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We revisit the calculation of the cross section for forward inclusive single hadron production in pA
collisions within the hybrid approach. We show that the proper framework to perform this calculation
beyond leading order is not the collinear factorization, as has been assumed so far, but the transverse
momentum dependent (TMD) factorized framework. Within the TMD factorized approach we show that all
the large transverse logarithms appearing in the fixed order calculation are resummed into the evolution of
the TMD parton distribution functions and TMD fragmentation functions with factorization scale. The
resulting expressions, when written in terms of TMDs evolved to the appropriate, physically well
understood factorization scale, contain no additional large logarithms. The absence of any large logarithms
in the resummed result should ensure positivity of the cross section and eradicate the persistent problem
that has plagued the previous attempts at calculating this observable in the hybrid approach.
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I. INTRODUCTION

Understanding the high-energy limit of quantum
chromodynamics [1] is one central issue in particle physics
(see the recent review [2]). At high energies or, alterna-
tively, when exploring the region of the structure of hadrons
and nuclei where their parton constituents carry small
fractions x of the total momentum, new phenomena are
predicted that differ from those found at larger values of x.
Specifically, fixed order perturbation theory is expected to
fail and demand the resummation of large logarithms
ln 1=x, scattering amplitudes become close to their unitarity
limit, and nonlinear phenomena leading to nonlinear
evolution equations and saturation of parton densities,
further enhanced by the size of the hadron or nucleus,
are expected. The latter is usually studied in the weak
coupling but nonperturbative in density framework of the
color glass condensate (CGC) effective theory [1,3].
Charged particle production in the forward rapidity

region in hadronic collisions at high energies, studied at the
Relativistic Heavy Ion Collider (RHIC) at the Brookhaven

National Laboratory and the Large Hadron Collider (LHC)
at CERN, is sensitive to the small-x parton distribution of
the backward-going hadron or nucleus (target), while the
large-x structure of the forward-going hadron (projectile) is
probed. Measurements performed in dAu collisions at
RHIC [4,5] show a strong suppression with respect to
scaled pp yields as expected in saturation, but they lie close
to the kinematic limit which complicates their interpreta-
tion. Measurements in pp and pPb at the LHC [6–9] are
compatible with the suppression expected in saturation but
also, within the large present uncertainties, with predictions
based on standard fixed-order collinear approaches.
Therefore, both a determination of the parton structure
of hadrons and nuclei at small x through different observ-
ables and a reduction of the uncertainties in the theoretical
calculations become mandatory in order to elucidate the
dynamical origin of the observed suppression.
Single inclusive particle production in the forward region

in the CGC framework is usually addressed in the hybrid
approach. In this approach, the projectile is described
through standard collinear parton densities. The partons
in the projectile then scatter on the color field of the target,
considered as a dense object and described through target
averages of Wilson lines, to produce the final parton which
then hadronizes through standard collinear fragmentation
functions. The hybrid approach was formulated at the
lowest order (LO) in [10]. A partial next-to-leading order
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(NLO) calculation was performed in [11], while the full
NLO result appeared in [12,13]. In this result, a collinear
subtraction resulted in the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) evolution [14–16] of parton den-
sities and fragmentation functions, while a rapidity cutoff to
regularize the soft divergencies was required that led to
the Jalilian-Marian–Iancu–McLerran–Weigert–Leonidov–
Kovner (JIMWLK) evolution equation [17–27], or its
mean field version (the Balitsky-Kovchegov equation,
BK) [28–30], for the target averages of Wilson lines.
A numerical implementation of the NLO results in

[31–33], while successful in describing the existing exper-
imental data at lower transverse momentum, suffered from
a peculiar instability. The cross section seemed to drop very
fast with increasing transverse momentum and rather
quickly became negative and thus unphysical. This imple-
mentation made a specific choice of the rapidity scale (see
discussions in [34–36]), to which the target averages of
Wilson lines were evolved through the BK equation.
Later, in [37] a restriction on the lifetime of the

fluctuations of the projectile wave function (Ioffe time)
was introduced that provided a soft cutoff and made evident
the existence of additional NLO terms (resembling those in
the BK evolution equation). Such additional terms were
also found in [38] (coming from kinematic considerations
that are equivalent to the Ioffe time restriction but with a
different scale choice). When implemented numerically,
they alleviated the negativity problem but did not solve it
completely.
Further developments have been the use of a different

regularization scheme for the rapidity divergence [39]
within soft-collinear effective theory, as well as attempts
at threshold [40–42] and Sudakov [42] resummations.
While these modifications resulted in improved fits to
data, there is no guarantee that they ensure positivity of the
cross section at large transverse momentum.1 Principally,
the unsettling thing about these developments is that they
are rather ad hoc, and there does not seem to be a
commonality of approaches between them that would
address and try to rectify a well-defined physics point.
One is thus left with the impression that we still do not
understand the proper way of calculating single particle
inclusive production at NLO within the multiple scattering
low-x approach.
Negative cross sections at higher order in perturbation

theory appear in many calculations. They are usually taken
as a signal of the failure of fixed order perturbation theory
due to the existence of large logarithms. However, the fact
that in this calculation they are present at large transverse
momentum looks rather peculiar. At low transverse

momentum one in principle can expect large contributions
not properly calculable in perturbation theory; however, at
high momentum a properly resummed perturbative calcu-
lation should be free from large logarithms and yield
sensible results.
“Properly resummed” is the key phrase in the previous

sentence. It is the purpose of the present paper to show that
indeed the perturbative resummations performed in the
previous works all have one basic flaw in common.
Specifically they assume that all large transverse logarithms
can be resummed within the collinear factorization
approach, as first formulated in [10]. We will show instead
that the proper framework for resummation is the transverse
momentum dependent (TMD) factorization and not the
collinear factorization scheme. Once this fact is realized,
and the TMD resummation is performed, instabilities
should disappear and the NLO calculation should yield a
positive physical result.
Our approach to the problem in large measure is

motivated by the early analysis of [11]. That paper showed
that the source of large transverse momentum hadrons
(with transverse momenta much larger than the saturation
scale in the target) is twofold. The large momentum of the
produced hadron can originate either from the large trans-
verse momentum exchange with the target (this contribu-
tion to hadroproduction was named elastic in [11] since it is
driven by an elastic scattering of a valence parton) or from
the large transverse momentum perturbative splittings in
the projectile wave function followed by soft scattering
with the target (this was named inelastic in [11] as at NLO it
is driven by the inelastic scattering of the quark-gluon pair).
The elastic production mechanism contributes at both LO
and NLO and is affected by virtual corrections, while the
inelastic contribution is a pure real NLO effect. The elastic
contribution is very sensitive to the high momentum
component of the target fields. In many models (such as
Golec-Biernat–Wüsthoff, GBW [55]) it is greatly sup-
pressed. In these models the large transverse momentum
region at NLO is entirely dominated by the inelastic
contribution. Even in models where the elastic mechanism
does not disappear exponentially at high momentum, the
two sources for pT ≫ Qs are of equal importance. The
inelastic contribution to production, being a real NLO
squared contribution, is always positive. Obviously this
contribution cannot be properly taken into account within
the collinear factorization approach as the hard final state
momentum is not acquired due to hard scattering. Instead, it
is natural to think about this contribution in terms of TMD
factorization, with the produced hadron arising from the
high kT quark coming directly from the quark TMD parton
distribution function (PDF).
With this intuition it becomes clear that there is

another potential source to production at high pT , i.e., a
process where a low kT parton scatters with low momentum
transfer but subsequently fragments into a high pT hadron.

1Additionally, the calculations have been extended to single jet
[43,44], trijet [45], and the real part of dijet [46] production in
pA, and dijet [47–50], single hadron [51], and dihadron [52–54]
production in electron-nucleus collisions.
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This would correspond to the hadron arising from a TMD
fragmentation function (FF). The fragmentation was not
considered in [11]. It was included in [12,13] in the
framework of collinear factorization, and its proper treat-
ment in the TMD factorization framework is performed in
this paper for the first time.
In addition to large transverse logarithms, the NLO

calculation encounters large soft logarithms. These loga-
rithms have to be resummed into the energy evolution of
the Wilson lines—the scattering amplitudes of the projec-
tile partons on a dense target. Originally in [12,13] this
resummation was performed by explicitly subtracting a
large logarithmic term from the cross section and attrib-
uting it to the BK-like evolution of the Wilson lines (or
dipole amplitudes). At large pT this procedure oversub-
tracted a large contribution, and, coupled with the incom-
plete treatment of the inelastic contribution, led to a
negative cross section at large transverse momentum.
In terms of the resummation of soft logarithms we follow

the approach of [37]. We perform the calculation in a frame
where most of the energy is carried by the target. The
lifetime of fluctuations in the projectile wave function is
limited by the Ioffe time constraint. As a result, in this
frame the projectile wave function does not contain many
soft gluons, and no large soft logarithms appear explicitly
in the calculation. All such logarithms have been implicitly
resummed in the dipole scattering amplitude on a highly
evolved target by the choice of the convenient frame.
As for the transverse logarithms, we do not employ

collinear subtraction in an attempt to resum such logarithms
into the collinear parton densities and fragmentation
functions. Instead we show that such logarithms are
naturally resummed into the TMD PDFs and FFs. We
show that in this TMD factorized framework after evolving
TMDs to the naturally chosen resolution scale only
genuinely small NLO terms remain which do not contain
large logarithms. These genuinely perturbative corrections
are understood as NLO corrections to the “hard part”—i.e.,
production probability of a low kT parton via a hard
scattering from the target.
In the remaining part of the Introduction we present a

sketch of our approach. As in [37], we require the
production of a parton with longitudinal momentum kþ,
at a forward rapidity (in the projectile-going direction) and
with a sizable transverse momentum. This parton then
fragments into a hadron of momentum pþ¼ζkþ, 0<ζ<1
at a forward rapidity η. By definition, one has

η ¼ 1

2
ln
pþ

p− : ð1:1Þ

Let us define the fractions xp and xF of the light-cone
momentum Pþ of the projectile carried by the produced
parton and hadron, respectively, as

xp ¼ kþ

Pþ and xF ¼ pþ

Pþ : ð1:2Þ

Notice that the standard Feynman-x variable xF ¼ xpζ.
In Fig. 1 we show the different rapidity and momentum

scales in our setup. As discussed at length in Secs. II.A and
III.A in [37], we work in a frame where the ensembles of
Wilson lines representing the target have been evolved to
rapidity YT ¼ lnðs=s0Þ < 1=αs, for which there is no need
of additional rapidity evolution. In this frame, the projectile
momentum is Pþ ≡ Pþ

P ¼ MPffiffi
2

p eYP and the target momen-

tum P−
T ¼ MTffiffi

2
p eYT , while the total energy of the process is

s ¼ 2PþP−
T . At a given energy s, the choice of parameter s0

is equivalent to the choice of Lorentz frame in which the
calculation is performed. Any variation of s0 must be
accompanied by the change of the dipole scattering
amplitudes sðpTÞ (or Wilson line averages) that enter the
scattering probability. As was shown in [37], the change of
sðpTÞ must be given by the BK evolution, where the
evolution parameter is proportional to ln s0. The Ioffe time
τ is simply related to s0: Pþ=τ ¼ s0=2. We explicitly verify
here that in the TMD factorized framework we pursue, such
a change of the choice of s0 leaves physical observables
unaffected, as should be the case for a choice of frame.2

In the calculationwe assume that the highly evolved target
is characterized by a large saturation scaleQ2

s ≫ Λ2
QCD, and

the hadron is produced with a large transverse momentum
p2
T ≫ Λ2

QCD. Since at both RHIC and LHC the saturation
momentum of the nucleus is at most 1–2 GeV, while the
available values of transverse momenta can be much higher,
phenomenologically one is mostly interested in the situation
wherep2

T ≫ Q2
s . Nevertheless our TMD factorized approach

is also valid for transverse momenta Q2
s > p2

T ≫ Λ2
QCD.

Our physical motivation, as discussed above, relies on
the naive transverse momentum dependent parton model.
The particle production process in this model is illustrated

FIG. 1. Different rapidity and momentum scales in our setup,
taken from [37]. Here Pi, Mi, i; j ¼ P, T denote the momentum
and mass of the projectile and target.

2This derivation is presented in Appendix C.
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in Fig. 2, and it suggests the following simple expression
for the inclusive single particle production cross section
(we assume a single quark species for the sake of the
argument in this section):

Z
dζ
ζ2

Z
d2k⊥d2q⊥T

�
xF
ζ
; k⊥; μ2T

�
Pðk⊥; q⊥Þ

× F ðζ;p⊥; ðk⊥ þ q⊥Þ; μ2FÞ: ð1:3Þ

Here T is the initial TMD PDF, F is the final parton TMD
FF, corresponding to a parton with transverse momentum
k⊥ þ q⊥ fragmenting into a hadron with transverse
momentum p⊥, and Pðk⊥; q⊥Þ is the differential proba-
bility to produce a parton with momentum k⊥ þ q⊥ from a
parton with momentum k⊥ due to scattering off the target.3

Our main goal in this paper is to show explicitly that all
large logarithms at NLO can be resummed into perturbative
evolution of the TMD PDF and FF with the resolution scale
precisely in the form of Eq. (1.3). Thus Eq. (1.3) is not just
a cartoon, but is indeed the correct theoretical framework
for performing this calculation.
Note that Eq. (1.3) is not quite what is usually called

TMD factorization in hadronic collisions. In other words,
the picture of the process is not that one draws a parton
from the TMD PDF of the projectile and another parton
from the TMD PDF of the target, and perturbatively
collides the two with subsequent fragmentation. Instead
we have only the parton that arises from the TMD PDF of
the projectile, which scatters (eikonally) on the nonpertur-
bative fields of the target. The target here is not described in
terms of TMD, as, for example, in the kT-factorized
approach to particle production at mid-rapidity. This

reflects the hybrid nature of Eq. (1.3) in the spirit of the
original proposal [10].
The correct value of the factorization scales for TMD

PDF and FF, is, of course, very important. Again, our naive
expectation based on simple arguments below (which is
borne out by the explicit calculations in subsequent
sections) is

μ2T ¼ max
�
k2⊥; q2⊥; Q2

s ;
�
p
ζ

�
2
�

≈max

�
ðk⊥ þ q⊥Þ2; Q2

s ;

�
p
ζ

�
2
�
;

μ2F ¼ ½ðq⊥ þ k⊥Þ − p⊥=ζ�2
≈max fðq⊥ þ k⊥Þ2; ðp⊥=ζÞ2g: ð1:4Þ

Qualitatively this is understood in the following way. For
the initial parton production, if k⊥ is the largest scale, then
clearly the TMD is taken at this resolution scale, since the
scale has to be at least k2⊥ in order to resolve the parton, and
no larger scale is available. On the other hand, if the
momentum transfer from the target, qT , is larger than the
momentum of the produced parton, then it is this momen-
tum transfer and not the final momentum that provides the
highest resolution and defines the factorization scale. It is
also possible that both k⊥ and q⊥ are smaller than Qs. That
would mean that in most likelihood, the partner of the
incoming quark (or partners, depending on the structure of
the dressed quark state) is scattered with momentum of
order Qs, as this is the typical scale for scattering off the
target. The resolution scale then is determined byQs which
resolves the scattered quark from the rest of the wave
function. In the case that neither k⊥ nor q⊥ are of the order
of the final momentum, the momentum p=ζ is acquired
during the fragmentation. Then the fragmentation momen-
tum scale provides the relevant resolution, since it resolves
the members of a pair of the size up to the inverse of this
momentum scale, which emerge from the scattering.
On the other hand, for the fragmentation we reason

as follows. The fragmentation process proceeds in two
steps—first, the quark with momentum ðpþ; ðk⊥ þ q⊥ÞÞ

FIG. 2. Parton-model expression (1.3), with the cut (left) and the squared (right) diagrams.

3Here we have assumed for simplicity that there is no
longitudinal momentum transfer during scattering and therefore
the probability P depends only on transverse momentum. This is
true in the leading order where the scattering is eikonal. As we
will see below this is not quite true in general, and finite NLO
terms do involve finite longitudinal momentum transfer. We
ignore this in the qualitative discussion in this section for
simplicity.
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fragments perturbatively into a quark with momentum
ðpþ; p⊥=ζÞ.4 In the second step the quark fragments
nonperturbatively collinearly into a hadron with momen-
tum ðpþζ; p⊥Þ. It is natural to take the factorization scale
for the fragmentation function as the component of
momentum of the parton produced in the first step of
fragmentation perpendicular to the direction of motion of
the fragmenting parton. Assuming dominance of longi-
tudinal (plus) momenta, pþ ≫ pT , and at leading order
gives then the value in (1.4).
The main contribution to particle production arises

from the kinematic regions ðk⊥ þ q⊥Þ2 ∼ ðp=ζÞ2 and
ðk⊥ þ q⊥Þ2 ∼Q2

s . Thus both factorization scales become
approximately Qs and jp⊥j=ζ for jp⊥j ≪ Qs and
jp⊥j ≫ Qs, respectively. Therefore, we expect the physi-
cally relevant choice to be

μ2T ¼ μ2F ¼ μ2 ¼ max fQ2
s ; ðp⊥=ζÞ2g: ð1:5Þ

Note that the production probability P may depend on
two momenta—the momentum transfer from the target as
well as that of the incoming quark. Perhaps naively one
would think that only the momentum transfer matters, since
one can always boost to a frame where the quark has
vanishing transverse momentum. However, since in actual-
ity the quark is not alone, but is a member of a quark-gluon
pair, such a boost affects the gluon momentum as well. As a
result in the frame where the quark has no transverse
momentum, the gluon can still be in different momentum
states which is the imprint of the initial momentum of the
quark, and this value of gluon momentum affects the quark
production probability.
This paper is devoted to showing that (1.3) beyond being

a naive expectation is in fact the correct framework to
resum all large logarithms that appear in the NLO calcu-
lation, and deriving the correct form of the production
probability P. The paper is structured as follows. In Sec. II
we discuss the definition of TMD distributions and their
evolution with the transverse resolution scale that is used in
this paper. In Sec. III we concentrate for simplicity of
presentation of our approach on a single channel,
q → q → H. This is the process where the incoming quark
produces the final state hadron via either elastic scattering
or inelastic scattering into a quark with subsequent quark
fragmentation. The other channels, i.e., those either ini-
tiated by a gluon or producing a gluon in the inelastic
scattering of an initial quark, are discussed in Sec. IV.
Section V presents our conclusions. Technical details are
contained in the appendixes.

II. THE TRANSVERSE MOMENTUM
DEPENDENT DISTRIBUTIONS

In this section to set the stage we discuss the definition of
TMD PDFs and FFs that we use in this paper. We note that
several definitions of TMDs are used in the literature,
differing predominantly in the way one treats the soft
resolution scale (see, e.g., [56,57] and references therein).
This is in addition to the process dependence of TMDs
which requires, for different observables, the inclusion of
different Wilson line factors in their definition. It is not our
intention here to go in depth into differences and similar-
ities, as well as subtle questions arising in these different
definitions. Additionally, we are not interested in the
nonperturbative aspects of TMDs, as we only require the
high momentum perturbative regime in the application in
this paper. We will therefore use the simple intuitive
perturbative definition, which is perfectly adequate for
our purposes. It resembles that used in the parton branching
method [58,59].

A. The no-gluon TMDs

In order not to crowd expressions we first provide the
definitions for a single parton species (quark) and later
generalize them by including gluons. Hereafter we also
drop the ⊥ subscript for transverse momenta.
The unpolarized quark TMD PDF (f1 in standard

notations) is defined perturbatively through its relation
with the collinear PDFs as

xT qðx; k2; k2; ξ0Þ ¼
g2

ð2πÞ3
Nc

2

Z
1

ξ0

dξ
1þ ð1 − ξÞ2

ξ

x
1 − ξ

× fq
k2

�
x

1 − ξ

�
1

k2
; ð2:1Þ

This closely resembles the known perturbative relation
between TMD and collinear PDFs in the large k region
[56,57,60,61]. Here ξ denotes the momentum fraction taken
by the emitted gluon. The soft divergence in the gluon
emission is regulated by the cutoff ξ0, which has therefore
the meaning of the resolution in the longitudinal momen-
tum fraction.
The third argument in the TMD is the transverse

resolution (factorization) scale. Equation (2.1) is intui-
tively very simple. It states that partons with high trans-
verse momentum are produced from partons with lower
transverse momentum by DGLAP splittings. The trans-
verse resolution scale in these splittings is simply equal to
the transverse momentum of the parton in question,
μ2 ¼ k2.
The factorization scale dependence of the TMD PDFs is

then given by the DGLAP-like equation

4Strictly speaking the longitudinal momentum of the quark
changes a little in the fragmentation process, so that it is
ð1 − ξÞpþ, but we neglect this in this discussion.
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xT qðx; k2; μ2; ξ0Þ ¼ θðμ2 − k2Þ
�
xT qðx; k2; k2; ξ0Þ

−
g2

ð2πÞ3
Nc

2

Z
μ2

k2

πdl2

l2

Z
1

ξ0

dξ

×
1þ ð1 − ξÞ2

ξ
xT qðx; k2; l2; ξ0Þ

�
:

ð2:2Þ

Again, this is easy to understand. Increasing the transverse
resolution means that the number of quarks at a fixed
transverse momentum decreases due to DGLAP splittings
into quark-gluon pairs with higher longitudinal momentum
given by the resolution scale.
As noted above, in (2.1) and (2.2) we regulate the soft

divergence in gluon emissions by introducing the cutoff
on the momentum fraction, ξ0. Such regularization is
standard in the TMD literature, although details of its
implementations vary; see Refs. [56,57] for discussions on
the different implementations of such a cutoff and the cutoff

independence of physical observables. The definition of the
longitudinal cutoff we use follows our earlier approach
[37], where we have limited the lifetime of the fluctuations
by the Ioffe time cutoff. The resolution ξ0 then depends on
the virtuality l of the gluon in the splitting in (2.2) as
ξ0ðlÞ ¼ l2=ðxs0Þ, where s0 is the Ioffe cutoff parameter.
Since in (2.2) the cutoff appears under the integral over l, at
the end of the day the soft regulator effectively depends on
both the momentum k2 and the transverse resolution μ2 of
the TMD. Thus, it is better to label the longitudinal
resolution by s0 rather than ξ0, although for most of our
calculations we will stick to the above simplified notations.
With these definitions, the collinear quark PDF, related

to the quark TMD PDF via (see Refs. [62–65])

xfq
μ2
ðxÞ ¼

Z
μ2

0

πdk2 xT qðx; k2; μ2; ξ0Þ; ð2:3Þ

satisfies the DGLAP evolution equations5:

dxfq
μ2
ðxÞ

dμ2
¼ πxT qðx;μ2;μ2;ξ0Þþ

Z
μ2

0

πdk2
d
dμ2

xT qðx;k2;μ2;ξ0Þ

¼ π
g2

ð2πÞ3
Nc

2

Z
1

ξ0

dξ
1þð1− ξÞ2

ξ

x
1− ξ

fq
μ2

�
x

1− ξ

�
1

μ2
− π

g2

ð2πÞ3
Nc

2

Z
1

ξ0

dξ
1þð1− ξÞ2

ξ
x
1

μ2

Z
μ2

0

πdk2T qðx;k2;μ2;ξ0Þ

¼ π
g2

ð2πÞ3
Nc

2

Z
1

ξ0

dξ

�
1þð1− ξÞ2

ξ

�
þ

x
1− ξ

fq
μ2

�
x

1− ξ

�
1

μ2
; ð2:4Þ

where we can take the limit ξ0 → 0 without encountering any obstacles.6

The evolution equations for these TMD PDFs with respect to the transverse and longitudinal resolution scales are given in
Appendix A. They are easily obtained from the definitions given here and have in general a similar structure to the evolution
equations for more standard TMDs [56–58,60,66–75]. We have not scrutinized more closely the correspondence between
these differently defined TMDs although we feel that such a study is warranted in the future.
Similarly, for TMD FFs (D1 in standard notations),7

F q
Hðζ; k2; k2; ξ0Þ ¼

g2

ð2πÞ3
Nc

2

Z
1

ξ0

dξ
1þ ð1 − ξÞ2

ξ

1

1 − ξ
Dq

H;k2

�
ζ

1 − ξ

�
1

k2
; ð2:5Þ

and

5For gðxÞ sufficiently smooth at x ¼ 0, we define
R
1
0 dx½fðxÞ�þgðxÞ ¼

R
1
0 dxfðxÞ½gðxÞ − gð0Þ�. To relate Eq. (2.4) with a more

standard expression of the quark-to-quark splitting function, note that
	
1þð1−ξÞ2

ξ



þ ¼ 1þð1−ξÞ2

½ξ�þ þ 3
2
δðξÞ.

6Concerning the ξ0-independence of the collinear PDFs, note that using (2.1) and (2.2) we get

xfq
μ2
ðxÞ ¼ g2

ð2πÞ3
Nc

2

Z
μ2

0

πdk2

k2

Z
1

ξ0

dξ

�
1þ ð1 − ξÞ2

ξ

�
þ

x
1 − ξ

fq
k2

�
x

1 − ξ

�
;

where it is evident that we can take ξ0 → 0. This definition is therefore sound and independent of the choice of ξ0 as long as ξ0 ≪ 1 as
we implicitly assume.

7At LO the DGLAP evolution kernels for PDFs and FFs, i.e., for spacelike and timelike evolution, coincide [56].
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F q
Hðx; k2; μ2; ξ0Þ ¼ θðμ2 − k2Þ

�
F q

Hðx; k2; k2; ξ0Þ −
g2

ð2πÞ3
Nc

2

Z
μ2

k2

πdl2

l2

Z
1

ξ0

dξ
1þ ð1 − ξÞ2

ξ
F q

Hðx; k2; l2; ξ0Þ
�
; ð2:6Þ

where Dq
H;μ2

ðxÞ is the collinear fragmentation function giving the projection of parton q onto a hadron H. Analogous to

Eq. (2.3) we have

Dq
H;μ2

ðxÞ ¼
Z

μ2

0

πdk2F q
Hðx; k2; μ2; ξ0Þ: ð2:7Þ

In the following, in order to identify the logarithms to be resummed we will need perturbative expressions for the TMDs
to order g2. Expanding Eq. (2.2) to first order we have

xT qðx; k2; μ2; ξ0Þ ¼ θðμ2 − k2ÞxT qðx; k2; k2; ξ0Þ
�
1 −

g2

ð2πÞ3
Nc

2

Z
μ2

k2

πdl2

l2

Z
1

ξ0

dξ
1þ ð1 − ξÞ2

ξ

�
; ð2:8Þ

and similarly for FH.

B. Including the gluons

We now generalize the previous expressions by including the gluons and also allowing for nf massless quark species. It is
these TMDs that will actually appear in our final expressions for the particle production. The generalization is
straightforward, and the following expressions should be self-explanatory:

xT qðx; k2; k2; ξ0Þ ¼
g2

ð2πÞ3
Nc

2

Z
1

ξ0

dξ
1þ ð1 − ξÞ2

ξ

x
1 − ξ

fq
k2

�
x

1 − ξ

�
1

k2

þ g2

ð2πÞ3
1

2

Z
1

ξ0

dξ½ξ2 þ ð1 − ξÞ2� x
1 − ξ

fg
k2

�
x

1 − ξ

�
1

k2
; ð2:9Þ

xT qðx; k2; μ2; ξ0Þ ¼ θðμ2 − k2Þ
�
xT qðx; k2; k2; ξ0Þ −

g2

ð2πÞ3
Nc

2

Z
μ2

k2

πdl2

l2

Z
1

ξ0

dξ
1þ ð1 − ξÞ2

ξ
xT qðx; k2; l2; ξ0Þ

�
ð2:10Þ

and analogous for q̄, and

xT gðx; k2; k2; ξ0Þ ¼
g2

ð2πÞ3 2Nc

Z
1

ξ0

dξ

�
1 − ξ

ξ
þ ξ

1 − ξ
þ ξð1 − ξÞ

�
x

1 − ξ
fg
k2

�
x

1 − ξ

�
1

k2

þ g2

ð2πÞ3
Nc

2

X
q

Z
1

ξ0

dξ
1þ ξ2

1 − ξ

x
1 − ξ

�
fqk2

�
x

1 − ξ

�
þ fq̄k2

�
x

1 − ξ

��
1

k2
; ð2:11Þ

where the sum runs over quark flavors. The evolution of the gluon TMD with the transverse resolution scale is given by

xT gðx; k2; μ2; ξ0Þ ¼ θðμ2 − k2Þ
�
xT gðx; k2; k2; ξ0Þ −

g2

ð2πÞ3Nc

Z
μ2

k2

πdl2

l2

Z
1

ξ0

dξ

�
1 − ξ

ξ
þ ξ

1 − ξ
þ ξð1 − ξÞ

�
xT gðx; k2; l2; ξ0Þ

−
g2

ð2πÞ3
nf
2

Z
μ2

k2

πdl2

l2

Z
1

ξ0

dξ½ξ2 þ ð1 − ξÞ2�xT gðx; k2; l2; ξ0Þ
�
: ð2:12Þ

Using (2.3) for the quark collinear PDF and an analogous expression,

xfg
μ2
ðxÞ ¼

Z
μ2

0

πdk2 xT gðx; k2; μ2; ξ0Þ; ð2:13Þ

for the gluon collinear PDF, yields the standard DGLAP evolution equations for collinear PDFs (see Appendix A).
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The TMD FFs generalize to

F q
Hðζ; k2; k2; ξ0Þ ¼

g2

ð2πÞ3
Nc

2

Z
1

ξ0

dξ
1þ ð1 − ξÞ2

ξ

1

1 − ξ
Dq

H;k2

�
ζ

1 − ξ

�
1

k2

þ g2

ð2πÞ3
Nc

2

Z
1

ξ0

dξ
1þ ξ2

1 − ξ

1

1 − ξ
Dg

H;k2

�
ζ

1 − ξ

�
1

k2
; ð2:14Þ

with

F q
Hðx; k2; μ2; ξ0Þ ¼ θðμ2 − k2Þ

�
F q

Hðx; k2; k2; ξ0Þ −
g2

ð2πÞ3
Nc

2

Z
μ2

k2

πdl2

l2

Z
1

ξ0

dξ
1þ ð1 − ξÞ2

ξ
F q

Hðx; k2; l2; ξ0Þ
�
; ð2:15Þ

with analogous expressions for q̄. The gluon TMD FF is given by

F g
Hðx; k2; k2; ξ0Þ ¼

g2

ð2πÞ3 2Nc

Z
1

ξ0

dξ

�
1 − ξ

ξ
þ ξ

1 − ξ
þ ξð1 − ξÞ

�
1

1 − ξ
Dg

H;k2

�
x

1 − ξ

�
1

k2

þ g2

ð2πÞ3
Nc

2

X
q

Z
1

ξ0

dξ½ξ2 þ ð1 − ξÞ2� 1

1 − ξ

�
Dq

H;k2

�
x

1 − ξ

�
þDq̄

H;k2

�
x

1 − ξ

��
1

k2
; ð2:16Þ

F g
Hðx; k2; μ2; ξ0Þ ¼ θðμ2 − k2Þ

�
F g

Hðx; k2; k2; ξ0Þ −
g2

ð2πÞ3 Nc

Z
μ2

k2

πdl2

l2

Z
1

ξ0

dξ

�
1 − ξ

ξ
þ ξ

1 − ξ
þ ξð1 − ξÞ

�
F g

Hðx; k2; l2; ξ0Þ

−
g2

ð2πÞ3
nf
2

Z
μ2

k2

πdl2

l2

Z
1

ξ0

dξ½ξ2 þ ð1 − ξÞ2�F g
Hðx; k2; l2; ξ0Þ

�
: ð2:17Þ

With (2.7) and the definition

Dg
H;μ2

ðxÞ ¼
Z

μ2

0

πdk2 F g
Hðx; k2; μ2; ξ0Þ; ð2:18Þ

the DGLAP evolution equations for the collinear FFs are
recovered in full analogy to (A4) and (A5) for the
collinear PDFs.
Note that all the evolution equations in μ2 for TMDs are

diagonal in parton species and the longitudinal momentum
fraction [56,57,60,66–75]. This is a direct reflection of the
fact that evolution in μ2 proceeds because of the disappear-
ance of partons of a given species via DGLAP splitting into
pairs of partons with higher transverse momentum. On the
other hand, the “initial condition” for this evolution, i.e., the
TMD at μ2 ¼ k2, involves a sum over all parton species.
Note also that the imposition of the Ioffe time cutoff for
collinear PDFs and FFs leads to ξ0 ∝ μ2, as advocated in
[62–65].

III. THE q → q → H CHANNEL

We start our discussion of hadron production by con-
sidering a simplified setup, where the process is initiated by
a valence quark and proceeds via fragmentation of the
scattered quark into the hadron. We will include all other
channels in the next section.

Just as in [11–13] we assume that the incoming
“valence” partons have small transverse momentum,
k2 < μ20 ∼ Λ2

QCD. In previous work this momentum was
taken to vanish, but this of course should not be understood
literally, but rather only in the sense that the typical
momentum in the hadronic wave function is of order of
the nonperturbative soft scale. This same nonperturbative
scale is the natural value to choose for the factorization
scale (in both PDF and FF) at LO.

A. The starting point [37]

We use freely the results of [37]. However, in contra-
distinction to [37] we do not perform explicitly any
collinear subtractions. We start from Eqs. (A.11) and
(A.13) there. These expressions do not contain fragmenta-
tion effects, and we will include those a little later. The
production cross section is written as the sum of three
terms:

dσ̄q→q

d2kdη
ðk; xpÞ ¼

dσ̄q→q
0

d2kdη
ðk; xpÞ þ

dσ̄q→q
1;r

d2kdη
ðk; xpÞ

þ dσ̄q→q
1;v

d2kdη
ðk; xpÞ ð3:1Þ

with the LO term
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dσ̄q→q
0

d2kdη
ðk; xpÞ ¼

1

ð2πÞ2 xpf
q
μ2
0

ðxpÞ
Z
y;ȳ

eik·ðy−ȳÞs½y − ȳ�; ð3:2Þ

the “real” NLO term (see examples of diagrams in Fig. 3)

dσ̄q→q
1;r

d2kdη
ðk; xpÞ ¼

g2

ð2πÞ3
Z

1

0

dξ
Z
y;ȳ;z

eik·ðy−ȳÞ
1þ ð1 − ξÞ2

ξ

×

�
xp

1 − ξ
fq
μ2
0

�
xp

1 − ξ

�
Ai
ξðy − zÞAi

ξðȳ − zÞ
�
CF½s½y − ȳ� þ s½ð1 − ξÞðy − ȳÞ��

−
Nc

2
½s½ð1 − ξÞðy − zÞ�s½ȳ − z� þ s½ð1 − ξÞðȳ − zÞ�s½y − z��

��
; ð3:3Þ

and the “virtual” NLO term (see examples of diagrams in Fig. 4)

dσ̄q→q
1;v

d2kdη
ðk; xpÞ ¼ −

g2

ð2πÞ3
Z

1

0

dξ
Z
y;ȳ;z

eik·ðy−ȳÞ
1þ ð1 − ξÞ2

ξ

×

�
xpf

q
μ2
0

ðxpÞ
�
CF½Ai

ξ;xp
ðy − zÞAi

ξ;xp
ðy − zÞ þ Ai

ξ;xp
ðȳ − zÞAi

ξ;xp
ðȳ − zÞ�s½y − ȳ�

−
�
Ai
ξ;xp

ðy − zÞAi
ξ;xp

ðy − zÞ
�
Nc

2
s½y − z�s½ðz − ȳÞ þ ξðy − zÞ�

�

þ Ai
ξ;xp

ðȳ − zÞAi
ξ;xp

ðȳ − zÞNc

2
s½z − ȳ�s½ðy − zÞ − ξðȳ − zÞ�

���
: ð3:4Þ

In the above, as always, sðxÞ≡ 1
Nc
hTr½U†ð0ÞUðxÞiT is the

target averaged scattering amplitude of the projectile
fundamental dipole. The superscript indices i refer to
transverse components. As discussed in the Introduction,

this dipole amplitude has to be averaged over the target
color fields evolved with rapidity by the amount YT ¼
ln s=s0 via the JIMWLK or BK equation. Here s is the total
energy of the process, while s0 is a high, but not very high,

FIG. 4. Examples of the virtual diagrams included in Eq. (3.3) with the interaction with the target nucleus after (left) or through (right)
the loop.

FIG. 3. Examples of the real diagrams included in Eq. (3.3) with the interaction with the target nucleus after (left), before (middle), and
the corresponding interference term (right).
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hadronic scale chosen so that at energy s0 one can already
use eikonal approximation for scattering, but the energy
evolution from the rest frame to energy s0 does not yield a
significant change in the dipole amplitude. As explained in
[37], the scale s0 determines the Ioffe time cutoff on the
lifetime of the fluctuations in the projectile wave function,

ð1 − ξÞξxp
q2

> s−10 ; ð3:5Þ

resulting in the longitudinal resolution of the TMD dis-
cussed in the previous section. Here ξ and q are the
longitudinal momentum fraction and transverse momentum
of the emitted gluon,8 respectively.
The Ioffe time constraint enters the above expressions

explicitly via the modified Weizsäcker-Williams (WW)
fields

Ai
ξ;xp

ðy−zÞ≡−i
Z
l2<ξð1−ξÞxps0

d2l
ð2πÞ2

li

l2
e−il·ðy−zÞ

¼−
1

2π

ðy−zÞi
ðy−zÞ2

h
1−J0

�
jy−zj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξð1−ξÞxps0

q �i
;

ð3:6Þ
Ai
ξðy − zÞ≡ Ai

ξ;xp=ð1−ξÞðy − zÞ: ð3:7Þ

In Eq. (3.3) we have put the upper limit of the integration
over ξ to unity, relying on the fact that the PDF vanishes if
the fraction of the longitudinal momentum in its argument
is greater than one.9 Hereafter,

R
r ¼

R
d2r,

R
k ¼

R
d2k.

In the above expressions we assumed the large Nc
factorization of the dipole amplitudes, and translational

invariance of the target ensemble, approximations which
are invariably employed in numerical implementations. We
have also neglected the Nc suppressed terms. This last
approximation can be relaxed only if one also relaxes the
factorization hypothesis, since some of the nonfactorizable
terms are of the same order as the explicit 1=Nc suppressed
terms in the expressions of [37].
Fragmentation can be accounted for in a straightforward

way by modifying the expression for the cross section to

dσq→q→H

d2pdη
¼

Z
1

xF

dζ
ζ2

Dq
H;μ2

0

ðζÞ dσ̄
q→q

d2kdη

�
p
ζ
;
xF
ζ

�
: ð3:8Þ

B. Transforming into momentum space

We now transform the above expressions into momen-
tum space. We define, as in [42], the Fourier transform of
the dipole

sðkÞ ¼
Z
r

1

ð2πÞ2 e
−ik·rsðrÞ ⇒ sðrÞ ¼

Z
l
eil·rsðlÞ: ð3:9Þ

Note that with this definition sðr ¼ 0Þ ¼ 1 ¼ R
l sðlÞ.

The LO expression reads then

dσq→q→H
0

d2pdη
¼ S⊥

Z
1

xF

dζ
ζ2

Dq
H;μ2

0

ðζÞxF
ζ
fq
μ2
0

�
xF
ζ

�
s

�
p
ζ

�
; ð3:10Þ

with S⊥ the overlap area of projectile and target that comes
from the integration over the impact parameter b ¼ yþȳ

2
of

the dipole under our translational invariance assumption.
The real part of the NLO piece reads (with CF → Nc=2

at large Nc)

dσq→q→H
1;r

d2pdη
¼ S⊥

g2

ð2πÞ3
Nc

2

Z
1

xF

dζ
ζ2

Dq
H;μ2

0

ðζÞ
Z
k;q

Z
1

ζk2=ðxFs0Þ
dξ

1þ ð1 − ξÞ2
ξ

xF
ð1 − ξÞζ f

q
μ2
0

�
xF

ð1 − ξÞζ
�

× sðkÞsðqÞ ½k − ð1 − ξÞq�2
p
ζ − k

�
2

p
ζ − ð1 − ξÞq�2 : ð3:11Þ

The virtual term (3.4) in the Fourier space reads10

dσq→q→H
1;v

d2pdη
¼ −2

g2

ð2πÞ3 S⊥
Nc

2

Z
1

xF

dζ
ζ2

Dq
H;μ2

0

ðζÞ
Z
k2>μ2

0

Z
1

k2ζ=ðxFs0Þ
dξ

xF
ζ
fq
μ2
0

�
xF
ζ

�
1þ ð1 − ξÞ2

ξ

×
Z
q
s

�
p
ζ

�
sðqÞ

� p
ζ ð1 − ξÞ − q − k

ðpζ ð1 − ξÞ − q − kÞ2 ·
k
k2

þ 1

k2

�
: ð3:12Þ

8Note that if we change s0 → s (the total squared center-of-mass energy of the collision), this restriction coincides with the kinematic
constraint used in [38].

9We have also dropped the prefactor ð1 − ξÞ2 in the second term in (3.3) compared to Eq. (A.11) in [37]. This factor in [37] is
incorrect, and arose due to an overcourageous treatment of a divergent integral. Our original expressions [before rescaling in Eq. (A.10)
in [37] ] reduce to the expression given here directly if we assume translational invariance of the dipoles. We thank Yair Mulian for a
confirmation on this point.

10Note that in the regime k2=ðxFs0Þ ≪ 1 where our approach is valid, Ai
ξðy − zÞ ≃ Ai

ξ;xp
ðy − zÞ [see (3.6) and (3.7)]. Note also that

we integrate k for k2 > μ20 because partons with smaller k2 are already included in the LO term, as discussed above.
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C. Resumming the transverse logarithms

1. The real term

We start with the observation that the real NLO contribution can be algebraically manipulated in the following form:

dσq→q→H
1;r

d2pdη
¼ S⊥

g2

ð2πÞ3
Nc

2

Z
1

xF

dζ
ζ2

Dq
H;μ2

0

ðζÞ
Z
k;q

Z
1

ζk2=ðxFs0Þ
dξ

1þ ð1 − ξÞ2
ξ

xF
ð1 − ξÞζ f

q
μ2
0

�
xF

ð1 − ξÞζ
�

× sðkÞsðqÞ
�� p

ζ − k

ðpζ − kÞ2 −
p
ζ − ð1 − ξÞk

ðpζ − ð1 − ξÞkÞ2
�
·

� p
ζ − q

ðpζ − qÞ2 −
p
ζ − ð1 − ξÞq

ðpζ − ð1 − ξÞqÞ2
�

þ 1

2

� ðk − qÞ2
ðpζ − kÞ2ðpζ − qÞ2 þ

ð1 − ξÞ2ðk − qÞ2
ðpζ − ð1 − ξÞkÞ2ðpζ − ð1 − ξÞqÞ2

��
: ð3:13Þ

It is obvious that the first term on the right-hand side contains no transverse or longitudinal logarithms, and is a genuine
finite NLO correction. Both terms in the last line, however, contain transverse logarithms coming from the poles in the
integrals over q and k. We now concentrate on these two terms.
With some changes of variables the first term in the last line can be cast into the form

Z
k;q

1

2
sðkÞsðqÞ ðk − qÞ2

ðpζ − kÞ2ðpζ − qÞ2 ¼
Z
k;q

1

k2
s

�
−kþ p

ζ

��
1 −

k · q
q2

�
s

�
−qþ p

ζ

�
: ð3:14Þ

Now, using (2.1), we can write this term as

S⊥
Z

1

xF

dζ
ζ2

Z
k2>μ2

0

xF
ζ
Dq

H;μ2
0

ðζÞT q

�
xF
ζ
; k2; k2; ξ0 ¼ k2ζ=ðxFs0Þ

�Z
q
sð−kþ p=ζÞ

�
1 −

k · q
q2

�
sð−qþ p=ζÞ: ð3:15Þ

In the last term in Eq. (3.13) we make the change of variables ζ0 ¼ ζð1 − ξÞ and, assuming k2=ðxFs0Þ ≪ 1, obtain
(dropping the prime over ζ for simplicity)

g2

ð2πÞ3 S⊥
Nc

2

Z
k

Z
1

xF

dζ
ζ2

Z
1

k2ζ=ðxFs0Þ

dξ
1 − ξ

Dq
H;μ2

0

�
ζ

1 − ξ

�
xF
ζ
fq
μ2
0

�
xF
ζ

�
1þ ð1 − ξÞ2

ξ

1

k2

Z
q
s

�
−kþ p

ζ

��
1 −

k · q
q2

�
s

�
−qþ p

ζ

�
:

ð3:16Þ

This is easily expressed in terms of the TMD FF using Eq. (2.5). At the end of the day the real term is written as

dσq→q→H
1;r

d2pdη
¼ S⊥

Z
1

xF

dζ
ζ2

Z
k2>μ2

0

xF
ζ

�
Dq

H;μ2
0

ðζÞT q

�
xF
ζ
; k2; k2; ξ0 ¼ k2ζ=ðxFs0Þ

�
þ fq

μ2
0

�
xF
ζ

�
F q

Hðζ; k2; k2; ξ0 ¼ k2ζ=ðxFs0ÞÞ
�

×
Z
q
sð−kþ p=ζÞ

�
1 −

k · q
q2

�
sð−qþ p=ζÞ

þ g2

ð2πÞ3 S⊥
Nc

2

Z
1

xF

dζ
ζ2

Dq
H;μ2

0

ðζÞ
Z
k2>μ2

0

Z
1

k2ζ=ðxFs0Þ
dξ

xF
ζð1 − ξÞf

q
μ2
0

�
xF

ζð1 − ξÞ
�
1þ ð1 − ξÞ2

ξ

×
Z
q
sðkÞsðqÞ

�
p=ζ − k

ðp=ζ − kÞ2 −
p=ζ − ð1 − ξÞk

ðp=ζ − ð1 − ξÞkÞ2
�
·

�
p=ζ − q

ðp=ζ − qÞ2 −
p=ζ − ð1 − ξÞq

ðp=ζ − ð1 − ξÞqÞ2
�
: ð3:17Þ

The first term in the second line describes the process where the incoming quark has momentum k. It scatters with
momentum transfer −kþ p=ζ. The outgoing quark with transverse momentum p=ζ then collinearly fragments into the
hadron with momentum p.
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To understand the second term in the second line it is
convenient to change variables a little: k → −qþ p=ζ,
q → −kþ p=ζ. Then this describes the process where the
incoming quark has vanishing momentum: it scatters with
momentum transfer q and later fragments into hadron with
momentum p, via first fragmenting perturbatively into the
quark with momentum p=ζ.
Note that the integration in k is limited to k2 > μ20, as the

perturbative splitting process produces partons above the
nonperturbative scale. Note also that the TMD PDF
T qðxFζ ; k2; k2; ξ0 ¼ k2ζ=ðxFs0ÞÞ in (3.17) is already of
order αs and, therefore, to this order we can choose the
resolution scale in the TMD to be any μ2 ≥ k2. In the
kinematics of this term, the momentum transfer from
the target is −kþ p=ζ, which is always dominated by

Qs. Thus k is always either greater than (if p=ζ ≫ Qs) or
equal to (if p=ζ ≪ Qs)Qs. We can therefore write in (3.17)
for TMD PDF T qðxFζ ; k2; μ2; ξ0 ¼ μ2ζ=ðxFs0ÞÞ with μ2T as
defined in (1.5). The same is true for the TMD FF term.
Here the resolution scale also is set by μ2F in (1.5), since
k2 ¼ ½ðp=ζ − kÞ − p=ζ�2. We will see below that this
choice of scale is best when the virtual correction is
included.
Thus we find that the large logarithms in the real

contribution are resummed into the TMD PDF and FF.
We now move to the virtual contribution.

2. The virtual term

We first rewrite the virtual term as

dσq→q→H
1;v

d2pdη
¼ −2

g2

ð2πÞ3 S⊥
Nc

2

Z
1

xF

dζ
ζ2

Dq
H;μ2

0

ðζÞ
Z
k2>μ2

0

Z
1

k2ζ=ðxFs0Þ
dξ

xF
ζ
fq
μ2
0

�
xF
ζ

�
1þ ð1 − ξÞ2

ξ

×
Z
q
s

�
p
ζ

�
sðqÞ

�� p
ζ − q − k

ðpζ − q − kÞ2 ·
k
k2

þ 1

k2

�
þ
� p

ζ ð1 − ξÞ − q − k

ðpζ ð1 − ξÞ − q − kÞ2 −
p
ζ − q − k

ðpζ − q − kÞ2
�
·
k
k2

�
: ð3:18Þ

The second term here is analogous to a similar term in the real contribution. It contains no large logarithms, either transverse
or longitudinal, and is therefore a small, genuinely perturbative correction.
To understand the physics of the first term we perform the angular integration over the angle of vector k in Eq. (3.12),

Z
k2>μ2

0

d2k

� p
ζ − q − k

ðpζ − q − kÞ2 ·
k
k2

þ 1

k2

�
¼

Z ðq−1
ζpÞ2

μ2
0

d2k
k2

: ð3:19Þ

We can now write for the first term in Eq. (3.18)

− 2
g2

ð2πÞ3 S⊥
Nc

2
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1
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Z
q
s

�
p
ζ

�
sðqÞ

� p
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ðpζ − q − kÞ2 ·
k
k2

þ 1

k2

�

¼ −2
g2
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Z
1
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H;μ2

0

ðζÞ
Z
q
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0
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ζ
fq
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0

�
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ζ

�
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ξ
s

�
p
ζ

�
sðqÞ

¼ −2
g2

ð2πÞ3 S⊥
Nc

2

Z
1

xF

dζ
ζ2

Dq
H;μ2

0

ðζÞ
Z
q

�Z
μ2

μ2
0

þ
Z ðq−1

ζpÞ2

μ2

�
d2k
k2

Z
1

k2ζ=ðxFs0Þ
dξ

xF
ζ
fq
μ2
0

�
xF
ζ

�
1þ ð1 − ξÞ2

ξ
s

�
p
ζ

�
sðqÞ: ð3:20Þ

This simple result has a nice interpretation. Recall that the
first term in the square brackets in the first line in (3.20)
originates from the diagramswhere the incoming quark splits
into a qg pair, which then scatters and recombines after the
scattering into a quark. This is clearly an NLO correction to
the LO elastic quark scattering, δσelastic. The second term in
the square brackets is just the qg loop on the quark
propagator, which occurs either before or after the scattering
of the quark—so the proper virtual diagram, σproperv .
What do we expect from the elastic contribution δσelastic?

If the transverse size of the qg pair is greater than the
inverse momentum transfer from the target (or the relative

momentum is smaller than the momentum transfer), we
expect this contribution to be very small. This is because
the scattering will be dominated by a single kick to a single
parton, but this clearly cannot be elastic since in the
outgoing state the relative momentum between q and g
then will be large, while in the elastic state the relative
momentum should be small. On the other hand, if the size
of the qg pair is much smaller that the inverse momentum
transfer, the scattering does not resolve the pair, and there
should be no correction to the elastic cross section. In other
words, δσelastic should be canceled by the NLO correction to
the single quark elastic cross section which does not
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include splitting into the qg pair in the intermediate state,
i.e., σproperv . Thus for large sizes we expect the sum of the
two virtual terms to be simply equal to the “proper” virtual
term σproperv , while for small sizes we expect the sum to
vanish since the two terms should cancel each other.
Eq. (3.20) reflects precisely this behavior in a somewhat
extreme form. Recall that the integral over k2 in (3.20) is
precisely the integral over the (inverse) sizes of the qg pair.
Also note that the dipole function sðqÞ should be
peaked rather sharply at q2 ∼Q2

s . So for large sizes (or

k2 < ðq − 1
ζ pÞ2 ∼max ½Q2

s ;
p2

ζ2
�) the whole contribution in

Eq. (3.20) is given by the proper virtual term, while for
small sizes there indeed is complete cancellation.
Thus the virtual term essentially tells us that the qg pairs

of large size scatter inelastically, while those of a very small
size are not resolved and therefore do not contribute a
perturbative correction.
In the last equality in Eq. (3.20) we have deliberately

split the integration interval into two. It is easy to see that
the first term (integral up to μ2) combines with the LO to
evolve the resolution scale in the TMDs to μ2:

S⊥
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0
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× F q
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ζμ2
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�
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ζ
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ζμ2
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�
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�
−ðkþ lÞ þ p

ζ

��
1 −

ðkþ lÞ · q
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�
s

�
−qþ p

ζ

�
; ð3:21Þ

We did two things to arrive at the last equality. First, we
have evolved the factorization scale in the collinear PDF
and FF up to μ2, but kept the integral over the momentum
up to the low factorization scale:

Dq
H;μ2

0

ðζÞ →
Z

μ2
0

0

d2lF q
H

�
ζ; l2; μ2; ξ0 ¼

ζμ2

xFs0

�
;

fq
μ2
0

�
xF
ζ

�
→

Z
μ2
0

0

d2kT q

�
xF
ζ
; k2; μ2; ξ0 ¼

ζμ2

xFs0

�
: ð3:22Þ

This introduces a term Oðα2sÞ and is therefore legitimate in
our order αs calculation. In addition we have altered the
scattering amplitude:

s

�
p
ζ

�
→

Z
q
s

�
−ðkþ lÞ þ p

ζ

��
1 −

ðkþ lÞ · q
q2

�

× s

�
−qþ p

ζ

�
: ð3:23Þ

This is legitimate since in Eq. (3.21), jkþ lj2 ≲ μ20 ≪
p2

ζ2
,

while the momentum q is dominated by the region where
the argument of the second dipole is of order Qs, and thus

q2 ∼max ½Q2
s ;

p2

ζ2
�. We also recall that

R
q sðqÞ ¼ 1. In all,

this modification only adds subleading power-correction
terms of order μ20=Q

2
s and therefore are beyond the accuracy

of our calculation. The utility in these modifications is that
they allow us to put the virtual and real terms together in a
simple way.
Now going back to Eq. (3.20), we note that the second

contribution comes only from the pairs of the transverse
size close to the resolution provided by the target. We show
in Appendix B that this term is a small perturbative
correction to the elastic scattering probability and does
not contain large logarithms as long as our choice of the
Ioffe time parameter s0 is close enough to the factorization
scale μ2, so that ln ðs0=μ2Þ is not large.

D. Putting it all together

We can now put together the real and virtual pieces. To
do that we use Eq. (3.22) in the first term in Eq. (3.17),
which again is legitimate within the accuracy of our
calculation. Then the first term in Eq. (3.17), up to order
α2s corrections, can be cast in the form of the first term in
(3.21) with the difference of the domain integration in l and
k. The real and virtual contributions can be combined into
the following expression, which now does not contain any
large logarithms apart from those that are resummed into
the TMD PDF and TMD FF:

SINGLE INCLUSIVE PARTICLE PRODUCTION AT … PHYS. REV. D 108, 074003 (2023)

074003-13



dσq→q→H
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: ð3:24Þ

Now, making a change of notation k → m in the genuine NLO corrections, we can reorganize (3.24) to read
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with the production probability

P̃ðξ;ζ;kþ l;p;s0;μ2;μ20Þ ¼ δðξÞ
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: ð3:26Þ

In this expression, the first term has the form of a
production probability discussed above, while the remain-
ing factors correspond to genuine NLO contributions
without any logarithmic enhancement for the choice of
scales in (1.5). The production probability in the first term
has a natural interpretation: a quark with momentum kþ l
should be scattered with momentum transfer −ðkþ lÞ þ
p=ζ in order to emerge with momentum p=ζ. The unity in
the square bracket would be the probability for such
scattering if the quark would scatter independently of

the rest of the spectators. The second term, − ðkþlÞ·q
q2 ,

corrects this by taking into account that the quark has to
decohere from the gluon with which it is correlated in the
incoming wave function, in order to be actually produced.
We note that the change μ20 → μ2 in the collinear PDFs

and FFs only affects the expression at Oðα2sÞ. We can
therefore replace μ20 by μ2 as the factorization scale in the
TMD, and also drop the constraint on the momenta k2 and
l2 as being smaller than μ20 in the second and fourth terms in
(3.26). Beyond the formal argument of this change being a
higher order correction, physically it is clear that for any
parton with intrinsic transverse momentum smaller than p,
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the correction to the production probability should not
depend on this momentum and should be the same as we
have calculated for k2 < μ20. The same is true for the
momentum in the fragmentation function. Thus replacing
μ20 by μ2 is physically well motivated. Finally, we can
simplify our expression somewhat further by setting the

lower limit of the integration over λ and m in the third term
in (3.26) to zero. Since the integrand in this term is regular
both atm2 → 0 and λ → 0, this amounts to dropping power
corrections in μ20=s0, which is indeed a small number.
All in all we can reorganize (3.25) to read
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with the production probability
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Note that in the l- and k-independent terms in P, the
integral over these momentum variables in (3.27) simply
turns the appropriate TMD into the collinear PDF. These
“genuine NLO” correction terms therefore have the same
collinear structure as the naive leading order expression in
the hybrid approach, with the production probability
having an NLO correction which is not necessarily eikonal,
since it involves a nontrivial ξ dependence.
Equations (3.27) and (3.28) are our final result for the

hadron produced from the projectile quark.
In addition we need of course to account for all available

channels. Those include the quark initiated channel, which
produces a gluon which eventually fragments into the
hadron, as well as all gluon initiated channels. The detailed
calculation of these processes is presented in Appendix D.
In the next section we summarize the results of these
calculations.

IV. THE OTHER CHANNELS

In the previous section we showed in detail how the
transverse logarithms are resummed into TMD PDF and FF
in the case when the projectile quark scatters on the target
and eventually fragments into the observed hadron. In this
exercise we used the simplified evolution equations for the

TMDs, given in Sec. II A which did not involve the gluon
contributions. The details of the full calculation, including
all channels is presented in Appendix D. The results are
qualitatively the same. All large transverse logarithms can
be absorbed into the quark and gluon TMD PDFs and
TMD FFs, whose definitions and evolutions are given in
Sec. II B. The rest of the terms are finite and are genuine
NLO corrections. We summarize the results here.
Consider the channels where the leading order contri-

bution is given by the small transverse momentum gluon
scattering off the target. At NLO this channel gets several
real contributions. The gluon can split either into a qq̄ pair
or into a gg pair. The splitting can occur either in the
projectile wave function before scattering or in the final
state after scattering on the target. The large logarithms
arising from the former contribution are summed into the
TMD PDFs of the member of the pair (q or q̄, or one of
the gluons) which produces the hadron after scattering. In
the later case the logarithms are summed into the TMD FF
of the gluon.
There are of course also virtual contributions to all these

channels. Just as for the quark, they ensure that the optimal
choice of the transverse resolution scale in the TMDs is μ2

discussed in the previous section.
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After resummation of the logarithms, both real and
virtual diagrams leave a finite remainder which is not
enhanced by any logarithms, and we refer to it as the
genuine NLO correction. In all cases this genuine NLO
correction can be reabsorbed into the appropriate produc-
tion probability as in Eq. (3.28).
In addition there is a contribution arising from the

incoming quark as in the previous section but where the

hadron is produced from the gluon which splits off the
quark. The contribution due to splitting before scattering
completes the relevant piece in the gluon TMD PDF, while
splitting after scattering completes the quark TMD FF,
completing all the terms in the formulas of Sec. II B.
All said and done, the final result has the naive TMD

factorized form as in the previous section augmented by
“genuine NLO” terms:
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ðGenNLOÞi; ð4:1Þ

with the resolution scale μ2 ≈Q2
s þ p2=ζ2.

The finite terms have the meaning of NLO corrections to
production probability of the appropriate parton when
interacting with the target. All of these terms have a
collinearly factorized structure; i.e., they describe a parton
with low transverse momentum coming from the projectile,
producing another parton (either of identical or different
species) with high transverse momentum due to scattering
from the target, and then fragmenting collinearly into the
final state hadron.
These terms come in two basic varieties. The first type is

corrections to eikonal production, which do not involve
longitudinal momentum transfer during interaction with the
target, where the outgoing parton has the same longitudinal
momentum as the incoming one. These are of the type of
the terms proportional to δðξÞ in Eq. (3.28). The incoming
and the outgoing partons here are always of the same
species. In the nomenclature of [11] these are the genuine
NLO corrections to the elastic production probability.
The second type includes terms that involve the change

of longitudinal momentum during production, such as the

last term in Eq. (3.28). These corrections can be thought of
as arising from the process where the incoming parton
splits into a pair in close proximity to the target, and the two
members of the pair are produced due to scattering. These
are the NLO corrections to the inelastic production prob-
ability. In cases where the produced parton is of a different
variety than the incoming one, these terms are the leading
contributions since atOð1Þ such processes are absent in the
naive leading order collinearly factorized expression in the
hybrid approximation.
We present the expressions for the finite terms below. We

use a notation that stresses the interpretation discussed
above. For example ðGenNLOÞqel denotes the genuine
NLO contribution to hadron production via elastic scatter-
ing of a quark, while ðGenNLOÞq→g

inel means the contribu-
tion of the inelastic channel where an incoming quark
produces a gluon, which later fragments into the hadron.
The results derived in Appendix D are the following (for
completeness we also list here the results derived in the
previous section):

(i) The elastic corrections are

ðGenNLOÞqel ¼ −2
g2

ð2πÞ3 S⊥
Nc

2

Z
1

xF

dζ
ζ2

Dq
H;μ2

ðζÞxF
ζ
fq
μ2

�
xF
ζ

�Z
q

Z ðq−1
ζpÞ2

μ2

d2k
k2

Z
1

ξ0¼k2ζ=ðxFs0Þ
dξ

1þ ð1− ξÞ2
ξ

s

�
p
ζ

�
sðqÞ

− 2
g2

ð2πÞ3 S⊥
Nc

2

Z
1

xF

dζ
ζ2

Dq
H;μ2

ðζÞ
Z
k2

Z
1

0

dξ
xF
ζ
fq
μ2

�
xF
ζ

�
1þ ð1− ξÞ2

ξ

×
Z
q
s

�
p
ζ

�
sðqÞ

� p
ζ ð1− ξÞ− q− k

ðpζ ð1− ξÞ− q− kÞ2 −
p
ζ − q− k

ðpζ − q− kÞ2
�i ki
k2

; ð4:2Þ
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ðGenNLOÞgel ¼ −2
g2Nc

ð2πÞ3 S⊥
Z

1

xF

dζ
ζ2

Dg
μ2
ðζÞ

Z
q;t

Z ½qþt−p=ζ�2
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ζ
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�
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�
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ξ0¼l2ζ=ðxFs0Þ
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�
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1
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dξ
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�
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�

×
1
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½ξ2 þ ð1 − ξÞ2�sðtÞsðt − p=ζÞ

− 2
g2Nc

ð2πÞ3 S⊥
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1

xF
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μ2
ðζÞ xF

ζ
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μ2

�
xF
ζ
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l2

Z
1

0

dξ

�
1 − ξ

ξ
þ ξ

1 − ξ
þ ξð1 − ξÞ

�

×
Z
q;t

sðqÞsðt − p=ζÞsðtÞ
� ð1 − ξÞp=ζ − l − q − t
½ð1 − ξÞp=ζ − l − q − t�2 −

p=ζ − l − q − t
½p=ζ − l − q − t�2

�
i li

l2
: ð4:3Þ

Here in the last term the cancellation of the ξ ¼ 0 pole is explicit. To see that the ξ ¼ 1 pole also cancels we note that

under the transformation t → −tþ p=ζ; q → −q; l → −l, we have li

l2
½−l−q−t�i
½−l−q−t�2 →

li

l2
½p=ζ−l−q−t�i
½p=ζ−l−q−t�2. Thus under the

assumption sðkÞ ¼ sð−kÞ which we use throughout, the cancellation indeed occurs.
(ii) The inelastic corrections are

ðGenNLOÞq→q
inel ¼ g2

ð2πÞ3 S⊥
Nc
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�
i
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�
i
; ð4:4Þ

ðGenNLOÞg→q
inel ¼ g2

ð2πÞ3 S⊥
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1
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; ð4:5Þ

ðGenNLOÞq→g
inel ¼ g2
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ðGenNLOÞg→g
inel ¼ g2
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: ð4:7Þ
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In addition to all contributions listed above, there are
similar contributions associated with antiquarks. Their func-
tional form is identical to the appropriate terms involving
quarks,with the substitution of antiquarkTMDs for thequark
TMDs. We are not listing those explicitly, but they of course
have to be added in, in any numerical calculation.

V. DISCUSSION AND CONCLUSIONS

In this paper we have revisited the calculation of single
inclusive hadron production in pA at forward rapidities at
NLO within the hybrid approximation. We have shown that
beyond leading order the collinear resummation paradigm
does not hold in the hybrid approximation. In order to
properly resum large transverse logarithms at NLO one
needs to work within the TMD factorization framework.
The need to introduce TMDs is in fact quite clear

intuitively. At high transverse momentum of the observed
hadron, the naive parton model picture of a low transverse
momentum projectile parton that scatters with high
momentum transfer off the target breaks down. We showed
that this is only one of the mechanisms for producing the
high momentum hadron in the final state, but not the
only one.
Another mechanism has been discussed a long time ago

in [11]. It amounts to the projectile parton acquiring large
transverse momentum due to perturbative splittings in the
projectile wave function, and undergoing only soft scatter-
ing with the target with typical momentum transfer of order
Qs.

11 It is clear that collinear factorization is physically
inappropriate for the description of such a process. We have
shown in the present paper that the proper way to account
for it, in the sense of proper resummation of large trans-
verse logarithms associated with perturbative splittings in
the projectile wave function, is to view the parton as
coming from the projectile TMD PDF with large transverse
momentum.
The importance of this contribution was first recognized

in [11]. Although fragmentation was not included in that
analysis, the basic physics discussed there is correct, and
we recap the argument slightly adjusted by our results.
Consider for simplicity the quark channel production cross
section. It is given by Eq. (3.27). The integral over the
momentum in the TMD PDF k has two distinct regions,
jkj ≪ jpj=ζ and jkj ≈ jpj=ζ. The first region corresponds to
the collinear regime, while the second to a large transverse
momentum quark coming directly from the TMD. In the
collinear regime the production cross section is very sensitive
to the high momentum behavior of the dipole amplitude
sðp=ζÞ. For example, in the GBW model [55] sðpÞ is
strongly suppressed at high momentum and the collinear

contribution to production is very small. On the other hand,
the large k contribution probes the bulk of the scattering
amplitude sðjk − p=ζj ∼QsÞ and is not suppressed. Its high
momentum behavior is determined by the TMDPDF,which,
at least perturbatively falls only as 1=k2. Thus, for a GBW-
like dipole amplitude the collinear contribution is completely
negligible at p2 ≫ Q2

s and the production probability is
dominated by high-k quarks originating from splittings in the
wave function. In general one does not expect such a steep
drop of sðpÞ with momentum. The simple perturbative
expectation sðpÞ ∼ 1=p4 leads to comparable contributions
from the two mechanisms, with the collinear contribution
slightly larger due to saturation in the targetwave function for
momenta below Qs [11].
To summarize, the high-k contribution to the production

cross section is distinct from the collinear channel, and
should lead to a significant numerical effect, especially at
high transverse momentum, as discussed in [11]. Such
an effect indeed has been observed in an early numerical
work [76], albeit the framework of that study was the same
as [11] and therefore not complete.
The present work suggests also the importance of an

additional mechanism of production, which has not been
discussed either in [11] or in any of the subsequent works.
Referring back to Eq. (3.27), we observe that the integra-
tion region also contains the region jkj ≪ jpj, jlj ≈ jpj=ζ.
This is the hard perturbative fragmentation of a low
transverse momentum parton emerging from the scattering
with the target. The naive collinear framework assumes that
no hard momentum is produced in the fragmentation
process. We showed here that this is not the case for the
observable at hand, and that this process needs to be taken
into account in order to resum the large logarithms. Indeed,
the same estimate as above suggests that the high momen-
tum behavior of this channel is determined by the TMD FF,
which perturbatively decays as 1=l2. Thus there is no
reason to expect that this process is suppressed, and the
large transverse momentum TMD FF should contribute to
particle production on par with the other two mechanisms
discussed above.
The previous discussion mostly pertains to the situation

whenp2 ≫ Q2
s since phenomenologically this is the relevant

kinematic region at RHIC and LHC. However, in principle
our derivation did not assume this, and one could consider a
hypothetical situation when Q2

s ≫ p2 ≫ Λ2
QCD. What hap-

pens in this case? As discussed in the Introduction, the main
difference is that the transverse resolution scale on TMDs is
now set byQs rather thanp. Superficially this is similar to the
“threshold resummation” considered in [41,42] where the
resolution scale on the collinear PDF and FFwas taken to be
the higher of the scales Q2

s and p2 (up to a small correction
induced by the running of the coupling). However, the
similarity is only superficial.
First, the authors of [42] were not able to resum all the

logarithms into the variation of the resolutions scale but in

11This was dubbed “inelastic scattering” in [11], since it can be
viewed as the production of the observed hadron from the
inelastic scattering of the low pT valence parton, which produces
two, and not one, partons in the final state.
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addition required a Sudakov resummation of part of the
remaining logarithms12 which we do not find necessary.
Second, physically the TMD and collinear factorizations
are very different even for the same choice of the resolution
scale. In the collinear picture, for Q2

s ≫ p2, choosing μ2 ≈
Q2

s amounts to the assumption that all the incoming
projectile partons with transverse momenta up toQ2

s scatter
on the target with the same amplitude sðpÞ. On the other
hand, in the TMD picture a projectile parton enters the
interaction with arbitrary momentum k and scatters with
amplitude sðp − kÞ to produce the outgoing parton with
momentum p (we disregard fragmentation in this qualita-
tive discussion). In the TMD picture the scattering is
therefore, in principle, sensitive to the behavior of the
dipole amplitude at all momenta rather than just at the
momentum of the final state particle. In practice, of course,
momenta ðk − pÞ2 ≫ Q2

s do not contribute significantly,
since sðk − pÞ is small in this region. However, any
variation of sðk − pÞ for ðk − pÞ2 ≲Q2

s will affect the
result by a factor of order unity, which is not a small power
correction. For example, with the naive dependence of the
TMD PDF on momentum, T ðkÞ ∼ Λ2

QCD=k
2, the logarith-

mic integral over k is dominated by momenta of order

k2 ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

sΛ2
QCD

q
. The momentum transfer in the scattering

amplitude is then dominated by the typical values

ðk − pÞ2 ∼ p2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

sΛ2
QCD

q
and depends nontrivially on

the relative value of momentum p and the semihard scaleffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

sΛ2
QCD

q
. The collinear limit is recovered only if one

assumes that sðk − pÞ ¼ const for ðk − pÞ2 < Q2
s.

We note that we have used here an entirely perturbative
definition of the TMDs since only their high momentum
structure is pertinent for the physics at hand. These are also
commonly used in perturbative parton branching calcula-
tions [58,59].13

Finally the important question is whether the resulting
cross section we obtained is positive for all transverse
momenta. The crucial point here is that in our final result all
the large logarithms have been resummed into the scale
dependence of the TMDs, and none of the remaining
genuine perturbative corrections are suspiciously large.
Although the sign of some of these corrections are not
obvious to determine without explicit calculation, there is
no reason to expect that they will give rise to unnaturally
large negative contributions. We are thus confident that the
problem of negative production cross section should not
arise. Of course to put this beyond any doubt, a numerical

implementation of our results is necessary. We leave all
these aspects for future work.
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APPENDIX A: EVOLUTION EQUATIONS

1. Evolution equations for the TMDs

The definition of the TMDs we use in this paper is purely
perturbative, since the nonperturbative region of small
momenta in our calculation is not important and it is the
high momentum region of the TMDs that gives the
contribution not previously accounted for. In this appendix
we list the evolution equations satisfied by these perturba-
tive TMDs.
In our setup, Eq. (2.2) defines the evolution of the quark

TMDwith respect to the transverse resolution parameter μ2,
which can be obtained simply by differentiating the
equation. From (2.2)

∂xT qðx;k2;μ2;ξ0Þ
∂ lnμ2

¼ μ2δðμ2−k2ÞxT qðx;k2;k2;ξ0Þ

−
αs
2π

Nc

2

Z
1

ξ0

dξ
1þð1−ξÞ2

ξ
xT qðx;k2;μ2;ξ0Þ; ðA1Þ

where the delta function acts on the virtuality, not on the
transverse momentum. The longitudinal resolution scale in
the right-hand side of Eq. (A1) has been taken independent

12Our understanding is that even with the putative Sudakov
resummation, the final result of [42] still contains a remaining
large transverse logarithm which the authors declared to be a
small NLO correction.

13We thank Peter Taels for pointing this out to us.
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of μ2 but in reality it should be taken as ξ0 ¼ μ2=ðxs0Þ, and
the evolutions in μ2 and ξ0 would therefore become inter-

linked. Note that
R
1
ξ0
dξ 1þð1−ξÞ2

ξ ¼ 2 ln 1
ξ0
− ξ2

0

2
þ 2ξ0 − 3

2
.

In addition it is straightforward to write down the
evolution with respect to the longitudinal resolution param-
eter. The evolution equation is akin to the Balitsky-Fadin-
Kuraev-Lipatov equation [77,78], although for the quark

TMD it is actually a little simpler. One considers the
probability for a quark with transverse momentum k to emit
a gluon with longitudinal momentum fraction ξ0 and
transverse momentum p with the usual collinear splitting
function. Allowing additional such emissions with the
longitudinal fraction between ξ0 and ξ0ð1 − ϵÞ and using
(2.1), (2.2), and (2.3) we obtain

∂xT qðx; k2; μ2; ξ0Þ
∂ ln 1

ξ0

¼ g2

ð2πÞ3
Nc

2
½1þ ð1 − ξ0Þ2�

�
−
Z

μ2

k2

πdl2

l2
xT qðx; k2; l2; ξ0Þ þ

1

k2
x

1 − ξ0
fq
k2

�
x

1 − ξ0

��

þ αs
2π

Nc

2

Z
μ2

k2

πdl2

l2

Z
1

ξ0

dξ
1þ ð1 − ξÞ2

ξ

∂xT qðx; k2; l2; ξ0Þ
∂ ln 1

ξ0

¼ g2π
ð2πÞ3

Nc

2
½1þ ð1 − ξ0Þ2�

�
−
Z

μ2

k2

dl2

l2
xT qðx; k2; l2; ξ0Þ þ

1

k2

Z
k2

0

dl2
x

1 − ξ0
T q

�
x

1 − ξ0
; l2; k2; ξ0

��

þ g2

ð2πÞ3
Nc

2

Z
μ2

k2

πdl2

l2

Z
1

ξ0

dξ
1þ ð1 − ξÞ2

ξ

∂xT qðx; k2; l2; ξ0Þ
∂ ln 1

ξ0

: ðA2Þ

To order αs the last term should be ignored. In addition, since we are only interested in ξ0 ≪ 1, we set 1 − ξ0 → 1
everywhere except in the argument of the TMD, to get

∂xT qðx; k2; μ2; ξ0Þ
∂ ln 1

ξ0

¼ 2
g2π
ð2πÞ3

Nc

2

�
−
Z

μ2

k2

dl2

l2
xT qðx; k2; l2; ξ0Þ þ

1

k2

Z
k2

0

dl2xT qðx; l2; k2; ξ0Þ
�
: ðA3Þ

The evolution equations for the quark TMD FF and gluon TMDs can be derived in a similar manner.

2. DGLAP evolution equations of the collinear distributions

Given the evolution of the TMD PDFs we can explicitly check that the collinear PDF defined as Eq. (2.3) satisfies
the DGLAP evolution equation. We use (2.3), (2.13), (2.9), (2.10), (2.11), and (2.12) to obtain for the quark and
gluon PDF

dxfq
μ2
ðxÞ

dμ2
¼ πxT qðx; μ2; μ2; ξ0Þ þ

Z
μ2

0

πdk2
d
dμ2

xT qðx; k2; μ2; ξ0Þ

¼ π
g2

ð2πÞ3
Nc

2

Z
1

ξ0

dξ
1þ ð1 − ξÞ2

ξ

x
1 − ξ

fq
μ2

�
x

1 − ξ

�
1

μ2
þ π

g2

ð2πÞ3
1

2

Z
1

ξ0

dξ½ξ2 þ ð1 − ξÞ2� x
1 − ξ

fg
μ2

�
x

1 − ξ

�
1

μ2

− π
g2

ð2πÞ3
Nc

2

Z
1

ξ0

dξ
1þ ð1 − ξÞ2

ξ
x
1

μ2

Z
μ2

0

πdk2T qðx; k2; μ2; ξ0Þ

¼ π
g2

ð2πÞ3
Nc

2

Z
1

ξ0

dξ

�
1þ ð1 − ξÞ2

ξ

�
þ

x
1 − ξ

fq
μ2

�
x

1 − ξ

�
1

μ2
þ π

g2

ð2πÞ3
1

2

Z
1

ξ0

dξ½ξ2 þ ð1 − ξÞ2� x
1 − ξ

fg
μ2

�
x

1 − ξ

�
1

μ2

ðA4Þ

and
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dxfg
μ2
ðxÞ

dμ2
¼ πxT gðx; μ2; μ2; ξ0Þ þ

Z
μ2

0

πdk2
d
dμ2

xT gðx; k2; μ2; ξ0Þ

¼ g2

ð2πÞ3 2Nc

Z
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1 − ξ

ξ
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1 − ξ
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q
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x

1 − ξ

��
1

μ2
: ðA5Þ

Here we have employed a somewhat nonstandard definition of the þ prescription. Using

2Nc

��
1 − ξ

ξ
þ 1

2
ξð1 − ξÞ

�
þ
þ ξ

1 − ξ
þ 1

2
ξð1 − ξÞ

�
¼ 2Nc

�
1 − ξ

½ξ�þ
þ ξ

1 − ξ
þ ξð1 − ξÞ

�
þ 11Nc

6
δðξÞ ðA6Þ

and
R
1
0 dξ½ξ2 þ ð1 − ξÞ2� ¼ 2

3
one can verify that our expression is identical to the standard gluon-to-gluon splitting function.

The equations for collinear FFs are identical to this order. This demonstrates that the definition of TMDs we use here are
consistent with the standard DGLAP evolution of collinear PDFs and FFs.

APPENDIX B: q → q → H CHANNEL

In this appendix we give more details of the derivations in Sec. III.

1. The real part

In the real part we have the rational function of momenta multiplying an expression symmetric under the interchange
k ↔ q and integrated over both momenta. The crucial observation is that using the symmetry k ↔ q and renaming
momenta in part of the terms, we can write

½k−ð1−ξÞq�2
ðpζ−kÞ2ðpζ−ð1−ξÞqÞ2→

� p
ζ−k

ðpζ−kÞ2−
p
ζ−ð1−ξÞq

ðpζ−ð1−ξÞqÞ2
�
2
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� p
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p
ζ−ð1−ξÞk

ðpζ−ð1−ξÞkÞ2
�� p

ζ−q

ðpζ−qÞ2−
p
ζ−ð1−ξÞq

ðpζ−ð1−ξÞqÞ2
�
þ1

2

� p
ζ−k

ðpζ−kÞ2−
p
ζ−q

ðpζ−qÞ2
�� p

ζ−k

ðpζ−kÞ2−
p
ζ−q

ðpζ−qÞ2
�

þ1

2

� p
ζ−ð1−ξÞk

ðpζ−ð1−ξÞkÞ2−
p
ζ−ð1−ξÞq

ðpζ−ð1−ξÞqÞ2
�� p

ζ−ð1−ξÞk
ðpζ−ð1−ξÞkÞ2−

p
ζ−ð1−ξÞq

ðpζ−ð1−ξÞqÞ2
�

→

� p
ζ−k

ðpζ−kÞ2−
p
ζ−ð1−ξÞk

ðpζ−ð1−ξÞkÞ2
�� p

ζ−q

ðpζ−qÞ2−
p
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ðpζ−ð1−ξÞqÞ2
�

þ1

2

� ðk−qÞ2
ðpζ−kÞ2ðpζ−qÞ2þ

ð1−ξÞ2ðk−qÞ2
ðpζ−ð1−ξÞkÞ2ðpζ−ð1−ξÞqÞ2

�
: ðB1Þ
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Then the real NLO term can be written in the form

dσq→q→H
1;r

d2pdη
¼ S⊥

g2

ð2πÞ3
Nc

2

Z
1

xF

dζ
ζ2

Dq
H;μ2

0

ðζÞ
Z
k;q

Z
1

ζk2=ðxFs0Þ
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1þ ð1 − ξÞ2
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xF
ð1 − ξÞζ f

q
μ2
0

�
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ð1 − ξÞζ
�
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�� p

ζ − k

ðpζ − kÞ2 −
p
ζ − ð1 − ξÞk

ðpζ − ð1 − ξÞkÞ2
�� p

ζ − q

ðpζ − qÞ2 −
p
ζ − ð1 − ξÞq

ðpζ − ð1 − ξÞqÞ2
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þ 1

2

� ðk − qÞ2
ðpζ − kÞ2ðpζ − qÞ2 þ

ð1 − ξÞ2ðk − qÞ2
ðpζ − ð1 − ξÞkÞ2ðpζ − ð1 − ξÞqÞ2

��
: ðB2Þ

With some changes of variables, and taking p → −p,14 the first term in the third line in (B2) reads

Z
k;q

sðkÞsðqÞ 1
2

ðk − qÞ2
ðpζ − kÞ2ðpζ − qÞ2 ¼

Z
k;q

1

k2
s

�
−kþ p

ζ

��
1 −

k · q
q2

�
s

�
−qþ p

ζ

�
: ðB3Þ

The second term in the third line in (B2) can be written

g2

ð2πÞ3 S⊥
Nc

2

Z
1

xF

dζ
ζ2

Dq
H;μ2ðζÞ

Z
k

Z
1
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dξ
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�
xF

ζð1 − ξÞ
�
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1
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Z
q
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s

�
−qþ p

ζð1 − ξÞ
��

: ðB4Þ

Noting that

Z
1

xF

dζ
Z

1

k2ζ=ðxFs0Þ
dξ ¼

Z
1

k2=s0

dξ
Z

min½xFs0ξ=k2;1�

xF

dζ ðB5Þ

and making the change of variables ζ0 ¼ ζð1 − ξÞ we get

g2

ð2πÞ3 S⊥
Nc

2

Z
k

Z
1

k2=s0

dξ
1 − ξ

Z
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1
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s
�
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ζ

��
1 −

k · q
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�
s
�
−qþ p

ζ

�
: ðB6Þ

We now change the order of integrations. For k2=ðxFs0Þ ≪ 1 where our approach holds, this leads to

Z
1

k2=s0

dξ
1 − ξ

Z
min½xFs0ξð1−ξÞ=k2;1−ξ�

xFð1−ξÞ

dζ
ζ2

½� � �� ¼
Z

1−k2=ðxFs0Þ

0

dζ
ζ2

Z
1−ζ

k2ζ=ðxFs0Þ

dξ
1 − ξ

½� � ��: ðB7Þ

When this change of integration order is performed in Eq. (B6), due to finite support of fq
μ2
ðxFζ Þ, the lower limit on the ζ

integration becomes xF. Therefore (B6) becomes
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�
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��
; ðB8Þ

14Here we assume parity invariance of the dipole amplitudes sðqÞ ¼ sð−qÞ, which we have already used before.
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where in the equality we have used the fact that the upper
limit of the integral can be set to 1 due to the support of the
collinear FF.
Now, using (2.1), we can write (B2) as (3.17).

2. The virtual part

Here we only consider the term that potentially contains
logarithms, i.e., Eq. (3.20).
First, Eq. (3.20) tells us that the relevant factorization

scale is determined by the values of momentum q that
dominate the integral. Those are indeed easy to understand.
The integral is dominated by the values of q for which the
argument of the dipole should be close to Qs. This means
that if p=ζ ≫ Qs, on average q ∼ p=ζ, while if p=ζ ≪ Qs,
on average q ∼Qs. This is precisely our conjectured values
of the factorization scale (1.5). The second logarithm in
(3.20) is never large. It does not contain either transverse or
longitudinal logarithms, just as the similar term in the real

contribution. So it is simply a genuine small perturbative
correction which does not need to be resummed.
As shown in Sec. III the first term in Eq. (3.20)

contributes to the evolution of the TMDs with the trans-
verse resolution scale, and it disappears when this scale is
set to μ2. The second term still remains. The natural
question to ask is whether this contribution can be treated
as a small perturbative correction, or if it does contain a
large logarithm. It is clear that there is no large transverse
logarithm in the game. But what about longitudinal? The
integral we have to analyze is

Z
q

Z ðq−1
ζpÞ2

μ2

d2k
k2

Z
1

k2ζ=ðxFs0Þ
dξ

1þ ð1 − ξÞ2
ξ

sðqÞ: ðB9Þ

We observe that the integration domain fμ20 < μ2 < k2 <
ðq− 1

ζpÞ2;k2=s̄0 < ξ< 1g is equivalent to fμ2=s̄0 < ξ < 1;

μ20 < μ2 < k2 < min½ðq − 1
ζ pÞ2; ξs̄0�g, giving

Z
q

Z
1

μ2=s0

dξ
1þ ð1 − ξÞ2

ξ

Z
min½ðq−1

ζpÞ2;ξs̄0�

μ2

d2k
k2

sðqÞ

¼ π

Z
1

μ2=s̄0

dξ
1þ ð1 − ξÞ2

ξ

�Z
ξs̄0

μ2
0

d2q ln
q2

μ2
sðqþ p̄Þ þ

Z
∞

ξs̄0

d2q ln
ξs̄0
μ2

sðqþ p̄Þ
�
; ðB10Þ

where p̄ ¼ p=ζ and s̄0 ¼ xFs0=ζ. Assuming that the
dipole decreases fast at momenta larger than Qs, and
sðQsÞ ∼ 1=Q2

s , we see that the integral over q is dominated
by the values q2 ∼Q2

s þ p̄2. Thus the transverse momen-
tum integral is

Z
ξs̄0

μ2
0

d2q ln
q2

μ2
sðqþ p̄Þ þ

Z
∞

ξs̄0

d2q ln
ξs̄0
μ2

sðqþ p̄Þ

≈ ln
Q2

s þ p̄2

μ2
θðξs̄0 − ðQ2

s þ p̄2ÞÞ

þ ln
ξs̄0
μ2

θððQ2
s þ p̄2Þ − ξs̄0Þ: ðB11Þ

Now, integrating over ξ15 we obtain for the integral in
Eq. (B10)

ln2
Q2

s þ p̄2

μ2
þ ln

s0
Q2

s þ p̄2
ln
Q2

s þ p̄2

μ2
: ðB12Þ

The transverse logarithm is not large, since we have
chosen μ2 to be close to Q2

s þ p̄2. In fact, at least in the
approximation considered here we can choose μ2 such that
it vanishes. However, even if we do not recourse to such
fine-tuning, we can see that Eq. (B10) is not dangerously

large. The only question here is about the longitudinal
logarithm ln s0

Q2
sþp̄2. Recall that our choice of s0 is such that

although the ratio s0
Q2

sþp̄2 is large, its logarithm is not a large

number. If that is the case, this logarithm is also under
control. In fact we can always change s0 by evolving the
dipole sðpÞ through a larger or smaller rapidity interval;
see Appendix C. The only reason we do not choose
s0 ∼Q2

s þ p̄2, is that then we will have in our projectile
wave function gluons with rather small longitudinal mo-
mentum, for which we will not be able to use the eikonal
scattering approximation. Thus our choice of s0 is the most
appropriate, as it does not leave any large logarithms
(after resummations discussed here) and also allows us
to use eikonal approximation for the partonic scattering
amplitude.
We conclude therefore that the second term in the last

line of Eq. (3.20) is not large with our choice of scales, and
should be considered as a small genuine NLO correction.

APPENDIX C: ENERGY EVOLUTION
OF THE DIPOLE

1. Balitsky-Kovchegov evolution for sðkÞ
First we derive the BK equation [28–30] for sðkÞ in

the translational invariant approximation [it is different
from the usual momentum space BK evolution used in
literature—the latter is not formulated for sðkÞ]. We start
from

15Here we make the low ξ approximation, since only the small
values of ξ can potentially lead to a logarithmic integral.
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dsðx − yÞ
dY

¼ 2
g2

ð2πÞ3
Nc

2

Z
z

ðx − yÞ2
ðx − zÞ2ðz − yÞ2 ½sðx − zÞsðz − yÞ − sðx − yÞ�: ðC1Þ

Using (3.9),

ri
r2

¼
Z
k

1

2π
e−ik·ri

k⊥i

k2⊥
ðC2Þ

and

ðx − yÞ2
ðx − zÞ2ðz − yÞ2 ¼

�
x − z

ðx − zÞ2 þ
z − y

ðz − yÞ2
�
2

; ðC3Þ

we write

Z
l
eil·ðx−yÞ

dsðlÞ
dY

¼ −2
g2

ð2πÞ3
Nc

2

Z
z

Z
m;n;p;q

1

ð2πÞ2 ½e
−im·ðx−zÞ þ e−im·ðz−yÞ� mini

m2n2
½e−in·ðx−zÞ þ e−in·ðz−yÞ�

× sðpÞsðqÞ½eip·ðx−zÞeiq·ðz−yÞ − eip·ðx−yÞ�: ðC4Þ

Changing variables p ↔ q and m → −m in some terms and using our usual assumption of rotational invariance
sðqÞ≡ sðjqjÞ, we get

Z
l
eil·ðx−yÞ

dsðlÞ
dY

¼ −4
g2

ð2πÞ3
Nc

2

Z
m;p;q

sðpÞsðqÞ½eiðp−mÞ·ðx−yÞ − eip·ðx−yÞ�
�
miðq − pþmÞi
m2ðq − pþmÞ2 −

1

m2

�
: ðC5Þ

Shifting p → pþm, q → qþm in the terms multiplied by eiðp−mÞ·ðx−yÞ, we get

Z
l
eil·ðx−yÞ

dsðlÞ
dY

¼ −4
g2

ð2πÞ3
Nc

2

Z
m;p;q

eip·ðx−yÞ½sðpþmÞsðqþmÞ − sðpÞsðqÞ�
�
miðq − pþmÞi
m2ðq − pþmÞ2 −

1

m2

�
: ðC6Þ

After renaming the variables, the BK evolution equation for sðkÞ reads

dsðkÞ
dY

¼ −4
g2

ð2πÞ3
Nc

2

Z
p;q

½sðkþ pÞsðqþ pÞ − sðkÞsðqÞ�
�
piðpþ q − kÞi
p2ðpþ q − kÞ2 −

1

p2

�
: ðC7Þ

Note that in the limits p → 0, as well as p; q → ∞ the right-hand side is finite if sðkÞ → 0 for k → ∞.

2. Dipole evolution from s0 independence

Throughout the paper we have worked in the fixed
frame, defined by the reference scale s0, when most of the
energy evolution is attributed to the target. This scale is
arbitrary, however, and the final result for the cross section
must be independent of s0. The independence on s0 should
be achieved by varying the dipole sðkÞ according to the
leading order BK equation. We have not explicitly indi-
cated in the body of the paper the dependence of the dipole
amplitude on s0, but such dependence of course is implied
throughout. Varying s0 results in the change of the
evolution interval for sðkÞ. The independence on s0 should
hold modulo power- and/or αs-suppressed corrections. The
exact independence on s0 may require including some NLO

terms in the dipole evolution to account for αs corrections
and also a more exact treatment of power suppressed terms
on the TMD factorized side than we have done so far. Our
goal in this appendix is to show that modulo these terms,
evolving sðkÞ according to BK equation indeed ensures the
independence on s0.
We note that d ln s0 ¼ −d ln ξ0 ¼ −dY. Thus we should

be able to derive an evolution equation for sðkÞ by
imposing invariance of the cross section under the change
of s0:

s0
d
ds0

dσq→q→H

d2pdη
¼ 0 ⇒

dsðkÞ
dY

: ðC8Þ
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Since in order to arrive to the TMD factorized expressions we have modified some Oðα2sÞ and power-suppressed terms
[see the discussion below (3.23)], we should go back to the original expression for the real and virtual pieces in (3.17) and
(3.20), respectively.16 Keeping only terms that are OðαsÞ and that contribute to logarithmic evolution with respect to s0,
we get

d
dY
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¼ S⊥
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k
k2

þ 1
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�
ð1þ ð1 − λ0Þ2Þ

��
; ðC9Þ

with λ0 ¼ k2ζ=ðxFs0Þ. In this equation the two first lines correspond to the NLO real contributions, the third line to the LO
one, and the fourth line to the virtual NLO one. In the following we will set 1 − ξ0; 1 − λ0 → 1 except in the argument of the
TMD distributions. We also consider that in the lower limit of transverse momentum integrals we can set μ20 → 0.
The virtual term reads

−4
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−
1

k2

�
; ðC10Þ

which is exactly the virtual part of (C7) with the opposite sign.
Now we use (A3) for the evolution of the TMD PDFs and FFs in the real terms in (C9). Note that now the term with the

minus sign in (A3) is identically 0. Therefore we get for the first (PDF) real piece
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Dq
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0

ðζÞ xF
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�Z
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·
k
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1
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�
; ðC11Þ

where to go from the second to the third equality we
have changed variables p → −p and qþ p

ζ ¼ q0 þ k (and
dropped the prime on q0), used (2.3) and have taken the
virtuality in the collinear PDF to be μ20 (which is justified
since further evolution from μ20 → k2 > μ20 is an OðαsÞ

effect). This is exactly one-half of the real part of (C7)
with the opposite sign. Proceeding in complete analogy
with the piece containing the evolution of the TMD
FFs in (C9), we get exactly (C11), and, therefore, we
complete the second half of the real part of (C7) with the
opposite sign.
Therefore, by imposing invariance of the cross section

under changes of ln s0 in (C9), we get the BK evolution of
the LO dipoles. This constitutes a nontrivial check on the
consistency of the evolution equations in ξ0 for the TMDs
in our framework, and further supports the absence, in our
final results, of large logarithms beyond those contained in
the TMD evolution.

16For the virtual part we complete the phase space for trans-
verse momentum integration, thus restoring the resolution scale
μ20 in the TMD in the LO term. This actually provides additional
confirmation that the virtual NLO remainder is not logarithmi-
cally large. In the real part we use the TMD evolution in ln ξ0, but
disregard the additional α2s terms we have added in the product of
TMD PDF and FF as explained below Eq. (3.26).
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APPENDIX D: ALL CHANNELS—FULL RESULT

1. Real corrections at NLO

Real corrections at NLO can be written as a sum of four different contributions:

dσ
d2pdη

����
real

NLO
¼ dσ

d2pdη

����
q→q

NLO;r
þ dσ
d2pdη

����
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NLO;r
þ dσ
d2pdη

����
g→g

NLO;r
þ dσ
d2pdη

����
q→g

NLO;r
: ðD1Þ

a. Quark initiated quark production

The first term on the right-hand side of Eq. (D1) corresponds to quark production from a quark initiated channel. It is
computed in previous sections, and it reads

dσ
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����
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2

ðq − kÞ2
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1

2

ð1 − ξÞ2ðq − kÞ2
½p=ζ − ð1 − ξÞk�2½p=ζ − ð1 − ξÞq�2

�
þ ðGenNLOÞ1: ðD2Þ

The first term in Eq. (D2) contributes to the quark TMD PDF and the second term contributes to the quark TMD FF. The
remaining part is referred to as the genuine NLO contribution since it does not involve any large logarithms. Its explicit form
reads
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Let us rewrite Eq. (D2) in a more convenient way. In the first term after shifting the transverse momenta, it can be written as
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where we used the symmetry between k and q. In the second term in Eq. (D2), after rescaling ζð1 − ξÞ → ζ one can perform
the same modifications described in Eq. (D4). After all, the real correction into the quark initiated quark production can be
written as
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where the explicit expression for the genuine NLO correction in this channel is given in Eq. (D3).
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b. Gluon initiated quark production

In the large Nc limit, the real contribution to the NLO partonic cross section from the gluon initiated quark production
reads [Eq. (4.8) in Ref. [37] ]
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− s½z; ð1 − ξÞyþ ξz�s½ð1 − ξÞyþ ξz; ȳ�g: ðD6Þ

Assuming translationally invariant dipoles and using the definitions for the modified WW field [Eq. (3.6)] and for the dipole
operators in momentum space [Eq. (3.9)], this contribution can be written as
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After performing the integrals, this contribution reads
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At this point we introduce the fragmentation function and reorganize the terms:
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The first term in Eq. (D9) is a contribution to the quark TMD PDF, the second term is a contribution to gluon TMD FF, and
the last term is a genuine NLO correction that does not include any large logarithms. The explicit expression for the genuine
NLO contribution is
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Using the same arguments introduced in Eq. (D4), the final expression for this contribution can be written as
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c. Gluon initiated gluon production

The partonic level expression for this contribution is given by Eq. (4.9) of Ref. [37] which, at large Nc, reads
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Again using the translationally invariant dipoles and the definition of the modified WW fields, we get
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After performing the integrals, this contribution can be written as
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Introducing the fragmentation function and using the symmetry between k, q, and t, it can be organized as
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where the genuine NLO contribution reads
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One can again massage the first two terms in Eq. (D15) using similar arguments to those introduced in the previous cases,
and the final result reads
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d. Quark initiated gluon production

At large Nc, this contribution reads [Eq. (4.8) in Ref. [37] ]
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Using the same arguments, we get
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After performing the integrals, the contribution to the partonic level cross section from this channel reads
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After introducing the fragmentation function and symmetrizing our result, we get
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with
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Performing the same manipulations for the first two terms in Eq. (D21), we get the final expression as
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e. Summing all real contributions

The definitions of full quark and gluon TMD PDFs and FFs are given in Eqs. (2.9), (2.11), (2.14), and (2.16). Here we
ignore the contribution from antiquarks that, as indicated in the main text, can be added straightforwardly. The contributions
to the quark channel arise from the first two terms in Eq. (D5), the first term in Eq. (D5), and the second term in Eq. (D23).
Adding these terms and using the definitions for the quark TMD PDF and TMD FF, we get

dσ
d2pdη

����
q

NLO;r
¼ S⊥

Z
1

xF

dζ
ζ2

Z
k>μ0

�
Dq

μ2
0

ðζÞ xF
ζ
T q

�
xf
ζ
; k2; k2; ξ0

�
þ xF

ζ
fq
μ2
0

�
xF
ζ

�
F qðζ; k2; k2; ξ0Þ

�

×
Z
q
sð−kþ p=ζÞ

�
1 −

k · q
q2

�
sð−qþ p=ζÞ: ðD24Þ

The contributions to the gluon channel arise from the second term in Eq. (D11), the first two terms in Eq. (D17), and the first
term in Eq. (D23). Adding those terms and using the definitions for the gluon TMD PDF and TMD FF, we get

dσ
d2pdη

����
g

NLO;r
¼ S⊥

Z
1

xF

dζ
ζ2

Z
k>μ0

�
Dg

μ2
0

ðζÞ xF
ζ
T g

�
xf
ζ
; k2; k2; ξ0

�
þ xF

ζ
fg
μ2
0

�
xF
ζ

�
F gðζ; k2; k2; ξ0Þ

�

×
Z
q;t

sðtÞsðp=ζ þ k − tÞ
�
1 −

k · q
q2

�
sðp=ζ þ q − tÞ: ðD25Þ

Finally, the sum of the real corrections reads

dσ
d2pdη

����
real

NLO
¼ dσ

d2pdη

����
q

NLO;r
þ dσ
d2pdη

����
g

NLO;r
þ
X4
i¼1

ðGenNLOÞi: ðD26Þ

2. Virtual corrections at NLO

dσ
d2pdη

����
virtual

NLO
¼ dσ

d2pdη

����
q→q→H

NLO;v
þ dσ
d2pdη

����
g→g→H

NLO;v
þ dσ
d2pdη

����
g→q→H

NLO;v
þ dσ
d2pdη

����
g→q̄→H

NLO;v
: ðD27Þ
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a. Virtual corrections to the quark production

This is the first term in Eq. (D27) which was discussed earlier in the paper.

b. Virtual corrections to the gluon production

The virtual corrections in the gluon channel given by the last three terms in Eq. (D27). The last term is a contribution from
the antiquark, but we will not calculate that contribution explicitly. The two terms we need to focus on are the second and
the third terms in Eq. (D27). Let us first consider the second term. This contribution can be divided into two pieces at the
partonic level. In the large Nc limit, we can write it as [Eq. (4.10) in Ref. [37] ]

dσ
d2pdη

����
g→g

NLO;v
¼ dσ

d2pdη

����
g→g

NLO;v−1
þ dσ
d2pdη

����
g→g

NLO;v−2
; ðD28Þ

where

dσ
d2pdη

����
g→g

NLO;v−1
¼ −

g2

ð2πÞ3 Ncxpf
g
μ2
0

ðxpÞ
Z

1

0

dξ

�
1 − ξ

ξ
þ ξ

1 − ξ
þ ξð1 − ξÞ

� Z
y;ȳ;z

eipðy−ȳÞAi
ξðy − zÞAi

ξðy − zÞ

×
1

2
f2sAðy; ȳÞ − s½yþ ξðy − zÞ; zþ ξðy − zÞ�s½zþ ξðy − zÞ; ȳ�s½ȳ; yþ ξðy − zÞ�

− s½zþ ξðy − zÞ; yþ ξðy − zÞ�s½ȳ; zþ ξðy − zÞ�s½yþ ξðy − zÞ; ȳ�g ðD29Þ

and

dσ
d2pdη

����
g→g

NLO;v−2
¼ −

g2

ð2πÞ3 Ncxpf
g
μ2
0

ðxpÞ
Z

1

0

dξ

�
1 − ξ

ξ
þ ξ

1 − ξ
þ ξð1 − ξÞ

� Z
y;ȳ;z

eipðy−ȳÞAi
ξ;xp

ðȳ − zÞAi
ξ;xp

ðȳ − zÞ

×
1

2
f2sAðy; ȳÞ − s½ȳþ ξðȳ − zÞ; zþ ξðȳ − zÞ�s½zþ ξðȳ − zÞ; y�s½y; ȳþ ξðȳ − zÞ�

− s½zþ ξðȳ − zÞ; ȳþ ξðȳ − zÞ�s½y; zþ ξðȳ − zÞ�s½ȳþ ξðȳ − zÞ; y�g: ðD30Þ

Following the same procedure indicated previously, these two contributions can be written as

dσ
d2pdη

����
g→g

NLO;v−1
¼ −

g2

ð2πÞ3 Ncxpf
g
μ2
0

ðxpÞ
Z

1−ξ0

ξ0

dξ

�
1 − ξ

ξ
þ ξ

1 − ξ
þ ξð1 − ξÞ

� ð−1Þ
ð2πÞ4

Z
y;ȳ;z

Z
l;m>μ0

Z
k;q;t

li

l2
mi

m2

× sðkÞsðqÞsðtÞ 1
2
f2eiyðp−l−mþk−qÞe−iȳðpþk−qÞeizðlþmÞ − eiy½p−l−mþkþξq−ð1þξÞt�e−iȳðpþq−tÞeiz½lþm−kþð1−ξÞqþξt�

− eiy½p−l−m−k−ξqþð1þξÞt�e−iȳðp−qþtÞeiz½lþmþk−ð1−ξÞq−ξt�g ðD31Þ

and

dσ
d2pdη

����
g→g

NLO;v−2
¼ −

g2

ð2πÞ3 Ncxpf
g
μ2
0

ðxpÞ
Z

1−ξ0

ξ0

dξ

�
1 − ξ

ξ
þ ξ

1 − ξ
þ ξð1 − ξÞ

� ð−1Þ
ð2πÞ4

Z
y;ȳ;z

Z
l;m>μ0

Z
k;q;t

li

l2
mi

m2

× sðkÞsðqÞsðtÞ 1
2
f2eiyðpþk−qÞe−iȳðpþlþmþk−qÞeizðlþmÞ − eiyðp−qþtÞe−iȳ½pþlþm−k−ξqþð1þξÞt�eiz½lþm−kþð1−ξÞqþξt�

− eiyðpþq−tÞe−iȳ½pþlþmþkþξq−ð1þξÞt�eiz½lþmþk−ð1−ξÞq−ξt�g: ðD32Þ

After performing the integrals, these two contributions can be combined with some change of variables. The final result at
partonic level reads
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dσ
d2pdη

����
g→g

NLO;v
¼ −

g2

ð2πÞ3 S⊥xpf
g
μ2
0

ðxpÞ
Z

1−ξ0

ξ0

dξ2Nc

�
1 − ξ

ξ
þ ξ

1 − ξ
þ ξð1 − ξÞ

�

×
Z
l>μ0

Z
q;t

sðqÞsðt − pÞsðtÞ
�
1

l2
þ li

l2
½ð1 − ξÞp − l − q − t�i
½ð1 − ξÞp − l − q − t�2

�
: ðD33Þ

Upon introducing the fragmentation function, this contribution becomes

dσ
d2pdη

����
g→g→H

NLO;v
¼ −

g2

ð2πÞ3 S⊥
Z

1

xF

dζ
ζ2

Dg
μ2
0

ðζÞ
Z

1−ξ0

ξ0

dξ
xF
ζ
fg
μ2
0

�
xF
ζ

�
2Nc

�
1 − ξ

ξ
þ ξ

1 − ξ
þ ξð1 − ξÞ

�

×
Z
l>μ0

Z
q;t

sðqÞsðt − p=ζÞsðtÞ
�
1

l2
þ li

l2
½ð1 − ξÞp=ζ − l − q − t�i
½ð1 − ξÞp=ζ − l − q − t�2

�

¼ −
g2

ð2πÞ3 S⊥
Z

1

xF

dζ
ζ2

Dg
μ2
0

ðζÞ
Z

1−ξ0

ξ0

dξ
xF
ζ
fg
μ2
0

�
xF
ζ

�
2Nc

Z
l>μ0

Z
q;t

sðqÞsðt − p=ζÞsðtÞ

×

��
1 − ξ

ξ
þ ξ

1 − ξ
þ ξð1 − ξÞ

���
1

l2
þ li

l2
½p=ζ − l − q − t�i
½p=ζ − l − q − t�2

�

þ
�
li

l2
½ð1 − ξÞp=ζ − l − q − t�i
½ð1 − ξÞp=ζ − l − q − t�2 −

li

l2
½p=ζ − l − q − t�i
½p=ζ − l − q − t�2

���
: ðD34Þ

Let us now consider the third term in Eq. (D27) [the last term in Eq. (D27) corresponds to the antiquark, and we will not
consider it explicitly]. This term can also be grouped into two contributions

dσ
d2pdη

����
g→q

NLO;v
¼ dσ

d2pdη

����
g→q

NLO;v−1
þ dσ
d2pdη

����
g→q

NLO;v−2
; ðD35Þ

and each of them are given by [Eq. (4.11) in Ref. [37] ]

dσ
d2pdη

����
g→q

NLO;v−1
¼ −

g2

ð2πÞ3 xpf
g
μ2
0

ðxpÞ
Z
ξ0

dξ
1

2
½ξ2 þ ð1 − ξÞ2�

Z
y;ȳ;z

eipðy−ȳÞAi
ξðy − zÞAi

ξðy − zÞ

× fsAðy; ȳÞ − s½yþ ξðy − zÞ; ȳ�s½ȳ; zþ ξðy − zÞ�g ðD36Þ

and

dσ
d2pdη

����
g→q

NLO;v2
¼ −

g2

ð2πÞ3 xpf
g
μ2
0

ðxpÞ
Z
ξ0

dξ
1

2
½ξ2 þ ð1 − ξÞ2�

Z
y;ȳ;z

eipðy−ȳÞAi
ξðȳ − zÞAi

ξðȳ − zÞ

× fsAðy; ȳÞ − s½ȳþ ξðȳ − zÞ; y�s½y; zþ ξðȳ − zÞ�g: ðD37Þ

Within our approximations, these two contributions can be written

dσ
d2pdη

����
g→q

NLO;v−1
¼ −

g2

ð2πÞ3 xpf
g
μ2
0

ðxpÞ
Z
ξ0

dξ
1

2
½ξ2 þ ð1 − ξÞ2� ð−1Þð2πÞ4

Z
y;ȳ;z

Z
l;m>μ0

Z
k;q

li

l2
mi

m2
sðkÞsðqÞ

× feiyðp−l−mþkþqÞe−iȳðpþk−qÞeizðlþmÞ − eiy½p−l−mþð1þξÞk−ξq�e−iȳðpþk−qÞeiz½lþm−ξk−ð1−ξÞq�g ðD38Þ

and

dσ
d2pdη

����
g→q

NLO;v−1
¼ −

g2

ð2πÞ3 xpf
g
μ2
0

ðxpÞ
Z
ξ0

dξ
1

2
½ξ2 þ ð1 − ξÞ2� ð−1Þð2πÞ4

Z
y;ȳ;z

Z
l;m>μ0

Z
k;q

li

l2
mi

m2
sðkÞsðqÞ

× feiyðpþk−qÞe−iȳðpþlþmþk−qÞeizðlþmÞ − eiyðp−kþqÞe−iȳ½pþlþm−ð1þξÞkþξq�eiz½lþm−ξk−ð1−ξÞq�g: ðD39Þ

These two contributions can be combined after performing the integrals, and the final result at the partonic level reads
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dσ
d2pdη

����
g→q

NLO;v
¼ −

g2

ð2πÞ3 xpf
g
μ2
0

ðxpÞ
Z
ξ0

dξ
1

2
½ξ2 þ ð1 − ξÞ2�

Z
l>μ0

Z
q
sðp − qÞsðqÞ

×

�
2

l2
þ li

l2
½ξp − l − q�i
½ξp − l − q�2 þ

li

l2
½ð1 − ξÞp − l − q�i
½ð1 − ξÞp − l − q�2

�
: ðD40Þ

Introducing the fragmentation function and reorganizing the terms, we get

dσ
d2pdη

����
g→q→H

NLO;v
¼ −

g2

ð2πÞ3 S⊥
Z

1

xF

dζ
ζ2

Dg
μ2
0

ðζÞ
Z

1

ξ0

xF
ζ
fg
μ2
0

�
xF
ζ

�
1

2
½ξ2 þ ð1 − ξÞ2�

Z
l>μ0

Z
q;t

sðtÞsðt − p=ζÞsðqÞ

×

�
2

l2
þ li

l2
½ξp=ζ − l − t�i
½ξp=ζ − l − t�2 þ

li

l2
½ð1 − ξÞp=ζ − l − t�i
½ð1 − ξÞp=ζ − l − t�2

�
: ðD41Þ

Note that Eqs. (D34) and (D41) are the final expressions for the virtual contributions in the gluon channel. In the rest of the
discussion we will follow the same arguments adopted in the analysis of the virtual contributions in the quark channel.
Namely, we will separate each of these two contributions into a piece containing a large logarithm which will be included in
the evolution of the TMDs and a piece without any large logarithms which therefore will be referred to as new genuine NLO
corrections.
Let us start with Eq. (D34). The last term in this equation is finite—it does not contain either transverse or longitudinal

logs, and we set it aside. Just as in Eq. (3.20), we can perform the angular integration over the angle of vector l in the first
tern in Eq. (D34),

dσ
d2pdη

����
g→g→Hð1Þ

NLO;v
¼ −2

g2

ð2πÞ3 S⊥
Z

1

xF

dζ
ζ2

Dg
μ2
0

ðζÞ
Z
q;t

Z ½qþt−p=ζ�2

μ2
0

d2l
l2

Z
1

ξ0

dξ
xF
ζ
fg
μ2
0

�
xF
ζ

�

× Nc

�
1 − ξ

ξ
þ ξ

1 − ξ
þ ξð1 − ξÞ

�
sðqÞsðt − p=ζÞsðtÞ: ðD42Þ

Again, following the same arguments in Eq. (3.20) we divide the integration region over l into two pieces as

dσ
d2pdη

����
g→g→Hð1Þ

NLO;v
¼ −2

g2

ð2πÞ3 S⊥
Z

1

xF

dζ
ζ2

Dg
μ2
0

ðζÞ
Z
q;t

�Z
μ2

μ2
0

þ
Z ½qþt−p=ζ�2

μ2

�
d2l
l2

Z
1

ξ0

dξ
xF
ζ
fg
μ2
0

�
xF
ζ

�

× Nc

�
1 − ξ

ξ
þ ξ

1 − ξ
þ ξð1 − ξÞ

�
sðqÞsðt − p=ζÞsðtÞ: ðD43Þ

The first integral over l in Eq. (D43) will give a large log which will contribute to the evolution of the gluon TMD PDFs and
TMD FFs, the second integral does not give a large log, and therefore it is a genuine NLO correction. We write it as

dσ
d2pdη

����
g→g→H

NLO;v
¼ −2

g2

ð2πÞ3 S⊥
Z

1

xF

dζ
ζ2

Dg
μ2
0

ðζÞ
Z
t

Z
μ2

μ2
0

d2l
l2

Z
1

ξ0

dξ
xF
ζ
fg
μ2
0

�
xF
ζ

�

× Nc

�
1 − ξ

ξ
þ ξ

1 − ξ
þ ξð1 − ξÞ

�
sðt − p=ζÞsðtÞ þ ðGenNLOÞ5; ðD44Þ

with
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ðGenNLOÞ5 ¼ −2
g2Nc

ð2πÞ3 S⊥
Z

1

xF

dζ
ζ2

Dg
μ2
0

ðζÞ
Z
q;t

Z ½qþt−ð1−p=ζ�2

μ2

d2l
l2

Z
1

ξ0

dξ
xF
ζ
fg
μ2
0

�
xF
ζ

�

×

�
1 − ξ

ξ
þ ξ

1 − ξ
þ ξð1 − ξÞ

�
sðqÞsðt − p=ζÞsðtÞ

− 2
g2Nc

ð2πÞ3 S⊥
Z

1

xF

dζ
ζ2

Dg
μ2
0

ðζÞ
Z

1

ξ0

dξ
xF
ζ
fg
μ2
0

�
xF
ζ

��
1 − ξ

ξ
þ ξ

1 − ξ
þ ξð1 − ξÞ

�

×
Z
l>μ0

Z
q;t

sðqÞsðt − p=ζÞsðtÞ
��

li

l2
½ð1 − ξÞp=ζ − l − q − t�i
½ð1 − ξÞp=ζ − l − q − t�2 −

li

l2
½p=ζ − l − q − t�i
½p=ζ − l − q − t�2

��
: ðD45Þ

Let us now consider Eq. (D41). We write it as

dσ
d2pdη

����
g→q→H

NLO;v
¼ −

g2

ð2πÞ3 S⊥
Z

1

xF

dζ
ζ2

Dg
μ2
0

ðζÞ
Z

1

ξ0

xF
ζ
fg
μ2
0

�
xF
ζ

�
1

2
½ξ2 þ ð1 − ξÞ2�

Z
l>μ0

Z
q;t

sðtÞsðt − p=ζÞsðqÞ

×

��
1

l2
þ li

l2
½ξp=ζ − l − t�i
½ξp=ζ − l − t�2

�
þ
�
1

l2
þ li

l2
½ð1 − ξÞp=ζ − l − t�i
½ð1 − ξÞp=ζ − l − t�2

��
: ðD46Þ

We can now perform the angular integration over the angle of vector l, separately for the first two terms and the last two
terms. The result reads

dσ
d2pdη

����
g→q→H

NLO;v
¼ −

g2

ð2πÞ3 S⊥
Z

1

xF

dζ
ζ2

Dg
μ2
0

ðζÞ
Z
t

�Z ½t−ð1−ξÞp=ζ�2

μ2
0

þ
Z ½t−ξp=ζ�2

μ2
0

�
d2l
l2

Z
1

ξ0

xF
ζ
fg
μ2
0

�
xF
ζ

�

×
1

2
½ξ2 þ ð1 − ξÞ2�sðtÞsðt − p=ζÞ: ðD47Þ

Following the same arguments, we divide the integration region over l into two pieces:

dσ
d2pdη

����
g→q→H

NLO;v
¼ −

g2

ð2πÞ3 S⊥
Z

1

xF

dζ
ζ2

Dg
μ2
0

ðζÞ
Z
t

�Z
μ2

μ2
0

þ
Z ½t−ð1−ξÞp=ζ�2

μ2
þ
Z

μ2

μ2
0

þ
Z ½t−ξp=ζ�2

μ2

�
d2l
l2

Z
1

ξ0

xF
ζ
fg
μ2
0

�
xF
ζ

�

×
1

2
½ξ2 þ ð1 − ξÞ2�sðtÞsðt − p=ζÞ: ðD48Þ

The first and the third terms in Eq. (D48) contain large logarithms, and they contribute to the evolution of the TMDs while
the second and fourth terms are genuine NLO corrections. Thus the final expression can be written as

dσ
d2pdη

����
g→q→H

NLO;v
¼ −2

g2

ð2πÞ3 S⊥
Z

1

xF

dζ
ζ2

Dg
μ2
0

ðζÞ
Z
t

Z
μ2

μ2
0

d2l
l2

Z
1

ξ0

xF
ζ
fg
μ2
0

�
xF
ζ

�
1

2
½ξ2 þ ð1 − ξÞ2�sðtÞsðt − p=ζÞ

þ ðGenNLOÞ6; ðD49Þ

where the genuine NLO correction reads

ðGenNLOÞ6 ¼ −
g2

ð2πÞ3 S⊥
Z

1

xF

dζ
ζ2

Dg
μ2
0

ðζÞ
Z
t

�Z ½t−ð1−ξÞp=ζ�2

μ2
þ
Z ½t−ξp=ζ�2

μ2

�
d2l
l2

Z
1

ξ0

xF
ζ
fg
μ2
0

�
xF
ζ

�

×
1

2
½ξ2 þ ð1 − ξÞ2�sðtÞsðt − p=ζÞ: ðD50Þ

3. Combining all contributions: Gluon channel

In the gluon channel, the leading order expression reads

dσ
d2pdη

����
g→H

LO
¼ S⊥

Z
1

xF

dζ
ζ2

Dg
μ2
0

xF
ζ
fg
μ2
0

�
xF
ζ

�Z
t
sðtÞsðt − p=ζÞ: ðD51Þ
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Combining the LO expression [Eq. (D51)] with the virtual corrections [Eqs. (D44) and (D49)] in the gluon channel, we get

dσ
d2pdη

����
g→H

LO
þ dσ
d2pdη

����
g→g→H

NLO;v
þ dσ
d2pdη

����
g→q→H

NLO;v
þ dσ
d2pdη

����
g→q̄→H

NLO;v

¼ S⊥
Z

1

xF

dζ
ζ2

Z
t

Z
μ2
0

0

d2k

�
Dg

μ2
0

ðζÞ xF
ζ
T g

�
xF
ζ
; k2; μ2; ξ0

�
þ F gðζ; k2; μ2; ξ0Þ

xF
ζ
fg
μ2
0

�
xF
ζ

��
sðtÞsðt − p=ζÞ

þ ðGenNLOÞ5 þ ðGenNLOÞ6: ðD52Þ

Here, we have used the evolution equations for the TMDs over the resolution scale given in Eqs. (2.12) and (2.17). Note that
we have not calculated the last term on the left-hand side of Eq. (D52). We can rewrite Eq. (D52) in a more convenient way
(by following the discussions in the quark channel):
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þðGenNLOÞ5þðGenNLOÞ6: ðD53Þ

Finally, combining this result with the real NLO correction given in Eq. (D25), we get
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þ ðGenNLOÞ5þðGenNLOÞ6: ðD54Þ
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