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Tetraquark mixing model is superior to meson molecules
in explaining two light-meson nonets
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In this work, we compare the tetraquark mixing model and meson molecules in describing the two
physical nonets in the J” = 0" channel; the light nonet [a((980), K;(700), f(500), fo(980)] and the
heavy nonet [aq(1450), K{5(1430), fo(1370), f(1500)]. In particular, we focus on whether successful
aspects of the tetraquark mixing model that apply to all members of each nonet can be reproduced from a
model of meson molecules. By combining two mesons in the lowest-lying pseudoscalar nonet, we
construct SU;(3) molecular nonets that can be tested for the two physical nonets. This molecular approach
can make two flavor nonets just as the tetraquark mixing model but this model has some difficulties in
describing the universal features of the two nonets such as mass splitting between the two nonets, and
enhancement or suppression of the coupling strengths of the two nonets into two pseudoscalar mesons. We
also compare the fall-apart modes of the tetraquark mixing model and the two-meson modes from the
molecular model. A clear distinction can be seen by the two-pion modes in the isovector resonances. The
two-pion modes appear in the molecular model, but not in the tetraquark mixing model. The absence of

the two-pion modes is supported by the experimental decay modes of the isovector resonances.

DOI: 10.1103/PhysRevD.108.074016

I. INTRODUCTION

Multiquarks are an important topic to be studied in
hadron physics. Currently, there are many candidates
for multiquarks in hadron spectroscopy. There are
several candidates for hidden-charm tetraquarks, including
2c1(3872), X£(4020), y.1(4140), Z.(3900) [1-4], and the
doubly-charmed tetraquark candidate T3, [5,6]. Addi-
tionally, candidates for hidden-charm pentaquarks, such
as P.(4312), P.(4440) and P.(4457) have been reported in
Refs. [7,8]. In the light quark sector (¢ = u, d, s), there
have been long-standing candidates for tetraquarks, the
light nonet consisting of a((980), K(700), f¢(500), and
f0(980) [9-11]. The heavy nonet composed of a(1450),
K{(1430), fo(1370), and f(1500) are also expected to
be tetraquarks generated by the tetraquark mixing model
[12-18].

Perhaps a major difficulty in confirming these candidates
as multiquarks is that they can also be described as
composite systems of hadrons, which are often referred
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to as hadronic molecules [19]. In this description, they are
treated as two color-singlets, such as meson-meson bound
systems, meson-baryon systems, or states that are dynami-
cally generated from two hadrons. Specifically, the
xc1(3872) observed by the Belle Collaboration [1] could
be a tetraquark with the flavor structure of cq¢ g(q = u, d)
[20,21] or it could be a meson molecular state composed of
DD* [22,23]. The P.(4312), P.(4440), P.(4457) reso-
nances observed in Refs. [7,8] may be the pentaquarks with
a structure of uudcc. Or they could be hadronic molecules,
D (JP =1/27),2.D* J* =3/27),2.D* JP =1/27),
respectively [24,25]. The d*(2380) resonance reported in
Ref. [26] may be a hexaquark state [27] or it could be a AA
molecular state as predicted by Dyson and Xuong [28]. A
similar confusion exists in the light quark system. The light
and heavy nonets discussed above may be tetraquarks
realized by a mixture of the two tetraquark types [12—18].
But at the same time, some members of the light nonet,
such as a((980) and f,(980), can be interpreted as
molecular states like KK or dynamically generated from
an or KK [29-32]. The isoscalar resonance, f(500), may
be a meson molecule composed of zz [33]. In the heavy
nonet, the f(1370) can be a pp molecule [34].

So it appears that most candidates for multiquarks can be
described also by hadronic molecules. But multiquarks and
hadronic molecules are different states clearly distin-
guished by their color configurations. In color space,
hadronic molecules are composed of two color-singlets
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while multiquarks, as they are constructed from colorful
constituents like diquarks, have hidden color configurations
in addition to the molecular configuration. With this
difference in mind, we need to choose appropriate candi-
dates for multiquarks and contemplate how they can be
confirmed as multiquarks clearly distinguished from had-
ronic molecules.

Promising candidates in this regard could be the two
nonets in Particle Data Group(PDG) [35]; the light nonet
[a¢(980), K;5(700), f¢(500), f((980)] and the heavy nonet
[ao(1450), K;(1430), fo(1370), fo(1500)]. All members
of each nonet, which seem to form an SU(3) 7 flavor nonet,
9, are relatively well-known experimentally with many
physical properties that can be utilized to investigate their
nature as multiquarks. For identifying multiquarks, the two
nonets are certainly advantageous over the other candidates
in the charm quark sector for which family members of the
SU(3) multiplets have yet been discovered. According to
the tetraquark mixing model [12-18], the two nonets are
tetraquarks created by mixing two types of tetraquarks that
separately form a flavor nonet. So the two nonets must be
treated together. This tetraquark mixing model is phenom-
enologically successful in various aspects which are dis-
cussed in Sec. II. We emphasize that the successful aspects
are universal to all members of each nonet and not limited
to a few members.

To establish this tetraquark mixing model, it is important
to test alternative models such as meson molecules for the
two nonets. As we have already mentioned, some members
of the two nonets can be described as meson molecules
[29-32,34]. If the two nonets separately form a flavor
nonet, the remaining members of the nonets are also
expected to be meson molecules as they can be generated
via SU(3)f rotations. This aspect can be investigated by
combining two pseudoscalar (PS) mesons of (z, K,n, 7).
Since the lowest-lying pseudoscalar mesons form a flavor
nonet, the two-meson states constructed from them can
make various multiplets. We then ask whether this molecu-
lar model can create two flavor nonets that can describe the
two physical nonets appropriately. Does this model also
reproduce the successful aspects of the tetraquark mixing
model. From these considerations, we can identify the
differences between the meson molecular model and the
tetraquark mixing model, and decide which model is more
realistic for the two nonets in PDG. This type of research
eventually helps to determine whether the two nonets in
PDG are tetraquarks or not.

Another perspective that differentiates the two models
can be seen by examining the two-meson modes from both
models. Tetraquarks in the mixing model take the diquark-
antidiquark form, (¢¢)(g g), which can be rearranged into
two pairs of quark-antiquark, (¢g)(¢g). From this rear-
rangement, one can see that the tetraquarks have the two-
meson components consisting of two color-singlets,
(94)1,(93),,» and the hidden color components like

[(99)s,(93)s ]1.- Tt is quite likely that the two-meson
components can inadvertently lead us to identify the
tetraquarks as meson molecules. On the other hand, in
meson molecules, the two nonets are built solely from two-
meson states that are combined according to the SU/(3)
symmetry. The two-meson components in the tetraquark
mixing model, when viewed in flavor space, are in principle
different from the two-meson modes of meson molecules.
Tetraquarks in the mixing model form a flavor nonet,
9,(=1; @ 8;). The two-meson components in this case,
therefore, are restricted to specific combinations that
are governed by the original flavor structure, 9, of the
tetraquarks. In contrast, the two-meson modes in the
molecular model, when constructed by two PS mesons,
can have various meson combinations allowed by 9, ®
9, = 9 where 9, denotes a nonet of the lowest-lying PS
meson. The resulting nonet does not necessarily have the
same meson combinations as those from the tetraquark
wave functions. Eventually, the experimental decay modes
of the two nonets can be used to determine which model is
more realistic for the two nonets.

This paper is organized as follows. In Sec. II, we review
the tetraquark mixing model explaining its structure and
successful aspects. Two-meson modes from the tetraquark
wave functions will be presented also. In Sec. III, we
construct two SU,(3) nonets from two PS mesons using a
tensor method. In Sec. IV, two-meson modes from the two
approaches will be compared. We then discuss the phe-
nomenological limitations of the meson molecular model in
describing the two nonets in PDG.

II. TETRAQUARK MIXING MODEL
AND TWO-MESON MODES

In this section, we review the tetraquark mixing model
that has been constructed for the two nonets in PDG
[12—18]. In the tetraquark mixing model, the two nonets are
treated as tetraquarks produced by the mixture of two
tetraquark types, denoted as |[000), |011). The |000) type
represents the spin-0 tetraquarks constructed by combining
the spin-0 diquark of the color and flavor structures (3., 3 7)
and its antidiquark. The |011) type also represents the spin-
0 tetraquarks but constructed by the spin-1 diquark of the
structure (66,3f) and its antidiquark. The two tetraquark
types differ by color and spin configurations and, because
of this, they strongly mix through the color-spin interaction,

Vs~ ic; 1:}[;/]/ [12,13]. This strong mixing in effect

causes a huge mass gap between the two nonets. The
physical two nonets can be identified by the linear
combinations,

|[Heavy nonet) = —a|000) + $|011), (1)

|Light nonet) = 4|000) + a|011), (2)
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that diagoanlize the color-spin interaction, V . The mixing

parameters are a = /2/3, f~1/1/3 fixed also by the
diagonalization [13].

The two tetraquark types, |000) and |011), have the same
flavor configuration. The two types separately form a flavor
nonet, 9, as both are constructed by combining the diquark
with 3f and its antidiquark with 3. Because of this, both
types generate the “inverted mass ordering” ! that are clearly
satisfied by the members of the light nonet and marginally
by the members of the heavy nonet [12-14].

The tetraquark mixing model, which is represented by
Egs. (1) and (2), has several successful aspects in describing
the two nonets in PDG. First, the tetraquark mixing model
explains the mass gap relatively well, AM, between the two
nonets by the hyperfine mass splitting, A(V ) [12,13].
Second, the mixing model makes huge hyperfine mass for the
light nonet, approximately (V) ~# =500 MeV, which can
substantially reduce the mass of the light nonet. This explains
qualitatively why the members of the light nonet, despite
being tetraquarks, can have masses below 1 GeV [12-14,18].
Atthe same time, the mixing model produces small hyperfine
mass for the heavy nonet, approximately (V5) ~ =20 MeV.
This can explain why the members of the heavy nonet have
masses not far from 4m,, four times that of the constituent
quark mass.

Two-meson modes of the light nonet:

The most striking prediction of the mixing model is that
the coupling strengths of the two nonets into two PS
mesons are enhanced in the light nonet but suppressed in
the heavy nonet [16,17]. This prediction comes from the
fact that |000) or |011) can have two-meson components
when their wave functions, originally written in diquark-
antidiquark form, are rearranged into two pairs of quark-
antiquark. Tetraquarks can fall-apart into two PS mesons
through the two-meson components. The associate cou-
pling strengths can be calculated by collecting the recom-
bination factors from color, spin, and flavor space in the
rearrangement. The flavor recombination factors should be
) and |[011), as the two tetraquark
types have the same flavor configuration. But the color and
spin recombination factors are different because |000) and
|011) have different color and spin configurations. What is
interesting is that |000) and |011) have opposite signs in the
heavy nonet, Eq. (1), while they have the same sign in the
light nonet, Eq. (2). Due to the difference in relative signs,
the two-meson modes partially cancel out in the heavy
nonet, but add up in the light nonet. This is precisely the
reason why the couplings into two PS mesons are enhanced
in the light nonet but suppressed in the heavy nonet [16,17].

To show this, we explicitly calculate the two-meson
modes in the tetraquark mixing model by rearranging |000)
and |011) into two pairs of quark-antiquark. The two-
meson modes are as follows:

Kt (700): (\/ﬁ_ f) ! { KO+ Ko7t + \ﬁ (KTa° + 2°K*) — \% (K*tng +ngK*) — % (Kt + n1K+)} (3)
a2 (980) ( fl_z + %) : {K0K+ KR 4 \/g(wﬁ + tg) - % (mat + mm}, @)
0 (e 3o (- (- o 5 o]
SR %ﬁ[mﬂm)]} (5)
0 (s ) (5 o (S~ Yo
+g*-ﬁ 235[1(1(+(KK)]} (6)

'"The inverted mass ordering refers to the ordering,

M[ay(980)] > M[K;(700)] > M[fy(500)], which is inverted from the mass

ordering expected from a two-quark picture, M[a(980)] < M[K;(700)] < M[f((500)]. Therefore, according to Refs. [9-11], this
inverted mass ordering is crucial evidence indicating that the light nonet members are tetraquarks.
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Two-meson modes of the heavy nonet:

Kt (1430): (—\/% + \%) % {zz+K° + Kozt + \% (KTn° +2°K") - \% (K*ng +ngK™)
- Ko k) )
ag (1450): (—\/% + %) %{kolﬁ + KTKO + \@(Wﬁ +atng) — % (ma*t + zﬁm)}, (8)
fo(1370): <—\/0;—2 + 55) {; [(a +V2b)mn; + (\% - 12))771778 + (\2 - 12?) nshi + <§ - \/§b> nsns]
—gﬁ.ﬁ—ziﬂ[im + (fa{)*]}, )
o (e B 5o - (o
+§ﬁ.ﬁ—ziﬂ[i<l<+(i<l<)*]}. (10)

Here, we have introduced shorthand notations to denote
that

#-r=n"n +nat+ a2, (11)
KK = K-K* + K°K°, (12)
(KK)" = K*K~ + K°K°. (13)

The flavor mixing parameters, a, b, can be fixed according
to three different scenarios depending on how we treat the
flavor mixing as in Ref. [13]. Two-vector modes have not
been specified here because most nonet members are too
light to decay into two vector mesons. Two-vector modes
are not measurable mostly so they are not useful for our
comparison study with the molecular model.

Two-meson modes specified for each resonance in
Egs. (3)-(10) are possible fall-apart modes into PS mesons
predicted from the tetraquark mixing model. Most of them
can be seen as experimental decay modes of the two nonets
in PDG if the decays are kinematically allowed. Also we
want to stress that the two-meson modes, i.e., two PS or
two vectors, do not represent the entire wave function of the
corresponding resonance. There are additional hidden color
components [16,17] that can genuinely distinguish tetra-
quarks from hadronic molecules.

Note, the coefficient of each two-meson mode in
Egs. (3)-(10) can be identified as the coupling strength
of the corresponding resonance into those two mesons. For
example, the coefficient of KK in Eq. (8) can be obtained
by (K°K*|ag (1450)) that defines the coupling strength

between the ag (1450) and K°K . The coefficients of the
light nonet in Egs. (3)—(6) have the common overall factor,

\/LTz + % ~ (.744, obtained from color and spin recombin-
ing factors, while the heavy nonet in Egs. (7)—(10) has the
overall factor, — \/% + % ~ 0.173. This clearly shows that

the coupling strengths are universally enhanced in the light
nonet but suppressed in the heavy nonet, due to the relative
sign differences originating from Eqgs. (1) and (2). After
taking out the overall factors, the rest coefficient in each
resonance is normalized to the unity. We also notice that
both nonets have the same two-meson modes as expected
from the fact that |[000) and |011) have the same flavor
configuration. In this sense, the enhancement or suppres-
sion of the couplings in the tetraquark mixing model is a
general consequence that universally applies to all mem-
bers of the two nonets.

As reported in Ref. [17], this prediction can be verified
qualitatively by experimental partial decay widths extracted
from PDG [35]. To explain this briefly, let us write partial
decay width for a decay process as

Fpanial = Gzrkin’ (14)

where G is the coupling strength and I'y;, is so called
“kinematical partial width”, which depends only on kin-
ematical factors in the decay process. Kinematically, the
heavy nonet, as its mass is much heavier, is expected to
have much larger partial width than the light nonet. This
mean, for I';,, we should have
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[yq (light nonet) < Ty, (heavy nonet). (15)

However, the experimental partial width, I'.,,, extracted
from PDG [35], shows an opposite tendency [17],

[exp(light nonet) > I’ (heavy nonet). (16)

Since the partial width can be calculated by Eq. (14), this
opposite tendency in the experimental partial width, Eq. (16),
must be reproduced if we multiply the corresponding G* on
both sides of Eq. (15). Only way to reproduce Eq. (16) is to
have the coupling strength of the light nonet much larger than
the coupling of the heavy nonet,

G*(light nonet) > G?(heavy nonet). (17)

In addition, this result can provide an another explanation
why f((500), K§(700) have such large decay widths.

All the successful aspects of the tetraquark mixing model
come rather naturally from the fact that the two nonets are
created by mixing the two tetraquark types. None of the
successful aspects can be obtained without mixing. In
particular, the enhancement or the suppression of the
coupling strengths critically depends on the fact that the
two tetraquark types add to or partially cancel out in
Egs. (1) and (2) that have been created from the mixing.
Moreover, this interesting fact is supported by the exper-
imental partial widths clearly indicating that the two nonets
should not be treated separately. This makes the tetraquark
mixing model special and hopefully differentiates it from
other models in describing the two nonets.

III. MESON MOLECULAR STATES

Next, we examine whether the two nonets in PDG can
be described also by models other than tetraquarks.
Specifically, we try to construct two-meson modes like those
in Egs. (3)—(10) from a meson molecular model. Since all the
modes that we have considered in Egs. (3)—(10) are fall-apart
modes into two PS mesons, we construct molecular states
from the PS mesons and see how the resulting combinations
are different from those in the tetraquark mixing model.

The lowest-lying PS nonet is composed of a singlet,
1; =#,, and an octet, 8, that can be written in a matrix
form as

[Pl P2 P}
Pi—|Pl P} P}
Py P} P}
_LJTO—FL + K+
VAL d
- 04 L 0
= z Tt s K as)
i K~ I_(O - %’78

This octet, P, is traceless (P;=0) and normalized
according to

[P’] Pl = 5ik5j, - %6."-65‘. (19)
In the SU/(3) symmetric limit, 7, =#" and 53 = 7. In
reality, because of the n — #/ mixing, #; (13) has additional
component of 7 (7).

Meson molecular states can be built from this PS nonet
through the multiplication of (1, @ 8;) ® (1, @ 8;). So,
two-meson states can make several SU,(3) multiplets like

PS ® PS two—meson multiplets
1y ®1;) -1, (20)
(1, ®8;) - 8, (21)

8, ®8,)—-27010010088 d1. (22)

Here we have suppressed the subscript ”f”” in denoting the
two-meson multiplets in order to distinguish them from the
PS multiplets. In this construction, there are two singlets
(1’,1), and three octets (8”,8',8) that can be utilized to
describe the two nonets in PDG.

From Eqgs (20) and (21), we trivially obtain one molecu-
lar nonet (1’, 8”) whose meson compositions are given as

U =mn, (23)

(8")3 = m K™, (8")3 = K", (24)
1

(87 =mr* 5 (801 = (893 =mia’. (25)

(8"); =mn, (26)

(8")3 = mng. (27)

(8")% = mK°, (8")) = mK~. (28)

By construction, the singlet, 1, represents the molecular
state of 77,17, and the octet, 8", represents two-meson states
with the common constituent, 77;. So all the modes in this
molecular nonet contain the #; meson as a common
constituent. This nonet with this trivial structure is quite
unlikely to represent either of the two nonets. (See Sec. IV
for further discussion.)

Another SU,(3) nonet can be constructed from 8,8, 1 in
Eq. (22), but Eq. (22) also has other multiplets like 27, 10,
10. So, even if this molecular nonet turns out to be
physically feasible, additional explanations are still needed
as to why higher multiplets do not appear in the hadron
spectrum. Nevertheless, in this work, we investigate
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whether 8, 8', 1 in Eq. (22) can make a molecular nonet that
can account for either of the two nonets in PDG.

To build a flavor nonet, we make use of the tensor
method” where all the SU(3) multiplets in Eq. (22) are
represented by appropriate tensors,

27;),10,;,. 107% 8i (8)i 1. (29)

Note, each tensor is symmetric under exchange of any two
upper (or lower) indices [e.g., 107% = 10/, 10, = 10;;],
and traceless under the contraction of a upper and a lower
indices [e.g., 275{ =0, (8)i =0]. At the same time, the
8, ® 8, part in Eq. (22) can be written as

o
1 A
Pij,.

In the tensor method, the multiplets in Eq. (29) appear in
the group multiplication of Eq. (22) because they are
possible tensors that can make SU,(3) invariants with
P;P;’, More concretely, tensors of the following forms:

2777, e,-,-/k1_ofj’k €i’*10,,,
58], 5(8)] 8/ 51,

P2 Yy

(30)

produce SU(3) invariants when multiplied by Pj-P;'./,. For

instance, 27{{;/P;P§, forms an SU(3) invariant as all the
indices are fully contracted so the 27 multiplet must be
present in P;P}l, Another example, eii/kﬁjj/kPéPj./,, also
forms an SU;(3) invariant so the 10 multiplet must be
present in P;Pj./, and so on. Multiplets other than those in
Eq. (29), for example like 67,15/, do not appear in
Eq. (22) because they cannot make SU(3) invariants
when multiplied with P;P;/, From each SU(3) invariant

that Eq. (30) generates, one can then identify the two-
meson states corresponding to each multiplet.

Since we want to make flavor nonets, we concentrate on

two-meson multiplets of 1, 8, 8 in Eq. (30). First, two-

. . . . J' o Pl

meson state for 1 is obtained by multiplying &; 5, on PP,

|

- - =

1=Tr(PP) =7 -7+ KK + (KK)" +ngng. (31)

In the SU(3), limit, this two-meson molecule, after

normalized to the unity, corresponds to either f;(980) in
the light nonet or f,(1500) in the heavy nonet.

To find 8, we multiply &/ 8/ on P’P’ to make an SU4(3)

invariant,

J pipi' _ QJ i’

8PP =8/ (PP).. (32)

Since the octet (8) that we are constructing is traceless, the

term, ;5’] Tr(PP), can be inserted freely to obtain

8 (PP)i =8, |(PP)! — %5}’ Tr(PP)|. (33)
Equation (33) can form a flavor singlet if the expression in
the square bracket is identified as 83/. This observation leads
us to the two-meson octet as
87 = (PP)} — %5}'Tr(PP). (34)
For the other octet, 8', we proceed similarly by multi-
plying 5{, (8 ) on Pl ;/,, and eventually find that 8 = 8.
This result stems from the fact that we are multiplying the
same pseudoscalar octet twice to build meson-molecular
states. Thus, Eq. (22) can make only one nonet composed
of 1 [Eq. (31)] and 8 [Eq. (34)]. Therefore, this molecular
nonet cannot represent the two nonets in PDG. Instead, this
molecular nonet can represent only the light nonet or the
heavy nonet. Using the normalization for P; in Eq. (19), we

find that 8; is normalized according to

7 ik i k

Now, from Eq. (34), it is straightforward to write down
all the octet members explicitly in terms of two pseudo-
scalar mesons.

(8}.87) (35)

1 1 2
8 = — 29Kt + —n Kt —|—71'+K0—\/:K+ , 36
1 \/z \/6’78 3 UK ( )
8% :ﬂ_KJr—Lﬂ'OKO +—7’]8K0 - gI<07’]g, (37)
V2 V6 3
82:— 0+ _ ~+.0 L + + K+I_(0 38
| ﬁ(”” ””)‘f'\/g(’?sﬂ + ' ng) + : (38)

%For technical details in using the tensor notation, see Ref. [36].
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| _
81— 82 v [ﬂoﬂs +ngn® +V3(nta —rat + KK — KOKO)}, (39)
gl — i (m=2° = 2%27) + 1 (ngm™ + 77ng) + KK~ “0)
2 /2 NG
1 - - = %
8 = \/§[_7I -7 — (KK)" + 2KK + ngng). .
3 V2 V6 3

1 _
8 =—K "+ K'» +—

3T/ \}EK_WS - \/%’781(_- (43)

Note that these states need to be normalized to the unity
when they are matched to physical states that belong to the
light nonet or the heavy nonet.

To give some justifications on these expressions, it is
worth considering octet members, 8},8%, whose expres-
sions from Eq. (34) are given as

1 2 1 1
8l = 871'071'0 + §ﬂ+7r_ - 5”—7[+ 688
+ L(Jtor] + nga) + %K+K‘ - lK‘KJr
\/ﬁ 8 8 3 3
1 _ _
-3 (K°KY + K°KY), (44)
1 2 1
8% = 677,'077,'0 - §7T+7l'_ + gﬂ'_ﬂ'-i_ - 67’]87’]8
1 1
- —ﬁ( Ong +nsa’) — g( K™+ KKT)
2 s 1.
+ §K0K0 -3 KK, (45)

Because of the traceless condition, Sj: =0, their sum,

8! + 82, can be identified as an isoscalar member in the
octet through

83 = —[8] + 83, (46)

and its expression is neatly given as Eq. (41). One can also
justify this identification of 83 by showing that it is
orthogonal to 1 in Eq. (31), (1/83) = 0.

In addition, the difference, 8] — 83, which is clearly
orthogonal to 83 in Eq. (46), can be identified as an
isovector member whose expression is given by
Eq. (39). This identification can be further justified by
showing that the isospin ladder operators, /.., when applied
to Egs. (38) and (40), give

1.8 o —[8] - 8, 47)
1,8 « [8! —82). (48)

So, it is clear that Egs. (38), (39), and (40) form an isospin
triplet. Weight diagram for this nonet is given in Fig. 1 so
one can assign 1 and 85- easily to the members of the light
nonet or to the members of the heavy nonet. To make our
presentation clear, this assignment has been listed in
Table I.

A few comments are in order. Two-meson modes in
Egs. (36)—(43) represent possible decay modes that can be
measured if the decays are kinematically allowed. These
modes are clearly different from two-meson modes in
Egs. (3)—(10) obtained from the tetraquark mixing model.
Thus, as advertised, two-meson modes can be used to
distinguish the tetraquark mixing model and meson mole-
cules. Another thing to point out is that a term like 7%z in
Eq. (38) should be treated independently from z* z° so their
combination like 7%z — 2t z° should not vanish. In fact,
this pion combination makes anisospinstateof / = 1,7, =1
that corresponds to the isospin of the two-meson state, 83.
Similar terms in the other isovector members, Eqgs. (39) and
(40), should not vanish also. To put it other way, if such terms
vanish, the isovector members in 8; of Eq. (34) are no longer
normalized according to Eq. (35).

FIG. 1. Weight diagram for the nonet, 1 @ 8.
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TABLE I. Molecular nonet in Egs. (36)—(43) that can assigned
to the light nonet or the heavy nonet after normalized to the unity.
Also given are isospin, its z-component, and hypercharge of each
member.

Molecular nonet [ I, Y  Light nonet Heavy nonet
1 0 0 0 £0(980) £o(1500)
8} Lol 1 Kpt(700)  KjT(1430)
83 I =1 1 K;°(700) K;0(1430)
82 1 1 0 ag (980) ag (1450)
1-[8} - 83] 1 0 0 af(980) af(1450)
8! 1 -1 0 ag (980) ag (1450)
83 0 0 0 £0(500) f0(1370)
82 Lo =1 Ky0(700) K0(1430)
8! L1 -1 K;(700) K (1430)

IV. COMPARISON BETWEEN TETRAQUARK
MIXING MODEL AND MESON MOLECULES

Up to now, we have presented two approaches, the
tetraquark mixing model and meson molecules, to describe
the two nonets in PDG: the light nonet [a,(980), K{;(700),
f0(500), f(980)] and the heavy nonet [ay(1450),
K{5(1430), fo(1370), fo(1500)]. In this section, we com-
pare the two approaches and examine which approach is
more appropriate to describe the two nonets.

In the tetraquark mixing model, the two nonets in PDG
are described by the mixing formulas, Egs. (1) and (2). In
this approach, it is important to introduce the two tetraquark
nonets, |000), |011), because the successful aspects of this
model come mostly from the fact that the two types of
tetraquarks mix with each other. This also means that the
two physical nonets should not be treated separately.

In meson molecules, it is also possible to build two
molecular nonets from two PS mesons. One molecular
nonet is (1, 8”) constructed from Eqs. (20) and (21) and the
other nonet is (1, 8) from Eq. (22). The first nonet, (1’, 8”),
cannot represent either of the two nonets in PDG by two
reasons. One reason is that this nonet cannot reproduce the
inverted mass ordering satisfied by the two nonets [12].
This nonet, whose meson compositions are given in
Egs. (23)—(28), has n; as a common constituent. This
nonet has the mass hierarchy driven solely by the PS
mesons, M(x) < M(K) < M(ng), which is opposite to the
inverted mass ordering. Another reason is that the meson
compositions, in Egs. (23)—(28), are not consistent with the
decay modes of the two physical nonets. For example,
(8”)3 in Eq. (24), which can be matched to K;5(700) in the
light nonet or K;;(1430) in the heavy nonet, has the meson
composition of K*#; only. This composition is not con-
sistent with the experimental fact that K{5(700) or K5(1430)
decays mostly to Kz. Another molecular nonet is com-
posed of 1 [Eq. (31)] and 8} [Egs. (36)—(43)]. This nonet

has non-trivial meson compositions so it can be tested
either for the light nonet or for the heavy nonet. But this
molecular nonet cannot describe both nonets simultane-
ously. Therefore, there are limitations in describing the
physical two nonets with the meson molecular model.

Still, one may pursue a specific mixing scheme that
combine the two molecular nonets. Note that the two-
meson modes from the trivial nonet, (1’, 8”), have the 7,
state as a common constituent. Through the # — 7’ mixing,
n; as well as 7g has the meson components, 7 and 7. If a
certain mechanism is invoked to mix (1’, 8”) in Egs. (23)-
(28) and (1, 8) in Egs. (31) and (36)—(43), this mixing
should occur only through the two-meson modes contain-
ing 1, or ng. This mixing, therefore, cannot affect other two-
meson modes like KK, nK, 7 - 7 etc. Because of this, this
mixing cannot be universal and affects only the two-meson
modes involving 7, ng. Therefore, it is unlikely that this
molecular model reproduces phenomenological aspects
that apply universally to all the members in each nonet.
For example, the huge mass gap, around AM ~ 500 MeV,
that universally exists between the two nonets may not be
reproduced by a mixing scheme that affects only the two-
meson modes involving #;, ng. Moreover, it certainly
cannot reproduce the striking prediction of the tetraquark
mixing model, namely, the coupling strengths that are
universally enhanced in the light nonet but suppressed in
the heavy nonet as shown in Egs. (3)-(10). Since this
prediction is supported by the experimental partial widths
with the trend of Eq. (16), this is one of strong indications
that the tetraquark mixing model is more appropriate to
describe the two nonets in PDG.

To test (1, 8) further, we compare the two-meson
modes of (1,8) in Egs. (31) and (36)—(43) with those in
Egs. (3)~(10) from the tetraquark mixing model. Since
(1, 8) can represent only one of the two nonets, we will first
treat (1, 8) as the heavy nonet and later we discuss the case
when this molecular nonet is interpreted as the light nonet.
Here, for instance, we take the isodoublet member,
K" (1430), and compare the two-meson modes in
Eq. (36) for 8] with the corresponding modes in Eq. (7)
from the tetraquark mixing model. But, our analysis can be
applied to all members similarly.

There are two things that can differentiate the two
equations. Equations (7) and (36) have the same two-
meson components like z7°K*, 77K, ngK*, K¢ but their
relative coefficients are different in some modes. In Eq. (7),
the two modes, K5g and 73K ™, have the same coefficient
but in Eq. (36), the K"y mode has the coefficient twice
of the ngK* mode. This difference, however, cannot be
measured because the KT7g and 7gK™ are not counted as
separate modes in experiments.

Another difference that can distinguish the two
approaches is that the K7, mode, which appears in
Eq. (7), is missing in Eq. (36). The K*#; mode is missing
in 8? [Eq. (36)] because its octet, 8’] was constructed from

074016-8



TETRAQUARK MIXING MODEL IS SUPERIOR TO MESON ...

PHYS. REV. D 108, 074016 (2023)

Eq. (22) where the 7; state does not participate to begin
with. If the missing mode, K5, is interpreted as the
absence of the K7’ mode, this can be used to advocate
the tetraquark mixing model because the appearance of the
K™’ mode is supported by the experimental decay modes
of K5(1430) [35]. However, the K "5 mode can appear also
from the K5g mode in Eq. (36) as it can make small K7’
mode from the # — #' mixing. Experimentally, three modes,
7K, nK, Kn/, have been reported as the decay modes of
K{(1430), and it is acknowledged that both approaches, the
tetraquark mixing model [Eq. (7)] and the meson molecular
model [Eq. (36)], can predict these experimental modes but
with different branching ratios. Measuring the branching
ratios could be one possible way to differentiate between
the two models, although its feasibility is currently ques-
tionable due to the lack of experimental branching ratio for
the Kn' mode in the Kj(1430) decay modes.

One can try to interpret 8? in Eq. (36) as a member of the
light nonet, K(700), and compare this molecular state with
the two meson modes in Eq. (3), which has the same modes
as in Eq. (7). In this case, the distinction between the
two approaches becomes more obscure. Experimentally,
K{(700) has one decay mode, 7K, and both approaches
have this mode as one can see in Egs. (3) and (36). Other
two-meson modes, Kng and K#;, which can distinguish
between Egs. (3) and (36), cannot be measured experi-
mentally due to the kinematical constraint.

Similar situations occur for other members when one
compares the meson molecular model of Egs. (36)—(43)
with two-meson modes of Egs. (3)—(10) in the tetraquark
mixing model. A separate comparison can be made depend-
ing on whether the meson molecules are interpreted as the
light nonet or the heavy nonet. In this consideration, there
are also various examples that have different branching
ratios depending on the two approaches. For example, in
Eq. (38), the 775 mode has the coefficient, 1/+/6, relative
to the K*K° mode but, in Eq. (4), the 753 mode has the
different coefficient of 1/2/3 relative to the K*K° mode.
However, all these investigations based on the relative
branching ratios need to be deferred to the future until the
theoretical and experimental situations become more
reliable.

Instead, from this comparison study, we report one clear
distinction that can be seen from the isovector members.
For the isovector resonance, either aj (980) or aj (1450),
we compare its two-meson modes in Eq. (38) [8?] from the
molecular model with those from the tetraquark mixing
model as in Eq. (4) or Eq. (8). The two-pion mode,
%77 — 2 2%, appears in Eq. (38) but missing in Eq. (4)
or Eq. (8). The similar distinction can be expected from
other isovector members, a8, ay - As we mentioned already,
in the meson molecular model, this two-pion mode,
7%zt — 2t 2% makes an isospin state of / = 1,1, = 1 that
corresponds to the isospin state of ag (1450) or aj (980).

The two-pion mode is also necessary in order to maintain
the normalization of Eq. (35) consistently with the other
octet members of 8; So its presence in the meson
molecular model seems natural. At the same time, in the
tetraquark mixing model, it is also natural that this mode,
7%zt — 2779, does not appear in the two-meson modes of
ag(980) in Eq. (4) [or af(1450) in Eq. (8)]. Both
resonances, ag (1450) and ag (980), have the same flavor
structure of (su — us)(d5—5d) in the tetraquark mixing
model and, therefore, they cannot fall-apart into two-pion
states that have no strange quarks (s, 5) in the final states. In
this regard, the two-pion mode can clearly distinguish the
two approaches. Experimentally, a((980), ay(1450), do not
have the two-pion modes even though these modes are
energetically possible from a((980), ao(1450). Therefore,
the tetraquark mixing model is supported by the exper-
imental data. This can be another indication that the
tetraquark mixing model is more appropriate to describe
the two nonets in PDG.

V. SUMMARY

In this work, we have examined the tetraquark mixing
model and meson molecules in describing the two nonets
in the J¥ = 0" channel. The tetraquark mixing model that
have been proposed and tested in various occasions in
Refs. [12-18] has some successful features such as repro-
ducing qualitatively the masses of the two nonets and the
mass difference between them. Most notably, the mixing
model predicts that the coupling strengths into two PS
mesons are enhanced in the light nonet and suppressed
in the heavy nonet. This prediction is indeed supported by
the experimental partial decay widths. To show this more
explicitly, we have presented two-meson modes from the
tetraquark mixing model. All these successful aspects stem
from the fact that the two tetraquark types that form two
flavor nonets mix with each other when creating the two
physical nonets in PDG.

As an alternative description other than tetraquarks, we
have constructed SU;(3) molecular nonets by combining
two PS mesons. It is also possible to make two flavor
nonets from this meson molecular model. But one of them
forms a trivial nonet whose meson compositions are not
consistent with the mass ordering and the decay modes of
the two nonets in PDG. The second molecular nonet has a
non-trivial structure but it can be tested for one nonet only,
either the light nonet or the heavy nonet. Therefore, it is
difficult to describe the two nonets altogether by the meson
molecular model. Accordingly, this molecular model can-
not reproduce successful aspects of the tetraquark mixing
model such as the mass splitting between the two nonets,
and the enhancement or suppression of the coupling
strengths. To test further whether the second molecular
nonet is physically feasible, we compare its two-meson
modes with those from the tetraquark mixing model. Some

074016-9



HUNGCHONG KIM and K. S. KIM

PHYS. REV. D 108, 074016 (2023)

of two-meson modes are found to have different branching
ratios depending on the two approaches. In principle, we
could use the branching ratios to determine which model is
more realistic, but we defer actual calculations until the
theoretical and experimental situations become more
reliable.

However, there is one clear distinction that can distin-
guish the two approaches in the isovector resonances. In the
isovector channel, the two-pion modes appear in the meson
molecular model but they are absent in the tetraquark
mixing model. The absence of the two-pion modes is

supported by the experimental decay modes of the iso-
vector resonances. We believe that this is another indication
that the tetraquark mixing model is more appropriate to
describe the two nonets in PDG.
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