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We investigate the CP-odd electric dipole moments (EDMs) of spin-1=2 charm baryons considering
CP-violating dimension-6 operators in the Standard Model effective field theory. In the framework of
heavy-baryon chiral perturbation theory, we calculate the EDMs of single-charm baryons and present the
estimates for beyond-the-standard model physics appearing at the TeV scale.
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I. INTRODUCTION

The CP transformation combines the parity transforma-
tion (P), the inversion of space, and charge conjugation (C)
which interchanges particles with their antiparticles. The
phenomenon of CP violation is the breaking of the combi-
nation of charge-conjugation symmetry and parity sym-
metry. Nature was considered symmetrical under these
transformations until the first evidence of CP violation in
1964 [1]. Even though the SM of particle physics includes
CP Violation, it is widely believed that it does not offer a
valid mechanism for generating the matter-antimatter asym-
metry, the so-called baryon asymmetry of the universe [2,3].
One of the reasons for that is the amount of CP violation
produced in the SM is not large enough to explain thematter-
antimatter imbalance [4]. Searching for signals of CP
violation in many other processes might help thus identify
potential sources of this violation beyond the SM.
Electric dipole moment (EDM) experiments are among

the most sensitive probes of CP violating physics beyond
the standard model. EDMs of stable systems containing
light quarks have been highly considered [5–8]. In recent
years, however, various experimental studies focused on
searching for EDMs of baryons including heavier quarks,
mostly triggered by ongoing plans for dedicated experi-
ments to measure EDMs of heavy baryons [9–14]. Since
there has not been much theoretical work to accompany
these progressive experimental studies, we address the
analysis of heavy charmed baryon EDMs in this article.
Moreover, this work is an extension of the calculation
in [15] to CP-odd sources beyond the QCD θ-term
including charm quarks with dimension-6 CP-violating

operators in the framework of the Standard Model (SM)
effective field theory (EFT).
The experimental EDM programs are mostly concentrated

on the measurements of the hadrons involving light quarks so
far because the measurements of the heavy quark EDMs are
difficult due to their short lifetimes (see, e.g., Refs. [16–20].
Indirect limits on charm and beauty quark EDM, which
indirectly constrain CP-violating effects, are set from differ-
ent experimental measurements [21–25]. For instance, an
indirect bound on the charm quark EDM is derived from the
experimental limit on the neutron EDM [21]. However, it has
been observed that the experimental limits on EDMs involv-
ing heavier quarks are much stronger than the same experi-
ments containing light quarks. Our goal thus is to obtain
EDMs of charm baryons that could give more direct infor-
mation onCP-violating interactions involving heavy quarks.
For that purpose, we set up an EFT to calculate these
contributions in a systematic fashion combining Chiral
Perturbation Theory (ChPT) and heavy-quark EFT.
The techniques developed in [26] for the calculation of

bottom baryon EDMs have been applied in the present
article to calculate EDMs of charmed baryons. Throughout
this work, we shall very often use the convenient language
of it. The article is organized as follows. In Sec. II, we
introduce dimension-6 CP-violating SMEFT operators
involving charm quarks. In Sec. III, we present these
operators at the hadronic level using chiral perturbation
theory. In Sec. IV, we calculate the EDMs of charm quark
baryons at leading order for each source of CP violation.
Section V contains the discussion of the expected magni-
tudes of EDMs. In Sec. VI, we give the conclusion. Some
technicalities are given in the Appendices.

II. CP-VIOLATING OPERATORS INCLUDING
CHARM QUARKS

In the following, we provide CP-violating operators at
the quark level including light and charm quarks. We stick
to the notation of Ref. [26], where more details can be
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found. In terms of the charm quark bilinears, the resulting P- and T-violating effective dimension-6 operators are given by
[6,27,28]

Lð6Þ
c;qEDM ¼ dcc̄σμνγ5cFμν;

Lð6Þ
c;qCEDM ¼ d̃cc̄σμνγ5λacGa

μν;

Lð6Þ
c;4q ¼ iκuc1 ðūuc̄γ5cþ ūγ5uc̄c − c̄γ5uūc − c̄uūγ5cÞ þ iκdc1 ðd̄dc̄γ5cþ d̄γ5dc̄c

− c̄γ5dd̄c − c̄dd̄γ5cÞ þ iκsc1 ðs̄sc̄γ5cþ s̄γ5sc̄c − c̄γ5ss̄c − c̄ss̄γ5cÞ
þ iκuc8 ðūλauc̄γ5λacþ ūγ5λauc̄λac − c̄γ5λauūλac − c̄λauūγ5λacÞ
þ iκdc8 ðd̄λadc̄γ5λacþ d̄γ5λadc̄λac − c̄γ5λadd̄λac − c̄λadd̄γ5λacÞ
þ iκsc8 ðs̄λasc̄γ5λacþ s̄γ5λasc̄λac − c̄γ5λass̄λac − c̄λass̄γ5λacÞ;

Lð6Þ
c;4qLR ¼ iρdc1 Vdcðc̄RγμdRd̄LγμcLÞ − iρdc1 V�

dcðd̄RγμcRc̄LγμdLÞ
þ iρdc8 Vdcðc̄RγμλadRd̄LγμλacLÞ − iρdc8 V�

dcðd̄RγμλacRc̄LγμλadLÞ
þ iρsc1 Vscðc̄RγμsRs̄LγμcLÞ − iρsc1 V

�
scðs̄RγμcRc̄LγμsLÞ

þ iρsc8 Vscðc̄RγμλasRs̄LγμλacLÞ − iρsc8 V
�
scðs̄RγμλacRc̄LγμλasLÞ; ð1Þ

where Vdc and Vsc are elements of the Cabibbo-Kobayashi-
Maskawa (CKM) matrix, Fμν, and Ga

μν are the electromag-
netic and the gluon field-strength tensors, respectively. It
should be noted here that only one CKM matrix element
contributes to the CP-violating operators in the b-quark
case, while two CKMmatrix elements are allowed in the c-
quark sector.
In the SMEFT Lagrangian, the charm-quark EDM

(qEDM) and charm-quark chromo-EDM (qCEDM) opera-
tors are based on the following dimension-six operators:

L4q ¼ CbBðQ̄2σ
μνcRb

ÞHBμν þ CbWðQ̄2σ
μντacRb

ÞHWa
μν

þ CbGðQ̄2σ
μνλacRb

ÞHGa
μν þ H:c:; ð2Þ

where Q2 denotes a left-doublet of second-generation
quarks,H is the Higgs doublet to preserve gauge invariance,
and Bμν and Wa

μν are the field strength tensors of the
Uð1ÞY andSUð2ÞL gauge groups, in order. Below the electro-
weak symmetry-breaking scale of the breakdown SUð2ÞL×
Uð1ÞY → Uð1Þem, the charm qEDM and the charm qCEDM
result from dimension-six dipole operators. There are many
models for physics beyond-the-Standard-Model (BSM) in
which these dipole operators are generated (See, e.g.,
Refs. [29–31].). It is common to scale the dipoles with the
heavy quark Yukawa in most of these models and thus we
expect dc; d̃c ∼mc=Λ2, where the scale of BSM physics Λ
lies well above the electroweak scale, v ≃ 250 GeV.
The four-quark operators in Lð6Þ

c;4q are generated from the
gauge-invariant operator of the form

L4q ¼ Cabcd
4q ðQ̄I

auRb
ÞϵIJðQ̄J

cdRd
Þ þ H:c:þ � � � ; ð3Þ

where the ellipses indicate terms with the additional
color structure, and abcd are quark generation indices.

These operators induce Lð6Þ
c;4q for the generation indices

a ¼ b ¼ f1; 2g and c ¼ d ¼ 3 or a ¼ d ¼ 3 and b ¼ c ¼
f1; 2g. The coupling constants are expected to scale as
κuc;dc;sc1;8 ∼ 1=Λ2. An example where the CP-odd four-quark
operators are induced can be seen in leptoquark models [31].

The four-quark left-right operators in Lð6Þ
c;4qLR are gen-

erated from the gauge-invariant operator of the form

L4qLR ¼ Cab
4qLR

�
H̃†DμH

�
d̄aRγ

μcbR

þ Cab
4qLR

�
H̃†DμH

�
s̄aRγ

μcbR þ H:c: ð4Þ

The interactions in Lð6Þ
c;4qLR are generated at tree level

between quarks after electroweak symmetry breaking.
Integrating out the W bosons and Higgs fields the CKM
elements of Vdc and Vsc are obtained. The contribution of

higher-dimensional operators from Lð6Þ
c;4qLR will be propor-

tional to ρqc1;8 ∼ v2=ðm2
WΛ2Þ ∼ 1=Λ2, where q ¼ ðd; sÞ. The

CP-odd four-quark operators can appear in the minimal
left-right symmetric model (See, e.g., [32] for a recent
EDM analysis.).

III. CHIRAL PERTURBATION THEORY FOR
CHARM BARYONS

In this section, we list the effective interaction
Lagrangians relevant for the calculation of the EDMs of
the charmed baryons. To include heavy charm quarks into
standard ChPT, we follow the same way which has been
presented in [33,34]. The relevant P- and T-conserving free
and interaction Lagrangians up to the second chiral order in
a covariant formalism are given by [34–37]
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Lð2Þ
ϕ ¼ F2

π

4

�
Tr½DμUðDμUÞ†� þ TrðχU† þ Uχ†Þ�;

Lð1Þ
free ¼

1

2
hB̄3̄ði=D −m3̄ÞB3̄i þ hB̄6ði=D −m6ÞB6i;

Lint ¼
h1
2
hB̄6=uγ5B6i þ

h2
2
hB̄6=uγ5B3̄ þ H:c:i þ h3

2
hB̄3̄=uγ5B3̄i;

Lð2Þ
Bγ ¼ α1hB̄3̄σ

μνFþ
μνB3̄i þ α2hB̄6σ

μνFþ
μνB6i þ α3hB̄6σ

μνFþ
μνB3 þ H:c:i þ α4hB̄3̄σ

μνB3̄ihFþ
μνi þ α5hB̄6σ

μνB6ihFþ
μνi; ð5Þ

where Fπ is the pion-decay constant in the chiral limit, B3̄

and B6 represent the spin-1=2 antisymmetric triplet and
symmetric sextet charm baryon states in the SU(3) flavor
representation given by the following matrices, respec-
tively:

B3̄¼

0B@ 0 Λþ
c Ξþ

c

−Λþ
c 0 Ξ0

c

−Ξþ
c −Ξ0

c 0

1CA; B6¼

0BBB@
Σþþ
c

Σþ
cffiffi
2

p Ξ0þ
cffiffi
2

p

Σþ
cffiffi
2

p Σ0
c

Ξ00
cffiffi
2

p

Ξ0þ
cffiffi
2

p Ξ00
cffiffi
2

p Ω0
c

1CCCA: ð6Þ

The Goldstone boson octet is denoted by

ϕ ¼

0BBB@
1ffiffi
2

p π0 þ 1ffiffi
6

p η πþ Kþ

π− − 1ffiffi
2

p π0 þ 1ffiffi
6

p η K0

K− K̄0 − 2ffiffi
6

p η

1CCCA: ð7Þ

The Lagrangians in Eq. (5) are constructed in terms of the
following building blocks:

DμB ¼ ∂μBþ ΓμBþ BΓT
μ ;

Γμ ¼
1

2

�
u†ð∂μ − irμÞuþ uð∂μ − ilμÞu†

�
;

Fþ
μν ¼ u†QhFμνuþ uQhFμνu†;

uμ ¼ i
�
u†ð∂μ − irμÞu − uð∂μ − ilμÞu†

�
;

U ¼ u2 ¼ exp ðiϕ=FπÞ; ð8Þ

where Dμ is the covariant derivative introducing external
vector fields and axial-vector fields, uμ is the chiral vielbein
and Qh ¼ ediagð1; 0; 0Þ is the charge operator of the
charmed baryon [38].
In the numerical analysis, we take mc ¼ 1.27 GeV,

Fπ ¼ 92.4 MeV, MK ¼ 494 MeV, Vdc ¼ 0.221, Vsc ¼
0.987 and the average of the masses for each flavor
multiplet, i.e., m3̄ ¼ 2407 MeV, m6 ¼ 2535 MeV [39].
The mass difference is Δ ¼ m6 −m3̄ ¼ 128 MeV.
Further, the values of the various low energy constants
(LECs) h1−3 are h1 ¼ 0.98 and h2 ¼ −0.60 [40]. Due to
heavy quark spin symmetry, we have h3 ¼ 0. The magnetic
moment couplings, α1–5 do not contribute to the EDMs at
the order we work here.

A. Construction of the effective CP-violating
Lagrangian

The effective Lagrangian at the hadron level arising from
the dimension-6 terms in Eq. (1) is constructed following
the same procedure provided in [26]. The charm-quark-
EDM (qEDM) operator, which already contains the electro-
magnetic field strength tensor Fμν, directly induces EDMs
of baryons including charm quarks. Only two terms in the
leading-order chiral Lagrangian corresponding to EDMs of
charm quark baryons contribute. As in the case of the
qEDM operator, there is no light quark content in the
charm-quark chromo-EDM (qCEDM) Lagrangian as well.
It contains only the heavy charm quark and the gluon field
strength tensor Ga

μν which makes it invariant under chiral
SU(3) transformations. However, because standard ChPT
does not contain a fundamental building block that trans-
forms as a chiral singlet, we have to introduce a new
fundamental block φþ. To ensure that the chiral singlet φþ
violates P and T one needs to combine φþ with ChPT
building blocks to construct CP-violating terms at the
hadron level. Further information can be found in e.g.
Refs. [26,28,41].
As for the 4q and 4qLR operators, it can be seen in

Eq. (1) that there are two types of terms, q̄qc̄γ5cþ q̄γ5qc̄c
and c̄γ5qq̄cþ c̄γ5qq̄c, including both the heavy charm
quark and the light quarks q ¼ u, d, s. This is different
from the qEDM and qCEDM operators. Thus the following
matrices can be built up for the transformation properties of

Lð6Þ
c;4q and Lð6Þ

c;4qLR under chiral SU(3) transformations as a
new scalar source similar to the quark mass matrix in
ordinary ChPT

Mc
1¼

0B@κuc1 0 0

0 κdc1 0

0 0 κsc1

1CA; N c
1¼

0B@0 0 0

0 ρdc1 Vdc 0

0 0 ρsc1 Vsc

1CA: ð9Þ

The explicit insertions of the charm quarks allow us to set
up the heavy charm baryon matrices B3̄ and B6 in the
effective Lagrangian. One can see that the κ1, κ8 and ρ1, ρ8
are distinguishable on the quark level. At the level of chiral
EFT, however, they have identical chiral symmetry proper-
ties and thus the resulting chiral Lagrangians are identical.
Therefore, the effective Lagrangian from the relevant
operators combines the effects of these terms.
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The effective Lagrangians resulting from the various P- and T-violating dimension-6 operators are given by

Leff
qEDM ¼ f1hB̄3̄σ

μνγ5FμνB3̄i þ f2hB̄6σ
μνγ5FμνB6i þ � � � ;

Leff
qCEDM ¼ φþ

h
a16hB̄3̄σ

μνγ5Fþ
μνB3̄i þ a17hB̄6σ

μνγ5Fþ
μνB6i þ a19hB̄3̄σ

μνγ5B3̄ihFþ
μνi þ a20hB̄6σ

μνγ5B6ihFþ
μνi
i
þ � � � ; ð10Þ

Leff
4q ¼ iκ7hB̄6χ̃−B6i þ iκ8hB̄6χ̃−B3̄ þ H:c:i þ κ11hB̄3̄χ̃þσμνγ5Fþ

μνB3̄i
þ κ12hB̄6χ̃þσμνγ5Fþ

μνB6i þ κ14hB̄3̄χ̃þσμνγ5B3̄ihFþ
μνi

þ κ15hB̄6χ̃þσμνγ5B6ihFþ
μνi þ þκ17hB̄3̄σ

μνγ5Fþ
μνB3̄ihχ̃þi

þ κ18hB̄6σ
μνγ5Fþ

μνB6ihχ̃þi þ κ20hB̄3̄σ
μνγ5B3̄ihχ̃þFþ

μνi
þ κ21hB̄6σ

μνγ5B6ihχ̃þFþ
μνi þ � � � ;

Leff
4qLR ¼ iρ2hB̄6

ˆ̃χ−B6i þ iρ3hB̄6
ˆ̃χ−B3̄ þ H:c:i þ ρ14hB̄3̄

ˆ̃χþσμνγ5B3̄ihFþ
μνi

þ ρ15hB̄6
ˆ̃χþσμνγ5B6ihFþ

μνi þ ρ17hB̄3̄σ
μνγ5Fþ

μνB3̄ih ˆ̃χþi
þ ρ18hB̄6σ

μνγ5Fþ
μνB6ih ˆ̃χþi þ � � � ; ð11Þ

with the definitions

χ�¼u†χu†�uχ†u; χ¼2B0diagðmu;md;msÞ;
χ̃�¼u†χ̃u†�uχ̃†u; χ̃≡diagðκuc;κdc;κscÞ;
ˆ̃χ�¼u† ˆ̃χu†�u ˆ̃χ†u; ˆ̃χ≡diagð0;ReðVdcÞρdc;ReðVscÞρscÞ;

ð12Þ
where the ellipsis denotes terms that are either of higher
order or irrelevant to the EDM calculations. Here, we give
only relevant terms for our calculation. The complete list of
operators appearing at the same chiral order can be found
in [26]. In principle, the terms

ρ11hB̄3̄;v
ˆ̃χþvμSνFþ

μνB3̄;vi;
ρ12hB̄6;v

ˆ̃χþvμSνFþ
μνB6;vi;

ρ20hB̄3̄;vv
μSνB3̄;vih ˆ̃χþFþ

μνi;
ρ21hB̄6;vvμSνB6;vih ˆ̃χþFþ

μνi;

in 4qLR Lagrangian also contribute to the EDMs; however,
because h ˆ̃χþQhi results in zero, we do not display those
terms in Eq. (11). Here, one should notice that the constants
κuc;dc;sc and ρdc;sc get hold of both the color-singlet and
color-octet terms whose chiral Lagrangians are identical.
Making use of the heavy-baryon (HB) formulation

of baryon ChPT describing systems with a single heavy
quark [42,43] is convenient for the calculation of EDMs.
The CP-violating Lagrangian in the HB limit

Lð1Þ
free¼

1

2
hB̄3̄;vðiv ·DÞB3̄;viþhB̄6;vðiv ·D−ΔÞB6;vi;

Lint¼h1hB̄6;vuμSμB6;viþh2hB̄6;vuμSμB3̄;vþH:c:i;
Lð2Þ
Bγ ¼2εμνρσ

h
α1hB̄3̄;vvρSσF

þ
μνB3̄;viþα2hB̄6;vvρSσFþ

μνB6;vi
þα3hB̄6;vvρSσFþ

μνB3̄;vþH:c:i
þα4hB̄3̄;vvρSσB3̄;vihFþ

μνiþα5hB̄6;vvρSσB6;vihFþ
μνi
i
;

ð13Þ

Leff
qEDM ¼ 4i

h
f1hB̄3̄;vv

μSνFμνB3̄;vi þ f2hB̄6;vvμSνFμνB6;vi
i
;

Leff
qCEDM ¼ 4iφþ

h
a16hB̄3̄;vv

μSνFþ
μνB3̄;vi þ a17hB̄6;vvμSνFþ

μνB6;vi þ þa19hB̄3̄;vv
μSνB3̄;vihFþ

μνi

þ a20hB̄6;vvμSνB6;vihFþ
μνi
i
þ � � � ;

Leff
4q ¼ iκ7hB̄6;vχ̃−B6;vi þ iκ8hB̄6;vχ̃−B3̄;v þ H:c:i þ 4i½κ11hB̄3̄;vχ̃þvμSνFþ

μνB3̄;vi
þ κ12hB̄6;vχ̃þvμSνFþ

μνB6;vi þ κ14hB̄3̄;vχ̃þvμSνB3̄;vihFþ
μνi

þ κ15hB̄6;vχ̃þvμSνB6;vihFþ
μνi þ κ17hB̄3̄;vv

μSνFþ
μνB3̄;vihχ̃þi

þ κ18hB̄6;vvμSνFþ
μνB6;vihχ̃þi þ κ20hB̄3̄;vv

μSνB3̄;vihχ̃þFþ
μνi

þ κ21hB̄6;vvμSνB6;vihχ̃þFþ
μνi� þ � � � ;

Y. ÜNAL PHYS. REV. D 108, 075023 (2023)

075023-4



Leff
4qLR ¼ iρ2hB̄6;v

ˆ̃χ−B6;vi þ iρ3hB̄6;v
ˆ̃χ−B3̄;v þ H:c:i þ 4i½ρ14hB̄3̄;v

ˆ̃χþvμSνB3̄;vihFþ
μνi

þ ρ15hB̄6;v
ˆ̃χþvμSνB6;vihFþ

μνi þ ρ17hB̄3̄;vv
μSνFþ

μνB3̄;vih ˆ̃χþi þ ρ18hB̄6;vvμSνFþ
μνB6;vih ˆ̃χþi� þ � � � ; ð14Þ

with the four velocity vμ, the Pauli-Lubanski spin
operator Sμ ¼ −γ5ðγμ=v − vμÞ=2 and the mass difference
Δ ¼ m6 −m3̄. Only terms linear in the Goldstone bosons
are sufficient at the order we work on. Higher-order terms
containing more Goldstone bosons are embedded in the
ellipses. The chiral singlet φþ can be absorbed into the ai
LECs, as it can only contribute as an overall constant.
Figure 1 demonstrates tree level and one-loop Feynman

diagrams that generate a nonvanishing contribution to the
P- and T-violating form factor of the charm baryons up to
the order Oðδ2Þ, where δ is a generic small mass or
momentum. We apply the modified minimal subtraction
scheme of heavy baryon chiral perturbation theory
(HBChPT) (gMS) [44–46] and calculate the loop diagrams
in the framework of dimensional regularization at the
renormalization scale λ ¼ 1 GeV. Tree-level CP-odd dia-
grams at order Oðδ2Þ denoted in diagram (a) receive
contributions from all the CP-violating operators. The
diagrams (b)–(g) in Fig. 1 show one-loop diagrams at
leadingOðδ2Þ. We apply the standard power counting to the
renormalized diagrams (see, e.g., Ref. [47]). In other
words, an interaction vertex obtained from an OðδnÞ
Lagrangian is counted as order δn, a meson propagator
as order δ−2, a baryon propagator as order δ−1, and the

integration of a loop as order δ4. For the CP-odd vertices,
the chiral order of the sources is counted as Oðδ0Þ.

IV. THE P- AND T-VIOLATING FORM FACTOR

In the heavy baryon approach and in the Breit frame the
P- and T-violating form factor Dγ

Bh
ðq2Þ is described

through

hBhðpfÞjJEDM;νjBhðpiÞi¼−2iDγ
Bh
ðq2ÞB̄vvνðS ·qÞBv; ð15Þ

where q ¼ pf − pi denotes the four-momentum transfer
(see e.g., [37]). The EDM is thus defined by

dγBh
¼ Dγ

Bh
ðq2 ¼ 0Þ: ð16Þ

The four-velocity is set vμ ¼ ð1; 0Þ and v · pi ¼ v · pf in
the Breit frame. The contributions from the contact inter-
actions in Figure 1(a) are presented in Tables I–III.
As in the case of the b-baryons [26], the EDMs of the

c-baryons also receive contributions from the Goldstone
bosons. For the qEDM and qCEDM operators, we observe
that the meson-loops appear at a higher order and only the
tree-level diagrams provide the contributions at the order

FIG. 1. Diagrams that contribute to the EDMs of the spin-1=2 antitriplet and sextet c-baryons after renormalization. The solid, dashed,
and wavy lines depict the baryons, mesons, and photons, respectively. The filled circles, diamonds, and squares are the first-order
vertices generated by the meson-baryon Lagrangian and second-order mesonic vertices, in order. CP-violating vertices at Oðδ0Þ and
Oðδ2Þ are represented by ⊗ and ⊠, respectively.
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we work. The loop contributions at the second chiral order
are obtained from the 4q- and 4qLR operators and the LECs
of those tree-level contributions absorb the relevant loop
divergences.
Most of the diagrams depicted in Figure 1 are either

proportional to S · v ¼ 0, or v · q ¼ 0. Furthermore, some

of them mutually cancel each other. After an explicit
calculation in HBChPT, it has been seen that only the
diagrams (b) and (c) are nonvanishing and yield the
following contributions:

Dγ
Bh;ðbÞðq2Þ¼

Abi

2

Z
1

0

dx
x

M̃i

∂

∂M̃i
J1ðw̃;M̃iÞ;

Dγ
Bh;ðcÞðq2Þ¼

Aci

2

Z
1

0

dx
x−1

M̃i

∂

∂M̃i
J1ðw̃;M̃iÞ; i¼1;2;3;4;

ð17Þ

where w̃ ¼ −Δ, for a sextet particle, w̃ ¼ 0 for an antitriplet
particle inside the loop, M̃iðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðx − 1Þq2 þM2

i

p
, with

Mi being charged meson masses, and J1 is the loop
function (see Appendix C). As many of the Abi and Aci
coefficients are identical to each other except for their sign,
the remaining terms including these coefficients are given
in Appendix A. The results for the 4q operator are

dγΛþ
c ;4q

¼ 8e
h
ðκ11 þ 2κ20Þκuc þ κ14ðκuc þ κdcÞ þ κ17ðκuc þ κdc þ κscÞ

i
þ eg2κ8ðκuc þ κscÞ

32π2F2
π

Fð2Þ
MK

;

dγΞ0
c;4q

¼ 8e
h
κ14ðκdc þ κscÞ þ 2κ20κ

uc
i
−
eg2κ8ðκuc þ κdcÞ

32π2F2
π

Fð2Þ
Mπ

−
eg2κ8ðκuc þ κscÞ

32π2F2
π

Fð2Þ
MK

;

dγΞþ
c ;4q

¼ 8e
h
ðκ11 þ 2κ20Þκuc þ κ14ðκuc þ κscÞ þ κ17ðκuc þ κdc þ κscÞ

i
þ eg2κ8ðκuc þ κdcÞ

32π2F2
π

Fð2Þ
Mπ
;

dγΣ0
c;4q

¼ 8eðκ15κdc þ κ21κ
ucÞ − eg1κ7ðκuc þ κdcÞ

32π2F2
π

Fð2Þ
Mπ

−
eg2κ8ðκuc þ κdcÞ

16π2F2
π

Fð1Þ
Mπ
;

dγΣþ
c ;4q

¼ 4e
h
ðκ12 þ 2κ21Þκuc þ κ15ðκuc þ κdcÞ þ κ18ðκuc þ κdc þ κscÞ

i
þ eg1κ7ðκuc þ κscÞ

64π2F2
π

Fð2Þ
MK

þ eg2κ8ðκuc þ κscÞ
32π2F2

π
Fð1Þ
MK

;

dγΣþþ
c ;4q ¼ 8e

h
ðκ12 þ κ15 þ κ21Þκuc þ κ18ðκuc þ κdc þ κscÞ

i
þ eg1κ7ðκuc þ κdcÞ

32π2F2
π

Fð2Þ
Mπ

þ eg1κ7ðκuc þ κscÞ
32π2F2

π
Fð2Þ
MK

þ eg2κ8ðκuc þ κdcÞ
16π2F2

π
Fð1Þ
Mπ

þ eg2κ8ðκuc þ κscÞ
16π2F2

π
Fð1Þ
MK

;

TABLE I. Tree-level contributions from the qEDM and
qCEDM operators of the charm baryons.

Baryons qEDM qCEDM

Λþ
c 4f1 4eða16 þ 2a19Þ

Ξ0
c 4f1 8ea19

Ξþ
c 4f1 4eða16 þ 2a19Þ

Σ0
c 2f2 4ea20

Σþ
c 2f2 eða17 þ 4a20Þ

Σþþ
c 2f2 2eða17 þ 2a20Þ

Ξ00
c 2f2 4ea20

Ξ0þ
c 2f2 eða17 þ 4a20Þ

Ω0
c 2f2 4ea20

TABLE II. Tree-level contributions from the 4q operator of the
charm baryons.

Baryons 4q

Λþ
c 8e½ðκ11 þ 2κ20Þκuc þ κ14ðκuc þ κdcÞ þ κ17ðκuc þ κdc þ κscÞ�

Ξ0
c 8e½κ14ðκdc þ κscÞ þ 2κ20κ

uc�
Ξþ
c 8e½ðκ11 þ 2κ20Þκuc þ κ14ðκuc þ κscÞ þ κ17ðκuc þ κdc þ κscÞ�

Σ0
c 8eðκ15κdc þ κ21κ

ucÞ
Σþ
c 4e½ðκ12 þ 2κ21Þκuc þ κ15ðκuc þ κdcÞ þ κ18ðκuc þ κdc þ κscÞ�

Σþþ
c 8e½ðκ12 þ κ15 þ κ21Þκuc þ κ18ðκuc þ κdc þ κscÞ�

Ξ00
c 4e½κ15ðκdc þ κscÞ þ 2κ21κ

uc�
Ξ0þ
c 4e½ðκ12 þ 2κ21Þκuc þ κ15ðκuc þ κscÞ þ κ18ðκuc þ κdc þ κscÞ�

Ω0
c 8eðκ15κsc þ κ21κ

ucÞ

TABLE III. Tree-level contributions from the 4qLR operator of
the charm baryons.

Baryons 4qLR

Λþ
c 8e½ReðVdcÞðρ14 þ ρ17Þρdc þ ReðVscÞρ17ρsc�

Ξ0
c 8e½ReðVdcÞρdc þ ReðVscÞρsc�ρ14

Ξþ
c 8e½ReðVscÞðρ14 þ ρ17Þρsc þ ReðVdcÞρ17ρdc�

Σ0
c 8eReðVdcÞρ15ρdc

Σþ
c 4e½ReðVdcÞðρ15 þ ρ18Þρdc þ ReðVscÞρ18ρsc�

Σþþ
c 8e½ReðVdcÞρdc þ ReðVscÞρsc�ρ18

Ξ00
c 4e½ReðVdcÞρdc þ ReðVscÞρsc�ρ15

Ξ0þ
c 4e½ReðVscÞðρ15 þ ρ18Þρsc þ ReðVdcÞρ18ρdc�

Ω0
c 8eReðVscÞρ15ρsc
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dγΞ00
c ;4q

¼ 4e
h
κ15ðκdc þ κscÞ þ 2κ21κ

uc
i
−
eg1κ7ðκuc þ κdcÞ

64π2F2
π

Fð2Þ
Mπ

−
eg1κ7ðκuc þ κscÞ

64π2F2
π

Fð2Þ
MK

−
eg2κ8ðκuc þ κdcÞ

32π2F2
π

Fð1Þ
Mπ

−
eg2κ8ðκuc þ κscÞ

32π2F2
π

Fð1Þ
MK

;

dγΞ0þ
c ;4q ¼ 4e

h
ðκ12 þ 2κ21Þκuc þ κ15ðκuc þ κscÞ þ κ18ðκuc þ κdc þ κscÞ

i
þ eg1κ7ðκuc þ κdcÞ

64π2F2
π

Fð2Þ
Mπ

þ eg2κ8ðκuc þ κdcÞ
32π2F2

π
Fð1Þ
Mπ
;

dγΩ0
c;4q

¼ 8eðκ15κsc þ κ21κ
ucÞ − eg1κ7ðκuc þ κscÞ

32π2F2
π

Fð2Þ
MK

−
eg2κ8ðκuc þ κscÞ

16π2F2
π

Fð1Þ
MK

: ð18Þ

For the 4qRL operator, the results are

dγΛþ
c ;4qLR

¼ 8e
h
ReðVdcÞðρ14 þ ρ17Þρdc þ ReðVscÞρ17ρsc

i
þ eReðVscÞg2ρ3ρsc

32π2F2
π

Fð2Þ
MK

;

dγΞ0
c;4qLR

¼ 8e
h
ReðVdcÞρdc þ ReðVscÞρsc

i
ρ14 −

eReðVscÞg2ρ3ρsc
32π2F2

π
Fð2Þ
MK

−
eReðVdcÞg2ρ3ρdc

32π2F2
π

Fð2Þ
Mπ
;

dγΞþ
c ;4qLR

¼ 8e
h
ReðVscÞðρ14 þ ρ17Þρsc þ ReðVdcÞρ17ρdc

i
þ eReðVdcÞg2ρ3ρdc

32π2F2
π

Fð2Þ
Mπ
;

dγΣ0
c;4qLR

¼ 8eReðVdcÞρ15ρdc −
eReðVdcÞg1ρ2ρdc

32π2F2
π

Fð2Þ
Mπ

−
eReðVdcÞg2ρ3ρdc

16π2F2
π

Fð1Þ
Mπ
;

dγΣþ
c ;4qLR

¼ 4e
h
ReðVdcÞðρ15 þ ρ18Þρdc þ ReðVscÞρ18ρsc

i
þ eReðVscÞg1ρ2ρsc

64π2F2
π

Fð2Þ
MK

þ eReðVscÞg2ρ3ρsc
32π2F2

π
Fð1Þ
MK

;

dγΣþþ
c ;4qLR ¼ 8e

h
ReðVdcÞρdc þ ReðVscÞρsc

i
ρ18 þ

eReðVdcÞg1ρ2ρdc
32π2F2

π
Fð2Þ
Mπ

þ eReðVscÞg1ρ2ρsc
32π2F2

π
Fð2Þ
MK

þ eReðVdcÞg2ρ3ρdc
16π2F2

π
Fð1Þ
Mπ

þ eReðVscÞg2ρ3ρsc
16π2F2

π
Fð1Þ
MK

;

dγΞ00
c ;4qLR

¼ 4e
h
ReðVdcÞρdc þ ReðVscÞρsc

i
ρ15 −

eReðVdcÞg1ρ2ρdc
64π2F2

π
Fð2Þ
Mπ

−
eReðVscÞg1ρ2ρsc

64π2F2
π

Fð2Þ
MK

−
eReðVdcÞg2ρ3ρdc

32π2F2
π

Fð1Þ
Mπ

−
eReðVscÞg2ρ3ρsc

32π2F2
π

Fð1Þ
MK

;

dγΞ0þ
c ;4qLR ¼ 4e

h
ReðVscÞðρ15 þ ρ18Þρsc þ ReðVdcÞρ18ρdc

i
þ eReðVdcÞg1ρ2ρdc

64π2F2
π

Fð2Þ
Mπ

þ eReðVdcÞg2ρ3ρdc
32π2F2

π
Fð1Þ
Mπ
;

dγΩ0
c;4qLR

¼ 8eReðVscÞρ15ρsc −
eReðVscÞg1ρ2ρsc

32π2F2
π

Fð2Þ
MK

−
eReðVscÞg2ρ3ρsc

16π2F2
π

Fð1Þ
MK

; ð19Þ

where the loop functions are defined as

Fð1Þ
Mπ

¼ 1þ 32π2Lþ 2 ln

	
Mπ

λ



;

Fð2Þ
Mπ

¼ 1þ 32π2Lþ 2 ln

	
Mπ

λ



þ 2Δffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Δ2 −M2
π

p ln

"
Δ
Mπ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

M2
π
− 1

s #
;

Fð1Þ
MK

¼ 1þ 32π2Lþ 2 ln

	
MK

λ



;

Fð2Þ
MK

¼ 1þ 32π2Lþ 2 ln

	
MK

λ



þ
2ΔArccos½ ΔMK

�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

K − Δ2
p : ð20Þ
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V. PATTERNS AND SIZES OF CHARM
BARYON EDMS

Some of the patterns that allow the determination of the
relative sizes of the different EDMs can also be determined
for the charm baryons. For the charm-quark qEDM at
Oðδ2Þ, the EDMs of all baryons in the triplet and the sextet
are described only by f1 or f2. For the qCEDM, dΞ0

c
is

different from dγΛþ
c
¼ dγΞþ

c
in the triplet. On the other hand,

dγΣ0
c
¼ dγΞ00

c
¼ dγΩ0

c
, and dγΣþ

c
¼ dγΞ0þ

c
are obtained in the

sextet. It appears that the neutral states differ from the
charged states due to an insertion of the quark charge
matrix which generates the EDM for the qCEDM. While
the EDMs of singly charmed baryons with different charges
differ for the qCEDM, this is not valid for the qEDM,
because it already has photons.
For the 4qLR operator, while the tree-level contributions

to the triplet and sextet EDMs display identical patterns as
that of the qCEDM, the loop contributions trigger
differences. In the triplet, loop contributions to the
EDMs include two different CKM matrix elements and
different Goldstone bosons, resulting in the EDMs of the
charged baryons to differ. The difference of the charged
states in the triplet takes the form as given below in

dγΛþ
c ;4qLR

− dγΞþ
c ;4qLR

¼ 8eρ14
h
ReðVdcÞρdc − ReðVscÞρsc

i
−

eρ2ρ3
32π2F2

π

�
ReðVdcÞρdcFð2Þ

Mπ
− ReðVscÞρscFð2Þ

MK

�
; ð21Þ

which disappears when considering only qcEDM.
Degeneracies that are seen in the qCEDM for the charged
and the neutral sextet baryons are not valid anymore
because of the difference in the flavor structures of the
underlying operator.
As with the b-baryons EDM calculation, the 4q operators

exhibit a different pattern of EDMs, which are strictly
dependent on their flavor structure. Here, we see from
Eq. (9) that the chiral symmetry properties of κdc and κsc

are identical to the 4qLR operator ρdc and ρsc. Therefore,
for the κdc and κsc sources, the same pattern of EDMs
appears as for the 4qLR as well.
To determine the absolute sizes of the EDMs of charm

baryons, we need to estimate the various LECs in EDM
expressions. In order to get an estimate of the LECs
and shape the theoretical results, we employ naive dimen-
sional analysis (NDA) [48,49]. This technique does not
give an accurate prediction, but it provides order-of-
magnitude estimates identifying each source of P and T
violation.
NDA estimates are made analogously to [26].

Accordingly, all LECs arising from qEDM and qCEDM

are as follows:

f1;2 ¼ OðdcÞ ¼ O
�
mc

Λ2

�
;

a16–20 ¼ O
�
ed̃c

Fπ

Λχ

�
¼ O

�
e
Fπmc

ΛχΛ2

�
; ð22Þ

with 4πFπ ∼ Λχ . For the 4q and 4qLR operators, LECs
emerge from both the tree-level and the CP-odd inter-
actions at the one-loop level and their NDA representations
are

κ6–10κ
qc ¼ OðκqcΛχF2

πÞ ¼ O
�
ΛχF2

π

Λ2

�
;

κ11–21κ
qc ¼ O

�
eκqc

F2
π

Λχ

�
¼ O

�
e

F2
π

ΛχΛ2

�
;

ρ1–5ρ
qc ¼ OðρqcΛχF2

πÞ ¼ O
�
ΛχF2

π

Λ2

�
;

ρ11–21ρ
qc ¼ O

�
eρqc

F2
π

Λχ

�
¼ O

�
e

F2
π

ΛχΛ2

�
; ð23Þ

with q ¼ fu; d; sg. In this way, all EDMs are scaled to Λ−2

so that the sizes of EDMs can be easily obtained for other
BSM scales. For a BSM physics scale Λ ¼ 1 TeV, and
considering only the tree-level expressions, the order-of-
magnitude estimates of EDMs are

dγBh
¼ f10−19; 10−20; 10−21; 10−21g e cm; ð24Þ

respectively, for the qEDM, qCEDM, 4q, and 4qLR
operators. The reasoning behind choosing this scale is
explained in [26]. Contrary to the b-baryon EDMs calcu-
lation, the values of the CKMmatrix elements ReðVdcÞ and
ReðVscÞ are of order one in the c-baryon case. One can thus
immediately notice that the contributions of the 4qLR
operator are improved by about three orders of magnitude.
These predictions contain a sizeable uncertainty, and thus
to get an idea of this sizeable uncertainty determining
roughly a range at a given scale Λ, we employ a
Monte Carlo (MC) sampling of the LECs. In other words,
the LECs for all operators are rescaled and vary the relevant

TABLE IV. Contributions to the EDMs of the antitriplet
baryons for Λ ¼ 1 TeV. The results are given in 10−19 e cm
and 10−20 e cm for the qEDM and qCEDM operators, respec-
tively, and 10−21 e cm for the 4q and 4qLR operators.

Contribution Λþ
c Ξ0

c Ξþ
c

qEDM −0.14� 1.79 −0.14� 1.79 −0.14� 1.79
qCEDM −0.10� 3.10 þ0.12� 2.7 −0.10� 3.10
4q þ0.17� 5.3 þ0.17� 4.4 þ0.13� 3.9
4qLR þ0.12� 2.6 −0.15� 2.5 −0.11� 2.4
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dimensionless constants between ½−3;þ3�. For the 4q
operator, for instance, κ7ðκuc þ κscÞ → ðΛχF2

π=Λ2Þκ̃7,
where κ̃7 are the dimensionless constants. This procedure
has been done for all LECs appearing in the EDM
expression and obtained the ranges for the various
EDMs for each CP-odd source. The results can be read
from Tables IV and V. While the operator qEDM gives the
dominant contribution, 4q and 4qLR terms have the same
order of magnitude. As can be seen from the Tables, the
EDM predictions for each source are diverse around zero.
On the other hand, the standard deviations are relatively
large because of the wide range of the dimensionless
constants which were used in the MC sampling. One
can take a look at the resulting size of the EDM by adding
up the single contributions. These values, however, provide
an estimate rather than a precise prediction for the range
where the EDM of the charmed baryons can be found by
future experiments. For instance, the total EDM of
the λþc from the antitriplet and Ω0

c from the sextet baryons
would be

dγΛþ
c
¼ ð−0.14� 2.18Þ × 10−19 e cm;

dγΩ0
c
¼ ð0.07� 1.04Þ × 10−19 e cm: ð25Þ

The EDM sensitivity of charmed baryons is estimated to be
of the order of 10−17 e cm following an experimental
scenario considered at the LHC [10,11]. Recently, another
experiment at the LHC was presented to directly measure
the magnetic and electric dipole moments of charmed
baryons. In this work, a new setup was proposed to
overcome the difficulties in measuring EDMs with short
lifetimes. The expected sensitivity for the EDM of charmed
baryons in this ongoing experimental program is of the
order of 10−16 e cm [12].

VI. CONCLUSION

We have analyzed the EDMs of spin-1=2 single-charm
baryons using the techniques developed in [26] where a
similar calculation has been performed for the bottom
baryons. CP-violating effective dimension-6 operators

which consist of the so-called quark EDM, the
quark-chromo EDM, the 4q operator, and the 4q left-right
operator have been compiled in terms of charm and lighter
quark bilinears. The resulting CP-violating hadronic inter-
actions have been constructed between charm baryons,
Goldstone bosons, and photons employing the low-energy
effective field theory of QCD, HBChPT. The EDMs of the
charm baryons have been calculated up to the first non-
vanishing order for each source of CP violation.
Concerning the qEDM and qCEDM operators, it turns

out that patterns of charm baryon EDMs display similar
properties with the bottom baryons. However, four-quark
operators (4q and 4qLR) display different relations of the
EDMs. These patterns can provide the identification of the
dominant source of CP violation. Moreover, contributions
from the 4qLR operator are larger than the b-baryon case,
as two CKM matrix elements ReðVdcÞ and ReðVscÞ are
three orders of magnitude larger than ReðVubÞ. However, as
already pointed out in [26] and refined further above, the
absolute sizes of the EDMs are significantly uncertain
because of very little information on the LECs in the CP-
odd chiral effective Lagrangian. Therefore, with the con-
tributions for BSM scales of 1 TeVusing NDA assessment,
it has been concluded that EDMs are expected in the range
of 10−19–10−21 e cm, which are strongly dependent on
chiral- and isospin-symmetry properties of the underlying
sources of the dimension-6 operators. It is to be emphasized
here again that our calculation represents an estimate rather
than an accurate prediction for the EDM of the charmed
baryons. These results and their interpretation call for
further studies on both the theoretical and experimen-
tal sides.
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APPENDIX A: FORM FACTORS

Including the tree-level contributions, the full form factor
expressions for the c-baryons up to the order Oðδ2Þ are

TABLE V. Contributions to the EDMs of the sextet baryons for Λ ¼ 1 TeV. The results are given in 10−19 e cm and 10−20 e cm for the
qEDM and qCEDM operators, respectively, and 10−21 e cm for the 4q and 4qLR operators.

Contribution Σ0
c Σþ

c Σþþ
c Ξ00

c Ξ0þ
c Ω0

c

qEDM þ0.06� 0.86 þ0.06� 0.86 þ0.06� 0.86 þ0.06� 0.86 þ0.06� 0.86 þ0.06� 0.86
qCEDM þ0.10� 1.37 þ0.07� 1.37 −0.13� 1.51 þ0.10� 1.37 þ0.07� 1.37 þ0.10� 1.37
4q þ0.10� 2.90 þ0.14� 2.76 þ0.28� 4.17 −0.10� 2.32 −0.13� 2.72 þ0.19� 2.99
4qLR þ0.01� 0.49 þ0.02� 1.37 þ0.04� 1.10 þ0.03� 1.33 −0.14� 1.58 þ0.13� 2.31
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Dγ
Λþ
c
ðq2Þ ¼ 4f1 þ 4e

�
a16 þ 2a19 þ 2ðκ11 þ 2κ20Þκuc þ 2κ14ðκuc þ κdcÞ

þ 2κ17ðκuc þ κdc þ κscÞ þ 2ReðVdcÞðρ14 þ ρ17Þρdc þ 2ReðVscÞρ17ρsc
�

þ eg2
4F2

π

�
ReðVscÞρ3ρsc þ κ8ðκuc þ κscÞ

�Z 1

0

dx
1

M̃K

∂

∂M̃K
J1ð−Δ; M̃KÞ;

Dγ
Ξ0
c
ðq2Þ ¼ 4f1 þ 8e

�
a19 þ κ14ðκdc þ κscÞ þ 2κ20κ

uc þ ðReðVdcÞρdc þ ReðVscÞρscÞρ14
�

−
eg2
4F2

π

�
ReðVdcÞρ3ρdc þ κ8ðκuc þ κdcÞ

�Z 1

0

dx
1

M̃π

∂

∂M̃π

J1ð−Δ; M̃πÞ

−
eg2
4F2

π

�
ReðVscÞρ3ρsc þ κ8ðκuc þ κscÞ

�Z 1

0

dx
1

M̃K

∂

∂M̃π

J1ð−Δ; M̃KÞ;

Dγ
Ξþ
c
ðq2Þ ¼ 4f1 þ 4e

�
a16 þ 2a19 þ 2ðκ11 þ 2κ20Þκuc þ 2κ14ðκuc þ κscÞ
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APPENDIX B: EDM ESTIMATES WITH NAIVE DIMENSIONAL ANALYSIS

In this appendix, we give c baryon EDMs with the NDA estimate. Replacement of the unknown low energy constants
with their NDA correspondence yields

dγΛþ
c
¼ 4mcf̃1

Λ2
þ emc

πΛ2
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2eFπ

πΛ2
ðκ̃12 þ κ̃15 þ κ̃18 þ κ̃21 þ ðReðVdcÞ þ ReðVscÞÞρ̃18Þ

þ eg1
32π2

Λχ

Λ2
ðReðVdcÞρ̃2 þ κ̃7Þ

 
1þ 2 ln

	
Mπ

λ



þ 2Δffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Δ2 −M2
π

p ln

"
Δ
Mπ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

M2
π
− 1

s #!

þ eg1
32π2

Λχ

Λ2
ðReðVscÞρ̃2 þ κ̃7Þ

�
1þ 2 ln

	
MK

λ



þ
2ΔArccos½ ΔMK

�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

K − Δ2
p �

þ eg2
16π2

Λχ

Λ2
ðReðVdcÞρ̃3 þ κ̃8Þ

�
1þ 2 ln

	
Mπ

λ


�
þ eg2
16π2

Λχ

Λ2
ðReðVscÞρ̃3 þ κ̃8Þ

�
1þ 2 ln

	
MK

λ


�
;

dγΞ00
c
¼ 2mcf̃2

Λ2
þ emc

πΛ2
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where the estimation 4πFπ ∼ Λχ has been utilized, and the dimensionless constants f̃i, ãi, κ̃i, and ρ̃i are varied from −3
to þ3.

APPENDIX C: LOOP FUNCTIONS

In the heavy-baryon formulation [50], the loop functions which were used in the calculation of the diagrams in Fig. 1 are
given as

ΔM ¼ 2M2
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where ewðxÞ ¼ wþ xv · q, and eM2ðxÞ ¼ xðx − 1Þq2 þM2. In dimensional regularization, the analytical expressions for the
loop functions are
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for M2 > w2,
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for w2 > M2, and
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1

n − 1
½ðM2 − w2ÞJ0ðwÞ − wΔM�; ðC9Þ

J3ðwÞ ¼ wJ1ðwÞ − J2ðwÞ; ðC10Þ

GiðwÞ ¼
∂

∂w
JiðwÞ; i ¼ 0; 1; 2; 3: ðC11Þ
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