Ai“’o) given by
AO 0= - ZbZC _B(ZbFW (i??)fv—FZ]gYw—ZZ][Z;ZW)S)Z(),
A( O = 2b%s, —2BbY s,
= 2blls, = 2Bb; sy,
Agazso) _ (EYY _EXX)S)%,
ASY = 2BBE 2, (A8)

for a vertical magnetic field, and

AP (A

cl “(c,1)\2
3 )_A.(v3 )> .

(A6)

Af)a‘o) = —2bfs,c

— B((bF), + b)) (e + 53) +2bFWC6vS ):
ALY = 2(BXcpe, + Blisg) +4Bcys, (B9 coc, + DY) sy),
Al = 2(bv{cgcl —b¥sg) + 4Bcys, (bF W CoCy— bsp.w)sg),
AG" = BB, = %) (chet = 53) = 207 ¢, m0).
Ag‘o) = —3(2/353,‘5)(6502 - Sa) (bF w bF,w)C;(s%))»

(A9)

for a horizontal magnetic field. Similarly, the anomaly
frequency shifts 6w}, , for antiparticles can be determined
by replacing A? to A in Eq. (A7), with A? given
by replacing b}, — —b;/ and bjX, - —b}/K in Egs. (A8)
and (A9).

The corresponding different amplitudes in a pure sidereal
variation study of the anomaly frequencies can be deter-
mined by adding Eq. (37) to (A7). These amplitudes were
found to be

|5w2}|const :’A(()a’()) +A(()a,1)‘,

00| = \/ (40 + ALY 4 (400 4 alD)?

a a 2 a a 2
005 | 50g = \/<A£2,0) +A£2YI)> + <A§2’0> +A§2,1)) ;

(A10)
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where the amplitudes Ai“’l) are given by Table III for a

vertical magnetic field and by Table IV for a horizontal one.
Applying the limits (53) and (54) from pure sidereal
variation studies of w, to the expressions of |Swl|
and [6w)|,q in Eq. (A10) expands the results in
|

600 = 50 oy = |45 + S = AF0 — A"

1)

Ref. [14] by including amplitudes Aia’l)

boost contributions.

For particle-antiparticle anomaly frequency shifts com-
parisons |6w} — Sw}|, the corresponding amplitudes are
found in a similar way,

from linear-order

’

o — 80 = (A8 A A NP 4 (a0 4 A

W W a0 a,l = (a0
|50)a —50)a|2nd = \/(Aﬁz ) +A£2 : _A<c2 -

We note that if the anomaly frequency comparison
|6 — w¥| is based on Eq. (52) using experiments with
magnetic fields of different strengths, we can define a
factor ¢ = w)/w? to represent the cyclotron frequency
ratio between particles and antiparticles. To obtain limits
of the SME coefficients, this factor is then incorporated

= (a 2 a a = (a ~(a 2
AE‘Z’I)) + (A.EZ’O) +A<21) _A§2’0) _AA(YZYI)) .

(Al1)

N

|
into the comparison as |[sw! — ESw!| and carried along
with the amplitudes A and AV in Eq. (A11) as well.
Using the limit (55) together with the first expression in
Eq. (A11), we can extend the results obtained in Ref. [14]
by including the contributions at linear order in f.
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