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In this paper, we explore the recursive structure of Baikov representations for Feynman integrals. We
demonstrate that the various Baikov representations for all sectors of an integral family can be organized in
a treelike structure. Using this structure, we show that the symbol letters of one-loop Feynman integrals can
be written in terms of minors of a matrix associated with the top sector. Nontrivial relations among these
symbol letters can then be easily discovered using results from linear algebra.
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I. INTRODUCTION

Feynman integrals (FIs) are building blocks of perturbative
scattering amplitudes in quantum field theories. To calculate
these integrals or to study their properties, we usually write
them in a specific representation. In addition to the classical
momentum representation and the Feynman (or Schwinger)
parametric representation, many new representations have
been proposed in the literature. In this work, we focus on the
Baikov representation and its generalizations [ 1-4]. Because
of the complicated integration boundaries of this representa-
tion, it i1s not suitable for direct evaluation. However, the
Baikov representations are particularly convenient to study
the properties of FIs under cuts and to study the relations
among them. The Baikov representations have been
employed to study the integration-by-parts (IBP) relations
using methods from algebraic geometry [5-9]. They are also
useful in the development of the intersection theory for
Feynman integrals [10—17], which recast the problem of
IBP reduction to the computation of intersection numbers.

An important concept to organize the calculation of
Feynman integrals is the so-called uniform transcendentality
(UT). UT integrals satisfy e-factorized canonical differential
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equations [18]. In the case that only logarithmic singularities
are present, UT integrals can be naturally expressed in terms
of multiple polylogarithms [19,20]. Generic methods to
construct UT integrals in the Baikov representations have
been proposed [4,21,22]. The method of symbols [23-25] is
a very powerful tool to study the analytic and algebraic
structures of UT integrals. The symbols contain the infor-
mation of branch cuts of the integrals as functions of external
variables. They also encode various algebraic structures of
Feynman integrals, such as shuffle algebras [26], stuffle
algebras, and Hopf algebras [27-29], as well as cluster
algebras [30-38]. The knowledge of the symbol letters can
be used to bootstrap the analytic expressions of Feynman
integrals (see, for example, [39-45]).

The Baikov representations take the form of generalized
hypergeometric functions

/ dx u(x) p(x). (1)

where x is the collection of integration variables, u(x) is a
multivalued function determined by the integral family, and
¢(x) is a rational function representing a specific integral in
this family. In both the reduction procedure and the study of
symbols, it is important to explore the relations among
integrals in all sectors belonging to an integral family.
However, the Baikov representations for different sectors
can have different numbers of x variables and have different
u(x) functions. This makes it difficult to establish direct
relations among them. In this paper, we demonstrate that
these different u(x) functions can be organized in a
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recursive structure and can be obtained by integrating out
variables from the function in the top sector. We further
study the symbol letters of one-loop integrals using the
canonical differential equations. We find that they can be
written in a simple form that explicitly reflects the recursive
structure. This can be used to study the analytic structure of
one-loop Feynman integrals with arbitrary numbers of
external momenta.

The contents are organized as follows. In Sec. II, we
present the recursive structure of the Baikov representa-
tions. In Sec. III, we show how one-loop symbol letters are
related to this recursive structure and provide expressions
for the symbol letters in a given integral family in terms of
the minors of a single matrix. We also show how to derive
relations among the letters using the recursive structure and
give some examples. We conclude in Sec. IV.

II. THE RECURSIVE STRUCTURE OF BAIKOV
REPRESENTATIONS

A scalar Feynman integral can be generically written in
the momentum representation as

d?1,d?,---d?l, 1
(iﬂd/z)L X?]ng .. ,xﬁv’

Iay .. ay:d) / )

where L is the number of loops and d =4 —2¢ is the
dimension of spacetime; N = L(L +1)/2+ LE is the
number of independent scalar products involving loop
momenta, and E is the number of independent external
momenta (the number of external legs is thus E + 1). The
variables x; are propagators if a; > 0 and irreducible scalar
products (ISPs) if a; < 0.

The momentum representation can be transformed to the
standard Baikov representation [1,46]. The derivation was
detailed in [4], and we have

ﬂ(L_N)/zdet(A?j)

I(Cl],...,aN;d): L F<d_K+i) [G(p]’n_’pE)]_<d_E_l)/2
=14\
dx---dx
—a]] a;\/ [Pk,(xl,...,x )](d_K_l)/z,
xl ...xN
(3)
where K = L + E and the polynomial
PR (x1,oxy) = G(q1, 4 -+ qk)- (4)

A few symbols in the above expressions need to be
explained. We use {q;,¢,...,qx} to denote {I,...,
l;,p1s-.., PE}. Any propagator or ISP x, can be written
as a combination of scalar products ¢;-q; (1 <i<L,
i < j)and a term f, independent of the loop momenta. Af;
is then the transformation matrix between the variables
{x,} and the scalar products g; - g;,

N
Qi‘Qj:ZA?j(xa—fa)- (5)

a=1
G represents the Gram determinant and it can be written for

any n momenta {q,,...,q,} as

G(q1,92s -, q,) = detM
2

q1 qg1-492 - 41°4n
q2 " 4 ‘I% q2 4qn
= det )
2
qdn 91 4n 492 - qn
(6)

The above equation not only defines the Gram determinant,
but also defines a symmetric matrix M that will be of
crucial importance in the following. It is clear from the
definition that if the momenta are redefined by an orthogo-
nal transformation

/

(@) dbs o d) =0 (q1. 92 - q0)" (7)

where O is an orthogonal matrix, the Gram determinant is
invariant,

G\ g5 - qy) = G(q1. 2. -, qy)- (8)

We will frequently use this property in later discussions.

In addition to the standard Baikov representation shown
above, it is also possible to construct so-called loop-by-
loop (LBL) Baikov representations [3]. The standard way
to derive the LBL representations is to perform the change
of variables for one loop momentum at a time. On the other
hand, it is also possible to derive it from the standard
Baikov representation by integrating out some of the
Baikov variables [3,4]. In this work, we will explore further
this second viewpoint, and show that the various forms of
Baikov representations for a given integral family (includ-
ing all the subsectors) can be cast into a treelike structure
rooted in the standard representation. Such a structure
allows us to find relations between a sector and its
subsectors, which provide important information for inte-
gral reductions and differential equations.

The standard and LBL Baikov representations take the
generic form

dx; ---dx,
ay ay
'xl .-.xn

[Py(e)]r - [P ()] ©)

where we use x to denote the sequence of variables
X{y...,Xx, with n <N, and P4,...,P,, are Baikov poly-
nomials that are raised to noninteger powers vy, ..., ¥,,. In
the standard representation, there is of course only one
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polynomial, i.e., m = 1. In the LBL representations, there
can be as many as m = 2L — 1 polynomials for L-loop
integrals (which we will show). We say that the set of
polynomials {Py, ..., P, } defines a Baikov representation.
When integrating out a variable x; from the above, one
arrives at a different set of Baikov polynomials involving
fewer variables. We denote this as a “lower representation.”
The lower representations usually belong to subsectors, but
may also stay at the same sector (in this case, x; is
redundant for this sector). It can also happen that a
subsector shares the same representation as its supersector
(i.e., no variable is integrated out between them).

We can now state the main result of this section: the LBL.
representations for all sectors can be reached by recursively
integrating out variables starting from the standard repre-
sentation of the top sector. We will demonstrate this in the
following.

A. Behavior of the representation after integrating
out a quadratic variable

We assume that there exists a variable x; that only
appears quadratically in one of the Baikov polynomials
P;(x), but not in the other polynomials (in the following,
we will refer to it as a “quadratic variable”). We regard x; as
an ISP (i.e., the corresponding power a; < 0), either for the
current sector or for a subsector. We integrate x; out to
arrive at a lower representation.

The boundary of the integral domain for x; in Eq. (9) is
determined by P;(x) = 0. For simplicity we write z = x;
and

Pj(x) = =(Az? + Bz+ C) = —A(z—¢))(z = c2).  (10)

where A, B, and C are polynomials of the remaining
variables in x. We can then integrate x; out using

[ etaG - el

I'(1 2
= (=AY ci(ca = e U+

I2(1+7))
x 2F), <1 +y,-n,2(1 —l—y);l—zZ), (11)

where n is a non-negative integer. By the quadratic trans-
formation and the Pfaff transformation of hypergeometric
functions

b b b 1 2
oFila.b.2a:z) =(1-2)2F, <§’“‘§’a+§;m>’

(12)

zi 1>’ (13)

ZFi(a,b,c;z) = (1 —z)7%,F, <a,c —b,c;

we can show that

C
¢l F <1 +7,-n,2(1+7);1 ——2>

ci+e\" nl-n3 c1—cy\2
- F -2 S (T2 (4
( 2 )2 1( 72 <c1+c2> (14)

So in the end, we get the following identity:

A=l

ci1+cr\7” nl-n3 [(c—c\?

X ( > > oF <—27 > EJF% <Cl +Cz) > (15)
We will call this identity the “recursion formula” hereafter
for convenience.

Since n >0, the hypergeometric function in the
recursion formula is, in fact, a polynomial of
(c1 —¢3)/ (e + ¢3). In particular, if n =0 or n =1, the
hypergeometric function just equals 1. We know that ¢ and
¢, are the two roots of a quadratic polynomial, which
immediately tells us that ¢, + ¢, and (¢; — ¢,)? are rational
functions of the remaining integration variables as well as
external variables. Note also that ¢; + ¢, always appears
with positive integer powers in the formula, due to the
(¢ + ¢,)" factor in front of the hypergeometric function.
Therefore, ¢; + ¢, simply leads to the polynomial A in
the denominator as well as some Baikov variables in the
numerator. The latter can be combined with the x{" - - - xy"
denominator and do not affect the representation. The other
rational function (¢, — ¢,)? is just (B> — 4AC)/A%. We will
show in the following that B> —4AC can always be
factorized into two polynomials. Therefore, the effect of
integrating out x; is to replace the polynomial P; with three
new polynomials in the lower representation.

To show the factorization property of B> — 4AC, we start
from the standard representation. In this case, there is just
one Baikov polynomial P; = detM, where the Gram
matrix M is defined in (6). The variable x; to be integrated
out is quadratic in Py. By exploiting properties of the Gram
determinant, we can always bring it to the form (up to an
overall rational factor)

X X X X;+ X
X X X
detM o det M = det X X X - X . (16)
Xi+XxX X X - X
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where X denotes terms independent of x;. The above
determinant can be expanded into a quadratic polynomial
of the form Eq. (10), with coefficients written in terms of
minors of the matrix M. We will write the minors of any
matrix M in the form M, ,;, where [ and J are ordered
subsequences of the indices 1,2, ..., n. The minor M, is
defined to be the determinant of the submatrix of M with
rows listed in / and columns listed in J. For example,
M, 34 is the minor by taking entries in the first or second
row and in the third or fourth column. M|, is simply the
(1,2) element of the matrix M.

Noting that the discriminant B> — 4AC is invariant under
a shift of variable, we have

AxM; 12 n-1s

Bz —4AC x [M%mn,l__n—l + MZ..,n—l,2‘..n—lM1...n.]...n]x:o

:Ml...n—l.I.A.n—lMZ...n,Z..An' (17)

For the last equal sign, we have applied the following
identity for an arbitrary symmetric matrix M:

M x 1 xMxuxn = Mix x + My xMixy1xn (18)

where X denotes the sequence 2...n — 1. This identity is
usually called Sylvester’s identity in the literature [4,22].
It is actually a special case of the more general “Lewis
Carroll identity” that appears in the discussions of cluster
algebras [47]. In our notation, it reads

MX,X’MXab,X’cd = MXa,X’cMXb,X’d - MXa.X’dMXb.X’w (19)

where X and X’ are arbitrary sequences of indices of the
same length, and a, b, ¢, d are four indices absent from X
and X'.

From the above, we see that integrating out x; from P,
produces three polynomials in the lower representation, one
being A and the other two from the factorization of
B? — 4AC. We also note that all the three new polynomials
are written as Gram determinants. Hence, it is straight-
forward to repeat the above procedure for the next quad-
ratic variable, if such a variable exists in the lower
representation.

B. The quadratic variables and the recursive structure

We now analyze how quadratic variables appear in the
Baikov polynomials and how they are related to the
recursive structure of the Baikov representations for
Feynman integrals.

We again start from the standard representation, where
there is only one Baikov polynomial. We will show that
there is always at least one quadratic variable in this
polynomial. It can either be an ISP for the top sector or
a propagator in the top sector (and thus an ISP for a

subsector). If it is an ISP for the top sector, integrating it out
arrives at a new representation for the same sector (quite
often the LBL representation). If it is a propagator in the top
sector, integrating it out gives a representation for a
corresponding subsector.

We now note that the diagrams for all subsectors can be
obtained from that of the top sector by “pinching” some
propagators. These pinched propagators become ISPs for
the subsectors (in the standard representation of the top
sector). If the Baikov variables corresponding to these ISPs
are quadratic, they can be integrated out to arrive at a new
representation. Hence, the recursive structure of the Baikov
representation is naturally related to the sequence of
pinched propagators. The remaining question is then: when
does a pinched propagator correspond to a quadratic
variable? For that, our basic tool is the following Lemma:

Lemma I1.1.For an L-loop (E 4+ 1)-point integral sector,
if it contains an (L — 1)-loop subdiagram with the number
of external legs less than E + 2, then there exists at least
one quadratic ISP variable in the Baikov polynomial of the
standard representation for this sector.

It is best to use some simple examples to illustrate the
content of the above Lemma. The diagram on the left side
of Fig. 1 is a two-loop, four-point integral sector with a one-
loop, four-point subdiagram drawn by blue lines.
According to the Lemma, there exists at least one quadratic
ISP in the Baikov polynomial. Integrating out this ISP leads
to a loop-by-loop representation for this sector. On the other
hand, the diagram on the right side of Fig. 1 is a two-loop,
three-point integral sector, with all its one-loop subdia-
grams being four point. It does not satisfy the Lemma,
hence no quadratic ISP exists. This means that its loop-by-
loop representation is the same as the standard one.
However, if one pinches the red propagator, the diagram
becomes a two-loop, three-point sector with a one-loop,
three-point subdiagram. The pinched propagator now
becomes a quadratic ISP in this subsector and can be
integrated out to arrive at a lower representation.

To show that the Lemma is true, we note that the
Baikov polynomial is given by the determinant of the
Gram matrix,

FIG. 1. Left: a two-loop, four-point diagram with a quadratic
ISP. Right: a two-loop, three-point diagram without quadratic
ISPs, but the red propagator becomes one after pinching.

076004-4



RECURSIVE STRUCTURE OF BAIKOV REPRESENTATIONS: ...

PHYS. REV. D 108, 076004 (2023)

l% e Ll Liepy ly-pe
Ll - 2 l - I -
M= L b L L 21’71 L PE (20)
Pl Pl P1 © P1"PE
Peli - pely pErpr o P%

The Baikov variables are linear combinations of the scalar
products involving the loop momenta /;. In an (L — 1)-loop
subdiagram, one of the loop momenta is treated as an
external one. Without loss of generality, we label this loop
momentum as /;. In general, this subdiagram can depend
on as many as E + l-independent external momenta ([
and pi, ..., pg). However, if the subdiagram satisfies the
condition of the Lemma, it can only depend on as many as
E-independent external momenta (among which /; must be
included). Again, without loss of generality (i.e., after some
redefinitions of external momenta), we assume the external
momentum dropping out of the subdiagram to be pg, which
only appears in the last row/column of the above Gram
matrix.

Now, all the propagators of the subdiagram cannot
depend on pp, and the remaining propagators of the full
diagram must depend on [;. This shows that the L —1
scalar products [y - pg,....l;_; - pg are ISPs of the full
diagram, and they are also quadratic in the Baikov
polynomial.

We now turn to the lower representation after integrating
out a quadratic variable from the standard representation.
As discussed in the last subsection, the Baikov polynomial

|

in the standard representation is replaced by three new
polynomials,

M ixnaxn = {Mx.x, Mix.1xs Mxnxn}s (21)
where n = L + E and X = 23...n — 1. All variables con-
tained in My x must also appear in M x 1y and My, x,, and
these cannot be quadratic. However, there are scalar
products appearing only in the first row/column of M
(hence only in My x) or only in the last row/column
(hence only in My, x,). We can then analyze M,y y and
M, x, in the same way as above and locate quadratic ISPs
(for the current sector or a subsector) in them. This leads to
the recursive structure as expected.

The final question concerns the number of Baikov
polynomials in the lower representations. Naively, one
might imagine that each recursion step increases the
number of polynomials by two. However, the number
has an upper bound of 2L — 1. The reason is that, during the
recursion, certain polynomial factors get canceled out,
restricting the number from increasing indefinitely. As a
simple example, suppose that we integrate out /; - pp_;
from M,y ;x in Eq. (21). This replaces M,y x by

Mixix = {My x, Mix 1x, My x}, (22)
where X' =23...n —2. The factor of My y from above
exactly cancels that in Eq. (21) and thus drops out of the
lower representation.

We now present a nontrivial example to demonstrate the
recursive structure of Baikov representations and their
correspondence to the subsectors of the integral family.
This three-loop nonplanar triple-box family is defined by
the following propagator denominators:

{ki, (ky = p1)*, (ki = p1 = p2)? k3. (ky — ky = py = po). (ky = ko — k3)?,
(kz + k3)27 k%, (ks —P1— Pz)z’ (k3 —P1—P2— P3)2 - m?, (kz - Pl)z,

(kz —P1— P2)27 (kz —P1—P2— P3)Za (k3 - Pl)z, (kl —P1—P2— Pa)z}-

The kinematics configuration is

pi=p3=0 p

The diagram for the top sector is depicted in Fig. 2, where
thick lines represent propagators and external legs with
mass m, and thin lines are propagators or external legs with
zero mass. When picking this integral family, we have in
mind the three-loop amplitude for the process gg — f7,
although one may assign arbitrary masses to the internal
lines without spoiling the recursion.

The whole recursive tree of this family is too large to be
shown here. However, we provide a Mathematica package

(23)

(P1+p)* =5 (p+p3)=t (24)

[
BaikovAllwl as Supplemental Material [60], which can generate
all Baikov representations for a given integral family using the
recursive structure. In Fig. 3, we show explicitly two paths.
The variables integrated out are listed next to the arrows. The
variables on dashed arrows are ISPs of the current sector.
Integrating them out leads to a lower representation for the
same sector. On the other hand, variables on solid arrows are
propagators of the current sector. Integrating them out arrives
at a representation for a subsector.
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FIG. 2. Nonplanar triple-box family. The number beside the
internal line is the number of propagators in the definition. All
external momenta are assumed incoming and the thick lines are
massive with the same mass m.

While the recursive structure of loop-by-loop Baikov
representation might already be familiar to experts in this
field, the relations among the various Baikov polynomials
in terms of minors of the Gram matrix are, to the best of our
knowledge, not present in the literature. In the rest of this
paper, we will show that these relations play an important
role in the determination of one-loop symbols, as well as in
the reduction of Feynman integrals.

III. SYMBOL LETTERS FROM THE RECURSIVE
STRUCTURE OF BAIKOV REPRESENTATIONS

Usually, the symbol letters can be read off from the
e-form differential equations satisfied by UT master inte-
grals. On the other hand, it is highly interesting to obtain the
symbol letters without working out the full differential
equations. At one-loop level, this has been studied in the
projective Feynman parameter representation [48,49] and
in the Baikov representation [16,50,51]. In this section, we
revisit this problem from the recursive structure of Baikov
representation.

D=

9/
>< 15,13,11 10 X

N

I

Two paths in the recursion of Baikov representations for the three-loop nonplanar triple-box family. The variables integrated

FIG. 3.

A. The recursive structure of one-loop Feynman
integrals

The Baikov polynomial for a one-loop (E + 1)-point
Feynman integral is given by the Gram determinant

l% ‘ll'pl Ly pe
G(ly,p1s--..pp) =det pl:‘ll p% pl':pE
pe-l | PEPL o P
(25)
We denote the Baikov variables (propagators) by
{x1,...,xg1}. They are chosen as

) 2
Xy = If —my,

xp=(L=p)?=mi,....x

_ 2 2

=(li—p1— = pp)—mpy. (26)
Note that the choice is completely generic, as one can
always relabel the external momentum and internal masses.
The choice here reflects a particular order of the recursion.
We can invert the above relations to express the scalar
products /§ and {/; - p;} in terms of {x;}. With the above
choice, x; is only involved in /| - pg, x, is involved in
ly-pg and [ - pg_;, etc. It is then easy to see that

G(ly, pi, ..., pg) is a quadratic polynomial of the Baikov
variables. Hence it can be written in the form

P<x)EG(ll’pl""’pE)Ex'Q'xTv (27)

where Q is a symmetric n X n matrix with n = E + 2, and
the vector x = (xq,...,xg, 1, 1). The elements of Q are
functions of p; - p;. In the following, we will again employ

s

UK

o O
Fd

e, AT
(-

out are listed next to the arrows. The variables on dashed arrows are ISPs of the current sector, whereas those on solid arrows are ISPs of

subsectors.
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the notation of minors discussed above Eq. (17), 1.e., Q; ; is
the minor with the rows in / and the columns in J.

As discussed in the last section, we generate new
polynomials in the lower representations when integrating
out variables one by one. In the following, we will associate
these polynomials to the minors of the Q matrix. The latter
naturally appears in the expressions of symbol letters.

Let us integrate out x; first. After the integration, the new
Baikov polynomial (at one loop, there is always only one
Baikov polynomial in each representation) is now a
function of x(V) = (x,,....xg,;,1). We can write it (up
to an irrelevant constant factor) as

P1<x(1>) Ex(l) . Q(l) ,x(l)T’ (28)

with the matrix Q(!) written in terms of minors of Q,

polynomial (27) and using the results of integration from
the last section.

Following the same spirit, we can then integrate out x,,
and the Baikov polynomial becomes

Py(x®) =x . 0 .57, (30)
where x®) = (x3,x4,...,1) and
Q123123 Q23124 Q123,120
0123124 Q124124 Q124,120
oW =-1 L | 6y
Qs Qioni24 Qi2n,12n

O Onis Q121 Note that Q) is derived from Q), but is rewritten in terms
0 0 0 of minors of Q using the exchange relations (18).
o = 13,12 13,13 13,1n (29) The recursion can further proceed and, after integrating
: : .. : ) out the first k variables, we arrive at
Oz Qini3 Qinin P (x®) = x . Q) . x0T (32)
The above result can be easily derived by tracing the
quadratic and linear terms of each variable in the original ~ where x*) = (Xks1s Xy, ---» 1) and
|
Ox(k+1)x(k+1)  OX(kt1).X(k+2) OX(k+1).Xn
Ox(k+2)x(k+1)  OX(k+2) X (k+2) OX(k+2).Xn
Q(k) = Sn(k) . . . . s (33)
Oxn.x(k+1) Oxnx(k+2) Oxn.xn

where X = 12---k, and sn(k) equals +1 if k is a multiple of 3, and —1 otherwise. This sign is introduced for later
convenience.

From the above, we see that the Baikov polynomials of all sectors are related to minors of the matrix Q. We now
employ the method of [21,51] to construct the dlog integrands for each sector. Setting N = E + 1 — k, the integrands
read

1

b
Xk+1Xk+2 * " XE+1

N even: gi(x®) = y/sn(k) Qi xalsn(k = 1) Q] [P (x0)] /27
1

b
Xk+1Xk+2 = " XE+1

N odd: g, (x¥) = [sn(k — 1)Qx x][Pr (x0)] (34)

|
need to study its derivatives with respect to external
kinematic variables. To this end, we simply take Q;; as
independent variables, and we only need to study Q; |,
Q1.2, Q1.0 and Q,, ,,. The symbol letters related to the other
Q; ;’s can be obtained by permuting the indices.

We first consider the derivative with respect to Q; ;. This
gives

where we have suppressed irrelevant x-independent
factors. These are our starting point to derive the symbol
letters.

B. Differential equations and symbol letters

To get the symbol letters associated with the (E + 1)-
point UT integral gy(x) (which defines the top sector), we
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0 1 1 x3
sor P = [P())

X1X2 " XE41

= [P(x)]"! Pe— xl P (35)

X1X2 " XE41

where factors independent of x have been suppressed, and y
canbe (—1/2 — €) or —e depending on whether E is even or
odd. Invoking the recursion formula (15) to integrate x; out,
the integrand in the lower representation becomes

0, ]! [Pl (x(l))}y_l/z Q2%+ + 01 gr1XE41 +Q1.n’
' Xp X3 XEy]

(36)

where P;(x(")) has been defined in (28). The above
integrand is a linear combination of Q; ; with j > 1. We
conclude that the symbol letters in the derivative with
respect to Q) are also a linear combination of those
obtained from the derivatives with respect to Q; ;. Hence,
we are left with only Q,,, O,,, and Q,, to investigate.

Let us start from the case when E + 1 is even. Taking the
derivative with respect to Q;,, we have

0
g
00,,"°

(¥) = (=1/2=€)/Qpn[P(x)] Z_G)m

_1/2_6 \V4 Qn.anZ,lZ

X3Xgq " XE4]

(37)

= (=Qup12) [Py (x@)]

In the second row, we have integrated out x; and x, to arrive
at the lower representation with £ — 1 propagators. Here
and in the following, we use arrows to mean that some
variables have been integrated out on the right-hand side.
Hereafter, we will only keep track of factors relevant to the
symbol letters. Comparing with the first equation of (34),
we can easily see that the above integrand is proportional to
the (E — 1)-point UT integrand g, (x*)),

9 ) - — Y2 (x0)
an,Z \/ _Q12n,12n
0 an.Zn + _Q12n.12nQn,n
- log 9 (x<2>).
an.Z an,Zn -\ _Q12n,12nQn,n

(38)

The symbol letter can be read off from the argument of the
logarithm.

Now consider the derivative with respect to Oy ,,

1

XpX3  XEyi

9o(x) = (=1/2=€)/Q, [P (x)] 7>

— (@) P ()]

\/ Qn,an,l (39)

X (1> .
Xpx3- - xp i Py (x)

Comparing with the second equation of (34), we see that
there is an extra factor of P, in the denominator. This leads
to additional subsector integrals in the relation,

d vV Ql,lQn,n

90, go(x) = — Oinin g (x(])) + subsector integrands
R 3} long.n + Ql.lQn,ng1 (x(l))
0010~ Qra=+/Cr10na
+ subsector integrands. (40)

The first term can be obtained through maximal cut, and the
argument of the logarithm gives us another symbol letter.
We show in Appendix B how to obtain the subsector terms
by subtraction and that they do not give us new
information.

Finally, we consider the derivative with respect to Q,, ,,,

= [(-Le) vt

1

X1 X XE4q

n [P(x)}-l/z-ﬂ (41)

1
2 Qn,n

This gives the dependence on g itself,

(x)

go(x) + subsector integrands

1
90,, 7 % 0,

x 30 log Q,,.,90(x) + subsector integrands.

(42)

We can read off a rational letter from the above. Again, the
dependence on subsector integrals does not give new
information here.

We now turn to the case when E + 1 is odd. We again
consider the derivatives of g, with respect to Q », O ,, and
0O,,.,- We get the same symbol letters as in the even case,
except a new one of the form

Q12+ V01212
1 : i 43
o8 Qixo—+v—CQi212 43)

In the above, we analyzed the derivatives of the top-
sector integral gy(x). Owing to the recursive structure of
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Baikov representations, the same analysis can be readily
applied to the derivatives of the subsector integrals g, (x“‘)).
We only need to replace the matrix Q by Q¥) and be careful
about the extra factor of Qy y in Eq. (34). The resulting
symbol letters for all sectors can be summarized in the
following:

(i) Rational letters,

XX

(ii) Algebraic letters for even E + 1 — k,

QXin,Xjn + \/_QXn,Xn QXijn,Xijn
b

QXin,Xjn - \/_QXn.Xn QXijn,Xijn

Oxixn+ v/ OxixiQxn.xn

9
QX[,Xn RV QXi,XiQXn,Xn

(iii) Algebraic letters for odd E + 1 — &,

log

log k<i#j<n. (45)

Oxixj++/—OxxOxijxij

b
Oxixj—/~OxxOxijxij

log k<i#j<n. (46)

We remind the reader that X =12---k denotes the
sequence of missing propagators in the subsector. For
the top sector, X is empty and the associated Qyx x = 1.

An important feature of the above results is that all
symbol letters are actually determined by the principal
minors of O, because all nonprincipal minors are related to
principal minors by

Qg(a,Xb = QXa.Xa QXh,Xb - QX,XQXab.Xab' (47)

This exchange relation has also been related to the
positivity of minors. If both Qx,x,Oxpx, and
—Qx xOxapbxap are positive, then Qx, x, must be a real
quantity.

The symbol letters obtained above can be related to those
written in terms of Gram determinants in [51]. We give the
relations in Appendix A. Finally, we note that in the above
analysis we have implicitly assumed that Qx x # 0 and
Oxnxn # 0. In practice, the situations where Qx x = 0 or
Oxn.xn = 0 may appear for certain kinematic configura-
tions. The corresponding symbol letters can be obtained
from the above generic results by linear combinations
followed by a limiting procedure. These have been dis-
cussed extensively in [51] and we do not repeat them here.

C. Relations among symbol letters

The set of symbol letters obtained above (as well as those
obtained using other methods) might be redundant. It is
often desirable to find possible relations among the letters

to obtain an independent subset. This helps to construct the
symbols and to bootstrap the analytic expressions of the
integrals. Finding these relations is usually a highly non-
trivial task when algebraic letters are present. One can use
the program package SymBuild [52] for that purpose, but it
becomes extremely slow when the letters involve many
square roots. An advantage of the Q-minor representation is
that relations among various letters can be discovered using
results in linear algebra. We discuss a set of nontrivial
relations in this subsection.

We start from the first letter in Eqgs. (45) and the letter
in (46). They can be written in the form

Oviyj +/—QryOQyijyij
Wy = ! L (48)

9
Oviyj — /~Qr.yOrijyij

where the sequence Y is either X or Xn. The minors of Q in
the above expression can be reexpressed as minors of the
adjugate matrix of Q. We denote this adjugate matrix as

Q= (detQ)Q7", (49)
and we have

_ Qyiyi+ /=Ly Qrijyij

Qvivj—\/~ vy Lyijvij

where Y’ is the sequence complementary to the sequence
Yij, ie.,

(50)

Y = {12 n}\{Yij}. (51)

The minor Qy  can be viewed as a dual representation
of Qyjyij-

Now we can consider relations among the following
three letters:

~ Qzizkj + N

Wy = ,
T Quiz — =97k 2k Qzkij zkij
Woo — Qzijzik T /—972iziQzijk zijk
Yjik — s
! Qzijzik — /—2zi.zi Lzijk zijk
Woo — Qzikzji +/—22).2jQzjki.zjki (52)
Yki = ,
Qzikzji = /= z).2j Pz jki zjki
where
Z={12---n}\{Yijk}. (53)

To avoid sign ambiguities, we assume Qy; 7;, Oz; 7
Ozkzx > 0 and Qi zijk < 0. We can rewrite the above
three letters as
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_rit —Qukij zkij
ij — )
rij =4/ _QZkij,Zkij
Wy — ik + /= Qzkijzkij

J - k)
Tjik =/ _QZkij,Zkij

ki + /= Lzkij zkij
WYki - ) (54)
Thi =/ _QZkij,Zkij
where
_ Qziizij _ Qzijzik _ Qzjkzji (55)

rii=———=, Irp=—————, I'j=——F—.
Y Cmz " Quz Y Oz

The product of the first two letters is given by

A+ B\/=Qxzijk ziji
WyiiWyj = ——, (56)

A-B

—Qzijk zijk
where

A = rijrie — Qziij zkij»

B = rij + rjk' (57)
We will show in the following that, in certain cases, the
product Wy;;Wy ;. reduces to the third letter Wyy;, and
hence the latter is not an independent one.

From the general relations of minors (19), we have the
following six identities for an arbitrary square matrix A:

Az zkBzjikzkij = BzjizkiBzjkzkj — Bzji zkjBzjk zki»

Azk ziBzkjizijk = BzkjzijBzkizik = Bzkj zikBzki zij»
AzizjAzikj zjki = BzikzjkBzij zji — BzikzjiBzij zjks
AziziBzijezijke = DzijziiAziczie — A% i.Zik
Az;zjBzjkizjki = BzjkzjkBzjizji = A%jk,zj,-,

Azk zkBzkijzkij = Bzki zkiBzkjzkj = A%ki‘ij, (58)
where Z is a sequence of indices not including i, j, and k.

Solving the above identities, the following triple product
relation can be derived:

AzizjAzj kD zijk zijk = BzizjBzijzjxDzjk zki

+ Azj 2k Azki zijAzij zjk

+ AzjziAzij zkiBzri zjk- (59)
Further relations can be obtained by permuting the indices.

These relations are simplified when A ; = 0. In this case,
we have the additional relations

AziziAzjzk = BzizkAzj )
Az zkBzrzi = AzjziDzk 7k
AzkziDzizi = Dz zjAzi zis (60)

from which the following identities can be derived:

2 2 _
AZi,Zj = Azi7iAzjzjs AZj,Zk = Agz; 7iAzi 7>

A%y 2 = Az aiBzizi (61)

We now set A = Q and assume 9, =0, so the triple
product relation (59) becomes

Qz1i,zijLzijzjk

Qzizj

Qziizik Lzjk zki

Q Jk.Z1] Q
Zj,Zk

Qzjk.zxi Luzki zij

+ (62)

QZk,Zi

With the sign configuration Q; ,; <0 Qz; 7 <0 and
Qzr.zi > 0, we finally have

QZijk,Zijk = =TIt = Vjglki + T jk- (63)

Plugging the above into Eq. (57), we have A = ry;B, which
leads to

WyiiWyix = Wyis (64)

i.e., the three letters are not independent when 9, , = 0.

The situation where Q7 ; = Qy;jx yijx = 0 can happen in
triangle integrals and lower point integrals. For example,
consider that after pinching a sequence X of propagators we
arrive at a triangle subsector with external momenta ¢, ¢,,
and g3 (they are combinations of the original external
momenta {p;}). We have

0 4 4
Oxnxn =det| ¢ 0 43 |. (65)
3 ¢ 0

Apparently, if there exists one ¢ = 0, the above determi-
nant vanishes, and the condition Q@ ; = 0 is satisfied. We
show a simple example here. Consider the massless
hexagon integral family (£ =5, n = 7). After pinching
the propagators with indices X = 123, we get a triangle
diagram with a massless external leg. From the above, we
immediately know that Q1237’1237 = Q456,456 =0. We
hence obtain a relation among the three letters Wy,,,
Wyss, and Wyq3 according to Eq. (64), with ¥ = 7 here.
There are more relations when considering different sub-
sectors. The symbol letters log W then form a linear system,
from which we can solve for the independent ones. We will
discuss these more explicitly in the next subsection.

076004-10



RECURSIVE STRUCTURE OF BAIKOV REPRESENTATIONS: ...

PHYS. REV. D 108, 076004 (2023)

D. Examples of one-loop symbol letters

The generic results (44)—(46) of one-loop symbol letters
can be easily applied to an integral family. Because of the
recursive structure, the symbol letters for all sectors can be
computed from the minors of the Q matrix of the top
sector, which can be straightforwardly programmed. In the
following, we give a few examples to demonstrate our
method.

The first example is the four-mass-box integral family,
which has been considered in [53] and we will follow their
notations here. The diagram is depicted in Fig. 4. The
propagator denominators are given by

{l%’(ll _pl)z’(ll — D1 —P2)2a (11 — D1 —Pz—P3)2}v (66)

with the kinematic configuration

—2m3t = 2m3t + m3 — 2mim3 + m} + 22,

Ql,l

FIG. 4. The four-mass-box integral family. The masses of the
four external legs are different from each other.

p=mi(i=12.34), (P2t p3)?=t.

(67)

(p1+p2)?=s,

The entries of the corresponding 5 x 5 Q matrix are given by

2 2 2 2 4 2,2 2,2 2,2 2,2
01, = m3s — m5s + m3t — mjst —m3 — 2mym3 + msms + myms + mymy + st,

Q13 = mit+ m3t + mit + mit — mIm3 + mim3 + mim3 — mim3 — 2st — 12,

Q14 = mis —mis + mit — mit — m3 + mim3 + m3m3 — 2mim3} + mim3 + s,

Q15 = mist + mist — 2m3m3t + mim3t + mim3t — mims + mimim3 + m3mim3 — mim} — st%,
Qry = —2mis — 2m3s + mj — 2mim3 + mj + 5%,

Q3 = mjs — mis + mit — mit — mj + mimi — 2m3m3 + mim3 + mim3 + st,

04 = m%s + m%s + m%s + mﬁs + m%m% - m%m% - m%mi + m%mi — 52 = 2st,

Qy5 = mist + mist + mim3s — 2mimis + mimis — mim3 + mimim} + mimim3 — mym$ — st
Q33 = —2m}t = 2mit + m} — 2mim} + mj + 12,

Q3’4 = m%s - mﬁs + m%t - m%t - m‘l‘ + m%m% - 2m%m% + mﬁm% + m%mﬁ =+ st,

2.2 2

Q35 = mist + mist + mim3t — 2mim3t + mim3t — m3mt + mimim? + m3mim? — mimj — st?,

Qy4 = —2mis —2m3s + m{ — 2mimi + m3 + 52,

2

— 2 2 2,2 2,2 2 2,4 2,202 2
Q45 = myst + msst — 2msmys + mymys + mymys — mymy| + mymzmy + mymygmy — mymy —

2

Qss = —2mimist — 2m3m3st + mimy — 2mimimim3 + mim$ + s1%.

2,2 4.2 Szt,

(68)

We can now apply our method to obtain all possible symbol letters for this family. For the rational letters, we get the same

expressions as Wy, ..

h h
Alzg, Azzﬂ, Ay =
hy —r hy =1
h h
Aszﬂa A6:ﬂ7 Ay =
hs —r3 he —r3
h9+r5 h10+r5
A :7’ :7’ A
? ho—rs O - s !
Aps = Ors5+ i1y A = O5+rrs
Ors5—riry Q15— 1175

., W10, Wiz, Wig in [53]. The independent algebraic letters are given by

h3+r2 A h4+}’2

) 4:77

h3—r2 h4—r2

h7—|—r4 A _h8+r4

h7—r4’ 8 hg—r4’

_O4st+rin O35+ r1r3

- ’ 12— . >
OQus5—r112 Q35— 1113
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where the expressions of r; were given in [53], and they are
actually related to minors of the Q matrix,

_ 2 _ 2 _ 2_ 2 _
”1—Q5$5, Vz—Q4,4, ”3—Q3,3, V4—Q2,2, r5—Q1.1-
(70)
The expressions of h; are given by
hy = mzmg —m3m3 — st, hy, = —m%m% —m3m3 + st,
2 2 2
hy=m}—m3—s,  hy=-mi—m}+s,

]’l5 ml—m4—t ]’l():—m%‘i‘m%—[,

hy=m}—mi—s,  hg=-m35+mi—s,
hg=m}—m3—1t,  hjg=-m3—mj+1, (71)

and they are all related to the minors of the Q matrix. These
algebraic letters are equivalent to Wy, ..., W3y, Wyg, Wy,
WS]? ng in [53]

The next example is the massless pentagon integral
family depicted in Fig. 5. The canonical differential
equation of this diagram has been well studied in
[54,55]. Here we only discuss the symbol letters arising
from the dependence of the pentagon integral in the top
|

sector on the box and triangle integrals in the subsectors.
Here and in the following, we use the notation Wy to
represent the symbol letter corresponding to the subsector
after pinching the propagators listed in the sequence X.
There are five different box subsectors, and we can easily
get the corresponding symbol letters from our formula (46).
They can be written as

—v/A — Ry

Wy = . X=123.45 (12
\/Z— RX
where A = 16G(py, p. p3, p4) and
Ry = 512815 + S45515 — $12523 + 523534 — 534545,
Ry = 512815 — $45815 + $12523 — 523534 + 34545,
Ry = 512815 — $45515 — $12523 — 523534 + 834545,
Ry = 512815 — S45515 — 12523 + $23534 + $34545,
Rs = 512815 — 5458515 — $12523 + $23534 — $34545. (73)

The dependence of the pentagon integral on the ten
triangles can be derived from (46) in a similar way. The
corresponding symbol letters are

—VA = Ry — 2553545 —VA(s15 = 533) = Ry3
W12 = ’ W13 = s
VA = Ry — 2523545 VA(s1s = 523) = Ry3
W _—\/K(Sls—s34>—R14 VA + Ry — 2515534
14 = ) 15 = )
VA(s15 = 534) = Rya VA + R3 — 2515534
Woe — —\/Z-'—RS —2S15834 TV A<s12_s34) _R24
23 — s 24 — 5
VA + Rs — 2515534 VA(s12 = 534) = Ros
W _ —V/A(s12 = s45) = Ros W _ —VA-=R; = 2515545
25 — > 34 = s
VA(s12 = $45) = Ros VA =Ry — 2513845
=V A(sy3 — 545) — Rss _ —VA =Ry — 25553
Wis = , Wys = , (74)
35 \/7 45 \/—
A(sy3 — S45) — R3s A — Ry — 251553
where
_ 2 2 2 2
Ri3 = 512575 — S45575 — 2512523815 + $23534515 + 523845515 + 534545515 + 12553 — $33534 + 523534545,
2 2 2 2
R4 = 512575 = S45575 — S12523515 — $12534515 — 523534515 1 2534545515 + $23534 — 12523534 — 534545,
Ry = Slss%z - S23S%2 — 515534512 + 25235348512 — $15545512 — $34545512 — 523S§4 + S%4S45 — 815534545,
_ 2 2 2 2
Ros = 1557y — 52357y 1 523534512 — 2815545512 + 523545512 + 534545512 + 15545 — $34535 + 523534545,
2 2 2 2
R3s = —s125%; + $34553 + S12515523 + $12545523 + S15545523 — 2534545523 — S15555 + 534545 + S12515545. (75)

One can observe that the above letters involve only one
square root: v/A. This indicates that there may exist extra
relations among them. This is indeed the case. When we
pinch two propagators in the massless pentagon diagram,

we always get a triangle diagram with at least one massless
external leg. This satisfies the condition Q;, =0 dis-
cussed in the previous subsection, Sec. III C. As aresult, we
find that all the W;; letters in the above can be generated
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FIG. 5. The massless pentagon integral family. All the propa-
gators and external legs are massless. The serial numbers of
propagators are labeled aside.

from the five letters Wy,...,Ws, which are the truly
independent ones. For example, W; and W, will produce
W12, etc.

Finally, we consider the massless hexagon integral
family depicted in Fig. 6. The hexagon symbol letters in
d = 6 dimensions have been discussed in [48,56]. For d =
4 — 2¢ under dimensional regularization, there are more
letters than the integer-dimension case. They have been
considered in [57]. We will only discuss letters that come
from the dependence of the hexagon integral in the top
sector on the pentagon and box integrals in the subsectors.
In this case, there are 6 pentagons and 15 boxes, and naive
counting indicates that there should be 21 symbol letters.
However, we find that only nine of them are independent.
Among them are the six letters associated with the
dependence on the pentagon integrals,

VR Sy = Tx
VR Sy —Tx

The lengthy expressions of Sy and Ty are given in the
Supplemental Material [60]. Note that the six Sx’s are all

Wy = X=1,..6. (76

FIG. 6. The massless hexagon integral family. All the external
legs and propagators are massless. The serial numbers of
propagators are labeled aside.

different, and there exist no further relations among these
six letters. On the other hand, the 15 letters associated with
the box integrals involve only one square root: v/R,. This
is, of course, no coincidence and is again related to the
condition Q;, = 0 (with many different choices of Z)
discussed in the previous example. This generates a lot of
relations, from which we solve that only 3 out of the 15
letters are independent. They can be chosen as, e.g., W,,
Wys, and W3y

We emphasize that the additional relations generated
under the condition Q; , = 0 are associated with massless
external legs. When some of the external legs become
massive, fewer relations can exist and there will be more
independent symbol letters.

IV. CONCLUSION AND OUTLOOK

In this paper, we have surveyed the recursive structure
existing in the Baikov representations for the various
sectors of an integral family. Starting from the standard
Baikov representation of an integral family, we can derive
the other Baikov representations for all sectors in this
family by integrating out Baikov variables recursively. This
leads to a treelike structure that allows us to analyze the
relations among integrals in different sectors. We employ
this structure to study the appearance of subsector integrals
in the derivatives of a chosen Feynman integral. We find
that we can reconstruct all the one-loop symbol letters from
the derivatives without performing contour integrals like
in [50,51]. The letters can be written in terms of the minors
of a single matrix, which directly reflects the recursive
structure of the Baikov representations. This unified rep-
resentation of the letters allows us to study the relations
among them in a systematic way, utilizing the algebraic
identities among the minors. These identities can be used to
determine the independent symbol letters in a problem,
which helps bootstrap the analytic solutions for the
integrals.

The most interesting finding in this paper is that the
information of all sectors in an integral family (at arbitrary
loops) is contained in a single matrix. It will be interesting
to investigate whether this structure at higher-loop orders
can also help to reconstruct the symbol letters in a way
similar to the one-loop case. It is not that straightforward
due to the fact that the representations usually involve more
than one Gram determinant and hence cannot always be
written in the form of Eq. (27). Nevertheless, for integral
families admitting dlog-form integrands [4,21], it is still
possible to read off the information about the symbol
letters. We have explored several nontrivial examples and
will present the higher-loop extension in a forthcoming
article.

In addition to the symbology, integral reduction can also
benefit from the knowledge about the interconnection
among integrands in different sectors within a family. In
the reduction procedure, one needs to solve a large linear
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system involving integrals in all sectors. This may require
an extreme amount of computational resources for com-
plicated problems. Alternatively, one may employ the
top-down approach, where one first performs the reduction
under maximal cut and then moves to the subsectors
with the top-sector subtracted integrands. In a forth-
coming article, we will demonstrate how the recursive
structure can help the top-down reduction of Feynman
integrals.
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APPENDIX A: RELATIONS BETWEEN Q0
MINORS AND GRAM DETERMINANTS

In this work, we have written the one-loop symbol letters
in terms of minors of the O matrix. On the other hand,
in [51] they are written in terms of Gram determinants of
external momenta. In this appendix, we discuss the
relations between the two representations.

First of all, from Egs. (25) and (27), one can easily see
that

Ql,l :_%G(plvPZ""’pE—l)' (Al)
The other Q;; for i <n=FE+2 can be obtained by
permuting and relabeling the external momenta. As for
O, it simply equals P(x) in Eq. (27) with all x; = 0.
Using Eq. (8), we can reorganize the entries in the
determinant to obtain

2

Mgy (mp —mg, = pi)/2 (mi—mpg, = phyp)/2
(m% - m%ﬂ - P%)/2 P% s P1 PrE
Qn,n = det N (A2)
(m% - m2E+1 - P%z'..E)/z P12.E " P1 p%z...E

where py =) ,cx p; for the sequence X of indices. When all propagators are massless, i.e., m; =0, Eq. (A2)

reduces to
0 —p%/z —P%z‘..E/z
—P%/2 P1Pi12-E
Qn,n = det
—Ph.p/2 PioE- P Pk
0 p% P%z P%E
i 0 p Pk
1\ E+1

= <— 5) det| P pa O Pie

= G(ll’ P1s--os pE)‘maximal cut*

(A3)

Note that the second line in the above equation is particularly useful in the momentum-twistor representation.

We now turn to the principal minors Qx x and Qy, x, with more rows/columns. Recall that X is the sequence of indices
corresponding to the integrated-out variables. The resulting minors appear as entries of the matrix Q*) in Eq. (33). To relate
them to Gram determinants, we can follow the recursion presented in Sec. II. According to the discussions around Eq. (17),
after integrating out x; from the top sector, we arrive at the factors G(py, ..., pg_;) and
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G(pis - PE)G(L1, p1s - pE—1) = G(p1s -, pE) det

Integrating out x, from the above cancels the
G(py, ..., pp-1) factor and modifies the second factor in
Eq. (A4) to G(I,, py, ..., Pe—)- Similar behavior occurs
when integrating out further variables. Therefore, taking
into account the correct prefactors, we have the relations

s (1) 5 0

4 Pis---s pE)7

1\ 94X G(gx) | maximal cut
Q Xn — <__> maximal cul , AS
w0 =\"2) Gpenpy) 0

where py denotes the set of independent external momenta
after pinching the propagators in X, and gy contains in
addition the loop momentum. Apparently, the above results
agree with Eq. (A1) for X = 1 and with Eq. (A3) for X = @
[58]. We have checked that our results of one-loop symbol
letters agree with those in [51] using the above relations.

As a simple example, take X =2, E+ 1, and after
pinching (see Fig. 7 for reference), the momenta configu-
rations become

Px =1{P2 -  PE—2- PE—1 + PE}S

gx ={li + p1. P2 PE—2. PE—1 + PE}. (A6)

Note that since xz,; = I3 is pinched, we need to use /| + p;
as loop momentum.

FIG.7. The momenta configuration of a one-loop (E + 1)-point
diagram. It helps to figure out the momenta configurations after
pinching x, and xp_ .

l% | L - p ly - pp_y

.l 2 D
Pl: 1 P:l P1 :PE 1 (A4)
Pe-1-1 PE-1"P1 P125—1

APPENDIX B: SUBSECTOR INTEGRANDS
IN EQ. (40)

In this appendix, we explicitly show that the subsector
integrands in Eq. (40) do not generate new symbol letters.
The subsector terms are given by

subsector integrands = (Q; ;)~"/2 <[P (x(V)]
% \V Qn,an,l Pl (x(1>) + an,ln
Qin1nPi (x(l)) XpX3 Xy

(B1)

where the numerator can be written as

n—1

n—1
PiaD) 4 Quutn == D Quinjtid; =2 ) Quitaic
ij=2 i=2
(B2)

The terms linear in x; will generate dependence on some
9>(x®), which is already covered in Eq. (38) [59]. The
quadratic terms will generate dependence on some g5 (x(3>),
which seems to be new. In the following, we show that
these new contributions actually vanish.

Without loss of generality, we consider the dependence
of g, go(x) on the g3(x¥)) with x,, x,, and x3 integrated
out,

1

93(x¥) = [=0123.123)¢ [P35 (x3))] < . (B3)
X4 XEH
The relevant terms in (B2) are
—Q12,12X% - Q13,13X% —2012,13X2%3. (B4)

Let us begin with the first term —Q), 1,x3. After canceling
X, in the denominator, we integrate x, out using the
recursion formula. We then get

/0 P

[_le,lﬂe[Pz(x(z)]_e_l/z nn Qi215%3 . (B5)
Qinin X3X4+ Xgq

The ellipsis represents terms independent of x3. They are

irrelevant to our discussion here. Taking the first term

Q12.13%3 and integrating out x3, we arrive at
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—V Qn,nQ12,13

[—Q123.103]7"/2 [P3 (x(3)]
an,ln

(B6)
Comparing with Eq. (B3), we see that the above expression
is just c,g5(x)), with the coefficient

o Q12,13 \V Qn,n
an,ln\/ _Q123,123

Because of the symmetry between x, and x5 in the above
analysis, the second term —Q)3 j3x3 in Eq. (B4) generates
the same coefficient ¢, = c¢;. Finally, for the last term
—2Q15.13%,X3, we can directly integrate out x, and x5 to get

(6] <B7)

—2 n.n 3
[—Q123.123) 72 [P3(x3)] ¢ % _

c393(x),

(B8)

with the coefficient

012,137/ Onn

cy = -2 . (B9)
an,ln \V _Q123.123
Therefore, we have
C1+C2+C3:0. (BIO)

Hence, we conclude that the subsector integrands in
Eq. (40) do not lead to new symbol letters.

The above conclusion can be made more generic, that the
derivatives of gy(x), in general, do not depend on g3(x).
Exceptions can happen when some ¢, (x) is reducible and
hence is not a true master integral. In these cases, the
dependence on this g,(x) is carried over to lower-point
integrals. This has also been discussed in [51].

[1] P. A. Baikov, Nucl. Instrum. Methods Phys. Res., Sect. A
389, 347 (1997).

[2] R.N. Lee, Nucl. Phys. B830, 474 (2010).

[3] H. Frellesvig and C. G. Papadopoulos, J. High Energy Phys.
04 (2017) 083.

[4] J. Chen, X. Jiang, C. Ma, X. Xu, and L. L. Yang, J. High
Energy Phys. 07 (2022) 066.

[5] K.J. Larsen and Y. Zhang, Phys. Rev. D 93, 041701 (2016).

[6] J. Bohm, A. Georgoudis, K. J. Larsen, H. Schonemann, and
Y. Zhang, J. High Energy Phys. 09 (2018) 024.

[7] A. Kardos, arXiv:1812.05622.

[8] D. Bendle, J. Bohm, W. Decker, A. Georgoudis, F.-J.
Pfreundt, M. Rahn, P. Wasser, and Y. Zhang, J. High
Energy Phys. 02 (2020) 079.

[9] J. Chen and B. Feng, J. High Energy Phys. 02 (2023) 178.

[10] S. Mizera, Phys. Rev. Lett. 120, 141602 (2018).

[11] P. Mastrolia and S. Mizera, J. High Energy Phys. 02 (2019)
139.

[12] S. Mizera, Proc. Sci. MA2019 (2019) 016.

[13] H. Frellesvig, F. Gasparotto, M. K. Mandal, P. Mastrolia, L.
Mattiazzi, and S. Mizera, Phys. Rev. Lett. 123, 201602
(2019).

[14] H. Frellesvig, F. Gasparotto, S. Laporta, M. K. Mandal, P.
Mastrolia, L. Mattiazzi, and S. Mizera, J. High Energy Phys.
03 (2021) 027.

[15] S. Weinzierl, J. Math. Phys. (N.Y.) 62, 072301 (2021).

[16] S. Caron-Huot and A. Pokraka, J. High Energy Phys. 12
(2021) 045.

[17] S. Caron-Huot and A. Pokraka, J. High Energy Phys. 04
(2022) 078.

[18] J. M. Henn, Phys. Rev. Lett. 110, 251601 (2013).

[19] A.B. Goncharov, Math. Res. Lett. 5, 497 (1998).

[20] A.B. Goncharov, arXiv:math/0103059.

[21] J. Chen, X. Jiang, X. Xu, and L. L. Yang, Phys. Lett. B 814,
136085 (2021).

[22] C. Dlapa, X. Li, and Y. Zhang, J. High Energy Phys. 07
(2021) 227.

[23] F.C.S. Brown, Ann. Sci. Ecole Norm. Sup. 42, 371
(2009).

[24] A.B. Goncharov, M. Spradlin, C. Vergu, and A. Volovich,
Phys. Rev. Lett. 105, 151605 (2010).

[25] C. Duhr, H. Gangl, and J. R. Rhodes, J. High Energy Phys.
10 (2012) 075.

[26] R. Ree, Ann. Math. 68, 210 (1958).

[27] A.B. Goncharov, Duke Math. J. 128, 209 (2005).

[28] F. Brown, arXiv:1102.1310.

[29] C. Duhr, J. High Energy Phys. 08 (2012) 043.

[30] J. Golden, A. B. Goncharov, M. Spradlin, C. Vergu, and A.
Volovich, J. High Energy Phys. 01 (2014) 091.

[31] J. Drummond, J. Foster, O. Giirdogan, and C. Kalousios,
J. High Energy Phys. 04 (2021) 002.

[32] D. Chicherin, J. M. Henn, and G. Papathanasiou, Phys. Rev.
Lett. 126, 091603 (2021).

[33] J. Mago, A. Schreiber, M. Spradlin, A. Y. Srikant, and A.
Volovich, J. High Energy Phys. 04 (2021) 056.

[34] J. Mago, A. Schreiber, M. Spradlin, A. Yelleshpur Srikant,
and A. Volovich, J. High Energy Phys. 09 (2021) 002.

[35] N. Henke and G. Papathanasiou, J. High Energy Phys. 10
(2021) 007.

[36] S. He, Z. Li, and Q. Yang, arXiv:2112.11842.

[37] S. He, Z. Li, and Q. Yang, J. High Energy Phys. 06
(2021) 119.

[38] S. He, Z. Li, and Q. Yang, J. High Energy Phys. 12 (2021)
110; 05 (2022) 075(E).

[39] L.J. Dixon, J.M. Drummond, and J. M. Henn, J. High
Energy Phys. 11 (2011) 023.

076004-16


https://doi.org/10.1016/S0168-9002(97)00126-5
https://doi.org/10.1016/S0168-9002(97)00126-5
https://doi.org/10.1016/j.nuclphysb.2009.12.025
https://doi.org/10.1007/JHEP04(2017)083
https://doi.org/10.1007/JHEP04(2017)083
https://doi.org/10.1007/JHEP07(2022)066
https://doi.org/10.1007/JHEP07(2022)066
https://doi.org/10.1103/PhysRevD.93.041701
https://doi.org/10.1007/JHEP09(2018)024
https://arXiv.org/abs/1812.05622
https://doi.org/10.1007/JHEP02(2020)079
https://doi.org/10.1007/JHEP02(2020)079
https://doi.org/10.1007/JHEP02(2023)178
https://doi.org/10.1103/PhysRevLett.120.141602
https://doi.org/10.1007/JHEP02(2019)139
https://doi.org/10.1007/JHEP02(2019)139
https://doi.org/10.22323/1.383.0016
https://doi.org/10.1103/PhysRevLett.123.201602
https://doi.org/10.1103/PhysRevLett.123.201602
https://doi.org/10.1007/JHEP03(2021)027
https://doi.org/10.1007/JHEP03(2021)027
https://doi.org/10.1063/5.0054292
https://doi.org/10.1007/JHEP12(2021)045
https://doi.org/10.1007/JHEP12(2021)045
https://doi.org/10.1007/JHEP04(2022)078
https://doi.org/10.1007/JHEP04(2022)078
https://doi.org/10.1103/PhysRevLett.110.251601
https://doi.org/10.4310/MRL.1998.v5.n4.a7
https://arXiv.org/abs/math/0103059
https://doi.org/10.1016/j.physletb.2021.136085
https://doi.org/10.1016/j.physletb.2021.136085
https://doi.org/10.1007/JHEP07(2021)227
https://doi.org/10.1007/JHEP07(2021)227
https://doi.org/10.24033/asens.2099
https://doi.org/10.24033/asens.2099
https://doi.org/10.1103/PhysRevLett.105.151605
https://doi.org/10.1007/JHEP10(2012)075
https://doi.org/10.1007/JHEP10(2012)075
https://doi.org/10.2307/1970243
https://doi.org/10.1215/S0012-7094-04-12822-2
https://arXiv.org/abs/1102.1310
https://doi.org/10.1007/JHEP08(2012)043
https://doi.org/10.1007/JHEP01(2014)091
https://doi.org/10.1007/JHEP04(2021)002
https://doi.org/10.1103/PhysRevLett.126.091603
https://doi.org/10.1103/PhysRevLett.126.091603
https://doi.org/10.1007/JHEP04(2021)056
https://doi.org/10.1007/JHEP09(2021)002
https://doi.org/10.1007/JHEP10(2021)007
https://doi.org/10.1007/JHEP10(2021)007
https://arXiv.org/abs/2112.11842
https://doi.org/10.1007/JHEP06(2021)119
https://doi.org/10.1007/JHEP06(2021)119
https://doi.org/10.1007/JHEP12(2021)110
https://doi.org/10.1007/JHEP12(2021)110
https://doi.org/10.1007/JHEP05(2022)075
https://doi.org/10.1007/JHEP11(2011)023
https://doi.org/10.1007/JHEP11(2011)023

RECURSIVE STRUCTURE OF BAIKOV REPRESENTATIONS: ...

PHYS. REV. D 108, 076004 (2023)

[40] L.J. Dixon, J.M. Drummond, and J. M. Henn, J. High
Energy Phys. 01 (2012) 024.

[41] L.J. Dixon, J. Drummond, T. Harrington, A.J. McLeod, G.
Papathanasiou, and M. Spradlin, J. High Energy Phys. 02
(2017) 137.

[42] J.M. Drummond, G. Papathanasiou, and M. Spradlin, J.
High Energy Phys. 03 (2015) 072.

[43] J. Drummond, J. Foster, and O. Giirdogan, Phys. Rev. Lett.
120, 161601 (2018).

[44] S. Caron-Huot, L.J. Dixon, J. M. Drummond, F. Dulat,
J. Foster, O. Giirdogan, M. von Hippel, A.J. McLeod, and
G. Papathanasiou, Proc. Sci.,, CORFU2019 (2020) 003
[arXiv:2005.06735].

[45] S. He, Z. Li, and C. Zhang, J. High Energy Phys. 03 (2021)
278.

[46] R.N. Lee, Nucl. Phys. B, Proc. Suppl. 205-206, 135 (2010).

[47] S.Fomin, L. Williams, and A. Zelevinsky, arXiv:1608.05735.

[48] M. Spradlin and A. Volovich, J. High Energy Phys. 11
(2011) 084.

[49] N. Arkani-Hamed and E. Y. Yuan, arXiv:1712.09991.

[50] S. Abreu, R. Britto, C. Duhr, and E. Gardi, J. High Energy
Phys. 12 (2017) 090.

[51] J. Chen, C. Ma, and L. L. Yang, Chin. Phys. C 46, 093104
(2022).

[52] V. Mitev and Y. Zhang, arXiv:1809.05101.

[53] S. He, Z. Li, R. Ma, Z. Wu, Q. Yang, and Y. Zhang, J. High
Energy Phys. 10 (2022) 165.

[54] M. G. Kozlov and R.N. Lee, J. High Energy Phys. 02
(2016) 021.

[55] D. Chicherin and V. Sotnikov, J. High Energy Phys. 12
(2020) 167.

[56] V. Del Duca, C. Duhr, and V. A. Smirnov, Phys. Lett. B 703,
363 (2011).

[57] J.M. Henn, A. Matijasi¢, and J. Miczajka, J. High Energy
Phys. 01 (2023) 096.

[581 G(py, ..., pg) in the denominator originates from absorbing
the kinematic factor of the top sector into P, defined in (27).
All quantities are rescaled by this factor, so we can ignore it
when it is not important.

[59] Here we have used the fact that Q, ;,, [the coefficient of x; in
Eq. (B2)] is a function of QO ;. Therefore, this term is already
contained in dg, . go(x).

[60] See Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevD.108.076004 for the pack-
age BaikovAll.wl and the notebook UsageofBaikovAll.nb,
as well as a .m file for explicit expressions of hexagon’s
symbol letters discussed in the main text.

076004-17


https://doi.org/10.1007/JHEP01(2012)024
https://doi.org/10.1007/JHEP01(2012)024
https://doi.org/10.1007/JHEP02(2017)137
https://doi.org/10.1007/JHEP02(2017)137
https://doi.org/10.1007/JHEP03(2015)072
https://doi.org/10.1007/JHEP03(2015)072
https://doi.org/10.1103/PhysRevLett.120.161601
https://doi.org/10.1103/PhysRevLett.120.161601
https://arXiv.org/abs/2005.06735
https://doi.org/10.1007/JHEP03(2021)278
https://doi.org/10.1007/JHEP03(2021)278
https://doi.org/10.1016/j.nuclphysbps.2010.08.032
https://arXiv.org/abs/1608.05735
https://doi.org/10.1007/JHEP11(2011)085
https://doi.org/10.1007/JHEP11(2011)085
https://arXiv.org/abs/1712.09991
https://doi.org/10.1007/JHEP12(2017)090
https://doi.org/10.1007/JHEP12(2017)090
https://doi.org/10.1088/1674-1137/ac6e37
https://doi.org/10.1088/1674-1137/ac6e37
https://arXiv.org/abs/1809.05101
https://doi.org/10.1007/JHEP10(2022)165
https://doi.org/10.1007/JHEP10(2022)165
https://doi.org/10.1007/JHEP02(2016)021
https://doi.org/10.1007/JHEP02(2016)021
https://doi.org/10.1007/JHEP12(2020)167
https://doi.org/10.1007/JHEP12(2020)167
https://doi.org/10.1016/j.physletb.2011.07.079
https://doi.org/10.1016/j.physletb.2011.07.079
https://doi.org/10.1007/JHEP01(2023)096
https://doi.org/10.1007/JHEP01(2023)096
http://link.aps.org/supplemental/10.1103/PhysRevD.108.076004
http://link.aps.org/supplemental/10.1103/PhysRevD.108.076004
http://link.aps.org/supplemental/10.1103/PhysRevD.108.076004
http://link.aps.org/supplemental/10.1103/PhysRevD.108.076004
http://link.aps.org/supplemental/10.1103/PhysRevD.108.076004
http://link.aps.org/supplemental/10.1103/PhysRevD.108.076004
http://link.aps.org/supplemental/10.1103/PhysRevD.108.076004

