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We give details of our study as to whether high-energy gluon showers inside a QCD medium can be
treated as a sequence of individual splitting processes g — gg, or whether there is significant quantum
overlap between where one splitting ends and the next begins (neglecting effects that can be absorbed into
an effective value of the jet-quenching parameter g that characterizes the medium). The study is carried out
by imagining in-medium gluon-shower development in the simplest theoretical situation, which includes
imagining a very large, static, homogeneous medium and taking the large N, limit. Along the way, we also

show how in-medium shower evolution can be written in terms of a “net” splitting rate [dI"/dx]

ner» and we

provide a moderately simple analytic fit to our numerical results for the overlap effects included in that rate,
which we hope may be of use to others wishing to study possible consequences of overlapping splittings.
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I. INTRODUCTION

When passing through matter, high energy particles lose
energy by showering, via the splitting processes of hard
bremsstrahlung and pair production. At very high energy, the
quantum mechanical duration of each splitting process,
known as the formation time, exceeds the mean free time
for collisions with the medium, leading to a significant
reduction in the splitting rate known as the Landau-
Pomeranchuk-Migdal (LPM) effect [1-3]." A long-standing
problem in field theory has been to understand how to
implement this effect in cases where the formation times of
two consecutive splittings overlap. Several authors [5-7]
previously analyzed this issue for QCD at leading-log
order, which arises from the limit where one bremsstrah-
lung gluon is soft compared to the other very high-energy
partons. They found large effects at high energy, but those
effects could be absorbed into an effective value g of the
medium parameter ¢ that encodes the rate of transverse
momentum kicks to a high-energy particle by the medium.
In a short companion Letter [8], which should be read first,
we motivated and outlined a method for investigating the

"The papers of Landau and Pomeranchuk [1,2] are also
available in English translation [4].
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size of overlapping formation time effects that cannot be
absorbed into g, and we presented selected results. The
purpose of the current paper is to provide details of the
methods and derivations used in Ref. [8], and to provide a
more complete exposition of results.

As described in Ref. [8], our focus will be on computing
the statistically averaged distribution €(z) of energy depos-
ited in the medium by a gluon shower initiated by a very
high-energy gluon with energy E that starts at the origin
traveling in the z direction. We will be particularly focused
on overlapping formation time corrections to the shape of
that distribution,

(1.1)

where

() EI;}OAOO dzze(z) (1.2)

is the characteristic length of the shower (of parametric
order a;'\/Ey/q), and Z = z/(z).

Our results will all be derived in terms of what we call
the net rate [dI"/dx],, for splitting [9], defined as the rate
for splittings (including the case of two overlapping
splittings) to produce one daughter of energy xE plus
any other daughters from a parent of energy E. Formulas
for overlapping formation time effects appearing in the net
rate, developed in Refs. [9-15], are extremely long and
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complicated. They are also time consuming to evaluate
numerically. In this paper, we will present a relatively
simple function that fits our numerical results well (at first
order in overlap effects) for [dI'/dx], ... We need this quick-
to-evaluate fit function to make our analysis of the shape
function S(Z) numerically practical, but perhaps others
may find the fit function useful as well.

A. Assumptions

For the sake of theoretical simplicity, we make the
assumptions outlined in Ref. [8], which mostly follow
those of the underlying rate calculations developed in
Refs. [9-15]. We assume a homogeneous, static medium
large enough to stop the shower’; a nearly on shell initial
gluon3; transverse momentum transfer from the medium
described by the multiple-scattering () approximation; the
large-N . limit, and so purely gluonic showers.

We also focus on p | -insensitive quantities such as the
energy deposition distribution €(z) and its shape (1.1) so
that we only need to track p, -integrated distributions of
energy in gluon showers.

There was another simplifying assumption, made implic-
itly in Ref. [8], which we should be explicit about here. To
first order in high-energy radiative corrections, write the
effective value of g as g = §(o) + 6¢. Here, g is what
we might call the bare value of g—the value from
scatterings of a high-energy parton with the medium that
are not accompanied by high-energy splitting. In our
analysis, we will treat g as a constant, independent of
energy. There are caveats and countercaveats concerning

The underlying rate calculations of Refs. [9-15] only
assumed that the medium was approximately static and homo-
geneous over the formation time and corresponding formation
length. The analysis in this paper is made simpler by assuming
that it is static and homogeneous over the entire development of
the shower.

*For some discussion, in various approximations, of how to
marry an initial vacuumlike cascade of virtuality after a relativ-
istic heavy-ion collision with later nearly on shell showering in a
finite medium (but not attempting to analyze the overlap effects
that are the subject of this paper), see e.g. Refs. [16—18].

“This allows us to use existing calculations of p, -integrated
rates [9] for in-medium double splitting with overlapping for-
mation times. For a discussion of generalizing BDMPS-Z rate
calculations to p; dependence of nonoverlapping splitting rates
in various situations, see e.g. Refs. [19-23]. More recently,
Ref. [24] investigated p; dependence for soft emissions over-
lapping harder splittings with the latter treated in antenna
approximations such as in Refs. [25,26]. Our p -integrated
calculations avoid soft-emission approximations (or more general
energy and/or p, ordering assumptions about sequential emis-
sions), within the context of our other assumptions. By avoiding
antenna approximations in particular, our calculations capture the
(important for us) full backreaction of an overlapping second
emission on the probability for the original splitting to occur in
the first place. This is just like Refs. [5—7] except that we avoid all
soft-emission approximations. (See also footnote 34.)

logarithmic dependence of that approximation, which we
will simply ignore in this paper.’

In principle, the analysis of this paper can be applied to
any sufficiently thick QCD medium where the ¢ approxi-
mation is appropriate. However, our own interest is
ultimately motivated by quark-gluon plasmas (QGPs),
and so we will sometimes use that language. In that
context, we are making no assumption about whether
the coupling a,(T) of the QGP is large or small—all of
the details of the QGP are hidden away in the value of ).
We will, however, work perturbatively in the size of the
ag(u) associated with a high-energy splitting vertex, for
which the transverse momentum scale is parametrically
i~ (gw)'/*, where  is the energy of the softest daughter.

Throughout this paper, we will only focus on the high-
energy particles (E > T) in showers. We ignore thermal
gluon masses for the high-energy gluons in our (purely
gluonic) showers.

B. Outline

The next section briefly summarizes the calculation of
overlapping splitting rates, previously worked out in
Refs. [9-15], and explains how the results of that work
are packaged into results for different types of rates (2.2).

Section III describes, and presents results for, the net rate
[dI"/ dx],, that will be used throughout the rest of the paper.
We first review how rates can be combined into the net rate.
The net rate is split into leading-order (BDMPS-Z) and
next-to-leading-order (overlap) pieces. We review logarith-
mic infrared divergences of the net rate, due to soft radiative
corrections to hard splittings g — gg, and then factorize out
those soft radiative corrections as described in Ref. [8].
Numerical results, and an analytic fit, are presented for
overlap corrections to [dI'/dx],,. The section concludes
with discussion of how to convert [dI'/dx],. between
different choices of factorization scale.

In principle, the factorized soft radiative corrections
should be resummed and absorbed into an effective value
gt of g, and that change will affect the effective “leading-
order” development of the shower. Section IV argues that
this complication can be ignored in our calculation. This
point is somewhat nontrivial and requires partial discussion
of resumming soft radiative corrections to g at next-to-
leading-log order (NLLO); the current state of the art is
leading-log order.

net

>For example, for fixed-coupling calculations for a weakly-
coupled medium, the large-g, Rutherford tail dl/d(q%) o
a?n/q? of the elastic scattering cross section causes logarithmic
dependence of <qi) on the upper scale of ¢, relevant to the
process under consideration. On the other hand, including
running of @, as dl/d(q%) « a?(q,)n/q% is enough to even-
tually tame that dependence if the relevant upper scale Q | for ¢ |
is large enough that a,(Q | ) is small compared to the strength of
a, at the scale of the medium. (See, for example, Sec. VIB of
Ref. [27], which combined earlier observations of Refs. [28,29].)
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Section V provides the starting point for our analysis of
shower energy deposition by showing that the deposited
energy distribution €(z) satisfies an integrodifferential
equation (5.15) in terms of the net splitting rate
[dl'/dx],,. Since our goal is to study aspects of showers
that are as insensitive as possible to physics that can be
absorbed into the effective value of g, our ultimate interest
will be to follow Ref. [8] and study the shape S(Z) of ¢(z)
given by (1.1).

Numerically, the features of e(z) that are easiest to
calculate are its moments (z"). Section VI presents a
recursion relation (6.2a) for those moments in terms of
integrals of [dI"/dx],. These are then converted to various
moments (Z") of the shape function S(Z). Our interest
lies in the relative size of overlap corrections to those
moments, which will be presented in Table III. We will find
that most overlap corrections are very small, but the fourth
cumulant of S(Z) turns out to be very sensitive to overlap
effects.

In order to convince ourselves that overlap effects on the
shape function are very small, regardless of the sensitivity
of the fourth cumulant, Sec. VII turns away from moments
and takes on the more numerically complicated task of
directly calculating the size of overlap corrections to the
full S(Z) as a function of Z, summarized in Fig. 14. As
prequel to this next-to-leading-order calculation, we also
provide what, as far as we know, are the first full leading-
order (BDMPS-Z) numerical calculations of ¢(z) and S(Z),
and we compare those to what they would be in the
instructive Blaizot/lancu/Mehtar-Tani analytic model for
(leading-order) showers [30,31].

Section VIII demonstrates that the ability to analyze
showers in terms of [dI/dx],, is not restricted to just
energy deposition but also applies more generally to the
time development of the gluon distribution of the shower.
This generalizes leading-order versions of shower evolu-
tion equations used by others [30,31], but we have not
made any attempt to simulate our evolution equation.

The results we find are that overlap effects on S(Z) are
very small—much smaller than related effects previously
computed for large-N; QED [32]. Section IX attempts to
give some crude, incomplete, after-the-fact analysis of why
the results of the two calculations are so qualitatively
different, which generates questions for future work.

In Sec. X, we discuss what cross-checks are available for
our calculation of overlap effects. Then we offer short
concluding remarks in Sec. XI.

II. REVIEW OF THE BUILDING BLOCKS:
SPLITTING RATES

A. Diagrams

The calculation of the LPM effect was generalized from
QED to QCD by Baier et al. [28,33,34] and Zakharov
[35,36] (BDMPS-Z). When specialized to an infinite

E ——==

()

(lightcone) time (lightcone) time
(a) (b)
FIG. 1. (a) A time-ordered contribution to the LO rate for single

splitting g — gg, with amplitude in blue and conjugate amplitude
in red. (b) A single diagram representing this contribution to the
rate. In both cases, all lines implicitly interact with the medium.
We need not follow particles after the emission has occurred in
both the amplitude and conjugate amplitude because we will
consider only the p | -integrated rate. (See, for example, Sec. 4.1
of Ref. [10] for a more explicit argument, although applied there
to a more complicated diagram.) Nor need we follow them before
the first emission because we approximate the initial particle as
on shell. Only one of the two time orderings that contribute to the
LO rate is shown above.

medium in the ¢ approximation, their formalism gives
the in-medium g — gg splitting rate®

[{} KO aPygy () [(1—x+x?)ga 2.1)

dx 2z x(1 =x)E

for energies E — xE + (1 —x)E. The subscript on §,
indicates the g appropriate for the adjoint color representation,
i.e. for gluons, and C, = N, is the adjoint-representation
quadratic Casimir. P, (x) is the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) splitting function.” We
refer to (2.1) as the “leading-order” (LO) result for g — gg.
For us, leading order means the leading order in the number
of high-energy splitting vertices and includes the effects
of an arbitrary number of interactions with the medium. In
the following discussion, we will adopt Zakharov’s pic-
ture [35,36] of LPM rate calculations, which is to think of
the rate for ¢ — gg as time-ordered diagrams, such as Fig. 1,

®It is difficult to figure out whom to reference for the first
appearance of (2.1). BDMS [37] give the ¢ — gg formula in their
Eq. (42b) [with the relevant limit here being the infinite volume
limit 7, — oo for their time 7,]. They then discuss elements of the
g — gg case after that but do not quite give an explicit formula for
the entire rate. (They are not explicit about the formula for w.)
Zakharov makes a few general statements about the g — gg case
after Eq. (75) of Ref. [38]. As an example from ten years later, the
explicit formula is given by Eqs. (2.26) and (4.6) of Ref. [39] in
the case where s represents a gluon.

TOur P, (x) =2C5(1 = x +x%)?/x(1 — x) does not con-
tain the pieces of the usual DGLAP splitting function used to
include the effect of virtual diagrams. In particular, the 1/(1 — x)
in our formula for P, is just the ordinary function 1/(1 —x)
and not the distribution 1/(1 —x),, and our P, does not
contain a 5-function term §(1 — x). When we need to deal with
virtual diagrams in this paper, we will do so explicitly.
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FIG. 2. A particular example of two overlapping splittings.

combining the amplitude for g — gg (blue) with the conjugate
amplitude (red). Zakharov then thought of Fig. 1(b) as three
particles propagating forward in time which, in the high-
energy limit, could be described (between the splitting
vertices) as a 3-particle, two-dimensional quantum mechanics
problem in the transverse plane. The medium-averaged
effect of interactions with the medium can be described
by a non-Hermitian, effective “potential energy” between
the three particles in the quantum mechanics problem.
In this language, the ¢ approximation corresponds to a
harmonic oscillator problem (with imaginary-valued spring
constants). For a discussion and review in the particular
context of our problem with our notation, see, for example,
Refs. [10,40].

We refer to the effects of two overlapping g — gg
splittings, such as Fig. 2, as one type of next-to-leading-
order (NLO) effect. Since there are four high-energy
splitting vertices in this rate diagram, it is suppressed by
one power of high-energy a,(x) compared to the leading-
order splitting of Fig. 1. Figure 3 shows examples of
diagrams contributing to the rate, drawn in the style of
Fig. 1(b). The subtraction in Fig. 3 means that our rates
represent the difference between (i) a full calculation of
(potentially overlapping) g = gg — ggg, and (ii) approxi-
mating a double splitting as two independent, consecutive
single splittings g — gg that each occur with the LO single
splitting rate (2.1).* At the same order in ag(x), there are
also NLO virtual corrections to single splitting g — gg, for
which we show a few examples in Fig. 4. Figure 5 shows
examples of some more direct ¢ — ggg processes that also
contribute at the same order in a,(u). A complete list of all
diagrams contained in our calculation may be found in
Refs. [9,15].

Throughout this paper, a, will refer to high-energy a, (1)
unless stated otherwise.

B. Notation for rates

Following Ref. [9], we will refer to the leading-order
g — gg rate, its NLO correction, and the g — ggg rate as

(2.2)

’

LO NLO
arfio - [dr N
dx dxdy

dx 9=99 ] 9=999

The key importance of this subtraction is explained in Sec. 1.1
of Ref. [11].

The last one, [AdT'/dxdy],_,,,,» represents both (i) overlap
corrections to two consecutive splittings, such as in
Fig. 3, and (ii) processes involving direct g — ggg, such
as Figs. 5(a) and 5(b). In both cases, energy is being split as
E — xE + yE + (1 — x — y)E. The symbol “A” in front of
that rate is a reminder that it represents a correction to an
LO-based calculation of double splitting as two, consecu-
tive, independent g — gg splitting events. [AdT'/dx])%S
similarly represents the corresponding virtual corrections to
single splitting, such as in Figs. 4 and 5(c). In this case,
energy is being split as £ — xE + (1 — x)E.

Formulas for the rates (2.2) are presented in
Refs. [9,15],9 which carried out the calculation in light
cone perturbation theory (LCPT). We will be slightly
sloppy with our terminology in this paper. Technically,
we should define x and y by the splitting of light cone
longitudinal momentum; P™ — xP" +yP™ + (1—x—y)P"
for g — ggg and PT - xP" + (1 —x)P" for g — gg.
But the splittings relevant to shower development are
high energy and nearly collinear, and so we may also
refer to x and y simply as ‘“energy fractions” in our
applications. 10

In the case of the virtual diagrams, the rate calculation
involves integration over the light cone longitudinal
momentum fraction y of one of the loop lines, as labeled
in Figs. 4 and 5(c). One consequence of LCPT is that the
pt of every (transverse-polarized) gluon must be non-
negative, which imposes constraints on the allowed range
of y in the virtual diagrams. References [9,15] divide virtual
diagrams into two classes. Class I (such as the top line of
Fig. 4) means that (i) y should be integrated over 0 < y <
1 — x and (ii) the substitution x — 1 — x generates a distinct
set of diagrams that must also be included. Class II (such as
the bottom line of Fig. 4) means that (i) y should be
integrated over 0 < y < 1 and (ii) the substitution x —
1 —x does not generate any new diagrams. With this
nomenclature,

L (L)

dx dx class 1 X class 11

9—99
1-x JI" TNLO
= dy [A } > +x—-1-x
(A dXdy class I ( )

I dr" TNLO
+ / dy [A } ,
0 dXdy class I

*More specifically, see Appendix A of Ref. [9], but supplement
the formulas there as explained in Appendix A of Ref. [15] in
order to include diagrams like Fig. 5. Various pieces of these
formulas are taken from earlier papers [10-14].

"“More specifically, the difference between p*/P* and p°/E
is suppressed by p3/E? ~ Gtiom/E* ~§'/?/EY?, and in all
of our analysis we ignore effects that are suppressed by
powers of E.

(2.3)
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FIG. 3.

result for two LO splittings
ignoring overlap effects

Examples of diagrams contributing to the effects of overlapping formation times for two splittings g — gg — ggg. The first and

second rows (when combined with their conjugates and appropriate permutations of the daughters) were analyzed in Refs. [10,11],

\
()

FIG. 4. Some examples from Ref. [9] of NLO virtual corrections to single splitting g — gg.

respectively.
Yy
e N\
\
Class I: X “
Class II:
AR
FIG. 5.

Some examples from Ref. [15] that involve (a) and (c) a 4-gluon vertex or (b) exchange of a longitudinally polarized gluon

(denoted by the vertical line crossed by a bar) in light cone perturbation theory (LCPT).

where the subscripts refer to Class I and Class 1I virtual
diagrams.11 The virtual diagrams were computed with MS
ultraviolet renormalization, and so ag(u) will refer to the
MS coupling in our work.

In this paper, we will need to do y integrals numerically.
Reference [9] found it convenient to separate out a
piece containing the renormalization scale y dependence
from the integrals in (2.3) and to integrate that piece
analytically. That is a choice, and a detail, that we leave
to Appendix A, where the reader may find the exact

11Following Ref. [9], our convention is that, when there is a
loop in the amplitude (or a loop in the conjugate amplitude), the
loop-symmetry factor (if any) is already accounted for in the
formulas for [Adl'/dxdy)NLO | and [AdT/dxdy]N-0

class I class IT*

connection with the rate formulas as they are presented
in Refs. [9,15]."

In what follows, we will consider the shower as
being made up of 1 — 2 splittings and effective 1 — 3
splittings. In that context, we find it convenient to use the

notation
dl’ dI'1Lo dI'INLO
- = |— + |A— s
.= lw e

9=99

(2.4a)

2We have intentionally used subscript names “class I” and
“class II” in (2.3) that are different from those used in Ref. [9] to
avoid confusing the formulas given there, where some pieces
have been separated out, with the integrands in (2.3), where they
have not. See Appendix A.
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{dr} E[Adr} . (2.4b)
dXdy 1-3 d'Xdy g—999

Remember that, for simplicity, we are only considering
purely gluonic showers, and so the daughters of every
splitting are identical particles. Our convention is to not
include final-state identical particle factors in differential
rates. So, formally, the total rate for any sort of 1 — 2 or
1 — 3 splittings would be

1 1 dI’
N'=— dx|—
21 o x[dx]m

1 1 1—x dar
=/ d d , 2.5
+3!A XA y[dxdy] 153 (2:3)
or, equivalently,
I'= / dx {@]
x<l-x dx 12
dr
+ dxd . 2.6
/y<x<l—x—y Y [dXdy:| 1-3 ( )

(We say “formally” because the total rate is infrared
divergent.)

We should note that the “1 — 3” rate (2.4b) can have
either sign [11] because, as mentioned earlier, part of it
represents an overlap correction to a shower of LO 1 — 2
splittings, and corrections may have either sign.

IIL. [dT'/dx],., AND ITS FACTORIZATION

A. Definition and properties

net

As mentioned earlier, we define the “net” rate [dI"/dx],,.,
as the probability per unit time that splittings of a parent
with energy E create a daughter with energy xE (along with
any other daughters). For a shower made up of 1 — 2 and
1 — 3 splittings,

dr’ dr’ 1 [fl=x dr
= =15 4 ay (3.1)

if all the particles are identical (i.e. gluons in our case). The
reason for the 1/2! factor on the 1 — 3 terms is that one of
the three daughters has been distinguished as having energy
xE, but we do not want to double count the integration over
the energies of the other two (identical) daughters.

Note that the total rate (2.5) is not equal to [ dx[dI"/ dx]
But one may show that

1 dar
F—/ dxx[—} .
0 dx net

To see this, use (3.1) to write the right-hand side as

net*

(3.2)

1 dar 1 dar
[l Ll
0 dx net 0 dx 1-2

1 1 1—x ar
— | d d . 33
+2! 0 xx/) Y {dxdy} 153 (33)

For the 1 — 2 integral in (3.3), average (i) the integral with
(ii) itself after the change of integration variable x — 1 — x.
Since the daughters (x, 1 — x) of the splitting are identical
particles, [dI"/dx],_, does not change under x — 1 — x,
and so

1 dar 1 1- dr
/ dxx[} = / dxxi—i_( %) {]

0 dx] -2 0 2 dx] -,
1 r1
:—/ dx dar .
2 Jo dx|_,

Do the same for the 1 — 3 integral in (3.3) except aver-
age over (i) the original integral, (ii)) x <>y, and
(iii)) x <> 1 —x — y. These are just certain permutations of
the three identical daughters (x,y,1—x—y), and so
[d"/dxdy],_5 does not change. Comparing the resulting
rewriting of (3.3) to (2.5) gives (3.2).

(3.4)

B. IR divergences and factorization

As written, the definition (3.1) of [dI'/dx],,, when
applied to the 1 — 2 and 1 — 3 processes (2.4), is plagued
with infrared divergences. First, there are power-law infra-
red divergences associated with the different boundaries
(0, 1 —x, and 1) of the y integrations in (3.1) and (2.3),
but these divergences cancel each other when all added
together. It is possible to re-arrange the y integrals so that
(i) the IR divergences (for fixed x) all become associated
with y — 0 and (ii) the terms which generate power-law IR
divergences all cancel in the integrand. Specifically,
Ref. [9] showed that (3.1) could be rewritten as

dr d1L0  [4r|NLO
.l [

net

with!?

13See Sec. 1.2 of Ref. [9]. Here we use a capital letter for the
function V to distinguish it from the lower-case function v of
Ref. [9]. This is a technical point arising from our use of the full
NLO virtual rates [AdT"/dxdy]NLQ| and [AdT"/dxdy|NEO; in our
discussion here, instead of their NLO counterparts in Ref. [9]
(where a piece including the renormalization scale dependence
has been separated out). See footnote 12 and Appendix A. We
have also capitalized the function name R for consistency of
notation, but it is identical to the function r in Ref. [9].
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dI'|NLO 1/2 l—x
— = dyqV 0
il = [T oo <)

+v(1 —x,y)e<y < g)

1—
+JNLyW(y< 2x)}, (3.6)
where
NLO dI" INLO

1= ([ * [ )

dxdy class I dxdy class IT
+(yel-x-y), (3.7a)
A . 3.7b
{ dxdy} 9999 (370)
The 6(---) in (3.6) represent unit step functions

[O(true) = 1 and O(false) = 0], and they just implement
upper limits on the y integration. The advantage of using
the @ functions is so that all the integrals can be combined:
the integrals for the separate terms each have power-law IR
divergences, but their sum does not.

The explicit upper limit 1/2 on the y integral sign [ dy
in (3.6) could just as well be replaced by co because the
actual limits on various terms in the integrand are imple-
mented by the 6 functions. 1/2 is simply the largest any of
those limits on y could ever be.

Though IR power-law divergences cancel, there remains
an uncanceled IR double-log divergence associated with
y — 01n (3.6). This is a double logarithm [5—7] associated
with soft radiative corrections to an underlying, hard single-
splitting process [d'/dx]'©. Tt is essentially the same
double logarithm that was originally discovered by con-
sidering radiative corrections to g [41]. Physically, this
double logarithm is cut off in the infrared where the ¢
approximation breaks down. If one works exclusively in the
¢ approximation, however, the double log manifests as an
infrared divergence that must be regularized and/or sub-
tracted. Equation (3.6) also generates a subleading, single
logarithm IR divergence that was extracted analytically in
Ref. [42] and alternatively derived from the known radi-
ative corrections to ¢ in Ref. [40]. The small-y behavior of
the integral in (3.6) was found to be

Caa {dl“] LO/ dy _
- — —|Iny+ s(x 3.8
4z |dx y<min(x,1-x) Y [ Y ( )] ( )

for fixed x, where

5(x) = —=In(16x(1 — x)(1 — x + x?))
[x?(In x —%) + (1 =x)%(In(1 - x) —%)] .

2
+ (-x12)

(3.9)

For us, “soft” radiation means soft compared to both
high-energy daughters of the underlying LO splitting
E — xE+ (1 —x)E, and so the small-y approximation
used in (3.8) is only valid for y < min(x, 1 —x), which
is parametrically equivalent to y < x(1 — x).

5(x) diverges proportional to In(x(1 — x)) for x — 0 or
x — 1. It is natural to rewrite the Iny + 5(x) in a way that
combines the Iny and In(x(1 — x)) behavior,

1ny+§(x):ln<x(1y_x)>+§(x) (3.10)

with
§(x) = =In(16(1 —x + x?))

[P(inx=F) + (1= 0>(In(1 =) -]

2
+ I—x10)

(3.11)

[$(x) remains finite for x - 0 and x — 1.] It will also
sometimes be useful to think of the integral (3.8) in terms of
energy and so rewrite it as

 [dI"]LO d
ol s () o)
dr | dx w,<min(x,|—x)E @y (1 x)E

(3.12)

where @, = yE is the energy of the soft y daughter.

By itself, the integral in (3.12) is IR divergent and so
ultimately depends on the IR physics or IR regulator that
cuts off those divergences. We will not be sensitive to the IR
details because we intend to study infrared-safe character-
istics of the shower, namely the shape (1.1) of the energy
deposition distribution €(z). To this end, we will introduce
an energy factorization scale Ay, and separate the NLO
contribution to the net rate into

Jd]NLO dUNLOSee  Cpa [dT]LO (A davy
{ ] B [ ] 4z [dx} A w,

dx | e dx | e y

fan) o]

where the superscript “fac” above stands for “factorized.”
The IR-subtracted net rate

dl"NLO,fac 1) 1—x
— = dy< V(x,y)0
. =] olven( <)
X
+V(1—x,y)€(y<§>

+ R(x, y)a(y . ;x>

Cpag [dT]XOIny +5
4z

(3.13)

is then finite, and it can be computed numerically.
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Our program is to absorb the last (IR-sensitive) term of
(3.13) into an effective value g.; of ¢ and so into an
effective value [dI'/dx]LQ of the leading-order g — gg
splitting rate. In principle, this simply shuffles the problem
of IR-sensitive physics to [dI"/dx]L?. Moreover, in prin-
ciple, the large double and single IR logarithms in
[dT/dx]LQ would then have to be tamed by a next-to-
leading-log order (NLLO) resummation of IR logarithms to
all orders in a,(u). In practice, we will find that we can
ignore the replacement of [d'/dx]'® by [dI'/dx]LQ in
evaluating whether those overlap effects that cannot be
absorbed into ¢ are large or small. In part, this is because
constant shifts §g to the value of § will, by design, have no
effect on the shape function (1.1)—that is precisely why we
choose to study the shape function. Additionally, it is
because we will later show that changes that could affect
the leading-order shape function do not affect the relative
sizes NLO/LO of overlap effects at the order of our
calculation. For now, the upshot is that we will focus on
the IR-subtracted version (3.14) of the net splitting rate.

Note that we have written the integral as f0°° dyin (3.14).
However, the largest y for which the integrand is nonzero
is max(x/2, (1 —x)/2, Apc/E).

C. Choice of factorization and renormalization scales

1. Our usual choice

As previously noted, IR logarithms result from soft
radiation with energies @, up to the parametric scale
min(x, 1 — x)E. The choice of factorization scale that
subtracts as much of the IR logarithms as possible is then
Agpe ~min(x, 1 — x)E, and our usual choice will be

Age = kx(1 = x)E, (3.15)
where k is an O(1) constant that we will canonically choose
to be 1, but which we will vary later.

Our UV renormalization scale p should be chosen so
that the explicit o (u) in the leading-order splitting rate
[dT"/dx]*© (the g associated with the high-energy splitting
vertex) is evaluated at an appropriate physics scale to
account for anti-screening from virtual particle pairs
present in the vacuum. During a formation time, the
transverse separation b of the daughters of a g — gg
splitting is of order (gw)~'/4, where @ = min(x, 1 — x)E.
(Note that this is parametrically small compared to medium
scales in the high-energy limit.) So we want o (1/b), which
is ag (u) with y ~ (gw)'/*. In terms of our choice (3.15), this
is yt ~ (§Age)'/*. Rather than varying the exact choices of y
and Ay, separately, we will simply combine the two by
choosing

Agpe = kx(1 = X)E,

K= (aAAfaC)lM' (316)

2. An alternate choice

We will also consider another choice for comparison. In
our theorist’s limit of arbitrarily high energy showers (and
an infinite-size medium), an underlying LO single splitting
process g — gg, with E — xE + (1 —x)E, should not
affect where energy is deposited in the z direction in the
limit that the radiated energy fraction x (or 1 —x) is
extremely small, since that soft x gluon deposits negligible
energy. So it will not matter if we make a poor estimate
of the size of the IR logarithms for the even softer
radiative corrections to such an already very soft process.
Parametrically, we only need do a reasonable job with
choosing the factorization scale for the case where
min(x, 1 —x) ~ 1. So, though (3.16) is a more physically
sensible choice, one should in principle, for the purpose of
calculating e(z) and then its shape S(Z), be able to get away
with choosing

Afac =rE, H = (EIAAfaC)]/4

(3.17)
instead, where r is an O(1) constant.

We will later compare results using (3.16) and (3.17) to
check the robustness of our conclusions about the impact of
overlap corrections that cannot be absorbed into §. Note
that, for a perfectly democratic splitting with x = 1, our two
different choices (3.16) and (3.17) match up when r = «/4.

D. Numerical results and fits for A¢,. =x(1-x)E

Using (3.14), with the rate formulas of Refs. [9,15] as
described in Appendix A of this paper, and choosing
Age = x(1 —x)E, we have numerically computed14 the
values of [dI'/dx]NaO™ represented by the data points
in Fig. 6 and in the last column of Table 1" More
specifically, the figure and table show the values of

dx ¢
= e (3.18)
CAOCS {%} LO

[ ﬂ} NLO,fac

f(x)

where [dI"/dx]"© is given by (2.1). It is convenient to plot
this ratio not only to see the relative size (in units of Cp )
of the NLO correction compared to the leading-order rate,
but also because both the numerator and denominator
blow up proportional to [x(1 — x)]73/? (up to logarithms)
as x > 0 or x > 1, and so f(x) is a smoother function
than [d'/dx]Ns0.

“See Appendix B 1 for some information on our numerical
methods.

"The data points in Table I and Fig. 8 that have extremely tiny
x or 1 —x are not intended to be relevant to any actual
phenomenological situation, since our high-energy approxima-
tions fail when xE or (1 — x)E are <T'. They are included just for
the purpose of understanding the asymptotic behavior of our
formulas.
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FIG. 6. Plot of the ratio (3.18) vs x for Ag,. = kx(1 — x)E and
i = (§aAge)/*. The diamonds are numerically computed data
points for k = 1, and the solid curve is a fit (3.19) to those points.
For the sake of later discussion, the dashed lines show the results
for x :% (upper) and k = 2 (lower), and the dotted lines for
k = 1= (upper) and x = 16 (lower).

TABLE I.  Our numerical results for f(x) for Ay = x(1 —x)E
and = (§5Age)'/*. The last column shows values for the ratio
(3.18), as plotted by the diamonds in Fig. 6. The second column
breaks out the contribution from only diagrams [9] without
F =4 + 1 vertices. The third column is the contribution from
diagrams [15] with F =4 4 [ vertices, which are shown by
diamonds in Fig. 7. We estimate our numerical error in these
results to be roughly =1 in the last digit for all entries except the
entries for x = 0.0001 and 0.9999 [where we estimate +(afew)
in the last digit]. We expended computational effort to get the
second-column entries for x = 0.0001 and 0.9999 in order to
capture and fit the log behavior of (3.19b), but we did not see a
need to expend similar effort for corresponding entries in the third
column, which have been left blank.

f(x)

X Non-F F diagrams Total
0.0001 —2.087

0.001 —-1.525 —0.0425 —1.568
0.01 —-1.081 —-0.0470 —-1.128
0.05 —-0.8787 —-0.0551 —-0.9339
0.1 —-0.8178 —0.0586 —0.8764
0.2 —-0.7673 —-0.0571 —0.8245
0.3 —0.7455 —0.0509 —0.7965
0.4 —0.7422 —0.0459 —0.7881
0.5 —-0.7573 —-0.0463 —-0.8037
0.6 —-0.7924 —-0.0530 —0.8453
0.7 —0.8477 —-0.0625 —-0.9102
0.8 —-0.9237 —-0.0697 —0.9935
0.9 —1.0276 —0.0697 -1.0974
0.95 —1.1057 —0.0653 -1.1710
0.99 —-1.228 —-0.0577 —-1.286
0.999 -1.319 —0.0542 -1.374
0.9999 —-1.361

The first thing to note about these results is that the
relative size of the (factorized) NLO contribution to
[dT'/dx],. is a roughly Cpas x 100% correction to
[dT/dx]*©. One would need Cpag = N.a, to be small
for this to be a small correction. But remember that our
motivation is to study overlap effects that cannot be
absorbed into §¢. If f(x) were independent of x, then, no
matter how large f was, the NLO corrections would simply
rescale the size of [dI'/dx]"©, which could be absorbed by
rescaling the size of g, which would have no effect on, for
example, the shape S(Z) of the energy deposition distri-
bution. So what will be important about Fig. 6 is how it
varies with x, not its overall value. We must wait until we
compute the NLO effect on the shape before we can draw
conclusions.

The leading-order rate [d'/dx]'© for g — gg is sym-
metric under swapping the two daughters via x <> 1 — x.
The second thing to note about Fig. 6 is that f(x) and so
[dT'/dx]}0 are not symmetric in x <> 1 —x. In general,
[dI"/dx], is not symmetric because 1 — 3 processes are
not. Those processes (such as overlapping g = gg = gg9)
have three daughters; they are symmetric under permuta-
tions of (x,y,1 —x —y) but not under x <> 1 — x.

We will be curious later to understand the relative
importance or unimportance of processes involving funda-
mental or effective 4-gluon interactions such as Fig. 5 on
the shape properties that we will calculate. Following
Ref. [15], we refer to such interactions as “F =4 +1”
interactions, where “F” is meant to be evocative of the word
“four”; “4” stands for fundamental 4-gluon vertices and “I”’
stands for interactions via longitudinally polarized gluon
exchange, which are “instantaneous” in LCPT. Figure 7
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NLO/LO ratio f(x) [F diagrams only]
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FIG.7. Like Fig. 6 but here showing only the contribution from
diagrams that contain at least one F = 4 + I interaction [15], like
the examples in Fig. 5. These diagrams do not have IR
divergences and so do not require factorization, and so they
do not affect the infrared subtraction in (3.14) and are not
sensitive to the choice of Ag,.. These diagrams are also UV
convergent and are not sensitive to the choice of renormalization
scale . The solid curve corresponds to the fit (3.19c¢).
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(a) A log-linear plot of the non-F contributions to the ratio f(x) of (3.18). (b) The same data plotted vs 1 — x instead of x. Note

that we have arranged both plots so that x — 0 is on the left and x — 1 is on the right.

shows our result for the piece of Fig. 6 that comes from
processes involving F interactions [15].

Since data points like those of Table I are slow to
compute numerically, and since we will later need to use
[dT'/dx],., both in integrals and in integrodifferential
equations, we need a reasonable alternative that is quick
to evaluate. We have therefore fit the data of Table I to a
fairly accurate functional form. We will continue to dis-
tinguish the contribution of the F' diagrams, and so we write

f(X) :fnon—F(x) +fF(x) (3193)

We have found a good fit to the non-F contributions (the

second column of Table I) by the function

Foonr(x) = 0.26873 Inx + 0.007451n(1 — x) — 3.92750
+8.96222x — 1.69021x% — 2.93372x!/2
—1.71625x%2 + 1.26448(1 — x)'/?

+3.08068(1 — x)3/2. (3.19b)
This fits all the non-F data of the table with at most 0.003
absolute error and better than 0.3% relative error. The
presence of Inx behavior as x — 0 is clear from the
log-linear plot of the non-F data in Fig. 8(a). In contrast,
Fig. 8(b) does not convincingly demonstrate In(1 — x)
behavior as x — 1, and so for now the nonzero coefficient
of the In(1 — x) term in our fit (3.19b) should not be taken
too seriously. (We have not made the numerical effort to
push our calculations to even smaller values of 1 — x.) For
the rest of (3.19b), we found the use of half powers of x and
1 — x necessary to fit the data well with a relatively few
number of terms. This is a possibility that might have been
anticipated; the somewhat-related experience of Ref. [42]
was that small-y expansions of overlapping real splittings
(and their virtual counterparts) were expansions in powers
of y'/2 rather than integer powers of y (where y was the
softest gluon).

For the F diagram contributions of Fig. 7 (the third
column of Table I), we found that a simple polynomial fit
worked well enough,

fr(x) = —0.04338 — 0.29586x + 1.69249x% — 3.29499x3
+2.38669x* — 0.49977x°, (3.19¢)

which is the solid curve plotted in Fig. 7. This fits the data
points with at most 0.001 absolute error, which is small
when combined with the non-F diagrams. The solid curve
plotted in Fig. 6 is the total ratio (3.19a).

E. Converting between different choices of A¢,.

1. Overview

To understand how our results for [d'/dx]Ne"" will

change if one changes the factorization scale Ay, and
renormalization scale u, we just need to know how our
results depend on those two scales. We can read the Ag,
dependence from the last term of (3.14),'°

" NLO.fac ' o faio
o ] _
X/ dywe(yE<Afac)
0 y
C 41 Lo

x {%1112 <’%> +35(x)In (Alg) } (3.20)

"“The fact that the explicit integral shown in the first line of
(3.20) is infrared divergent does not matter, since (i) that
divergence does not depend on Ag. and (ii) the divergence
cancels, by construction, against the other Ag,.-independent terms
in (3.14).
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The renormalization scale x# dependence is even easier to
isolate. The explicit Inu dependence of the NLO result
must cancel the implicit dependence in the coupling a,(u)
in the leading-order rate (2.1), and so

dr

NLO,fac dl’ LO
Ll'x] » = (pindependent) — Sy, le] Ing, (3.21)

where f, is the leading-order coefficient of the renormal-
ization group f function for a,. Since we are investigating
purely gluonic showers in the large-N. limit, only the
gluonic contribution matters,

11C,
6r

Po = (3.22)

Putting together (3.20) and (3.21), the change 5[dI"/dx] in
the net rate due to changing Ay, and/or y is

5 dj NLO,fac _ CAas dl LO 5 11112 Afac
dx | e 4r | dx 2 E

4
+ 5(x)In (Agc) - g—foln,u}. (3.23)

A change from Ag. = x(1 —x)E to Ag = kx(1 —x)E,
with 4 = (§sAge)"/* in both cases, then gives

|:d1“ NLO,fac
E Agge=kx(1-x)E
net (Ao /4
[dr] NLO, fac C A {dr] LO
dx | o 1 Az | dx

x {llnzk + <§(x) - ﬂ—ﬁo> IHK}. (3.24)

2 (O)N
The dashed curves in Fig. 6 show the variation in the ratio
f(x) of (3.18) from increasing the choice of x up or down
by a factor of 2. In estimating factorization scale depend-
ence, one may reasonably wonder whether it is more
physically relevant to vary the energy scale A, by a factor
of 2 or so, or to vary the associated transverse momentum
scale (gAge)'/* by a factor of 2 or so. The latter
corresponds to varying Ag. up or down by a factor of
16, shown by the dotted curves in Fig. 6. The conservative
conclusion is that £(x) and so [dI"/dx]NLO™ are potentially
very sensitive to the choice of factorization scale.
Fortunately, our final results concerning overlap corrections
to the shape function S(Z) will be dramatically less
sensitive.

Note that the x-independent terms in the factor {- - -} in
the rescaling (3.24) could be absorbed into a constant shift
in ¢ and so will not affect the shape function S(Z). Only the
x-dependent pieces will change the shape function. Note
also that in this case the change in renormalization scale y

has no explicit effect on the size of the NLO correction
to S(Z2).

2. An alternate choice

As mentioned earlier, we will eventually also examine
how our results turn out if one chooses (more simply but
more unphysically) an x-independent factorization scale
Ay = rE as in (3.17). In that case, the relation to our
numerical results for Ag,. = x(1 — x)E is just (3.24) with k
replaced by r/x(1 — x),

|:dl":| NLO, fac
Pluee 1, e

AT NLO,fac Cpag [dD LO (1 ) r
=|— + — —In

dx | e Ae=-0E 4w | dx 2 x(1—x)

#=(aA N goe)!
. 7Py r
# (3-8 ()

We note that, because of the double log in (3.25), the
NLO/LO ratio f(x) will diverge like In?(x(1 —x)) for
Agye =7E as x —» 0 or x — 1, instead of the milder Inx
divergence as x — 0 (and perhaps no divergence for x — 1)
that we found numerically for Ag. = x(1 —x). The
worse divergence of Ap,, = rE is an indication that A, =
x(1 — x) better captures the physics of x - 0 and x — 1, as
we supposed.

(3.25)

3. Yet another choice

Though we will not use it for numerics, it will be
convenient in some of our later discussion to also consider
the choice

Agye = rEy, H= (@A/\fac)l/é‘7 (326)

where E| is the energy of the original particle that initiates
the shower, and r is again a fixed, O(1) constant. At first
sight, a seeming failure of this choice is that it is the
wrong scale late in the development of the shower (or any
part of the shower), when particle energies have
dropped to E < E|,. In that case, however, those particles
are already effectively stopped, since their remaining
stopping distance ¢, (E) ~ a5'\/E/q is then parametri-
cally small compared to the overall stopping distance
Csop(Eo) ~ a5'\/Ey/q. Having chosen Ay, poorly for
those E < E; splittings will not have a significant effect
on the energy deposition distribution €(z). As to the lack of
x dependence in (3.26), the argument that was made in the
case of (3.17) applies here as well.
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For later reference, the conversion is

|:dl" NLO.fac
a Agyo=rE
t fac 0
ne n=(apApe)
|:d1“‘ NLO,fac
- E Afpe=x(1-x)E
t fac
e H=(aAge) /4

+CAaS ar Lo llnz rE,
4z |dx 2 x(1 =x)E

F. Scaling of [dI'/dx]f%$ with energy E

net

The only dimensionful scales in the original NLO
differential rates AdI'/dxdy are g and the parent energy
E. Like the leading-order rate (2.1), those differential rates
are proportional to 1/§/E and so scale like E~'/2 for fixed
x and y. However, the integration over y in (3.6) to get
[dT"/dx)NLO produced IR log divergences. To factorize out
those divergences, we introduced a new energy scale A, to
define [dI'/dx]Ns% in (3.14). If we take our canonical
choice Ag. =kx(1 —x)E or the alternate choice
Ay, = rE, then we are not introducing a new dimensionful
parameter, and [d"/dx] 2" will scale as E~'/2. But this
is not the case if we instead choose Ag,. = rEy as in (3.26).
Specifically, (3.27) shows that this choice would introduce
a term into [dT'/dx]NEO™ that scales as E~V/21n%(E,y/E).
Later, in Sec. V and beyond, we make use of simplifications
that occur when [dT"/dx]f scales exactly as E~'/2. At that
time, we will only consider choices where Ag,. « E, like
Agfpe = x(1 = x)E or Age = rE, and not Ay, « E.

IV. LO VS EFFECTIVE LO RATES

In defining the factorized net rate (3.14), we subtracted
the IR log divergences from the net rate and imagined
absorbing those divergences into an effective leading-
order g — gg splitting rate [dI'/dx].. Formally, within
our approximations so far,

dr LO o dr LO 1 (:I\ab /Afac d(l)y
dx|ee  |dx r Jo o

y

x [m(ﬁ) —i—fv(x)] } (4.1)

However, to really compute [dI"/dx]L2, one would have to
correctly account for the infrared physics that cuts off the
IR divergence of the integral above. Parametrically, the
result at leading-log order is

"n (4.1), we are using the version of the integral from (3.13).

[E} - {E] LO{1 _Ca%y0 <Afa“> } (4.2)
dx | dx kY4 T
In the high-energy limit, the double logarithm becomes
large since we choose Ay, x E. That means that
agIn?(Ag,e/T) is not small at high energy, and one must
resum logarithms to all orders in a to get a usable result
for [dT"/dx]L2.

Let us ignore that complication for just a moment to give
a very crude preview of the type of argument we will
eventually make. Imagine, just for a moment, that the
logarithms were not large and that o, In*(Ag,./T) had size
O(ay). In this paper, we want to explore the relative size
of NLO corrections that cannot be absorbed into g, as
measured by the shape function S(Z). That means that we
will look at the ratio of the factorized NLO correction to the
effective LO result for S(Z). But (if logarithms were not
large), this ratio would be

NLOp,. NLOy,.
LOy  LO X[l + O(a)]
NLOy,.
= e [1 4 O(ay)]. (4.3)

LO

The desired ratio NLOy,./LO; is itself O(a,), but (4.3)
means that the difference between using LO and LO
in the denominator is an even higher-order correction to
the ratio and so can be ignored. At the order of our
calculation, we can simply calculate NLOy,./LO instead of
NLOy,./LO.s. Unfortunately, the logic of (4.3) fails
because the accompanying logarithms are large.'®

So think schematically about resumming the large
logarithms in [dT'/dx]L to all orders in . At first order
in a, (4.1) absorbs not only a leading, double log but also
a subleading, single log. To be consistent, we must then
consider NLLO resummation of large logarithms. We do
not know how to do the full NLLO resummation.
Fortunately, we do not need it because the shape function
S(Z) and its moments are completely insensitive to any
constant shift in g, which corresponds to any constant (i.e. x
and E independent) contributions to the braces {---} in
(4.1). Understanding the x and E dependence of the NLLO
resummation is much easier than understanding the full
NLLO resummation. To preview the result of this section
we will argue that, for large logarithms, the resummed
version of (4.3) is

NLOfac _ NLOfaC
LOys  LOx [1 +O(yay)]

NLO,.
= TOf x [1+ 0(yay)]

(4.4)

"®In fact, such logarithms have to be large if we wish to treat
our high-energy o (u) as smaller than the a,(7) of the medium.
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A0
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FIG. 9. (a) A Wilson loop with long, lightlike sides and transverse spatial width Ab, whose expectation gives exp(—1g(Ab)T(Ab)?)
for small Ab and large extent T in time #. (b) An example of a high-energy nearly-collinear radiative contribution to the

Wilson loop.

provided the LO quantity is (like the shape function)
insensitive to constant shifts of g.

The following discussion may be a little clearer if we first
remove any x and E dependence from our choice of
factorization scale, taking Ay, = rEj as in (3.26) for the
purpose of this argument. The conversion (3.27) between
this scale and our usual choice A, = x(1 — x)E is finite
and is free of large logarithms unless x(1 —x) < 1 or
E <« E,. As discussed in Secs. III C2 and IIE 3, those
limiting cases will not significantly affect the calculation of
the shower energy deposition distribution ¢(z) and its
shape, and so the conversion (3.27) does not need to be
resummed.

A. Origin of the IR double and single logs in (4.1)

We need to review the origin of the remaining, explicit x
and E dependence in (4.1) so that we can discuss how to
resum it. We will use the combined analysis of IR double
and single logarithms presented in Ref. [40]. There, the
usual, leading-order BDMPS-Z rate calculation (in ¢
approximation) was modified by replacing g by the
effective transverse momentum broadening parameter
Geir(AD) originally calculated by Liou, Mueller and Wu
(LMW) [41], which incorporates the effect of soft radiation
carrying away transverse momentum. The Ab in G (AD)
represents transverse separation. Formally, §.(Ab) is
extracted from the thermal expectation of a Wilson loop
with long, lightlike sides separated by transverse distance
Ab, as depicted in Fig. 9(a). The bare g corresponds to
the contribution from thermal-scale correlations in the
medium; the double and single logarithms come from
the exchange of a nearly collinear, high-energy gluon
(w>T) as in Fig. 9(b). In our application, those loga-
rithms are cut off at high energy by the factorization scale
Agye» S0 that T <@ < Ag,.. We should really write
Goir (AD; Ag,.) instead of just G (AD), but we will stick

with the shorter notation g.¢(Ab) for now, with the Ag,
dependence implicit.

As reviewed in our notation in Ref. [40], the Zakharov
picture of the usual BDMPS-Z calculation for g — gg
involves solving for the propagator of 3-particle quantum
mechanics in the two-dimensional transverse plane with
Hamiltonian

2 2 2 A

_ Pi Pi> Pis  l9a (b2 2 2
= - - + b3, + b3,),
2|p11| 2|p22| 2|p23| 8 2 > !

H (4.5)

where b;; = b; — b; are the transverse separations between
the three “particles” in Fig. 10 and (p.i,p.0,p:3)=
(I —x,x,—1)E are the corresponding longitudinal momenta
of those particles. Symmetries are used to reduce this to a
I-particle quantum mechanics problem in a single trans-
verse position variable B related by

b]2 :B, b23 = —(1 —X)B, b3| = —)CB, (46)
which reduces (4.5) to
P? iga
H=——"—-—-—"(1 1 —x)? 2)B? 4.7
(1 —0E 8 =X+ 0E, (47)

where P is conjugate to B. In the LO splitting process of
Fig. 10, transverse separations vary with time, but the
typical value B of B during the splitting is parametrically

“In the original work of LMW [41] on momentum broad-
ening, the role of our “Ag.” is played by the largest “soft”
bremsstrahlung energy  that has a formation time that fits inside
the length L of the medium, which corresponds to A, ~ §L>.
Our canonical choice (3.16) of Ay, in this paper corresponds to
replacing that L by the formation time of the underlying hard
single-splitting process E — xE + (1 — x)E that one is comput-
ing soft radiative corrections too.
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1 1-x
3 -

(lightcone) time

FIG. 10. This is Fig. 1(b) for LO splitting g — gg, but here with
the three lines labeled (1,2,3).

B~ [x(1 —x)Eg]~"/*. (4.8)

Reference [40] argued that, in the large-N, limit, the
modification of (4.5) that would correctly reproduce the
IR double and single logs from soft radiative corrections
to the hard, underlying g — gg process was, with one
caveat,

H— P Pis _ Pis — g
2lp,|  2lp,| 2lp.,| 8

+ 43 (b23) b33 + G5 (b31)b3,].

o (b12>b

(4.9)

The caveat is that the momentum broadening analysis of
LMW [41] gives the g between an amplitude (blue) line
and a conjugate amplitude (red) line in Fig. 10. The G
between two amplitude (blue) lines is slightly different.
In the analysis of Ref. [40], this difference was equivalent
to replacing

eff(bu) - qeff( m/gbu), (4-10)
in (4.9). The modified (4.9) then reduces to
P? i .
H = _ _ [peff —m/SB
2x(1_ )E S[QA (e )
+ (1 —x)2g%((1 = x)B) + x2¢50(xB)|B2.  (4.11)

Reference [40] used this Hamiltonian instead of (4.7)
for the BDMPS-Z calculation and reproduced the soft
radiative corrections (3.8) to the usual leading-order
BDMPS-Z rate (2.1). The result may be summarized in
the form®

20Though some broader claims were made at the end, Ref. [40]
only did explicit calculations for the part of the double-log region
to the right of the corner marked f in our Fig. 11. However, that
region contains all of the Ab dependence of the logarithms, which
is our ultimate interest here.

dx | o dx QA(O)
4 g [E (1= 0B
’ da)

+ w3 (4.12)

B
N ’

5 = _J/l:'/2 l — — 2\, _1/4
B=e 2x(1 xX)(1 —x+x*)goE . (4.13)

21
where here

and the weights (wy,, wy3, w3, ) are defined by

1 (1—x)?
w — 5 w. - )
P I+(1—x)2 442 P+ (x4
2
X
= , 4.14
a1 1+ (1—x)+x? (4.14)
with
W12 +W23 +W31 = 1 (415)

The intricate details of these formulas will not matter for
our argument, but we thought it useful to have something
concrete to reference. There are two aspects of (4.12) that
will matter.

The first is that, for our application, the arguments Ab of
the three ¢$T(Ab)’s in (4.12) are all of order

Ab ~ By = (qaEy)~"".

(4.16)
That is because, as previously discussed, processes with
parametrically (i) E << Ej or (ii)) x <1 or | —x <1 are
not important to determining the shape function S(Z).
The second important aspect is that, if one were to
replace all three of the different Aeff(Ab) s in (4.12) by the
fixed (x and E independent)” value g5 (B,), then the
effective LO rate [dI'/dx]LQ would be a fixed multiple
of the original [d'/dx]*© (i.e. something that could be

20ur B defined in (4.13) differs from the B defined in
Ref. [40] by a factor of 14 = ein/8,

235 (Ab) = g5 (Ab; Agye) also depends on Afye- Remember
the earlier argument that the difference between using Ay, = rE
and Ag =rE or Ag =kx(1 —x)E does not involve large
logarithms in our application, and so, for simplicity, we would
carry out our discussion of resumming large logarithms using the
fixed scale choice Ay, = rEy. That simplifies the discussion here
because the only x and E dependence inside the braces {---} in
(4.12) is that of the arguments Ab of 5T (Ab; Ag,.); we need not
be distracted by the possibility of x or E dependence of Ay, in
this analysis.

074015-14



LANDAU-POMERANCHUK-MIGDAL EFFECT IN SEQUENTIAL ...

PHYS. REV. D 108, 074015 (2023)

absorbed by a constant shift of ¢), and so the shape of the
energy deposition distribution would be unchanged;
SLO(Z) = S¥9(Z). That means that the actual difference
between SLQ(Z) and SY°(Z) depends specifically on how
¢S (AD) varies when one varies Ab.

B. The dependence of resummed ¢/ (Ab) on Ab

The dependence of the original LMW g (Ab) on Ab is
easy to extract from parametric arguments for the double
log in Ref. [41], provided we rewrite their parametric
formulas in terms of variables more relevant here. Figure 11
shows the double-log region, where 7, is the scale of the
mean free path for elastic scattering of high-energy par-
ticles from the medium. The difference with similar
discussion in LMW is that they were interested specifically
in the problem of transverse-momentum broadening after
passing through a large length L of medium, and in that
context they eventually set the transverse separation to be
Ab ~ (L)™', We want to keep everything in terms of Ab,
which can be achieved by substituting back L ~ 1/§(Ab)?
in their general discussion. With this translation, they found

Gesr(AD) = q(o) + 6G(Ab)

CA(ZV 1
~ g 1 S n? 4.17
"“”[ T " <fﬂo(Ab)z)] @.17)

Inw

v ul

AtNTO

FIG. 11. The integration region giving rise to the double logs of
LMW [41]. Here w is the energy of the soft-radiated gluon (which
we called yE earlier), and At is the time over which it is radiated (the
difference of the emission time in the amplitude and the emission
time in the conjugate amplitude). The transverse momentum of the

soft-radiated gluon is k; ~+/w/At. The only boundary that is
sensitive to Ab is the red one. For a quark-gluon plasma, the three
vertices (a, 3, y) above respectively correspond to (w, Af) of order
(T,79), (z0/(Ab)?, 70), and (1/G(Ab)*, 1/G(Ab)?). The last one
is also parametrically ~(Agye, ffom (Agac)) for our application. We
have not shown any vertical snip off the y corner corresponding to
constraining @ < Ag,. because it is unimportant as far as large
logarithms are concerned and so, for this purpose, is a detail hidden
inside the circle marking that corner.

at leading-log order, to first order in (). In fact, the Ab
dependence of the double log above contains all of the
Ab dependence including the single log as well [41]. We
can therefore use LMW’s results for leading-log order
resummation to all orders in a,(y) to also obtain the
results for the Ab dependence of a NLLO resummation.
(We outline a more detailed argument of this claim in
Appendix C.)

Equation (4.17) was derived by LMW for the case where
one ignores running of & (k). In that case, they obtained
an analytic result for the leading-log resummation. We will
continue with their fixed-coupling analysis, but later argue
that a running coupling will not change our conclusion that
NLO/LO ~ NLO/LO as in (4.4). Their resummed result,
when translated from their L back to Ab, is

Caa\ 1/2 1 ))

h (2( " ) 1“(aro<Ab)2
Caa\1/2 1 ) ’
( : ) 1n<?p0(Ab)2

where /, is the modified Bessel function. Remember that in
our problem Ab ~ By = (§5E,)”"/*, and so™

b B
qro(Ab)* VT

In the high-energy limit of large logarithms, (4.18)
becomes

et (AD) ~ G () (4.18)

(4.19)

1 2+/Cpag/m
) . (420)

Jors(AD) ~ g —_—
e (AD) q(())(é]rO(Ab)z

where we have suppressed a prefactor proportional to
1/(y/as log)3/? that will not affect the argument (see
Appendix C4 for details). Since Ab ~ B, this can be
expanded as

R Ab R 1 24/ Cpa/7
Gesr ( )Nfl(o) m

x {1 _2<%> v 1n<<AB%>2ﬂ (421)

and so

ZIn the case of a weakly coupled QGP with gauge coupling
coupling g, we have used §() ~ ¢*T* and 74~ 1/¢°T and so
?](0)1% ~T in (4.19). For a strongly coupled QGP, the only
relevant scale here is 7. One can worry that one should self-
consistently use g instead of gy for g in (4.19), but the

difference would only generate a subleading O(a) correction to
the O(,/a;) exponents in (4.20) and (4.21) and will not affect the
conclusion (4.22).
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et (AD) = Gegr(By)[1 + O(y/ay)]

= (fixed constant) x [1 + O(\/ag)].  (4.22)

The expansion in ,/a; made here is valid because
In(Ab/By) is not a large logarithm in our application.
Equation (4.22) is the justification for our earlier claim
(4.4) that we could ignore the difference between S™0(Z)
and SL2(Z) when computing the relative size of NLO
corrections to SLQ(Z).

C. Running of a4 (k)

In the preceding, we used an explicit resummation for-
mula (4.18) that ignored running of a (k). At leading-log
order, one may find more sophisticated discussions in
Refs. [43-45]. However, that analysis is not needed for
our argument.

First note that the red boundary k; ~ 1/Ab in Fig. 11 is
the part of the double-log region where k| is the largest and
so ag(k,) is the smallest. In our previous argument, we
were trying to show that

Z]eff(Ab) B f]eff(BO)
@:ff(BO)

<1 (4.23)

for Ab ~ By, so that g.(Ab) could be replace by G.i(By)-
For fixed coupling, we argued that this ratio was O(,/a;).
Imagine that the fixed coupling we had taken was the
coupling associated with the red boundary, a,(1/Ab). Note
that 1/Ab ~ 1/By ~ (§Ey)"/* ~ u in our application, and
s0, up to higher-order corrections, a,(1/Ab) is just the oy =
a,(u) that we have been using throughout this entire paper.
Now imagine replacing fixed a, = a,(1/Ab) by a running
ag(k | ). The numerator in (4.23) does not change, because it
only involves the physics of k; ~ 1/Ab. But the denom-
inator gets bigger because, in the rest of the double-log
region, a,(k,) is bigger than before. So, the parametric
inequality (4.23) remains valid for small a(u).

D. Notation: LO vs bare

Going forward, it will be helpful to somewhat streamline
our notation. From now on, we will use “LO” to refer to
calculations based on the leading-order splitting rates (2.1)
with g taken to be G (By), as opposed to the bare g ).
With this nomenclature, we now formally have

LO = LO x [1 4+ O(\/ay)] (4.24)

for any quantity we will discuss in the context of energy
deposition, including ones that are (unlike the shape
function) sensitive to constant shifts in g.

V. ENERGY DEPOSITION EQUATION

In this section, we derive the basic equation satisfied by
the energy deposition distribution ¢(z). We will build on the
methods of Refs. [32,46].>* One might be able to directly
figure out the final formula in terms of the net rate
[dI"/ dx],, but we think it is clearer to first review earlier
results written in terms of [dI'/dx],_, and [dI'/dx],_;.

For simplicity, start by considering a shower composed
of only 1 — 2 splittings. Let ¢(E, z) represent the distri-
bution of deposited energy as a function of position z for a
shower initiated by a particle of energy E, with

/°° dze(E,7) = E. (5.1)

0

The starting equation is

€(E,z+ Az) ~[1 —T(E)Az]e(E, z)

1 /1 dar
— dx|— (E,
+2A x[dx( x)} 1-2

x Az{e(xE,z) +e((1 —=x)E,z)}  (5.2)
for small Az. To see this, think of traveling the distance
z + Az indicated on the left-hand side as first traveling Az
followed by traveling distance z. In the first Az of distance,
the particle has a chance 1 — I'(E) Az of not splitting at all,
and then the energy density deposited after traveling the
remaining distance z will just be ¢(E, z). This possibility is
represented by the first term on the right-hand side of (5.2).
Alternatively, there is a chance that the particle does split
in the first Az. In this case, we will have two particles with
energies xE and (1 —x)E, which will deposit energy
density e(xE, z) and ¢((1 — x)E, z) respectively after trav-
eling the remaining distance z. Both daughter’s eventual
contribution to the deposited energy are added together in
the second term of (5.2). The factor of % in the second term
is the identical final-state particle factor for the two
daughter gluons,

rE) = A ' dx [% (E, x)}

Rearranging the terms in (5.2) and taking the limit Az — 0
yields the integrodifferential equation

SCXEPPNPRILY (O

(5.3)

1-2

2 dx
x {e(xE,z) +e((1 —=x)E,2)}.

1-2
(5.4)

#See in particular Appendix A.1 of Ref. [32], but specialize
throughout to the case of a single type of particle (namely
gluons).
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Now use the symmetry of [dI"/dx],_, under exchange of
the final-state daughters x and 1 — x to rewrite this as

aE(aEz’ 2 _ —T'(E)e(E, z) + Al dx [% (E. x)] l_ﬂe(XE’Z)'

(5.5)

1 — 3 splittings may be included by following the same
steps. First, add a 1 — 3 term

— [dr
E
o) sl )

X {e(xE, z2)+e(VE, z) +e((1-x—=y)E,z)} (5.6)

to the right-hand side of (5.4). Using the symmetry of the
three daughters, this generalizes (5.5) to

oe(E, )
0z

=-T(E)e(E,z) + / dx[jr (E, x)] o e(xE,z)

iy [l [T )|

= —T(E)e(E.z) + / dx[ (E. x)]net (xE. z).
(5.7)

where the last equality uses (3.1). We may now express
everything in terms of [dI'/dx|,, by (i) using (3.2) to
rewrite I' as [ dxx[dI'/dx|,, and (ii) combining the x
integrals,

a(aiZ) /o dx[ZI;(E’X)]net{€<xEvz>—xe<E,z>}. (5.8)

Provided [dI"/dx],., scales with parent energy as E~'/2,

e.g. like the leading-order rate (2.1) does, we may define an
energy-independent, rescaled rate [dI"/dx], ., by”

o)

1/2

net

— E\2 {"f (x)} (5.9)

dx

net net

If rates scale like E~'/~, then the distances z characteristic
of shower development will scale like E'/2, so the energy
deposition distribution should scale as

e(E,z) x é(E~'/?z).

(5.10)

It might be more elegant to scale out a factor of Cxa,\/Ga/E
in (5.9) instead of just E~'/2, so that the rescaled rate [d'/dx],
(and also eventually the coordinate 7) would be dimensionless.
‘We will find it convenient to do this later, in Sec. VII. We do not
do it now because it would slightly clutter our equations and
deemphasize the most essential point, the E~/? dependence.

We want the rescaled function &(s) to be independent of E
and so have a normalization independent of E. We choose
to normalize it so that

Amdsé(s):l,

which, together with (5.1), fixes the proportionality con-
stant in (5.10),

(5.11)

e(E,z) = E'?e(E™"/?7). (5.12)

For a shower initiated by a particle of energy E;, (5.8)
becomes

aéa(;):/)ldxx|:Z,I)_C‘()C):|net{x—l/Zé(x—l/22)_g,(z)}>7 (513)
where

=E,'"z, (5.14a)

and the original energy deposition distribution e(z) that we
were looking for is

€(z) = e(Ey, 2)

Now that the variable Z has served its purpose, we may
use (5.9) with E = E,, along with (5.14), to rewrite (5.13)
in terms of the original, unscaled variables as

= E)(2). (5.14b)

0¢(z)
0z

= Al dxx[zr (Ey, )] l{x‘l/ze(x_l/zz) —¢e(2)},
(5.15)

Just remember that this formula is only valid if [dI"/dx]
scales with energy as exactly E~1/2,

Equation (5.15) will be the basic equation underlying the
analysis in the rest of this paper. Like [d'/dx]"© of (2.1),
[dT/dx],., diverges  [x(1 — x)]~*/? for x = 0 and x — 1.
It is useful to note that, nonetheless, the x integration in
(5.15) is convergent as x — 1 because the two terms inside
the braces then cancel, and it is also convergent as x — 0
because of (i) the overall factor of x in the integrand and
(ii) the fact that the energy deposition distribution €(z’)
must fall rapidly (at least exponentially) to zero as 7/ — co.

net

VI. MOMENTS OF THE SHAPE S(Z)

The simplest aspects to calculate, of the energy depo-
sition distribution ¢(z) and its shape S(Z), are their
moments.

Before we start, we give a clarification about numerical
accuracy. In this section, we give a variety of numerical
results for moments in Tables II-V, where we will implicitly
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TABLE II.  Expansions (6.8) of the moments (z") of the energy
deposition distribution €(z) for Age = x(1 —x)E [(3.16) with
k = 1]. The last two columns show similar expansions of (z")!/",
for which 8[(z")!/"] = L (z"){{/"""'5(z"). The unit #; is defined

by (6.14).
7 n 7 1 7i
("o 5(z") (@ 8l

" in units of £7 in units of £,

Z 2.1143 2.2338 Cpa, 2.1143 2.2338 Cpas
72 5.7937 12.191 Cpa, 2.4070 2.5324 Cpa;
7 18.758 59.214 Cpaq 2.6570 2.7959 Cpa
2 68.534 289.00 Cpa, 2.8772 3.0332 Cpa;

pretend that the fit (3.19) to our NLO/LO rate ratio f(x) is
exactly correct. In reality, though our fit is good, it is only
an approximation to f(x). We have not attempted to make
systematic estimates of the error arising from this approxi-
mation. However, from our experience in (i) varying the
number of terms in our fits and (ii) improvement over time
of the accuracy of the values that culminated in our Table I,
we estimate that the final results for the relative size of
overlap effects on moments of S(Z) should be accurate to
roughly two significant figures.

A. Recursion formula for moments of ¢(z)

To find a formula for the moments, multiply both sides of
(5.15) by 7" and integrate over z. After integrating by parts
on the left-hand side of the equation, one finds the recursion
relation

nferty= [ | Ean)]| =@ o)
giving

n<Zn—l>

<Zn> = W, (628_)

where we find it convenient to introduce the notation

avea) = [ G| o0 (620

The moments (Z") of the shape S(Z) [defined by (1.1)] are
given in terms of the moments (6.2) as simply

wy (2"
@) =5 (63)
z)
As examples, the stopping distance is
buop =10 = 5t (64
=T Avele(T = VA |

and the width of the energy deposition distribution is

o= ((z%) = (z))"/? with
(%) = /wic?m. (6.5)
The width of the shape S(Z) is then
o 2Avel(-yE] )7
S (Crant ) - @9

B. Expansion in «; and results

We now want to expand results to NLO in ag = a,(u) to
compute the relative size of the changes to the moments due
to overlapping formation times effects. We imagine split-
ting the rate into

dr dl’ LO dr NLO,fac
[a:| net B |:E:| eff - |:E:| net

as discussed in Sec. III B. We expand the moments as

(6.7)

(2") = (2")§% + 8(z"), (6.8a)

where (z")¢ff  represents the result obtained using

[dT/dx]L? instead of [d[/dx],, in (6.2), and 5(z") repre-

sents the factorized NLO correction to (")) at first order

in [dl'/dx]N-9" Remember that, adopting the nomencla-
ture of Sec. IV D,

(@16 = (")Loll + O(Vay)]. (6.8b)
Expanding the recursion relation (6.2a) gives
oy [ 8GN SAvglx(l —x"?)]
6(z") = (2o LG_ww Avele(l —x"/z)]uj’ (6.9)
where
Avegho= [ ar| G (E| T, (G100
sAvelg(x)] = A dx [21; (Eo. x)} Nto’facg(x), (6.10b)

and §(z°) =0. The LO moments are determined recur-
sively by the analog of (6.2a),

_ n(z" o
Avglx(1=x"?)] o

(Z")Lo (6.11)

Though it is not our ultimate goal, we give results for the
first few moments (z") in Table II. These were calculated
using (2.1) for the LO rate and using
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TABLE III.

Expansions involving moments (Z"), reduced moments 4, 5, and cumulants k,, g of the shape function

S(Z). Here we take Ay, = kx(1 — x) and show the x dependence of the results. There are no NLO entries for (Z)
because (Z) = 1 and (Z); 5 = 1 by definition of Z = z/(z). See the caveat about significant figures given at the
beginning of Sec. VI; we estimate that our results for ya, are valid to roughly two significant digits, once one
accounts for approximation error to the NLO/LO rate ratio f(x).

Quantity O Oio 60 X0
(2) 1
72)1/2 1.1384 (—0.0050 + 0.0004 In k) C  ct, (—0.0044 + 0.0003 In k) C yct,
(Z3)1/3 1.2567 (—0.0053 + 0.0006 In ) C  ct, (—0.0042 + 0.0005 In k) C  ct,
(z4yV/4 1.3608 (=0.0031 + 0.0007 In k) C yct, (—0.0023 + 0.0005 In k) C st
W2 = K2 = o 0.5441 (=0.0104 + 0.0008 In k) Cp (—=0.0191 + 0.0014 In k) Cr
U3 gl 0.4587 (0.0139 + 0.0004 In k) C xa (0.0303 + 0.00101In k) C xa
ulfd 0.7189 (0.0011 4 0.0006 In k) Cr (0.0016 + 0.0009 In k) Cx
KL/ 0.2561 (0.3242 — 0.0086 In k) Cct, (1.2662 — 0.0338 In k) Cct,

dT"] NLO fac dr' Lo
#.. -omlE] e e

with fit function (3.19) and Ag,. = x(1 — x)E for the NLO
rate. The parametric scale for the stopping distance is

1 [E,
P G\

and so we have expressed the moments in Table II in

appropriate units of
1 E
A 0= A—O
Caas \ ga

Because different moments (z") have different dimen-
sions, comparing those moments would be comparing
apples and oranges. So we have also converted all the
moments into lengths by presenting the expansions of
(z")V/" in the last two columns. In that comparison, the
overlap corrections are roughly O(100%) x C,aq relative
to the LO results. This is similar in size to the NLO
corrections that we saw for [dI'/dx],, in Sec. III D.

Now look instead at the analog of (z")!/" for moments of
the shape function S(Z),

(6.13)

(6.14)

< Zn> 1/n
(z)
Their expansions to NLO are given in Table III, now using

the adjustable factorization scale Ag. = kx(1 —x) and
explicitly showing the x dependence of the results.?

(zMVn = (6.15)

%1f we had shown & dependence for the moments of Table II,
they would have double-log dependence on k. For example, (z) =
2.1143 + (2.2338 + 0.3084 In k — 0.0841Ink) in units of #,. We
did not show this for everything since we are focused on the shape
function, which is not affected by constant changes in g.

In all these entries, ya, is our name for the relative size
of NLO corrections:

60
yoa=—— 6.16
Oro (6.16)
for any quantity Q.
Table 111 similarly show results for (u, s)'/", where the
reduced moment y,, g of the shape S(Z) is
pns = (Z—(2))"). (6.17)

Our motivational example of such a moment [8] is

0 qn
05 = 7 =Hrs>
stop

(6.18)

for which the relative size ya, of NLO corrections is
roughly —2% x Ca, for k = 1 and which remains small
for k varied over any reasonable range. All the other (Z")!/"
and (u, )"/" entries in Table III have similarly small NLO
corrections.

Not content to leave well enough alone, we also
considered similar expansions involving the cumulants
k, s of S(Z) up through n = 4. For n < 4, cumulants are
the same as reduced moments, but

kys = pas— 3#%.5- (6.19)
As can be seen in Table III, the NLO correction for kélL/ ; is
large—more than 100% x Cpa,! This is because the LO
values on the right-hand side of (6.19) cancel to within 2%,
and so the relatively small NLO corrections to 4 ¢ and
3u3 ¢ become a large relative correction to what’s left over.

One can worry if the large correction to kg iS an
important effect, or whether something important may
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happen for moments beyond n = 4. A simple way to settle
this is to calculate the corrections to the shape function
S(Z) itself rather than merely its moments. It is trickier to
get accurate numerics for S(Z), but we will be able to see
that the NLO corrections to S(Z) are all very small, the
fourth cumulant k4 g not withstanding.

C. A formula for later

We gave recursive expressions for 5(z") and (z"); o
in (6.9) and (6.11), but we have not bothered to explic-
itly write formulas for each 6Q in Table II in terms
of §(z") and (z"); and thence in terms of integrals. For
later reference, it will be helpful to have one explicit
example: ya, = (6Q)/(Q10) in the case of Q=65=06/p.
Starting from o = ((z%) — (2)?)!/? and £, = (z), we
have

s -1

_ o (3422 = 2(2i0d(z) _ 6(2)
- S'L°<2<<z2>m—<z>io> ) (6.20)

and so

a),, = _ 8(2%) = 2(2)100(2) _ 8(2)
Y 2((Po - (Do) (Do

Combined with (6.9) and (6.11), that’s good enough for
numerics. If desired, one may simplify this formula to”’

(6.21)

sAve[x(1=vF7]  sAvglx(1-x)]

Xl = 2velx(1—viPho  2AveR(1-Dlo

(6.22)

D. An alternate choice: A, =rE

Before moving on, there is another check that can be
made of the robustness of our qualitative conclusion that
NLO corrections to moments (other than the fourth
cumulant) are tiny relative to LO results. In Sec. III C 2,
we argued that the choice Ay, = rE, where r is an O(1)
constant, is a poor choice of factorization scale for
small x(1 —x) but should be adequate for defining
the factorization of the shower’s energy deposition dis-
tribution €(z), and hence shape S(Z), into LO.; and NLO

pieces. Our [dI'/dx] %" can be converted from our
original choice A, = x(1 — x)E to Ag,. = rE using (3.25)

“"The averages in the first term of (6.22) are related to the
averages of x(1 — x"/?) that arise in an evaluation of (6.21) by the
linearity of the definitions (6.10) of §Avg and Avg; o in their
argument, which gives SAvg[x(1—+/x)?]=25Avg[x(1—/x)] —
SAvg[x(1—x)] and similarly for Avg; .

TABLE 1IV. Like the last column of Table III (the relative size
of NLO corrections) but computed here for factorization scale
Afac =rE.

Quantity Q X0 (Apye = rE)

(2)

(z2)172 (0.0023 + 0.0058 In(47)) Ccx,

(Z3)1/3 (0.0051 + 0.0082 In(4r))C e,

(z4)1/4 (0.0081 + 0.0090 In(4r))Cacx,
Ve =klg = o (0.0102 + 0.0252In(4r)) Cra,
V313 (0.0429 + 0.01401n(4r))Cra

ﬂl/; (0.0236 + 0.0169 In(4r)) Ccx,

K4 (0.8415 — 0.4878 In(4r))Cpa,

and then used to compute moments. Table IV shows the
result of converting the last column ya, of Table III
to Afac = rE.28

Like Table III, the relative sizes of NLO corrections
remain small, except for kzlt./ 54 . Note that results for A, =
rE are more sensitive to the exact choice of r than results
for Ag,. = kx(1 — x)E were to the choice of «.

E. The relative importance of F diagrams

Table I, or a comparison of Figs. 6 and 7, shows that
F = 4 + 1 diagrams (like those of Fig. 5) make a relatively
small contribution to [d'/dx]Ns%™ for Ag. = x(1 — x)E.
Was it (with hindsight) important to include them in
our analysis? It is interesting to examine their contribu-
tion to the shape S(Z) of energy deposition, which is
insensitive to changes that can be absorbed into g. How
much do F diagrams affect the relative size ya, of NLO
corrections, like those given in Table III? Table V shows the
relative contribution of F diagrams to ya, compared to
the total of all NLO diagrams. Their effect is small for
our favorite characteristic ,ué/sz =0/l Of the shape.
However, their relative effect is larger for higher moments
like g/

The takeaway is that calculation of the F diagrams [15]
was important for getting good estimates of some of
the shape moments in a particular factorization scheme,
but their inclusion or exclusion did not affect the answer
to the qualitative question of whether NLO corrections
are large.

28
k=1 was our canonical ch01ce for /\mc =kx(l —x)E.

In Table IV, we implicitly made r = 1 our “canonical” choice
for Age = rE, just because it matches Ag, = x(1 —x)E for
perfectly democratic splittings x = 0.5. This is the reason we
write the logs in Table IV as In(4r), so that the logs vanish
1

for r = 4.
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TABLE V. The relative contribution of F = 4 4 I diagrams to
the ya, values listed in Table III for x = 1.

o, (F diags only)

Quantity Q ya (total)

(Z)

<Z2>1/2 —14%

VAN -25%

(z4)1/4 —63%

W = = o e
13 ,1/3 18%
3.5 = k3is

”l/; 225%
1/4

k4./s 4%

VII. THE FULL SHAPE S(Z)

We now turn to finding the full shape function S(Z)

expanded to first order in [dT"/ dx]ye%osfac'

A. Method

First, return to the basic Eq. (5.15) for e(z). It will be
useful for numerics and the following discussion to switch
to dimensionless variables

%o dar dr
e f Z ’ 72{ I
EOG( 02) 0 Iy

z
1=—, €(z 7.1
=g & - (11)
with £ defined by (6.14). Then

06 (2)
0z

1 dl’
—/ dxx[—} {x12e(x"V2z) —e(2)}.  (7.2)
0 dx net
The leading-order version is just

08y (2 1 4o
ero(2) _ / dx x {d_] {x7Peo(x122) —e10(2) -
0

0z X
(7.3)

To solve (7.3) numerically, we follow a procedure similar
to Ref. [32].% First, we start with an approximate asymp-
totic solution for large 2,

eLo(2) ~ e ¥/, (7.4)
which is derived in Appendix D. [This leading exponential
dependence is also the same as that for the Blaizot/Iancu/
Mehtar-Tani (BIM) model for showers, discussed in
Appendix E.] We choose a large value Z,,, > 1 and use
(7.4) for Z > Zax Since (7.3) is a linear equation, it does
not care about the overall normalization of €; o, and so we

PSpecifically, see Appendix B of Ref. [32].

initially take &10(2) = e ¥/7 for 2 > 2 and postpone
normalizing € until later.

Next, we choose a small increment AZ < 1 and approxi-
mate (7.3) by

1 JrLo
202 — AZ) = &0(2) — Az / dxx[—]
0 dx

X {x 2o (x7122) — &1 0(2) }

Note that, for any value of Z, the arguments of the function
€10 on the right-hand side of (7.5) are never smaller than 2
itself. So, starting with Z = Z,,.«, we use (7.5) repeatedly,
step by step, to calculate & o(2) for smaller and smaller
values of Z, until we get to Z = 0. When we are done, we
then normalize &;(2) so that

o A A A
/ dZéo(2) = 1.
0
A few more details about numerical implementation are

given in appendix B 2.
Next, we substitute

(7.5)

(7.6)

into (7.2) and expand to first order in NLO quantities,
giving

1 LO
:/ dxx {;E] {x~128e(x1/%2) - 5¢(2)}
0

X

052(2)
0z

A

1 dl] NLO.fac /2A 1/2a R R
—|—A dxx [d_} {x7 128 o(x7122) =81 6(2)}.

X | net

(7.8)

If not for the last term, this would have the same form as the
LO equation (7.3). The last term, however, acts as a driving
term generated by the previously computed &;(2). To
solve (7.8), we discretize it similar to (7.5) and start with
5¢(2) = 0 for 2 > Z.x. Let 6¢1(2) be the solution obtained
through this procedure.

If 5¢,(Z) is a solution to (7.8), then so is
for any constant c. The solution we need is one consistent
with normalizing & =& o +6¢ so that [dzé(2) =1
through first order. That normalization requires

/ " dz62(2) = 0.

0

(7.10)

The properly normalized solution (7.9) can be obtained
from any particular solution 6¢; by

52(2) = 88, (2) — 810(2) /O S azse(3), (1.11)

provided we have normalized €1 as in (7.6).
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(a) The solid curve shows the energy deposition distribution &; o(2) vs 2 = z/¢, where the unit £, is defined in (6.14). [For

comparison, the dotted curve shows an analytic result (E6) derived from the BIM model.] (b) A similar plot of 6¢;o(2)/Caa; for our
canonical choice Ay, = x(1 — x)E of factorization scale. For comparison, the dashed curve shows the first-order change (7.17) that

would be induced in & (%) by rescaling the 2 axis in (a).

Finally, the expansion
S(Z) =~ 810(Z)+65(Z) (7.12)

of the shape function (1.1) to first order in [d"/dx] 5O
can be written in the form

S1o(Z) = (2)LoéLo(Z(2)L0)- (7.13)
N d - ~
35(2) = | @ost D) +ol0) )] 04
¢ =220
where (2), is evaluated using &, and 5(2) is
52y = | dzzee(2). 7.15
(2) A 2268(32) (7.15)

B. Results and checks

Figure 12 shows our numerical results for & (%) and
5¢(2)/Caag. From the latter, we see that NLO corrections
to the leading-order energy deposition distribution are large
unless Cpa, is indeed small. Similar to our earlier dis-
cussion of the Table II results for the moments of €(z),
this is not surprising; in Fig. 6, we saw that NLO
corrections for the net rate [dI'/dx],., decreased the rate
by O(100%) x C,a. A large decrease to the rate will mean
a large change to how soon the shower stops, and so a large
change to where the energy is deposited.

To understand the shape of §¢(Z) in Fig. 12(b), consider
any change to &, (%) that simply rescales the 2 axis,

20(2) = A210(22). (7.16)
If we increase the stopping distance by choosing A =1 — ¢
and then formally expand to first order in £ (just as we

formally expand our overlap results to first order in a),
then the change in & o would be proportional to

—[éLo(2) + 286 (2)]- (7.17)
The dashed line in Fig. 12(b) is a plot of (7.17) which, to
excellent approximation, is proportional to the solid curve
for 5¢(2)/Caa,. That is, the corrections that we see in
Fig. 12(b) can mostly be absorbed into a change in the
stopping distance and so into the value of g.

Now turn to the shape function S(Z) ~ S;5(Z) + 65(Z),
which is insensitive to constant changes that can be
absorbed into §. Figure 13 shows plots of S;o(Z) and
8S(Z). Here, NLO corrections to S o(Z) are small even for
Cpa, = 1, qualitatively consistent with our results for the
moments of the shape function in Table III, but now with
the clarification that the relatively large correction to the
delicate fourth cumulant does not correspond to a signifi-
cant effect on the shape distribution S(Z). To emphasize
this point, we reproduce in Fig. 14 the comparison
presented in our summary paper [8] of Sy (Z) vs Si0(Z) +
88(Z) for Cpag = 1.°

The shape functions shown in Fig. 13 were linearly
extrapolated to the continuum limit AZ =0 from simu-
lations at (A2, Z.) = (0.0025,20) and (0.005, 20). To
check that this is adequate, we compute moments from our
numerical results for S; o(Z) and §5(Z) and compare them
to our earlier moment calculations in Table III. Specifically,

We have been careful to say S;o(Z)+ 6S(Z) instead of
simply S(Z). That’s because S(Z) at this order is really
S¢L(Z) + 8S(Z). Section IV explained that S;o and S¢ can
be expected to differ already at O(,/@;), and we have not
calculated S¢I. However, the comparison of S; o and Sy + 85
made in Fig. 14 is enough to investigate the relative importance of
overlap effects 6S.
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FIG. 14. Energy deposition shape with and without first-order
overlapping formation time effects 65, for Coa, = 1.

Fig. 15 shows the approach to the continuum limit of the
relative size ya, of NLO corrections to the reduced
moments and cumulants. As one can see from the figure,
a linear extrapolation from our two smallest AZ values will
do fairly well at reproducing our earlier (and more precise)
moment results.”’ The precise numbers do not matter as the
point of this exercise is simply to feel confident enough in
the accuracy of Figs. 13 and 14 to support our qualitative
conclusion that the NLO corrections to the shape function
are small for Cpa, < 1.

1. An aside: BIM model for LO results

Our focus in this paper is on NLO corrections, which we
have compared to the size of LO results. Like our NLO
corrections, the LO energy deposition €;(z) and shape
function S;o(Z) have been computed numerically in
Figs. 12(a) and 13(a). It is interesting to compare those

See Appendix B 2 for a demonstration that errors associated
with out choice of Z,,, were negligible.

numerical results to a model of LO shower development
investigated by Blaizot, lancu, and Mehtar-Tani (BIM)
[30,31], which replaces the LO splitting rate (2.1) by
something simpler that allows for analytic solutions. The
BIM model of LO shower development gives the dotted
curves in Figs. 12(a) and 13(a). (See Appendix E for
details.) The BIM model result is notably different for the
energy deposition €; o(z) but is close to the exact LO result
for the shape function S; o(Z). Since our conclusion is that
NLO effects for the shape function are small, the BIM
model appears to give a reasonably good approximation to
the shape S(Z) of energy deposition (for the purely gluonic
showers studied here).3 2 That is, its more significant
deviation in the case of e(z) could be absorbed into the
value of g.

VIII. TIME EVOLUTION
OF GLUON DISTRIBUTION

In this paper, we have focused on characteristics of the
energy deposition distribution €(z), for which the basic
equation was (5.8). One might also be interested, more
fundamentally, in the time evolution of the distribution of
all shower gluon energies as a function of time. Though we
will not make use of it in this paper, we present here the
basic evolution equation as another example that all the
necessary information about splitting rates is encoded in
the net rate [dI"/dx]

net*

2If one compares the BIM model curve in Fig. 13(a) to the
total LO + NLO curve in Fig. 14, then the BIM curve looks like it
matches the total curve even better than it matches the LO curve.
But this is accidental and represents a somewhat faulty com-
parison: The BIM curve in Fig. 13(a) is independent of the value
of Cpag, but the difference between the LO and LO + NLO
curves in Fig. 14 is proportional to Caa,, which was somewhat
arbitrarily chosen to be Cpa,(u) = 1 for the purpose of Fig. 14.
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The horizontal lines show the ya, results of Table III for the relative size of NLO corrections to reduced moments and

cumulants, as computed using the direct integration method of Sec. VI for Ag,. = x(1 —x)E, i.e. k = 1. The data points show, as a
function of step size AZ for 2, = 20, the same moments computed instead from the S;o(Z) and 6S(Z) functions found by the

numerical methods of Sec. VII.

Reference [9] packaged the basic evolution equation
33,34

E)

0
a”(& Ey,t) = -T'(CEy)n({, Ey, t)

[ )
¢ X ldx \ x net \X

(8.1)

where n({, Ey,t)d{ represents the number of gluons
with energy between (E, and ({+ d{)E, at time t.
Our new observation about this equation is simply that
(3.2) can be used to rewrite (8.1) completely in terms of
(dr/

net’

3See Sec. 3.1.1 of Ref. [9], where our n(¢, Ey, 1) here is called
N({,Ey.t) there. For a sanity check of why [d'/dz], is
apggopriate in (8.1), see footnote 27 of Ref. [9].

*"Our distribution D((, E, t) is a p | -integrated distribution. In
principle, if one imagined a more general equation than (8.1) that
fully handled overlap effects to NLO in a(u) for the evolution of
an unintegrated distribution D(¢,p |, E, ), then our (8.1) should
be equivalent to the p | integral of that more general equation. We
should also note that our (8.1) is a coarse-grained description that
assumes one does not attempt to resolve time scales smaller than
democratic formation times, which are of order democratic color
decoherence times in the language used by authors who make
antenna approximations. All effects associated with two over-
lapping formation times have instead already been integrated over
time scales <ft,, and absorbed into the formula for the effective
rates [dI'/dx],. appearing in (8.1). So, for example, possible
memory effects like the ones considered e.g. by Ref. [24] in
antenna approximation do not appear explicitly in the structure of
(8.1); they are instead implicitly accounted for (along with all
other overlap effects not captured by an antenna approximation)
by our rate formulas, in the situation described in Sec. I A. (See
also footnote 4.)

4] X

fae (o)) o)
dx \ x net \X

_x[jj—z(gEo,x)] n(z,Em}-

9 n(¢. Eo.1) = Al dx{M

(8.2)

net

When discussing energy deposition, it is a little easier to
describe the shower (following [30]) in terms of gluon
energy density in ¢,

D(. Ey, t) = CEgn(L. Eq, 1), (8.3)

instead of n(¢, Ey, t). The corresponding version of (8.2) is

9 (¢ By 1) = K dx{e(x > 0)

ot
) [ (C O,x)} (g’ 0’t>
dx \ x net \X

—x[fll; (éEO,x)] D(¢, Eo,t)}. (8.4)

net

As time progresses, D(, Ey, t) develops a 5-function piece
representing the amount of stopped energy,

D(é’, E()v t) = Estopped(E()7 t)é(é:) + Dmoving(g’ EO’ t)' (85)

For a sanity check, we verify in Appendix F that the
evolution equation (8.4) conserves total energy.

In applications where the relevant rates scale with energy
exactly as E~'/2, one may rescale variables as
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t=EJ*,  n(l Eg 1) =L, ),

D(¢, Ep,1) = EoD(¢.7) (8.6a)
ar ar
- — g-1/2|

to simplify (8.2) to

or equivalently

0~ . 1 [t [dl (¢
ED(Cy t) - m/) dx |:a:| net{@(x > Z_:)Xl/2D (;,I)

At leading order, where there are only 1 — 2 splitting
processes, (8.8) is equivalent to an evolution equation
used previously by Refs. [30,31] to study leading-order
shower development in the BIM model.*” Through the use
of [dT"/dx] . our (8.8) extends their equation to situations
where there are more than just 1 — 2 splitting processes.

Note that E~'/2 energy scaling is subtle at NLO, even
when one chooses a factorization scale Ag,. « E such that
[dT/dx]N:O¢ gcales as E~'/2. The subtlety is that
[dT"/dx]L? then has E~'/?1n> E instead of E~'/2 depend-
ence on energy. We have managed to ignore this difficulty
in our analysis only because we have been specifically
interested in the size of NLO/LO.; ratios, as discussed
in Sec. IV.

One reason that we have not attempted to simulate (8.8)
for this paper is that we expect it would be more numeri-
cally challenging to accurately reproduce the tiny NLO
effects of Table IIL.

IX. WHY ARE NLO EFFECTS SO SMALL?

Why are our results for overlap effects on the shape of
energy deposition so very small? The simplest character-
istic of the shape function, for example, is its width
05 = 0/Cop, for which the relative size of NLO correc-
tions listed in Table III was

#See Eq. (4) of Ref. [30], where their (x,z) are our (£, x).
Their K(x) (before they make the BIM model approximation of
replacing K by K) is our [d'/dx]'©, up to a trivial overall
normalization difference associated with their definition of
rescaled time 7 vs our 7.

[y = (=0.0191 + 0.0014 In k) C .

"/fslop (9 1)

Seemingly, overlap effects which cannot be absorbed into g
are almost negligible even for Caa,(1) =1 in large-N,
Yang-Mills theory. As noted in the summary paper [8], this
conclusion is vastly different than an earlier analysis [32] of
overlap effects in large-N;y QED for charge (rather than
energy) deposition of a shower initiated by an electron.
There, the result was

b(aEM]Zl}a;ii = —0.87NfaEM, (92)

which would be an O(100%) effect for Niagy(p) = 1.
When we set out performing the calculations in this paper,
we were expecting gluon shower results somewhat similar
in size to (9.2). We were very surprised by the tiny
result (9.1).

One could wonder if there might be some miraculous
reason why (9.1) should be exactly zero for a purely
gluonic shower. Perhaps we were not careful enough with
the precision of our numerics, or perhaps there was some
tiny mistake in the rate formulas of Refs. [9-12]? But «
parametrizes our choice of factorization scale A=xx(1—x),
and the x dependence of (9.1) originates solely from the
double and single IR logarithms subtracted by the defi-
nitions (3.13) and (3.14). The double logarithms have
long been known [5-7] and are well-studied. The full
single logarithms have been derived by two completely
different methods [40,42] which give the same result. The
steps that lead from there to the x dependence (3.24) of the
net rate, and then to the Inx term in (9.1), are pretty
straightforward.”® Since one O(1) value of k is a good as
another, we do not see how (9.1) could be a mistaken
value for something that is actually exactly zero for all
choices of «.

Can we get any insight as to why (9.1) is so small
compared to the analogous (9.2)? Though we do not have
an explanation of why (9.1) is as very small as it is, it is
possible to investigate some aspects of the suppression in
more detail.

To study this, we will separate how the result (9.1)
depends on [d"/dx]h="" from how it depends on every-
thing else. Equation (6.22) for (9.1) can be rewritten as

1 " NLO.fac
energy __ dx W ol
s = [ avwin |G

net

(9.3a)

It is worth noting that the x-independent terms of the
dependence shown in (3.24) can be absorbed into a constant shift
in ¢ and so do not affect the shape distribution and so give no
NLO corrections ya, to moments of the shape distribution. The
only term in (3.24) that does affect ya, is the §(x)Ink term
associated with IR single logs.
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(a) w(x) and f(x): energy stopping for gluon shower
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(b) f(x) shifted upward
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(a) Plot of the NLO/LO net rate ratio f(x) (solid curve) and the weight function w(x) in the integral (9.4a) that gives (9.1).

(b) The same, but f(x) is shifted upward by a constant, as described in the text.

with weight function W defined by”’
X (1=VX)? X (1-x)
2Avg[x(1=vx)’|o  2Ave[x(1 =)o’

Now rewrite the above in terms of the NLO/LO rate ratio
f(x) defined by (3.18),

W(x')

(9.3b)

a5 = Coa, [ drn(f(o) (9.4a)
N 1PN Y G
)= |7 ) {2AVg[x(1—\/)_C)2]L0
X(1=x)
rvan e O40)

Note that the definition (6.10a) of Avg[- - -]; ; means that

/ L () = 0. (9.5)
0

This had to be because if f(x) had been an x-independent

constant, so that [d['/dx]N5™  [d'/dx]"©, then the
NLO effects could be completely absorbed into a constant
shift in ¢, and the whole point of looking at shape
characteristics such as oy is that the shape is insensitive
to constant shifts in g. So the integral (9.4a) must vanish for
constant f.

Figure 16(a) shows a plot of w(x) and f(x). Because of
(9.5), the w function has to be positive in some places and
negative in others, but note how that manifests; it is positive
on the left of the plot and negative on the right. It is not
really antisymmetric in x — 1 — x, but qualitatively it is a

3"Note that, in (9.3b), the variables x appearing in the
Avg[ - -].o’s are dummy variables associated with the definition
(6.10a), unrelated to the integration variable x in (9.3a).

crude distortion of something “antisymmetric.” In contrast,
f(x) has the same sign on both sides of the plot; it is not
really symmetric in x — 1 — x, but qualitatively it is a crude
distortion of something symmetric. Note that the NLO
g — gg contribution to f(x) must be exactly symmetric
because the daughter gluons are identical particles, but this
symmetry is not respected by the g — ggg contribution.”®
These properties of f(x) and w(x) explain a partial
cancellation when we compute the integral (9.4a) of their
product w(x)f(x).

We will make the last statement more concrete by plotting
w(x)f(x), but we find it more visually advantageous to first
eliminate one piece that does not contribute to ya,. Note
that, because of (9.5), the integral (9.4a) for ya, will be
unchanged if we replace f(x) by f(x) + ¢, for any constant
c. We choose to replace Fig. 16(a) by Fig. 16(b), where we
have chosen ¢ to make f(x) + ¢ small for the middle range
of x values, while still maintaining that f(x) + c, like f(x),
has the same sign everywhere. Now we plot the product
w(x)[f(x) + c] as the solid curve in Fig. 17. The value of
xa, is the area under that curve. One sees a positive
contribution from the far right of the plot, partly canceled
by a negative contribution from the far left, though it is hard
to judge visually how precisely they cancel.

Now let us look at a similar analysis for the analogous,
charge-stopping calculation for an electron-initiated shower
in large-N;y QED. In the large N; limit, it is possible to
distinguish the original electron throughout the evolution of
the shower, and the overall charge deposition of the shower
is simply given by where the original electron finally stops

¥t would not make sense to plot the NLO g — gg and g —
ggg contributions separately because they have canceling power-
law IR divergences [9], which are not handled by our factori-
zation scheme (3.14). One might in principle imagine enhancing
our factorization scheme to subtract power-law divergences for
the separate contributions, but it does not seem worth the effort
(and we do not currently have complete analytic results for all of
the power-law divergences [9]).
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—— (large-N ) gluon energy stopping: w(x) x [shifted f(x)]
« = « (large-N)) electron charge stopping: w(x) x f(x)

4 .
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FIG. 17. The solid curve is the product of the w(x) and shifted
f(x) functions of Fig. 16, and its integral gives (9.1). For
comparison, the dotted curve shows a similar product for
large-N; QED (9.2).

and deposits its charge.39 The relevant splitting rate for
computing charge deposition is then the electron splitting
rate [dI"/dx],, where x represents the energy fraction of the
original electron after the splitting compared to before the
splitting. In Ref. [32], the formula analogous to (9.3) was
(with minor adjustment)40

charge SAVg[(l B \/;)2] 5AVg[(1 - X)]
V“EM]G/A = 21 ’
o 2Avg[(1 - VX))o 2Avg[(1 =)o
(9.6)
where here 5Avg is computed using [dT'/dx]YL9 instead of

[dT"/dx]NO¢ R factorization is not necessary (there are
no log IR divergences), and so there is no IR factorization
scale Ay,.. Equation (9.6) can now be rewritten as

che 1 Jd]NLO
a5 = [ arw, o) [d—] (9.72)
with weight function
1 - 12 1=x
W(x') (1= V) (=) (9.7b)

" 2Ave[(1 - VAo 2Avg[l -0

¥See the discussion in Sec. 2.2 of Ref. [32].

40Speciﬁcally, see Eq. (2.17) of Ref. [32]. The analysis of that
paper later used a more complicated version, Eq. (2.26) of Ref. [32],
which accounted for a piece of the rate that scaled with energy as
PoE~'/% In E, arising from a fixed choice of renormalization scale .
One will get the simpler equation we have used by instead choosing
i o (grE)"/* with constant r, similar to our (3.17). The difference
with the fixed-y result turns out to be small and does not
significantly affect (9.2). [The change is less than 3% and does
not depend on the choice of .] We have not shown other reasonable
choices, such as u = (gkxE)'/* analogous to our (3.16).

w(x) and f(x): charge stopping for electron shower
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FIG. 18. Like Fig. 16(a), but here for charge stopping of
electron showers in large-N; QED.

To put it in a form similar to (9.4),

el = Niagw [ dow0f.0. (080
Wx/_fx/ Lo (1_\/)7)2
) = [dx( ﬁ M{zAvg[u Y SE
B (1=x")
PAvel(l = x)JLo}’ (5-80)
[%}NLO
folx) =———=4— (9.8¢)

- LO
dar
Vi),

Figure 18 shows plots of w,(x) and f,(x) analogous to the
plots of w(x) and f(x) in Fig. 16.

There is no crude symmetry or antisymmetry here. Note
in particular that even LO and NLO single splitting rates for
e — ey will not be symmetric in x — 1 — x because the two
daughters are not identical particles. [Unlike the discussion
of Fig. 16, we will not shift f,(x) by a constant because it
already, like Fig. 16(b), is almost as close as it can get to
f. = 0 while having the same sign of f,(x) for all x.] The
product of w,(x) and f,(x) is shown by the dotted curve in
Fig. 17. One can see the qualitative difference with the
gluonic case; the area under the dotted curve does not have
any significant cancellation between positive and negative
contributions. But also, the area associated with the right-
hand side of the dotted curve is already bigger than that
associated with the right-hand side of the solid curve.*!

It is natural to wonder how much of the huge difference
between the small vs large ya,’s of (9.1) and (9.2) are due to

“'We find numerically that (up to logarithms) both curves blow
up as (1 —x)"/2 as x — 1, which is an integrable divergence.
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having fermions in large-N; QED (e.g. ¢ — ey and y — ee
processes), and so how much different our QCD results
might be if we included quarks in addition to gluons
(e.g. ¢ = qg and g — ¢qg). Formally, quark processes are
suppressed in the large-N, limit if one takes N large while
keeping N; fixed, and so can be ignored for large-N . gluon-
initiated showers. However, since N, =3 and N; >3
[depending on the size of u ~ (gE)"/*] in QCD, a more
relevant large-/N, limit would be to include quarks and treat
N; as also potentially large.

It is also natural to wonder whether, even for electron-
initiated showers in large-N; QED, there might be a
significant difference between the size of overlap correc-
tions for (i) the shape of the energy deposition distribution
and (ii) the shape of the charge deposition distribution. And
similarly for quark-initiated showers in QCD. We leave all
of these questions for future study.

X. THEORIST ERROR

We should comment on the possibility of error in our
calculation. There is, of course, theoretical error associated
with the unknown size of yet-higher-order corrections and,
in our case, the choice of factorization and renormalization
scales. But one may be more concerned with what we
instead refer to as theorist error. The calculation of over-
lapping splitting rates [9-15] was very long and very
complicated. Though we and our previous collaborators
have tried very hard to be meticulously careful, to inde-
pendently check the details of all calculations, and to devise
cross-checks, we cannot completely rule out the possibility
of error. Ref. [9] lists a number of nontrivial sanity checks
on our rate calculations,* though we later found one error
in the calculation after the first publication of Ref. [9].43
More recently, our best cross-check has been to show that
the IR contribution to our very complicated, full expression
for [d"/dx],, gives the correct result for single (and not
just double) IR logarithms. This was shown by (i) extracting
[42] the single log coefficient (3.9) from the IR limit of our
full rate calculation and comparing to (ii) a much simpler
and completely independent derivation of the IR single
logarithm [40], found by substituting the known single-log
result [41] for soft radiative corrections to in-medium
transverse momentum broadening into a BDMPS-Z-like
calculation of the leading-order rate for a hard g — gg
splitting.

In principle, the best way to have full confidence in our
full result for [dT"/dx],., would be for an independent group
to repeat the calculation, preferably using an independent
method. A less arduous check might be to independently
calculate [AdI'/dxdy],_,,,, in the IR limit y — O (for fixed
x) and extract the nonlogarithm piece of that limit. Or to

42Speciﬁcally, see Sec. 5 of Ref. [9].
“See Appendix A of Ref. [42].

somehow independently compute [dI'/dx],,, in the limits
x — 0 and/or x — 1. But we are unsure how complicated
such calculations might be.

All that said, we feel fairly confident in our final
conclusion.

XI. CONCLUDING REMARKS

Our specific conclusion is that the effects of overlapping
gluon splittings are numerically very small and incon-
sequential for the shape of the energy deposition of a
purely-gluonic in-medium shower, at least with the sim-
plifying assumptions used in our thought experiment. Put
another way, the effects of overlapping formation times on
the energy deposition distribution e(z) itself are small
provided one allows ¢ to be an energy-dependent phe-
nomenological jet quenching parameter for this purpose.
The energy dependence of §.(w) was investigated at
leading-log order by the early work of Refs. [5-7], and
expanded on in Refs. [43—45]. It would be interesting if
those analyses could be extended to next-to-leading-log
order (for which our very limited NLLO analysis of Sec. IV
would be inadequate).

The results of this paper and its companion Letter [8]
represent a first exploratory investigation into these topics.
In particular, motivated by Sec. IX, it remains to be seen
whether overlap corrections become more important when
quarks are incorporated into our gluonic showers.
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APPENDIX A: NLO RATES IN TERMS
OF THE NLO FORMULAS OF REF. [9]

The NLO rates used in this paper are given in
Refs. [9,15] (and in particular Appendix A of each). But
most of the rate formulas in those references are given for
what they call NLO rates. The purpose of this appendix is
to be clear how the various NLO rates needed for this paper
can be written in terms of the NLO rate formulas given in
Refs. [9,15].

The difference between NLO and NLO is that Ref. [9]
found it convenient to separate the renormalization
scale dependence p from the rest of the NLO g — gg rate,
writing
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NLO NLO
A @ = |A £ + £ (A1)
dx dx dx | ren 1og

9=99 9=99

with*

L ()
dx ren log B 2 dx |QO|E

+ 1n<x(14_x)> +yp —Z]

and f, given by our (3.22). Above, Q, is the complex
frequency associated with the leading-order BDMPS-Z
g — gg splitting rate (2.1), given by

ig, 1
Qy = —14+-
0 \/ 2E < +x+ 1 —x>
B —i(1=x+x?)ga
B 2x(1=x)E

and yg is the Euler-Mascheroni constant. Note that the In y
dependence in (A2) matches (3.21). There is not neces-
sarily anything significant about the x dependence and
dimensionless constants in the rest of (A2)—they were just
a combination that was convenient to algebraically separate
from the NLO rate in Ref. [9] and to integrate over y.

When written in terms of the NLO rates of Refs. [9,15],
our Eq. (2.3) is then®

l—‘ NLO 1—x
sl (e
dx | ggq 0

1—
dxdy} virtI) - (x N X)

1 dar dr
f 2t [ 9
0 dx dy virt IT dx ren log

where [AdT'/dxdy],;, ; and [AdT"/dxdy),;, y is the notation

in those references for the NLO versions of what we call
[AdT/dxdyN-O, and [AdT'/dxdy]NLO . in this paper.

class class I
Correspondingly, Eqgs. (3.6), (3.7), and (3.14) of this paper
can be rewritten, in terms of the rates presented in

refs. [9,15], as*

(A2)

44Above, Egs. (A1) and (A3) correspond to Egs. (A.49) and
(A.4) of Ref. [9]. Equation (A2) above is a slight rewriting of
Eq. (A.50) of Ref. [9]. For that, we have used Eqgs. (A.6) and (A.7)
of Ref. [9], and we have also used the fact that Q; = e~/#|Q| to
rewrite Re(iQ In(1/Q)) = Re(iQ)[In(1/|Q|) — 7.

45Equation (A4) above is just the combination of Egs. (A.47)-
(A.49) and (A.52) of Ref. [9] for the case of renormalized rates.

**The NLO rate in (A5) above is Eq. (1.7) of Ref. [9]. v(x,y)
and r(x,y) are defined as in Eq. (1.8) of Ref. [9].

i e EL
- — | == + |—
dx dx ren log dx net

net
dr /1/2 { ( 1- x)
= |— + dydv(x,y)0|y <
|:dx:| ren log 0 Y ( y) g 2

+ o(1 —x,y)&(y < %)

+r(x, y)9<y o . x) } (AS)
o= (o] o] )

tel-x-y) new
r(x,y) = {A djiclc;y} s—a00 o

and, most importantly,

(" NLO.fac dar © 1 —x
— = |— d ,¥)0
|:dx:| net |:dx:| ren log - A y{v(x y) <y = 2 >

+ (1 —x,y)&(y < f)

2

+ r(x,y)e<y P ;")

Caag [dl“} LOny + 5(x)

4z |dx

O(yE < Afac)}.

(A7)

Take care when using these formulas to note that
the definitions of [AdT'/dxdy],_, ., [AdT/dxdy];. 1, and
[AdT"/dxdy),;y i in Ref. [9] have been updated to include F
diagrams in Ref. [15].47

APPENDIX B: NUMERICAL METHODS
1. Computation of [dI'/dx] NLO fac

net

In (A7) for [dT'/dx]hsC", there is a subtraction in the y
integrand that removed the y~' Iny and y~! behavior of the
integrand at small y which would otherwise have generated
IR double- and single-logarithmic divergences. With that
subtraction, the leftover behavior of the integrand at small y
turns out to be of order y~'/?Iny, which is an integrable
divergence. However, as a practical matter for numerical
integration, it is more efficient to soften the integrable
divergence by changing integration variable from y to

“Specifically, see Eqs. (A.1), (A.18), and (A.19) of
Ref. [15].
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u = y'/2, so that the behavior of the u integrand is merely
Inu as u — 0.

We use Mathematica [47] for the evaluations of the y
integrand, including the necessary At integrations in the
formulas for [Adl'/dxdy|y., [AdU/dxdylyyy, and
[AdT'/dxdy],_,,, presented in Refs. [9,15]. Our unsophis-
ticated attempts to use Mathematica’s built-in integrator to
do the u = y'/? integrals were inefficient, however. Instead,
we did the u integration by brute force using a simple
midpoint Riemann sum covering the integration region
U=0 to Uy = [max(x/2, (1 —x)/2, Apc/E)]'/? where
the integrand is nonzero. For sufficiently smooth functions,
the error of a midpoint Riemann sum should scale as
O((Au)?), where Au is the small step size. But there are
two issues that spoil this rate of convergence: our integrand
(i) has discontinuities at the thresholds for the various 6
functions in (A7), and (ii) diverges as Inu as u — 0.
The simplest way to take care of issue (i) is to divide
the integral up into the three regions where the integrand is
continuous, and do each region separately with a midpoint
Riemann sum.*®

For the second issue, we numerically extract the coef-
ficient ¢ of the clnu behavior as u — 0, and then we
correct the midpoint Riemann sum approximation to

; N
A mﬂxduf(u) :—Auzlnzc—&-;Auf((n—%)Au),

(B1)

where Au = uy,/N. The factor of %Aulnz in the cor-
rection term comes from the identity

NAu N 1
]\1/1_[)1’010|:/0 du lnu—;Auln(GL—E)Au)}

= —lAu In2. (B2)
2

There are, no doubt, much more sophisticated integration
methods that could have been used, but these were the
simplest for us to quickly implement without diagnosing
how to fine-tune the performance of general-purpose
integrators; because our integration method is nonadaptive,
however, one must monitor the numerical convergence with
increasing N.

2. More details on numerical evaluation of ¢(Z)

In the backward-evolution equation (7.5) for & o(2), the
integral

*Alternatively, one can do a single integral over the total
integration region and correct the midpoint rule in the steps where
discontinuities occur, given that we know exactly where the
points of discontinuity are.

: AU iy s
; dx x I {xPe0(x7122) =1 0(2)}  (B3)

has integrable singularities at the endpoints. Specifically,
the integrand scales like x~!/2 as x — 0 and (1 — x)~'/? as
x — 1. It is numerically more efficient to make a change of
integration variable, similar to the u = y'/? earlier in this
appendix, to reduce the singularity. Changing variables to
u = x'/% in (B3) will help x — 0 but will not do anything
for x — 1. A simple solution is to first split the integral

up as
1 1/2 1
/dx:/ dx+/ dx’
0 0 1/2

and then change integration variable x — 1 — x in the last
integral. Remembering that [dT"/dx]*© is symmetric under
exchange of its two daughters, (B3) then becomes

(B4)

1/2 df LO A ) . A
/ dx[d—] (e 2200(x122) 210(2)}

X

+ (=) {(1=x)"e0((1-x)7"22) —&10(2)}).  (BS)
Now the change of integration variable to u = x'/? will
remove all 1/, / divergences.

To do the integral (B3) with the discretized representa-
tion of &(&) that we obtain for 2 <& <2, we used
Mathematica to interpolate the function and then integrated
using that interpolation.

The integrals in (7.8) that determine 6¢(Z) may be treated
similarly, except that one must remember that [dI'/dx],, is

not symmetric under x — 1 —x. So the driving term

A

1 I NLO.fac
/ dx x {] {x7 128 0(x7122) —&16(2)}
0

B6
dx net ( )

for that equation should be replaced by

1/2 df‘ NLO.fac oa L/2a . .
7 (x| o) - ot
0 X net
df‘ NLO,fac
1- — (11—
+-0) 900

net

x {(1 = x) V200 ((1 = x)71/22) - em@}), (B7)

followed by a change of variables to u = x'/2.

In the main text, we demonstrated approach to the
continuum limit in Fig. 15. Figure 19 shows our approach
to the Z,,.x — oo limit for the smallest AZ value of Fig. 15.
There is no noticeable difference between the results for
Zmax = 10 and Z,,.x = 20, and so the value Z,,,x = 20 used
in Fig. 15 was plenty large enough.
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FIG. 19. Like Fig. 15 but here the data points show the dependence on Z,,,, for AZ = 0.0025. The solid horizontal lines again show the
results of Table III, and their difference with the (AZ, Z,,.«) = (0.0025,20) data points is the same as that in Fig. 15, due to the nonzero
value of AZ. We have drawn dashed horizontal lines corresponding to the (AZ, 2,...) = (0.0025,20) value to instead emphasize the
relevant point for approximating Z,,,, — oo0; there is no significant difference between Z,,,, = 10 and Z,, = 20.

APPENDIX C: MORE ON Ab DEPENDENCE
OF NLLO RESUMMATION

In this appendix, we argue that the resummation (4.18)
is adequate to capture the Ab dependence of resummation
at next-to-leading-log order (NLLO) but would fail at the
next order (NNLLO). As in Sec. IV B, we will ignore the
running of a,(k,), which was argued not to affect our
conclusions in Sec. IV C.

1. Review of LLO resummation

We first review the leading-log order (LLO) resumma-
tion of LMW [41]. In our notation, we find it convenient to
express the leading-log contribution to gy from nth order
in a,(u) as

4 dlz

A oA odt, [1/(ab) dk?
5"‘Ieff(Ab)“0‘g‘Z(o)/ t—l/ =
7 ‘1 Jgny 7, b

2
kJ_l
kil dkiz ) dtn ki.n—l dkin
o K, ) 0 ) R
qty 12 70 n Jqt, 1n

where in this appendix we use the shorthand notation

(C1)

CA A
a;, = .
T

(€2)

In our convention, (k,,7;) are the transverse momen-
tum and emission duration® of the first soft gluon, (k |5, 1,)
are those of an even softer gluon emission, and so forth,
with k, ordering

1
— >k >k,> .

D (C3)

“The emission duration 7, is what we called Af in Fig. 11.

The first inequality in (C3) can be understood as following
a pattern (ko > k) similar to the others, because 1/Ab
is the transverse momentum scale (k) corresponding to
the lightlike Wilson loop of Fig. 9 from which the first
gluon (k) is emitted. The other conditions for leading
logs are that softer emissions take place within the duration
of harder emissions, so that

H>0>105>> > 1. (C4)

The last inequality in (C4), implemented in the lower limits
of all the time integrals, reflects the breakdown of the g
approximation for emission times smaller than the mean
free path 7,, which was also a constraint in Fig. 11. The
lower limits on the k| integrals correspond to the fact that
the transverse momentum kicks Ap | ~ /gf accumulated
over the duration of an emission will disrupt the vacuum-
like logarithms if Ap | is as large as the k| of that emission.
Each double logarithm relies on nearly collinear emissions,
and the kicks from the medium disturb collinearity.
Mathematically, in order to implement the conditions
just described, the k| integrals in (C1) should be under-
stood as requiring that each upper limit of integration be
greater than the corresponding lower limit. That means in
particular that the k| integration sets an upper limit

< (C5)

q(Ab)?

on the #; integration. We could have explicitly written that
in (CI), but the motivation for the limits was easier to
explain by initially writing the #; integral as unbounded.

In LMW’s application, the relevant scale for Ab was
(QL)‘I/ 2, where L was the length of the medium traversed,
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1
Abhere - — ~

1
0, aL

in LMW . (C6)

In our application, the scale analogous to L is, parametri-
cally, the formation time for the underlying, hard splitting
process. However, for the sake of the discussion of Sec. IV,
we keep things here explicitly in terms of Ab.

There are many different ways to rewrite (C1), and we
will provide several for the sake of reference when
comparing to other papers. LMW use the variables™

70

¥~ —

; (C7)

in place of our #’s. After making this change of integration
variable in (C1), one may change the order of integrations
to write a formula equivalent to LMW’s version,”’

A o [V@0aRE [ dRP Ko diG,
q7o 11 J4q79 12 q7o 1n

/ dgn /f} di, (2 dx
4t/ K%, En aro /K7, £ aro/k, t

Alternatively, to make contact with the variables (¢, ®)
used in Fig. 11, change integration variables in (C1) by
using the parametric relation ¢ ~ @/ k2l for the duration of
vacuumlike gluon fluctuations,

o dtl 1/(Ab)? da)l S dtz
R asq (o
7o q To
/ﬂ)lfz/fl da)2 /nldt /wn 1f/fn1da)
qr q1;

(C9)

(C8)

where the limits of the @; integration again implicitly set
the upper limit (C5) on ;.

The analysis of Ref. [43] (which reviews the fixed
coupling case as a warmup) uses the logarithmic variables

t K
Eln()’ Eln<AL>,
70 q7o

in terms of which (C1) can be written

(C10)

LMW represent (C7) with the symbol x. We use ¥ here to
aV01d confusion with our use of x elsewhere in this paper.
ISpecifically, see Eq. (50) of Ref. [41], which only explicitly
writes out the example n = 2, and make use of the translation
(C6). Our 6. corresponds to their Eq. (50) divided by L,
except that their numbering of the gluons is the reverse of
ours, i.e. their (ki ;,---ky,) are our (ky,,...,k ;) and their
(x1,...,x,) are our (§,,....¥). Their Qf = g

nA =
0" efr ~ O

$9(0)f <1n ( gfo(lAb)Z) In <qTO(IAb) ) )

(Clla)
where (introducing our own notation “f,”)
Y P Y, P1
n(Y»P)E/ le/ dﬂl/ de/ dpy - -
0 Y, 0 Y,
Yn—] Pn-1
X / dy, / d (Cl1b)
0 Y,

Equation (C11) tell us that the leading-log result at nth
order is just agg ) times the hyper-volume of the integra-
tion region in (C11).

LMW’s summation of all the leading-log 6" g.; gives the
formula (4.18) presented in the main text. lancu and
Triantafyllopoulos [43] give a little more detail, showing
that

ann YnJrlpn—l

fn(Y7p) = (n!>2 - (I’L + 1)‘(}1 - 1)'

(n>0) (Cl2)

(which can be proven by induction). Summing all orders of
a, gives

L+ alf,(v.p)

n=1
- Y -
= 10(2 asYp) _;IZ(ZV aSYp),

1
In (7 zay

(C13)

and setting Y =p =
gives (4.18).

) as in (Clla) then

2. Ab dependence of logarithms at O(a;)

It will be useful to also review some of the qualitative
aspects of double and single logs at O(a;). The double-log
approximation corresponds to the n = 1 case of (C1),
1/a(80)* dty - [1/(80)° dk3 |

R 2
I qn kJ_l

Sder(AD) % 3,40 /

To

, (C14)

where we have used (C5). A picture of the integration
region is shown in Fig. 20(a), which is equivalent to the
integration region previously depicted in Fig. 11. LMW
analyzed the subleading, single logarithms as well at this
order. What will be important for our discussion are
qualitative characterizations of the following parametric
regions.

(i) Double logarithms are generated by integrating over

the interior of the shaded region,

1 1
<K <K—, <k, <—:, Cl15
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FIG. 20.

order

(i)

keiy ~ 1/Ab

Yi = 1Il< t]_ /T())

o(a?

such as the point labeled “A” in Fig. 20(a). The
double log will be proportional to the area of
the shaded region in the log-log coordinates of
the figure.

Single logarithms arise from integrating along the
edges, e.g. over

Ty < K3, ~

1
q(ab)* (Ab)?

for the upper edge in Fig. 20(a), which is the edge
most sensitive to the value of Ab. Because k3| ~
1/(Ab)? in (C16), the red line representing this edge
should be thought of as having an O(1) thickness in
the log-log coordinates used in the figure. Similarly
for the other edges. In the limit of large logarithms,
the O(1) thickness of the edges is parametrically
small compared to the size of the shaded, double-log
region. The point labeled “D” in Fig. 21(a) gives an

ki~ 1/Ab
DC

(02b/ T3 Jup = 1d

(a) Y: =In(t1 /70)

FIG. 21.

® kL~ 1/Ab
! kig~ ki
= St
| 2
N ¢ S+
= |
= o XV
\]
S oo
N
(b) Y, = In(ty /70)

(a) The double-log region of Fig. 11 in terms of the variables (Y, p) of (C10). (a + b) A depiction of the leading-log region at
Z). In this figure, the extent of the (Y5, p,) region is drawn for the case where (Y1, p;) is at point “A.”

example of how we’ll graphically indicate points
contributing to the single log.
(iii) No logarithms are generated by the corners, such as

1 1
f~ KR ~——\  (C17)

q(Ab)*’ H(ap)

which is labeled “y” in the figure.

The single-log pieces can be thought of as the dominant
contribution to the difference of (a) the full integral over all
(w1, t;) and (b) the double-log approximation (C14). It will
be useful to give a name to the integral that gives this
difference. We will call it

wao [ 5%

where F has support on the edges of the double log region
and falls rapidly towards zero as (Y, p;) moves away from
those edges in Fig. 21(a). The subscript “sI” stands for

J_lFsl tl’ )

(C18)
ki

N kiog~Fkii~1/Ab
[l 19

=3

=~

b Be

N

~

L=

=

(b) Yy = In(t2 /70)

Like Fig. 20, but here the extent of the (Y5, p,) region is drawn for the case where (Y, p,) is at point “D.”
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“single log.” Most details of F will be unimportant. The
important property of Fy is that it will be uniform along
each individual edge, by which we mean that integration of
F over the direction perpendicular to an edge gives (to
good approximation in the large-log limit) the same result
everywhere along that edge. The uniformity of each edge in
this sense means that the contribution of each edge to (C18)
will be proportional to a single logarithm, with a coefficient
depending on the details of how F; behaves near that edge.

To give a concrete example of uniformity, consider the
edge (C16) that is sensitive to the physics of k| ~ 1/Ab.
The (approximate) formula for Fy along that edge may be
extracted from LMW [41] in terms of the variables

(t1, @, ),52

F . Fapprox
o =

— Re l 1+lw1(Ab)2 eiml(Ab)z/Ztl
3 2,

(1 _ eiwl(Ab)z/2tl)
w;(Ab)?/21, }

(o)

The detailed expression does not matter except to explicitly
confirm the important point that this edge’s F is a function
of only ;(Ab)?/2t,. Since t; ~ 2w, /k?, in this region of
vacuum-like emissions, the F(t;, k% ;) of (C18) is actually
a function of only k3,(Ab)*> near this (red) edge of
Fig. 21(a), and k3, is the variable that parametrizes the
direction perpendicular to that edge. This provides an
example of how F is “uniform” along an edge, which
in this case means that Fa " " (1, k3 ) = F™* (kL1 AD)?)
does not depend on ;.

Because (C19) is localized near the edge, the limits of the
dk?, integral in (C18) that is perpendicular to the edge

+2i

(C19)

This comes from Eq. (32) of Ref. [41], where S is — qeffx LL
and where there is an implicit Re{- - -} on the right-hand s1de Our
04 then corresponds to integrating the right-hand side of their
(32) with integral

4 dw
¥AL

Comparing to the (w, ) version

N /dtl/da)l
s (0 s

of our (C18) then determines Fy, except that we must subtract
away the double log piece already included in the n = 1 version
of (C9), where the edge we are focused on is the upper limit
t1/(Ab)? of the , integration there. That subtraction is imple-
mented by the last term in our (C19). We have written the
argument of the @ function to match the k3, < 1/(Ab)? condition
in the (C1) version of the leading-log resummation.

(C16) can be replaced (within the large-log approximation)
by O to oo. This gives

dk approx
|7 P )
0 11

d
- / e N0
0

u

= an O(1) constant independent of Ab  (C20)
for that edge.

Overall, the total result for double and single logs will
have the form

Geit(AD) = q(o) + 6q(AD)

o))

where the single-log coefficient « is some constant™ that is
independent of Ab. Equation (C21) refines (4.17) to now
include the single log term. This large single logarithm does
not generate any large Ab dependence when included in
our earlier discussion of Sec. IV B. That is because we were
only interested in Ab~ B, as in (4.16), and one may
rewrite the single log term in (C21) as

(o) () (82, e

On the right-hand side, the first term is a large logarithm but
does not depend on Ab, whereas the second term depends
on Ab but is not a large logarithm and so will not need to
resummed.

(c21)

3. Ab dependence at NLLO and NNLLO

Now move to the next order in ag by considering
the n =2 case of (Cl). The corresponding leading-log
region, which generates an O(a? log*) contribution to §.g,
corresponds to the combination of the shaded regions of
Figs. 20(a) and 20(b). The leading log is generated by

SFor details, see Eq. (45) of LMW [41], where x and [, are our
Ab and 7. Divide both sides of that equation by L to get §.¢, and
use the translation (C6) to replace the remaining occurrences of L
by 1/g(Ab)% Note that this replaces their In(8mly/x*>gL) by a
Ab-independent constant of O(1). The ml, and the integral in
that formula arise from the boundary #; ~ 7o in our Fig. 20(a)
[what they call “boundary (c)”]. Since this boundary does not
generate a logarithm with large dependence on the exact value of
Ab ~ BB, we can ignore it in our analysis. We may also ignore the
various complications in the analysis of this boundary, recently
investigated by Ghiglieri and Weitz [48] for the case of a quark-
gluon plasma.
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points in the interior, such as the combined pair AB in the
figure.

The combination AC contributes at NLLO, which is
O(a?log?) for n = 2. This combination corresponds to

1
>k~ k.

v (C23)

If we continue on to yet higher orders in «, the contri-
butions at NLLO order that involves a pair like AC will
have

1
—>>kJ_1NkJ_2>>kJ_3 > -

b (C24)

None of the points will be sensitive to the exact value of
Ab, and so none of these contributions contribute to
what we’re interested in, which is the Ab dependence of
resummed G-

Now turn to the combination of Figs. 21(a) and 21(b),
with (¢;, k2 ) along the edge k, | ~ 1/Ab. First, note that if
(11, k%) were at the vertex y, then we would lose both logs
from the (¢;,k%,) integration, and so this would be a
NNLLO contribution instead of an NLLO one. So, at
NLLO, we can replace the upper limit 1/§(Ab)? of (C5) on
the ¢, integration by 1/gB3—a change which will only
affect NNLLO.

So we should focus on combinations like DB, which
correspond to NLLO contributions with

1
ENkL1>>kL2>>kL3>>.“. (CZS)

None of (t,,m,), (t3,®3), ... can be on an edge because
having placed (7;,®,) on an edge (e.g. point D in the
figure) has already cost us a logarithm; having another
point also on an edge would move us from NLLO to
NNLLO. So we may use the leading-log approximation for
all the (#;, w;) integrals except for (¢, w,). For the same
reason, the k|, integration in (C1) does not care about the
exact value of k | ; at this order, only its order of magnitude,
and so the upper limit k%, of integration can be replaced
by 1/B, since k| ~1/Ab~1/B, in (C25). Altogether,
NLLO contributions of type (C25) then contribute

1/963 dtl dkil 131 dtz
alg Fy(t,, k2 —=
=40 [n 0 Sk ~yan K alfi kL) 0w b
« /l/BO dkiZ / n—1 dl / n—1 dk
qn qty
1/q63 d i
=alg / —=LFy (1. k3
s 4(0) . f kL ~1/0b kJ_1 sl( 1 J_l)

(C26)

1 1
<o (n(0) ()

to 0"g.¢ at NLLO. f, is again defined by (C10) and
(C11b). The kil integral in (C26) is the one presented in
(C20) and so is independent of Ab (at this order in logs).
Since there is no other Ab in (C26), we see that NLLO
contributions from combinations like DB are independent
of Ab.

For a combination like DE in Fig. 21, E would be
sensitive to Ab since 1/Ab ~k , ~k ,. But this is an
NNLLO contribution since both points are on edges.

We have now addressed the interesting cases. We
conclude that NLLO does not generate any Ab dependence
not already included in the LLO result (C1), which sums to
the formula (4.18) used in the main text. Our analysis above
suggests that additional Ab dependence will appear at
NNLLO, but that is beyond the scope of what is needed for
this paper.

4. A loose end: The prefactor of Eq. (4.20)

In the main text, we ignored a prefactor when discussing
the Ab dependence of the leading-log resummation. The
leading term in the large-argument expansion of /; in (4.18)
actually gives

et (AD) ~ § ! e
qeff ~ q(0) W

van(ege) | @)

instead of (4.20). Including the full prefactor then changes
(4.21) and (4.22) to

1 \2ve (Ab)?
Geit (AP) = G () | =5 1-2va1
T 20) QWQ%@) [ %“<Ba)]

)]

X[l_3ln«Ab>/B@]
21n(1/425))

|

(C28)

and

Jesr(AD) = @eff(Bo){l + O(Vay) + 0<ln(1/?]1108(2))> }
(C29)

Now remember that, when making the large-argument
expansion of /; in (4.20), we were taking the large-logarithm
limit where agn®(1/§7o(Ab)?) ~ agIn®(1/§zoB3) is > 1.
So the O(1/log) term in (C29) can be ignored compared to
the O(,/a;) term, leaving us with (4.22).
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APPENDIX D: ASYMPTOTIC
BEHAVIOR OF ¢, (2)

In this appendix, we will derive the asymptotic falloff of
the energy stopping distribution €;(z) for large z. We
follow a procedure similar to that used in Ref. [32] for the
falloff of the leading-order charge distribution p(z) at
large z.54 In that case, the conclusion was that

pLo(z) ~ eTrolko)z (DI1)
for large z, where I'| g is the total leading-order rate for the
relevant splitting process e — ey. In our case, however, the
total rate for ¢ — gg in ¢ approximation is infinite because
of the x=3/2 [or symmetrically (1 — x)~3/?] IR divergence of
Eq. (2.1) for [dT"/dx]'°, and so (D1) suggests that the fall-
off of our e;(z) must be faster than simple exponential
decay. We’ll find that our large-z tail is approximately
Gaussian.
Start from the leading-order energy deposition Eq. (7.3):

08 (2 1 di|ro
eL(i(Z) _ / dex|—| {x7V2eo(x7122) —&6(2)}.
0z 0 dx

(D2)

Note that the x — O contribution to the integration con-
verges because (i) x[dl'/dx]*® ~x~"/2 and (i) e ()
should fall to zero faster than, for example, (z/)~'/? as
7/ - o0. The x — 1 contribution to the integration con-
verges because (i) x[dl"/dx]*° ~ (1 — x)=3/? and (ii) there
is a cancellation between the two terms inside the braces:

{128 6(x7122) = 0(2)} ~1—x asx— 1. (D3)
Now rewrite & o(2) in the WKB-inspired form
éLo(2) = e, (D4)

A

where, asymptotically, JV(Z) should be an increasing
function of Z so that e o(z) — 0 as z — oo. Plugging
(D4) into the leading-order energy deposition Eq. (D2)
gives

1 []LO
W/(z) _ / dx x |:;£:| {1 _ x—l/ZeW(f)—W(x*l/Zﬁ)}. (DS)
0

x
Let us more carefully examine the cancellation (D3) as

x — 1, now in the language of (D5). For this limit, we
define 6 = 1 — x <« 1, which gives

W(Z) = W(x-1/23) = —%21/\/’(2)5 (D6)

MSpecifically, see Appendix B of Ref. [32].

and so

{1- x_l/zeW(z)—W(x-l/zz)}

~1—(1=8)"1 223, (D7)
2W'(2) will be large for large Z. There are then two regions
of small 6 to consider. For x extremely close to 1, such that

1
I —= < 1,

W) (D8)

(D7) gives
~ —1/2a 1
{1 = x~1/2eVO-WP2) = [EV(@) - 1]s, (DY)

which vanishes linearly as 6§ — 0 and describes the can-
cellation (D3). In contrast, in the other small-5 region

<dx1, (D10)

1
2WV'(2)
where x is close but not arbitrarily close to 1, the
exponential term in (D7) will be suppressed, so that

{1 = x712NVO-WTPY o (D11)

That means that the 5~%/2 divergence of x[dl’/dx]"° will
not be moderated in the integration region (D10), and so
(when Z is large) the integral in (D5) is dominated

1

o~ ——— < 1,
2W'(2)

(D12)

which is the transition between the lower end of region
(D10) and region (D8). We may therefore approximate the
full integral (D5) by approximating § < 1 in the integrand,
which corresponds to the approximation (D7). It is con-
venient to use that 6 <« 1 approximation to also rewrite

A

dI'|Lo 1
1=68)"Y2~ed2, — ~—, D13
( ) ¢ * dx 7832 ( )
and so (D5) becomes
W/(z)z/m%{l — VO (D14)
0 no"

Note that we have replaced the upper limit of integration by
oo, which introduces negligible relative error in the large-2
limit for the same reason that 6 <« 1 dominated over 6 ~ 1.
The integral gives
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2
W(2) ~ o EW'(2) —1]. (D15)

Before solving (D15), we can simplify a bit by again
remembering our expectation that 2)/'(2) > 1 in the large

Z limit, so that (D15) becomes

2
W (2) ~ EQW/(Q) (D16)
Solving for W gives
22
W(Z) ~ ~ (D17)

at large Z, which is equivalent to the asymptotic behavior
quoted in (7.4):
eLo(2) ~ e ¥/, (D18)

There is a short-cut that we might have taken to
determine (D18). Once we had completed enough of the
argument to realize that the calculation of WW(2) would be
dominated by § < 1, we could have replaced [dl"/dx]'° by
the BIM [30] model rate (E2), which agrees with [dT"/ dx]*©
in the limits x - 0 and x — 1. Then we could have
extracted (D18) from the energy deposition distribution
(E6) of the BIM model.

With some work, one could refine our leading large-Z
approximation to Y to compute O(Z%) corrections to the
exponent in (D18) and even further to find power-law
prefactors to the exponential.”> However, we find in
practice that (D18) by itself is adequate to get good
numerical convergence of our results in the large-Z,,,, limit.

APPENDIX E: €1 4(Z) IN THE BIM MODEL

In this appendix, we discuss, in our notation, the BIM
model result for LO energy deposition [31].

Using the formula P,_, ,,(x) =2Ca(1—x+x%)/x(1—-x)
for the DGLAP splitting function, the LO splitting rate
(2.1) can be rewritten as

dx

alx(1—=x)*/? E (E1)

Blaizot, Iancu, and Mehtar-Tani (BIM) [30] realized that if
one replaces the leading-order splitting rate (E1) by the
simpler function

ary _ Caa  [4a
dx | giv B lx(1 _X)P/z E’

then it is possible to solve leading-order shower develop-
ment analytically. We will refer to this as the BIM model of

{dF]LO _ Caay(l —x+ 322 [ga

(E2)

>We do not expect these corrections to be the same as the BIM
model result (E6).

shower development. The BIM rate (E2) is equal to the
actual LO rate in the limit that one of the two daughters is
soft, i.e. x(1 — x) <« 1. But for perfectly democratic split-
ting x = 0.5, the BIM rate overestimates the LO BDMPS-Z
rate by a factor of (4/3)>?~2. In our notation, their
analytic solution for the time development of the gluon
density in x is

’t‘e—?z/n’(l—x)

— i > 0,
(i -xp2

g (X, i) = (E3)

with 7 =t/¢,, and ¢, defined by (6.14).
In general, the energy which is still moving (x > 0) at
time ¢ is

1
Emoving([) = A+ dx XEOH(X, Ey, [)' (E4)
The moving energy decreases at the rate that energy is
deposited into the medium, and so

dE oy d [
@Emoving :_{_/ dx xEgn(x, Ey, t)
1=z dl 0

e(z) = - dt

1=z

(ES)

Switching to dimensionless variables (7.1) and plugging in
the BIM solution (E3) yields56

d _. 22 o
2(5) = — o= /m 22 - E6
(2) = e =" (E6)
The corresponding stopping distance is
A . V3
fﬁ% = (D) = 2" (E7)
and the shape function (1.1) is then
Z
Sem(Z) = % e~ 74, (E8)

The BIM stopping distance (Z)gpg = 1.571 is shorter
than the LO stopping distance (2); o =~ 2.1143 of Table II
because the BIM rate (E2) overestimates the splitting rate
for democratic splittings. Other moments of the BIM
energy stopping distribution are

(2" ppy = 72T <1 + g) . (E9)

**One way to do the x integral is to switch integration variable
to u = /x/(1 — x), which leads to a simple Gaussian integral in
u. Our Eq. (E6) for &(2) is the same as Eq. (2.19) of Ref. [31]
except for the choices of how we normalize our variable Z and
energy distribution é.
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APPENDIX F: ENERGY CONSERVATION FOR EQ. (8.4)

To see that the evolution equation (8.4) for D((, Ey, t) conserves energy, integrate both sides of the equation over ¢ and
then switch the order of integration on the right-hand side to get

dE o 1 ! dr (CE dr
71:[) dx/o dc{a(x > () [ﬁ (%,xﬂnetD(g,Eo,t) —x[a (CEO,x)]netD(é’, Eo,t)}. (F1)

The ¢ integral of the first term can be rewritten as

Fealae ()] oG
0 dx \ x net \X

! ! dr !
/0 dCX{E(CEO,X)]

D(g/’EO’t)’ (FZ)

net

where ¢’ = {/x. The first term of (F1) then cancels the second term, giving dE,/dt = 0.
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