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Charm-meson #-channel singularities in an expanding hadron gas
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We study the time evolution of the numbers of charm mesons after the kinetic freeze-out of the
expanding hadron gas produced by the hadronization of the quark-gluon plasma from a central heavy-ion
collision. The 7D reaction rates have contributions from a D* resonance in the s channel. The 7D* reaction
rates are enhanced by #-channel singularities from an intermediate D. The contributions to reaction rates
from D* resonances and D-meson #-channel singularities are sensitive to thermal mass shifts and thermal
widths. In the expanding hadron gas, the t-channel singularities are regularized by the thermal D widths.
After kinetic freeze-out, the thermal D widths are dominated by coherent pion forward scattering. The
contributions to #D* reaction rates from r-channel singularities are inversely proportional to the pion
number density, which decreases to 0 as the hadron gas expands. The #-channel singularities produce small
but significant changes in charm-meson ratios from those predicted using the known D*-decay branching

fractions.
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I. INTRODUCTION

The charm mesons that are most easily observed in high-
energy experiments are the pseudoscalar mesons Dt and
DO and the vector mesons D** and D*°. The Ds have very
long lifetimes because they decay by the weak interactions.
The D*s are resonances whose widths are several orders of
magnitude narrower than those of most hadron resonances.
This remarkable feature arises because the D* — D mass
splittings are very close to the pion mass m,, which limits
the phase space available for those decays D* — Dz
that are kinematically allowed. The soft pion in the rest
frame of the D* suppresses the rate for a hadronic decay
D* — Dz, making it comparable to that for a radiative
decay D* — Dy.

Another consequence of D* — D mass splittings being
approximately equal to m, is that there are charm-meson
reactions with a f-channel singularity. A #-channel
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singularity is a divergence in the rate for a reaction in
which an unstable particle decays and one of the particles
from its decay is scattered [1]. The singularity arises
because the scattered particle can be on shell. The adjective
“t-channel” refers to the fact that in the case of a 2 — 2
reaction, the scattered particle is exchanged in the ¢
channel. The existence of 7-channel singularities was first
pointed out by Peierls in 1961 in the case of zN* scattering
through the exchange of a nucleon [2]. An example of a
reaction with a #-channel singularity in the Standard Model
of particle physics is v,Z° — v,Z°, which can proceed
through the exchange of 7,, which is one of the decay
products in Z° — v,0,. The tree-level cross section
diverges when the center-of-mass energy is greater than
V/2M ;, because the 7, can be on shell. Another reaction
with a ¢-channel singularity is "y~ — W'e~1,, which can
proceed through exchange of v,,, which is among the decay
products in 4~ — v,e”v,. Melnikov and Serbo solved the
divergence problem by taking into account the finite
transverse sizes of the colliding y* and = beams [3].

A general discussion of 7-channel singularities has been
presented by Grzadkowski et al. [1]. They pointed out that
if a reaction with a r-channel singularity occurs in a thermal
medium, the divergence is regularized by the thermal width
of the exchanged particle. The most divergent term in the
reaction rate is replaced by a term inversely proportional
to the thermal width. A general discussion of the thermal
regularization of ¢-channel singularities has recently been
presented by Iglicki [4].

Published by the American Physical Society
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The simplest charm-meson reactions with a 7-channel
singularity are zD* — zD*. There are t-channel singular-
ities in six of the ten scattering channels: the elastic
scattering of 7°D**, 7t D**, and 7z°D* and the inelastic
reactions 7°D*T —» 7zt D*0, 77 D*0 = ZOD*t and 2~ D*t —
7°D*0. These reactions can proceed through the decay
D* — Dz followed by the inverse decay D — D*. The
t-channel singularity arises because the intermediate D can
be on shell. The cross section diverges when the center-of-
mass energy squared, s, is in a narrow interval close to the
threshold. In the case of the elastic scattering reaction
zD* — zD*, the t-channel singularity region is

2M? — M? 4+-2m2 < s < (M?2 —m2)>/M?, (1)

where M, and M are the masses of D* and D. The lower
endpoint of the interval is above the threshold (M, + m,)?
by approximately 2Mo, where 6 = M, — M —m,. The
small energy difference & is comparable to isospin splittings.
The difference between the upper and lower endpoints is
approximately 8(M, /M )m 6, which has a further suppres-
sion factor of m,/M. The interval in the center-of-mass
energy /s is largest for the reaction z°D*® — 7°D*0,
extending from 6.1 to 8.1 MeV above the threshold
M, + m, =2141.8 MeV. Since the t-channel singularity
arises because the intermediate D can be on shell, the
divergence in the cross section could be regularized by
taking into account the tiny decay width I" of the D, which
would replace the divergent term by a term with a factor 1 /T.
However, the resulting enormous cross section is unphys-
ical. One reason is that the widths of the incoming and
outgoing D* are larger than I by about eight orders of
magnitude, so the D* widths are more relevant than the
width of D.

An obvious question is whether the 7-channel singular-
ities in charm-meson reactions have any observable con-
sequences. One situation in which there may be observable
consequences is the production of charm mesons in
relativistic heavy-ion collisions. A central heavy-ion colli-
sion is believed to produce a hot dense region of quark-
gluon plasma in which quarks and gluons are deconfined.
The quark-gluon plasma expands and cools until it reaches
the temperature for the crossover transition to a hadron
resonance gas in which the quarks and gluons are confined
into hadrons. After hadronization, the hadron resonance gas
continues to expand and cool until it reaches kinetic freeze-
out, after which the momentum distributions of the hadrons
are no longer affected by scattering. After kinetic freeze-
out, the hadron gas continues to expand as the hadrons free-
stream away from the interaction region. The #-channel
singularities in charm-meson reactions could have signifi-
cant effects either during the expansion and cooling of the
hadron resonance gas between hadronization and kinetic
freeze-out or during the expansion of the hadron gas after
kinetic freeze-out.

In the hadron gas produced by a heavy-ion collision,
t-channel singularities are regularized by the thermal widths
of the hadrons. The divergent term in the rate for a reaction
with a 7-channel singularity is replaced by a term inversely
proportional to the thermal width of the hadron that can be
on shell. Between hadronization and kinetic freeze-out, the
thermal widths are determined by the temperature. After
kinetic freeze-out, the thermal widths are determined by the
temperature at kinetic freeze-out and by the density of the
system, which decreases as the hadron gas expands.

In this paper, we restrict our study of the effects of
t-channel singularities in charm-meson reactions to the
expanding hadron gas after kinetic freeze-out. The restric-
tion to after kinetic freeze-out offers many simplifications.
The only hadrons in the hadron resonance gas that remain
are the most stable ones whose lifetimes 7 are long enough
that c7 is larger than the size of the hadron gas, whose order
of magnitude is 10 fm. The most abundant hadrons by far
are pions. The temperature at kinetic freeze-out is low
enough that the interactions of charm mesons and pions can
be described by a chiral effective field theory. The relevant
charm mesons are D*, D°, D**, and D*. The decays of
D** and D*, whose lifetimes satisfy ¢z > 2000 fm, occur
long after kinetic freeze-out. The dominant contribution
to the thermal width of a charm meson comes from the
coherent forward scattering of pions and is proportional to
the pion number density n,, which decreases to 0 as the
hadron gas expands. A D-meson t-channel singularity
therefore gives a contribution to the reaction rate inversely
proportional to n,. The factor of 1/n, can cancel a
multiplicative factor of n, in a term in a rate equation,
increasing the importance of that term at late times. In
Ref. [5], we showed that D-meson #-channel singularities in
the reactions z#D* — zD* produce significant modifica-
tions to the ratios of charm mesons produced by heavy-ion
collisions. In this paper, we present the details of the
calculations that lead to this surprising result.

The rest of the paper is organized as follows. In Sec. II,
we establish our notation for various properties of charm
mesons. In Sec. III, we describe the hadron resonance gas
produced by a heavy-ion collision and we present a simple
model for its time evolution. In Sec. IV, we calculate the
mass shifts and thermal widths of charm meson in a pion
gas. In Sec. V, we calculate reaction rates of charm meson
and pions in a pion gas. In Sec. VI, we solve the rate
equations for the charm-meson number densities in the
expanding hadron gas produced by a heavy-ion collision
after kinetic freeze-out. We show that D-meson #-channel
singularities produce small but significant changes in the
ratios of charm-meson abundances. We summarize our
results in Sec. VII. In Appendix A, we give the Feynman
rules for heavy-hadron yEFT used in the calculations in
Secs. IV and V. In Appendix B, we calculate a thermal
average over the pion momentum distribution that is
sensitive to isospin splittings.
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II. CHARM MESONS

In this section, we introduce notation for the masses and
decay widths of charm mesons. We also describe simple
relations between numbers of charm mesons that involve
D* branching fractions.

A. Masses and widths

We denote the masses of the pseudoscalar charm mesons
DT and D° by M, and M, and the masses of the vector
charm mesons D** and D** by M, and M,,. We denote
the D** — D’ mass difference by A,, = M,, — M,,. The
average of the four mass differences is A = 141.3 MeV.
We denote the masses of the pions z* and z° by m,, and
m,y. We sometimes also denote the mass of the pion
produced in the transition D** — D’z by m,,: my., =
my if a = b, my,, = m,, if a # b. When isospin split-
tings can be neglected, we take the pion mass m to be the
average over the three pion flavors; m, = 138.0 MeV.
Many reaction rates are sensitive to the difference between
a D* mass and a D scattering threshold. The differences
for the transitions D* — Dz that conserve electric charge
are

Agy — 1y = 7.04 £ 0.03 MeV, (2a)
Ao -y, = 5.855+0.002 MeV, (2b)
A, —myy=5.63+0.02 MeV, (2¢)
Ay, —my, = —2.38 +0.03 MeV. (2d)

The negative value of Ay, —m,, implies that the decay
D*® — D* 7~ is kinematically forbidden.

We denote the total decay widths of the vector charm
mesons D** and D** by I',_ and T,. The decay width of
D** is measured. The decay width of D* can be predicted
using Lorentz invariance, chiral symmetry, isospin sym-
metry, and measured D* branching fractions,

Br[D" - DOn'|0yy 212 (M3y, M. mag) /M3,
Br[D*" — Dzl 2432(M?, M3, m2,)/M3,°

(3)

where A(x,y,z) = x> +y? + 2> = 2(xy + yz + zx). The
branching fractions for the decays D* — Dz are

B,y =Br[D*" - Dzt] = (67.7+0.5)%, (4a)
By =Br[D* - D2% = (64.7 £ 0.9)%,  (4b)
B.. =Br[D'" - D*2% = (30.74+0.5)%. (4c)

The D* decay widths are

I, =T[D"]=834+18keV, (5a)

o =T[D"] =554+ 15 keV. (5b)

The D* radiative decay rates are
[, =TD" - D] =134+03keV, (6a)

[, =T[D* - D% =19.6+0.7 keV.  (6b)
The decay widths of the spin-0 charm mesons D™ and D°
are smaller than those for D* by about eight orders of
magnitude, because they only decay through weak
interactions.

The interactions of low-energy pions with momenta at
most comparable to m, can be described by chiral effective
field theory (yEFT) [6]. The self-interactions of pions in
yEFT at leading order (LO) are determined by the pion
decay constant f,. It can be determined from the partial
decay rate for z* into u*v,,

1 mZ(m2 _ m2>2
F[ﬂ+ - /'ﬁ_l/ﬂ] = 5 |Vud|2G%f%”:;—3ﬂ : (7)
n+

From the measured decay rate,
131.7 MeV.

The interactions of charm mesons with low-energy pions
can be described by heavy-hadron yEFT (HHyEFT) [7-9].
The first-order corrections in HHYEFT include terms sup-
pressed by m,/M and A/M. Isospin splittings can be
treated as second-order corrections. The partial decay rate
for D* — Dz in HHyYEFT at LO is sensitive to isospin
splittings through a multiplicative factor (A% —m2)3/2.
Isospin splittings can be taken into account in the
partial decay rate for D* — D’z by replacing A by A,, =
M., — M, and m, by the mass m,,, of the emitted pion.
The resulting expression for the partial decay rate is

we obtain f, =

2
va Y9
[[D* — D’z| = 1272 (2 = 8ap) (A3, — 7, )
X H(Aab - m;mb)' (8)

The dimensionless coupling constant g, can be determined

from measurements of the decay D** — Dzt:
g, = 0.520 £ 0.006.

B. Charm-meson numbers

The numbers of charm hadrons created in a high-energy
collision must be inferred from the numbers that
are detected. The decay of D*° always produces D°.
The decay of D** produces D° and Dt with branching
fractions B and 1 — B, . We denote the numbers of DY,
D*, D', and D** observed in some kinematic region by
Npo, Np+, Npo, and Np-+. The observed numbers of DO
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and D can be predicted in terms of the numbers (N pa),
and (Npw), before D* decays and the branching fraction
B +0>

Npo = (Npo)o + (Npo)g + Boo(Np)o, (9a)
Np+ = (Np+)o+0+ (1 =Bio)(Np- )y (9b)

The last two terms in each equation come from D** and
D** decays, respectively. The difference between the
numbers of D° and DT can be expressed as

NDO —ND+ == 2’B+0(ND*+)O + (NDO —ND+)0
+ (NDxO —ND*+)0. (10)

The simple relations in Eq. (9) have been assumed in all
previous analyses of charm-meson production. We will
show in this paper that these relations can be modified by
t-channel singularities.

In a high-energy hadron collision, the numbers of D® and
D™ created in some kinematic region should be approx-
imately equal by isospin symmetry: (Npo)y = (Np+)-
Similarly, the numbers of D* and D** created should
be approximately equal; (N p«0), & (Np« ),. The deviations
from isospin symmetry in the charm cross section should be
negligible, because isospin splittings are tiny compared to
the energy available for producing additional hadrons. The
decays of bottom hadrons give isospin-violating contribu-
tions to charm-meson production, but the bottom cross
section is much smaller than the charm cross section at
present-day colliders.

The charm mesons that are most easily observed at a
hadron collider are D°, DT, and D**, because they have
significant decay modes with all charged particles. If the
only reactions of charm mesons after their production are
D* decays, the ratios of the observed numbers of DY DT,
and D*T are determined by the vector/pseudoscalar ratio
before D* decays, which we denote by (Np:/Np),.
Assuming isospin symmetry, that ratio can be expressed
in terms of the observed numbers Npo, Np+, and Np«+,

Np\ 2N e
ND ONNDO+ND+—2ND*+'

(11)

Isospin symmetry also implies that there is a combina-
tion of the three observed numbers that is completely
determined by B _,

Np —N
ST 2B, = 135 £ 0.01. (12)
Nps+
Deviations from this prediction must come either from
initial conditions that deviate from isospin symmetry or
from charm-meson reactions other than D* decays that also

violate isospin symmetry. Reactions with z-channel singu-
larities are examples of such reactions.

III. HEAVY-ION COLLISIONS

In this section, we present a simple model for the hadron
resonance gas produced by a central relativistic heavy-ion
collision. We describe the statistical hadronization model
for the abundances of hadrons produced by a heavy-ion
collision. Finally we describe the number densities of pions
and charm mesons both before and after the kinetic freeze-
out of the hadron gas.

A. Expanding hadron gas

The central collision of relativistic heavy ions is believed
to produce a quark-gluon plasma (QGP) consisting of
deconfined quarks and gluons which then evolves into
a hadron resonance gas (HRG) consisting of hadrons.
A heavy-ion collision involves multiple stages: the colli-
sions of the Lorentz-contracted nucleons in the nuclei, the
formation and thermalization of the QGP, the expansion and
cooling of the QGP, the hadronization of the QGP into the
HRG, the expansion and cooling of the HRG as most of the
resonances decay, the kinetic freeze-out of the HRG when its
density becomes too low for collisions to change momentum
distributions, and finally the expansion of the resulting
hadron gas by the free-streaming of hadrons. For each stage,
complicated phenomenological models have been devel-
oped to provide quantitative descriptions [10-14].

A natural variable to describe the space-time evolution of
the system created by the heavy-ion collision is the proper
time 7 since the collision. A simple phenomenological
model that may describe the essential features of the system
between the equilibration of the QGP and the kinetic freeze-
out of the HRG is a homogeneous system with volume V (z)
in thermal equilibrium at temperature 7(7). We denote the
proper time just after hadronization by 7 and the proper
time at kinetic freeze-out by z;;. The volume increases from
Vy atty to V¢ at 7y, while the temperature decreases from
Ty to Ty;. These proper times, volumes, and temperatures
can be determined by fitting the outputs of simplified
hydrodynamic models for heavy-ion collisions. Values of
the volumes V ; and V¢ and the temperatures 7'y and T for
various heavy-ion colliders are given in Refs. [15,16]. An
explicit parametrization of the volume V(z) can be obtained
by assuming the boost-invariant longitudinal expansion
proposed by Bjorken [17] and an accelerated transverse
expansion caused by the pressure of the QGP before
hadronization and by the pressure of the HRG after
hadronization [18]. The parametrization of V(z) for the
HRG between hadronization and kinetic freeze-out is [19]

V(t) = n[Ry + vy(z — 1) + ay(z —ty)*/2]ct

(ty <7 < 745), (13)
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where Ry, vy, and ay are the transverse radius, velocity,
and acceleration at 7y. If the transverse velocity
vy + ay(t — ) reaches the speed of light before kinetic
freeze-out, the subsequent transverse expansion proceeds
at the constant velocity ¢. The temperature 7(z) can be
determined by assuming isentropic expansion. The para-
metrization of 7'(z) for the HRG between hadronization and
kinetic freeze-out in Ref. [20] is

T—7TyH

T(t)=Ty+ (Ty—Ty) < >4/5 (tyg <7 <74).

(14)

Tkt —TH

The parameters in V(z) and T'(z) for central Pb-Pb collisions
at5.02 TeV are given in Ref. [21]. Hadronization and kinetic
freeze-out occur at the proper times 7 = 10.2 fm/c and
7i¢ = 21.5 fm/c. Between hadronization and kinetic freeze-
out, the temperature decreases from 7y = 156 MeV to
Tys = 115 MeV. The transverse radius increases from
Ry = 13.0 fm to 24.0 fm. The transverse speed increases
from vy = 0.78¢ to ¢ at T = 12.7 fm/c and then remains
constant at vy = c.

After kinetic freeze-out, the system continues to expand,
but the momentum distributions of the hadrons are those for
a fixed temperature: 7(z) = T A simple model for the
volume V/(7) is continued longitudinal expansion at the
speed of light and transverse expansion at the same speed
vyr as at kinetic freeze-out,

V(t) = 7[Ry + vie(z — 7)) Pt (t>7y).  (15)

We assume the system remains homogeneous throughout
the expanding volume V(7). In the absence of further
interactions, the number density for each stable hadron
would decrease in proportion to 1/V(z) as 7 increases.
Charm quarks and antiquarks are created in the hard
collisions of the nucleons that make up the heavy ions.
Charm quarks are assumed to quickly thermalize with the
QGP at the temperature 7(z). They are not in chemical
equilibrium, because the temperature of the QGP is too low
for gluon and light-quark collisions to create charm quark-
antiquark pairs. The low density of charm quarks sup-
presses the annihilation of charm quarks and antiquarks, so
the charm-quark and charm-antiquark numbers are essen-
tially conserved. Conservation of charm-quark number
determines the charm-quark fugacity g.(z) in terms of
the temperature 7'(z) and the volume V(7). After hadro-
nization, charm hadrons are in thermal equilibrium with the
HRG at the temperature 7(7). Their number densities
evolve according to rate equations consistent with the
conservation of charm-quark number. The charm hadrons
are assumed to remain in thermal equilibrium until kinetic
freeze-out, after which they free-stream to the detector.

B. Statistical hadronization model

The statistical hadronization model (SHM) is a model
for the abundances of hadrons produced by a heavy-ion
collision [22]. According to the SHM, the hadronization of
the QGP into the HRG occurs while they are in chemical
and thermal equilibrium with each other at a specific
hadronization temperature Ty that can be identified with
the temperature of the crossover between the QGP and the
HRG. At hadronization, the number density of any spin
state of a light hadron depends only on the hadron mass
and the temperature Ty. (At sufficiently high rapidity or at
lower heavy-ion collision energies, a number density can
also depend on the baryon chemical potential.) The SHM
takes into account the subsequent decays of hadron
resonances, which increase the abundances of the lighter
and more stable hadrons. The SHM does not take into
account the scattering reactions that allow the HRG to
remain in thermal equilibrium after hadronization.

The SHM can also describe the abundances of charm
hadrons produced by a heavy-ion collision [23]. According
to the SHM, charm hadrons are created during hadroniza-
tion while the QGP and HRG are in thermal equilibrium at
the temperature 7'y. At hadronization, the number density
of any spin state of a charm hadron is determined only by
its mass, the hadronization temperature 7'y, and multipli-
cative factors of the charm-quark fugacity g.. The number
density of a charm hadron with a single charm quark or
antiquark is larger than the number density in chemical
equilibrium by the factor g.. The number density of a
hadron whose heavy constituents consist of n charm quarks
and antiquarks is larger than the number density in
chemical equilibrium by g [24].

The SHM gives simple predictions for charm-hadron
ratios at hadronization. Since the mass of a charm hadron is
so large compared to T(z), its momentum distribution in
the HRG can be approximated by a relativistic Boltzmann
distribution. The charm-hadron fugacity enters simply as a
multiplicative factor. At hadronization, the charm-hadron
fugacity is the product of the charm-quark fugacity g, and
the number of spin states. The factor of g, cancels in ratios
of charm-hadron number densities. The ratio of the
numbers of vector and pseudoscalar charm mesons at
hadronization is predicted to be

Np- MIKy(M,/Ty)
Np = MPKy(M/Ty)’

(16)

where M and M, are the masses of D and D*, which we
take to be the isospin averages of the masses of the
pseudoscalar and vector charm mesons, respectively. At
the hadronization temperature 7'y = 156 MeV, the vector/
pseudoscalar ratio is predicted to be Np-/Np = 1.339.
Ratios of the charm-hadron number densities for isospin
partners are given by equations analogous to Eq. (16) but
without the factor of 3. The predicted ratio for pseudoscalar
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charm mesons at hadronization is N /Np+ = 1.028. The
predicted ratio for vector charm mesons at hadronization
is Npw/Np~+ = 1.020. The SHM predictions for charm-
hadron ratios are modified from the simple predictions at
hadronization by the feeddown from the decays of higher
charm-hadron resonances.

The SHM has been applied to Pb-Pb collisions at
nucleon-nucleon center-of-mass energy /syy = 5.02 TeV
in Ref. [24] for various centrality bins; we choose to focus
only on the most central collisions. The charm-quark
fugacity at hadronization has been determined to be
g, = 29.6 £ 5.2. Predictions for the multiplicities dN/dy
for 4 charm mesons and 2 charm baryons at midrapidity
(ly| <3) are given in Table 1 of Ref. [24]. The expanding
hadron gas is modeled by a “core” in which the formation
of charm hadrons is described by the SHM and a “corona”
in which their formation is described by that in pp
collisions. For collisions in the centrality range 0-10%,
the predicted multiplicities dN/dy from the core for D°,
DT, and D*" are 6.02, 2.67, and 2.36, respectively, with
error bars consistent with those from a multiplicative factor
of g. =29.6 £5.2. The error bars on ratios of the multi-
plicities should be much smaller than 18%, but they cannot
be determined from the results presented in Ref. [24].
The predicted additional multiplicities dN/dy from the
corona for D°, D*, and D** are 0.396, 0.175, and 0.160,
respectively. The effect of the corona is to increase all three
multiplicities by about 7%.

An SHM prediction for the vector/pseudoscalar ratio
before D* decays can be obtained by inserting the predicted
total multiplicities for D%, D*, and D** into Eq. (11):
(Np+/Np)o = 1.194. This is significantly smaller than the
ratio 1.339 at hadronization predicted by Eq. (16), but also
includes feed-down effects from decays of higher resonan-
ces. The SHM prediction for the ratio (Npo — Np+)/Np+
is 1.42. This is larger than the isospin-symmetry prediction
1.35in Eq. (12) by about 5%. This, in turn, is larger then the
thermal isospin-symmetry deviations at hadronization pre-
dicted by the SHM, which are less than 3%.

C. Pion momentum distributions

The temperature 7" of the HRG is comparable to the pion
mass m,. By isospin symmetry, the pions z~, z°, and 7"
all have the same number density n,. The number density for
pions in chemical and thermal equilibrium at temperature 7 is

3
e _ [ dq 1
Ny _/(2n)3eﬂ“’a—1’ (17)

where w, = +/ m2 + ¢* and f = 1/T is the inverse tempera-
ture. At the kinetic freeze-out temperature T =115 MeV,

the equilibrium number density is ni = 1/(3.95 fm)?.
Between hadronization and kinetic freeze-out, the pions
are in chemical and thermal equilibrium. The temperature

T(7) of the HRG decreases as the proper time 7 increases.
The momentum distribution f, of the pions is the Bose-
Einstein distribution,

1

fn(wq) = P, — 1

— 1 (TH <7T< ka), (18)

where f# = 1/T(r). The temperature 7T(z) can be para-
metrized as in Eq. (14).

After kinetic freeze-out, the temperature remains
constant: T(z > 74) = Ty The pion number density
decreases in inverse proportion to the volume V(z) of
the expanding hadron gas,

n() =gt (e>n). (19)

where n,(,kf) is the equilibrium pion number density in

Eq. (17) at the temperature 7' and V; is the volume of the
hadron gas at kinetic freeze-out. The volume V(z) can be
parametrized as in Eq. (15). The normalization of the
momentum distribution f, of the pions is determined by the
pion number density n_,

n, 1
ngrkf) ePewg —

fa(wg) = (r>7).  (20)

where ﬂkf = I/ka.

We use angular brackets to denote the average over the
momentum distribution of a pion. The thermal average of a
function F(q) of the pion momentum is

(Flg)) = /fﬂn //” ). @

The thermal average depends on the temperature 7. After
kinetic freeze-out, the pion number density n, cancels in
the thermal average in Eq. (21). If the thermal average is
sensitive to the flavor i of the pion, the pion energy in
Egq. (21) should be replaced by w;, = Vm2 + ¢

The multiplicities of z* and z~ produced by Pb-Pb
collisions at the LHC with /syy = 5.02 TeV have been
measured by the ALICE Collaboration [25]. The pion
multiplicity averaged over z and z~ from collisions in the
centrality range 0-10% is

dN,/dy = 769 + 34. (22)

The total pion multiplicity for z*, z~, and z° is 3 times
larger. A fit of the SHM to hadron abundances at mid-
rapidity in Pb-Pb collisions at the LHC with /syy =
2.76 TeV has been presented in Ref. [26]. The central
values of the SHM fits for the multiplicities of z and 7~
are lower than the data by about 10%, which is comparable
to the experimental error bars.
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D. Charm-meson momentum distributions

We denote the number densities of the charm mesons D,
D°, D**, and D*" in the hadron gas by 1+, o, np++, and
np.o, respectively. Since charm-meson masses are so much
larger than the temperature 7', the momentum distributions
of the charm mesons can be approximated by relativistic
Boltzmann distributions. If the charm mesons were in both
chemical and thermal equilibrium, their number densities
would be determined by the temperature 7',
n(el(lq) _ / d3q exp (_ﬁ M? + pz) _ MLZZKZ(Ma/T)

b (2n)? “ 27%)T

’

(23a)

3 2
(eq) _ dq ( 5 2) _ 3M:,Ky(M,,/T)
9 _3 —B\/ M2, — .
" / @n PPV Mot =y

(23b)

However, the charm mesons in the expanding hadron gas are
not in chemical equilibrium. The number densities np«(7)
and np«(7) evolve with the proper time according to
rate equations consistent with the conservation of charm-
quark number. The momentum distributions of the charm
mesons are

n a
i (p) = sexp(=By M2+ p?). (24a)
nDU
_ 3" 2 2
fe(p) = 32 exp(—py /M3, + p?).  (24b)
N

Before kinetic freeze-out, the number densities np.(7) and
np«(7) evolve according to rate equations that take into
account charm-meson reactions and the expanding volume
V(r). After kinetic freeze-out, the temperature remains
constant at T, so f = fy. In the absence of further
interactions, 1y« (7) and np«(7) would decrease in propor-
tion to 1/V(z) as 7 increases, just like the pion number
density in Eq. (19). At very large proper times
(¢ > 2,000 fm), the D*s decay into Ds.

The multiplicities of charm hadrons in central Pb—Pb
collisions at |/syy = 5.02 TeV have been predicted using
SHM in Ref. [24]. For collisions in the centrality range
0-10%, the central values of the predicted multiplicities
dN/dy at midrapidity for DY, D*, and D** are 6.42, 2.84,
and 2.52. No prediction was given for the multiplicity of
D*0. We can estimate the multiplicity of D** by assuming
that the ratio of the numbers of D** and D** is the same as
at hadronization,

N _ M2\K5(M.o/Ty)
N*+ M5+K2(M*+/TH)

(25)

For the hadronization temperature 7y = 156 MeV, this
ratio is 1.020. The estimated multiplicities for D** and
D** are

(dNpo/dy), = 2.57, (dNp+/dy), =2.52. (26)
The SHM predictions for the multiplicities for D° and D"
take into account D* decays. We obtain the predictions for
the multiplicities before D* decays by using Eq. (9) with
B,y =677%,

(dNpo/dy), = 2.14, (dNp+/dy), =2.03.  (27)
The ratio of a charm-meson multiplicity in Egs. (26) or (27)
to the pion multiplicity in Eq. (22) can be identified with
the ratio of the charm-meson number density to the pion
number density at kinetic freeze-out

(dN pa/dy)y _ Nt (Txr)
dN,/dy . (Tir)

(28)

IV. MASS SHIFTS AND THERMAL WIDTHS

In this section, we determine the mass shifts and thermal
widths of pions and charm mesons in a hadron gas at
temperatures near that of kinetic freeze-out. The dominant
effects from the hadronic medium come from coherent pion
forward scattering.

A. Coherent pion forward scattering

When a particle propagates through a medium, its
properties are modified by the interactions with the
medium. The modifications can be described by the self-
energy I1(p), which depends on the energy and momentum
of the particle and also on the properties of the medium.
The real part of II(p) at p = O determines the shift in the
rest mass of the particle. The imaginary part of I1(p) at
p = 0 determines the thermal width of the particle at rest.

If the particle is in thermal equilibrium with the medium,
its self-energy can be calculated using thermal field theory.
To be more specific, we consider the self-energy I, (p) of
a pseudoscalar charm meson D. The one-loop Feynman
diagrams for I (p) in HHYEFT are shown in Fig. 1. The
first diagram can be expressed as the sum of a vacuum
contribution and a thermal contribution from pions. The
second diagram can be expressed as the sum of a vacuum
contribution, a thermal contribution from pions, and a
thermal contribution from vector charm mesons D*. At
temperatures relevant to the hadron gas, thermal contribu-
tions from vector charm mesons are severely suppressed by
a Boltzmann factor exp(—M,/T). The thermal contribu-
tions from pions can be expressed as an integral over the
pion momentum g weighted by the Bose-Einstein distri-

bution 1/(ef? — 1), where w, = \/m2 + ¢*.
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FIG. 1.
(solid + dashed), and dashed lines, respectively.

The thermal contribution from pions to the D self-energy
can be calculated alternatively from the tree diagrams for
zD scattering in Fig. 2. At this order, the thermal
contribution from pions comes from coherent pion forward
scattering. If a pion with flavor £ and momentum ¢ is
scattered back into the state with the same flavor k£ and
momentum ¢, the initial many-body state is the charm
meson plus the medium (which includes the pion with
flavor kK and momentum q), and the final many-body state is
also the charm meson plus the medium. Since the initial
state is the same for all g and the final state is also the same,
the pion-forward-scattering amplitudes must be added
coherently for all momenta ¢ and all pion flavors k. The
D self-energy from coherent pion forward scattering can be
obtained from the negative of the 7 -matrix element by
weighting it by f,(w,)/(20,), where f,(®,) is the pion
momentum distribution and 1/(2w,) is a normalization
factor, integrating over the pion momentum g with measure
d*q/(2r)?, and summing over the three pion flavors. If the
pions are in chemical and thermal equilibrium at temper-
ature 7, the pion momentum distribution is the Bose-
Einstein distribution in Eq. (18). However, this prescription
for the self-energy from coherent pion forward scattering
applies equally well to any medium in which the pions have
a momentum distribution f,(w,).

The thermal contribution from pions to the D self-energy
can be obtained directly from the D self-energy diagrams
in Fig. 1 by making a simple substitution for the pion
propagator in the loop,

i
7z ie ~ TallaoD)2ed(a” —mz). - (29)

The delta function can be expressed as

- ~
e N

Ly

One-loop Feynman diagrams for the D self-energy in HHyYEFT. The D, D*, and = are represented by solid, double

a2~ m2) = 3" 0(0) 5 3(laol ~ ). (30)

This substitution is referred to as the cutting of the pion
line. The cutting of the pion line in the first diagram in
Fig. 1 is 0, because the vertex is 0 when the incoming and
outgoing pions have the same flavor. The cutting of the
pion line in the second diagram in Fig. 1 gives the last two
forward-scattering diagrams in Fig. 2. They come from the
positive and negative regions of g, respectively.

B. Pions

The thermal mass shift and the thermal width for a pion
in a pion gas can be calculated using yEFT. The mass shift
for a pion in thermal equilibrium was first calculated using
yEFT at LO by Gasser and Leutwyler [27]. The pion
thermal width was calculated in the low-density limit using
yEFT at NLO by Goity and Leutwyler [28]. A complete
calculation of the self-energy of a pion in thermal equi-
librium in yEFT at NLO was presented by Schenk [29]. It
was used to obtain the pion mass shift and the pion thermal
width. The pion mass shift at NLO has also been calculated
by Toublan [30].

The pion self-energy in yEFT at LO is given by the
one-loop Feynman diagram in the left panel of Fig. 3.
The thermal contribution to the pion self-energy can also
be obtained from the Feynman diagram for coherent
pion forward scattering in the right panel of Fig. 3. The
self-energy I1,(pg, p) of a pion with 4-momentum (pg,p)
can be obtained from the negative of the amplitude
A jk(Po.p-q) for forward scattering of an on shell pion
with flavor k and 3-momentum ¢ by weighting it by
fz(®,)/(2w,), integrating over g, and summing over the
three pion flavors £,

FIG. 2. Feynman diagrams for the D self-energy from coherent pion forward scattering in HHyEFT at LO. The empty circles indicate
an incoming and outgoing pion with the same flavor and the same 3-momentum. These diagrams can be obtained by cutting the pion
lines in the diagrams in Fig. 1. The second diagram has a D* resonance contribution.
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FIG. 3.

One-loop Feynman diagram for the pion self-energy in yEFT at LO (left panel) and the corresponding Feynman diagram for

the pion self-energy from coherent pion forward scattering (right panel).

I (po. p)67 = Z/ 2ﬂ32

)Aik,jk(Po,P,Q)-

(31)
The amplitude A jx at LO does not depend on g,
Ak ik(Po. p) = 3f [(zpo 2p* + m2)5'
—2(pg — p* +2m2)5"* 5. (32)

The pion self-energy at LO is

1
Hﬂ(p()’p) = (4[7% _4}72 - m%)n”<a)—> ’ (33)
q

1
3fz g
where the angular brackets represents the average over the
Bose-Einstein distribution for the pion defined in Eq. (21).

The pion mass shift om, and the thermal width I, can be
obtained by evaluating the pion self-energy on the mass
shell at zero 3-momentum,

Hzr(pO =Mz, P = O) = 2m7z5m75 - lmltrﬂ (34)

The pion mass shift in yEFT at LO is

|
Sy =~ (— ) . (35)
2fx g/ 4

The pion thermal width I' is 0 in yEFT at LO. In a pion gas
in chemical and thermal equilibrium at the temperature
Ty = 115 MeV, the pion mass shift is 1.55 MeV.

C. Pseudoscalar charm mesons

The contributions to the thermal mass shift and thermal
width of a pseudoscalar charm meson in a pion gas from
coherent pion forward scattering can be calculated
using HHyEFT.

1. D self-energy

In HHyEFT at LO, the reaction D — zD proceeds
through the three diagrams in Fig. 4. The 4-momentum of
D can be expressed as P = Mv + p, where v is the velocity
4-vector and p is the residual 4-momentum. The amplitude
for the transition D*(p)zi(q) — D*(p')7/(q') is

1
7 6", 0/ v (g +¢')

9z <(6,-0,-) ) —q-q +(v-q)(v-q)
“Pv-(p+q)-A+il,)2
—q-q/+(v-q)(v-q’)>
v-(p-q)-A+il,/2)
(36)

Aai,bj(pv q, q/) =

+ (Ujai)ab

We have inserted the D* width in the denominators to allow
for the possibility that the D* can be on shell. In the case of
the forward scattering of 7*(q) to z¥(g), the amplitude
reduces to a function of v - p and v - ¢ and it is diagonal in a
and b. The diagonal entry is

Aak,ak(v p,U- Q)

22 [0gP=ml(A-v-p)
TR ar-G-vpr i pr O

Since I', < A, we have omitted the terms proportional to
I, in the numerator and to I'Z in the denominator.

The D self-energy I1,(v - p) in HHYEFT at LO is the
sum of the two one-loop diagrams in Fig. 1. The con-
tribution from coherent pion forward scattering is the sum
of the three tree diagrams in Fig. 2. The coherent sum of the
first diagram over pion flavors is 0. The D self-energy can
be obtained from the amplitude in Eq. (37) by multiplying it
by —1/2, weighting it by f,(w,)/ (2w, ), integrating over the
momentum ¢, and summing over the three pion flavors k.
We choose the velocity 4-vector » of the charm meson to be
the same as the 4-vector that defines the thermal frame in
which the pion momentum distribution is Eq. (18) before
kinetic freeze-out and Eq. (20) after kinetic freeze-out. The
pion energy is v - g = w,. The D self-energy is

076012-9



BRAATEN, BRUSCHINI, HE, INGLES, and JIANG

PHYS. REV. D 108, 076012 (2023)

~_ -
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- ~
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=9

FIG. 4. Feynman diagrams for zD — zD in HHyEFT at LO. The second diagram has a D* resonance contribution.

32 [ &
My(v-p) =2 [ o t(0)
(@3 =m)(A=v-p)
‘= pria—vpr. Y

Since the charm-meson mass difference A = M, — M is
approximately equal to the pion mass m,, the self-energy is
sensitive to isospin splittings when the D is close to the
mass shell v - p = 0. The isospin splittings can be taken
into account by reintroducing a sum over the flavors ¢ of
the intermediate D*. In the self-energy in Eq. (38), the
factor >, (c*6%),, = 38,, from the pion vertices is

replaced by 3 > (04) 0 (0%)q = 3 (2~ 8,..). The mass
difference A is replaced by A,. and the pion energy is

= \/m2., + ¢* The D* self-energy is
43

Z (2= 8ac) / —

(27)°2w, 4

qz(Aca - U p)
v p)Z + i(Aca —-v

replaced by .., =

HDa v - p fﬂ(wcaq)

w%aq - (Aca : p)r*c ’
(39)

where ¢ is the square of the 3-momentum.

2. Mass shift and thermal width

The mass shift 6M, and the thermal width oI', for the
charm meson D¢ in HHyEFT at LO are obtained by
evaluating the D“ self-energy on the mass shell v - p = 0,

Mpe(v- p =0) =M, —idl,/2. (40)

The D? self-energy with isospin splittings in Eq. (39)
evaluated on the mass shell is

d*q
H (l 2 6
D Z uc ca/<2 )260

6]2

X . 9
q2 - q%a + lAcaF*c

fzr (wcaq)

caq

(41)

2 A2 2 : 2 2
where dca = Aca — Myeq- Since Acur*c < |q - QCa|

except in a very narrow range of ¢>, the expressions for
O0M , and 6I", can be simplified by taking the limitI",. — O.
The D mass shift in the limit I',, — 0 can be expressed
in terms of an average over the pion momentum distribution
of a function of g thatinvolves a principal-value distribution,

oM, =

9n q
ac)Dca Pos—>s > 42
2f2 <wcaq q - q(l,l ( )

The principal value is necessary only if A, > m,,,. The D¢
thermal width in the limit I',. — 0 can be evaluated
analytically by using a delta function,

ca)qca ( ca mﬂca)' (43)

llC

This thermal width comes from the second diagram in Fig. 2
with a D* in the s channel. The contribution from an
intermediate D*¢ is nonzero only if A, > m,.,. In a pion
gas with temperature 7y = 115 MeV, the mass shifts for
DT and D° in Eq. (42) are M, = 1.269 MeV and
oM, = 1.418 MeV. The thermal widths for D and D°
in Eq. (43) are 6", = 31.6 keV and o'y = 110.3 keV.

The mass shift and thermal width of D can be expanded
in powers of isospin splittings using the methods in
Appendix B. The leading term in the expansion of the
mass shift is the same for D and D°,

3 1
oM ~ 7 —an, <—> ) (44)
2f= w4/,
The leading term in the expansion of the D¢ thermal width is

~ 3f,(m Zr [D*C - D* } (45)

where I'[D* — D“z] is the partial decay rate of D** in
Eq. (8). In a pion gas with temperature 7'y = 115 MeV, the
D mass shift in Eq. (44) is 6M = 1.257 MeV. The thermal
widths for D* and D° in Eq. (45) are 6", = 32.6 keV
and o) = 118.9 keV.

D. Vector charm mesons

The contributions to the thermal mass shift and thermal
width of a vector charm meson in a pion gas from coherent
pion forward scattering can be calculated using HHyEFT.

1. D* self-energy

In HHYEFT at LO, the reaction zD* — zD* proceeds
through the five diagrams in Fig. 5. The 4-momentum of D*
can be expressed as P = Mv + p, where v is the velocity
4-vector and p is the residual 4-momentum. The amplitude
for the transition 7'(q)D**(p) — #/(¢')D**(p') is

076012-10



CHARM-MESON ¢-CHANNEL SINGULARITIES IN AN ...

PHYS. REV. D 108, 076012 (2023)

A / A / ~ -
\ ’ \ ’ REN -7
\ ’ \ ’ S o _-
N\ 7 N\ 7 ~ -
N 7/ N 7/ S P
N\ /7 N\ 7 \A/
N\ e N\ e e S
————— ¥-oo- ———p SEEE ———9 >
N\ Ve ~ -~
N\ 7 \\ //
N\ / \\ //
AN /7 ~ -
N 7 Sa P
AN / ~N -
N\ 7/ /A\\
-~
————— O === === e
FIG. 5. Feynman diagrams for zD* — xD* in HHyEFT at LO. The third diagram produces a D-meson #-channel singularity in the

reaction rate.
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where e*°*(v) = €***y,. We have inserted the D width in
the denominators of the D propagators to allow for the
possibility that the D can be on shell. In the case of the
forward scattering of 7*(q) to z*(g), the amplitude is
diagonal in a and b. The diagonal entry is

U'p
(v-q)*—(v-p)?—iv-pl

2
295 | g
Ve

— e (v, q)e4 (v, q) T

W
Aak.ak -

v-p—A
P == pP)

(47)

where e/ (v, q) = P v,qg. Since I' < A, we have omit-
ted terms proportional to I in the numerator and to I'? in the
denominator.

The self-energy tensor IT* of a vector meson D* in
HHyEFT at LO is the sum of the three one-loop Feynman
diagrams in Fig. 6. The contribution from coherent pion

|

forward scattering can be obtained by cutting the pion
lines using the prescription in Eq. (29). The cut of the first
diagram in Fig. 6 is zero, because the coherent sum over
pion flavors is 0. The cuts of the last two diagrams in
Fig. 6 give the four tree diagrams in Fig. 7. By rotational
symmetry, the contribution to IT* from the coherent
forward scattering of a pion with 4-momentum ¢ is a
linear combination of ¢*, g*q*, v*q* + ¢"v*, and v*v".
However the tensor structure of the D* propagator in
Eq. (A4) ensures that only the —g¢"* + v*2¥ component
contributes to the D* self-energy Ilp-(v-p). That

component can be obtained from the tensor A% . in

Eq. (47) by contracting it with (—¢g** + v#v*)/3. The D*
self-energy can be obtained from that component by
multiplying it by —1/2, weighting it by f,(w,)/(2w,),
integrating over ¢, and summing over the three pion
flavors k,

2 3
9x d’q 2 v-p 2(v-p—A)
(0 p) = =% [ el - ma) . R
P 2] 22w, " 1 wy—(v-p)—iv-pl' @)= (v-p—A)>
//’5\\
I \ P P
N /I / \‘ /’ \\
——————— ™ S S —— 'S [ Spp——

FIG. 6. One-loop Feynman diagrams for the D* self-energy in HHyEFT.
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Since the charm-meson mass difference A = M, — M is
approximately equal to the pion mass m,, the self-energy is
sensitive to isospin splittings when the D* is close to the
mass shell v - p = A. The isospin splittings can be taken
into account by reintroducing a sum over the flavors ¢ of
the intermediate D or D*. In the self-energy in Eq. (48),
the factor Y, (c*c*),, = 36,, from the pion vertices is
replaced by Zk Zc(ak)ac(o-k>ca = Zc(z - 5510)' The iso-
spin splittings in the denominators of the propagators can
be taken into account in the first term in Eq. (48)
by replacing v- p by v-p—M_.+ M and I" by I',. They
can be taken into account in the second term by replacing
v-p—ADby v-p—M, + M. The mass-shell condition
v-p=Ais modifiedto v-p=M,, — M.

2. Mass shift and thermal width
The mass shift oM, and the thermal width oI",, for the
charm meson D** in HHyEFT at LO are obtained by
evaluating the self-energy on the mass shell,
HD*“(U'p :A) :5M*a_l5F*a/2 (49)
If isospin splittings are taken into account in Eq. (48), the
D*“ self-energy on the mass shell is

d3
[y« (A) = 2-96 .
D Z( ac / 27T>32wacqf (a)acq)
y q*Aye 2¢° (M. —M.)
2 _ 2 _ iAN T 2 ’
q qaC l ac™ ¢ a)Lqu
(50)
Q
\
N
\
N
\
\
_____ ‘ .,\_ — — — —
N
N
\
\
\
\
O
Q
\
N
\
N
\
\
_____ ‘.____..,\_____
\
N
N
N
N
\
O

where @0, = \/mz, +¢* and ¢k, = Al —mi,. In
the second term inside the parentheses, we have omitted
the term —(M,, —M,.)* in the denominator, because
M, —M, < m,.

Since A, I'. < |¢* — ¢%.| except in a very narrow range
of ¢?, the expressions for 6M,, and éI",, can be simplified
by taking the limit I', — 0. The resulting D** mass shift is

gz q* 1
M, = -0 (2-6, {Aac< P >
6% Z:( ) 7 — g2

+2(M*Q—M*c><‘?%>q} (51)

acq

Note that the sum oM, ; + 6M , is equal to the sum 6M , +
6M, from Eq. (42) multiplied by —1/3. Thus the spin-
weighted average of the D and D* mass shifts is 0. The
resulting D** thermal width can be evaluated analytically,

*0_12 sz

This thermal width comes from the coherent pion forward
scattering diagram with a D in the ¢ channel in Fig. 7. Note
that the sum oI, + 6l ,q is equal to the 1/3 of the sum
o'y + oIy from Eq. (45). In a pion gas with temperature
Tys = 115 MeV, the mass shifts for D** and D** are
oM, = -0478 MeV and O6M,, = —0.417 MeV. The
thermal widths for D** and D*° are oI, = 32.7 keV
and oI,y = 14.6 keV.

The mass shift and thermal width of D** can be
expanded in powers of isospin splittings using the methods

ac)CIaca(A ﬂaC) (52)

llC fﬂ

FIG. 7. Feynman diagrams for the D* self-energy from coherent pion forward scattering in HHyEFT at LO. These diagrams can be
obtained by cutting the pion lines in the last two diagrams in Fig. 6. The second diagram in the first row produces a D-meson #-channel

singularity.
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in Appendix B. The leading term in the expansion of the
mass shift is the same for D** and D*° and it differs from
the mass shift M for D and D° in Eq. (44) by the
multiplicative factor —1/3,

SM, ~ —5M )3, (53)

The leading term in the expansion of the D* thermal
width is

OC,q ~fs(my)Y (D™ - Dexl, (54)

where I'[D** — D¢r] is the D* partial decay rate in Eq. (8).
In a pion gas with temperature 7y = 115 MeV, the D*
mass shift in Eq. (53) is SM, = —0.419 MeV and the D**
and D** thermal widths in Eq. (54) are ol',, =352 keV
and ol,; = 15.3 keV.

E. Expanding hadron gas

Thermal mass shifts and thermal widths have significant
effects on some reaction rates for pions and charm mesons
in the expanding hadron gas created by a heavy-ion
collision. The pion mass shift 6m, in yEFT at LO is given
in Eq. (35). The charm-meson mass shifts oM, for D¢
and oM, for D** in HHyEFT at LO are given in Eqs. (42)
and (51). We will use the simpler approximations for the
charm-meson mass shifts in Egs. (44) and (53). The mass
shifts in the hadron gas before kinetic freeze-out are
determined by the temperature 7. The mass shifts after
kinetic freeze-out are determined by the pion number
density m,. Some reaction rates are sensitive to mass
differences through a factor of M, — M —m, raised to a
power. The four relevant mass differences in the vacuum
are given in Eq. (2). The thermal-mass shifts for D*, D, and
m are given in Egs. (35), (44), and (53). The mass
differences in the hadron gas after kinetic freeze-out
decrease linearly with n, with the same slope,

Agy — Mgy ~ +7.04 MeV — (323 MeV)n,/n¥,  (55a)
Ao —my, ~+5.86 MeV — (3.23 MeV)n,/ni, (55b)
AL, —my~+5.63 MeV — (3.23 MeV)n,/n | (55¢)

Mgy —my, ~—2.38 MeV — (3.23 MeV)n,/ni",  (55d)
where n,(,kf) is the pion number density at kinetic freeze-out.
The signs of the mass differences in Eq. (55) imply that the
decays D** = D%2°, D** — D*2° and D** — D70 are
always kinematically allowed in the expanding hadron gas
after kinetic freeze-out, while the decay D*° — Dz~ is
always forbidden.

The partial widths of the charm mesons from the decays
D* — Dz are given in Eq. (8),

I
Ipespin = 127f2 (A%, —mg )2, (56a)
9 2 2 \3/2
peiopo, = @ (A% —mzy) 2, (56b)
Fon Dog = i (A2 - I’l’l2 )3/2, (56(3)
FD*0—>D+71 - O, (56d)

where A, = M,, — M, is the D** — D® mass difference.
In the vacuum, the masses M,,, M,, and m,,, are
constants. In the hadron gas, the mass shifts from coherent
pion forward scattering can be taken into account by
replacing A,, in Eq. (56) by A,, + oM, — oM, where
OM and 6M, are the charm-meson mass shifts in Eqgs. (44)
and (53), and replacing m,; by m,; + om,, where om,, is the
pion mass shift in Eq. (35). In the expanding hadron gas
after kinetic freeze-out, the terms A2, —m2,, in Eq. (56)
are quadratic functions of n.

The thermal width I, of D from coherent pion forward
scattering is given in Eq. (45). The thermal widths for D"
and D° are

F+ = 3fﬂ(mﬂ>FD*+—>D+m (578')

FO = 3f7[(m7[) (FD*U—>D°;1 + FDX+—>DOIT)’ (57b)
In the hadron gas before kinetic freeze-out, the factor
f.(m,) depends on the temperature 7. In the hadron gas
after kinetic freeze-out at the temperature 7y = 115 MeV,

f.(m;) =0.431n,/ 1 where n is the pion number
density at kinetic freeze-out. The thermal widths T', in
Eq. (57) also depend on T or n, through the factors of
(A%, —mz)*?
The thermal correction oI, to the width for D*“ is given

in Eq. (54). The total widths for D** and D*° are

n FDm_,Dhﬂ.

F*+ B [1 +f,[(m”):| (FD*+—>D+7I+FD*+—>D°71) —Q—F*_,'_,y, (583_)

L= [1 + fﬂ(mﬂ)}FD*oeDozz + F*O,y? (58b)
where I',, , and I',,, are the radiative decay rates in
Eq. (6). The terms with the factor f,(m,) come from
coherent pion forward scattering. In the hadron gas before
kinetic freeze-out, f,(m,) depends on 7. In the hadron gas

after kinetic freeze-out, f,(m,) = 0.431n,/ 0 The ther-
mal widths I, , in Eq. (58) also depend on T or n, through
the factors of (A2, —m2,,)3/% in Tpea_, poy.

The thermal widths for the charm mesons after kinetic

freeze-out at the temperature 7Ty = 115 MeV are shown
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FIG. 8. Thermal widths for the charm mesons in the hadron gas
after kinetic freeze-out as functions of the pion number density
n,: DT (dashed red), D° (dashed blue), D** (solid red), and D*°
(solid blue). The thicker curves include the effects of mass shifts
from coherent pion forward scattering. The thinner straight lines
ignore the thermal mass shifts.

as functions of the pion number density n, in Fig. 8.
The thermal widths of D™ and D° are given in Eq. (57). The
thermal widths of D** and D** are given in Eq. (58). The
thicker curves in Fig. 8 take into account the thermal mass
shifts of pions and charm mesons in the partial decay rates
for D** — D’z in Eq. (56). The thinner straight lines in
Fig. 8 are obtained by setting the masses of pions and
charm mesons in those partial decay rates equal to their
vacuum values. The effects of the thermal mass shifts are
large. At Kinetic freeze-out, the thermal widths of D™ and
DO are 9.1 keV and 40.2 keV. As n, decreases from nf,kf)
to 0, those decay rates increase to the maximum values

10.6 keV and 42.9 keV near 0.74 nS)‘” and then decrease to
0. At kinetic freeze-out, the thermal widths of D** and D*°

are 35.6 keV and 39.9 keV. As n, decreases from n,(,kf> to 0,
those decay rates increase to the vacuum values in Eq. (5)
to within errors. The decrease in the thermal widths of
D** and D** with increasing n, may be counterintuitive,
but it is a consequence of the decreasing phase space
available for the decay because of the decreasing mass

differences in Eq. (55).

V. REACTION RATES

In this section, we calculate reaction rates for charm
mesons in a pion gas. The results are applied to the hadron
gas from a heavy-ion collision after kinetic freeze-out.

A.D* & Dxn

The decays of D* into Dz are 1-body reactions that give
contributions to the rate equations for the number densities

FIG.9. Feynman diagram for zD — D* in HHyEFT at LO. The
dashed line is a =z, the solid line is a D, and the double
(solid + dashed) line is a D*.

of D* in a pion gas that are not suppressed by any powers of
the pion number density. The partial decay rate in the
vacuum for D** — Dbz in HHyEFT at LO is given
in Eq. (8). This rate is nonzero only if A,, > m,,,, and
it is sensitive to the masses through the factor of
(A%, —m2_,)%%. This expression can also be used for
the partial decay rate in the pion gas by taking into account
the mass shifts from coherent pion forward scattering. The
charm-meson mass difference A, is shifted by oM, — 6M,
where 0M, and 6M are given by Egs. (44) and (53).
The pion mass m,,, is shifted by om,, which is given
in Eq. (39).

The radiative decays of D* into Dy are also one-body
reactions. The partial decay rates for D* — Dy in the
vacuum are not sensitive to masses, because the D* — D
mass differences are much larger than the mass shifts.
The radiative decay rates in the pion gas can therefore
be approximated by their values in the vacuum
in Eq. (6).

A vector charm meson D* can be produced in a pion gas
by the inverse decay #D — D*. The Feynman diagram for
this reaction in HHyEFT at LO is shown in Fig. 9. The
reaction rate in the vacuum for Dz — D*? averaged over
the three pion flavors is
Tha
A—é(a)baq - Aba)7 (59)

ba

2
Gx

vo[xD* — D] =
6f7

_ 2 2 2 _ A2 2
where @y, = \/ My, +q° and q;, = Aj, —my,,. The

reaction rate in the pion gas is obtained by averaging over
the momentum distributions of the incoming D and z. The
average over the D momentum distribution has no effect,
because the reaction rate in Eq. (59) does not depend on
the charm-meson momentum. The average over the pion-
momentum distribution can be evaluated using the delta
function in Eq. (59),

(2 - 5ab)

(vo[aD* - D**]) = (f,(Ap,)/n,)T[D** > Dz], (60)

where I'[D** — D%z] is the decay rate in Eq. (8). Since A,
is large compared to isospin splittings, it can be approxi-
mated by the average A over the four D** — D% tran-
sitions or alternatively by the pion mass m,. The reaction
rates for zD® — D** in the hadron gas near or after kinetic
freeze-out are
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(V020 —p) = [fa(ma) /e Toripns (612)
(Vap0—p+) = [fe(Ma) /MR pogs (61D)
(06,00p0) = [ix(ma) /M Tpo_poss  (61c)
(v6,p+_po) =0. (61d)

Before kinetic freeze-out, the factor f,(m,)/n, is deter-
mined by the temperature 7. After kinetic freeze-out at the
temperature Ty = 115 MeV, that factor has the constant

value 0.431/ n independent of n,.

B. nD — =D

The reaction zD* — zD” can change the flavor of a
pseudoscalar charm meson. The Feynman diagrams for
this reaction in HHyEFT at LO are shown in Fig. 4. The
reaction rate has a D* resonance contribution from the
second diagram in Fig. 4 that is sensitive to isospin
splittings and to the D* width. A simple expression for
the nonresonant contribution to the reaction rate can be
|

1

vo[xD* - zD"| = Tant
/2

nonres

obtained by setting the D* — D mass splitting A equal to
the pion mass m, and then taking the limit as the D* width
I', approaches 0. A simple expression for the resonant
contribution to the reaction rate can be obtained by
isolating the term with the factor 1/I",. We approximate
the reaction rate by the sum of the nonresonant reaction rate
and the resonant reaction rate.

The 7 -matrix element for 7'/D* — /D" in the zero-
width limit is obtained from the amplitude in Eq. (36) by
setting I', = 0 and by putting the external legs on shell by
setting v+ p =0, v- g = @y, and v- ¢ = w,,

1
Tai,bj = ﬁ [Gl’ Gj]ub(a)q + a)q’)
. ad oq-q
7 (6'07) up P (6/6") up oy + A (62)

We can ignore the recoil of D and set |¢'| = |g|. The
nonresonant reaction rate can be obtained by taking the
limit A — m,. The nonresonant reaction rate for zD* —
zD” averaged over incoming pion flavors is

[2(2 = 8,)(1 + g4/3)02 + 8,pgim?] L. (63)

Wy

where ¢ is the 3-momentum of the incoming pion. The reaction rate in the pion gas can be obtained by averaging over the

momentum distributions of the incoming D and z:

1

D¢ Db —
<U6|:ﬂ: - ]HOHI‘GS> 127[f§

where the angular brackets represents the average over the
Bose-Einstein distribution for the pion defined in Eq. (21).

The second diagram in Fig. 4 with D*¢ in the s channel
gives a resonance contribution to the reaction rate propor-
tional to 1/I",, if A,. > m,.. In the square of the matrix
element for the scattering of a D with momentum Mv + p
and a 7 with momentum ¢, the resonance contribution can
be isolated by making a simple substitution for the product
of the D* propagator and its complex conjugate,

1 1 .
v-(p+q)—A+iF*/2(v-(p+q)—A+iF*/2>

ai—fé(vmpw) ~ ). (65)

The resonant reaction rate for zD“ — zD” averaged over
the flavors of the incoming pion is

2(2= 8)(1 + 64/3) el + drskd( L) |. (64)

4
a 9z } :
UG[ﬂD ﬂDb}res:72f4 (2_5110)(2_5[;0)

9ead;
X ﬁe(Acb - mﬂcb)5(wcaq - Aca)v
(66)

where ¢ is the 3-momentum of the incoming pion. Using
the expressions for I'[D* — Dz| in Eq. (8) and vo[zD —
D*] in Eq. (59), the singular term in the reaction rate can be
expressed as

velnD* — D*|T'[D* — D' x].

1
vo[xD* = xD?) ., = ZF

c *C

(67)

The reaction rate in the pion gas can be evaluated by using
the thermal average of vo[zD — D*| in Eq. (60),
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FIG. 10. Feynman diagrams for zD* — zD in HHyEFT at LO. The diagrams for zD — zD* are the mirror images of these diagrams.

(vo[aD* = wD"] )
_ (A) <T[D* - Da|T[D* — DPx]
o, 2 I.. ‘

(68)

c

The reaction rate for zD“ — zD” in the pion gas can be
approximated by the sum of the nonresonant reaction rate
in Eq. (64) and the resonant reaction rate in Eq. (68). The
reaction rates in the hadron gas near or after kinetic freeze-
out are

2

my

(V6 po_ o) = (0.496 + 0.188¢%) w
2 2

+ fﬂ'(mﬂ') <FD*O—>D0ﬂ 4 r

D**>D
, (69
ny, F*O F*Jr ) ( a)

2

mﬂ'

(V6,0 zp+) = (0.991 + 0.3309§)F
(M) Upes ol pes g

fx
_|_
n, |

: (69b)

2

mﬂ,’

(v0,p+ L op0) = (0.991 + 0.3309§)F

fn(mn) I'pes L polp+_p+sn
n, |

+ , (69¢)

m:  f.(m) T3
e ope) = (0496 +0.188¢%) —Z LD =DTx
<1)67ZD —nD > ( + gﬂ) fi + TI,, F*+

(69d)

The dimensionless numbers in the first terms depend only
on m,/T, which we have evaluated at T}y = 115 MeV.
Before kinetic freeze-out, the factor f,(m,)/n, is deter-
mined by 7. After kinetic freeze-out at Ty = 115 MeV,

that factor has the constant value 0.431/ nﬁ;kf) independent
of n,. There can also be dependence on T or n, through the
mass shifts in I'y«_ p», and through the factors of 1/T,..

The D* resonance terms in the reaction rates for zD* —
zD? in Eq. (69) can be obtained from the reaction rates for
zD* — D* from Eq. (61) by multiplying by the branching
fraction I"pc_, po /T, and summing over the two flavors of
D*¢. Thus if the reaction rates for zD — D* in Eq. (61) and
zD — zD in Eq. (69) are both included in a rate equation,
the contributions of zD — D* in which D* subsequently
decays to Dz are double counted. The only contributions of

nD — D™ that are not double counted are those in which
D* subsequently decays to Dy. The double counting can be
avoided by replacing the reaction rates for zD — D* in
Eq. (61) by the contributions from the subsequent radiative
decay of D*,

<U67[D+—>D+]/> = [fﬂ(mﬂ)/nn]FD”—»D*ﬂ(F*+,y/r*+)7 (703')

<UGJTDO—>D+}’> = [frr(mﬂ)/nﬂ}FD”—»Dozr(F*+,y/r*+)1 (7Ob)
<UGITD0—>DO}’> = [fzr(mﬂ)/nﬂ]FD*o—»Doﬂ(F*O,y/r*())’ (70C)
<1)6”D+_>D0},> =0, (70d)

where I, , , and I, are the radiative decay rates in the
vacuum in Eq. (6).

C. zD* < =D

The reactions zD* <> zD can change vector charm
mesons into pseudoscalar charm mesons and vice versa.
Their Feynman diagrams are shown in Fig. 10. The reaction
nD* — 7D is exothermic, releasing a mass energy com-
parable to m,. Since this is large compared to isospin
splittings, isospin splittings can be neglected. Relatively
simple expressions for the reaction rates can be obtained by
taking the limit A — m_ . The square of the matrix element
for n(q)D** — n(q')D® averaged over D* spins and
averaged/summed over pion flavors is

4 /N2
2 9z (qu) 2
=== 12(2-6 -y
|IM| 951 a)éwé, [( ab) Wy — @)

+ 38, (@, + wy)?]. (71)
The reaction rate can be reduced to

gr (g +A)* —mz]>?
216zf; o) (w,+ A)?
X (3842w, + A)? +2(2 = 5,) A?].
(72)

ve[aD** — zD"] =

The reaction rate in the pion gas in the limit A — m, is
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(vo[zD** — zD”))

G q @, + 2m,\ 32
- 216zft (w, + my)? w,

(30,020 ) 22 =03 ) . (73
q

The square of the matrix element for 7D — zD*’
summed over D* spins and averaged/summed over the

pion flavors can be obtained from | M ? for zD** — zD? in
Eq. (71) by multiplying by 3. The reaction rate in the pion
gas in the limit A — m; is

(vo[zD* — nD*"))

_ % 7’ wg = 2m;\ 3/
N2rfr \(w, —m,)? w,

X[38 (2w, — my)* +2(2 = 8,)m%|0(w, — 2m,,)> .
q

(74)

The theta function restricts the pion energy to be above
the threshold 2m, for producing zD*, which requires
q > \/3m,.

The reaction rates for zD* — zD*" in the hadron gas
after kinetic freeze-out are

The reaction rates for zD** — zD? in the hadron gas after
kinetic freeze-out are

<U6ﬂD*O—>ﬂDO> = <v67rD*+—>7rD+> =0.243 gimzzz/ffn (763)

(V6,0 up+) = (V6 pes_ o) = 0.006 gitm2/f%.  (76b)
The dimensionless numerical factors depend only on
m,/T, which has been evaluated at T,y = 115 MeV.

D. nD* — =nD*

The reaction zD* — zD* can change the flavor of a
vector charm meson. The five Feynman diagrams for this
reaction in HHyYEFT at LO are shown in Fig. 5. The third
diagram, which proceeds through an intermediate D,
produces a f-channel singularity in the reaction rate that
is proportional to 1/T" in the limit I' — 0. The singularity
comes from the decay D* — zD followed by the inverse
decay #D — D*. A relatively simple expression for the
nonsingular contribution to the reaction rate is obtained by
setting A = m,, and then taking the limit I’ — 0. A simple
expression for the resonant contribution to the reaction rate
can be obtained by isolating the term with the factor 1/T.
We approximate the reaction rate by the sum of the
nonsingular reaction rate and the singular reaction rate.

The T -matrix element for 7'D** — 7/D*" in the zero-
width limit is obtained from the amplitude in Eq. (46) by

— — 4.2 /04
(00p0 7o) = (V0D ap+) = 0.215 gemz/fz, (753) contracting it with the D* polarization vectors, setting
W o I' = 0, and then putting the external legs on shell by setting
<UGﬂD0—>nD*+> = <U0ﬂD+—>ﬂD*O> = 0.005 gﬂmﬂ/fﬂ" (75b) v-p= A, v- q=w,, and v - q/ =w,,
|
C o _Gx | i e-@g e i (e-4)(q-€")
e,Thi e = - T (6, 67] (0, + 0y) (- €)= 2= | (667) ., W —(6/6'),, W
ge [, i 5 (exq)-(g'xe”) . o (exq) (gxe")
Iz (oio) — (6/o . 77
|0 T (0o (77)
We can ignore the recoil of D* and set |¢'| = |¢g|. The nonsingular contribution to the reaction rate can be obtained by
taking the limit A — m,. The reaction rate averaged over incoming pion flavors and incoming D* spins is
. : 1 q
vo[aD** = 2D* ] nging = 367/% {(2 = 8ap) [60 + 27(m7 + ¢* | 07) | +64p92 (30 + ¢* /7)) } o (78
T q

The reaction rate in the pion gas is obtained by averaging over the momentum distributions of the incoming

D and =z,

1

q q

*a * _ q q
<UG[7TD — D b]nonsing> _36—71']“;‘.'[ ([6<2_5ab) +2(2+5ab)gﬁ] <qu>q_4gim721<w_>q+ (4_5ab>gimi<;>q> . (79)
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The third diagram in Fig. 5 produces a #-channel
singularity, because the intermediate D can be on shell.
In the square of the matrix element for an incoming D* with
momentum (M + A)v+ p and an outgoing pion with
momentum ¢’, the 7-channel singularity can be isolated
by making a simple substitution for the product of the D
propagator and its complex conjugate,

1 1 *
v-(AU+p—q’)+iF/2(v-(Av+p—q’)+iF/2>

2
—>%6(A+v~p—v-q’). (80)

The t-channel singularity contribution to the reaction rate
for z(q)D*(p) — =(q')D**(p') averaged over incoming
D* spins and over incoming pion flavors is

velxD** — gD*?]

sing
g4
= 7 ;1[ E (2 - 6uc)(2 - 6bc)
2 .3
q Cquc
X Abbcrc 5(wbcq - Abc>9(Aac - mrmc)' (81)

Using the expressions for I'[D* — Dz] in Eq. (8) and
vo[Dn — D*] in Eq. (59), the singular term in the reaction
rate can be expressed as

velgD* — ﬂD*”}Smg

1
= ZFF[D*” — Dérlve[Dn — D*’].  (82)

The reaction rate in the pion gas can be evaluated using the
thermal average of vo[Dzx — D*| in Eq. (60),

<1)O'[7'[D*a - ﬂD*h]sing>
 o(A) <T[D* - DZ]T[D* — Dex
= Z = _

(83)

This differs from the resonant term in the reaction rate for
zD — 7D in Eq. (68) in that the sum is over D flavors
instead of D* flavors and that the product of D* partial
decay rates is divided by a D decay rate I',. instead of a D*
decay rate I',..

The reaction rates for zD** — zD*’ in the hadron gas
near or after kinetic freeze-out can be approximated by
the sum of the nonsingular reaction rates in Eq. (79) and the
t-channel singularity reaction rate in Eq. (83),

- 4 m721 fﬂ(mﬂ>F%)*0—>D0ﬂ
(003100} = (0,496 +0.469 ) " 4 1=\ ") ~ D0l
fl! n, 1—‘0

(84a)

2
my
<U67[D*0—>HD*'> = (0991 +O306 gﬁ)f—é"
m F +0 0 F H+ 0
fﬂ( n') D" -D"z* D" =Dx
n, 1—‘0 ’

+ (84b)

2
(06,ps o) = (0.991 + 0.306 gi)%
(mﬂ) FD*O_)D()”FDH_)DO,[

fz
+
n, 1—‘O

, (84c)

2

mﬂ
(V6 pp+) = (0.496+0.469 gj‘,)F

my I? ot r2 N
+fﬂ( ) < D —>D0ﬂ+ D*"—=D 7z>. (84(1)
n, FO F+

The dimensionless numbers in the first terms depend only
on m,/T, which we have evaluated at T); = 115 MeV.
Before kinetic freeze-out, the factor f,(m,)/n, is deter-
mined by 7. After kinetic freeze-out at T,y = 115 MeV,

that factor has the constant value 0.431/ nﬁ,kf) independent
of n,. There can also be dependence on T or n, through
the mass shifts in I'pw_ e, and through the factors
of 1/T..

After kinetic freeze-out, the most dramatic dependences
on n, can be made explicit by inserting the expressions for
the thermal widths of D and D° in Eq. (57). The resulting
expression for the reaction rate for zD*® — zD** (or
zD* — 2D*0) is

m2

7t
L I'po_po I pt L pos (85)

(064 pe0_zpe+ ) = (0.991 +0.306 g2)

+ .
311,, FD*O—>DOIZ + FD*+—>DOIT

At kinetic freeze-out, the 7-channel singularity term is
smaller than the nonsingular term by the factor 0.0003.
However the multiplicative factor of 1/n, makes the
t-channel singularity term increase dramatically as the
hadron gas expands. It becomes equal to the nonsingular
term when n, decreases by the factor 0.0009. Since the
volume V() of the hadron gas increases roughly as 7°, this
corresponds to an increase in its linear dimensions by about
a factor of 10.

Many of the zD™*) — 7D scattering reactions change
the flavor or spin of the charm meson. The reaction rates in
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FIG. 11. Reaction rates (vo, e _ p-) for the scattering of an

incoming neutral charm meson D° or D** and a pion in the
hadron gas after kinetic freeze-out as functions of the pion
number density n,: zD° - zD*, zD° — zD*°, zD° — zD**
(dashed curves: higher red, intermediate purple, and lower blue),
D0 — 2D, zD** — zD°, zD** — D7 (solid curves: higher
red, intermediate purple, and lower blue). The increase in the
reaction rate for zD** — zD** as n, - 0 comes from a
D-meson t-channel singularity.

the hadron gas after kinetic freeze-out at 7y = 115 MeV
for incoming neutral charm mesons D° or D*° are shown as
functions of the pion number density n, in Fig. 11. For
each of these reactions, there is another one with an
incoming charged charm meson D' or D** that has the
same reaction rate. The reaction rate for zD° — zD™ is
given in Eq. (69b). The reaction rates for zD° — zD** and
aD% — zD** are given in Egs. (75a) and (75b). The
reaction rates for zD** — zD° and zD*° — D™ are given
in Egs. (76a) and (76b). The largest reaction rates in Fig. 11
are for reactions that change the charm-meson flavor only.
The reaction rate for zD° — zD* has a D** resonance
contribution that makes it increase as mn, decreases.
However the D** resonance contribution is about three
orders of magnitude smaller than the nonresonant term, so
the decrease is not visible in Fig. 11. The reaction rate for
aD*® — zD** has a D t-channel singularity contribution
that makes it diverge as n, — 0. The other reaction rates in
Fig. 11 are constant functions of n,. The rates in Fig. 11 for
reactions that change the charm-meson spin are suppressed
by more than 1.5 orders of magnitude. The rates for
reactions that change both the flavor and spin of the charm
meson are suppressed by more than three orders of
magnitude.

VI. EVOLUTION OF CHARM-MESON RATIOS

In this section, we calculate the evolution of the charm-
meson number densities in the expanding hadron gas from
a heavy-ion collision after kinetic freeze-out.

A. Rate equations

The evolution of the number density n . (z) of a charm
meson in the expanding hadron gas with the proper time =
can be described by a first-order differential equation. The
number density decreases because of the increasing volume
V(z), but it can also be changed by reactions. The time
derivative of n . has positive contributions from reactions
with D®) in the final state and negative contributions from
reactions with D) in the initial state. Near kinetic freeze-
out, the most important reactions involve pions, because
pions are by far the most abundant hadrons in the
hadron gas.

After kinetic freeze-out, most interactions have a neg-
ligible effect on the number density n,. (7) of a charm
meson. The charm-meson number density decreases in
proportion to 1/V(z), like the pion number density n,(z) in
Eq. (19). The effect of the increasing volume can be
removed from the differential equation by considering
the rate equation for the ratio of number densities
1, /n,. The remaining terms in the rate equation come
from reactions that change the spin or flavor of the charm
meson. The reaction rate is multiplied by a factor of the
number density for every particle in the initial state. The
reaction rate is determined by the temperature, which is
fixed at the kinetic freeze-out temperature Ty, the charm-
meson number density n ., and the pion number density
n,(7), which decreases as 1/V(z). Some reaction rates in
the expanding hadron gas are sensitive to the thermal mass
shifts and the thermal widths of the hadrons. The greatest
sensitivities to the thermal mass shifts for charm mesons
and pions are in reactions whose rates are proportional to a
power of Mp- — Mp — m,, such as D* — Dz decay rates.
The greatest sensitivity to the thermal width ', of a
pseudoscalar charm meson D? comes from D-meson
t-channel singularities, which can produce contributions
to reaction rates proportional to 1/I', in the limit
r,—-0.

The most relevant reactions for charm mesons in the
expanding hadron gas include the decays D* — Dz and
D* — Dy, the scattering reactions zD — zD, D — Dy,
and zD* — zD* that change the charm-meson flavor, and
the scattering reactions zD — zD* and zD* — zD that
change the charm-meson spin. The rate equations for the
number densities of the pseudoscalar charm mesons D“ and
the vector charm mesons D*? are
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d (npa
nﬂ% < nD > = [1 + fﬁ(mﬂ)];FD*b_)DaﬂnD*b + F*a’ynD*ﬂ

3

+ 32 |:</UO'ﬂDb_>ﬂDa><nDb - nDn> + <UUﬂDb_)Day>nDb - </Uo-ﬂD“—>Dhy>nD“:|nﬂ:

b#a

+ 32[(110””1;_)”0“)110*1; — (V6 4 pasppt ) e | g + .,
b
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d M p+a
e ( f ) - ([1 + f,[<m,,)];r%m,, + rw> Mpa + 3 (V0,0 gpea) (Rppo = Npea) 0y

+ 3Z[<UGﬂDb—>ﬂD*“>nDb - <l}6ﬂD*a_,ﬂDb>an]n” +
b

The partial decay rates I'pea_ v, and I',,, are given in
Egs. (6) and (56). The reaction rates (vo,pi_,,pr) and
(v6,pa_pr,), Which have D* resonance contributions, are
given in Egs. (69) and (70). The reaction rates (v6,pa_, ;p« )
and (vo,pa_,p») are given in Egs. (75) and (76).
The reaction rates (vo,pa_,p+), Which have D-meson
t-channel singularities, are given in Eq. (84). The rate
equations in Eq. (86) are consistent with the conservation of
charm-quark number, which implies that the sum of the
ratios of the number densities for all four charm mesons
remains constant,

d (mpo+npe + npo 4+ nper
e n
/e

> =0. (87

Given initial conditions on the ratios n . (7)/n,(r) of
charm-meson and pion number densities, the rate equations
in Eq. (86) can be integrated to determine the ratios at larger
7. As our initial conditions on the ratio at kinetic freeze-out,
we take the ratio of the multiplicity of the charm meson
before D* decays and the pion multiplicity,

npa(tig)  (dNpe/dy)y

n(n)  dNjdy (88a)
e (7ys) _ (dNp-/dy),
n(ng)  dNyjdy (88b)

In the case of Pb-Pb collisions in the centrality range
0-10% at \/syy = 5.02 TeV, the multiplicity dN,/dy for
a single-pion flavor measured by the ALICE Collaboration
is given in Eq. (22) [25]. The multiplicities (dNp-/dy),
and (dNpa/dy), for charm mesons before D* decays
inferred from SHM predictions are given in Eqgs. (26)
and (27). The resulting initial values of the ratios of charm-
meson and pion number densities at kinetic freeze-out for
D°, DT, D*, and D** are 0.00278, 0.00264, 0.00334, and
0.00328, respectively.

The solutions to the rate equations in Eq. (86) with the
initial conditions in Eq. (88) are shown in Fig. 12. The

b#a
(86b)

|
ratios np.0/n, and np—+ /n, decrease exponentially to O on
time scales comparable to the D* lifetimes. The ratio
Npo/Np+ of the numbers of DY and D* is predicted to
increase from 1.053 at kinetic freeze-out to about 2.092 at
the detector. The naive prediction for the effects of D*
decays on the numbers N0 and Np+ at the detector can be
obtained by inserting the initial conditions at kinetic freeze-
out into Eq. (9). The naive prediction for the ratio N o /N p+
at the detector is 2.255. This is about 10% larger than
the ratio from solving the rate equations. Thus the rate
equations in Eq. (86) must include reactions other than
D* decays whose effects are not negligible after kinetic
freeze-out.

B. Asymptotic evolution

As 7 increases, the pion number density n,(7) decreases
to 0 as 1/V(z). As n, approaches 0, most of the reaction
rates in Eq. (86) approach the finite constant reaction rates
in the vacuum. The exceptions are (vo,p«o_,p-+) and

T T T

P

0.003F - 3

T

0.007 w / *
0.006F / B

N 4 ]
0.005F

0.004F

Npe) / n;

0.003F
0.002F

0.001F

0.000F

n PR n PR | n PR
10° 10! 10% 10%
T/ka

FIG. 12. Proper-time evolution of the ratios of number densities
of charm meson and pions from solving the rate equations in
Eq. (86); npo/n,, np+/n, (dashed curves: higher blue, lower
red), npo/n,, np/n, (solid curves: higher blue, lower red).
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(V6 y+_zp0), Which are given in Eqs. (84b) and (84c).
They have contributions with a factor of 1/T, from a
D-meson t-channel singularity. Since Iy, which is given in
Eq. (57b), decreases to O in proportion to n, as n, — 0,
these reaction rates increase as 1/n,. The limiting behav-
iors of the reaction rates (vo,ps_,p«) as n, — 0 in
Eq. (84) are

1 (BOOF*O)2

. . , 89
<UGHD O=zD 0> - 3“,1 BOOF*O + B+01—~*+ ( a)
1 (Bgol'.o) (Bl
<UG D0 —>7rD*+> - ( i *0)( 0 *+) s (Sgb)
3n, Bool'so + Biol's v
1 (Bgol'.g) (Bl
<UGJZD*+—>JID*0> - ( %0 *0)( 0 *+), (890)
3n; Bool'so + Biol's v
1 (B+0F*+)2
. B..T.. ).
00w+ r) = 3n, (Boor*o + Bl TP
(89d)

where I', , is the decay rate for D** in the vacuum given in
Eq. (5) and B, is the branching fraction for D** — D’z
given in Eq. (4). The factors of 1/n, in these asymptotic
reaction rates can cancel explicit factors of n, in the rate
equations.

At large times 7, the only terms in the rate equation that
survive are one-body terms with a single factor of a number
density np or np-. There are one-body terms from the
decays D* — Dz and D* — Dy. The t-channel singular-
ities produce additional one-body terms. If the one-body
terms from D-meson #-channel singularities are taken into
account, the asymptotic rate equations become

d np+
nege (M) = (=B, (90a)
( ) ->TI «0 N p+o + B+OF +Npet, (90b)

Np«+
0 — —([yy +y)np+ + ynpo, (90c¢)

IlD*o
= =T +7)npo +ynps,  (90d)

where the rate y is
1

y = =219 keV. (91)

1/(Bool'so) +1/(Biol's4)

The terms in Eq. (90) with the factor y come from D-meson
t-channel singularities.

The asymptotic rate equations in Eq. (90) can be solved
analytically. If the numbers of D°, D*, D*°, and D** at
kinetic freeze-out are (Npo)y, (Np+)p. (Npo)y, and
(Np++)» the predicted asymptotic numbers of DY and
Dt are

Ny = (No)o + (Nso)o + B1o(Nit)o

_ (1-By)y
F*+F*0 + (F*+ + F*())Y
X [F*J,-(N*O)O - F*O(N*+>0] ’

Ny = (Ny)o+ (1=B10)(Nuy)o

(1-Byo)r
F*+F*O + (F*+ + F*O)y

X [r*+ (N*())() - F*O(N*+)O] ’

(92a)

+

(92b)

where y is given in Eq. (91). The coefficients of (N,q), and
(N.o), in Eq. (92) depend only on B, By, and the ratio
I',o/T.4. The prediction for the difference between the
numbers of D° and D* are

No =Ny =2Bo(Nii)o+ (No=Ni)o+ (N = Nii)o
_ 2(1-B.o)r
Fo Lo+ (D + o)y
X [F*+(N*0)0 -Ty (N*+)o}- (93)

If we impose the isospin-symmetry approximations (N), &
(Ny)y and (N,g)o = (N, ), the difference reduces to

(1 _B+0) (F*+ _F*())]/
F*+F*0 + (F*+ +F*0)y

NO—N+z2<B+O—

ERSHCE

The two terms in the parantheses come from D* decays and
the D-meson t-channel singularity, respectively. The effect
of D-meson #-channel singularities is to reduce the coef-
ficient of (N, ), from 1.35+£0.01, which includes the
effects of D* decays only, to 1.30 & 0.01. The change in the
coefficient is small but statistically significant.

We use our initial conditions on the ratios of the charm-
meson/pion number densities at kinetic freeze-out to
illustrate the effect of 7-channel singularities on the ratio
Ny/N . of the observed numbers of D° and D. The ratio
before D* decays is (Npo)y/(Np+)y = 1.053. The pre-
dicted numbers of D° and D* at the detector are given in
Eq. (92). Their ratio is predicted to increase to 2.178 £
0.016 at the detector, where the error bar is from B, By,
I'.o, and T, only. The naive ratio Npo/Np+ ignoring
t-channel singularities, which is obtained using Eq. (9), is
2.255 £0.014. The difference between the predicted ratio
taking into account #-channel singularities and the naive
prediction is —0.077 & 0.006, which differs from 0 by
about 13 standard deviations.
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VII. CONCLUSION

The reactions zD* — zD* have t-channel singularities in
six of the ten scattering channels. These reactions can
proceed at tree level through the decay D* — zD followed
by the inverse decay zD — D*. The t-channel singularity
appears because the intermediate D can be on shell. The
tree-level cross section diverges inside a narrow interval
of the center-of-mass energy near the threshold, which is
given by Eq. (1) if the incoming and outgoing z and D have
the same flavor. If the singularity is regularized by inserting
the width I" of the D into its propagator, the cross section
has a term with a factor of the D lifetime 1/T". The resulting
enormous cross section is unphysical, because the lifetimes
of the incoming and outgoing D* are many orders of
magnitude smaller than the D lifetime. A more physical
regularization of the z-channel singularity in the reaction
rate for #zD* — zD* could perhaps be obtained by a
resummation of loop diagrams. There are n-loop diagrams
with n + 1 D propagators, n D* propagators, and n pion
propagators in which all 2n + 1 charm-meson propagators
are nearly on shell. A resummation of these diagrams to all
orders could produce a regularization of the #-channel
singularity that is determined by the D* width.

As pointed out by Grzadkowski et al. in Ref. [1], the
thermal widths of particles in a medium provide a physical
regularization of #-channel singularities. In a hadronic
medium, the 7-channel singularity in the reaction rate for
zD* — nD* is regularized by the thermal width of D. A
physical example of such a hadronic medium is the hadron
gas produced by a central relativistic heavy-ion collision.
The effects of the hadron gas are particularly simple near
and after kinetic freeze-out, because it can be accurately
approximated by a pion gas. The thermal widths of the
charm mesons come primarily from coherent pion forward
scattering. At leading order in the pion interactions, the
thermal widths ', of D* and Ty of D are given by
Eq. (57). Before kinetic freeze-out, the D widths are
determined by the decreasing temperature 7". After kinetic
freeze-out, the D widths are determined by the kinetic
freeze-out temperature and the decreasing pion number
density n,.

In a hadronic medium, the z-channel singularities in the
reaction rates for zD* — zD* produce terms in the average
reaction rates (vo,p-_,p-) inversely proportional to the
thermal widths I', and I'y. These terms come from zD*
scattering in regions near the threshold, and they are
sensitive to differences A —m, between D* — D mass
differences in the medium and pion masses in the medium.
There are also nonsingular contributions from zD* scatter-
ing that are determined primarily by the temperature 7 and
are insensitive to the values of A — m,. We found a simple
prescription for the nonsingular reaction rates that allowed
the total reaction rate to be approximated by the sum of the
nonsingular term and the z-channel singularity terms. Our
prescription for the nonsingular reaction rate is simply the

rate in the limit A — m,. The resulting expressions for the
reaction rates (vo,pw«_,,p») in the pion gas after kinetic
freeze-out are given in Eq. (84). After kinetic freeze-out,
the most dramatic dependence of reaction rates for zD* —
zD* on n, comes from a multiplicative factor of 1/n. This
dependence for (vo,po_, p++) is made explicit in Eq. (85).

In rate equations for the evolution of number densities, a
reaction rate is multiplied by the number density of each of
the incoming particles. In the hadron gas after kinetic
freeze-out, all the number densities are decreasing in
inverse proportion to the expanding volume V(7). Thus
n-body reactions, which have n > 2 incoming particles, are
suppressed compared to decays, which are one-body
reactions, by the additional factors of the number densities.
A two-body reaction whose rate is proportional to an
inverse power of a number density provides an exception,
because its effects in the rate equation can be comparable to
one-body terms. In particular, the effects of the reactions
zD* — zD* can be comparable to one-body terms because
of the multiplicative factor of 1/n, in the #-channel
singularity term. Rate equations for the number density
ratios np«/n, and np./n, are given in Eq. (86). The
numerical solutions of these rate equations after kinetic
freeze-out for specific initials conditions motivated by the
statistical hadronization model are illustrated in Fig. 12.
There is a small but significant difference between the
asymptotic charm-meson ratios and the naive predictions
from Eq. (9), which take into account only the decays of
D** and D**.

The asymptotic forms of the rate equations in the limit
n, — 0 are given in Eq. (90). The only rates that remain in
that limit are one-body terms, but those terms come not
only from D* decays but also from the t-channel singu-
larities in zD* — zD* reactions. The rates are completely
determined by D* decay rates and D* branching fractions in
the vacuum. From the analytic solutions of the asymptotic
rate equations, we deduced the simple approximations in
Eq. (92) for the asymptotic numbers of D° and D* given
the numbers of the DY, D+, D*0, and D** at kinetic freeze-
out. The new terms from #-channel singularities are those
with a factor of the rate y. The predicted deviations of
charm-meson ratios from the naive predictions from Eq. (9)
are small but much larger than the statistical errors from
the D* decay rates and branching fractions. The analytic
predictions from Eq. (92) give good approximations to
numerical solutions of the more accurate rate equations
in Eq. (86).

There are other charm-meson reactions with 7-channel
singularities including zD* — zzD and zzD — zD*. The
reaction zD* — zzD has a pion r-channel singularity from
the decay D* — Dx followed by the scattering 7z — zz. In
a hadronic medium, the 7-channel singularity is regularized
by the thermal width I', of the pion. In a pion gas, the
leading term in I"; is proportional to n,. Our preliminary
result for the f-channel singularity contribution to the
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reaction rate for zD* — zzD can be reduced to
I'p_.pz/Mn,, Which is comparable to the ¢-channel singu-
larity term in the reaction rate for zD*® — zD** in
Eq. (85). This suggests that the contributions from pion
t-channel singularities may be comparable to those from
D-meson t-channel singularities.

There have been previous studies of the effects of a
thermal hadronic medium on charm mesons [31-34]. In
these studies, isospin splittings have been ignored and
therefore the possibility of 7-channel singularities has not
been considered. It might be worthwhile to look for other
aspects of the thermal physics of charm mesons in which
the effects of t-channel singularities are significant. One
such aspect is the production of the exotic heavy hadrons
X(3872) and T(.(3875). Their tiny binding energies
relative to a charm-meson-pair threshold imply that they
are loosely bound charm-meson molecules. In previous
studies of the production of charm-meson molecules, it has
been assumed that they are produced before kinetic freeze-
out [16,35-40]. It is possible that 7-channel singularities
could have a significant effect on their production after
kinetic freeze-out.

The problem of #-channel singularities is an unavoidable
aspect of reactions involving unstable particles. Unstable
particles are ubiquitous in hadronic physics. In the Standard
Model of particle physics, the weak bosons and the Higgs
are unstable particles. Most models of physics beyond the
Standard Model have unstable particles. We have identified
a simple aspect of charm-meson physics in which the
effects of t-channel singularities are significant. This
provides encouragement to look for other effects of

|

n.z(p)ﬂ.](q)_)ﬂ.m(p/>n,n<q/):f% S5115mn+t51m5]n+u5m51m_

T

where the Mandelstam variables are s = (p + q)>,
t=(p=p)° and u=(p-q)* and Q*=p’+q’+
p/2 + q/2 _ 4m%‘

The interactions of charm mesons with pions can be
described using heavy-hadron chiral effective field theory
(HHyEFT). In HHyEFT, the 4-momentum of a charm
meson is expressed as the sum of Mv, with v a velocity
4-vector that satisfies v? = 1, and a residual 4-momentum
p- The propagator for a pseudoscalar charm meson D with
momentum Mv + p and isospin indices a, b is

0y
—_. A3
2(v- p+ie) (A3)
In amplitudes that are sensitive to isospin splittings, v - p
in the propagator for D“ should be replaced by
v-p—(M,—M).If D* can be on its mass shell, the term
+ie in the denominator should be replaced by +il',/2,

t-channel singularities in hadronic, nuclear, and particle
physics.
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APPENDIX A: FEYNMAN RULES FOR HHYEFT

In yEFT, the propagator for a pion with momentum p
and isospin indices i, j is
is'
-5 - (A1)
p-—my+ 1€

At LO in yEFT, the only interaction parameter for pions is
the pion decay constant f,. The four-pion vertex is

3mZ + Q?
3

(5ij5mn+5im5jn+5in5jm) , (AZ)

where I, is the width of D“. The propagator for a vector
charm meson D* with momentum Mwv + p and isospin
indices a, b is

iéab(_gﬂv + Uﬂvv)
2-p—A+ie)’

(A4)

where A = M, — M is the mass difference between the
vector and pseudoscalar meson. The mass shell for D) is
v-p =A. In amplitudes that are sensitive to isospin
splittings, v - p — A in the propagator for D** should be
replaced by v - p — (M,, — M). If D** can be on its mass
shell, the term +ie in the denominator should be replaced
by +il',,/2, where I',, is the width of D*?.

The interactions between charm meson and pions in
HHyEFT at LO are determined by the pion decay constant
fr and a dimensionless coupling constant g,. The vertices
for Dz — D¥ 7z are
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i

D n'(g)—>D’n(q'): +2—]621)‘(Q+q/)[6i’0j]ab7 (ASa)
. . i o
Dyr'(q) - D7/ (q): - T (¢ +4)o". 0]
(A5Db)
The vertices for D) — D) z(gq) are
. 2 .
D¢ = Dbri(q): ~|—i\/J:g”0;,,q", (A6a)
, V2,
D - D;bai(q): —lf—ailbq”, (A6b)
. 2 .
Dy — D;Pri(q): +i%agbe"mﬁvaqﬂ (A6c)

The vertices for D*)z(q) — D) are obtained by replacing
q by —q. Our convention for the Levi-Civita tensor in
Eq. (A6c) is €y13 = +1.

APPENDIX B: INTEGRALS OVER THE
MOMENTUM OF A THERMAL PION

In this appendix, we evaluate the integrals over the pion
momentum that appear in the on shell charm-meson self-
energies in HHyEFT at LO.

1. ie prescriptions

The on shell self-energies for the charm mesons D* and
D*“ are given in Eqgs. (41) and (50). The thermal average
that appears in these self-energies is

qZ
f d - < j >’
‘ Weag(@* — q2, + i€)

(B1)

[ee] 2 —
Re[F(o)] :A dti(q) F(0)

q2

— 2 2 2 A2 2 :
where @.gq = \/ Mg+ q°5 Gog = DLy — Miyeys Agg is the

D*¢ — D? mass splitting, and m,,, is the mass of the pion
produced by the transition D*¢ — D%z’. The angular
brackets represent the average over the Bose-Einstein
momentum distribution of the pion, which is defined in
Eq. (21) as the ratio of momentum integrals.

The numerator of the thermal average F ., in Eq. (B1)
can be expressed as an integral over a single momentum
variable of the form

. o F(qz)
= 1 B
F(o) = lim dqqz—a—i—ie’

e=0" Jo

(B2)

where F(g?) is a smooth, real-valued function that
decreases as ¢* as ¢ — 0 and decreases exponentially to
0 as ¢ — oo. The real parameter o, which can be positive or
negative, is small compared to the scale of ¢* set by F(g?).
We would like to expand F (o) in powers of o.

The function F (o) can be expressed as the sum of a
principal-value integral and the integral of a delta function,

F(o) = Aoo dgF(q?) (Pﬁ —ind(q* - a))

_[®  F(@®)-Fo) . =
A dq -0 _12\/5F

(0)0(c).  (B3)

We have used an identity to express the principal-value
integral in terms of an ordinary integral. The Taylor
expansion of the real part of F (o) can be obtained by
expanding the integrand in the second line of Eq. (B3) as a
Taylor expansion in o,

o ["ag =IO = O
0

q4

g2 /Ooo qu(qz) - F(0) = F'(0)q> =3 F"(0)¢* + ...

The first term F(q?)/(g*)" in each integrand can be
obtained simply by expanding the left side of Eq. (B3)
in powers of o. The remaining terms in the integrand
subtract the divergent terms in the Laurent expansion of

F(q*)/(g*)" in ¢*.

2. Integral over momentum

The thermal average F.; is defined in Eq. (B1). If
A.g > mg.4, its real part can be expressed in terms of a

< (B4)
q

principal-value integral that can be reduced to the form in
the first term of the second line of Eq. (B3),

1 o0 q* ‘Iﬁd
Re[]:cd] = 27[2" 0 dq W fﬂ(wcdq) - A dfn:(Acd)
r cdg ¢
1
X ————, BS
T~y (B3)
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where .4, = /m%.,+ ¢* and ¢?, = A2, —m?2_,. The
denominator has a zero at g.; = /A2, — m2_,. The sub-

traction of the numerator makes the integral convergent. If
Ay < my.4, the subtraction at w4, = A4 is not necessary
because the integral is convergent.

The imaginary part of F.; is nonzero only if
A 4 > mg.4. It can be evaluated analytically using a delta
function as in Eq. (B3),

1 A,
- 47[ﬂﬂ [% qzd:| Q(Acd - mzrcd)' <B6)

Im[]:cd] -

3. Expansion in isospin splittings

The thermal average over the Bose-Einstein distribution
for a pion is defined in Eq. (21). The thermal average F .,

defined in Eq. (B1) depends on A%, — m2_,, which is linear
in isospin splittings. The thermal average can be expanded
in powers of A2, —m?2_, using the results presented in
Sec. B 1. The real part can be expanded in integer powers of
isospin splittings divided by m,. The leading term in the
expansion of the real part of F ., is

RelF. ] ~ <wi>

The imaginary part of F ., is nonzero only if A.; > m 4. It
can be expanded in half-integer powers of isospin splittings
divided by m,. The leading term in the expansion of the
imaginary part is

1
Im[fcd] ~ % <_m_qzd> Q(Acd - m;rcd)' (BS)

(B7)

[1] B. Grzadkowski, M. Iglicki, and S. Mréwczynski, t-channel
singularities in cosmology and particle physics, Nucl. Phys.
B984, 115967 (2022).

[2] R. E. Peierls, Possible Mechanism for the Pion-Nucleon
Second Resonance, Phys. Rev. Lett. 6, 641 (1961).

[3] K. Melnikov and V.G. Serbo, New Type of Beam Size
Effect and the W Boson Production at u*u~ Colliders, Phys.
Rev. Lett. 76, 3263 (1996).

[4] M. Iglicki, Thermal regularization of t-channel singularities
in cosmology and particle physics: The general case, J. High
Energy Phys. 06 (2023) 006.

[5] E. Braaten, R. Bruschini, L.-P. He, K. Ingles, and J. Jiang,
Evolution of charm-meson ratios in an expanding hadron
gas, Phys. Rev. D 107, 076006 (2023).

[6] S. Weinberg, Phenomenological Lagrangians, Physica
(Amsterdam) 96A, 327 (1979).

[7]1 G. Burdman and J. F. Donoghue, Union of chiral and heavy
quark symmetries, Phys. Lett. B 280, 287 (1992).

[8] M. B. Wise, Chiral perturbation theory for hadrons contain-
ing a heavy quark, Phys. Rev. D 45, R2188 (1992).

[9] H. Y. Cheng, C. Y. Cheung, G. L. Lin, Y. C. Lin, T. M. Yan,
and H.L. Yu, Chiral Lagrangians for radiative decays of
heavy hadrons, Phys. Rev. D 47, 1030 (1993).

[10] S. A. Bass, Microscopic models for ultrarelativistic heavy
ion collisions, Prog. Part. Nucl. Phys. 41, 255 (1998).

[11] P.F. Kolb and U. W. Heinz, Hydrodynamic description of
ultrarelativistic heavy ion collisions, arXiv:nucl-th/0305084.

[12] F. Gelis, E. Iancu, J. Jalilian-Marian, and R. Venugopalan,
The color glass condensate, Annu. Rev. Nucl. Part. Sci. 60,
463 (2010).

[13] W. Busza, K. Rajagopal, and W. van der Schee, Heavy ion
collisions: The big picture, and the big questions, Annu.
Rev. Nucl. Part. Sci. 68, 339 (2018).

[14] H. Elfner and B. Miiller, The exploration of hot and dense
nuclear matter: Introduction to relativistic heavy-ion phys-
ics, arXiv:2210.12056.

[15] S. Cho et al. (ExHIC Collaboration), Exotic hadrons in
heavy ion collisions, Phys. Rev. C 84, 064910 (2011).

[16] S. Cho et al. (ExHIC Collaboration), Exotic hadrons
from heavy ion collisions, Prog. Part. Nucl. Phys. 95, 279
(2017).

[17] J. D. Bjorken, Highly relativistic nucleus-nucleus collisions:
The central rapidity region, Phys. Rev. D 27, 140 (1983).

[18] C.M. Ko, B. Zhang, X.N. Wang, and X.F. Zhang,
Charmonium production from hot hadronic matter, Phys.
Lett. B 444, 237 (1998).

[19] L. W. Chen, V. Greco, C. M. Ko, S.H. Lee, and W. Liu,
Pentaquark baryon production at the relativistic heavy ion
collider, Phys. Lett. B 601, 34 (2004).

[20] L. W. Chen, C. M. Ko, W. Liu, and M. Nielsen, D,;(2317)
meson production in ultrarelativistic heavy ion collisions,
Phys. Rev. C 76, 014906 (2007).

[21] L. M. Abreu, X,;(2900) states in a hot hadronic medium,
Phys. Rev. D 103, 036013 (2021).

[22] P. Braun-Munzinger, K. Redlich, and J. Stachel, Particle
production in heavy ion collisions, in QuarkGluon Plasma 3
(World Scientific, Singapore, 2004).

[23] A. Andronic, P. Braun-Munzinger, K. Redlich, and J.
Stachel, Statistical hadronization of charm in heavy ion
collisions at SPS, RHIC and LHC, Phys. Lett. B 571, 36
(2003).

[24] A. Andronic, P. Braun-Munzinger, M. K. Kohler, A.
Mazeliauskas, K. Redlich, J. Stachel, and V. Vislavicius,
The multiple-charm hierarchy in the statistical hadroniza-
tion model, J. High Energy Phys. 07 (2021) 035.

076012-25


https://doi.org/10.1016/j.nuclphysb.2022.115967
https://doi.org/10.1016/j.nuclphysb.2022.115967
https://doi.org/10.1103/PhysRevLett.6.641
https://doi.org/10.1103/PhysRevLett.76.3263
https://doi.org/10.1103/PhysRevLett.76.3263
https://doi.org/10.1007/JHEP06(2023)006
https://doi.org/10.1007/JHEP06(2023)006
https://doi.org/10.1103/PhysRevD.107.076006
https://doi.org/10.1016/0378-4371(79)90223-1
https://doi.org/10.1016/0378-4371(79)90223-1
https://doi.org/10.1016/0370-2693(92)90068-F
https://doi.org/10.1103/PhysRevD.45.R2188
https://doi.org/10.1103/PhysRevD.47.1030
https://doi.org/10.1016/S0146-6410(98)00058-1
https://arXiv.org/abs/nucl-th/0305084
https://doi.org/10.1146/annurev.nucl.010909.083629
https://doi.org/10.1146/annurev.nucl.010909.083629
https://doi.org/10.1146/annurev-nucl-101917-020852
https://doi.org/10.1146/annurev-nucl-101917-020852
https://arXiv.org/abs/2210.12056
https://doi.org/10.1103/PhysRevC.84.064910
https://doi.org/10.1016/j.ppnp.2017.02.002
https://doi.org/10.1016/j.ppnp.2017.02.002
https://doi.org/10.1103/PhysRevD.27.140
https://doi.org/10.1016/S0370-2693(98)01390-2
https://doi.org/10.1016/S0370-2693(98)01390-2
https://doi.org/10.1016/j.physletb.2004.09.027
https://doi.org/10.1103/PhysRevC.76.014906
https://doi.org/10.1103/PhysRevD.103.036013
https://doi.org/10.1016/j.physletb.2003.07.066
https://doi.org/10.1016/j.physletb.2003.07.066
https://doi.org/10.1007/JHEP07(2021)035

BRAATEN, BRUSCHINI, HE, INGLES, and JIANG

PHYS. REV. D 108, 076012 (2023)

[25] S. Acharya et al. (ALICE Collaboration), Production of
charged pions, kaons, and (anti-)protons in Pb-Pb and
inelastic pp collisions at /syy = 5.02 TeV, Phys. Rev.
C 101, 044907 (2020).

[26] A. Andronic, P. Braun-Munzinger, K. Redlich, and J.
Stachel, Decoding the phase structure of QCD via particle
production at high energy, Nature (London) 561, 321 (2018).

[27] J. Gasser and H. Leutwyler, Light quarks at low temper-
atures, Phys. Lett. B 184, 83 (1987).

[28] J. L. Goity and H. Leutwyler, On the mean free path of pions
in hot matter, Phys. Lett. B 228, 517 (1989).

[29] A. Schenk, Pion propagation at finite temperature, Phys.
Rev. D 47, 5138 (1993).

[30] D. Toublan, Pion dynamics at finite temperature, Phys. Rev.
D 56, 5629 (1997).

[31] C. Fuchs, B.V. Martemyanov, A. Faessler, and M.L
Krivoruchenko, D-mesons and charmonium states in hot
pion matter, Phys. Rev. C 73, 035204 (2006).

[32] M. He, R.J. Fries, and R. Rapp, Thermal relaxation of
charm in hadronic matter, Phys. Lett. B 701, 445 (2011).

[33] G. Montaiia, A. Ramos, L. Tolos, and J. M. Torres-Rincon,
Impact of a thermal medium on D mesons and their chiral
partners, Phys. Lett. B 806, 135464 (2020).

[34] G. Montaiia, A. Ramos, L. Tolos, and J. M. Torres-Rincon,
Pseudoscalar and vector open-charm mesons at finite
temperature, Phys. Rev. D 102, 096020 (2020).

[35] S. Cho and S.H. Lee, Hadronic effects on the X(3872)
meson abundance in heavy ion collisions, Phys. Rev. C 88,
054901 (2013).

[36] A. Martinez Torres, K. P. Khemchandani, F. S. Navarra, M.
Nielsen, and L.M. Abreu, X(3872) production in high
energy heavy ion collisions, Phys. Rev. D 90, 114023
(2014); 93, 059902 (2016).

[37] B. Chen, L. Jiang, X. H. Liu, Y. Liu, and J. Zhao, X(3872)
production in relativistic heavy-ion collisions, Phys. Rev. C
105, 054901 (2022).

[38] Y. Hu, J. Liao, E. Wang, Q. Wang, H. Xing, and H. Zhang,
Production of doubly charmed exotic hadrons in heavy ion
collisions, Phys. Rev. D 104, L111502 (2021).

[39] L. M. Abreu, F. S. Navarra, and H. P. L. Vieira, Multiplicity
of the doubly charmed state T3, in heavy-ion collisions,
Phys. Rev. D 105, 116029 (2022).

[40] H. O. Yoon, D. Park, S. Noh, A. Park, W. Park, S. Cho, J.
Hong, Y. Kim, S. Lim, and S.H. Lee, X(3872) and T,,:
Structures and productions in heavy ion collisions, Phys.
Rev. C 107, 014906 (2023); 96, 059902(E) (2016).

076012-26


https://doi.org/10.1103/PhysRevC.101.044907
https://doi.org/10.1103/PhysRevC.101.044907
https://doi.org/10.1038/s41586-018-0491-6
https://doi.org/10.1016/0370-2693(87)90492-8
https://doi.org/10.1016/0370-2693(89)90985-4
https://doi.org/10.1103/PhysRevD.47.5138
https://doi.org/10.1103/PhysRevD.47.5138
https://doi.org/10.1103/PhysRevD.56.5629
https://doi.org/10.1103/PhysRevD.56.5629
https://doi.org/10.1103/PhysRevC.73.035204
https://doi.org/10.1016/j.physletb.2011.06.019
https://doi.org/10.1016/j.physletb.2020.135464
https://doi.org/10.1103/PhysRevD.102.096020
https://doi.org/10.1103/PhysRevC.88.054901
https://doi.org/10.1103/PhysRevC.88.054901
https://doi.org/10.1103/PhysRevD.90.114023
https://doi.org/10.1103/PhysRevD.90.114023
https://doi.org/10.1103/PhysRevD.93.059902
https://doi.org/10.1103/PhysRevC.105.054901
https://doi.org/10.1103/PhysRevC.105.054901
https://doi.org/10.1103/PhysRevD.104.L111502
https://doi.org/10.1103/PhysRevD.105.116029
https://doi.org/10.1103/PhysRevC.107.014906
https://doi.org/10.1103/PhysRevC.107.014906
https://doi.org/10.1103/PhysRevD.93.059902

