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In SUðNÞ gauge theories without dynamical quarks, we discuss how configurations with fractional ZN

magnetic charge also have fractional topological charge, ∼1=N, and dominate topologically nontrivial
fluctuations in the confining vacuum. They are not solutions of the classical equations of motion, but arise
as quantum solutions of the effective Lagrangian, whose size is essentially fixed, on the order of the
confinement scale. We give both a general mathematical analysis and illustrative solutions. We discuss
strong evidence for this from numerical simulations on the lattice, and suggest definitive tests. We also
speculate how these objects change with the introduction of dynamical quarks, and their effects especially
at low temperature and nonzero density.
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I. INTRODUCTION

It is well-known that topologically nontrivial configu-
rations play an essential role in quantum chromodynamics
(QCD). For JP ¼ 0− mesons, such configurations must be
present in order to split the isosinglet η0 meson from the
octet of pions, kaons, and the η meson [1–3]. They also
affect the spectrum of mesons with higher spin [4,5], and
contribute to the proton and photon structure functions in
polarized deep-inelastic scattering [6–14].
Inweak coupling for aSUðNÞ gauge theory, the dominant

configurations are instantons, which are self-dual solutions
to the classical equations of motion. By asymptotic freedom
instanton effects can be reliably computed at high temper-
ature, T, or quark chemical potential, μqk [15–22]. The
action for a single instanton with unit topological charge
is ¼ 8π2=g2. Since by asymptotic freedom the running
coupling constant, g2ðTÞ ∼ 8π2=ðc logðTÞÞ, [23] the topo-
logical susceptibility falls off sharply at high temperature,

χtopðTÞ∼T4 expð−8π2=g2ðTÞÞ∼1=Tc−4; T→∞: ð1Þ

Remarkably, numerical simulations in lattice QCD find that
this power law holds down to temperatures as low as
≈300 MeV [24–35]. This is valid when μqk ¼ 0; at the

end of the paper we discusswhatmight occur for cold, dense
quarks, where T ≪ μqk ≠ 0.
For T < 300 MeV, in QCD the topological susceptibility

is not that of a dilute instanton gas. To understand the what
generates the topological susceptibility at low temperature
and in vacuum, it is useful to consider a SUðNÞ gauge theory
without dynamical quarks. In this case, a global ZN
symmetry is spontaneously broken above the temperature
for deconfinement, Tdeconf [36]. Numerical simulations of
the pure gauge theory find that the dependence onN is rather
weak. Forming a dimensionless ratio between the topologi-
cal susceptibility and the square of the string tension, at zero
temperature χtopð0Þ=σ2, only varies by ≈10% between
N ¼ 3 [37–42] and higherN [43–62]. These results suggest
that as N → ∞, the topological susceptibility does not vary
with temperature in the confined phase. Numerical simu-
lations find that the deconfining phase transition is of first
order for three or more colors, with Tdeconf ≈ 270 MeV for
N ¼ 3 [63–67]. For N ≥ 3, χtopðTÞ jumps at Tdeconf , and
then falls off rapidly with increasing T, dominated by
instantons above some temperature close to Tdeconf .
It is difficult to see how the topological susceptibility

could be due to instantons in the confined phase at large N
[68]. Holding g2N ≡ λ fixed as N → ∞, the action of a
single instanton in the partition function is exponentially
suppressed, ∼ expð−ð8π2=λÞNÞ. This quandary was recog-
nized originally by Witten [1] and Veneziano [2], who
argued nevertheless that in vacuum the topological sus-
ceptibility is not exponentially suppressed at large N [72].
The most natural possibility is that there are objects with

fractional topological charge ∼1=N, whose contribution
directly survives at infinite N, ∼ expð−8π2=λÞ. On a torus,
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’t Hooft constructed explicit solutions with fractional
topological charge ∼1=N, with twists in ZðNÞ electric
and magnetic charge [73–78]. Since they depend upon
ZðNÞ twisted boundary conditions, however, they are
limited to finite volume.
From numerical simulations on the lattice, Gonzalez-

Arroyo and Martinez [79], and then with Montero [80],
used cooling techniques to isolate configurations with
nontrivial ZðNÞ electric and magnetic charge. They argue
that in infinite volume, that objects with fractional topo-
logical charge dominate, and produce a topological sus-
ceptibility and string tension of the correct magnitude. See
also, Refs. [81–85].
At nonzero temperature in the deconfined phase, ana-

lytically Kraan, van Baal, Lee, and Lu (KvBLL) [86–99]
showed that at nonzero temperature instantons can be
viewed as made of N constituents, each with topological
charge 1=N. The constituents of KvBLL instantons have
nontrival holonomy at spatial infinity, though, and thus
cannot be pulled arbitrarily far apart.
A useful limit is to study gauge theories on a femtoslab,

where one spatial dimension, L, is very small, with
LΛQCD ≪ 1, where ΛQCD is the renormalization mass scale
of QCD. Over large distances the theory reduces to one in
2þ 1 dimensions [100–103]. On a femtoslab, semiclassical
techniques demonstrate that monopole instantons with
topological charge ∼1=N are ubiquitous [104–116].
Presumably this survives when the size of the slab increases
to distances where LΛQCD ∼ 1.
In this paper we consider configurations with fractional

topological charge ∼1=N in both theCPN−1 model in 1þ 1
dimensions [71,93–95,114,117–127], and for SUðNÞ gauge
theories, without dynamical quarks, in 3þ 1 dimensions.
The CPN−1 model is useful. Instantons with integral

topological charge are solutions of the classical equations
of motion [128]. For both models, the classical action is
invariant under a scale symmetry, which implies that
instantons have a scale size, ρ, which ranges from zero
to infinity. In Sec. II, we construct solutions which sta-
tionary points of a quantum effective action, whose size is
manifestly nonperturbative, on the order of the confinement
scale. They only exist as multivalued solutions.
In Sec. III we give a general mathematical analysis,

extending that of Refs. [73–78]. The crucial element is that
the configuration space of a pure SUðNÞ gauge theory has a
global ZðNÞ symmetry, which is absent when dynamical
quarks are present. We demonstrate generally how objects
with integral topological charge are composed of those with
fractional ZðNÞ magnetic charge. As in the CPN−1 model,
the relevant solutions are necessarily multivalued; similarly,
we also suggest that in gauge theories that their size is
fixed, on the order of the confinement scale.
In the deconfined phase we outline the construction of a

solution with topological charge 1=N in the deconfined
phase in Sec. III E. It is distinct from KvBLL instantons,

which have nontrivial holonomy at spatial infinity, and
integral magnetic charge. Instead, our solution, a type of
ZðNÞ dyon, has trivial holonomy at spatial infinity, but
being multivalued, has fractional ZðNÞ magnetic charge.
In Sec. IV we discuss results from numerical simulations

on the lattice. Notably, with significant effort the N depend-
ence of higher moments of fluctuations in the topological
charge can be measured [44,45,49,52,54,58–60]. For exam-
ple, the kurtosis coefficient b2 is the ratio of fluctuations
between the fourth and second moments in the topological
charge.We discuss how results byBonanno et al. [60], on the
N dependence of b2, strongly suggest that there is a dense
liquid of fractionally charged objects. While intriguing, it is
an indirect measurement. We then review how objects with
fractional topological charge can bemeasured directly on the
lattice, following Edwards et al. [129].
We conclude with a discussion of how quarks and ZN

dyons might interact in QCD. In this we depend crucially
upon recent results from the lattice by Biddle, Kamleh, and
Leinweber [130–133], and speculate how ZN dyons might
generate topologically nontrivial fluctuations in cold, dense
quark matter.
Some of our conclusions are familiar. To measure a

system whose total topological charge is fractional, ZN
twisted boundary conditions must be used [73–85]. Even
so, following Gonzalez-Arroyo and Martinez [79–85], and
as on a femtoslab [100–116], the vacuum is a condensate of
objects with fractional topological charge.
In other ways we differ from previous analysis. The

multivalued nature of our configurations is rather unlike
known solutions, although we suggest tests to distinguish
them from, e.g., KvBLL instantons. While we argue that
our configurations dominate the topological susceptibility,
our methods are not adequate to demonstrate that they
produce confinement, as in Refs. [79–85]. Lastly, for our
configurations, which are on the order of the confinement
scale, the really crucial question is how dense the con-
densate is, and whether they can distinguished from other
fluctuations. In this analyzing how the confingurations
evaporate as the temperature is raised, especially near the
deconfining transition, will be essential.

II. CPN − 1 MODEL

Consider a nonlinear sigma model in two spacetime
dimensions, with the target space the complex projective
space CPN−1. The target space is formed by N complex
variables zi, the so-called homogeneous coordinates, iden-
tifying zi ∼ wzi, w∈C − f0g. The magnitude of w can be
fixed by setting

P
N
i¼1 z̄

izi ¼ z̄ · z ¼ 1, and the phase of w
removed by gauging the overall Uð1Þ symmetry. The
Lagrangian density is

L ¼ 1

g2
XN
i¼1

jDμziðxÞj2; Dμ ¼ ∂μ − iAμðxÞ; ð2Þ
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where the zis satisfy z̄ · z ¼ 1 at each point in two
spacetime dimensions, xμ. The gauge field Aμ ensures that
the z’s are also invariant under local Uð1Þ transformations,
ziðxÞ → eiαðxÞziðxÞ [134]. The absence of a kinetic term for
the gauge field AμðxÞ ensures that no new degrees of
freedom are introduced via the gauging. Classically Aμ can
be eliminated by its equation of motion,

Aμ ¼ −
i
2

�
z̄i∂μzi − ∂μz̄izi

z̄ · z

�
; ð3Þ

so that L can be reexpressed entirely in terms of the zi and
z̄i. The only coupling constant in Eq. (2) is g2, which is
dimensionless.
The Lagrangian in Eq. (2) is obviously invariant

under global SUðNÞ transformations, zi → Ui
jzj, where

U∈ SUðNÞ. Elements of the center of SUðNÞ, which
is ZN , are special. These are the Uk ¼ e2πik=N1, where
k ¼ 0; 1…ðN − 1Þ, underwhich the zi’s transform as
zi → e2πik=Nzi. Since the zi are homogeneous coordinates,
though, this ZN rotation can be eliminated by a global
Uð1Þ rotation. This reduces the full global symmetry to
SUðNÞ=ZN [71,114,118].
The topological winding number is

Q ¼ 1

2π

Z
d2x ϵμν∂μAν: ð4Þ

For fields where zi approaches a constant at infinity,Q is an
integer. All classical configurations with Q ≠ 0 are known
[118]. Keeping g2N fixed as N → ∞, the value of the
classical action is uniformly ∼N. The fluctuations about
arbitrary instanton configurations have also been com-
puted. While they simplify for N ¼ 2, where it reduces to
an Oð3Þ model [117,120,121], for N > 2 the integration
over the collective coordinates of the instantons is not
tractable. Even so, at large N they appear to be exponen-
tially suppressed.
As discussed in the seminal papers [71,118], the large N

analysis in the quantum theory can be carried out by
introducing a Lagrange multiplier field λðxÞ to impose the
constraint z̄ · z − 1 ¼ 0 and then integrating out the zi

fields. This leads to an effective action for Aμ and λ,

Seff ¼ N tr log ð−D2
μ þ iλÞ − i

Z
d2x

λðxÞ
g2

: ð5Þ

The corresponding equations of motion are

N trDcl
μ

1

−ðDcl
μ Þ2 þm2ðxÞ ¼ 0; ð6Þ

and

N tr
1

−ðDcl
μ Þ2 þm2ðxÞ −

i
g2

¼ 0; ð7Þ

for arbitrary solutions AμðxÞ ¼ Acl
μ ðxÞ and iλðxÞ ¼ m2ðxÞ.

In vacuum Acl
μ ¼ 0 and m2ðxÞ is constant, with the

dynamically generated mass m related to the coupling
constant g2 through dimensional transmutation [71,118].
The quantum dynamics of the model, defined by Eq. (5),

is rather different from that expected from the classical
analysis of Eq. (2). Classically, the constraint z̄ · z ¼ 1
necessarily breaks the SUðNÞ global symmetry, and the z
fields are massless. In contrast, the quantum vacuum is
invariant under the SUðNÞ=ZN symmetry, in accord the
Mermin-Wagner-Coleman theorem. The expectation values
of the zi vanish at infinity, and are massive fields.
As shown by Witten, Eq. (16) of Ref. [71], an effective

theory for the quantum theory can be written in a derivative
expansion,

Seff ¼
Z

jð∂μ − iAμÞZi
quj2 −m2Z̄i

quZi
qu

−
N

48πm2
FμνFμν þ � � � : ð8Þ

Here the Zi
qu are effective fields to describe the low energy

behavior of Eq. (5), and are not the original zi fields of
Eq. (2); the Zi

qu are massive fields, which vanish at infinity.
As mentioned above, the mass squared m2 is dynamically
generated, fixed by the solution of Eqs. (6) and (7).
There are many other terms which contribute to the

derivative expansion in Eq. (8). These include terms with
higher (covariant) derivatives of Zi

qu; higher derivatives of
Aμ, which by gauge invariance must enter as powers of F2

μν;
and lastly, derivatives of the constraint field λðxÞ. None of
these higher-order terms qualitatively change our discus-
sion of the stationary points of Eq. (8). We stress that in this
effective theory, the global symmetry of SUðNÞ=ZN is
unbroken, so by confinement the only allowed states are
ZN invariant [71].
We now turn to consider topologically nontrivial field

configurations of the quantum effective action in Eq. (8).
A general analysis of how to proceed in general field
theories is outlined in the Appendix. Adopting polar
coordinates ðr;φÞ in two dimensions, at large r the solution
for the gauge field must satisfy

Aμdxμ ∼Qdφ; i:e:; Aφ ∼
Q
r

as r → ∞; ð9Þ

so that
R
F ∼Q ≠ 0. This should be accompanied by a

suitable ansatz for m2ðxÞ is a function of r, but we do not
elaborate on this since it is not important for the main
thread of our arguments. Determining the solution of the
nonlocal equations of motion in Eqs. (6) and (7) is not

FRACTIONAL TOPOLOGICAL CHARGE IN SUðNÞ GAUGE … PHYS. REV. D 108, 074007 (2023)

074007-3



elementary. But there is one aspect of any such solution
which is worth of note, and which in fact is a recurrent point
throughout our analysis. While the classical action is
invariant under scale transformations, at large N the
quantum effective action is not. Thus while Eq. (9) fixes
the behavior at infinity, the nature of the full solution varies
over a distance ∼1=m.
We next turn to the possibility of configurations with

fractional topological charge. On a femtoslab classical
instantons were constructed by Unsal [114]; their size is
necessarily on the order of the width of the slab. In contrast,
we consider quantum instantons in vacuum. As a first step,
consider the spherically symmetric configuration

F12 ¼
�
2=ðNa2Þ r < a

0 r > a:
ð10Þ

This corresponds to Q ¼ R ðF=2πÞ ¼ 1=N, and the gauge
potential

Aμdxμ ¼ −
1

Nπa2

Z
d2x0

ϵμνðx − x0Þν
jx − x0j2 ρðx0Þdxμ; ð11Þ

where ρðx0Þ is equal to 1 in a small disk of radius a, and
zero elsewhere. This configuration is a slightly thickened
vortex, with Eq. (11) consistent with the asymptotic
behavior of Eq. (9), except that now the topological charge
is fractional, with Q ¼ 1=N. The contribution of this
configuration to the action (8) is

N
48πm2

Z
F2 ¼ 1

6Nm2a2
: ð12Þ

The action for the higher terms will be similarly sup-
pressed, since they must involve powers of Fμν.
The ansatz of Eq. (11) may be written for ρ with support

around the origin, as

Aμdxμ ¼ fðrÞdφ ¼ 1

N

� ðr2=a2Þdφ r ≤ a

dφ r > a
. ð13Þ

Turning to the Zi
qu-dependent part of the action, the only

point of subtlety is about the phase of Zi
qu. With the

background of Eqs. (10) and (11), the parallel transport of
Zi
qu in a full circle around the origin (or the location of the

vortex) gives Zi
qu → e2πi=NZi

qu. The phase may also be
viewed as the Aharonov-Bohm phase acquired by Zi

qu in a
circuit around the vortex. While the Zi

qu are not single
valued, this phase can be removed by an SUðNÞ trans-
formation in its center ZN.
We can now supplement the ansatz Eqs. (11) or (13) with

a suitable ansatz for Zi
qu, such as

Z1
qu ¼ eiφ=NhðrÞ; Zi

qu ¼ 0; i ¼ 2; 3;…; N; ð14Þ

or any SUðNÞ=ZN transformation of this. We have
incorporated the aperiodicity in φ mentioned above,
namely, Zi

quðr; 2πÞ ¼ e2πi=NZi
quðr; 0Þ. This multivaluedness

is where we differ from previous analysis by Berg and
Lüscher [120] and Fateev et al. [121].
Taking the matter part of the action as in Eq. (8), we find

Seff ¼ 2π

Z
dr r

��
∂h
∂r

�
2

þ h2

r2

�
f −

1

N

�
2

þm2h2
�

þ � � � : ð15Þ

The behavior of hðrÞ for small and large values of r can be
inferred from the equation of motion for h, namely,

−
1

r
∂

∂r

�
r
∂h
∂r

�
þ
�
f −

1

N

�
2 h
r2

þm2hþ � � � ¼ 0: ð16Þ

By examining the small r and large r limits of this equation,
we can see that

hðrÞ ∼
�
r

1
N r → 0

e−mr r → ∞:
ð17Þ

Notice that h vanishes exponentially as r → ∞. This is a
significant point. While the gauge part of the configuration
(13) is like an Abrikosov-Nielsen-Olesen vortex, the
asymptotic behavior of Zi

qu is very different. We may also
note that the vanishing of Zi

qu at spatial infinity is consistent
with the fact that any configuration of finite action should
reproduce vacuum behavior at spatial infinity.
Introducing a scale factor r0, a simple ansatz consistent

with Eq. (17) is

hðrÞ ¼ C
u

1
N

1þ u
1
N

e−μu; u ¼ r
r0
; μ ¼ mr0: ð18Þ

It is easy to verify that Seff is finite with this ansatz and that
the term in Eq. (15) involving both f and h depends on a.
Along with the gauge-field contribution in Eq. (12), we get
a nonlinear expression involving a and C. Treating these as
variational parameters, we can obtain values which min-
imize the action, at least within the class of ansätze in
Eqs. (13), (14), and (18).
A few comments are in order at this point. Notice that,

even if C ¼ 0, we do have a vortexlike configuration in
Eq. (13). Although extremization with respect to awith just
this term leads to a → ∞, there are terms with higher
powers of F in the action, indicated by ellipsis in Eq. (8).
Including them and extremizing will lead to a finite value
for a, which can only be set by the single dimensionful
parameter in the model, the mass m. The inclusion of
higher Zi

qu-dependent terms produces terms which are of
order C4 and higher. Thus, we expect that extremization
including such terms gives finite values to both a and C.
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As noted, this is equivalent to solving the nonlocal
equations of motion in Eqs. (5) and (6).
To frame this more generally, at large N, we can again

consider expanding Eq. (5) in powers of Aφ which is of
order 1=N, based on our ansatz. As for the solution with
integral topological charge, and as in the example above, as
a solution of the quantum action the size is ∼1=m. The term
linear in Aφ vanishes by the equation of motion for the
gauge potential. Taking m2ðxÞ ¼ m2, then, the term in
the action ∼1 automatically vanishes. The expansion of the
effective action to quadratic order in Aφ, i.e., as in Eq. (8),
shows that the nonzero contribution of the A-part of the
action will be of order 1=N.
This demonstrates that there are configurations with

fractional topological charge, ∼1=N. We have not com-
puted the exact configuration, for reasons we now discuss.
At nonzero θ, the energy of the vacuum is an even function
in θ [1,2,44,45,54],

EðθÞ − Eð0Þ ¼ χ

2
θ2ð1þ b2θ2 þ � � �Þ; ð19Þ

χ is the topological susceptibility, χ ¼ hQ2i=V, where V is
the volume of space-time. The second coefficient, b2, is the
kurtosis of the topological charge,

b2 ¼ −
1

12

hQ4i − 3hQ2i2
hQ2i : ð20Þ

For both χ and b2, all expectation values are computed
at θ ¼ 0.
The topological susceptibility is a dimensional quantity,

and so by dimensional transmutation χ ∼m2. The N
dependence of the coefficients can be understood by
assuming that fluctuations in the topological charge are
fractional,ΔQ ∼ 1=N. Since there areN ways of inserting a
charge 1=N in the theory, χ ∼ Nð1=NÞ2 ∼ 1=N. Similarly,
b2 ∼ ð1=NÞ4=ð1=NÞ2 ∼ 1=N2, etc. We did not compute the
exact configurations with fractional topological charge
because that can be computed from the free energy in a
constant background field for Fμν [45,54]. Thus the θ
dependence is certainly described by a dense liquid of
fractionally charged instantons.

III. TOWARDS FRACTIONAL
INSTANTONS IN 4D

We now turn to non-Abelian gauge theories in four
dimensions. One of the key steps in understanding con-
figurations of fractional topological charge is the identi-
fication of what is meant by the gauge group. Although this
question has been analyzed before, it is useful to collect
some of the basic ideas here. We will first consider the
boundary values for gauge transformations based on the
Gauss law (or the nature of the test functions to be used in
implementing the Gauss law) and how these are related to

charge quantization conditions. This will clarify the nature
of the configuration space and will naturally lead to the
possibility of fractional topological charges.

A. Gauss law in the E representation

We consider the gauge theory in the A0 ¼ 0 gauge. We
must then impose the Gauss law on the wave functions.
Quantization conditions on the electric charge will be
important for us, so it is more appropriate to consider
wave functions in the representation which are eigenstates
of the electric-field operators Ea. In other words, the wave
functions are functionals of the electric field. The Gauss
law operator is given by

GaðxÞ ¼ ∇iEa
i þ fabcAb

i E
c
i ; ð21Þ

where fabc are the structure constants of the Lie algebra of
G. The gauge potential and the electric field obey the usual
commutation rule ½Aa

i ðxÞ; Eb
j ðyÞ� ¼ iδabδijδðx − yÞ, so that,

in the E-representation, Aa
i ¼ iðδ=δEa

i Þ. The physical wave
functionsΨ are selected by the condition that the Gauss law
operator must annihilate them. This condition can be
written as

Z
M

θaðxÞGaðxÞΨ

¼
Z
M
θaðxÞ

�
∇iEa

i − ifabcEb
i

δ

δEc
i

�
Ψ ¼ 0: ð22Þ

(The integral is over the spatial manifold M). This law
should be required only for test functions θaðxÞ obeying
certain conditions; the nature of these conditions will be
clear from the following discussion. Treating θaðxÞ as an
infinitesimal group parameter, (22) may be written as

δΨ≡ΨðU−1EUÞ−ΨðEÞ¼−
�
i
Z
M
θaðxÞ∇iEa

i

�
Ψ; ð23Þ

where Ei ¼ TaEa
i , U ¼ expðiTaθaÞ ≈ 1þ iTaθa, Ta being

hermitian matrices which form a basis for the Lie algebra
of G, with ½Ta; Tb� ¼ ifabcTc. For the fundamental repre-
sentation, we write Ta ¼ ta and normalize them by
TrðtatbÞ ¼ 1

2
δab. The quantity U−1EiU is the gauge trans-

form of Ei and hence δΨ measures the change of Ψ under a
gauge transformation with parameter θaðxÞ. Obviously, ifΨ
is a solution to (23), then so is ΨfðEÞ where fðEÞ is a
gauge-invariant function of Ei. The general solution to (23)
may therefore be written as Ψ ¼ ρΦðEÞ, where ΦðEÞ is an
arbitrary gauge-invariant function and ρ is a particular
solution to
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δρþ
�
i
Z
x
θaðxÞ∇iEa

i

�
ρ ¼ 0: ð24Þ

A finite transformation, and the corresponding variation
of ρ, can be obtained by composition of infinitesimal
transformations. Assume that, for an electric field Ei,
we have started from the identity and built up a finite
transformationU. At this point, the electric field is given by
Ei ¼ U−1EiU. A further infinitesimal transformation
would be given by iTaθa ¼ U−1δU. Thus (24), written
for an arbitrary point on the space of U’s, becomes

δρþ 2

Z
M
Trð∇iEiU−1δUÞρ ¼ 0;

δðlog ρÞ ¼ −2
Z
M
Trð∇iEiU−1δUÞ≡Ω: ð25Þ

One can integrate this equation along a curve in the space of
U’s from the identity to U to obtain the change of ρ under a
finite transformation. With δ interpreted as a derivative on
the space ofU’s,U−1δU is a covariant vector (or one-form)
and the result of the integration is generally path dependent.
For the result to be independent of the path of integration,
the curl of Trð∇ · EU−1δUÞ, viewed as a covariant vector or
as a one-form on the space of the U’s, must vanish. Thus
the integrability condition for (25), or the path independ-
ence for the change in ρ, becomes

δΩ ¼ δ

�
−2

Z
Trð∇iEiU−1δUÞ

�
¼ 0: ð26Þ

Here we take δ to signify the exterior derivative, so that δ
acting on a one-form (or covariant vector) gives the curl.
We now write Ω ¼ Ω1 þ Ω2 with

Ω1 ¼ 2

Z
M
TrðEi∇iðU−1δUÞÞ

¼ 2

Z
M
Tr½Eið∇iðδUU−1Þ − ½∇iUU−1; δUU−1�Þ�;

Ω2 ¼ −2
I
∂M

TrðEiU−1δUÞdSi

¼ −2
I
∂M

TrðEiδUU−1ÞdSi: ð27Þ

It is easily checked, using δðδUU−1Þ ¼ ðδUU−1Þ2, without
the need of any integration by parts on M, that δΩ1 ¼ 0.
For the second term, we find

δΩ2 ¼ −2
I
∂M

TrðEiδUU−1δUU−1ÞdSi: ð28Þ

This is in general not zero. Indeed if U is constant on ∂M,
δΩ2 ¼ −2Tr½QðδUU−1Þ2�, Q ¼ H

EidSi. In this case, δΩ2

has the form of the coadjoint orbit two-form on G=H,

where H ⊂ G is the subgroup which commutes with the
chargeQ. This form, well-known as the basis for the Borel-
Weil-Bott theory on group representations, is a nondegen-
erate two-form on G=H. In order to have δΩ ¼ 0, we must
therefore implement the Gauss law only for those U’s
which obey the restriction

I
∂M

Tr½EiδUU−1�dSi ¼ 0 ð29Þ

This is basically the cocycle condition which allows us to
build up finite transformations using sequences of infini-
tesimal transformations. If Ei on ∂M can be arbitrary, this
condition (29) would require fixing U to some value, say,
U∞ on ∂M. [If U∞ is held fixed, δU∞ ¼ 0, so that the
requirement (29) is trivially satisfied.] This clarifies the
nature of the test functions θa in (24) in imposing the Gauss
law; The test functions must be so chosen that they lead to
U∞ on ∂M.
The key question for us is then; What are the allowed

values of U∞? This will be determined by the charge
quantization conditions. But before we take up this issue,
a comment on the asymptotic behavior of U is in order.
Although we argued using constant U on ∂M, generically,
we cannot impose the Gauss law for U’s which are not
constant on ∂M as well, since δΩ2 will not vanish for such
cases. In fact,U’s which are not constant on ∂M correspond
to degrees of freedom which are physical and generate the
“edgemodes” of a gauge theory. Ifwe consider the boundary
to be at spatial infinity, such edge modes are irrelevant. This
will be the case for our analysis in this paper.
Returning to constant values of U on ∂M, and the

identification of the possible values of U∞, we start with
the question; how does Ψ change under transformations
which go to a constant U ≠ U∞? It is easily seen that the
action of a general infinitesimal transformation

δAa
i ¼ −∂iθa − fabcAb

i θ
c; δEa

i ¼ −fabcEb
i θ

c; ð30Þ

is given by

δΨ¼
�
i
Z
M
Diθ

aðxÞEa
i

�
Ψ¼ exp ½iQaθaðr¼∞Þ�Ψ; ð31Þ

where Qa is the electric charge Qa ¼ H
Ea
i dSi. Thus

transformations which go to a constant ≠ U∞ act as a
Noether symmetry, under which the charged states undergo
a phase transformation. If the only charges in the theory cor-
respond to the adjoint representation of G and its products,
i.e., if the states are invariant under ZN ∈ SUðNÞ, then the
wave functions are invariant for those U’s which go to an
element of the center ZN at spatial infinity. We have seen
that we can implement the Gauss law only for trans-
formations which go to a fixed element U∞ at spatial
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infinity. Now we see that the allowed choices for U∞
correspond to an element of the center ZN.
To recapitulate briefly, we have seen that the true gauge

transformations of the theory, in the sense of corresponding
to a redundancy of description, are of the form Uðx⃗Þ with:
(a) U → a constant U∞ at spatial infinity; and
(b) U∞ ∈ZN for a theory with charges which are ZN-

invariant.

B. Charge quantization and U∞:
An alternate argument

There is another way to arrive at the conclusion of the
previous subsection, namely, by a direct analysis of the
charge quantization conditions. Notice that, for U’s obey-
ing (29), we can write Ω as

Ω ¼ 2

Z
M
Tr½EiU∇iðU−1δUÞU−1�

¼ 2

Z
M
Tr½Eiδð∇iUU−1Þ�

¼ δ

�
2

Z
M
Tr½Ei∇iUU−1�

�
: ð32Þ

Using this and integrating (25) from the identity to U, we
obtain

ρðU−1EUÞ ¼ ρðEÞ exp
�
2

Z
M
TrðEi∇iUU−1Þ

�
: ð33Þ

This equation will be important for us; it will have a key
role in subsequent analysis. So another comment and
another derivation will be appropriate before proceeding.
One concern about (33) might be that we have used
integration from the identity to U. In three spatial dimen-
sions, since Π3ðGÞ ¼ Z, there are U’s which are not
connected to the identity. Even though the derivation given
above does not quite make it clear, the result (33) holds
even for U’s which are not in the connected component.
This can be seen by the following alternate derivation
borrowed from [135]:

ΨðEÞ¼
Z

dμðAÞ exp
�
2

Z
M
TrðEiAiÞ

�
ΨðAÞ

¼
Z

dμðAÞexp
�
2

Z
M
TrðEiAiÞ

�
ΨðU−1AUþU−1∇UÞ

¼ exp

�
−2

Z
M
TrðEi∇iUU−1Þ

�

×
Z

dμðAÞexp
�
2

Z
M
TrðU−1EiUAiÞ

�
ΨðAÞ

¼ exp

�
−2

Z
M
TrðEi∇iUU−1Þ

�
ΨðU−1EUÞ; ð34Þ

where we have first used the gauge invariance of the
wave functions in the A-representation [i.e. ΨðAÞ ¼
ΨðU−1AU þ U−1∇UÞ] and then changed the variable of
integration from A to U−1AUþU−1∇U. WithΨ ¼ ρΦðEÞ,
(34) gives (33). (This derivation is simpler but the earlier
analysis does reveal some interesting aspects of imposing
the Gauss law.)
Equation (33) contains certain charge quantization

requirements which can be used to see why the boundary
values of U can be an element of the center, rather than
strictly being the identity. We can show that ρðEÞ of (33)
will vanish unless certain conditions are satisfied by Ei. For
this, it is adequate to examine some special configurations.
The basic strategy is to choose an electric field configu-
ration and a U which commutes with the chosen configu-
ration for Ei. Equation (33) then gives an identity of the
form ρ ¼ ρeiλ where the phase λ is given by the integral
2
R
M TrðEi∇iUU−1Þ. This would imply that ρ must vanish

unless the phase is an integral multiple of 2π; this is the
constraint for the chosen type of field configuration. For
simplicity, we shall use G ¼ SUð2Þ for the example below;
generalization to other groups is straightforward.
For our example, we choose polar coordinates ðr; θ;φÞ

and take

Eθ ¼Eφ ¼ 0; Er¼
σ3
2

q
4πr2

; U¼ expðiσ3fðrÞÞ: ð35Þ

This field corresponds to a point charge at r ¼ 0. To avoid
the singularity, we shall remove the point r ¼ 0 from M.
Thus the boundary ∂M consists of a small sphere around
r ¼ 0 and the sphere at spatial infinity. Even though U is
not constant in space, we have chosen it to commute with
the given Ei. Evaluating the phase factor in (33), we obtain

ρðU−1EUÞ ¼ ρðEÞ expð2iðΔfÞqÞ; ð36Þ

whereΔf ¼ fð∞Þ − fð0Þ. As for the values of fð0Þ; fð∞Þ,
they should be integral multiples of π to be consistent
with the trivial action of U on states at the boundaries.
If we requireU to go to the identity (and not just an element
of the center) at the boundary, Δf ¼ 2πn, n∈Z.
Equation (36) then tells us that we can have nonzero ρ
for q ¼ 1

2
n. The Gauss law for, say fermion sources, may be

written as

∇ · Ea þ fabcAb · Ec ¼ ψ̄Taψ : ð37Þ

For the fundamental representation, this gives, for a point
source with T3 charge, E3 ¼ 1

2
ð1=4πr2Þ. This is consistent

with the quantization of q. On the other hand, if we allowU
to go to −1, then we only need Δf ¼ πn. Correspondingly,
(36) tells us that q should be quantized as q ¼ n.
Equation (37) also tells us that this is consistent with
sources transforming under Z2-invariant representations.
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The result of the arguments presented here is that wave
functions are invariant under gauge transformations which
go to an element of the center in theories where the charges
are in ZN-invariant representations. Such transformations
therefore characterize the redundancy of the variables
ðAi; EiÞ in the theory.
The configuration we have used for obtaining charge

quantization has a divergent kinetic energy T ¼ 1
2

R
E2. It is

possible to find nonsingular configurations which lead to
the same result; it is just that the argument will be a little
more elaborate.

C. Nature of the configuration space

The E-representation of the wave functions was useful in
elucidating the nature of the allowed boundary values for
U. However, for the analysis and formulation of ansätze for
the configurations with fractional topological charge, the A
representation is more appropriate, so this is the represen-
tation we will use for the rest of this paper.
We can now formalize the situation with the gauge

transformations as follows. Staying within the A0 ¼ 0
gauge, let

A≡ fSet of all gauge potentialsAig
≡ fSet of all Lie-algebra-valued vector fields

on space R3g:

Further, let

G≡ fSet of all gðx⃗Þ∶R3 → SUðNÞ; such that

gðx⃗Þ → constant∈ SUðNÞ as jx⃗j → ∞g
Gω ≡ fSet of all gðx⃗Þ∶R3 → SUðNÞ; such that

gðx⃗Þ → ω∈ZN as jx⃗j → ∞g:

Evidently, G=G1 ¼ SUðNÞ, the set of rigid transformations
or the set of constant boundary values for elements g in G.
Our discussion of the Gauss law shows that the gauge
group, namely, the set of transformations which leave the
wave functions invariant, is given by G1 in a theory without
ZN-invariance. However, in a theory with ZN invariance,
Gω leaves Ψ invariant for any ω, so that the gauge group is
G� ¼ ∪ω∈ZN

Gω. Since the difference between G1 and Gω is
in the boundary value, we may also consider any element of
Gω to be of the form gðx⃗Þω, where gðx⃗Þ goes to the identity
at spatial infinity.
The physical configuration space, for theories with

charges in the fundamental representation, i.e., without
ZN-invariance, is given by A=G1. It is easy to see that
this space is multiply connected. Consider a sequence of
configurations Aiðx⃗; τÞ with 0 ≤ τ ≤ 1 given by

Aiðx⃗; τÞ ¼ Aiðx⃗Þð1 − τÞ þ τAg
i ðx⃗Þ;

Ag
i ðx⃗Þ ¼ g−1Aiðx⃗Þgþ g−1∂ig; ð38Þ

where gðx⃗Þ∈G1. Thus gðx⃗Þ → 1 at spatial infinity. The
starting point and ending point of this sequence of gauge
fields are gauge equivalent, so that (38) gives a closed curve
inA=G1. If this curve is contractible, then we will be able to
transform the entire sequence into gauge-equivalent con-
figurations, writing

Aiðx⃗; τÞ ¼ g−1ðx⃗; τÞAiðx⃗Þgðx⃗; τÞ þ g−1ðx⃗; τÞ∂igðx⃗; τÞ: ð39Þ

The transformations gðx⃗; τÞ give a homotopic deformation
of the identity (at τ ¼ 0) to gðx⃗Þ at τ ¼ 1. The homotopy
classes of transformations g∈G1 are characterized by the
winding number

Q½g� ¼ 1

24π2

Z
Trðg−1dgÞ3: ð40Þ

Thus, if g is chosen to have nonzero winding number, then
we do not have the possibility (39), leading to the
conclusion that there are noncontractible paths in A=G1.
In other words, if gðx⃗Þ has nonzero winding number, the
configuration (38) traces out a noncontractible path in
A=G1 as τ changes from 0 to 1. The usual instanton is an
example of such a path, which, although it is not captured
by the simple parametrization given in (38), is deformable
to (38). In general, the noncontractible paths are topologi-
cally nontrivial configurations with nonzero instanton
number, but not necessarily self-dual (or antiself-dual).
In fact, evaluating the instanton number on the configura-
tions (38), we find

ν½A�≡ −
1

8π2

Z
M×½0;1�

TrðFFÞ

¼ 1

24π2

Z
M;τ¼1

Trðg−1dgÞ3; ð41Þ

where we used the fact that g goes to the identity at spatial
infinity.

D. Fractional values of ν

It is now easy to see how one may get fractional values of
ν. We consider a path in the space of gauge potentials A of
the form (39), say with g ¼ Uðx⃗; τÞ, where Uðx⃗; 1Þ is such
that it goes to ω ¼ expð2πi=NÞ as jx⃗j → ∞. In other words,
Uðx⃗; 1Þ∈Gω. Therefore the path AU ¼ U−1AU þ U−1∇U
is closed in the ZN-invariant theory. The instanton number
of this configuration can be evaluated explicitly, but before
doing that, a comment is in order. The configuration
U−1AU þ U−1∇U looks similar to (39), but there is an
important difference. In (39), gðx⃗; τÞ gives a homotopy
between the identity and gðx⃗Þ, so that Aiðx⃗; τÞ is gauge
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equivalent to Aiðx⃗Þ for any value of τ. Further, the value of
gðx⃗; τÞ as jx⃗j → ∞ is identity. To get a noncontractible path,
one needs to consider Ai which depend on τ as in (38) (or in
the usual self-dual instanton configurations). In the present
case, the boundary value of U changes from the identity to
ω, so that at τ ≠ 0, 1, U is not an element of G1 or Gω. This
is why the configurationsU−1AU þ U−1∇U can still give a
nonzero ν.
Turning to details, it is useful to have an explicit con-

struction of such a Uðx⃗; τÞ. Let ta, a ¼ 1; 2;…; ðN2 − 1Þ,
denote a basis of Hermitian N × N matrices for the Lie
algebra of SUðNÞ, normalized so that TrðtatbÞ ¼ 1

2
δab. We

can take tN
2−1 to be diagonal and given by

ðtN2−1Þij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N
2ðN−1Þ

s � 1
Nδij i; j¼ 1;2;…;ðN−1Þ
1
N−1 i¼ j¼N:

ð42Þ

This is the SUðNÞ version of the usual hypercharge matrix.
It is easy to see that

g ¼ expði2πτ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðN − 1Þ=N

p
tN2−1Þ ð43Þ

is a path from g ¼ 1 to g ¼ ω in SUðNÞ as τ varies from
zero to 1. Thus it is a closed path in the pure SUðNÞ gauge
theory. Keeping in mind that instantons are essentially in an
SUð2Þ subgroup of SUðNÞ, we define the N × N matrix

Yij ¼
(

1
N δij i; j¼ 1;2;…;ðN − 2Þ
1
2
ðσ · x̂Þijþð1N− 1

2
Þij i; j¼N − 1;N:

ð44Þ

We can then define

Uðx⃗; τÞ ¼ expðiYΘðr; τÞÞ ð45Þ

with Θðr; 0Þ ¼ 0, Θð0; τÞ ¼ 0 and Θð∞; τÞ ¼ 2πτ. [One
example of such a function is Θðr; τÞ ¼ 2πτr=ðrþ r0Þ.
There are obviously infinitely many Θ’s consistent with the
required boundary behavior.] This gives a spherically
symmetric ansatz for an element of Gω. It is easy to verify
that Uð∞; τÞ traces out a path from the identity to ω in
SUðNÞ. Also, since Uð∞; τÞ → 1;ω at τ ¼ 0, 1, it qualifies
as a gauge transformation at the two ends in the SUðNÞ=ZN
theory.
Returning to the configurations AU

i ¼U−1AiUþU−1
∂iU

in the space of potentials, we see that this corresponds to a
closed path in A=Gω. Since U depends on x⃗; τ, but Ai
depends only on x⃗,

F ¼ dAU þ AUAU ¼ U−1FU þ dτ
∂

∂τ
AU

¼ U1ðF −DaÞU; ð46Þ

where F involves only the spatial components of the field
strength tensor and a ¼ dτU̇U−1. (For this calculation, τ

can also be viewed as the time coordinate, so that Da is
essentially the electric field.) From (46),

ν ¼ −
1

8π2

Z
Tr½ðF −DaÞðF −DaÞ� ¼ 1

4π2

Z
TrðDaFÞ

¼ 1

4π2

I
TrðaFÞ: ð47Þ

The indicated boundary integration is over spatial infinity
and over all τ. This shows that we will need a nonzero
magnetic flux to obtain a nonzero value for ν. Therefore, we
consider monopolelike configurations with the asymptotic
behavior

F ¼ 1

2
Fijdxi ∧ dxj

→ −
i
2
ðσ · x̂ÞM

2
ϵijk

x̂k

r2
dxi ∧ dxj; ð48Þ

where σi are in the 2 × 2 block of i; j ¼ ðN − 1Þ; N viewed
as an N × N matrix. M is (electric charge e times) the
monopole charge. We then find

ν ¼ M: ð49Þ

M must be quantized according to the Dirac quantization
condition. This condition, for a general gauge group is the
Goddard-Nuyts-Olive (GNO) quantization condition [136]
and amounts to the following. If the electric charges
correspond to representations of G, then the magnetic
charges M take values in the dual group G̃. For our case,
we note that the GNO dual of SUðNÞ is SUðNÞ=ZN . Thus
if the electric charges are ZN invariant, taking values
corresponding to SUðNÞ=ZN representations, then the
fundamental charges of SUðNÞ are allowed values for
M. They are thus quantized in units of 1=N.
Thus we see that we can indeed obtain fractional values

of ν. The problem however, is that for the nonsingular
’t Hooft-Polyakov (‘t H-P) monopoles, the quantization
condition is not quite the Dirac (or GNO) condition. In fact,
for the case of SUð2Þ,M is an integer for ’t H-P monopoles,
whereas the GNO condition would suggest that it is
possible to get M ¼ 1

2
. It is, however, possible to construct

nonsingular configurations of separated GNO monopoles
which have a total flux consistent with the ’t Hooft-
Polyakov condition. These will look like some split
versions of the ’t H-P monopole.
We can construct an ansatz for the split monopole for the

case of SUð2Þ as follows. Let AD be the Dirac form of the
monopole given by

AD ¼ ðx̂1dx̂2 − x̂2dx̂1Þ
ð1þ x̂3Þ

: ð50Þ

The ’t Hooft-Polyakov form of the monopole is then
given by
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A ¼ ð1 − KðrÞÞ
�
g−1i

�
σ3
2

�
ADgþ g−1dg

�

¼ i

�
σa

2

�
ð1 − KÞϵabc

xb

r2
dxc; ð51Þ

where g is the matrix

g ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ zz̄

p
�
1 z

−z̄ 1

�
ð52Þ

and z ¼ tanðθ=2Þe−iφ and

x̂1 ¼
zþ z̄
1þ zz̄

; x̂2 ¼
iðz − z̄Þ
1þ zz̄

; x̂3 ¼
1 − zz̄
1þ zz̄

: ð53Þ

We may also note that g−1σ3g ¼ σ · x̂. The function KðrÞ
vanishes exponentially outside of the core of the monopole,
and 1 − KðrÞ ∼ r2 for small r. The advantage of writing it
as in (51) is that, for large r, we can trivially calculate F as

F ¼ ig−1
σ3
2
g dAD ¼ i

2
σ · x̂ sin θ dθdφ: ð54Þ

Thus, Fa ¼ −x̂a sin θ dθdφ, with
R
Fax̂a ¼ −4π. We can

now modify this ansatz with some of the flux piped away
from the monopole by a vortex. We consider an Abelian
vortex given by

Av ¼
1

2
fðρ; x3Þ

x1dx2 − x2dx1
ρ2

; ð55Þ

where ρ2 ¼ x21 þ x22. This is a vortex along the x3-axis. We
also have fðρ; x3Þ → 1 as ρ becomes large, essentially
outside the core of the vortex. The factor of 1

2
tells us that the

flux carried by this vortex is 2π=2; it is a ZN vortex, for
N ¼ 2. We will consider a vortex of finite length L by
taking as an ansatz

fðρ; x3Þ ¼
1

2
tanh λρ ½tanh λ̃x3 − tanh λ̃ðx3 − LÞ�: ð56Þ

This function vanishes exponentially for x3 ≪ 0 and for
x3 ≫ L. The core of the vortex has an extent in ρ of the
order of 1=λ. Our modified ansatz is now given by

A ¼ ð1 − KðrÞÞ½g−1iσ3ðAD − AvÞgþ g−1dg�: ð57Þ

Consider a large sphere of radius R much larger than the
core of the monopole and the core of the vortex. If R ≪ L,
then the sphere intersects the vortex. The flux may be
computed by taking K → 0, so that

F ¼ i
2
σ · x̂ðdAD − 2dAvÞ: ð58Þ

The flux is then −ð4π − 2πÞ ¼ −2π. This is what we expect
for a GNO monopole, and is equivalent to M ¼ 1

2
. If we

consider a sphere of radius much larger than L, then the
contribution from Av is zero, since f vanishes and we get
−4π for the total flux. In this sense, we can view the
configuration (57) as a split monopole.
The relevance of the split monopole can be understood

from the following question; In a calculation or simulation
of the vacuum-to-vacuum transition amplitude, can we see
configurations with fractional values of ν? For this it is
useful to write ν in terms of the Chern-Simons integral

SCSðMÞ ¼ −
1

8π2

Z
M
Tr

�
AdAþ 2

3
A3

�
: ð59Þ

The topological charge ν, which is the integral of the
exterior derivative of the Chern-Simons over spacetime,
can then be written as

ν ¼ SCSðM; τ ¼ 1Þ − SCSðM; τ ¼ 0Þ

þ 1

8π2

I
∂M

TrðAiEjÞdx0 ∧ dxi ∧ dxj: ð60Þ

As the representative of the vacuum at τ ¼ 0, we may take
Ai ¼ 0. The final configuration is also the vacuum, so it
must be a gauge transform of Ai ¼ 0, say, Ai ¼ g−1dg.
Further, if we consider spatial boundary conditions (peri-
odic, Dirichlet, etc.) which lead to vanishing of the integral
with the electric flux on ∂M, we find

ν ¼ SCSðM; τ ¼ 1Þ − SCSðM; τ ¼ 0Þ

¼ 1

24π2

Z
M
Trðg−1dgÞ3 ¼ Q½g�: ð61Þ

Since Q½g� is an integer, even for g’s such that g → ω on
∂M, we get integral values of ν in the vacuum-to-vacuum
amplitude. However, we can have configurations like
AU
i ¼ U−1AiU þ U−1

∂iU where Ai is a split monopole
configuration as in (57). We get separated configurations,
each of which in isolation may be considered as having a
fractional value of ν, but the total value of ν is integral.

E. Simple solution

Wewill now illustrate the analysis given above in a related
but slightly different way and also comment on the situation
with finite nonzero temperature T. It is convenient to
frame this discussion in terms of a nonzero A0, by replacing
the field configuration ðA0 ¼ 0; U−1AiU þ U−1

∂iUÞ by
its gauge equivalent version ðA0 ¼ U̇U−1; AiÞ. For A0, at
r ¼ ∞ our choice is then

A0 ¼
2πT
N

k: ð62Þ

V. P. NAIR and ROBERT D. PISARSKI PHYS. REV. D 108, 074007 (2023)

074007-10



Here k is a diagonal SUðNÞ matrix related to ZN trans-
formations, so their elements are integers. There are two
choices,

k1 ¼
�
1N−1 0

0 −ðN − 1Þ

�
; ð63Þ

k2 ¼

0
B@

1N−2 0 0

0 −ðN − 1Þ 0

0 0 1

1
CA: ð64Þ

These are obviously related to the matrix ðtN2−1Þij in
Eq. (42). For k equal to either ki, the Wilson line in the
imaginary time direction, t, is

Ω ¼ exp

�
i
Z

1=T

0

A0 dt

�
¼ exp

�
2πi
N

k

�
; ð65Þ

has nontrivial holonomy, as these values represent ZN
degenerate vacum.
For the spatial components, construct a split ‘t H-P

monopole, as in the previous section. Divide a sphere into
an upper and a lower hemisphere, with gauge potentials on
each, A�, and take

A�
ϕ ¼ 1

2Nr
m

ð�1 − cos θÞ
sin θ

: ð66Þ

To see this is aZN monopole, compute the Wilson line for a
special closed path, s⃗. Since the vector potential is specified
by two patches, we compute the Wilson line with Aþ, going
around by 2π in ϕ; then, take the Wilson line with A−,
running in the opposite direction,

exp

�
i
I

A⃗þ · ds⃗

��
exp

�
i
I

A⃗− · ds⃗

��†

¼ exp
�
2πi
N

m
�
: ð67Þ

This is manifestly gauge invariant, and ¼ 1 if the configu-
ration is trivial, Aþ ¼ A−. For the ZN monopole, instead
one obtains a nontrivial element of ZN . For this to be true,
m must be one of the two matrices, c1 or c2.
The above are the boundary conditions at spatial infinity,

r → ∞. At the origin, r ¼ 0, we require all Aμ’s to vanish,
at least like ∼r2, so that Fμν ∼ r as r → 0.
As argued in Sec. II, in general we expect that this exists

only as a quantum instanton, on the order of the confine-
ment scale. At nonzero temperature, however, 1=T provides
an alternate length scale. While the solution is approx-
imately self-dual over distances ∼1=T, because of the
presence of the Debye screening mass, it is not self-dual
over larger distances. This generates corrections ∼

ffiffiffiffiffi
g2

p
to

the action.

It is straightforward to compute the topological charge.
For large r,

A0ðrÞ ¼
2πT
N

k −
1

2Nr
mþ…: ð68Þ

For a static configuration,

Q ¼ 1

4π2

Z
d4x∂i tr ðA0BiÞ ¼

1

N2
m · k: ð69Þ

This was first derived by ’t Hooft [73].
There are only two cases to consider. Either the ZN

charges are the same, or they are different. If they are the
same, m ¼ k1,

Q ¼ N − 1

N
: ð70Þ

If they charges are different, such as m ¼ k1 and k ¼ k2,
then

Q ¼ −
1

N
: ð71Þ

We conclude this section by discussing the relationship
between the configuration above and that of Kraan, van
Baal, Lee, and Lu (KvBLL) [86–99] Like ours, their
solution carries magnetic charge and has nontrivial hol-
onomy. Our ansatz, however, carries ZN magnetic charge,
and so must be represented by a multivalued function,
Eq. (66), while that of KvBLL has integral magnetic
charge. For our solution, the boundary condition for
holonomy at spatial infinity ensures that it is a vacuum
which is degenerate with the vacuum. Thus when one-loop
corrections are included, the action for our solution will
remain finite. In contrast, for the solution of KvBLL, the
holonomy is at a maximum of the holonomous potential.
When one-loop corrections are included, then, the action
for a constituent with charge 1=N diverges as the spatial
volume. The action for an instanton with integral charge
remains finite, which is why on the quantum level, these
constituents cannot be pulled apart. In the next section, we
discuss how to distinguish between our configurations and
those of KvBLL.

IV. ZN DYONS ON THE LATTICE

In the previous section we argued that configurations
with fractional magnetic charge can generate fractional
topological charge. From this the N dependence of EðθÞ in
Eq. (19) follows immediately, and accords with general
expectation [1,2]. Assuming that fluctuations in the topo-
logical charge are ΔQ ∼ 1=N, since there are N2 ways of
inserting a fractional charge in an SUðNÞ gauge theory,
the topological susceptibility χ ∼ N2ð1=NÞ2 ∼ 1. As in the
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CPN−1 model, b2 ¼ b̃2=N2, where b̃2 is a number of
order one.
The precise value of b̃2 is rather interesting. By numeri-

cal simulations on the lattice, Bonanno et al. [60] computed
b2 for N ¼ 4 and 6, and compared to known results for
N ¼ 3. They exclude a constant value of b2, as expected for
a dilute gas of instantons. Instead, their results strongly
favor b2 ¼ b̃2=N2. Comparing to Eq. (20), b̃2 ¼ −1=12 ≈
−0.08 for a dilute gas of fractionally charged objects.
Instead, Ref. [60] find a value which is more than twice as
large, b̃2 ≈ −0.19. This indicates that fractional instantons
do not form a dilute gas, but a dense liquid. That the
vacuum of a SUðNÞ gauge theory is complicated, with a
dense liquid of ZN dyons, is to be expected.
While the value of b̃2 is most suggestive, it does not

comprise definitive evidence for fractional topological
charge. We then discuss a way of measuring fractional
topological charge directly. In the continuum, an instanton
in a SUðNÞ gauge theory with topological charge one,
coupled to single massless Dirac quark in the fundamental
representation, has two zero modes, one for each chirality.
In the adjoint representation, however, there are 2N zero
modes. Thus, a single ZN dyon has two zero modes for a
quark in the adjoint representation.
On the lattice, in the pure gauge theory one can use an

external quark propagator to look for isolated zero modes.
To ensure these are not lattice artifacts, it is imperative to
use a Dirac propagator with exact chiral symmetry, such as
the overlap operator [137–143].
Using an external quark propagator in the adjoint

representation, then, one can look for isolated ZN dyons.
This was first done by Edwards et al. [129], who found
evidence for fractional topological charge. Their lattices
were coarse, however. With present techniques and much
finer lattices it should be possible to establish the existence
of fractional topological charge close to the continuum limit
[144]. With the overlap operator, one would look for
configurations with (almost) zero modes; from the eigen-
vector, one could estimate the position and size of the
object.
We stress that unless there are boundary conditions

which are twisted with respect to ZN [73,74], then the
net topological charge will always be integral. Even so, it
should be possible from the eigenvectors to see if N ZN
dyons are tightly bound into instantons, or if ZN dyons and
antidyons form a dense liquid of objects with fractional
topological charge.
In the confining phase of a gauge theory surely the

worldlines of the ZN dyons are tangled, both with them-
selves and those of other dyons and anti-dyons. This is
especially true if the size of the dyons is on the order of the
confinement scale. This may help explain why lattice
studies by Horvath et al. do not find evidence for a simple
instanton, concentrated about a single point in spacetime,
but for an extended structure [124,125,145–149].

The change in the behavior of ZN dyons is especially
interesting near the deconfining transition temperature Td.
ZN dyons carry ZN magnetic charge. This is allowed in the
confined phase, where ZN magnetic charge is unconfined.
In the deconfined phase, though, ZN magnetic charge
propagating in the temporal direction is confined. Thus
ZN dyons are only relevant at best in a narrow temperature
region above Td. As the temperature increases, so will
the magnetic string tension, binding the ZN dyons with
increasing strength into instantons with integral topological
charge. This window of temperature at T ≥ Td where ZN
dyons are relevant could vanish as N → ∞, which
appears to be suggested by numerical simulations on the
lattice [51].
We note that at temperatures just above Td, it should be

possible to distinguish between our configurations, and
those of KvBLL, by measuring the value of the Polyakov
loop at the location of the near zero mode of the adjoint
quark propagator.
Especially interesting to study would be the behavior of

Z2 dyons in a SUð2Þ gauge theory, where the deconfining
transition is of second order.

V. ZN DYONS AND QUARKS

We have concentrated exclusively on a gauge theory
without dynamical quarks. In this section we discuss what
might occur with their introduction.
For aZN magnetic monopole (or dyon), a Wilson loop in

the fundamental representation picks up a phase of
expð2πi=NÞ as it encircles the worldline of the monopole.
The same is true for dynamical quarks in the fundamental
representation, and so it is not obvious how the monopole
density changes as quarks are introduced.
There are recent results about the density of ZN

monopoles in the presence of dynamical quarks. While
the definition of ZN monopoles, and so their density, is
gauge dependent, changes in the density should be mean-
ingful and gauge invariant. Biddle, Kamleh, and Leinweber
[130–133] have studied the change in the density of ZN
monopoles as quarks are introduced, and find that the
monopole density strongly increases as the mass of the
quarks decreases.
While the sign of the effect is unexpected, we can use

this to suggest how anomalous interactions might change as
a function of the temperature, T, and quark chemical
potential, μqk.
At μqk ¼ 0 andT ≠ 0, the lattice finds that the topological

susceptiblity is consistent with a dilute gas of instantons, as
in Eq. (1), for T > 300 MeV [24–34]. Notice that this
temperature is close to the deconfining temperature for the
pure glue theory, of Td ≈ 270 MeV [150].
The lattice finds that the crossover temperature for chiral

symmetry is at Tχ ≈ 156� 2 MeV [152–154]. Thus for
Tχ ≤ T ≤ 300 MeV, massless quarks interact with what is
surely a dense liquid of ZN dyons. At a temperature
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T < Tχ , the topological susceptibility changes slowly with
temperature, as massive quarks, or equivalently hadrons,
interact with this dense liquid of ZN dyons. Thus, in QCD
there are demonstrably three regimes for the topological
suceptibility.
Similarly, at low temperature and nonzero quark chemi-

cal potential, μ, it is natural to suggest that there are
again three regimes for the topological susceptibility. While
this regime is not accessible to classical computers because
of the sign problem, eventually it will be measured
using quantum computers. Nevertheless, we can at least
speculate.
Because the number of degrees of freedom for quarks and

gluons at nonzero temperature is somuch greater than that at
T ¼ 0 and μqk ≠ 0, estimates with a dilute instanton gas
indicate that at zero temperature, instantons do not dominate
until very high chemical potential, at leastμqk ∼ 2 GeV [18].
We note that this bound uses the incomplete result for the
instanton density at zero temperature and μqk ≠ 0; a better
bound would follow from the full instanton density [21].
Consider then the opposite limit, moving up in the quark

chemical potential. The chemical potential has no effect
upon the free energy until it exceeds one-third the mass of
the nucleon, minus the binding energy of nuclear matter,
at something like μqk ∼ 300 MeV. Assuming that this
regime is like that for μqk ¼ 0 and T < Tχ , the topological
susceptibility presumably varies little as μ increases. This
should hold until chiral symmetry is restored at μqk ¼ μχ ,
and the quarks are (essentially) massless. Then the topo-
logical susceptiblity should vary significantly, as the
Fermi sea of massless quarks interacts strongly with a
dense liquid of ZN dyons. This includes both a chirally
symmetric hadronic phase, a chirally symmetric quar-
kyonic phase [155,156], and perhaps even into the pertur-
bative regime, for μqk > 1 GeV [157–159]. In the latter, for
1 ≤ μqk ≤ 2 GeV, color superconductivity is dominant
near the Fermi surface, but the effects of the axial anomaly
can still affect the possible pairing mechanisms [160].
In summary, while the interactions between massless,

dynamical quarks and a dense liquid ofZN dyons dominate
for μqk ¼ 0 and the intermediate temperature region of
Tχ ≈156≤T ≤ 300MeV, the analogous regime for T ¼ 0

could be much broader, from μχ ≤ μqk ≤ 2 GeV.
This suggestion is obviously conjecture, and so we do

not bother with considering how the entire phase diagram
in T and μqk might fill out. It does indicate that this phase
diagram is exceedingly rich.
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APPENDIX: CRITICAL POINTS
OF THE QUANTUM ACTION

In this appendix we discuss how topologically nontrivial
configurations arise not as solutions to the classical
equations of motion, but as critical points of the effective
quantum action. Before discussing details of such configu-
rations, it is useful to comment briefly on the role of such
critical points. Denoting the fields generically by the
symbol φ, with Minkowski signature the effective action
ΓðΦÞ is given by the functional integral

eiΓðΦÞ ¼
Z

½dφ� exp
�
iSðφþΦÞ − i

Z
φ
δΓ
δΦ

�
ðA1Þ

Consider then a solution Φ of δΓ
δΦ ¼ 0 with boundary values

ϕ → Φ1 as t → −∞, Φ2 as t → þ∞. From Eq. (A1), ΓðΦÞ
evaluated on this solution is

eiΓðΦÞ ¼
Z

½dφ� exp ðiSðφþΦÞÞ: ðA2Þ

Independently, we can see that the transition amplitude
from a configuration Φ1 at t → −∞ to Φ2 at t → þ∞ is

hΦ2jΦ1i ¼ hΦ2je−iHðt−τÞjΦ1i
���
t→∞;τ→−∞

¼
Z

½dφ�eiSðφÞ
���
φðt¼−∞Þ¼Φ1;φðt¼∞Þ¼Φ2

¼
Z

½dφ�eiSðφþΦÞ; ðA3Þ

where we shift φ → φþΦ in the last line and integrate
over φ’s which vanish as t → �∞. The boundary values
Φ1, Φ2 for φþΦ are carried by Φ. Comparing Eqs. (A2)
and (A3), we see that the solution of δΓ

δΦ ¼ 0 gives the
transition amplitude for Φ1 → Φ2. (This is essentially the
result that the S-matrix is given by Γ evaluated on its critical
points; here we are using φ-diagonal states, rather than
specifying the incoming and outgoing states by spins and
momenta of the particles.) By the same reasoning, by
obtaining solutions with specific boundary behavior at
t → �∞, or more generally, specific asymptotic behavior
in spacetime, we get information about transition ampli-
tudes. The analysis in text on the critical points of the
effective action should be viewed with this interpretation in
mind. We will be using Euclidean signature in this section,
as is appropriate for tunneling transitions.
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A related point, perhaps worth emphasizing, is that the
solution Φ should not be interpreted as the vacuum
expectation value of the quantum field. (Notice that,
to get the vacuum-to-vacuum amplitude, one has to
integrate Eq. (A3) over Φ1, Φ2 after taking the product

with the vacuum wave functions Ψ0ðΦ1Þ and Ψ�
0ðΦ2Þ.

The configurations we discuss will have boundary
behaviors which correspond to the vacuum in the
SUðNÞ=ZN theory, but are distinct before modding out
by ZN.
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