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When studied at finite temperature, Yang-Mills theories in 3 4+ 1 dimensions display the presence of
confinement/deconfinement phase transitions, which are known to be of first order—the SU(2) gauge
theory being the exception. Theoretical as well as phenomenological considerations indicate that it is
essential to establish a precise characterization of these physical systems in proximity of such phase
transitions. We present and test a new method to study the critical region of parameter space in non-Abelian
quantum field theories on the lattice, based upon the logarithmic linear relaxation (LLR) algorithm. We
apply this method to the SU(3) Yang-Mills lattice gauge theory, and perform extensive calculations with
one fixed choice of lattice size. We identify the critical temperature, and measure interesting physical
quantities near the transition. Among them, we determine the free energy of the model in the critical region,
exposing for the first time its multivalued nature with a numerical calculation from first principles,
providing this novel evidence in support of a first-order phase transition. This study sets the stage for future
high-precision measurements, by demonstrating the potential of the method.
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The characterization of phase transitions is a central
topic of study in theoretical physics, both for reasons of
principle and in view of applications. In the proximity of
second-order phase transitions, for critical values of the
control parameters, the correlation length diverges, hence
such systems can be classified in universality classes,
distinguished by the value of quantities that are indepen-
dent of the microscopic details. But this is atypical, while
many important physical systems undergo first-order phase
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transitions, which admit no notion of universality. It is then
essential to specify the details of the theory, and identify
computational strategies optimized to the precise determi-
nation of model-dependent physical observables. The latent
heat is a particularly important example, as it determines
the strength of the transition.

A case in point, within fundamental physics, is provided
by the history of electroweak baryogenesis. One of the
three conditions identified by Sakharov [1] to explain the
matter-antimatter asymmetry in the observable Universe
requires the dynamics to be out of equilibrium. Hence, the
electroweak phase transition should be of first order and
strong enough, if it is to play a central role in these
phenomena. Testing this hypothesis required developing a
program of dedicated calculations. The final outcome of
this challenging endeavor is that electroweak baryogenesis
cannot work within the standard model (SM) of particle
physics; it was demonstrated nonperturbatively [2-8]
that a line of first-order phase transitions ends at a critical
point, and that the transition disappears into a crossover,
except for unrealistically light Higgs boson masses,
m;, < O(70) GeV. This result still stands nowadays as
prominent evidence for new physics. (See Refs. [9,10] for
reviews, and also Ref. [11] for a recent nonperturbative
update.)

New physics is also needed to explain the origin of dark
matter, the existence of which is supported by both
observational astrophysics and cosmology. This evidence
motivates proposals postulating the existence of hidden
sectors, comprised of (dark) particles carrying no SM
quantum numbers, feebly coupled to SM particles (see,
e.g., Refs. [12-18]). Hidden sector dark matter scenarios
find concrete realizations as composite dark matter (as, for
example, in Refs. [19-28]) and strongly interacting dark
matter (see, e.g., Refs. [29-36]). Loosely inspired by
quantum chromodynamics (QCD), their microscopic
description consists of new confining gauge theories, with
or without matter field content.

If the new dark sector undergoes a first-order phase
transition in the early Universe, it would yield a relic
stochastic background of gravitational waves [37-42],
potentially accessible to a number of present and future
gravitational wave experiments [43—60]. Model-independent
studies of the properties of such cosmological confinement
phase transitions and their imprint on the stochastic gravi-
tation background may adopt either of two complementary
theoretical strategies for investigation. (See, e.g., Fig. 1 of
Ref. [61] but also Refs. [62-65].) Either one models the
bubble nucleation rates by using the results of direct non-
perturbative calculation of latent heat, surface tension and
other relevant dynamical quantities; or one builds and
constrains an effective description, such as the Polyakov-
loop model [61,63,66-74], or matrix models [62,75-83],
supplementing it by thermodynamic information computed,
again, nonperturbatively.

Either way, one arrives at a characterization of the phase
transition in terms of a set of parameters; critical temper-
ature, T, percolation temperature, T,, strength of the
transition, «, inverse duration of the transition, B/H,,
bubble wall velocity, vy, and number of degrees of
freedom after the transition, g,. These are then used as
input in the cosmological evolution, via existing software
packages such as, for example, PTPlot [59], to obtain the
power spectrum of relic stochastic gravitational waves,
h*>Qgw, that can be compared with detector reach.

Hence, the first step towards calculating the power
spectrum of gravitational waves requires precise nonper-
turbative treatment of the dynamics, which can be provided
by numerical simulations of lattice gauge theories. The
finite-temperature behavior of many lattice gauge theories
has been studied in the past; for example, for SU(N,) see
Refs. [84-89], for Sp(N.) see Ref. [90], and for G, see
Ref. [91-94]. These pioneering works were somewhat
limited in scope, while dedicated high-precision measure-
ments of specific observables, in particular of the latent
heat, present technical challenges. A handful of dedicated
lattice calculations has started to appear, focused on
stealth dark matter with SU(4) gauge dynamics [95-97],
or on Sp(4) gauge theories [98-100]. A complementary
approach to the study of the relevant out-of-equilibrium
dynamics near criticality, bubble nucleation, and bubble
wall velocity makes use of the nonperturbative tools
provided by gauge-gravity dualities [101-104], which
can be generalized to strongly coupled systems exhibiting
confinement and chiral symmetry breaking [105-114]—we
refer the reader to Refs. [115-122] and references therein
for interesting examples along these lines.

The history of the studies of SU(3) gauge theories is quite
interesting as a general illustration of how the field has been
evolving. The recent Ref. [123] critically summarizes this
history, discusses the technical difficulties intrinsic to
current state-of-the-art lattice calculations, and addresses
some of the challenges with the extrapolation to the
continuum limit in proximity of the phase transition.
Among the salient points in such history, is the fact that
the pure gauge theory undergoes a first-order phase tran-
sition, which has been accepted for a while [124,125].
Finite-temperature lattice studies of the theory coupled to
heavy quarks have given encouraging results [126—131] but
are still ongoing. More generally, considerable activity is
taking partin QCD, see Ref. [132] for arecent summary. The
thermodynamics of pure SU(3) Yang-Mills theories has
been studied intensively [133—145], and we know that the
phase transition is not strong, hence difficult to characterize.

Our interest in the characterization of the confinement/
deconfinement phase transition originates in the ongoing
research program on Sp (N, ) lattice gauge theories [146-155]
and their composite bound states. Our long-term aim is to
measure observable quantities, such as the latent heat at the
transition, which have potential implications for dark matter
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and for stochastic gravitational-wave detection. We approach
this goal by exploiting a recent proposal, which is based
upon the density of states and provides an alternative to
Monte Carlo importance sampling (IS) methods; the loga-
rithmic linear relaxation (LLR) algorithm [156-159]. We
describe the method in the body of the paper. It is worth
mentioning that the literature on finite-temperature studies of
Sp(N.) gauge theories is rather limited [90], as is the
application of the LLR algorithm: Abelian gauge theories
have been studied in detail [158], while in the non-Abelian
case the properties of SU(3) have been investigated at zero
temperature [159], and preliminary finite-temperature results
exist for SU(4) [160,161] and SU(N,.) [162].

We hence take a conservative approach. In this paper, we
apply the LLR algorithm to the best understood SU(3)
Yang-Mills theory. We study the theory with one repre-
sentative lattice, to set benchmarks for the future large-scale
task of performing infinite volume and continuum limit
extrapolations. We confirm the presence of a metastability
compatible with the established first-order phase transition
arising in the system, determine the corresponding pseu-
docritical temperature using known definitions, and mea-
sure the discontinuity that leads to the latent heat. Our
results are consistent with other approaches, and we can
achieve the desired precision level. In parallel, we started
also to explore Sp(N,) Yang-Mills theories, in particular
Sp(4), about which we will report in a separate publication.

The paper is organized as follows. We describe the LLR
algorithm and its relation to the density of state in Sec. II.
This section builds upon the method introduced in
Ref. [158], and serves the purpose of setting the notation
and making the exposition self-contained. Section III
summarizes the basic properties of the lattice theory of
interest, and the definitions of the relevant observables. The
main body of the paper consists of Secs. IV and V. This
work sets the stage for our future investigations, discussed
briefly in Sec. VI. We relegate to Appendices A-C
technical details about the algorithm we use, and the tests
we performed to validate it. Some partial, preliminary
results of the research project we report upon in this paper
have been presented in contributions to conference pro-
ceedings [163,164], but here we present updated results,
including a comprehensive and self-contained discussion
of the procedure we follow and an extended set of
observables.

II. DENSITY OF STATES

We start by defining the density of states, a quantity that
plays a central role in our calculations, and discussing its
numerical determination. The path integral of a quantum
field theory (QFT), with degrees of freedom expressed by
the field(s) ¢ and Euclidean action S[¢], can be written as

z(p) = / D59, (1)

where the coupling f (not to be confused with /H.) has
been exposed. The density of states, p(E), is the measure of
the hypersurface in field-configuration space spanned by
the fields when the constraint S = E is imposed,

p(E) = / IDHIS(Sh) — E). 2)

Using the density of states, the path integral of the theory
can be rewritten as

2(p) = / dEp(E)e ", 3)

This expression of the path integral is particularly
convenient for observables, O(E), that only depend on
the action, since their expectation value can be reformulated
as a one-dimensional integral,

dEp(E)O(E)e™PF
(0), =1 fjfg JO(E)e ™ @)
p(E)e

Hence, knowing the density of states provides a route to the
computation of these observables. In addition, as we show
later in this section, using the density of states, one can also
access observables that have a more general dependency on
the fields, not expressible in terms of the action alone.

The density of states can be computed efficiently by using
the linear logarithmic relaxation method [156,158,159,165].
The algorithm exposed in this work is based on a variation
of the LLR algorithm with the replica exchange method
introduced in Ref. [165], the key difference being that in
this work we are going to replace the two nonoverlapping
half-shifted replica sequences with a single sequence of
half-overlapping consecutive subintervals. The algorithm
depends on a set of tunable parameters, which we introduce
and describe in this section. For reference, these parameters
are summarized in Table L.

As a first step, we divide an interval of interest,
Epin < E<E,. into 2N —1 overlapping subintervals
of fixed width, Ag = (Epu — Emin)/N, where each of
the subintervals but the first and the last have an overlap
of amplitude Ay/2 with the preceeding and the following
subinterval. As we shall see below, the overlap can be
exploited to ensure the ergodicity of the algorithm. The
subintervals are numbered with an index, n, ranging from
n = 1 (corresponding to central action value E,;, + Ag/2)
to 2N — 1 (central action E,,,, — Ag/2). In each subinterval
1 <n <2N — 1, the central action is E,, = E;, + nAg/2.
We approximate the density of states, p(E), with the
piecewise linear function log 5(E) ~ log p(E), defined as

logﬁ(E) = an(E - En) + Cp, (5)
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TABLE 1. Parameters of the LLR algorithm used for the numerical computation of the density of states as formulated in this work for
(2N — 1) overlapping subintervals, each of amplitude Ag, covering the relevant action interval, [E iy, Eax)-

Symbol Name/Role Description/Purpose

Ein Minimal action Lower limit of the relevant action interval

E ax Maximal action Upper limit of the relevant action interval

Ag Amplitude of subintervals Controls the local first-order expansion of log p(E)

m Number of NR steps Enables to refine the initial guess for the a,

i Number of RM updates Controls the tolerance on the convergence of the a,,

nry, Number of thermalization steps per RM update Controls decorrelation between two RM updates

Ny Number of measurements per RM update Controls the accuracy of the expectation values in Eq. (14)
np Number of action-constrained updates per RM update nyp + ny

ng Number of RM updates between swaps Ensures ergodicity of the algorithm

ng Number of determinations of the a, Enables to estimate statistical errors

where E,— Ap/4 < E<E,+ Ag/4, for each n. This
choice provides a prescription to deal unambiguously with
the overlapping regions in the subinterval, assigning each
half of the overlap to the subinterval with the nearest central
action. The purpose of the LLR algorithm is to calculate
numerically the a,, and ¢, coefficients, assuming continuity
of the function log 5(E) in the interval [E;,, Emax]-

As a second step, given any observable, O(E), we define
2N — 1 restricted expectation values, {O)),, as follows:

() =5 [0

n(@) JE, -2

where the normalization factor is given by

(E)p(E)e FdE.  (6)

2

One now sees that if a = a,, of Eq. (5), then the exponential
factor inside the integrals in these definitions is e~%f =
e~Enten /5 and the constant factor, e~“fnt¢n  cancels
between numerator and denominator, so that the weight
factor in the integrals in Eqgs. (6) and (7) is just p(E)/p(E).
The main idea behind the algorithm is that we consider
p(E) to be a good approximation of p(E) if such weight
factor, p(E)/p(E), for the restricted expectation value in the

|

interval [E, — Ag/2,E, + Ag/2], is approximately unit.
More generally, we are interested in expectation values,
where we need this factor to be constant (we will deal with
the subinterval-dependent normalization constant below).
Hence, we determine the value of g, iteratively, by
imposing the condition,

1 E,+2E -
a,) = ——— -
) Nmmléy(

:O’

(AED,( E,)p(E)e~“tdE

(8)

for each n. The resulting stochastic equation makes use of
the highly nontrivial information encoded in p(E). As long
as Ay is sufficiently small, by Taylor expanding log p(E)
around E, in Eq. (8), one sees that

~ dlogp(E)

a, = 2 ©)

E=E,

For the third step, we adopt a combination of Newton-
Raphson (NR) and Robbins-Monro (RM) algorithms [166]
to solve iteratively Eq. (8). In a first sequence of iterations,
we start from an initial trial value a” and recursively
update it, using the relation

gD — m) _M
C(AE)?), (™)
oy (E-E)BE-E,+
O T E-E)O(E-E, +
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The above relation finds the root using one NR iteration.
In the last step, the approximation consists of assuming the
validity of a second-order expansion for the density of
states in the action interval we are considering, which has
been used to express the denominator of the correction term
in closed form. The purpose of the initial NR iterations is to
set up a convenient starting point for the more refined RM
algorithm. This proves to be convenient, especially when

|

i) _ @ (AEY,(af”)
' m+ 1((AE)),(a)")

o g™ —mLH (;—2) <(E— E,) [Q(E—

This defines the RM step, which differs from the NR one
by the damping factor a/(m + 1) of the calculated cor-
rection term. While not a strict requirement of the algo-
rithm, for convenience we fix the positive constant to
a=1. Again, Eq. (14) is obtained using a quadratic
approximation of the density of states for a closed-form

computation of (((AE)2)>n(a,(1m)), which assumes that the
action interval is sufficiently small for the approximation to
be sufficiently accurate. While the validity of this approxi-
mation is not crucial in the NR steps, since they are only
used to refine the initialization, it is more important to
verify its accuracy for the RM steps, since the latter
determine the values of the «a, used in the calculation of
the observables. The check is performed by verifying that
with the obtained values of the a, the action is uniformly
distributed in the subinterval n (i.e., its histogram is flat
within a predetermined tolerance), with the dynamics being
compatible with a random walk. Since A is a parameter of
the calculation, it is always possible to restrict the sub-
interval width so that the quadratic approximation holds.

The right-hand sides of Eqgs. (12) and (14) are evaluated
by computing ordinary ensemble averages through impor-
tance sampling methods, in which the action is restricted
to a small interval, and the weight redefined according to
Eq. (6). The restriction can be done by rejecting update
proposals that lead the action outside the subinterval of
interest or—as we will do in this work—imposing con-
straints in the update proposals, so that each new trial value
for the field variables to be updated, automatically respects
the subinterval constraint (see Appendix A for further
details). The recursion converges to a,, in the limit m — oo.

We truncate the recursion at step 71 and repeat the process

from the start ensuring different random evolutions for aﬁlm),

changing the initialization of the random number sequences
used in the process of generating the restricted averages.

This yields a Gaussian-distributed set of final values aS,'h),

insufficient prior knowledge is available on a,. In these
cases, even with rough initializations, for suitable choices
of m, m steps of the NR algorithm allows us to approach a
value aff") ~ a,, in proximity of the true value of a,. We
then refine the process, by defining a new trial initial value

aﬁ,o) = a,(fh) and recursively updating it using the modified
relationship

(13)

Ag Ag
E,+ 2)—9<E—En— 2)]>aw. (14)

[
with average a, and standard deviation proportional to

1/+/, hence trading a truncation systematics with an error
that can be treated statistically.

Restricting the averages to subintervals leads to ergo-
dicity problems. To ensure ergodicity, we use the fact that at
any given RM step the values of the actions in neighboring
intervals have a finite probability of being in the over-
lapping region. When that happens, we can propose a
Metropolis step that swaps the configurations in the two
subintervals,

Py = min (1, e@”=aDET-EL)) (15)

For these swap moves to be possible, simulations in the
subintervals need to run in parallel, with the synchroniza-
tion implemented by a controller process. This can be easily
implemented with standard libraries such as the Message
Passing Interface (MPI). However, even with this prescrip-
tion, residual ergodicity problems can derive from the fact
that E£,,;, and E,,,, would otherwise be hard-action cutoffs.
The resulting lack of ergodicity is prevented by extending
the action range outside the [E in, Emay] interval with two
truncated Gaussians, one peaked at E,;, + Ap/2 and
truncated at E,,;, + Ag, providing a prescription for dealing
with E < E;,, and the other peaked at E,,,, — Ag/2 and
truncated at E,,, — Ar accounting for moves covering
E > E,... Ergodicity is recovered by choosing those
truncated Gaussians to coincide with the Boltzmann factors
associated with e and fioye—the values of f at which
the average actions correspond to E;, + Ag/2 and to
E. . — Ar/2. Appendix B describes how this is achieved
in practice.

In our implementation, we propose a swap move
between all neighbor intervals having energies in the
overlapping regions after a fixed number, ng, of RM
updates. Each RM update consists of np = ng, + ny,
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action-constrained updates. The ny;, updates decorrelate the
configurations between RM updates, then n,, configura-
tions are used for the calculation of expectation values in
equation Eq. (14). This sequence of steps is repeated until
we have performed /i RM updates. As discussed previ-
ously, this process leads to a determination of the a,, for all
values of n. Repeating it with different random number
sequences, we get Gaussian distributed values of a,,, which
can be used in a bootstrap analysis to provide a determi-
nation of the statistical uncertainty on observables.
Having determined the values of interest for a,, con-
tinuity of 5(E) at the boundaries of the subintervals requires

A Ap =] A
cn=c1+fa1+{;ak+fam (16)

for all values of n > 1, and with the summation taking
effect only when the upper index is bigger or equal to the
lower one, i.e. for n > 3. This conditions leaves the value of
¢, as a free parameter. ¢, can be fixed by imposing a known
global normalization condition. For instance, for f = oo,
the density of states must be equal to the number of
degenerate vacua of the system. Nevertheless, in applica-
tions where the knowledge of the value of the path integral
per se is not interesting, as is the case of observables
expressed as ensemble averages, the normalization of the
density of states can be fixed arbitrarily. In these cases, for
simplicity, we choose ¢; = 0.

Having discussed the rationale for the various compo-
nents of the method, for convenience, we now provide a
summary of the algorithm:

(i) Divide the interval [E,, Epne] in 2N — 1 half-
overlapping subintervals of amplitude Ay, cen-
tered at energies E| = Ep, + Ag/2, ..., E, =
Emin -+ nAE/Z, ceesy EQN—] = E'max - AE/2 Define
two half-Gaussians for prescribing rules for accept-
ing/rejecting moves outside the interval [E,;n, Emax ),
with the correct Boltzmann distribution.

(i) Repeat np times with different random sequences:
(1) Initialize the values of a,,.

(2) Perform rn steps of the NR algorihm, Eq. (11).
(3) Repeat /m times:
(a) Perform np action-constrained updates (see
Appendix A).
(b) Update a,, according to the RM prescription,
Eq. (14).
(c) Repeat (a) and (b) ng times.
(d) Propose a configuration swap according to
Eq. (15).
Note that the swap step implies that the determination of a,,
happens in parallel in the calculation, and requires a
synchronization of the parallel processes. The parameters
used in the algorithm are referenced in Table . This algorithm
provides np statistically independent determinations of a,,,

and, consequently, of ¢,,, up to a prescription for fixing ¢, as
described earlier in this section.

As shown in Ref. [158], the use of the LLR algorithm
introduces a Ag-dependent systematic error. Therefore,
finite volume estimates of the quantities above can only
be obtained after an extrapolation towards Az = 0 has been
performed. We devote Appendix C to a discussion of this
process, for the lattice parameters adopted in this study.

We conclude by observing that the LLR method enables
us to compute also canonical ensemble averages at cou-
pling $ of observables B[¢] that have a dependency on the
field ¢ not leading to an explicit dependency on the action,
using the formula [158],

1 2N—-

Z(p) = 2

[>_
™

(Blg])s=

where

Blp] = (Bl¢] exp (—BS[¢] + a,(S[#] = E,))Yu(an). (18)

III. LATTICE SYSTEM

We compute ensemble averages with the distribution in
the partition function of Eq. (1), by discretizing the degrees
of freedom on a lattice. We focus on the action, S, of a four-
dimensional Yang-Mills theory with non-Abelian gauge
group SU(N,) in Euclidean space, discretized as

(19)

S = Z<1 - NicReTr(Up)),

which enters Eq. (1) with bare lattice coupling constant
p =2 related to the bare gauge coupling g3. The

%’
summation runs over all the elementary plaquette variables,
U,, on the four-dimensional grid. Sampling of the link
variables, U, representing the discretized gauge potential,
entering the construction of the plaquette, are discussed in
Appendix A. The measure is the product of integrals over
the links.

We use hypercubic lattices with V/a* = N x N3 points
and isotropic lattice spacing a, in both temporal and spatial
directions. We adopt periodic boundary conditions for the
link variables in all directions. The thermodynamic temper-

ature of the SU(N,) Yang-Mills theory is 7 = WIT The

lattice spacing, a, is dynamically controlled by the coupling,
p, through the nonperturbative beta function of the theory,
hence knowing f we can determine the temperature, 7'

The order parameter for confinement is the Polyakov
loop, lp, defined as
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1 Ny—1 -
1, EN—N%E Tr k| [ Uok0.5), (20)
c 3 =0

with O the unit vector in the time direction. For 7' < T, the
system lies in its confined phase, (/,); = 0. For T > T it
lies in its deconfined phase, (/,);€Zy, , and the Zy,
symmetry of the action, Eq. (19), is spontaneously broken.

As the phase transition is of first order, it is characterized
by a discontinuity in the first derivative of the free energy
with respect to the temperature 7, for T = T, that is recast
in terms of the internal energy (density), defined as

_ kT?9InZ(T)

o(n) =5 e1)
where « is the Boltzmann constant, which we setto x = 1,
and V = Nja® is the spatial volume. At the phase tran-
sition, two distinct equilibrium states exist, with energies
equal to e, and e_. The magnitude of the discontinuity
across the transition, L, = |e, —e_|, is known as latent
heat. At exactly T = T, the system exhibits macroscopic
configurations characterized by the presence of separating
surfaces, on either side of which the order parameter has
different values, and hysteresis can be observed in the
evolution of the system. The configurations on either side
of the transition have equal free energy, hence the rate of
tunnelling is the same in either direction, giving rise to
phase coexistence.

Yet, even when T ~ T, the physical system can still
tunnel between the confined and deconfined phases, as the
finiteness of the lattice system allows for metastable states
to be physically realized in portions of the space, though
they have finite lifetime. These phenomena present stan-
dard lattice algorithms with intrinsic difficulties, as the
finiteness of the system implies that ensemble averages
have nontrivial contaminations from metastable states,
which ultimately smoothen the aforementioned nonanaly-
ticity characterizing the transition. For example one still
finds that the susceptibility of the Polyakov loop,

x(B) = (11,125 = (1,13 (22)

is expected to be maximal at T = T, though finite, and
establishing the existence of a first-order phase transition
requires nontrivial studies of the finite-volume scaling of
xi- As we will see, the LLR algorithm removes this
difficulty, as it allows to access individually the physically
stable and unstable states in configuration space, hence
removing the practical problems due to tunneling and their
effects on ensemble averaging.

Our aim is to characterize the phase transition in the
SU(3) Yang-Mills theory, and ultimately determine the
quantities 7', and L, extrapolated to infinite volume and to
the continuum limit. In the body of this paper, we take a

first step in this direction, by studying a fixed lattice with
NT =4 and NL = 20.

IV. METHODOLOGY

In this section, we provide precise relations between the
values of the two main observables, critical temperature,
T, and latent heat, L, and the density of states, p(E), or,
rather, its numerical estimate p(E).

When studying a lattice theory by Monte Carlo sam-
pling, a typical signal of tunneling between vacua is the
presence of hops in the simulation-time evolution of the
value of the action per plaquette, u,, defined as

a* 1
u, WZN—ReTr(Up). (23)
p c

Thanks to the relation E = 6V(1 — u,)/a*, the (partial)
distribution function, Pﬁ(up), can be expressed as a
function of E =S, and defined in terms of the density
of states p(E) as follows:

Py <up —1 _iE> s
6V Z(p)

where Z(f3) is the partition function, Eq. (3). In proximity
of the critical region of parameter space, for a system that
undergoes a first-order phase transition between two
possibly local vacua, we expect that the distribution
function display a characteristic double-peak structure.
The two values of the energy, Ey = 6V(1 —u,.)/a*, at
which P4(u,) is maximal, determine the energy of the two

phases. On a finite volume V, we define the critical
temperature 7 = 7. (and hence f = f., as we are keeping
the volume fixed while changing the coupling f) as the
temperature at which the system tunnels between configu-
rations in different phases with the same rate in either
direction. Hence, the peaks must have equal height, and the
relation

Py (upi) = Py () (25)

can be used to determine the critical coupling f3,.

As the temperature, 7, of the gauge theory is a function
of 3, we recast the derivative with respect to 7" in Eq. (21) as
a derivative with respect to f, following Ref. [86]. Direct
calculation of the energy density requires the computation
of Karsch coefficients [167], which is outside the scope of
this work. However, assuming a vanishing pressure gap, as
motivated by Ref. [145], the latent heat can be related to the
plaquette jump, A(u,); = |u,, —u,_|, via

Ly < op
—7=—6N}{a—A(u,) ) . (26)
T4 “oa" V),
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where a(df/da) can be calculated by setting the scale—see
the discussion leading to Eq. (35) of Ref. [86]. In this work
we focus on the calculation of the plaquette jump.
We define the effective potential, W,,(E), as
Wy(E) = —1og(8(S — E))s = —log P4(E).  (27)
At criticality, Wy (E) displays two degenerate minima at the
values of E of the equilibrium states of the two coexisting
phases.1
The quantum system defined in Eq. (1) can be said to
have internal energy E and entropy s = log p(E), following
the prescription of the microcanonical ensemble. We then
define a temperature ¢ as 1/#(E) = ds/dE, in analogy with
thermodynamics, and the free energy F as the Legendre
transform
F(t)=E —1ts. (28)
All the quantities mentioned above can be estimated

from the approximate density of states p(E) ~p(E). In
particular, thanks to Eq. (5), the entropy for E ~ E,, is

A
S(Ex~E,) = ¢, +TE(‘11 +a,)

A n—1
5D ata(E-E,).  (29)
=2
and the corresponding temperature is hence
1
r=—. 30
. (30)

The computation of s(E) (and of F(¢)), is affected by an
ambiguity on the value of ¢, as mentioned at the end of
Sec. II. This ambiguity can in principle be fixed by
requiring that s(E) be positive for all E and vanish as ¢ — 0.

Our estimate p is obtained by computing the sequence of
values {a,}?N7! using the LLR algorithm, as outlined in
Sec. II. The LLR parameters chosen for this work are
shown in Table II. Note that in the specific application
studied here NR iterations were considered unnecessary,
hence m = 0. Once p is known, all relevant observables are
known as well, by using the relations reported in this
section.

There are two further numerical details worth discussing
here, before we move onto presenting our results. Firstly,
the LLR algorithm requires trial initial a, vales. We have
computed the average action for evenly spaced f values.

f we replace E, which depends on u,, with the extremal
(E)y = 3—‘47 (1= (up)z), for each B, then Wy((E),) is independent
of #, and is a pure functional of the response function (E);. In
other words, this is the Legendre transform of the logarithm of the
partition function Z(f), in which f is the external source.

TABLE II. The LLR parameters used for this study.
Parameter m m nry, Ny ng ne
Value 0 500 200 500 1 20

Linearly fitting this and inverting can give an initial
estimate for the relation between a, and E,. The guess
is then refined through a small number of RM iterations.

The starting values {aflo)} have been thus set for each
energy interval over the relevant energy range of the
system. The preliminary runs are also useful to locate
the energy ranges [E iy, Enay) that are relevant to the study
of the phase transition. On the basis of preliminary analyses
we set a*Epin/(6V) ~ 0.44 and a*E,,/(6V) ~ 0.46.
Second, for each n, the coefficient a, is obtained by

truncating the sequence {a\™} of RM updates at a value of
m for which we expect the asymptotic 1/+/m behavior of
the standard deviation to have set in. Due to the centrality
of this behavior for the correct working of the algorithm,
the corresponding test is the first numerical result we report
in the next section.

V. RESULTS

In order to verify the convergence of the Robbins-Monro

algorithm, we study the distribution of the value of al",

for each energy interval, as a function of the iteration

5.6645

5.6640

5.66220

5.6635
§ 5.66215

5.6630

5.66210

5.6620

5.6615

5.6610

5.6605

0 100 200 300 400 500
RM iteration m

FIG. 1. Twenty histories of aS,m) as they are updated through
500 RM iterations, in different colors. This example is for a
system with energy interval size a*A,/(6V) = 0.0007, and the
interval centered at u, = 0.540676. The inset shows the distri-

bution of the final a, values.
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TABLE III. The values of Ay used for this analysis, for each
choice of the number of intervals, 2N — 1, in the energy range
[Emins Emax)- The four-dimensional lattice has space-time volume
V/a* = 4 x 20°. Numerical values have been rounded to four
decimal places for convenience.

2N -1 %AE g_‘;Emin % max
8 0.0063 0.4374 0.4659
15 0.0030 0.4380 0.4619
28 0.0015 0.4387 0.4604
55 0.0007 0.4391 0.4601
108 0.0004 0.4394 0.4598

number, m. An example of this process is displayed in
Fig. 1, for the energy interval centered at a*E,/(6V) =
0.459324 (u, = 0.540676), with a*Ag/(6V) = 0.0007.
The figure shows in different colors twenty independent
Robbins-Monro trajectories. The trajectories are charac-
terized by large oscillations at small m, followed by
convergence to a common value at large m. The distribution
of the asymptotic behavior of the final values has standard
deviation that scales as ~1/,/m. On the basis of extensive
test runs, we identified m = 500 iterations of the RM
algorithm as providing a good estimate of a,.. We verified
that by this stage the twenty final estimates are normally
distributed around their average value.

To extrapolate our results towards the Az — 0 limit, we
vary the number of subintervals 2N — 1, and repeat the
process of computing the estimates of a;m). The corre-
sponding values of a*Ap/(6V), and of the intervals
analyzed, are reported in Table III.

In Fig. 2, we show our measurements of a,, with their
uncertainty, as a function of u, =1—a*E,/(6V). The
different curves show the results for several different values
of Ag. For Ag sufficiently small [a*Ag/(6V) < 0.0030], a
characteristic limiting shape starts to emerge in a, as a
function of u,, with the presence of one local minimum,
one local maximum, and an inflection point between them.
The resulting noninvertibility of a, (u,,) is closely related to
the qualitative features of Py(u,), as discussed in Sec. IV,
and to the presence of a first-order phase transition. Setting
Ag to smaller values, the curve a,(u,) becomes smoother,
which reduces the magnitude of the systematic error due to
Ag itself.

The probability distribution of the average plaquette is
obtained from Eq. (24). Estimates of Pg(u,,) are displayed
in Fig. 3. The solid blue lines are our results, obtained using
the LLR method. We compare them directly with the
orange dashed lines obtained by using the standard impor-
tance sampling approach. Agreement between the two is
evident, yet small discrepancies are visible in the neighbor-
hood of the maxima and of the local minimum of Py(u,,).
We show a number of examples displaying a single peak,

—— a*Ap/6V=0.0063
—— a'Ap/6V=0.0030
—— a'Ag/6V=0.0015
DT @*AR/6V= 0.0007
—— a*Ag/6V=0.0004

5.70

Qn

5.68

5.66

0.540 0.545 0.550 0.555 0.560
5.700

5.698

5.696

5.694

n

5.692

5.690

5.688

5.686

0.546 0.548 0.550 0.552 0.554
Up

FIG. 2. Measurements of a,,, plotted against u,, at the center of
the energy intervals. Errors are estimated by bootstrapping over
20 repeats. Each value of a,, is the final result of 500 iterations of
the Robins-Monro algorithm, for a lattices with V/a* = 4 x 20°.
The different curves/colors refer to different choices of Ap—see
Table III—with the roughest results corresponding to the largest
choices of Ap. The bottom panel is a detail of the top one,
focusing on the region in which a,(u,,) is not invertible.

but for = 5.69187 two peaks of similar height are
present. As explained in Sec. IV, this is the expected signal
of a first-order phase transition.

As discussed in Sec. I, after each RM update, configu-
ration swaps are considered, to ensure ergodicity of the
algorithm. Figure 4 shows the evolution of the full set of
{a,}?N7! against the RM iteration, m. Following the track
of the colors on the diagram shows how the configurations
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—— LLR

Importance sampling

Py(up)

0.540 0.545 0.550 0.555 0.560

FIG. 3. The probability distribution, Ps(u,), computed with
LLR method with a*Az/V = 0.0007 and V/a* = 4 x 20° (solid
blue), compared to the same probability distribution computed
with the standard lattice method based upon importance sampling
(dashed orange). The probability density for different values of
the coupling f are shown, from left to right: g = 5.68000,
f =5.68500, B =5.69000, p=5.69187, f =5.69500, and
£ = 5.70000.

I I
e
ALY I

Il [
Tima A h"‘ltwl'ﬂwﬁ

570 Il |
Y

5,690

nﬂ‘éﬁg ’« ”'J ;{:‘I : al ‘F‘ il

B

it i
] I
[0

5.67

100 200 300 400
RM iteration m

FIG. 4. The trajectories of the set {a, }?"7! are shown for 500
Robbins-Monro updates for a single run with configuration
swaps included, for a*A/(6V) = 0.0007. The colors are deter-
mined by the energy interval that a given lattice system started in

and follow them as they are exchanged between energy intervals.

are swapped. The clustering of values around a,, ~ 5.692 is
due to noninvertibility of a,,(u,) in the critical region. The
diagram shows that, although in general terms there is an
appreciable rate of exchange of configurations, it appears to
be less probable to exchange configurations across the two
different phases.

A. Critical T and latent heat

The importance of the measurement of the critical value
p. and of the position of the peaks of Py (u,) (u,, and
u,_) is explained in Sec. I'V. In proximity of the transition at
each value of 8, a double Gaussian function can be fitted to
Py(u,), using the location of the local maxima and the
width of the peaks as fitting parameters. The best-fit
parameters are functions of . An estimate of . can then
be obtained by solving the equation |P, — P_| = 0, where
P, = Pyg(u,,) and P_ = Py(u,_), with the bisection
method. The numerical values of u,, and f. can then
used for the calculation of the latent heat through Eq. (26).

A representative example of the numerical results
obtained from the LLR method, displaying also a fitted
double Gaussian, is displayed in Fig. 5. The agreement
between the numerical and fitted curves is very good, with
small deviations only appearing at the boundaries of the
interval of u,, depicted in the plot, which are not of primary
importance in the fitting procedure.

—
:& A<’u,p>‘5(
~
a8
_
1
1
""""" Fitted Double Gaussian
— LLR
-==-=Peak locations !
1 1
0.546 0.547 0.548 0.549 0.550 0.551 0.552 0.553
Up
FIG. 5. The double-peak structure of the plaquette probability

distribution, P4(u,,), for f = . = 5.69196 tuned to the critical
point for this specific LLR run, when the two peaks have equal
height. A double Gaussian fitted at the peaks of the plots is shown
in magenta (dashed), and compared with the blue (solid) line
representing the LLR numerical results. We also show explicitly
the location of the two peaks.
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x
x
5.69205 x x
¥
5.69200
x
5.69195 T
e 1
95 ’ B 1
oS 569190 e L
5.69185
5.69180 «
x
x
x
5.69175 . ;
x
x 1 All intervals x
5.60170 —— Odd intervals
x
0.0 0.5 1.0 1.5 2.0
TN\ 2 x1076
(a'Ap/(6V))°

FIG. 6. Estimates of the critical coupling j, as a function of the
square of the energy interval, AZ. The black crosses show the
values of the critical coupling determined for each of the 20
repeats when all of the energy intervals are used in the
determination of the plaquette distribution. The orange circles
are the mean values of the black crosses and the error is found by
bootstrapping them. The orange dashed line and triangle is a
A — 0 extrapolation of the two finest results when all intervals
are included, while the green dashed line shows the extrapolation
of all three points. The blue circles show results when only the
odd numbered intervals are used {a,,_;, Ey,_; }"_,, an extrapo-
lation to the Ag — 0 limit is shown by the blue line and the blue
triangle. The coarsest point included in this graph only contains a
small number of intervals in the critical region, making the
double-peak structure in the plaquette distribution difficult to
resolve. All three final extrapolations are compatible with each
other within errors.

Our estimates of . and (Au,,), , for each choice of A,
are displayed in Figs. 6 and 7. The numerical values are
reported in Table IV. We perform a linear fit of the behavior
of both . and (Au,,), as a function of AZ. These fits are

displayed in Figs. 6 and 7. We found the y? of the linear fit to
be much less than 1. The origin of its smallness lies in the
large error in the determination of f. at fixed Ag. Several
contributions to the errors of 5. have been carefully analyzed
and accounted for, except for those originating from the
correlation between different subintervals (leading to cor-
relations across each set of ,,) and the error on the fit of the
double Gaussian itself. Calculations in different subintervals
would indeed be completely independent, were it not for
the configuration swapping, which is necessary to achieve
ergodicity in the sampling of configuration space. Since
canonical observables, such as Pj(u,), are determined
from several values of a,, they are affected by these

—+— All intervals
I —4— Odd intervals
0.00260 :F g
T ‘i\ N
S N X
0.00255 A ol
s 00050 N
= AN
= Ry
3 S
~ \\
< Ny
0.00245 .
0.00240 \\*
0.00235
0.0 05 10 15 2.0
4 T\ 2 %1076
(a*'Ap/(6V))
FIG. 7. Estimates of the plaquette jump at the critical point, the

difference between the plaquette values at the two peaks of the
plaquette distribution when the double-peak structure has peaks
of equal height, as a function of the square of the energy interval,
AZ%. The orange circles are the values found when all energy
intervals are used to calculate the plaquette distribution, the error
was found with a bootstrap procedure. The orange dashed line
and triangle is an extrapolation of the two finest results when all
intervals are included to the Ay — 0 limit, while the green dashed
line shows the extrapolation of all three points. The blue circles
show results when only the odd numbered intervals are used
{azu-1, Ezp_1 }Y_,, an extrapolation to the Ay — 0 limit is shown
by the blue line and the blue triangle. The coarsest point included
in this graph only contains a small number of intervals in the
critical region, making the double peak structure difficult to
resolve. All three final extrapolations are compatible with each
other within errors.

autocorrelations. In order to approximately quantify the
magnitude of these effects on the final estimate of ., we
have computed this quantity from only half the a,, estimates,
i.e. only computed using the nonoverlapping odd numbered
energy intervals {a,,_;. E»,_; }_,. The coarsest example in
the plot (a*Aj/ V = 0.0015) has also been treated separately
as it only contains a small number of intervals in the critical
region. Extrapolations both including and excluding this
point have been carried out, as well as an extrapolation using
the points with only half the energy intervals. All extrap-
olations agree with one another within errors.

B. Thermodynamic potentials

As discussed in Sec. IV, the LLR algorithm, through the
estimation of p(E), allows us to estimate the thermody-
namic potentials of the bulk system. We focus our attention
on the free energy, F, defined in Eq. (28), the entropy,
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TABLE IV. The values of the critical coupling, ., and the
difference between the peaks of the probability distribution at this
coupling, A(u,), , for different energy interval sizes Ag. The
table shows results obtained in two ways. Either all intervals are
included or only the odd intervals, {ay,_i,E,,_;}\_,. The
symbol ‘=0’ is used to denote the result of an extrapolation.
The table contains three extrapolations. An extrapolation using
the results when only odd intervals are considered, an extrapo-
lation when all points with all the intervals are used and an
extrapolation of the two finest interval sizes when all intervals are
used. See also Ref. [86].

T Be Auy)p,
Odd intervals 0.0007  5.69188(4)  0.00254(3)
Odd intervals 0.0004  5.69185(3)  0.00257(2)
All intervals 0.0015 5.69193(4)  0.00237(4)
All intervals 0.0007  5.69188(3)  0.00258(2)
All intervals 0.0004  5.69186(2)  0.00258(2)
Odd intervals -0 5.69184(4)  0.00258(2)
All intervals all points -0 5.69186(3)  0.00258(2)
All intervals 2 points -0 5.69186(2) 0.00261(2)

5.6925 /
§ 5.6920 /

5.6915

2.697517

0.548  0.549 0.550 0.551
Up

2.697516

2.697515

2.697514 /

2.697513

0.17568 0.17570

t

0.17566 0.17572 0.17574

FIG. 8. The (subtracted) free energy, f, as a function of the
(discretized, microcanonical) temperature t = 1/a,,. f is defined
in the main body of the text. The dots (with errors) represent the
values of f corresponding to the center of each energy interval
used in the LLR algorithm, while the solid line is reconstructed
by piecewise linearly interpolation of a,, (u,,). The color coding of
the points and solid lines are chosen to match those in the inset,
displaying our numerical results for a,, (u p). In black we show the
regions of ¢ for which f is single valued, in blue we show the
(meta)stable solutions within the region where f is multivalued,
and in red the unstable (tachyonic) branch of solutions. The dots
follow a colormap in the value average plaquette, with darker
colors corresponding to smaller u,,.

s, defined in Eq. (29), and the (microcanonical) temper-
ature, f, in Eq. (30). As we showed explicitly in Fig. 2,
a,(u,) and therefore #(E) is not globally invertible. Yet, we
can study how F evolves as a function of ¢, by piecewise
inverting t(E) <> E(t).

In order to best expose the behavior of F(¢), we consider a
subtracted free energy, defined as f = a*(F(t) + Zt)/(V).
The constant X, as we anticipated after Eq. (30), reflects the
existence of an arbitrary additive constant in s, which we are
now removing, with an approximate numerical procedure.
The subtracted free energy is displayed in Fig. 8, as a

5.700

5.698
5.696
5.604

£

S 5602
5.690
5.688

5.686

Pg{_(up)

Wﬁ, (up)

0.542 0.544 0.546 0.548 0.550 0.552 0.554 0.556
Up

FIG. 9. Top panel: a, (= 1/t,) against u,, at the center of the
energy intervals, in close proximity of the critical region. Middle
panel: the reconstructed plaquette distribution, Pj(u,,), at critical
coupling . = 5.69187. Bottom panel: quantum effective poten-
tial for the plaquette at the critical coupling. The red line in the top
plot shows the critical value of the coupling and its relation to the
microcanonical temperature, a,. The magenta (vertical, dashed)
lines show the locations at which the red line intersects the
curve a,(u,).
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function of (discretized) ¢t = 1/a,. For the purpose of
producing this figure, £ has been calculated as the average
of the entropy over the interval of (microcanonical) temper-
atures displayed in the plot which would correspond to the
average gradient of the curve. This rough estimate is not
equivalent to imposing the third law of thermodynamics
(lim,_,5 s = 0), but suffices for our current purposes, and
allows us to avoid the expensive process of repeating the
LLR procedure for choices of E, that lie far away from the
critical region.

In Fig. 8, the uncertainty in the numerical extraction of
a, affects both axes of the plot. The values of f corre-
sponding to the piecewise linear interpolation are repre-
sented in the main plot as colored lines. The plot clearly
shows the multivalued nature of the free energy, the
location of the temperature corresponding to criticality in
the thermodynamic limit, and details about stable, meta-
stable and tachyonic branches of configurations of the
system. The discontinuity in the first derivative is located at
t. ~0.175690, which is the temperature at which the
system undergoes a first-order phase transition.

The relation between different branches of F(¢) and
physical stability is illustrated in Fig. 9. The inverse temper-
ature a, is displayed as a function of u, = 1 — a*E,/6V in
the top panel. The plaquette probability distribution at the
critical point, Py (u,), is depicted in the middle panel. The
corresponding effective potential is plotted in the bottom
panel. While the two configurations corresponding to
maxima of Py (u,,) are both absolute minima of the effective
potential, a third configuration, corresponding to a local
minimum of the probability, is a local maximum of the
effective potential.

VI. OUTLOOK

With this paper, we set the basis of a systematic research
program that exploits the properties of the LLR method to
yield future high-precision measurements characterizing
lattice gauge theories in proximity of the confinement/
deconfinement phase transition.” The method is powerful
and promises to yield information that is difficult to access
otherwise, as it modifies Monte Carlo sampling by restrict-
ing it to arbitrarily small energy windows. It hence provides
numerical access to the details of the physics in regions of
parameter space exhibiting all the typical features of first-
order phase transitions: phase coexistence, metastability
and/or instability of multiple branches of solutions, non-
invertibility and/or multivaluedness of some state function.

We showed how the information from these energy-
bound Monte Carlo feeds into recursive relations (e.g., an
implementation of the Robbins-Monro algorithm) that can
determine the density of states for any interesting range of

’See Refs. [160-162] for early results of studies that use a
similar approach.

energies. And we provided explicit relations between the
density of states and observables such as the critical
temperature and the latent heat. Furthermore, we found
that the results for the density of states can be recast in
terms of an effective free energy and an effective potential
that exhibit with spectacular level of resolution the details
of the physics near the transition.

We restricted this study to the SU(3) lattice Yang-Mills
theory, and performed it with one choice of lattice param-
eters, fixing N; = 20 and Ny = 4. The trademark of the
LLR algorithm is that we found clear evidence of the first-
order nature of the transition, without the need of a finite-
volume study, and an extrapolation of the scaling to large
volumes. The physically interesting observables need to be
extrapolated to the continuum and infinite-volume limits,
with dedicated, extensive numerical work, which would
allow for a direct comparison with results that use different
numerical techniques. In the future we plan to repeat the
process with larger values of both Ny and N, which will
provide us with control over lattice systematics.

We plan to apply this process to other theories, in
particular those based on the sequence of symplectic
groups Sp(2N), which might play an important role in
models of dark matter, and hence in the physics of the early
Universe, by yielding a potentially detectable stochastic
background of gravitation waves. In particular, the precise
measurement of the effective potential, Wﬁ(u p), the results
of which are exemplified in Fig. 9, can be used to obtain a
precise determination not just of the parameter, a, control-
ling the strength of the phase transition, but also of the
inverse duration of the transition, f/H,. The latter is
challenging to estimate from first principle, yet it is
necessary in the calculation of the power-spectrum of
stochastic gravitational waves, h*Qgw.

There are still some limitations to what we are able to do
at this stage of development of this technique, and we
would like to address them in the future. The first such
challenge has to do with scalability and parallelization of
the algorithm and software: the attentive reader will
certainly be aware of the fact the energy constraint we
are imposing is globally defined on the whole lattice
configuration, a constraint that cannot be immediately
parallelized, because it requires communication between
different parallel subprocesses. This obstruction can be
circumvented by partitioning the system in domains, and
allowing for the information about the total energy to be
shared across processes living in separate domains. But
optimization of this process is a nontrivial open problem.
Related to scalability is also the fact that when we tested the
algorithm on larger volumes, we found a weakening of the
transition, which makes it more difficult to detect. Whether
this is an intrinsic feature of the algorithm, or a conse-
quence of the choice of theory—SU(3) is believed to
undergo a weak first-order phase transition—is an open
problem.
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Finally, a more conceptual set of questions arises in view
of applications; we showed that we can compute an
effective potential, without the need to build an intermedi-
ate effective field theory treatment based on simplifying
assumptions for the functional dependence on the order
parameter. It would be useful to understand how this feature
can be exploited for phenomenological purposes. For
example, is the detailed knowledge of the effective poten-
tial going to improve current understanding of the ampli-
tude of gravitational waves arising in the early Universe?

All these and other interesting questions are left for what
we foresee to become an interesting and original research
program, which we are planning to develop in the near- and
long-term future.

Research Data Access Statement—The data generated
for this manuscript can be downloaded from Ref. [168].
The simulation code can be found from Ref. [169].
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APPENDIX A: CONSTRAINT-PRESERVING
UPDATE PROPOSALS

In this appendix, we present our strategy for sampling
random configurations from the probability density

dP,(U) & dP(U)O(E = E, )0(E, — E), (A1)
where dP(U) is the unconstrained probability density
associated to the link variable U, and the @ functions that
implement the energy constraints, E,_; =E, —Ap/2<E<
E,+Ap/2=E, ;.

The problem of sampling dP(U) has been elegantly
solved in Ref. [171] for the gauge group SU(2), and then
generalized to SU(N ) gauge groups in Ref. [172]. In the
case N, =2,

dP(U) ochexp{—'gRe[Tr(UUu)]}, (A2)

where U, is the staple around U, and dU is the Haar measure
of the gauge group. Any SU(2) matrix U, /k = UU,,/k can
be parametrized as U,/k = ugl, + iii - 7, where 7 are the
Pauli matrices, u,, are real numbers satisfying the normali-
zation ), uy = 1 and k = det(Uy,). The matrix U,/k is
obtained by first sampling i uniformly on a sphere of radius
/1 — u3, and then u, from the probability distribution

dP(uy) ~ dugy/1 — udexp {Bkuy}. (A3)
We determine u as
1
uy = ﬂlog (k4 E(efk — e7PF)), (A4)

where 0 < £ <1 is a uniform random variable, and then
perform an accept-reject step to correct for the presence of
the factor \/1 — uj in Eq. (A3).

We further generalize these ideas to take into account, in
the Monte Carlo evolution, the presence of the constraints
E, | < E L E, . Consider the variation in the total energy
E due to the update of a specific link variable. Let E; (Ey)
be this energy contribution before (after) the update. The
energy constraints after the update are

E, . SE-E +E;<E,4. (A5)
Since E; = 2(d — 1) — kuy, where d is the number of space-

time dimensions, the above constraint can be expressed as
Umin < Uy < Upmax Where

4~ max (Z(d— 1)+(Ek— Eyi1) _Ei’_1>, (A6)
. (2d-1)+(E-E,)—E;
Upax = Min ( . ! , 1>. (A7)

These constraints can be enforced on the random
sampling of u, by setting
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1
uo = ﬁlog (eﬂkumin + é(eﬂkumax - e/}kumin)) s (Ag)

where, as in Eq. (A4), 0 <£ <1 is sampled uniformly,
and an accept-reject step is performed to correct for the

presence of the factor \/1 — u3.
The constrained heat-bath algorithm outlined above can

be generalized to SU(N,.) gauge groups following the
Cabibbo-Marinari process suggested in Ref. [172]. The
contribution of each SU(2) subgroup of a SU(N,) link
variable to the total energy of the system is additive. Thus,
the constraint can be solved independently for each SU(2)
subgroup of each link variable. It is easy to show that the
constrained probability density of U is invariant under
U — a,U, where ; is an element of one of the SU(2)
subgroups of SU(N,.).

APPENDIX B: FURTHER TECHNICAL DETAILS
ON THE ALGORITHM AND PARALLELISM

To improve the scalability of the LLR algorithm when
moving to larger lattice sizes, domain decomposition was
implemented, in which the full lattice is split into sub-
domains, which can be processed separately. The restricted
heat-bath updates, discussed in Appendix A, require prior
knowledge of the total action of the system and will change

0.535 0.540 0.545 0.550 0.555 0.560 0.565

Up

FIG. 10. For one LLR run with a*Ag/6V = 0.0007, the
distribution of measured average plaquette values for all intervals
is plotted for configurations restricted to a given energy interval,
updated with a fixed value of a,. Within the plaquette range,
a*Epin/6V <1 —u, < a*Epn,,/6V, the distribution is approx-
imately flat, while the boundary intervals have Gaussian tails
allowing configurations to escape the energy boundaries, resolv-
ing the residual ergodicity problems.

it’s value. Therefore, the restricted heat-bath update cannot
occur in multiple subdomains simultaneously.

To circumvent this issue, in this work, domain decom-
position is instead built out of a combination of restricted
local heat-bath updates and the inherently microcanonical
over-relaxation updates. This ensures the value of the total
action is only changed in one subdomain at a time. If we
have a lattice with N, subdomains, during each sweep, one
domain is updated with a local heat-bath update, while the
other Np — 1 subdomains use the over-relaxation. After
each sweep, the subdomain using the local heat-bath update
is changed. One full lattice update is completed once each
subdomain has been updated once using local heath bath.
Therefore, for each full update, each subdomain undergoes
one local heat-bath update and Np — 1 over-relaxation
updates. For this work we use Np = 4.

As discussed in Sec. II, there is a residual ergodicity
problem, due to hard energy cutoffs at the boundaries E,;,
and E,.. To avoid these problems, in the boundary
intervals the boundary cutoffs are removed, allowing
configurations in the first and final intervals to freely move
into energies E < E;, and E > E_,,, respectively. This is
done by simply replacing E, ., (E,_;) in Eq. (A6) with
6\7/ a* (0) in the final (first) interval.

—— LLR a’Ag/6V=0.0063 =+
—— LLR a’Ag/6V=0.0030
—— LLR a*Ap/6V=0.0015
—— LLR a'Ag/6V=0.0007
—— LLR a'Ag/6V=0.0004
T Importance sampling

0.552

0.550

<u1)>x3

0.548

0.546

5.680 5.685 5.690 5.695 5.700

g

FIG. 11. The vacuum expectation value of the average plaquette
for different couplings calculated using the LLR method for
different a*Ay/(6V) sizes, and compared to the measurement
from importance sampling methods (black triangles). In both
cases the lattice size is V/a* = 4 x203. The dots are at a
coupling with a direct comparison to the importance sampling.
The solid lines are a finer scan around the critical region,
containing 1000 points evenly spaced between 5.690 and
5.695. The errors on this line are calculated by bootstrapping
over the repeats and are represented by the dashed curves.
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Due to the removal of the hard energy cutoffs, the
boundary intervals are no longer symmetric about the
center of the interval. In this case, Eq. (13) cannot be used
to update a; and a,y_,. Instead, we assume the boundaries
are away from the critical region and the interval width is
small, so the function E,(a,) is approximately linear.
In this case we approximate, a; = 2a, — az and a,y_; =
2a;y- — agy-3-

The sampled energy distribution of the boundary inter-
vals are expected to be Gaussians centered at E,y_; and E|,
with hard cutoffs at E,y_, and E,, respectively. The
sampled plaquette distribution for all intervals, therefore,
should be approximately flat within E,;, < E < E,,x With
Gaussian tails on the boundaries. These expectations are
confirmed by Fig. 10.

APPENDIX C: Az — 0 LIMIT

In the calculation of the observables there is a systematic
error which is proportional to the size of the energy interval
squared, A%, see Ref. [158]. To accurately represent an

—— LLR a'Ag/6V=0.0063 a
—— LLR a'Ag/6V=0.0030
071 —— LLR a*Ag/6V=0.0015 1
—— LLR a*Ag/6V = 0.0007
—— LLR a*Ag/6V=0.0004

&

0.6 X

Importance sampling

Cv(B)

0.4

- -
0.3
= E 3
==
==
0.2
5.680 5.685 5.690 5.695 5.700

FIG. 12. The specific heat for different couplings calculated
using the LLR method for different values of a*Ag/(6V) sizes,
and compared to the measurement from importance sampling
methods (black triangles). In both cases the lattice size is
V/a* =4 x20°. The dots are at a coupling with a direct
comparison to the importance sampling. The solid lines are a
finer scan around the critical region, containing 1000 points
evenly spaced between 5.690 and 5.695. The errors on this line
are calculated by bootstrapping over the repeats and are repre-
sented by the dashed curves. The extrema of the curve for all
a*Ag/ (6\7) sizes are shown by the vertical dashed lines, with the
corresponding error represented by the shaded region. The
extrema of all but the coarsest interval sizes overlap.

expectation value and its error, we require that this
systematic error be smaller than the statistical error, arising
from repeating the determination of {a,}?¥7!. To ensure
Ag is sufficiently small, in this section we analyze the
A — 0 limit for the average plaquette, the specific heat,

P =0 (=) (€1)
the Binder cumulant,
By(p) =12l )
L - 3<M%>%}; )

the ensemble average of the absolute value of the Polyakov
loop, (|/,[). and the Polyakov-loop susceptibility, y;(/3).
We also take this limit for the maximum of the specific heat
anax) and the minimum of the Binder cumulant B(me>.
The observables calculated from the LLR method are
compared against expectation values measured on a lattice
of the same size (V/a* =4 x20?) but obtained using

0.6666675 —

------ === B =2/3
— LLR a'Ag/6V=0.0063
0.6666650 —— LLR a'Ag/6V'=0.0030
—— LLR a*Ag/6V=0.0015
- 4 Y7 . -
06666625 LLR a AE/GY— 0.0007
- —— LLR a'Ag/6V = 0.0004
== T Importance sampling
0.6666600 ES *
— - E 2
=
QS‘ 0.6666575
0.6666550
.
0.6666525
by
0.6666500
i
5.680 5.685 5.690 5.695 5.700
FIG. 13. The Binder cumulant for different couplings calcu-

lated using the LLR method for different values of a*Ag/(6V)
sizes, and compared to the measurement from importance
sampling methods (black triangles). In both cases the lattice size
is V/a* =4 x20°. The dots are at a coupling with a direct
comparison to the importance sampling. The solid lines are a finer
scan around the critical region, containing 1000 points evenly
spaced between 5.690 and 5.695. The errors on this line are
calculated by bootstrapping over the repeats and are represented
by the dashed curves. The extrema of the curve for all a*A/(6V)
sizes are shown by the vertical dashed lines, with the correspond-
ing error represented by the shaded region. The extrema of all but
the coarsest interval sizes overlap.
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FIG. 14. The relative change for the vacuum expectation value
of the average plaquette calculated between the LLR method and
IS method results is shown at different couplings. In both cases
the lattice size is V/a* = 4 x 20°. The colored dots show the
results for different values of a*A/(6V). The errors were found
by using bootstrap methods to calculate the error on LLR and
importance sampling results separately, then propagating them.
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FIG. 15. The relative change for the specific heat calculated

between the LLR method and IS method results is shown at
different couplings. In both cases the lattice size is V/a* =
4 x 20°. The colored dots show the results for different values of
a*Ap/(6V). The errors were found by using bootstrap methods
on the LLR and importance sampling results separately, then
propagating them.

E .
07501
N
KN
N\,
.
.
\\
0.725 “
N
N
N,
N
\\
0.700 Y
X
N
\\
Ay
\\
0.675 N
N
—_— \\
r N,
E 50650 AN
(SRR
N\,
N
N
\\
0.625 .
N
X
N
N,
N
\\
0.600 ™
.
X
N\,
N
\\
0.575 .
N
N
N\,
\\I
<
0.550
0 1 2 3 1
2 X107
(a'Ag/6V)?

FIG. 16. The maximum value of the specific heat calculated
using the LLR method for couplings around the critical region,
containing 1000 points evenly spaced between 5.690 and 5.695,
is plotted against the (a*Ag/(6V))? value it was calculated at.
The errors on each point are found by bootstrapping the repeats.
The black dot shows the limit of (a*Ag/(6V))> = 0 and its
errors, found by a linear fit. The lattice size is V/a* = 4 x 20°.
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FIG. 17. The minimum value of the Binder cumulant calculated
using the LLR method for couplings around the critical region,
containing 1000 points evenly spaced between 5.690 and 5.695,
is plotted against the (a*Ag/(6V))? value it was calculated at.
The errors on each point are found by bootstrapping the repeats.
The black dot shows the limit of (a*Ag/(6V))? = 0 and its
errors, found by a linear fit. The lattice size is V/a* = 4 x 20°.
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standard importance sampling methods. The lattice was
updated using 1 local heat bath update followed by 4 over-
relaxation updates. At each coupling value, 500,000
measurements were taken, and the errors were computed
using bootstrap methods.

The observables with explicit dependence on the energy,
(up)g> Cy(P), and By (p), are calculated using Eq. (4). The
integral is computed over the entire possible energy range of
the system. Since, the contribution from energy outside the
range relevant for the problem is exponentially suppressed,
the limits of the integral can be replaced with E;, and
E .x- We then take the piecewise log-linear approximation
for the density of states, p(E) — p(E), giving

2N ! N+AE/4
=7 |
B E,~Ap/4
Using Egs. (5) and (16), and taking all terms with no
explicit E dependence outside the integral gives

Ep(E)O(E)ePE.  (C3)
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FIG. 18. The vacuum expectation value of the absolute value of

the Polyakov loop for different couplings calculated using the
LLR method for different values of a*Ag/(6V), and compared to
the measurement from importance sampling methods (black
triangles). In both cases the lattice size is V/a* =4 x 203
The dots are at a coupling with a direct comparison to the
importance sampling. The solid lines are a finer scan around the
critical region, containing 100 points evenly spaced between
5.690 and 5.695. The errors on this line are calculated by
bootstrapping over the repeats and are represented by the dashed
curves. For the values determined with the LLR method, the
calculation requires measurements of the Polyakov loop on a set
of configurations found using the restricted energy updates, with
a, fixed to its final value. For these calculations 40,000 fixed a,,
measurements were performed on all the intervals.

ON-1 ~ _
E e PEn [Ag/4
(0), = ZM/ “"dEO(E + E,)eF@ ).

Zg “AL/4
(C4)

By analytically solving the integral, inputting the desired
coupling f and the obtained {a,} values, we can therefore
gain a numerical value for the expectation values.

The Polyakov loop and susceptibility depend on the
configuration of the lattice (¢) rather than explicitly on the
action, therefore they are calculated using Eq. (17). After
the a,, values are found, a set of energy-restricted updates
are carried out with @, remaining fixed at its final value. On
these configurations the action, S[¢], and observables of
interest, B[¢], are calculated, giving access to the expect-
ation value B[gp).

16 R
—— LLR a*Ar/6V=0.0063

—— LLR a'Ag/6V=0.0030
141 —— LLR a*Ag/6V=0.0015
—— LLR a*Ag/6V=0.0007
—— LLR a'Ag/6V= 0.0004
T Importance sampling

10

xi(6)

H

FIG. 19. The Polyakov-loop susceptibility for different cou-
plings calculated using the LLR method for different values of
a*Ag/(6V), and compared to the measurement from importance
sampling methods (black triangles). In both cases the lattice size
is V/a* =4 x20%. The dots are at a coupling with a direct
comparison to the importance sampling. The solid lines are a finer
scan around the critical region, containing 100 points evenly
spaced between 5.690 and 5.695. The errors on this line are
calculated by bootstrapping over the repeats and are represented
by the dashed curves. For the values determined with the LLR
method, the calculation requires measurements of the Polyakov
loop on a set of configurations found using the restricted energy
updates, with a,, fixed to its final value. For these calculations
40,000 fixed a, measurements were performed on all the
intervals. The extrema of the curve for all a*Ag/(6V) sizes
are shown by the vertical dashed lines, with the corresponding
error represented by the shaded region. The extrema of all interval
sizes overlap.
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Figures 11-13 show the results for (u,); Cy(f), and
B (), respectively. In all cases the LLR results appear to
converge to the curve obtained for the smallest interval. The
results for the two smallest interval sizes are clearly
consistent with each other.

The results for the smallest interval size follow the
general trend of the values found using importance sam-
pling. By plotting the relative change between expectation
values of these observables and the importance sampling
counterparts, Figs. 14 and 15, we see they are generally
consistent within two standard deviations.

As discussed in Sec. V, for the smaller interval sizes the
structure of a,(E,) is not invertible, giving rise to a
probability distribution, Pj(u,,), with a characteristic dou-
ble-peak structure. However, for a*Az/(6V) = 0.0063, the
interval size is not sufficient to resolve this structure. As can
be seen from the plots Figs. 11, 12, and 13, the behavior of
the expectations of this ensemble is different. The peaks in
the specific heat and the dip of the Binder cumulant are
much shallower and the change in the plaquette much
slower, making it consistent with a weaker transition or
even a second order transition.
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FIG.20. The relative change in the vacuum expectation value of
the absolute value of the Polyakov loop, calculated between the
LLR method and the IS method results, is shown at different
couplings. In both cases the lattice size is V/a* = 4 x 20°. The
colored dots show the results for different values of a*Ag/(6V).
The error is found by using bootstrap methods on LLR and
importance sampling results separately, then propagating them.
For the values determined with the LLR method, the calculation
requires measurements of the Polyakov loop on a set of
configurations found using the restricted energy updates, with
a, fixed to its final value. For these calculations 40,000 fixed a,,
measurements were performed on all the intervals.

The location of the extrema of the specific heat and Binder
cumulant, in the limit of Az — 0, are shown in Figs. 16 and
17, respectively. A linear fit has been taken in (a*Az/6V)?,
and the results have been extrapolated to Az = 0. In both
cases, the phase transition appears to become stronger as the
critical region becomes better resolved with decreasing Ag.
In both plots the two smallest interval sizes appear to be
consistent with each other and the extrapolation.

The results for (|7, ), and y,(f) are shown in Figs. 18
and 19. The relative change between LLR and impor-
tance sampling results are shown in Figs. 20 and 21.
Once more, the results converge to those of the smallest
interval size and show good agreement with importance
sampling ones. For these observables, the discrepancy
between the largest interval and the others is small.

We report in Table V the values of the pseudocritical
couplings identified by the extrema of the observables
discussed in this appendix and by the equal height of the
peaks in the energy distribution for the two finest values of
Ag. Our results show consistency across the definitions we
have studied and good agreement between the values at the
two Ay for fixed observable.
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0.10 ¥ LLRa*Ag/6V=0.0030
¥ LLRa*Ag/6V=0.0015 T
_ } LLRa'Ag/6V=0.0007 k3
005 § LLR a'Ag/6V=0.0004 T
2
= % 4
\i 0.00 - -—--- R
s
= -005 +
| KR =+
RSN }
—0.15 T
5.680 5.685 5.%)() 5.695 5.700
FIG. 21. The relative change in the Polyakov loop susceptibil-

ity, calculated between the LLR method and importance sampling
(IS) method results, is shown at different couplings. In both cases
the lattice size is V/a* = 4 x 20°. The colored dots show the
results for different values of a*Ay/(6V). The error is found by
using bootstrap methods on LLR and importance sampling
results separately, then propagating them. For the values deter-
mined with the LLR method, the calculation requires measure-
ments of the Polyakov loop on a set of configurations found using
the restricted energy updates, with a,, fixed to its final value. For
these calculations 40000 fixed a, measurements were performed
on all the intervals.
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TABLE V. The values of the coupling, S, that correspond to the maximum of the specific heat, ,B(Ci,ma")), the
minimum of the binder cumulant, #(B{™™), and the maximum of the Polyakov loop susceptibility, / (;(gm‘“)), found
by measuring the observables at a # values evenly spaced between 5.690 and 5.695. Measurements were carried out
at 10004 values for Cy and B;, while for y; 100 values were scanned. These pseudocritical couplings are compared

with the value presented in Sec. V, for the critical coupling, f.. These results are for a SU(3) lattice of size

PHYS. REV. D 108, 074517 (2023)

V/a* = 4 x 203, using the LLR method with interval sizes a*Ag/(6V) = 0.0007 and 0.0004.

BCT™)) BB™) Bl B.
0.0007 5.69198(3) 5.69194(3) 5.69170(3) 5.69188(3)
0.0004 5.69197(2) 5.69193(2) 5.69170(2) 5.69186(2)

In summary, all the tests reported in this appendix show that when the energy interval is small enough—
a*Ag/(6V) = 0.0007 and 0.0004—there is no discernible difference with the results of the extrapolation to zero interval,

and general agreement is found with importance sampling.
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