
On-shell versus curvature mass parameter fixing schemes in the three flavor
quark-meson model with vacuum fluctuations

Vivek Kumar Tiwari *

Department of Physics, University of Allahabad, Prayagraj, India-211002

(Received 24 November 2022; revised 1 August 2023; accepted 23 August 2023; published 3 October 2023)

The tree-level parameters of the 2þ 1 flavor quark-meson model become inconsistent when the quark
one-loop vacuum fluctuation is included in its effective potential. Relating the counterterms in the MS
scheme to those in the on-shell scheme, the relations between the renormalized parameters of both the
schemes have been determined, and the consistent effective potential for the renormalized quark-meson
(RQM) model has been calculated using the modified minimal subtraction method where the relations
between the physical quantities (i.e. pole masses of the pseudoscalar π,K, η, and η0 and the scalar σ mesons,
the pion and kaon decay constants fπ and fK) and the running couplings have been used as input. The
effective potentials, order parameters, and phase diagrams have been computed for the RQM model and
compared respectively with the corresponding calculations in the quark-meson model without the vacuum
term and the quark-meson model with the vacuum term where the curvature meson masses have been used
for fixing the model parameters. The fπ , fK , the Yukawa coupling g, and the minimum of the effective
potential do not change but the explicit symmetry breaking strength hx gets a small reduction equal to the
two flavor RQMmodel correction while the strength hy becomes weaker by a relatively large amount in the
2þ 1 flavor RQM model because the pion curvature mass mπ;c ¼ 135.95 MeV is 2.05 MeV smaller than
its pole mass mπ ¼ 138.0 MeV and the kaon curvature mass mK;c ¼ 467.99 MeV is 28.01 MeV smaller
than its pole mass mK ¼ 496.0 MeV after the renormalization. Therefore the 2þ 1 flavor RQM model
phase diagrams and the critical end point location differ noticeably from the existing two flavor RQM
model results [S. K. Rai and V. K. Tiwari, Phys. Rev. D 105, 094010 (2022)]. The enhanced coefficient of
the ’t Hooft determinant term in the RQM model modifies the TðμÞ dependence of the UAð1Þ axial
symmetry restoration pattern.

DOI: 10.1103/PhysRevD.108.074002

I. INTRODUCTION

The study of a quantum chromodynamics (QCD) phase
diagram and all of its details has been a very active research
area of strong interaction physics since the 1970s when the
first QCD schematic phase diagram appeared [1]. It depicted
a confined phase of hadrons at a low temperature (low
baryonic density) and a deconfined phase of quarks and
gluons [2–5] at a high temperature (zero baryonic density) or
high baryonic density (zero temperature). One gets impor-
tant and valuable information for the QCD phase transition
from the lattice QCD simulations [6–14] at zero chemical
potential, but for the nonzero baryon densities/chemical
potentials, the lattice QCD calculations get seriously com-
promised as theQCDaction becomes complex on account of

the fermion sign problem [8]. For mapping out the phase
diagram regions where the lattice simulations do not work,
one gets much help from the investigations carried out in the
ambit of phenomenological models developed using the
effective degrees of freedom [15,16].
The QCD Lagrangian for the three flavors of massless

quarks has the SULþRð3Þ × SUL−Rð3Þ symmetry. The
chiral symmetry (axial A ¼ L − R symmetry) gets sponta-
neously broken in the low energy QCD vacuum of the
hadron degrees of freedom. Due to this, the chiral con-
densate forms in the nonstrange and strange directions and
one gets eight massless Goldstone bosons which are
pseudoscalars. The chiral symmetry gets explicitly broken
as well due to the small mass of the light quarks u, d and a
relatively heavy s quark. We find the light pions in nature,
while the kaons and the eta are heavier on account of the
large strange quark mass. Furthermore ’t Hooft [17]
showed that the UAð1Þ axial symmetry is explicitly broken
to ZAðNfÞ at the quantum level by the instanton effects. The
η0 meson is not a massless Goldstone boson even in the
chiral limit of the massless quarks, as it acquires a mass of
about 1 GeV due to the UAð1Þ axial anomaly. The three
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(2þ 1) flavor linear sigma model [18,19] is a very
conducive framework for investigating the interplay of
the SUAð3Þ chiral and the UAð1Þ axial symmetry breaking
and restoration. One can construct the chiral invariant
combinations using the chiral partners from the respective
octet and the singlet of the scalar and pseudoscalar mesons.
One gets the richer framework of the quark-meson (QM)
model for exploring the QCD phase structure when the nine
scalar and nine pseudoscalar mesons are coupled to the
three flavors of quarks. Futhermore,the QCD confinement
of the quarks inside the hadrons is implemented by the
introduction of the Polyakov loop when the chiral models
are coupled to a constant background SUðNcÞ gauge field
Aa
μ [20–24]. Adding the free energy density from the gluons

in the form of the Polyakov loop potential [25,26] to the
QM model, one gets the framework of the PQM model.
Several QCD phase structure studies, have already been
performed in the chiral models [27–41], the two and the
three flavor QM model [42–44] as well as the PQM
model [45–48].
Several QM model studies [19,27,36,42–48] in the

standard mean field approximation (s-MFA) neglected
the quark one-loop vacuum fluctuations assuming that
the redefinition of the meson effective potential parameters
would account for their effects. The QM model in the
s-MFA gives a first-order chiral phase transition at the zero
baryon density which looks inconsistent in the light of the
general theoretical arguments [49,50] that the chiral phase
transition at μ ¼ 0 is of second order. The proper treatment
of the Dirac sea was first done in the Ref. [51] to remove
this inconsistency. Afterwards, the quark one-loop vacuum
corrections were included in the two and three flavor QM/
PQM models and its detailed impact on the QCD phase
structure and the thermodynamics were investigated in
several research papers [52–65]. These publications used
the curvature masses of the mesons for the model parameter
fixing while the pion decay constant is identified with the
vacuum expectation value of the nonstrange condensate,
and the kaon decay constant needed for the three flavor
QM/PQM model studies [54,55,58,59,65] is fixed by the
combination of the vacuum expectation values of the
strange and the nonstrange condensate. The minimal
subtraction scheme has been used in the above-mentioned
works to regularize the quark one-loop vacuum divergence.
The above parameter fixing procedure becomes inconsis-
tent when one notes that the curvature masses are defined
by the evaluation of the self-energies at zero momentum
because the effective potential is the generator of the
n-point functions of the theory at vanishing external
momenta [66–70]. This model setting has been termed
the quark-meson model with vacuum term (QMVT).
The use of the tree-level parameters for calculating the

effective potential becomes inconsistent because the radi-
ative corrections to the physical quantities change their tree-
level relations to the parameters of the Lagrangian.

The parameters in the MS scheme are running and renorm-
alization scale Λ dependent while the on-shell (OS) param-
eters have their tree-level values. Following the correct
renormalization prescription, one calculates the counter-
terms both in theMS scheme and in the on-shell scheme and
then connects the renormalized parameters of the two
schemes. Afterwards the effective potential is calculated
using themodifiedminimal subtraction procedurewhere the
relations between the on-shell parameters (physical quan-
tities) and the running parameters are used as the input [67].
In a series of papers, Adhikari and collaborators [67,71–73]
used this renormalization prescription for including the
quark one-loop fluctuation in the two flavor QM model
which uses the Oð4Þ sigma model with the scalar σ and the
pseudoscalar π⃗ meson. In our recent work, we also applied
[74] the on-shell renormalization method for fixing the
model parameters to that version of the quark-meson (QM)
model in which the two flavors of quarks is coupled to the
eight mesons of the SULð2Þ × SURð2Þ linear sigma model,
and we made a comparative study of the effective potential
and the phase diagram.
In the present work, we will be calculating the consistent

effective potential and the on-shell renormalized parame-
ters for the 2þ 1 flavor quark-meson (QM) model where
the quark one-loop vacuum fluctuation is properly renor-
malized. The application of the exact on-shell renormali-
zation prescription to the 2þ 1 flavor QM model becomes
quite involved and complicated because (i) one does not
have the direct relations between the parameters and the
masses where the mixed states are involved and (ii) in
addition to the self-energy corrections for the pion and the
kaon, one needs to calculate the self-energy corrections also
for the scalar σ and the pseudoscalar η and η0 mesons which
are the mixed states of the 00 and 88 components in the
respective scalar and pseudoscalar directions. The seven
parameters are to be fixed after the renormalization in the
present 2þ 1 flavor renormalized quark-meson (RQM)
model. The two flavor RQM model results [74] together
with the results obtained in the 2þ 1 flavor QM and
QMVT model provide the benchmark against which, the
consistency, correctness, similarities, and differences of the
2þ 1 flavor RQM model results can be compared and
checked. Since the UAð1Þ axial anomaly coefficient has a
condensate-dependent component [75–79], it becomes
interesting to know how the coefficient of the ’t Hooft
determinant term gets affected (renormalized) by the on-
shell renormalization of the quark one-loop vacuum fluc-
tuation. Calculating the temperature (chemical potential)
dependence of the curvature masses of the mesons a0, σ, π,
η, and η0, the modification of the UAð1Þ axial symmetry
restoration pattern will also be investigated in the present
work. The exact on-shell parameter fixed 2þ 1 flavor
RQM model provides us the framework in which the
consistent physics of the chiral symmetry restoration can
be integrated with the deconfinement transition physics.
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The paper is arranged as follows. The SULð3Þ × SURð3Þ
QM model is presented in Sec. II. Section III presents the
effective potential calculation for the quark-meson model
with vacuum term together with its parameter fixing
procedure. The on-shell scheme counterterms and self-
energy calculations are presented in the Sec. IVA. The
relations between the physical quantities and the running
parameters are derived in Sec. IV B, and the derivation of
the effective potential in the RQM model is presented in
Sec. IV C. Section V presents the calculation of the
curvature masses of the mesons. The result and discussion
are presented in Sec. VI. Section VI A presents the
comparison of the effective potentials, the order parame-
ters, and the phase diagrams while Sec. VI B discusses the
differences between the results of the present 2þ 1 flavor
work and the existing results of the two flavor RQMmodel.
Section VI C presents the results for the modification of the
UAð1Þ axial symmetry restoration pattern. Finally the
summary and conclusion are presented in Sec. VII.

II. MODEL FORMULATION

We present the formulation of the SULð3Þ × SURð3Þ
quark-meson model in this section. Three flavors of quarks
in this model are coupled to the SUVð3Þ × SUAð3Þ sym-
metric meson fields. The model Lagrangian is written in
terms of quarks, mesons, and couplings as

LQM ¼ ψ̄ ½iγμ∂μ − gTaðσa þ iγ5πaÞ�ψ þ LðMÞ; ð1Þ

where ψ is a color Nc-plet, a four-component Dirac spinor,
as well as a flavor triplet

ψ ¼

0
B@

u

d

s

1
CA: ð2Þ

The flavor blind Yukawa coupling g couples the three
flavors of quarks with the nine scalar (σa; JP ¼ 0þ) and
nine pseudoscalar (πa; JP ¼ 0−) mesons.
The massless quarks become massive due to the sponta-

neous breaking of the chiral symmetry as the chiral
condensate assumes nonzero vacuum expectation value.
The Lagrangian for the meson fields has the following form
[19,28,48]:

LðMÞ ¼ Trð∂μM†
∂
μM −m2ðM†MÞÞ

− λ1½TrðM†MÞ�2 − λ2TrðM†MÞ2
þ c½detMþ detM†� þ Tr½HðMþM†Þ�: ð3Þ

Here the fieldM is a complex 3 × 3 matrix which contains
the nine scalars σa and the nine pseudoscalar πa mesons,

M ¼ Taξa ¼ Taðσa þ iπaÞ: ð4Þ

Here the Ta represent nine generators of Uð3Þ with Ta ¼ λa
2

where a ¼ 0; 1;…; 8. The λa are standard Gell-Mann

matrices with λ0 ¼
ffiffi
2
3

q
I3×3. The generators follow the

Uð3Þ algebra ½Ta; Tb� ¼ ifabcTc and fTa; Tbg ¼ dabcTc
where fabc and dabc are the standard antisymmetric
and symmetric structure constants respectively with

fab0 ¼ 0 and dab0 ¼
ffiffi
2
3

q
δab and matrices are normalized

as TrðTaTbÞ ¼ δab
2
. The following term breaks the

SULð3Þ × SURð3Þ chiral symmetry explicitly:

H ¼ Taha: ð5Þ

Here H is a 3 × 3 matrix with nine external parameters. On
account of the spontaneous breaking of the chiral sym-
metry, the filed ξ picks up the nonzero vacuum expectation
value, ξ̄. Only three possible nonzero parameters h0, h3,
and h8 might cause the explicit breakdown of the chiral
symmetry because ξ̄must have the quantum numbers of the
vacuum. We are choosing h0, h8 ≠ 0 and isospin symmetry
breaking is neglected. Thus having the nonzero conden-
sates σ0 and σ8, one gets the 2þ 1 flavor symmetry
breaking scenario. The model has five other parameters
in addition to the h0 and h8. These are the tree-level mass
parameter squaredm2, quartic coupling constants λ1 and λ2,
a Yukawa coupling g, and a cubic coupling constant c
which models the UAð1Þ axial anomaly of the QCD
vacuum.

A. Grand potential in the mean field approach

The considered system is spatially uniform and it is in
thermal equilibrium at temperature T and quark chemical
potential μfðf ¼ u; d; sÞ. The partition function is obtained
by the path integral over the quark/antiquark and meson
fields [19,48]

Z ¼ Tr exp

�
−β

�
Ĥ −

X
f¼u;d;s

μfN̂ f

��

¼
Z Y

a

DσaDπa

Z
DψDψ̄ exp

�
−
Z

β

0

dτ
Z
V
d3x

×

�
LE
QM þ

X
f¼u;d;s

μfψ̄fγ
0ψf

��
; ð6Þ

where β ¼ 1
T and the three-dimensional volume of the

system is V. In general, the three quark chemical potentials
will be different for the three quark flavors. It is assumed
that the SUVð2Þ symmetry is preserved in this work. Hence
the small difference in the mass of u and d quark is
neglected. Thus the quark chemical potential for the u and
d quarks is equal μu ¼ μd and the strange quark chemical
potential is μs.
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In the standard mean-field approximation [19,27,48], the
partition function is calculated by replacing the meson
fields with their vacuum expectation values hMi ¼ T0σ0 þ
T8σ8 and neglecting the thermal as well as quantum
fluctuations of the meson fields while retaining the quarks
and antiquarks as quantum fields. Using the standard
method given in Refs. [21,45,80], one can find the
expression of the grand potential as the sum of meson
and quark/antiquark contribution,

ΩMFðT; μÞ ¼ −
T lnZ
V

¼ Uðσ0; σ8Þ þΩq̄qðT; μÞ: ð7Þ

The 2þ 1 flavor case is studied by performing the
following basis transformation of condensates and external
fields from the original singlet octet (0, 8) basis to the
nonstrange strange basis (x, y):

σx ¼ x ¼
ffiffiffi
2

3

r
σ̄0 þ

1ffiffiffi
3

p σ̄8; ð8Þ

σy ¼ y ¼ 1ffiffiffi
3

p σ̄0 −
ffiffiffi
2

3

r
σ̄8: ð9Þ

The grand potential is written in x, y basis as

ΩMFðT; μÞ ¼ Uðx; yÞ þ Ωqq̄ðT; μÞ: ð10Þ
The external fields (hx, hy) are written in terms of the
(h0, h8) by similar expressions. Since the nonstrange and
strange quark/antiquark decouple, the quark masses are
written as

mu ¼ g
x
2
; ms ¼ g

yffiffiffi
2

p : ð11Þ

The tree-level effective potential in the nonstrange-strange
basis is written as

Uðx; yÞ ¼ m2

2
ðx2 þ y2Þ − hxx − hyy −

c

2
ffiffiffi
2

p x2y

þ λ1
2
x2y2 þ 1

8
ð2λ1 þ λ2Þx4

þ 1

8
ð2λ1 þ 2λ2Þy4: ð12Þ

The stationarity conditions ∂Uðx;yÞ
∂x jx¼x̄;y¼ȳ¼0¼ ∂Uðx;yÞ

∂y jx¼x̄;y¼ȳ

for the effective potential (12) give

hx ¼ x̄m2
π and hy ¼

� ffiffiffi
2

p

2
ðm2

K −m2
πÞx̄þm2

Kȳ

�
: ð13Þ

The tree-level curvature masses of the pions, kaons, and
other mesons in the QM model are given by the mass
matrix ðmα;abÞ2 evaluated in Refs. [18,19]. Here α ¼ s, p;
“s” stands for the scalar and “p” stands for the pseudoscalar
mesons and a; b ¼ 0; 1; 2;…; 8. In the scalar sector, the a0
meson mass is given by the 11 element (degenerate with the
22 and 33 elements) and the κ meson mass is given by the
44 element (degenerate with the 55, 66, and 77 elements).
The σ and f0 meson masses are found by diagonalizing the
(00)-(88) sector of the scalar mass matrix. In exactly
analogous manner for the pseudoscalar sector m2

p;11¼
m2

p;22¼m2
p;33≡m2

π and m2
p;44¼m2

p;55¼m2
p;66¼m2

p;77≡m2
K .

Diagonalization of the pseudoscalar (00)-(88) sector of the
mass matrix gives us the masses of the physical η and η0
mesons. All the meson masses are given in the Table I.
The quark/antiquark contribution is given by

Ωqq̄ðT; μ; x; yÞ ¼ Ωvac
qq̄ þ ΩT;μ

qq̄ ðx; yÞ; ð14Þ

Ωvac
qq̄ ¼ −2Nc

X
u;d;s

Z
d3p
ð2πÞ3 EfθðΛ2

c − p⃗2Þ; ð15Þ

TABLE I. Meson masses calculated from the second derivative of the grand potential at its minimum as given in Refs. [19,33].

Scalar meson masses Pseudoscalar meson masses

ðma0Þ2 m2 þ λ1ðx2 þ y2Þ þ 3λ2
2
x2 þ

ffiffi
2

p
c

2
y ðmπÞ2 m2 þ λ1ðx2 þ y2Þ þ λ2

2
x2 −

ffiffi
2

p
c

2
y

ðmκÞ2 m2 þ λ1ðx2 þ y2Þ þ λ2
2
ðx2 þ ffiffiffi

2
p

xyþ 2y2Þ þ c
2
x ðmKÞ2 m2 þ λ1ðx2 þ y2Þ þ λ2

2
ðx2 − ffiffiffi

2
p

xyþ 2y2Þ − c
2
x

ðms;00Þ2 m2 þ λ1
3
ð7x2 þ 4

ffiffiffi
2

p
xyþ 5y2Þ þ λ2ðx2 þ y2Þ −

ffiffi
2

p
c

3
ð ffiffiffi

2
p

xþ yÞ ðmp;00Þ2 m2 þ λ1ðx2 þ y2Þ þ λ2
3
ðx2 þ y2Þ þ c

3
ð2xþ ffiffiffi

2
p

yÞ
ðms;88Þ2 m2 þ λ1

3
ð5x2 − 4

ffiffiffi
2

p
xyþ 7y2Þ þ λ2ðx22 þ 2y2Þ þ

ffiffi
2

p
c

3
ð ffiffiffi

2
p

x − y
2
Þ ðmp;88Þ2 m2 þ λ1ðx2 þ y2Þ þ λ2

6
ðx2 þ 4y2Þ − c

6
ð4x − ffiffiffi

2
p

yÞ
ðms;08Þ2 2λ1

3
ð ffiffiffi

2
p

x2 − xy −
ffiffiffi
2

p
y2Þ þ ffiffiffi

2
p

λ2ðx22 − y2Þ þ c
3
ffiffi
2

p ðx − ffiffiffi
2

p
yÞ ðmp;08Þ2

ffiffi
2

p
λ2
6

ðx2 − 2y2Þ − c
6
ð ffiffiffi

2
p

x − 2yÞ
ðms;xxÞ2 m2 þ 3ðλ1 þ λ2

2
Þx2 þ λ1y2 − cffiffi

2
p y ðmp;xxÞ2 m2 þ ðλ1 þ λ2

2
Þx2 þ λ1y2 þ cffiffi

2
p y

ðms;yyÞ2 m2 þ λ1x2 þ 3ðλ1 þ λ2Þy2 ðmp;yyÞ2 m2 þ λ1x2 þ ðλ1 þ λ2Þy2
ðms;xyÞ2 2λ1xy − cffiffi

2
p x ðmp;xyÞ2 cffiffi

2
p x

m2
σ 1

2
ðm2

s;00 þm2
s;88Þ − 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;00

q
m2

η 1
2
ðm2

p;00 þm2
p;88Þ − 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;00

q
m2

f0
1
2
ðm2

s;00 þm2
s;88Þ þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;00

q
m2

η0 1
2
ðm2

p;00 þm2
p;88Þ þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;00

q
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ΩT;μ
qq̄ ðx; yÞ ¼ −2Nc

X
u;d;s

Z
d3p
ð2πÞ3 T½ln ð1þ e−E

þ
f =TÞ

þ ln ð1þ e−E
−
f =TÞ�: ð16Þ

The fermion vacuum contribution is given by the first
term of Eq. (14), where Λc is the ultraviolet cutoff. E�

f ¼
Ef ∓ μf and Ef ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þmf

2
q

is the flavor-dependent

single particle energy of the quark/antiquark, mu ¼
md ¼ gx

2
is the mass of the light quarks u, d, and the

strange quark mass is ms ¼ gyffiffi
2

p . For the present work, it is

assumed that μu ¼ μd ¼ μs ¼ μ.
In the standard mean-field approximation, the quark one-

loop vacuum term of the Eq. (14) is neglected and the QM
model grand potential is written as

ΩQMðT; μ; x; yÞ ¼ Uðx; yÞ þΩT;μ
qq̄ ðx; yÞ: ð17Þ

The chiral order parameters x for the nonstrange and y for
the strange sector are obtained by minimizing the thermo-
dynamic potential the Eq. (17) in the nonstrange and
strange directions

∂ΩQMðT; μ; x; yÞ
∂x

				
x;y

¼ ∂ΩQMðT; μ; x; yÞ
∂y

				
x;y

¼ 0: ð18Þ

B. Parameter fixing

The six model parameters m2, λ1, λ2, c, hx, and hy are
obtained using six experimentally known quantities in the
vacuum. The pion, kaon mass, the average squared mass of
the η and η0 mesons (m2

η þm2
η0) from the pseudoscalar side,

and the mass mσ of the scalar meson σ together with the
pion and kaon decay constants fπ and fK are used as the
input [18,19] for determining the six model parameters.
In accordance of the partially conserved axial-vector

current (PCAC) relation, the vacuum condensates values
are x̄ ¼ fπ and ȳ ¼ ð2fK − fπÞ=

ffiffiffi
2

p
. The minimum of the

effective potential in Eq. (18) for T ¼ 0, μ ¼ 0 is located at
the above values. The parameters λ2 and c in the vacuum
are obtained as

λ2 ¼
2

ðx2 þ 4y2Þð ffiffiffi
2

p
y − xÞ

�
ð3

ffiffiffi
2

p
yÞm2

K

− ð
ffiffiffi
2

p
yþ 2xÞm2

π − ð
ffiffiffi
2

p
y − xÞðm2

η þm2
η0 Þ
�
; ð19Þ

c ¼ 2ðm2
K −m2

πÞ
ð ffiffiffi

2
p

y − xÞ −
ffiffiffi
2

p
yλ2: ð20Þ

The difference of the σ and π mass squares ðm2
σ −m2

πÞ does
not have any mass parameterm2 dependence. It depends on
the parameters λ1, λ2, and c. When the λ2 and c as obtained

from the above two equations are put into the expression of
ðm2

σ −m2
πÞ and x ¼ x̄ ¼ fπ and y ¼ ȳ ¼ ð2fK − fπÞ=

ffiffiffi
2

p
,

one gets the vacuum value of the parameter λ1. Using the
expression of m2

π , the mass parameter m2 can be written as

m2 ¼ m2
π − λ1ðx2 þ y2Þ − λ2

2
x2 þ cffiffiffi

2
p y: ð21Þ

Putting the vacuum values of m2
π , λ1, λ2, c, x, and y in

Eq. (21), one gets the value of the mass parameter m2.
Putting the x̄ and ȳ values in Eq. (13), one gets

hx ¼ fπm2
π and hy ¼

ffiffiffi
2

p
fKm2

K −
1ffiffiffi
2

p fπm2
π: ð22Þ

Finally, the Yukawa coupling is fixed from the nonstrange
constituent quark mass g ¼ 2mu

fπ
. For the fπ ¼ 92.4 MeV

and mu ∼ 300.3 MeV, the g ∼ 6.5 and strange quark mass
are predicted to be ms ∼ 334.34 MeV. The experimental
value mη ¼ 547.5 MeV and mη0 ¼ 957.78 MeV. In
Ref. [19], the parameter λ2 is determined by taking the
mη ¼ 539.0 MeV and mη0 ¼ 963.0 MeV as inputs because
the sum of the squared masses m2

η þm2
η0 ¼ ð539.0Þ2 þ

ð963.0Þ2 is almost equal to the ð547.5Þ2 þ ð957.78Þ2 and
the calculated parameters reproduce mη ¼ 539.0 MeV and
mη0 ¼ 963.0 MeV in the output.

III. QM MODEL WITH VACUUM TERM

This section contains a brief description of the effective
potential calculation when the scalar and pseudoscalar
mesons curvature masses are used for the parameter fixing
and the vacuum value of the nonstrange condensate is put
equal to the pion decay constantwhile the strange condensate
vacuum value is a combination of the pion and kaon decay
constant. The quark one-loop vacuum divergence given by
the first term of Eq. (14) is regularized under the minimal
subtraction scheme using the dimensional regularization as
done for the two flavor case in Refs. [51,53,57] and the three
flavor case in Refs. [54,55,58,59]. The quark one-loop
vacuum term is written as

Ωvac
qq̄ ¼ −2Nc

X
f¼u;d;s

Z
d3p
ð2πÞ3 Ef: ð23Þ

The dimensional regularization of Eq. (23) near three
dimensions d ¼ 3 − 2ϵ yields the ϵ zeroth order potential as

Ωvac
qq̄ ¼

X
f¼u;d;s

Ncm4
f

16π2

�
1

ϵ
−
f−3þ 2γEþ 4 lnð mf

2
ffiffi
π

p
ΛÞg

2

�
; ð24Þ

Here Λ is the arbitrary renormalization scale. When the
following counterterm δL is added to the QM model
Lagrangian,
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δL¼
X

f¼u;d;s

Nc

16π2
m4

f

�
1

ϵ
−
1

2
f−3þ2γE−4 lnð2 ffiffiffi

π
p Þg

�
; ð25Þ

one gets the renormalized fermion vacuum loop contribu-
tion as

Ωvac
qq̄ ¼ −

X
f¼u;d;s

Nc

8π2
m4

f ln

�
mf

Λ

�
; ð26Þ

The vacuum grand potential becomes the renormalization
scale Λ dependent when the quark one-loop contribution in
the first termofEq. (14) is replacedbyEq. (26) and onewrites

ΩΛðx; yÞ ¼ Uðx; yÞ þΩvac
qq̄ : ð27Þ

Here the six unknown parametersm2, λ1, λ2, hx, hy, and c of
the meson potential U(x, y), are obtained from the x- and
y-dependent curvaturemasses of themesons. The procedural
details of finding the different parameters are presented in the
Appendix A. When the parameter λ2 is determined, the
logarithmic Λ dependence in the term Ωvac

qq̄ generates a
renormalization scale Λ-dependent part λ2Λ and one gets
λ2 ¼ λ2s þ nþ λ2þ þ λ2Λ. λ2s is the same old λ2 parameter

of the QM/PQM model in Refs. [18,19,48]. Here, n ¼ Ncg4

32π2
,

λ2þ ¼ nfπ2

fKðfK−fπÞ lnf
2fK−fπ

fπ
g and λ2Λ ¼ 4n lnfgð2fK−fπÞ

2Λ g.
When this value of the λ2 is substituted in the expression
of U(x, y) and all the terms of the summation in Ωvac

qq̄

expression are written explicitly, Eq. (27) takes the form

ΩΛðx; yÞ ¼ m2

2
ðx2 þ y2Þ − hxx − hyy −

c

2
ffiffiffi
2

p x2y

þ λ1
4
ðx4 þ y4 þ 2x2y2Þ

þ ðλ2v þ nþ λ2ΛÞ
8

ðx4 þ 2y4Þ

−
nx4

2
ln

�
gx
2Λ

�
− ny4 ln

�
gyffiffiffi
2

p
Λ

�
: ð28Þ

Then λ2v ¼ λ2s þ λ2þ. When the terms are rearranged,
one finds that the scale dependence of all the terms in Ωvac

qq̄

gets completely cancelled by the logarithmic Λ dependence
of the λ2 contained in λ2Λ. The scale-independent vacuum
effective potential expression is

Ωðx; yÞ ¼ m2

2
ðx2 þ y2Þ − hxx − hyy −

c

2
ffiffiffi
2

p x2y

þ λ1
4
ðx4 þ y4 þ 2x2y2Þ þ ðλ2v þ nÞ

8
ðx4 þ 2y4Þ

−
nx4

2
ln

�
x

ð2fK − fπÞ
�
− ny4 ln

� ffiffiffi
2

p
y

ð2fK − fπÞ
�
:

ð29Þ

One notes that the parameters m2, λ1, and λ2 are modified
by the fermionic vacuum correction in this parameter fixing
scheme while the parameters hx, hy, and c are not affected.
The thermodynamic grand potential with the renormal-

ized fermionic vacuum correction in the quark meson
model with vacuum term is written as

ΩQMVTðT; μ; x; yÞ ¼ Ωðx; yÞ þ ΩT;μ
qq̄ ðx; yÞ: ð30Þ

The nonstrange and strange quark condensates x and y are
found by searching the global minimum of the grand
potential for a given temperature T and chemical potential μ,

∂ΩQMVTðT;μ;x; yÞ
∂x

				
x;y

¼ ∂ΩQMVTðT;μ;x; yÞ
∂y

				
x;y

¼ 0: ð31Þ

Here it is relevant to remind the reader that the dressing
of the meson propagator is not considered in the curvature
mass scheme of parameter fixing. Hence the pion and kaon
decay constants fπ and fK do not get renormalized. The
quark one-loop vacuum correction to the effective potential
modifies the parameters in such a way that the stationarity
conditions in the nonstrange and strange directions for
T ¼ 0 give the same result for hx and hy as in the QM
model. The modified curvature masses of the pion and kaon
as presented in Appendix B of Ref. [59] remain the same as
their pole masses. The minimum of the vacuum effective

potential remains at x̄ ¼ fπ and ȳ ¼ ð2fK−fπÞffiffi
2

p .

IV. RENORMALIZED QUARK MESON MODEL

Model parameters in several of the recent research works
were fixed by taking the π, K, η, η0, and σ meson masses
equal to the their curvature (or screening) masses [52–65]
while the nonstrange condensate is put equal to the pion
decay constant and the strange condensate is related to the
pion and kaon decay constant. However, we know that the
poles of the meson propagators give their physical masses,
and the residue of the pion propagator at its pole is related to
the pion decay constant [68–70]. Furthermore, the curvature
masses are akin to defining the meson masses by evaluating
their self-energies at zero momentum [66,67,71,72] as it is
known that the effective potential is the generator of the
n-point functions of the theory at zero external momenta. It
is also to be noted that the pole definition is the physical and
gauge invariant one [81,82]. In the absence of the Dirac sea
contributions, the pole mass prescription is equivalent to the
curvature mass prescription for the parameter fixing of the
model, but when the quark one-loop vacuum correction is
taken into account, the pole masses of the mesons start to
differ from their screening masses [68,70]. The above
arguments necessitate the use of the exact on-shell parameter
fixing method for the renormalized quark-meson (RQM)
model where the physical (pole) masses of the mesons, the
pion, and kaon decay constants are put into the relation of the
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runningmass parameter and couplings by using the on-shell
and the minimal subtraction renormalization prescriptions
[71,73,74].

A. Self-energies and counterterms

When the quark one-loop vacuum corrections are
included, the tree-level parameters of Eqs. (19)–(22)
become inconsistent unless one uses the on-shell renorm-
alization scheme. The divergent loop integrals in the on-
shell scheme are also regularized by the dimensional
regularization but the counterterm choices are different
from the minimal subtraction scheme. The suitable choice
of counterterms in the on-shell scheme leads to the exact
cancellation of the loop corrections to the self-energies.
Since the couplings are evaluated on-shell, the renormal-
ized parameters become renormalization scale independent.
The parameters and wave functions/fields of Eq. (1) are
bare quantities. The counterterms δm2, δλ1, δλ2, δc, δhx,
δhy, and δg2 for the parameters and the counterterms δZπ ,
δZK , δZσ , δZη, δZ0

η, δZψ δZx, and δZy for the wave
functions/fields are introduced in the Lagrangian (1) where
the couplings and renormalized fields are defined as

πib ¼
ffiffiffiffiffiffi
Zπ

p
πi; Kb ¼

ffiffiffiffiffiffi
ZK

p
K; ηb ¼

ffiffiffiffiffi
Zη

p
η; ð32Þ

η0b ¼
ffiffiffiffiffi
Z0
η

q
η0; σb ¼

ffiffiffiffiffiffi
Zσ

p
σ; m2

b ¼ Zmm2 ð33Þ

ψb ¼
ffiffiffiffiffiffi
Zψ

p
ψ ; λ1b ¼ Zλ1λ1 λ2b ¼ Zλ2λ2; ð34Þ

gb ¼
ffiffiffiffiffi
Zg

p
g; hxb ¼ Zhxhx; hyb ¼ Zhyhy; ð35Þ

cb ¼ Zcc; xb ¼
ffiffiffiffiffi
Zx

p
x; yb ¼

ffiffiffiffiffi
Zy

p
y: ð36Þ

Here the Zðπ;K;η;η0;σ;ψ ;x;yÞ ¼ 1þ δZðπ;K;η;η0;ψ ;x;yÞ denote
the field strength renormalization constants while
Zðm;λ1;λ2;g;hx;hy;cÞ ¼ 1þ δZððm;λ1;λ2;g;hx;hy;cÞÞ denote the mass
and coupling renormalization constants. One-loop correc-
tion to the quark fields and the quark masses is zero because
in the largeNc limit, the π and σ loops that may renormalize
the quark propagators are of the order N0

c. Hence the
Zψ ¼ 1 and the respective quark self-energy corrections
for the nonstrange quarks and the strange quarks are

δmu ¼ 0 and δms ¼ 0. Also, the one-loop correction at
the pion-quark πψ̄ψ vertex is of order N0

c, and hence gets

neglected. As a consequence, we get Zψ

ffiffiffiffiffiffiffiffiffiffi
Zgg2

q ffiffiffiffiffiffi
Zπ

p
≈

gð1þ1
2
δg2

g2 þ1
2
δZπÞ¼g. Thus δg2

g2 þ δZπ ¼ 0. Furthermore

the δmu¼0 and δms¼0 implies that δgx=2þ gδx=2 ¼ 0

and δgy=
ffiffiffi
2

p þ gδy=
ffiffiffi
2

p ¼ 0. This gives δx=x ¼ δy=y ¼
−δg=g which is written as

δx2

x2
¼ δy2

y2
¼ −

δg2

g2
¼ δZπ: ð37Þ

Following Refs. [67,71–74] and using Eqs. (32)–(36)
together with Eqs. (19) and (20), the counterterm δλ2
can be expressed in terms of the counterterms δm2

π , δm2
K ,

δm2
η, δm2

η0 and δZπ while the δc is expressed in terms of the

δm2
π , δm2

K , δZπ and the preceding δλ2. The resulting
expressions of the δλ2 and δc are the following:

δλ2 ¼
2

ðx2þ4y2Þð ffiffiffi
2

p
y−xÞ

�
ð3

ffiffiffi
2

p
yÞδm2

K − ð
ffiffiffi
2

p
yþ2xÞδm2

π

− ð
ffiffiffi
2

p
y−xÞðδm2

ηþδm2
η0 Þ
�
−λ2δZπ; ð38Þ

δc¼ 2ðδm2
K −δm2

πÞ
ð ffiffiffi

2
p

y−xÞ −
ffiffiffi
2

p
yδλ2− ð2

ffiffiffi
2

p
yλ2þcÞδZπ

2
: ð39Þ

Once the δλ2 and δc are written, using the expression of
(δm2

σ − δm2
π) and doing some algebraic manipulations, one

can write the counterterm δλ1 as follows:

δλ1 ¼
δλ1NUMI

λ1DENOM
− λ1δZπ; ð40Þ

λ1DENOM ¼

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðm2
s;00 −m2

s;88Þ2 þ 4m4
s;08

q �
ðx2 þ y2Þ

−
ðm2

s;00 −m2
s;88Þ

3
ðx2 þ 4

ffiffiffi
2

p
xy − y2Þ

−
4m2

s;08

3
ð

ffiffiffi
2

p
x2 − xy −

ffiffiffi
2

p
y2Þ; ð41Þ

δλ1NUMI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q
ðδm2

σ − δm2
πÞ −

�
δλ2

ðx2 þ 6y2Þ
4

þ δc

ffiffiffi
2

p
y

4

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q

þ
�
δλ2

ðx2 − 2y2Þ
4

− δc

ffiffiffi
2

p ð4 ffiffiffi
2

p
xþ yÞ

12

�
ðm2

s;00 −m2
s;88Þ þ

�
δλ2

ffiffiffi
2

p
ðx2 − 2y2Þ þ δc

ffiffiffi
2

p ðx − ffiffiffi
2

p
yÞ

3

�
m2

s;08

− λ2δZπ

�ðx2 þ 6y2Þ
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q
−
ðx2 − 2y2Þ

4
ðm2

s;00 −m2
s;88Þ −

ffiffiffi
2

p
ðx2 − 2y2Þm2

s;08

�

− c
δZπ

2

� ffiffiffi
2

p
y

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q
þ

ffiffiffi
2

p ð4 ffiffiffi
2

p
xþ yÞ

12
ðm2

s;00 −m2
s;88Þ þ

ffiffiffi
2

p ð ffiffiffi
2

p
y − xÞ

3
m2

s;08

�
: ð42Þ
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Finally the counterterm δm2 is written in terms of δm2
π , δλ1,

δλ2, δc, and δZπ,

δm2 ¼ δm2
π − δλ1ðx2 þ y2Þ − ðδλ2Þx2

2
þ δcyffiffiffi

2
p

− δZπ

�
λ1ðx2 þ y2Þ þ λ2x2

2
−

cy

2
ffiffiffi
2

p
�
: ð43Þ

Figure 1(a) depicts the Feynman diagrams of the self-
energy and tadpole contributions for the scalar particles
while Fig. 1(b) depicts the corresponding counterterm
diagrams. The Feynman diagrams of the self-energy and
tadpole contributions for the pseudoscalar particles are given
in Fig. 2(a) and the corresponding diagrams for the counter-
terms are presented in the Fig. 2(b). The self-energies of the
scalar sigma σ, pseudoscalar eta (η), eta-prime (η0), pion (π),
and kaon (K) are required for the on-shell parameter fixing.
The scalar σ self-energy correction is obtained in terms of the
self-energy corrections Σs;00ðp2Þ, Σs;88ðp2Þ, and Σs;08ðp2Þ
while pseudoscalar η and η0 self-energy corrections are
obtained in terms of self-energy corrections Σp;00ðp2Þ,
Σp;88ðp2Þ, and Σp;08ðp2Þ. The expressions of scalar and
pseudoscalar self-energies are written below:

Σs;00ðp2Þ ¼ −
2

3
Ncg2½2Aðm2

uÞ − ðp2 − 4m2
uÞBðp2; muÞ�

−
1

3
Ncg2½2Aðm2

sÞ − ðp2 − 4m2
sÞBðp2; msÞ�

þ Σtad
s;00; ð44Þ

Σs;11ðp2Þ ¼ −Ncg2½2Aðm2
uÞ − ðp2 − 4m2

uÞBðp2; muÞ�
þ Σtad

s;11; ð45Þ

Σs;44ðp2Þ ¼ −Ncg2½Aðm2
uÞ þAðm2

sÞ
− ðp2 − ðmu þmsÞ2ÞBðp2; mu;msÞ�
þ Σtad

s;44; ð46Þ

Σs;88ðp2Þ ¼ −
1

3
Ncg2½2Aðm2

uÞ − ðp2 − 4m2
uÞBðp2; muÞ�

−
2

3
Ncg2½2Aðm2

sÞ − ðp2 − 4m2
sÞBðp2; msÞ�

þ Σtad
s;88; ð47Þ

Σs;08ðp2Þ ¼ −
ffiffiffi
2

p

3
Ncg2½2Aðm2

uÞ − ðp2 − 4m2
uÞBðp2; muÞ�

þ
ffiffiffi
2

p

3
Ncg2½2Aðm2

sÞ − ðp2 − 4m2
sÞBðp2; msÞ�

þ Σtad
s;08; ð48Þ

Σp;00ðp2Þ ¼ −
2

3
Ncg2½2Aðm2

uÞ − p2Bðp2; muÞ�

−
1

3
Ncg2½2Aðm2

sÞ − p2Bðp2; msÞ�
þ Σtad

p;00; ð49Þ

Σp;11ðp2Þ¼Σπðp2Þ
¼−Ncg2½2Aðm2

uÞ−p2Bðp2;muÞ�þΣtad
p;11; ð50Þ

FIG. 1. The solid line represents scalar particles and an arrow on the solid line denotes a quark. (a) One-loop self-energy and tadpole
diagrams. (b) One-loop self-energy and tadpole counterterm diagrams.

FIG. 2. The dashed line represents pseudoscalar particles and an arrow on the solid line denotes a quark. (a) One-loop self-energy and
tadpole diagrams. (b) One-loop self-energy and tadpole counterterm diagrams.
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Σp;44ðp2Þ¼ΣKðp2Þ
¼−Ncg2½Aðm2

uÞþAðm2
sÞ−fp2− ðmu−msÞ2g

×Bðp2;mu;msÞ�þΣtad
p;44; ð51Þ

Σp;88ðp2Þ ¼ −
1

3
Ncg2½2Aðm2

uÞ − p2Bðp2; muÞ�

−
2

3
Ncg2½2Aðm2

sÞ − p2Bðp2; msÞ�
þ Σtad

p;88; ð52Þ

Σp;08ðp2Þ ¼ −
ffiffiffi
2

p

3
Ncg2½2Aðm2

uÞ − p2Bðp2; muÞ�

þ
ffiffiffi
2

p

3
Ncg2½2Aðm2

sÞ − p2Bðp2; msÞ�
þ Σtad

p;08: ð53Þ

The one-point function diagram for the quark one-loop
correction to the nonstrange component of the scalar σ and
its counterterm is shown in the Fig. 3. It is written as

δΓð1Þ
x ¼ −4NcgmuAðm2

uÞ þ iδtx: ð54Þ

Figure 4 presents the one-point function diagram for the
quark one-loop correction to the strange component of the
scalar σ and its counterterm. It can be written as

δΓð1Þ
y ¼ −2

ffiffiffi
2

p
NcgmsAðm2

sÞ þ iδty: ð55Þ

B. Parameters with renormalization

The one-point functions Γð1Þ
x ¼ itx¼ iðhx−m2

πxÞ for the

nonstrange and Γð1Þ
y ¼ ity ¼ ifhy−

ffiffi
2

p
2
ðm2

K −m2
πÞx−m2

Kyg
for the strange degree of freedom become zero and we get
two tree-level equations of motion tx ¼ 0 and ty ¼ 0. Thus
the classical minimum of the effective potential gets fixed.

The first renormalization condition for the nonstrange
hσxi ¼ 0 and the strange degree of freedom hσyi ¼ 0

requires that the respective one-loop corrections δΓð1Þ
x

and δΓð1Þ
y to the one-point functions are put to zero such

that the minimum of the effective potential does not change.

Thus the δΓð1Þ
x ¼ 0 and δΓð1Þ

y ¼ 0 give us

δtx ¼ −4iNcgmuAðm2
uÞ; ð56Þ

δty ¼ −2
ffiffiffi
2

p
iNcgmsAðm2

sÞ: ð57Þ

Using the equation hx ¼ tx þm2
πx and hy ¼ ty þ

f
ffiffi
2

p
2
ðm2

K −m2
πÞxþm2

Kyg, one can write the counterterms
δhx and δhy in terms of the corresponding tadpole counter-
terms δtx and δty as the following:

δhx ¼ m2
πδxþ δm2

πxþ δtx; ð58Þ

δhy ¼
� ffiffiffi

2
p

2
ðm2

K −m2
πÞδxþ

ffiffiffi
2

p

2
ðδm2

K − δm2
πÞx

�
þm2

Kδyþ δm2
Kyþ δty: ð59Þ

Using Eq. (37), one can write

δhx ¼
1

2
m2

πxδZπ þ δm2
πxþ δtx; ð60Þ

δhy ¼
� ffiffiffi

2
p

2
ðm2

K −m2
πÞx

δZπ

2
þ

ffiffiffi
2

p

2
ðδm2

K − δm2
πÞx

�

þm2
Ky

δZπ

2
þ δm2

Kyþ δty: ð61Þ

The inverse propagator for the pseudoscalar π, K mesons
can be written as

p2 −m2
π;K − iΣπ;Kðp2Þ þ counterterms: ð62Þ

The mixing in the 00 and 88 components for the scalar (s)
and pseudoscalar (p) particles gives us the physical states of
the σ and f0 as the scalar particles and the η and η0 as the
pseudoscalar particles. The inverse propagator is given by
the 2 × 2 matrix showing the mixing of the 00 and 88
components. When the determinant of this matrix is put to
zero, the negative root of the resulting equation gives the
inverse propagator of the physical σ in the scalar and η in
the pseudoscalar channel. The positive root gives the
inverse propagator of the physically observed particles
f0 and η0 in the respective scalar and pseudoscalar
channels,

FIG. 3. One point diagram for the nonstrange scalar and its
counterterm.

FIG. 4. One point diagram for the strange scalar and its
counterterm.

ON-SHELL VERSUS CURVATURE MASS PARAMETER FIXING … PHYS. REV. D 108, 074002 (2023)

074002-9



Det

�p2−m2
sðpÞ;00−iΣsðpÞ;00ðp2Þ −m2

sðpÞ;08−iΣsðpÞ;08ðp2Þ
−m2

sðpÞ;08−iΣsðpÞ;08ðp2Þ p2−m2
sðpÞ;88−iΣsðpÞ;88ðp2Þ

�
¼0: ð63Þ

We obtain two solutions for p2:

p2 ¼ 1

2

h
ðfm2

sðpÞ;00 þ iΣsðpÞ;00ðp2Þg þ fm2
sðpÞ;88 þ iΣsðpÞ;88ðp2ÞgÞ

∓
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðfm2

sðpÞ;00 þ iΣsðpÞ;00ðp2Þg − fm2
sðpÞ;88 þ iΣsðpÞ;88ðp2ÞgÞ2 þ 4ðm2

sðpÞ;08 þ iΣsðpÞ;08ðp2ÞÞ2
q i

: ð64Þ

Neglecting the higher order (N2
c) terms like fΣsðpÞ;00ðp2ÞÞ − ΣsðpÞ;88ðp2Þg2 and Σ2

sðpÞ;08ðp2Þ in self-energy corrections, the
above expression is written as

p2¼1

2

h
ðm2

sðpÞ;00þm2
sðpÞ;88Þ∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

sðpÞ;00−m2
sðpÞ;88Þ2þ4ðm2

sðpÞ;08Þ2
q i

þ1

2

�
ðiΣsðpÞ;00ðp2Þþ iΣsðpÞ;88ðp2ÞÞ

∓ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

sðpÞ;00−m2
sðpÞ;88Þ2þ4m4

sðpÞ;08
q fðiΣsðpÞ;00ðp2Þ− iΣsðpÞ;88ðp2ÞÞðm2

sðpÞ;00−m2
sðpÞ;88Þþ4iΣsðpÞ;08ðp2Þm2

sðpÞ;08g
�
: ð65Þ

The negative root of Eq. (65) gives the sum of the mass and self-energy correction for the scalar σ (pseudoscalar η):

p2 ¼ m2
σðηÞ þ iΣσðηÞðp2Þ where m2

σðηÞ ¼
1

2

h
ðm2

sðpÞ;00 þm2
sðpÞ;88Þ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

sðpÞ;00 −m2
sðpÞ;88Þ2 þ 4ðm2

sðpÞ;08Þ2
q i

and

ΣσðηÞðp2Þ ¼ 1

2

�
ΣsðpÞ;00ðp2Þ þ ΣsðpÞ;88ðp2Þ − 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðm2
sðpÞ;00 −m2

sðpÞ;88Þ2 þ 4m4
sðpÞ;08

q
× fðΣsðpÞ;00ðp2Þ − ΣsðpÞ;88ðp2ÞÞðm2

sðpÞ;00 −m2
sðpÞ;88Þ þ 4ΣsðpÞ;08ðp2Þm2

sðpÞ;08g
�
: ð66Þ

The positive root of Eq. (65) gives the sum of the mass and self-energy correction for the scalar f0 (pseudoscalar η0):

p2 ¼ m2
f0ðη0Þ þ iΣf0ðη0Þðp2Þ where m2

f0ðη0Þ ¼
1

2

h
ðm2

sðpÞ;00 þm2
sðpÞ;88Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

sðpÞ;00 −m2
sðpÞ;88Þ2 þ 4ðm2

sðpÞ;08Þ2
q i

and

Σf0ðη0Þðp2Þ ¼ 1

2

�
ΣsðpÞ;00ðp2Þ þ ΣsðpÞ;88ðp2Þ þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðm2
sðpÞ;00 −m2

sðpÞ;88Þ2 þ 4m4
sðpÞ;08

q
× fðΣsðpÞ;00ðp2Þ− ΣsðpÞ;88ðp2ÞÞðm2

sðpÞ;00 −m2
sðpÞ;88Þ þ 4ΣsðpÞ;08ðp2Þm2

sðpÞ;08g
�
: ð67Þ

Thus the inverse propagator for the scalar σ and the
pseudoscalar η; η0 mesons can be written as

p2 −m2
σ;η;η0 − iΣσ;η;η0 ðp2Þ þ counterterms: ð68Þ

The renormalized mass in the Lagrangian is put equal to the
physical mass, i.e. m ¼ mpole,

1 when the on-shell scheme
gets implemented and one can write

Σðp2 ¼ m2
σ;η;η0;π;KÞ þ counterterms ¼ 0: ð69Þ

Since the propagator residue is put to unity in the on-shell
scheme, one gets

∂

∂p2
Σσ;η;η0;π;Kðp2Þ

				
p2¼m2

σ;η;η0 ;π;K

þ counterterms ¼ 0: ð70Þ

Using the diagrams of Figs. 1(b) and 2(b), the counterterms
of the two-point functions of the scalar and pseudoscalar
mesons can be written as

1The contributions of the imaginary parts of the self-energies
for defining the mass are neglected.
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Σct1
σ ðp2Þ ¼ i½δZσðp2 −m2

σÞ − δm2
σ�; ð71Þ

Σct1
π ðp2Þ ¼ i½δZπðp2 −m2

πÞ − δm2
π�; ð72Þ

Σct1
K ðp2Þ ¼ i½δZKðp2 −m2

KÞ − δm2
K�; ð73Þ

Σct1
η ðp2Þ ¼ i½δZηðp2 −m2

ηÞ − δm2
η�; ð74Þ

Σct1
η0 ðp2Þ ¼ i½δZη0 ðp2 −m2

η0 Þ − δm2
η0 �: ð75Þ

The tadpole contributions to the scalar and pseudoscalar
self-energies contain two independent terms proportional to
NcgmuAðm2

uÞ and NcgmsAðm2
sÞ respectively as presented

in the Appendix B. The tadpole counterterms Σct2 for the
scalar and pseudoscalar particles are chosen (negative of
the respective tadpole contributions to the scalar and
pseudoscalar self-energies) such that they completely
cancel the respective tadpole contributions to the self-
energies. The evaluation of the self-energies and their
derivatives in the on-shell conditions give all the

renormalization constants. When Eqs. (69)–(75) are com-
bined, we obtain the following set of equations:

δm2
π ¼ −iΣπðm2

πÞ; δZπ ¼ i
∂

∂p2
Σπðp2Þ

				
p2¼m2

π

; ð76Þ

δm2
K ¼−iΣKðm2

KÞ; δZK ¼ i
∂

∂p2
ΣKðp2Þ

				
p2¼m2

K

; ð77Þ

δm2
η ¼ −iΣηðm2

ηÞ; δZη ¼ i
∂

∂p2
Σηðp2Þ

				
p2¼m2

η

; ð78Þ

δm2
η0 ¼−iΣη0 ðm2

η0 Þ; δZη0 ¼ i
∂

∂p2
Ση0 ðp2Þ

				
p2¼m2

η0

; ð79Þ

δm2
σ ¼ −iΣσðm2

σÞ; δZσ ¼ i
∂

∂p2
Σσðp2Þ

				
p2¼m2

σ

: ð80Þ

When the self-energy (neglecting the tadpole contributions)
expressions from Eqs. (49)–(51), and (67) are used, we get
the following set of equations:

δm2
π ¼ 2ig2Nc

�
Aðm2

uÞ −
1

2
m2

πBðm2
π; muÞ

�
; ð81Þ

δm2
K ¼ ig2Nc½Aðm2

uÞ þAðm2
sÞ − fm2

K − ðmu −msÞ2gBðm2
K;mu;msÞ�; ð82Þ

δm2
η ¼

−i
2

�
Σp;00ðm2

ηÞ þ Σp;88ðm2
ηÞ −

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;08

q
× fðΣp;00ðm2

ηÞ − Σp;88ðm2
ηÞÞðm2

p;00 −m2
p;88Þ þ 4Σp;08ðm2

ηÞm2
p;08g

�
; ð83Þ

δm2
η ¼ ig2Nc

��
Aðm2

uÞ þAðm2
sÞ −

1

2
m2

ηBðm2
η; muÞ −

1

2
m2

ηBðm2
η; msÞ

�

−
fðm2

p;00 −m2
p;88Þ þ 4

ffiffiffi
2

p
m2

p;08g
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;08

q �
Aðm2

uÞ −Aðm2
sÞ −

1

2
m2

ηBðm2
η; muÞ þ

1

2
m2

ηBðm2
η; msÞ

��
; ð84Þ

δm2
η0 ¼

−i
2

�
Σp;00ðm2

η0 Þ þ Σp;88ðm2
η0 Þ þ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;08

q
× fðΣp;00ðm2

η0 Þ − Σp;88ðm2
η0 ÞÞðm2

p;00 −m2
p;88Þ þ 4Σp;08ðm2

η0 Þm2
p;08g

�
; ð85Þ

δm2
η0 ¼ ig2Nc

��
Aðm2

uÞ þAðm2
sÞ −

1

2
m2

η0Bðm2
η0 ; muÞ −

1

2
m2

η0Bðm2
η0 ; msÞ

�

þ fðm2
p;00 −m2

p;88Þ þ 4
ffiffiffi
2

p
m2

p;08g
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;08

q �
Aðm2

uÞ −Aðm2
sÞ −

1

2
m2

η0Bðm2
η0 ; muÞ þ

1

2
m2

η0Bðm2
η0 ; msÞ

��
; ð86Þ
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δm2
σ ¼

−i
2

�
Σs;00ðm2

σÞ þ Σs;88ðm2
σÞ −

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q
× fðΣs;00ðm2

σÞ − Σs;88ðm2
σÞÞðm2

s;00 −m2
s;88Þ þ 4Σs;08ðm2

σÞm2
s;08g

�
; ð87Þ

δm2
σ ¼ ig2Nc

��
Aðm2

uÞ þAðm2
sÞ −

1

2
ðm2

σ − 4m2
uÞBðm2

σ; muÞ −
1

2
ðm2

σ − 4m2
sÞBðm2

σ; msÞ
�

−
fðm2

s;00 −m2
s;88Þ þ 4

ffiffiffi
2

p
m2

s;08g
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q �
Aðm2

uÞ −Aðm2
sÞ −

ðm2
σ − 4m2

uÞ
2

Bðm2
σ; muÞ þ

ðm2
σ − 4m2

sÞ
2

Bðm2
σ; msÞ

��
; ð88Þ

δZπ ¼ ig2Nc½Bðm2
π; muÞ þm2

πB0ðm2
π; muÞ�; ð89Þ

δZK ¼ ig2Nc½Bðm2
K;mu;msÞ þ ðm2

K − ðmu −msÞ2ÞB0ðm2
K;mu;msÞ�; ð90Þ

δZη ¼
ig2Nc

2

�
fBðm2

η; muÞ þ Bðm2
η; msÞ þm2

ηB0ðm2
η; muÞ þm2

ηB0ðm2
η; msÞg

þ fðm2
p;00 −m2

p;88Þ þ 4
ffiffiffi
2

p
m2

p;08g
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;08

q f−Bðm2
η; muÞ þ Bðm2

η; msÞ −m2
ηB0ðm2

η; muÞ þm2
ηB0ðm2

η; msÞg
�
; ð91Þ

δZη0 ¼
ig2Nc

2

�
fBðm2

η0 ; muÞ þ Bðm2
η0 ; msÞ þm2

η0B
0ðm2

η0 ; muÞ þm2
η0B

0ðm2
η0 ; msÞg

−
fðm2

p;00 −m2
p;88Þ þ 4

ffiffiffi
2

p
m2

p;08g
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;08

q f−Bðm2
η0 ; muÞ þ Bðm2

η0 ; msÞ −m2
η0B

0ðm2
η0 ; muÞ þm2

η0B
0ðm2

η0 ; msÞg
�
; ð92Þ

δZσ ¼
ig2Nc

2

�
fBðm2

σ; muÞ þ Bðm2
σ; msÞ þ ðm2

σ − 4m2
uÞB0ðm2

σ; muÞ þ ðm2
σ − 4m2

sÞB0ðm2
σ; msÞg

þ fðm2
s;00 −m2

s;88Þ þ 4
ffiffiffi
2

p
m2

s;08g
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q fBðm2
σ; msÞ − Bðm2

σ; muÞ − ðm2
σ − 4m2

uÞB0ðm2
σ; muÞ þ ðm2

σ − 4m2
sÞB0ðm2

σ; msÞg
�
:

ð93Þ

The expressions of δZK , δZη, δZη0 , and δZσ are given above. However, in the calculations below, only the simplified
expression of the δZπ is needed. Substituting the expressions of δZπ , δm2

K , δm
2
π , δm2

η, and δm2
η0 from the above in Eq. (38),

δλ2 is written as

δλ2OS ¼
2iNcg2

ðx2 þ 4y2Þð ffiffiffi
2

p
y − xÞ

�
ð3

ffiffiffi
2

p
yÞ
�
Aðm2

uÞ þ Aðm2
sÞ −

�
m2

K − ðms −muÞ2
�
Bðm2

K;mu;msÞ
�

− ð
ffiffiffi
2

p
yþ 2xÞ

�
2Aðm2

uÞ −m2
πBðm2

π; muÞ
�
− ð

ffiffiffi
2

p
y − xÞ

�
2Aðm2

uÞ þ 2Aðm2
sÞ −

m2
η

2

�
Bðm2

η; muÞ þ Bðm2
η; msÞ

�

−
m2

η0

2

�
Bðm2

η0 ; muÞ þ Bðm2
η0 ; msÞ

�
−

ðm2
p;00 −m2

p;88 þ 4
ffiffiffi
2

p
m2

p;08Þ
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;08

q �

×

�
m2

η

�
−Bðm2

η; muÞ þ Bðm2
η; msÞ

�
−m2

η0

�
−Bðm2

η0 ; muÞ þ Bðm2
η0 ; msÞ

����
; ð94Þ
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We defined a common factor that occurs in several of the equations below as:

SCF ¼
�
ln

�
Λ2

m2
u

�
þ Cðm2

π; muÞ þm2
πC0ðm2

π; muÞ
�
: ð95Þ

δλ2OS ¼ δλ2div þ λ2FIN þ λ2SCF; λ2SCF ¼
ðNcg2Þλ2
ð4πÞ2 SCF. ð96Þ

λ2FIN ¼ Ncg2

ð4πÞ2 ðλ2 − g2Þ ln
�
Λ2

m2
u

�
þ Ncg2

ð4πÞ2
2

ðx2 þ 4y2Þ
�ð ffiffiffi

2
p

yþ 2xÞ
ð ffiffiffi

2
p

y − xÞ

�
m2

u −m2
s

�
1 − 2 ln

�
ms

mu

��

−m2
πCðm2

π; muÞ
�
þ 3

ffiffiffi
2

p
y

ð ffiffiffi
2

p
y − xÞ fm

2
K − ðms −muÞ2gCðm2

K;mu;msÞ −
m2

η

2

�
Cðm2

η; muÞ þ Cðm2
η; msÞ

− 2 ln

�
ms

mu

��
−
m2

η0

2

�
Cðm2

η0 ; muÞ þ Cðm2
η0 ; msÞ − 2 ln

�
ms

mu

��
þ ðm2

p;00 −m2
p;88 þ 4

ffiffiffi
2

p
m2

p;08Þ
6

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðm2
p;00 −m2

p;88Þ2 þ 4m4
p;08

q �
×

�
m2

η

�
Cðm2

η; muÞ − Cðm2
η; msÞ þ 2 ln

�
ms

mu

��
−m2

η0

�
Cðm2

η0 ; muÞ − Cðm2
η0 ; msÞ þ 2 ln

�
ms

mu

����
: ð97Þ

Substituting the expressions of δZπ; δm2
K; δm

2
π; δλ2 in Eq. (39), δc is written as

δcOS ¼
2iNcg2

ð ffiffiffi
2

p
y − xÞ fAðm

2
uÞ þ Aðm2

sÞ − ðm2
K − ðms −muÞ2ÞBðm2

K;mu;msÞ − 2Aðm2
uÞ þm2

πBðm2
π; muÞg

−
ffiffiffi
2

p
yδλ2OS − ð2

ffiffiffi
2

p
yλ2 þ cÞ δZπ

2
; δcOS ¼ δcdiv þ cFINTOT þ cSCF; cFINTOT ¼ −

ffiffiffi
2

p
yλ2FIN þ cFIN; ð98Þ

cFIN ¼ Ncg2

ð4πÞ2
�
fcþ

ffiffiffi
2

p
yðλ2 − g2Þg ln

�
Λ2

m2
u

�
þ 2

ð ffiffiffi
2

p
y − xÞ ffm

2
K − ðms −muÞ2gCðm2

K;mu;msÞ −m2
πCðm2

π; muÞg

−
g2

2
ð

ffiffiffi
2

p
yþ xÞ þ 2g2y2

ð ffiffiffi
2

p
y − xÞ ln

�
ms

mu

��
; cSCF ¼ ðNc g2Þ c

2ð4πÞ2 SCF. ð99Þ

Using Eq. (40) and substituting the expressions of δZπ , δm2
σ , δm2

π , δλ2, and δc in Eq. (42), δλ1 is written as

δλ1OS ¼
λ1NUMOS

λ1DENOM
− λ1δZπ; ð100Þ

λ1NUMOS ¼ iNcg2
�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðm2
s;00 −m2

s;88Þ2 þ 4m4
s;08

q ��
Aðm2

uÞ þAðm2
sÞ−

�
m2

σ − 4m2
u

2

�
Bðm2

σ;muÞ

−
�
m2

σ − 4m2
s

2

�
Bðm2

σ;msÞ− 2Aðm2
uÞ þm2

πBðm2
π;muÞ

�

−
�
m2

s;00 −m2
s;88 þ 4

ffiffiffi
2

p
m2

s;08

3

��
Aðm2

uÞ−Aðm2
sÞ−

�
m2

σ − 4m2
u

2

�
Bðm2

σ;muÞ þ
�
m2

σ − 4m2
s

2

�
Bðm2

σ;msÞ
��

þ ðm2
s;00 −m2

s;88Þ
12

n
ð3x2 − 6y2Þδλ2OS −

ffiffiffi
2

p
ð4

ffiffiffi
2

p
xþ yÞδcOS

o

−
ffiffiffi
2

p
m2

s;08

3

n
ð2y2 − x2Þδλ2OS þ ð

ffiffiffi
2

p
y− xÞδcOS

o
−
1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q n
ðx2 þ 6y2Þδλ2OS þ

ffiffiffi
2

p
yδcOS

o

þ δZπ

�ðm2
σ00 −m2

s;88Þ
12

�
ð3x2 − 6y2Þλ2 −

ffiffiffi
2

p
ð4

ffiffiffi
2

p
xþ yÞc

2

�
−

ffiffiffi
2

p
m2

s;08

3

�
ð2y2 − x2Þλ2 þ ð

ffiffiffi
2

p
y− xÞc

2

�

−
1

4


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q �n
ðx2 þ 6y2Þλ2 þ

ffiffiffi
2

p
y
c
2

o�
; ð101Þ

δλ1OS ¼ δλ1div þ λ1FIN þ λ1SCF; λ1FIN ¼ λ1NUMF

λ1DENOM
; λ1NUMF ¼ λ1NUMF-I þ λ1NUMF-II; λ1SCF ¼

Ncg2 λ1
ð4πÞ2 SCF. ð102Þ
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The expression of λ1DENOM is given in Eq. (41),

λ1NUMF-I ¼
ðm2

s;00 −m2
s;88Þ

12

n
ð3x2 þ 8

ffiffiffi
2

p
xy − 4y2Þλ2FIN −

ffiffiffi
2

p
ð4

ffiffiffi
2

p
xþ yÞcFIN

o

−
ffiffiffi
2

p
m2

s;08

3

n
ð

ffiffiffi
2

p
y − xÞcFIN þ ð4y2 þ

ffiffiffi
2

p
xy − 3x2Þλ2FIN

o
−

1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q �n
ðx2 þ 4y2Þλ2FIN þ

ffiffiffi
2

p
ycFIN

o
; ð103Þ

λ1NUMF-II ¼
Ncg2

ð4πÞ2
�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðm2
s;00 −m2

s;88Þ2 þ 4m4
s;08

q ��
g2

4
ðx2 − 2y2Þ þ ðm2

σ −m2
π −m2

u − 3m2
sÞ ln

�
Λ2

m2
u

�

þ 2m2
s ln

�
ms

mu

�
þ ðm2

σ − 4m2
uÞ

2
Cðm2

σ; muÞ þ
ðm2

σ − 4m2
sÞ

2

�
Cðm2

σ; msÞ − 2 ln

�
ms

mu

��
−m2

πCðm2
π; muÞ

�

−
�ðm2

s;00 −m2
s;88Þ þ 4

ffiffiffi
2

p
m2

s;08

3

��
g2

4
ð2y2 − x2Þ

�
1þ 3 ln

�
Λ2

m2
u

��
þ ðm2

σ − 6m2
sÞ ln

�
ms

mu

�

þ ðm2
σ − 4m2

uÞ
2

Cðm2
σ; muÞ −

ðm2
σ − 4m2

sÞ
2

Cðm2
σ; msÞ

��
; ð104Þ

Using Eq. (43) the δm2 is written as:

δm2
OS ¼ iNcg2f2Aðm2

uÞ −m2
πBðm2

π; muÞg − δλ1OSðx2 þ y2Þ − δλ2OS
x2

2
þ δcOSyffiffiffi

2
p − δZπ

�
λ1ðx2 þ y2Þ þ λ2

x2

2
−

cy

2
ffiffiffi
2

p
�
;

δm2
OS ¼ δm2

div þm2
FIN; ð105Þ

m2
FIN ¼ Ncg2

ð4πÞ2
�
−2m2

u þ ðm2
π − 2m2

uÞ ln
�
Λ2

m2
u

�
þm2

πCðm2
π; muÞ

�
−
�
λ1FINðx2 þ y2Þ þ λ2FIN

x2

2
− cFINTOT

yffiffiffi
2

p
�
; ð106Þ

Using Eqs. (60) and (61), the δhx and δhy can be written as:

δhxOS¼−
i
2
Ncg2m2

πx½Bðm2
π;muÞ−m2

πB0ðm2
π;muÞ�; ð107Þ

δhxOS ¼ δhxdiv þ hxFIN; ð108Þ

hxFIN ¼ Ncg2

2ð4πÞ2hx
�
ln

�
Λ2

m2
u

�
þCðm2

π;muÞ−m2
πC0ðm2

π;muÞ
�
;

ð109Þ

δhyOS ¼ iNcg2
�� ffiffiffi

2
p

2
x − y

�
fAðm2

sÞ −Aðm2
uÞg

−
� ffiffiffi

2
p

2
xþ y

�
fm2

K − ðmu −msÞ2gBðm2
K;mu;msÞ

þ
� ffiffiffi

2
p

2
xþ y

�
m2

K

2
½Bðm2

π; muÞ þm2
πB0ðm2

π; muÞ�

þ
ffiffiffi
2

p

4
xm2

π½Bðm2
π; muÞ −m2

πB0ðm2
π; muÞ�

�
; ð110Þ

δhyOS ¼ δhydiv þ hyFIN; ð111Þ

hyFIN ¼ Ncg2

ð4πÞ2
�
hy
2

�
ln

�
Λ2

m2
u

�
−Cðm2

π;muÞ−m2
πC0ðm2

π;muÞ
�

−
ffiffiffi
2

p
hx
2

Cðm2
π;muÞ

þ
� ffiffiffi

2
p

x
2

−y

��
m2

u−m2
s þ2m2

s ln

�
ms

mu

��

þ
� ffiffiffi

2
p

x
2

þy

�
fm2

K − ðms−muÞ2gCðm2
K;mu;msÞ

�
;

ð112Þ

Using Eqs. (37) and (89), the δZπ , δx2 and δy2 can be
written as:

δZOS
π ¼ δZπ;div −

Ncg2

ð4πÞ2
�
ln

�
Λ2

m2
u

�
þ Cðm2

π; muÞ

þm2
πC0ðm2

π; muÞ
�
; ð113Þ
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δg2OS ¼ −iNcg4½m2
πB0ðm2

π; muÞ þ Bðm2
π; muÞ�

¼ δg2div þ
Ncg4

ð4πÞ2
�
ln

�
Λ2

m2
u

�
þ Cðm2

π; muÞ

þm2
πC0ðm2

π; muÞ
�
; ð114Þ

δx2OS ¼ iNcg2x2½m2
πB0ðm2

π; muÞ þ Bðm2
π; muÞ�

¼ δx2div −
Ncg2x2

ð4πÞ2
�
ln

�
Λ2

m2
u

�
þ Cðm2

π; muÞ

þm2
πC0ðm2

π; muÞ
�
; ð115Þ

δy2OS ¼ iNcg2y2½m2
πB0ðm2

π; muÞ þ Bðm2
π; muÞ�

¼ δy2div −
Ncg2y2

ð4πÞ2
�
ln

�
Λ2

m2
u

�
þ Cðm2

π; muÞ

þm2
πC0ðm2

π; muÞ
�
: ð116Þ

Aðm2
fÞ, Bðm2; mfÞ, Bðm2; mu;msÞ, B0ðm2; mfÞ,

Cðm2; mfÞ, Cðm2; mu;msÞ, C0ðm2; mfÞ, and
C0ðm2; mu;msÞ are defined in the Appendix C. The diver-

gent parts of the counterterms are δλ2div ¼ Ncg2

ð4πÞ2ϵ ð2λ2 − g2Þ,
δcdiv ¼ 3Ncg2c

2ð4πÞ2ϵ, δλ1div ¼ Ncg22λ1
ð4πÞ2ϵ , δm2

div ¼ Ncg2m2

ð4πÞ2ϵ , δhxdiv ¼
Ncg2hx
2ð4πÞ2ϵ, δhydiv ¼ Ncg2hy

2ð4πÞ2ϵ, δg2div ¼ Ncg4

ð4πÞ2ϵ, δx2div ¼ − Ncg2x2

ð4πÞ2ϵ ,

δy2div ¼ − Ncg2y2

ð4πÞ2ϵ , δZπ;div ¼ − Ncg2

ð4πÞ2ϵ. For both, the on-shell

and the MS schemes, the divergent parts of the counter-
terms are the same, i.e. δλ1div ¼ δλ1MS, δλ2div ¼ δλ2MS etc.
Since the bare parameters are independent of the

renormalization scheme, we can immediately write down
the relations between the renormalized parameters in the
on-shell and MS schemes as the following:

λ2MS ¼ λ2 þ δλ2OS − δλ2MS; ð117Þ

cMS ¼ cþ δcOS − δcMS; ð118Þ

λ1MS ¼ λ1 þ δλ1OS − δλ1MS; ð119Þ

m2

MS
¼ m2 þ δm2

OS − δm2

MS
; ð120Þ

hxMS ¼ hx þ δhxOS − δhxMS; ð121Þ

hyMS ¼ hy þ δhyOS − δhyMS; ð122Þ

g2
MS

¼ g2 þ δg2OS − δg2
MS

; ð123Þ

x2
MS

¼ x2 þ δx2OS − δx2
MS

; ð124Þ

y2
MS

¼ y2 þ δy2OS − δy2
MS

: ð125Þ

The minimum of the vacuum effective potential is at x̄ ¼
fπ and ȳ ¼ ð2fK−fπÞffiffi

2
p . Using the above set of equations

together with Eqs. (96), (98), (102), (105), (108), (111), and
(113)–(116), one can write the scale Λ-dependent running
parameters in the MS scheme as the following:

λ2MSðΛÞ ¼ λ2 þ λ2FIN þ λ2SCF; ð126Þ

cMSðΛÞ ¼ cþ cFINTOT þ cSCF; ð127Þ

λ1MSðΛÞ ¼ λ1 þ λ1FIN þ λ1SCF; ð128Þ

m2

MS
ðΛÞ ¼ m2 þm2

FIN; ð129Þ

hxMSðΛÞ ¼ hx þ hxFIN; ð130Þ

hyMSðΛÞ ¼ hy þ hyFIN; ð131Þ

g2
MS

ðΛÞ ¼ g2 þ Ncg4

ð4πÞ2 SCF; ð132Þ

x2
MS

ðΛÞ ¼ f2π −
4Ncm2

u

ð4πÞ2 SCF; ð133Þ

y2
MS

ðΛÞ ¼
�
2fK − fπffiffiffi

2
p

�
2

−
2Ncm2

s

ð4πÞ2 SCF: ð134Þ

The parameters λ2, c, λ1, m2, hx, hy, and g2 in Eqs. (126)–
(132), and also in the earlier expressions, have the same
tree-level values of the QM model that one obtains after
putting x ¼ fπ and y ¼ ð2fK−fπÞffiffi

2
p in the expressions of the

parameters described in Sec. II B.
In the large-Nc limit the parameters λ2MS, cMS, λ1MS,

m2

MS
, hxMS, hyMS, and g

2

MS
are running with the scale Λ and

satisfy a set of the following simultaneous renormalization
group equations:

dλ2MSðΛÞ
d lnðΛÞ ¼ 2Nc

ð4πÞ2 ½2λ2MSg
2

MS
− g4

MS
�; ð135Þ

dcMSðΛÞ
d lnðΛÞ ¼ 3Nc

ð4πÞ2 g
2

MS
cMS; ð136Þ

dλ1MSðΛÞ
d lnðΛÞ ¼ 4Nc

ð4πÞ2 g
2

MS
λ1MS; ð137Þ

dm2

MS
ðΛÞ

d lnðΛÞ ¼ 2Nc

ð4πÞ2 g
2

MS
m2

MS
; ð138Þ
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dhxMSðΛÞ
d lnðΛÞ ¼ Nc

ð4πÞ2 g
2

MS
hxMS; ð139Þ

dhyMSðΛÞ
d lnðΛÞ ¼ Nc

ð4πÞ2 g
2

MS
hyMS; ð140Þ

dg2
MS

d lnðΛÞ ¼
2Nc

ð4πÞ2 g
4

MS
; ð141Þ

dx2
MS

d lnðΛÞ ¼ −
2Nc

ð4πÞ2 g
2

MS
x2
MS

; ð142Þ

dy2
MS

d lnðΛÞ ¼ −
2Nc

ð4πÞ2 g
2

MS
y2
MS

: ð143Þ

Solving the differential Eqs. (135)–(143), we get the
following solutions:

λ2MSðΛÞ ¼
λ20 −

Ncg40
ð4πÞ2 ln



Λ2

Λ2
0

�


1 − Ncg20

ð4πÞ2 ln


Λ2

Λ2
0

��
2
; ð144Þ

cMSðΛÞ ¼
c0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih

1 − Ncg20
ð4πÞ2 ln



Λ2

Λ2
0

�i
3

r ; ð145Þ

λ1MSðΛÞ ¼
λ10


1 − Ncg20
ð4πÞ2 ln



Λ2

Λ2
0

��
2
; ð146Þ

m2

MS
ðΛÞ ¼ m2

0

1 − Ncg20
ð4πÞ2 ln



Λ2

Λ2
0

� ; ð147Þ

hxMSðΛÞ ¼
hx0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − Ncg20
ð4πÞ2 ln



Λ2

Λ2
0

�r ; ð148Þ

hyMSðΛÞ ¼
hy0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − Ncg20
ð4πÞ2 ln



Λ2

Λ2
0

�r ; ð149Þ

g2
MS

ðΛÞ ¼ g20

1 − Ncg20
ð4πÞ2 ln



Λ2

Λ2
0

� ; ð150Þ

x2 ¼ f2π

�
1 −

Ncg20
ð4πÞ2 ln

�
Λ2

Λ2
0

��
; ð151Þ

y2 ¼ ð2fK − fπÞ2
2

�
1 −

Ncg20
ð4πÞ2 ln

�
Λ2

Λ2
0

��
; ð152Þ

where the parameters λ10, λ20, g20, m
2
0, c0, hx0, and hy0 are

the running parameter values at the scale Λ0. We can
choose Λ0 to satisfy the following relation:

ln

�
Λ2
0

m2
u

�
þ Cðm2

πÞ þm2
πC0ðm2

πÞ ¼ 0: ð153Þ

Now, we can calculate the parameters of Eqs. (126)–(134)
at the scale Λ ¼ Λ0 and find λ10, λ20, g20, m

2
0, c0, hx0,

and hy0.

C. Effective potential

Using the values of the parameters from Eqs. (144)–
(150), the vacuum effective potential in the MS scheme can
be written as

Ωvac ¼ UðxMS; yMSÞ þΩq;vac
MS

þ δUðxMS; yMSÞ; ð154Þ

where

UðxMS; yMSÞ ¼
m2

MS

2
ðx2

MS
þ y2

MS
Þ − hxMSxMS

− hyMSyMS −
cMS

2
ffiffiffi
2

p x2
MS

yMS þ
λ1MS

2
x2
MS

y2
MS

þ 2λ1MS þ λ2MS

8
x4
MS

þ 2λ1MS þ 2λ2MS

8
y4
MS

;

ð155Þ

δUðxMS; yMSÞ ¼
δm2

MS

2
ðx2

MS
þ y2

MS
Þ þ

m2

MS

2
ðδx2

MS
þ δy2

MS
Þ− δhxMSxMS − hxMSδxMS − δhyMSyMS − hyMSδyMS

−
δcMS

2
ffiffiffi
2

p x2
MS

yMS −
cMS

2
ffiffiffi
2

p ðδx2
MS

yMS þ x2
MS

δyMSÞ þ
δλ1MS

2
x2
MS

y2
MS

þ λ1MS

2
ðδx2

MS
y2
MS

þ x2
MS

δy2
MS

Þ

þ
�
2δλ1MS þ δλ2MS

8

�
x4
MS

þ
�
2λ1MS þ λ2MS

8

�
δx4

MS
þ
�
2δλ1MS þ 2δλ2MS

8

�
y4
MS

þ
�
2λ1MS þ 2λ2MS

8

�
δy4

MS
:

ð156Þ
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The OðN2
cÞ terms are dropped as these are two-loop terms

and one gets

δUðxMS; yMSÞ ¼ −
Ncg4MS

ðx4
MS

þ 2y4
MS

Þ
8ð4πÞ2

1

ϵ

¼ −
Ncð2Δ4

x þ Δ4
yÞ

ð4πÞ2
1

ϵ
: ð157Þ

The quark one-loop vacuum correction for the two non-
strange and one strange flavor is written as

Ωq;vac
MS

¼
Ncg4MS

x4
MS

8ð4πÞ2
�
1

ϵ
þ 3

2
þ ln

�
4Λ2

g2
MS

x2
MS

��

þ
Ncg4MS

2y4
MS

8ð4πÞ2
�
1

ϵ
þ 3

2
þ ln

�
2Λ2

g2
MS

y2
MS

��
;

¼ Ncð2Δ4
x þ Δ4

yÞ
ð4πÞ2

1

ϵ
þ 2NcΔ4

x

ð4πÞ2
�
3

2
þ ln

�
Λ2

Δ2
x

��

þ NcΔ4
y

ð4πÞ2
�
3

2
þ ln

�
Λ2

Δ2
y

��
: ð158Þ

Ωq;vac∶F
MS

¼ 2NcΔ4
x

ð4πÞ2
�
3

2
þ ln

�
Λ2

Δ2
x

��
þ NcΔ4

y

ð4πÞ2
�
3

2
þ ln

�
Λ2

Δ2
y

��
:

ð159Þ

One can define the scale Λ-independent parameters
Δx ¼ g

MS
x
MS

2
and Δy ¼ g

MS
y
MSffiffi
2

p using Eqs. (132)–(134). It is
instructive to write Eq. (155) in terms of the scale-
independent Δx and Δy as

UðΔx;ΔyÞ ¼
m2

MS
ðΛÞ

g2
MS

ðΛÞ ð2Δ
2
x þ Δ2

yÞ − 2
hxMSðΛÞ
gMSðΛÞ

Δx

−
ffiffiffi
2

p hyMSðΛÞ
gMSðΛÞ

Δy − 2
cMSðΛÞ
g3
MS

ðΛÞΔ
2
xΔy

þ 4
λ1MSðΛÞ
g4
MS

ðΛÞ Δ
2
xΔ2

y þ 2
ð2λ1MS þ λ2MSÞ

g4
MS

ðΛÞ Δ4
x

þ ðλ1MS þ λ2MSÞ
g4
MS

ðΛÞ Δ4
y; ð160Þ

UðΔx;ΔyÞ ¼
m2

0

g20
ð2Δ2

x þΔ2
yÞ− 2

hx0
g0

Δx −
ffiffiffi
2

p hy0
g0

Δy

− 2
c0
g30

Δ2
xΔy þ 4

λ10
g40

Δ2
xΔ2

y

þ 2
ð2λ10 þ λ20Þ

g40
Δ4

x þ
ðλ10 þ λ20Þ

g40
Δ4

y: ð161Þ

The infinite part of Ωq;vac
MS

gets completely cancelled by
δUðxMS; yMSÞ in Eq. (154) and Ωvac is written in terms of
Δx and Δy as

ΩvacðΔx;ΔyÞ ¼ UðΔx;ΔyÞ þΩq;vac∶F
MS

; ð162Þ

ΩvacðΔx;ΔyÞ ¼
m2

0

g20
ð2Δ2

xþΔ2
yÞ−2

hx0
g0

Δx−
ffiffiffi
2

p hy0
g0

Δy

−2
c0
g30
Δ2

xΔyþ4
λ10
g40

Δ2
xΔ2

yþ2
ð2λ10þ λ20Þ

g40
Δ4

x

þðλ10þ λ20Þ
g40

Δ4
yþ

2NcΔ4
x

ð4πÞ2
�
3

2
þ ln

�
Λ2

Δ2
x

��

þNcΔ4
y

ð4πÞ2
�
3

2
þ ln

�
Λ2

Δ2
y

��
: ð163Þ

When the couplings and mass parameter are expressed in terms of the physical meson masses, pion decay constant, kaon
decay constant, and Yukawa coupling, one can write

ΩvacðΔx;ΔyÞ ¼
ðm2 þm2

FINÞ
2

�
f2π

�
Δ2

x

m2
u

�
þ ð2fK − fπÞ2

2

�
Δ2

y

m2
s

��
− ðhx þ hxFINÞfπ

�
Δx

mu

�
− ðhy þ hyFINÞ

ð2fK − fπÞffiffiffi
2

p
�
Δy

ms

�

−
ðcþ cFINTOTÞ

4
f2πð2fK − fπÞ

�
Δ2

x

m2
u

��
Δy

ms

�
þ ðλ1 þ λ1FINÞ

4
f2πð2fK − fπÞ2

�
Δ2

x

m2
u

��
Δ2

y

m2
s

�

þ f2ðλ1 þ λ1FINÞ þ ðλ2 þ λ2FINÞg
8

f4π

�
Δ4

x

m4
u

�
þ fðλ1 þ λ1FINÞ þ ðλ2 þ λ2FINÞg

16
ð2fK − fπÞ4

�
Δ4

y

m4
s

�

þ 2NcΔ4
x

ð4πÞ2
�
3

2
− ln

�
Δ2

x

m2
u

�
− Cðm2

πÞ−m2
πC0ðm2

πÞ
�
þNcΔ4

y

ð4πÞ2
�
3

2
− ln

�
Δ2

y

m2
u

�
− Cðm2

πÞ−m2
πC0ðm2

πÞ
�
: ð164Þ
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It is to be noted that the pion decay constant, the kaon
decay constant, and the Yukawa coupling get renormalized
in the vacuum because of the dressing of the meson
propagator in the on-shell scheme of the RQM model.
But Eqs. (132)–(134) at the scale Λ0 give us gMS ¼
gren ¼ g, xMS ¼ fπ;ren ¼ fπ and yMS ¼ 2fK;ren−fπ;renffiffi

2
p ¼

2fK−fπffiffi
2

p . Applying the stationarity condition ∂ΩvacðΔx;ΔyÞ
∂Δx

¼ 0

to Eq. (164) in the nonstrange direction, one gets

hx0 ¼ m2
π;cxMS ¼ m2

πf1 − Ncg2

ð4πÞ2 m
2
πC0ðm2

πÞgfπ . This relation
makes the curvature mass of the pion as given below in
Eq. (165) different from its pole mass. The stationarity

condition ∂ΩvacðΔx;ΔyÞ
∂Δy

¼ 0 in the strange direction, gives

h0y ¼ ðxMSffiffi
2

p þ yMSÞm2
K;c −

x
MSffiffi
2

p m2
π;c ¼

ffiffiffi
2

p
fKm2

K;c −
fπffiffi
2

p m2
π;c.

Using the expression of hyMSðΛ0Þ ¼ hy0 in Eq. (131), one

gets the expression of kaon curvature mass m2
K;c as written

below in Eq. (166). It is pointed out that the pion curvature
massmπ;c (as in Refs. [68,70]) and the kaon curvature mass
are different from their pole masses mπ and mK due to the

consistent on-shell parameter fixing. The minimum of
the effective potential remains fixed at xMS ¼ fπ and

yMS ¼ ð2fK−fπÞffiffi
2

p ,

m2
π;c ¼ m2

π

�
1 −

Ncg2

ð4πÞ2 m
2
πC0ðm2

πÞ
�
; ð165Þ

m2
K;c ¼ m2

K

�
1 −

Ncg2

ð4πÞ2
�
Cðm2

π; muÞ þm2
πC0ðm2

π; muÞ

−
�
1 −

ðms −muÞ2
m2

K

�
Cðm2

K;mu;msÞ

þ
�
1 −

fπ
fK

�m2
u −m2

s þ 2m2
s lnðms

mu
Þ

m2
K

��
: ð166Þ

The grand potential of the RQM model is written as

ΩRQMðΔx;Δy; T; μÞ ¼ ΩvacðΔx;ΔyÞ þΩT;μ
qq̄ ðx; yÞ: ð167Þ

ΩRQMðΔx;Δy; T; μÞ ¼
ðm2 þm2

FINÞ
2

�
f2π

�
Δ2

x

m2
u

�
þ ð2fK − fπÞ2

2

�
Δ2

y

m2
s

��
− ðhx þ hxFINÞfπ

�
Δx

mu

�

− ðhy þ hyFINÞ
ð2fK − fπÞffiffiffi

2
p

�
Δy

ms

�
−
ðcþ cFINTOTÞ

4
f2πð2fK − fπÞ

�
Δ2

x

m2
u

��
Δy

ms

�

þ ðλ1 þ λ1FINÞ
4

f2πð2fK − fπÞ2
�
Δ2

x

m2
u

��
Δ2

y

m2
s

�
þ f2ðλ1 þ λ1FINÞ þ ðλ2 þ λ2FINÞg

8
f4π

�
Δ4

x

m4
u

�

þ fðλ1 þ λ1FINÞ þ ðλ2 þ λ2FINÞg
16

ð2fK − fπÞ4
�
Δ4

y

m4
s

�
þ 2NcΔ4

x

ð4πÞ2
�
3

2
− ln

�
Δ2

x

m2
u

�
− Cðm2

πÞ −m2
πC0ðm2

πÞ
�

þ NcΔ4
y

ð4πÞ2
�
3

2
− ln

�
Δ2

y

m2
u

�
− Cðm2

πÞ −m2
πC0ðm2

πÞ
�

− 2NcT
X

f¼u;d;s

Z
d3p
ð2πÞ3

n
ln ½1þ e−E

þ
f =TÞ� þ ln ½1þ e−E

−
f =TÞ�

o
: ð168Þ

One gets the nonstrange condensate Δx and strange
condensate Δy in the RQM model by searching the global
minimum of the grand potential in Eq. (168) for a given
value of temperature T and chemical potential μ

∂ΩRQMðΔx;Δy; T; μÞ
∂Δx

¼ ∂ΩRQMðΔx;Δy; T; μÞ
∂Δy

¼ 0: ð169Þ

In our calculations, we have used mπ ¼ 138.0 MeV,
and mK ¼ 496 MeV. Here in the RQM model, fixing
m2

η þm2
η0 ¼ ð547.5Þ2 þ ð957.78Þ2 and then taking the η

mass as 527.58 MeV, one gets the η0 mass equal to
968.89 MeV. The pole masses mη ¼ 527.58 MeV and

mη0 ¼ 968.89 MeV have been used for calculating the
self-energy corrections (for η; η0) and fixing of the param-
eters in the on-shell scheme because it has been checked
that when the masses are calculated with the new set of
renormalized parameters and respective self-energy cor-
rections are added, the same pole masses are reproduced.

V. CURVATURE MASSES OF THE MESONS

The respective curvature of the QM, QMVT, and RQM
models’ grand potential in Eqs. (17), (30), and (168) at its
global minimum gives the temperature and chemical
potential dependence of the scalar and pseudoscalar masses
of the mesons,
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m2
α;ab

				
T;QM=QMVT=RQM

¼ ∂
2ΩQM=QMVT=RQMðT; μ; x; yÞ

∂ξα;a∂ξα;b

			
The α ¼ s and p respectively denote the scalar and
pseudoscalar mesons,

m2
α;abjT;QM=QMVT=RQM ¼ m2

α;abjQM=QMVT=RQM þ ðδmT
α;abÞ2:
ð170Þ

The meson masses get their temperature (chemical poten-
tial) dependence from the temperature (chemical potential)
dependence of the x and y. The explicit temperature
(chemical potential) dependence of the quark-antiquark
potential in the grand potential gives rise to the term
ðδmT

α;abÞ2 which remains the same in the QM, QMVT,
and RQM models. The QMVT model meson mass matrix
in the vacuum is written as

m2
α;abjQMVT ¼ ∂

2ΩΛðx; yÞ
∂ξα;a∂ξα;b

				
min

¼ ðmm
α;abÞ2 þ ðδmv

α;abÞ2: ð171Þ

The QM model vacuum meson masses m2
α;ab [evaluated in

Refs. [18,19] from the second derivatives of the pure meson
potential U(x, y)] as presented in Table I have been renamed
in the above as ðmm

α;abÞ2 because the parameteres will be
different in the QMVT (RQM) model. The mass modifica-
tions ðδmv

α;abÞ2 caused by the one quark-loop vacuum
correction are presented in the Appendix A. The renorm-
alization scale Λ dependence of the parameter λ2 in the
QMVT model makes the mass expressions ðmm

α;abÞ2 scale
dependent. The above dependence is completely cancelled
by the scale Λ dependence present in the ðδmv

α;abÞ2. The
scale-independent vacuum meson masses m2

α;abjQMVT have
been calculated in Appendix B of Ref. [59].
Mass modifications due to the quark-antiquark contri-

butions at the finite temperature (chemical potential) are
calculated by taking into account the complete depend-
ences of all the scalar and pseudoscalar mesons in Eq. (4).
Diagonalizing the resulting quark mass matrix, the finite
temperature expressions of the mass modifications in the
QM model were calculated in Ref. [19] as the following:

ðδmT
α;abÞ2

				
QM

¼ ∂
2ΩT

qq̄ðT; μ; x; yÞ
∂ξα;a∂ξα;b

				
min

ð172Þ

¼3
X
f¼x;y

Z
d3p
ð2πÞ3

1

Ef

�
ðnþf þn−f Þ

�
m2

f;ab−
m2

f;am
2
f;b

2E2
f

�

þðbþf þb−f Þ
�
m2

f;am
2
f;b

2EfT

��
: ð173Þ

The notations n�f and b�f have the following definitions:

n�f ¼ 1

1þ eE
�
f =T

and b�f ¼ n�f ð1 − n�f Þ: ð174Þ

The m2
f;a ≡ ∂m2

f=∂ξα;a is the first partial derivative and the
m2

f;ab ≡ ∂m2
f;a=∂ξα;b is the second partial derivative of the

squared quark mass with respect to the meson fields ξα;b.
Table III of Ref. [19] shows the calculated values of these
derivatives.
The meson mass expressions at the finite temperature in

the QM and QMVT model are written as

m2
α;ab

			
T;QM

¼ m2
α;ab þ ðδmT

α;abÞ2
			
QM

: ð175Þ

m2
α;ab

			
T;QMVT

¼ m2
α;ab

			
QMVT

þ ðδmT
α;abÞ2

			
QM

: ð176Þ

The vacuum curvature masses and pole (physical) masses of
themesons are the same in the QMandQMVTmode, but the
curvature masses of the mesons in the RQM model are
different from their polemasses due to the on-shell parameter
fixing in the RQMmodel. In the RQMmodel, the curvature
meson mass matrix is calculated by taking the double
derivative of Eq. (162) with respect to the meson fields ξ,

m2
α;abjRQM ¼ m2

α;abc ¼
∂
2ΩvacðΔx;ΔyÞ
∂ξα;a∂ξα;b

				
min

¼ ðm0
α;abÞ2 þ ðδmv;RQM

α;ab Þ2: ð177Þ

Here c has been used to denote the curvature masses for the
RQM model. The ðm0

α;abÞ2 are evaluated from the double
derivatives of UðΔx;ΔyÞ which is the pure meson potential
written in terms of scale-independent masses. The expres-
sions of the masses ðm0

α;abÞ2 are the same as that of the
vacuum masses ðmα;abÞ2 in the QM model, but here the
superscript 0 signifies the fact that the parameters are
evaluated in the MS scheme at the scale Λ0. Here it is
relevant to point out that the finite part of the quark one-loop
vacuum correction in the RQM model contains the terms
2NcΔ4

xð3Þ
ð4πÞ2ð2Þ and NcΔ4

yð3Þ
ð4πÞ2ð2Þ in addition to the scale-dependent terms

while in the QMVT model only scale-dependent terms have
been considered as the finite part of the correction. Therefore
the quark one-loop vacuum corrections to the curvature
masses in the RQMmodel ðδmv;RQM

α;ab Þ2 are different from the
QMVT model vacuum corrections ðδmv

α;abÞ2. If one con-
siders the QMVT model finite part of the quark one-loop
vacuum corrections, exactly the same as those of the RQM
model, the QMVT model parameters of the present calcu-
lation will change such that the resulting effective potential
remains the same as in the present calculation. The RQM
model quark one-loop vacuum corrections are defined as
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ðδmv;RQM
α;ab Þ2 ¼

∂
2Ωq;vac∶F

MS

∂ξα;a∂ξα;b

				
min

¼ Nc

8π2
X

f¼u;d;s

��
∂Δ2

f

∂ξα;a

��
∂Δ2

f

∂ξα;b

�
ln

�
Λ2

Δ2
f

�

þ Δ2
f

�
1þ ln

�
Λ2

Δ2
f

��
∂
2Δ2

f

∂ξα;a∂ξα;b

�
; ð178Þ

where f¼u, d ¼ x,Δf ¼ Δx, and for f ¼ s ¼ y,Δf ¼ Δy.
The first partial derivatives ∂Δ2

f=∂ξα;a ≡ ∂m2
f=∂ξα;a and

the second partial derivatives ∂
2Δ2

f=ð∂ξα;a∂ξα;bÞ≡ ∂
2m2

f=
ð∂ξα;a∂ξα;bÞ of the scale-independent squared quark masses
with respect to the different meson fields ξα;b can be taken
from Table III of Ref. [19]. Evaluating the above corrections
using the condition in Eq. (153) for the Λ ¼ Λ0, the final
expressions of the vacuum curvature masses in the RQM
model are calculated and presented below:

ðmπ;cÞ2 ¼ m2
0 þ λ10ðx2 þ y2Þ þ λ20

2
x2 −

ffiffiffi
2

p
c0
2

yþ Ncg4

32π2
x2½1þ 2 ln fπ − Cðm2

πÞ −m2
πC0ðm2

πÞ − 2 ln x�; ð179Þ

ðma0;cÞ2 ¼ m2
0 þ λ10ðx2 þ y2Þ þ 3λ20

2
x2 þ c0yffiffiffi

2
p þ Ncg4

32π2
x2½1þ 6 ln fπ − 3Cðm2

πÞ − 3m2
πC0ðm2

πÞ − 6 ln x�; ð180Þ

ðmK;cÞ2 ¼ m2
0 þ λ10ðx2 þ y2Þ þ λ20

2
ðx2 −

ffiffiffi
2

p
xyþ 2y2Þ − c0

2
x

þ Ncg4

32π2

�
ðx2 −

ffiffiffi
2

p
xyþ 2y2Þð1þ 2 ln fπ − Cðm2

πÞ −m2
πC0ðm2

πÞÞ −
2

ðxþ ffiffiffi
2

p
yÞ ðx

3 ln xþ ð
ffiffiffi
2

p
yÞ3 ln

ffiffiffi
2

p
yÞ
�
;

ð181Þ

ðmp;00cÞ2 ¼ m2
0 þ λ10ðx2 þ y2Þ þ λ20

3
ðx2 þ y2Þ þ c0

3
ð2xþ

ffiffiffi
2

p
yÞ

þ Ncg4

48π2
½ðx2 þ y2Þð1þ 2 ln fπ − Cðm2

πÞ −m2
πC0ðm2

πÞÞ − 2ðx2 ln xþ y2 ln
ffiffiffi
2

p
yÞ�; ð182Þ

ðmp;88cÞ2 ¼ m2
0 þ λ10ðx2 þ y2Þ þ λ20

6
ðx2 þ y2Þ − c0

6
ð4x −

ffiffiffi
2

p
yÞ

þ Ncg4

96π2
½ðx2 þ 4y2Þð1þ 2 ln fπ − Cðm2

πÞ −m2
πC0ðm2

πÞÞ − 2ðx2 ln xþ 4y2 ln
ffiffiffi
2

p
yÞ�; ð183Þ

ðmp;08cÞ2 ¼
ffiffiffi
2

p
λ20
6

ðx2 þ y2Þ − c0
6
ð

ffiffiffi
2

p
x − 2yÞ

þ
ffiffiffi
2

p
Ncg4

96π2
½ðx2 − 2y2Þð1þ 2 ln fπ − Cðm2

πÞ −m2
πC0ðm2

πÞÞ − 2ðx2 ln x − 2y2 ln
ffiffiffi
2

p
yÞ�; ð184Þ

ðms;00cÞ2 ¼ m2
0 þ

λ10
3

ð7x2 þ 4
ffiffiffi
2

p
xyþ 5y2Þ þ λ20ðx2 þ y2Þ −

ffiffiffi
2

p
c0
3

ð
ffiffiffi
2

p
xþ yÞ

þ Ncg4

48π2
½ðx2 þ y2Þð1þ 6 ln fπ − 3Cðm2

πÞ − 3m2
πC0ðm2

πÞÞ − 6ðx2 ln xþ y2 ln
ffiffiffi
2

p
yÞ�; ð185Þ

ðms;88cÞ2 ¼ m2
0 þ

λ10
3

ð5x2 − 4
ffiffiffi
2

p
xyþ 7y2Þ þ λ20

�
x2

2
þ 2y2

�
þ

ffiffiffi
2

p
c0
3

� ffiffiffi
2

p
x −

y
2

�

þ Ncg4

96π2
½ðx2 þ 4y2Þð1þ 6 ln fπ − 3Cðm2

πÞ − 3m2
πC0ðm2

πÞÞ − 6ðx2 ln xþ 4y2 ln
ffiffiffi
2

p
yÞ�; ð186Þ

ðms;08cÞ2 ¼
2λ10
3

ð
ffiffiffi
2

p
x2 − xy −

ffiffiffi
2

p
y2Þ þ

ffiffiffi
2

p
λ20

�
x2

2
− y2

�
þ c0
3

ffiffiffi
2

p ðx −
ffiffiffi
2

p
yÞ

þ Nc

ffiffiffi
2

p
g4

96π2
½ðx2 − 2y2Þð1þ 6 ln fπ − 3Cðm2

πÞ − 3m2
πC0ðm2

πÞÞ − 6ðx2 ln x − 2y2 ln
ffiffiffi
2

p
yÞ�: ð187Þ
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We have checked that in vacuum for x ¼ fπ and

y ¼ ð2fK−fπÞffiffi
2

p , m2
p;11c becomes equal to the pion curvature

mass m2
π;c calculated from Eq. (165) and m2

p;44c ¼ m2
K;c is

equal to the kaon curvature mass calculated from Eq. (166).
m2

s;11c ¼ m2
a0;c. The curvature masses of the scalar σ and

pseudoscalar η are obtained as

m2
σðηÞ;c ¼

1

2

h
ðm2

sðpÞ;00c þm2
sðpÞ;88cÞ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

sðpÞ;00c −m2
sðpÞ;88cÞ2 þ 4m4

sðpÞ;08c
q i

: ð188Þ

The pseudoscalar η0 meson curvature mass is given by

m2
η0;c ¼

1

2

h
ðm2

p;00c þm2
p;88cÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00c −m2
p;88cÞ2 þ 4m4

p;08c

q i
: ð189Þ

The curvature masses of the mesons at finite temperature
(chemical potential) in the RQM model are obtained as

m2
α;abjT;RQM ¼ m2

α;abc þ ðδmT
α;abÞ2jQM: ð190Þ

VI. RESULTS AND DISCUSSION

Table II presents the parameters of the different models
when the σ masses are different. The pion decay constant
fπ , the kaon decay constant fK , and the Yukawa coupling g
do not get any correction at the scale Λ0 in the RQM
model. Therefore, the RQM model minimum of the
vacuum effective potential at Δx ¼ mu=d ¼ 300.3 MeV
and Δy ¼ ms ¼ 433.34 MeV (as x ¼ fπ ¼ 92.4 MeV

and y ¼ ð2fK−fπÞffiffi
2

p ¼ 94.5 MeV) does not change from its

corresponding position in the QM and the QMVT model.
The curvature masses of the pion and kaon are the same as
their physical (pole) masses in the QM and QMVT model.
Due to the consistent on-shell parameter fixing in the RQM
model, the curvature mass of the pion calculated from
Eq. (165) mπ;c ¼ 135.95 MeV is different (and 2.05 MeV
smaller) from its physical massmπ ¼ 138.0 MeV while the
kaon curvature mass obtained from Eq. (166) mK;c ¼
467.99 MeV is 28.01 MeV smaller than its pole mass
mK ¼ 496.0 MeV. We point out that the respective explicit
symmetry breaking strengths hx and hy in the nonstrange
and strange directions which do not change in the QMVT
model, get modified (reduced) by the consistent on-shell
treatment of the quark one-loop vacuum fluctuation in the
RQM model. The consistency and exactness of the RQM
model results are buttressed by the findings in Table II
which show that the strength hx gets reduced by a small
amount when compared to its QM model reference value
while the strength hy gets reduced by a relatively large
amount. The above-mentioned changes are expected
because fπ and fK do not change while the pion and kaon
curvature masses get reduced respectively by a small and a
relatively large amount. Another important result in Table II
worth pointing out is the noteworthy increase of the
coefficient c of the ’t Hooft determinant term for the
2þ 1 RQMmodel. Thus due to the modification caused by
the fermionic one-loop vacuum fluctuation, the UAð1Þ
anomaly gets enhanced in the RQM model. The modifi-
cations of the UAð1Þ anomaly caused by the vacuum
fluctuations and its enhancement caused by the meson
vacuum fluctuations have already been reported in
Refs. [75–79].

TABLE II. Parameters of the different model scenarios. The RQM model parameters are obtained by putting
Λ ¼ Λ0 in Eqs. (126)–(131).

Model mσ (MeV) λ2 cðMeV2Þ λ1 m2ðMeV2Þ hxðMeV3Þ hyðMeV3Þ
QM 400 46.43 4801.82 −5.89 ð494.549Þ2 ð120.73Þ3 ð336.43Þ3

500 46.43 4801.82 −2.69 ð434.305Þ2 ð120.73Þ3 ð336.43Þ3
600 46.43 4801.82 1.141 ð342.139Þ2 ð120.73Þ3 ð336.43Þ3
648 46.43 4801.82 3.75 ð275.92Þ2 ð120.73Þ3 ð336.43Þ3
700 46.43 4801.82 6.63 ð160.93Þ2 ð120.73Þ3 ð336.43Þ3

QMVT 400 46.43 4801.82 −8.17 ð282.338Þ2 ð120.73Þ3 ð336.43Þ3
500 46.43 4801.82 −5.28 ð171.167Þ2 ð120.73Þ3 ð336.43Þ3
600 46.43 4801.82 −1.66 −ð184.28Þ2 ð120.73Þ3 ð336.43Þ3
648 46.43 4801.82 0.369 −ð263.494Þ2 ð120.73Þ3 ð336.43Þ3
700 46.43 4801.82 2.82 −ð334.918Þ2 ð120.73Þ3 ð336.43Þ3

RQM 400 34.88 7269.20 1.45 ð442.447Þ2 ð119.53Þ3 ð323.32Þ3
500 34.88 7269.20 3.676 ð396.075Þ2 ð119.53Þ3 ð323.32Þ3
600 34.88 7269.20 8.890 ð256.506Þ2 ð119.53Þ3 ð323.32Þ3
648 34.88 7269.20 13.905 −ð147.619Þ2 ð119.53Þ3 ð323.32Þ3
700 34.88 7269.20 19.23 −ð338.906Þ2 ð119.53Þ3 ð323.32Þ3
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A. Comparing the effective potentials, the order
parameters, and the phase diagrams

The normalized vacuum effective potential difference
fΩvacðΔx;334.43Þ−ΩΩð0;334.43Þg

f4π
versus the scale-independent non-

strange constituent quark mass Δx, has been plotted in
Fig. 5(a) when mσ ¼ 400 MeV and the strange quark
constituent mass Δy is fixed at the 433.34 MeV. The most
shallow nonstrange direction effective potential for the s-
MFA QM model becomes deeper and deepest respectively
in the RQM and the QMVT models. The same trend is
repeated in the plots of Fig. 6(a) where the effective
potentials for all of the models become deeper due to
the increased mσ ¼ 500 MeV. The RQM model effective
potential coincides with that of the QMVT model when the

mσ becomes 658.8 MeV in Fig. 6(b) and the trend of
Fig. 6(a) gets reversed in Fig. 6(c) where the RQM model
effective potential becomes deepest for mσ ¼ 700 MeV
(>658.8 MeV). It is to be noted that such trend reversal in
the effective potential of the two flavor case [74] occurs at a
lower sigma meson mass when mσ > 616 MeV.
Emphasizing the important difference in the plots of

Fig. 7(a) for the strange direction Δy-dependent variations
of the normalized vacuum effective potential difference
fΩvacð300.3;ΔyÞ−Ωvacð300.3;0Þg

f4π
, we note that the RQM model

effective potential is shallower even than the QM Model
plot while the plot of the QMVT model is deepest when
mσ ¼ 500 MeV. This happens because the explicit sym-
metry breaking strength hy becomes more weak in the
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FIG. 6. Normalized effective potential difference in the nonstrange direction for the QM, RQM, and QMVT model.
(a) mσ ¼ 500 MeV. (b) mσ ¼ 658.8 MeV. (c) mσ ¼ 700 MeV.

FIG. 7. Normalized effective potential difference in the strange direction for the QM, RQM, and QMVT models. (a) mσ ¼ 500 MeV.
(b) mσ ¼ 785 MeV. (c) mσ ¼ 850 MeV.
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strange direction due to the on-shell parameter fixing in the
RQM model (as is evident from Table II), and its effect on
the strange direction effective potential is more dominant
than the smoothing effect of the quark one-loop vacuum
correction for the smaller mσ ¼ 500 MeV, while the use of
the curvature masses for fixing the model parameters does
not affect the hy in the QMVT model. The strange direction
effective potentials for all of the models become deeper
with the increasing σ mass and, as shown in Fig. 7(b), the
strange direction variation of the RQM model effective
potential becomes degenerate with that of the QMVT
model when mσ becomes 785.0 MeV. The trend of
Fig. 7(a) gets reversed in Fig. 7(c) for mσ ¼ 850 MeV
(>785.0 MeV) as the strange direction effective potential
for the RQM model becomes deepest while the QM model
effective potential is most shallow.
The temperature variations of the nonstrange and strange

quark condensates x and y (obtained from Δx and Δy since
the renormalization does not change the Yukawa coupling
g) at μ ¼ 0 MeV are plotted in Figs. 5(b), 8(a)–8(c)
respectively for mσ ¼ 400, 500, 648, and 700 MeV. The
temperature derivative of the condensate in the nonstrange
and the strange direction when μ ¼ 0 MeV defines the
chiral crossover transition temperature (called the pseu-
docritical temperature) Tχ

c for the nonstrange direction and
Ts
c for the strange direction. Table III gives the summary of

the pseudocritical temperatures Tχ
c and Ts

c for the chiral
crossover transition in the nonstrange and strange direction
for the different values mσ ¼ 400, 500, 600, 648, and
700 MeV. The sharpest QM model temperature variation
of the nonstrange quark condensate x in Fig. 5(b) when
mσ ¼ 400 MeV gives rise to an early chiral crossover

transition at Tχ
c ¼ 112.5 MeV and a smoother condensate

variation generates a smooth chiral transition for the RQM
model occurring at Tχ

c ¼ 121.1 MeV while a most smooth
temperature variation of the condensate causes quite a
delayed chiral crossover transition at Tχ

c ¼ 144.1 MeV in
the QMVT model. The above trends for the nonstrange
chiral condensate temperature variations in the QM, RQM,
and QMVT models are repeated in Fig. 8(a) when mσ ¼
500 MeV and the chiral crossover transition occurs respec-
tively at Tχ

c ¼ 129.0, 133.6, and 156.8 MeV in the QM,
RQM, and QMVT models.
The RQM model temperature variation of the non-

strange quark condensate merges with that of the QMVT
model when mσ ¼ 648 MeV in Fig. 8(b) and the μ ¼ 0
chiral crossover transition in the nonstrange sector occurs at
Tχ
c ¼ 178.1 MeV in both models. This pattern is a conse-

quence of the coincidence of the RQM model plot of
the normalized vacuum effective potential difference
fΩvacðΔx;334.43Þ−Ωvacð0;334.43Þg

f4π
with the corresponding plot in

the QMVT model in Fig. 6(b) for the mσ ¼ 658.8 MeV
case. Here, it is relevant to remind the reader that in
the recent two flavor work [74], it was shown that the
constituent quark mass (Δ) dependent variation of the
vacuum effective potential and the temperature variation of
the chiral order parameter for the on-shell parameter fixing
scheme in the RQM model completely merges with the
corresponding variations computed with the curvature mass
parametrization in the QMVT model. In the present 2þ 1
flavor work, since the vacuum effective potential depends
on the nonstrange and strange constituent quark mass
parameters Δx and Δy variations in the two independent
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TABLE III. Critical temperature in MeVof the chiral crossover transition at μ ¼ 0 MeV for the nonstrange sector
Tχ
c and the strange sector Ts

c for mσ ¼ 400, 500, 600, 648, and 700 MeV.

mσ (MeV) QM Tχ
c RQM Tχ

c QMVT Tχ
c QM Ts

c RQM Ts
c QMVT Ts

c

400 112.5 121.1 144.1 231.6 210.1 236.1
500 129.0 133.6 156.8 238.6 213.3 241.1
600 146.1 158.6 170.8 248.3 220.6 247.8
648 154.5 178.1 178.1 254.8 229.1 251.8
700 163.9 195.8 186.3 261.7 240.3 256.7
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directions, the Δx variation of the effective potential is
somewhat influenced by its Δy variation. Hence even
though the RQM model nonstrange direction variation of

the vacuum effective potential fΩvacðΔx;334.43Þ−Ωvacð0;334.43Þg
f4π

coincides with the corresponding effective potential varia-
tion in the QMVT model for mσ ¼ 658.8 MeV, the
consequential coincidence of the nonstrange order param-
eter temperature variations for both model settings of the
RQM and QMVT occurs when the σ mass is smaller by
about 10 MeV, i.e. mσ ¼ 648 MeV.
Figure 8(c) for mσ ¼ 700 MeV shows that the most

smooth nonstrange quark condensate temperature variation
takes place in the RQMmodel and the μ ¼ 0 chiral crossover
transition occurring at Tχ

c ¼ 195.8 MeV is very delayed
while a less smooth chiral crossover transition is noticed in
the QMVT model occurring earlier at Tχ

c ¼ 186.3 MeV.
Note that the above trend for mσ ¼ 700 MeV is opposite of
what one observes in Fig. 8(a) for themσ ¼ 500 MeV case.
This happens because the nonstrange direction effective
potential in the RQM model becomes deepest for the mσ ¼
700 MeV (>658.8 MeV) casewhile it is shallower than that
of the QMVT model for mσ ¼ 500 MeV (<658.8 MeV).
The temperature variations of the strange quark con-

densate y have been plotted by the purple dashed line for
the RQM model, the dotted blue line for the QM model,
and the thick dashed green line for the QMVT model in
Figs. 5(b), 8(a)–8(c) respectively for mσ ¼ 400, 500, 648,
and 700 MeV. The temperature variations of the strange
condensate in Figs. 5(b) and 8(a) develop a small kink-like
region near the Tχ

c due to the sharper and the faster chiral
transition occurring in the nonstrange direction of the QM
Model. The above kink-like structure gets smoothed out
due to the quark one-loop vacuum correction in the RQM
and QMVT models. The strange condensate melting in the
QMVT model for the 160–240 MeV temperature range is
larger than that of the QM model result. When the
temperature variations of the strange condensate y for all
three model scenarios are compared, its melting is most
significant in the RQM model. Due to a significantly large
and early melting of the strange condensate, the pseudoc-
ritical temperatures Ts

c for the differentmσ values are found
to be significantly smaller in the RQM model by about 21

to 28 MeV when those are compared with corresponding
values of Ts

c in the QM and QMVT models as is evident
from Table III. The RQM model strange condensate
melting comes closer to its temperature variation in the
QM model for the large mσ ¼ 700 MeV case. The signifi-
cantly large melting of the strange condensate in the 2þ 1
flavor RQM model gets explained when one notes that the
on-shell parameter fixing gives rise to a relatively large
reduction in the explicit symmetry breaking strength hy in
the strange direction while the nonstrange direction
strength hx is reduced by a small amount.
Figure 5(c) depicts the phase diagram for the mσ ¼

400 MeV case where the line types for different models are
labeled. The QM model critical end point (CEP) at
ðTCEP; μCEPÞ ¼ ð96.76; 113.3Þ MeV shifts significantly
(as also reported in [53–55,57,58]) to a far right position
in the lower corner of the μ-T plane at ðTCEP; μCEPÞ ¼
ð32.23; 285.91Þ MeV for the QMVT model. Note that
the CEP moves higher up in the phase diagram at
ðTCEP; μCEPÞ ¼ ð37.03; 243.12Þ for the RQM model. The
phase diagrams for mσ ¼ 500 MeV have been presented in
the μ-T plane of Fig. 9(a). The QM and RQM model
phase diagrams stand in close proximity of each other.
Here also, the CEP of the QM model at ðTCEP; μCEPÞ ¼
ð97.52; 165.24Þ MeV shifts to a far right lower corner of
the phase diagram at ðTCEP; μCEPÞ ¼ ð19.8; 311.85Þ MeV
in the QMVT model. The robust shift in the present 2þ 1

flavor QMVT model is quite large (i.e. μCEP is larger by
11 MeV and TCEP is smaller by about 10 MeV) when it is
compared with the corresponding shift reported [74] for the
two flavor QMVT model setting. The CEP in the RQM
model moves to a significantly higher position in the phase
diagram at ðTCEP; μCEPÞ ¼ ð38.71; 265.42Þ MeV when it is
compared with the position of the CEP in the QMVT
model. Similar to the two flavor [74] result, here also in
the 2þ 1 flavor investigation, the RQM model and the
QMVT model phase diagrams (crossover lines in the entire
μ-T plane) merge with each other in Fig. 9(b) for
mσ ¼ 648 MeV. The above overlap is a consequence of
the coincidence that occurs in the normalized vacuum
effective potential difference and the nonstrange order
parameter plots respectively in Figs. 6(b) and 8(b) for both
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models RQM and QMVT. The QM model CEP is at
ðTCEP; μCEPÞ ¼ ð88.37; 223.3Þ MeV in Fig. 9(b). For the
mσ ¼ 700 MeV case in Fig. 9(c), the phase diagrams for
the RQM and QMVT models are crossover lines in
the entire μ-T plane and here again, the familiar trend
reversal is witnessed as instead of the RQM model phase
diagram, the phase diagram of the QMVT model stands
closer to the QM model phase boundary. The first order
line gets terminated at the CEP position ðTCEP; μCEPÞ ¼
ð82.3; 273.12Þ for the QM model phase diagram.

B. Differences with the two flavor results

Here, we discuss and underline the important differences
that exist between the results of the present 2þ 1 flavor
QM, QMVT, and RQM model studies and the results of
Ref. [74] for the corresponding two flavor model inves-
tigations. Table IV presents the comparison of the pseu-
docritical temperature data of the chiral crossover transition
at μ ¼ 0 for the two flavor (data taken from Table II in
Ref. [74]) and the 2þ 1 flavor of the QM, QMVT, and
RQM models. Denoting the chiral crossover transition
temperature by ðTχ

cÞ2F and ðTχ
cÞð2þ1ÞF respectively for

the two and the 2þ 1 flavor models, the difference ΔTχ
c ¼

ðTχ
cÞ2F − ðTχ

cÞð2þ1ÞF for each model has also been tabulated
in Table IV for comparison. Note that the chiral transition
temperatures in the 2þ 1 flavor models are in general
smaller than those in the two flavor models and the
difference ΔTχ

c is positive for all mσ except for mσ ¼
400 MeV in the QMVT model where the ΔTχ

c ¼
−0.5 MeV is marginally negative. Table IV clearly shows

that the difference ΔTχ
c ¼ 10.7, 12.0, and 10.7 MeV

respectively for mσ ¼ 400, 500, and 600 MeV between
the two flavor and the 2þ 1 flavor chiral transition
temperature is highest for the RQM model while the
corresponding difference ΔTχ

c for the QM and QMVT
models is very small (i.e. two flavor and 2þ 1 flavor chiral
transitions at μ ¼ 0 are almost overlapping).
Table V compares the crucial differences that exist

between the location of the CEP in the two flavor (taken
from Ref. [74]) and the 2þ 1 flavor calculations of the QM,
QMVT, and RQM models when mσ ¼ 500 MeV. The
location of the CEP in the 2þ 1 flavor computation
coincides with that of the two flavor calculation for the
QM model. In the QMVT model, the two flavor position of
the CEP at ðTCEP; μCEPÞ2F ¼ ð29.48; 299.6Þ MeV goes
down and after registering a decrease (increase) of about
10 MeV (12 MeV) in the temperature (chemical potential)
direction, the CEP gets located at ðTCEP; μCEPÞð2þ1ÞF ¼
ð19.8; 311.85Þ MeV in the 2þ 1 flavor calculation. In
complete contrast to the QMVT model result, the two
flavor location of the CEP in the RQM model at
ðTCEP; μCEPÞ2F ¼ ð36.2; 277.3Þ MeV moves up leftward
and after registering an increase (decrease) of the
2.51 MeV (about 12 MeV) in the temperature (chemi-
cal potential) direction, the CEP gets located at
ðTCEP; μCEPÞð2þ1ÞF ¼ ð38.71; 265.42Þ MeV in the 2þ 1

flavor RQM model calculation. The CEP locations for
the two and the 2þ 1 flavor have been compared in the
RQM model also when the mσ ¼ 400 and 600 MeV in
Table V. When mσ ¼ 400 and 600 MeV, the shift in
the location of the CEP from the two flavor calculation

TABLE IV. The μ ¼ 0 MeV chiral crossover transition pseudocritical temperature is denoted by ðTχ
cÞ2F (data has

been taken from Table II in Ref. [74]) for the two quark flavor and the ðTχ
cÞð2þ1ÞF (data from Table III) for the 2þ 1

quark flavor of the QM, QMVT, and RQM models when mσ ¼ 400, 500, 600, and 700 MeV.
ΔTχ

c ¼ ðTχ
cÞ2F − ðTχ

cÞð2þ1ÞF.

QM (MeV) QMVT (MeV) RQM (MeV)

mσ (MeV) Tχ
c2F Tχ

cð2þ1ÞF ΔTχ
c Tχ

c2F Tχ
cð2þ1ÞF ΔTχ

c Tχ
c2F Tχ

cð2þ1ÞF ΔTχ
c

400 113.3 112.5 0.8 143.6 144.1 −0.5 131.8 121.1 10.7
500 130.2 129.0 1.2 157.3 156.8 0.5 145.6 133.6 12.0
600 147.8 146.1 1.7 173.1 170.8 2.3 169.3 158.6 10.7
700 166.1 163.9 2.2 189.8 186.3 3.5 203.6 195.8 7.8

TABLE V. The position of the critical end point in the phase diagram has been denoted as ðTCEP; μCEPÞ2F for the two quark flavor and
ðTCEP; μCEPÞð2þ1ÞF for the 2þ 1 quark flavor of the QM, QMVT, and RQM models. mσ ¼ 400, 500, and 600 MeV.

QM (MeV) QMVT (MeV) RQM (MeV)

mσ (MeV) ðTCEP; μCEPÞ2F ðTCEP; μCEPÞð2þ1ÞF ðTCEP; μCEPÞ2F ðTCEP; μCEPÞð2þ1ÞF ðTCEP; μCEPÞ2F ðTCEP; μCEPÞð2þ1ÞF
400 � � � (96.76, 113.30) � � � (32.23, 285.91) (38.20, 253.50) (37.03, 243.12)
500 (97.70, 165.20) (97.52, 165.24) (29.48, 299.60) (19.80, 311.85) (36.20, 277.30) (38.71, 265.42)
600 � � � � � � � � � � � � (7.20, 322.50) (17.70, 317.45)
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to the 2þ 1 flavor calculation in the RQM model follows
the same pattern that has been observed for the mσ ¼
500 MeV case.
The above discussed findings of Tables IV and V are

confirmed when one compares the two flavor and the 2þ 1
flavor model phase diagrams in Figs. 10(a)–10(c) respec-
tively for the QM, QMVT, and RQM models. The phase
boundary and the location of the CEP for the two flavor
QM model completely coincide with those of the 2þ 1
flavor QM model in Fig. 10(a). The two flavor phase
diagram in the QMVT model nearly coincides with that of
the 2þ 1 flavor QMVT model up to μ ¼ 180 MeV and the
2þ 1 flavor phase boundary shifts rightwards after cross-
ing the two flavor phase boundary near μ ∼ 200 MeV in
Fig. 10(b). Further, it is noticed that the CEP location for the
2þ 1 flavor case registers a noticeable downward shift
towards the right side of the phase diagram (as also discussed
in the preceding paragraph) when it gets compared with the
CEP of the two flavor QMVT model. Our findings in the
exact on-shell renormalized RQM model are worth empha-
sizing, because unlike theQMand in complete contrast to the
QMVTmodel, the 2þ 1 flavor RQMmodel phase boundary
lies at a noticeable distance below the two flavorRQMmodel
phase boundary in Fig. 10(c) and theCEP for the 2þ 1 flavor
RQM model gets located upward on the left side of the
location of the two flavor CEP and phase boundary in the
RQM model. The above-mentioned findings are corrobo-
rated in Fig. 11 where the two flavor and the 2þ 1 flavor
phase diagrams for the RQMmodel have been plotted when
mσ ¼ 400, 600, and 700 MeV.
The well separated 2þ 1 flavor RQM model phase

boundary gets located to the left of the two flavor phase
boundary and remains below it even when the two and
2þ 1 flavor phase transitions become crossover in the
entire μ-T plane for the mσ ¼ 700 MeV case. The temper-
ature direction upward shift of the 10.5 MeV (while
the chemical potential decreases by 5.05 MeV) is
noticeable when the two flavor RQM model CEP at
ðTCEP; μCEPÞ2F ¼ ð7.20; 322.50Þ MeV moves up in the
phase diagram for the mσ ¼ 600 MeV case and gets
located at ðTCEP; μCEPÞð2þ1ÞF ¼ ð17.70; 317.45Þ MeV in
the 2þ 1 flavor calculation.

It is clear from Figs. 10(c) and 11 that when the σ meson
mass increases, the downward shift in the location of the
CEP is smaller in the 2þ 1 flavor case if it is compared
with that of the two flavor case of the RQMmodel. It means
that the difference between the two flavor and the 2þ 1
flavor location of the CEP in the temperature direction
increases with the increasingmσ. The above behavior in the
2þ 1 flavor RQM model is caused by a relatively large
reduction in the explicit symmetry breaking strength hy
while hx gets reduced by the same small amount in both the
2þ 1 and the two flavor RQM models. Recall that hx and
hy do not change in the curvature mass parameter fixing of
the QMVT model where one gets an opposite trend of what
one observes in the RQM model when the CEP for the
2þ 1 flavor QMVT model shifts noticeably down in
reference to the CEP of the two flavor case.

C. Modification of the UAð1Þ restoration pattern

The temperature and chemical potential variations of the
meson masses have been computed and the results obtained
in the RQM model have been compared with the corre-
sponding results in the QMVT model. We have taken
mσ ¼ 600 MeV in all of these computations. Figures 12(a)
and 12(b) depict the respective plots in the RQM and
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FIG. 10. Phase diagrams of the present 2þ 1 flavor calculations are compared with the two flavor phase diagrams for the QM, QMVT,
and RQM model calculations taken from Ref. [74] when mσ ¼ 500 MeV.

FIG. 11. Phase diagrams of the present 2þ 1 flavor calcula-
tions are compared with the two flavor phase diagrams for the
RQM model calculations taken from Ref. [74] when mσ ¼ 400,
600, and 700 MeV.
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QMVT models for the temperature variations of the a0, σ,
π, and η0 meson masses on the reduced temperature scale at
zero chemical potential. Note that the chiral crossover
transition temperature is Tχ

c ¼ 158.6 MeV in the RQM
model while it is 170.8 MeV in the QMVT model. In the
RQM model calculation, we have found that the curvature
mass of the η0 meson mη0;c ¼ 1142.48 MeV in the vacuum
(at T; μ ¼ 0 MeV) is significantly larger than its pole mass
of mη0 ¼ 968.89 MeV. A significant enhancement in the
vacuum curvature mass of the a0 meson has also been
obtained in the RQM model as ma0;c ¼ 1125.46 MeV
while the vacuum curvature mass of σ gets noticeably
reduced to mσ;c ¼ 526.8 MeV from its pole mass value of
mσ ¼ 600 MeV, and the curvature mass of π gets reduced
to mπ;c ¼ 135.95 MeV. The sizeable increase in the vac-
uum curvature masses of the η0 and a0 mesons and the
noticeable reduction in the vacuum curvature masses of the
σ and π mesons are explained when one notes that the quark
one-loop vacuum correction causes significant enhance-
ment in the coefficient c (see Table II) of the ’t Hooft
determinant term for the 2þ 1 RQM model.
When T

Tχ
c
¼ 1, the masses of the chiral partners (σ, π) and

(a0; η0) become degenerate because of the chiral symmetry
restoration. One can clearly see from Figs. 12(a) and 12(b)
that the mass difference between mσ ¼ mπ and ma0 ¼ mη0

at T
Tχ
c
¼ 1 is significantly larger in the RQM model when it

is compared with that of the QMVT model. Thus at the
chiral transition temperature, the UAð1Þ anomaly is sig-
nificantly larger in the RQM model. The UAð1Þ symmetry
restoration will take place for T

Tχ
c
> 1 when the degenerate

temperature variations of the σ and π meson masses
coincide with the degenerate temperature variations of
the a0 and η0 meson masses. The nature of the UAð1Þ
symmetry restoration pattern for T

Tχ
c
> 1 can be inferred by

noticing how the merged temperature variation lines for σ
and π masses are approaching the coincident temperature
variations of the a0 and η0 meson masses. We find that the
degenerate temperature variation lines formη0;c andma0;c on

the reduced temperature scale for T
Tχ
c
> 1 approach the

degenerate temperature variations of mσ;c and mπ;c quite
slowly in the RQMmodel in Fig. 12(a) when the results are
compared with the corresponding results for the QMVT
model in Fig. 12(b). Thus it is inferred that the UAð1Þ
restoration gets delayed and a sizable UAð1Þ anomaly
persists even up to T

Tχ
c
¼ 2.6 due to the quark one-loop

vacuum correction when the parameters are fixed by the
exact on-shell method in the RQMmodel. We point out that
the vacuum curvature mass of the a0 meson increases in the
QMVT model also as ma0 ¼ 1086.26 MeV, but this
increase (of about 60 MeV over ma0 ¼ 1028 MeV) is
noticeably less than the increase calculated in the RQM
model. The modifications of the UAð1Þ anomaly caused by
the vacuum fluctuations and its enhancement caused by the
meson vacuum fluctuations have been investigated in the
functional renormalization group framework and reported
in Refs. [75–79].
The RQM and QMVT model plots for a0, σ, π, and η0

meson mass variations on the reduced chemical potential
scale are shown respectively in Figs. 13(a) and 13(b) when
the temperature is T ¼ 30 MeV. The pseudocritical chemi-
cal potential for the chiral crossover transition is μc ¼
312.2 MeV in the RQMmodel while the chiral crossover in
the QMVT model occurs at μc ¼ 328.5 MeV. One notices
that the masses of mesons are nearly constant up to μ

μc
¼ 0.8

and the masses register a rapid drop afterwards and attain
their minimum at μ

μc
¼ 1. The mσ variation in the RQM

model in Fig. 13(a) shows a very sharp drop as it becomes
92.7 MeV at the chiral crossover transition when μ

μc
¼ 1,

while correspondingly for the QMVT model in Fig. 13(b),
the mσ variation drops to the minimum of 165.6 MeV. The
above behavior is expected because in the RQM model we
are near the critical end point as we recall that in the RQM
model the CEP lies at (TCEP ¼ 17.7; μCEP ¼ 317.45) MeV,
while the chiral phase transition in the QMVT model for
mσ ¼ 600 MeV is a crossover in the entire T-μ plane and
the model does not have a CEP. The scalar susceptibility

FIG. 12. The reduced temperature scale variations of a0, σ, π, and η0 meson masses for μ ¼ 0 MeV and mσ ¼ 600 MeV.
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behaves as ∼ 1
m2

σ
and it diverges at the CEP where mσ

becomes zero. Similar to the case of temperature variation,
it is evident that theUAð1Þ anomaly is significantly larger in
the RQM model when μ

μc
¼ 1. It is also clear that the larger

UAð1Þ anomaly persists in the RQM model even when μ
μc

becomes 3. Thus the UAð1Þ anomaly restoration with
respect to the increasing chemical potential also gets
delayed in the RQM model.
Figure 14(a) depicts the reduced temperature scale

variations of the η and η0 meson masses at μ ¼ 0 while
Fig. 14(b) plots the variations of the η and η0 meson masses
on the reduced chemical potential scale for T ¼ 30 MeV.
The vacuum curvature mass of the η meson in the RQM
model is mη;c ¼ 523.97 MeV which shows a slight
decrease from its pole mass mη ¼ 527.58 MeV. The
difference between the vacuum masses of η0 and η mesons
is ðmη0;c −mη;cÞ ¼ 618.5 MeV in the RQM model while it
is ðmη0 −mηÞ ¼ 423.6 MeV in the QMVT model. The η0

meson mass initially decreases and its minimum in the
RQM model occurs at the T

Tχ
c
¼ 1.13 where the mass

difference becomes ðmη0;c −mη;cÞ ¼ 183.7 MeV. The cor-
responding minimum in mη0 occurs in the QMVT model
at T

Tχ
c
¼ 1.11 where the η and η0 mass difference is

ðmη0 −mηÞ ¼ 76.7 MeV. The significantly larger mass
difference between η and η0 masses in the RQM model
at T

Tχ
c
¼ 1.13 tells us that theUAð1Þ anomaly is quite large in

the RQM model even after the chiral crossover transition
has taken place. The above findings corroborate our ear-
lier conclusion that the enhancedUAð1Þ anomaly persists in
the RQM model even up to T

Tχ
c
¼ 3 and UAð1Þ axial

symmetry restoration gets delayed in the RQM model.
The above trend becomes stronger if we consider η and η0

mass variations on the reduced chemical potential scale in
Fig. 14(b) as the mass difference is ðmη0;c −mη;cÞ ¼
287.6 MeV in the RQM model, while in the QMVT model
ðmη0 −mηÞ ¼ 137.93 MeV when μ

μc
¼ 1.06. For μ

μc
> 1.06,

the η0 and η mass difference in the RQM model keeps on
getting reduced as it gradually approaches the correspond-
ing mass difference in the QMVT model.

FIG. 13. The reduced chemical potential scale variations of ma0 , mσ , mπ , and mη0 at T ¼ 30 MeV. mσ ¼ 600 MeV.

FIG. 14. (a) Reduced temperature scale variations of η and η0 meson masses at μ ¼ 0. (b) Reduced chemical potential scale variations
of η and η0 meson masses for T ¼ 30 MeV. mσ ¼ 600 MeV.
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The QM, RQM, and QMVT model plots of η0 and η
meson masses with respect to the quark chemical potential
are presented in Figs. 15(a) and 15(b) for the respective
cases of T ¼ 30 MeV and 100 MeV. Comparing the η0 and
ηmass splitting in the QMmodel with that of the RQM and
QMVTmodels, one can see the effect of the quark one-loop
vacuum correction on the UAð1Þ symmetry restoration
pattern at high baryon densities/chemical potentials.
Since the coefficient c of the ’t Hooft determinant term
increases significantly due to the consistent on-shell
parameter fixing, one gets the largest ðmη0;c −mη;cÞ for
the RQMmodel in the vacuum and near the chiral transition
(μc ¼ 312.2MeV). It is worth emphasizing that when μ ¼
400 MeV in Fig. 15(a), the mass splitting ðmη0;c −mη;cÞ ¼
272.3 MeV in the RQM model becomes smaller than that
of the QM model which is 274.7 MeV. The above behavior
is caused by the fastest growth of mη;c in the RQM model
for the μ > μc. The largest mass splitting is observed in the
QM model with respect to the increasing chemical poten-
tial. When μ ¼ 500 MeV, the respective values of the
ðmη0;c −mη;cÞ in the QM, RQM, and QMVT models are
220, 152, and 127 MeV. One gets a mass gap in the η0 and η
masses at μc ¼ 306.9 because the chiral phase transition is
first order in the QM model when T ¼ 30 MeV. The chiral
transition is a crossover for the QM, RQM, and
QMVT models for T ¼ 100 MeV in Fig. 15(b) and the
respective values of pseudocritical chemical potential μc in
the QM, RQM, and QMVT models are 205.6, 238.3, and
265.2 MeV. Figure 15(b) shows that for higher temperature
T ¼ 100 MeV, 209.4 MeV of equal mass splitting
ðmη0;c −mη;cÞ is observed in both the QM and RQM
models at a smaller chemical potential μ ¼ 336 MeV.
For μ > 336 MeV, the mass splitting becomes largest in
the QM model. The respective values of ðmη0;c −mη;cÞ in
the QM, RQM, and QMVT models are 162, 119, and
94 MeV when μ ¼ 500 MeV.

The masses of mη and mη0 versus the baryon chemical
potential μB have been plotted in Fig. 3 of Ref. [83] for the
QMmodel (formσ ¼ 550 MeV) where the maximum μB is
1.5 GeV which gives the quark chemical potential
μ ¼ 500 MeV. The results of Fig. 3 (middle panel for
T ¼ :1 GeV) in Ref. [83] are very similar to the QM model
result of the present work in Fig. 15(b) where it has been
shown that ðmη0;c −mη;cÞ is significantly large in the QM
model. The results [in Figs. 15(a) and 15(b)] discussed in
the preceding paragraph enable one to conclude that the
fermionic vacuum one-loop correction even in the RQM
model calculations facilitates the UAð1Þ symmetry restora-
tion at high baryon densities μ ≥ 350 MeV. The UAð1Þ
symmetry restoration pattern sets up quite early (on the
chemical potential scale) in the QMVT model after the
chiral transition but some UAð1Þ axial breaking persists
even for very large chemical potentials. It is worthwhile to
point out that Ref. [83] has calculated the topological
susceptibility as an alternative observable of the UAð1Þ
symmetry restoration at high baryon density. The topo-
logical susceptibility has two components: the condensate
controlled one and the meson fluctuation one and the
UAð1Þ restoration is governed by their competition. The
condensates melt at high temperatures but the fluctuations
are enhanced. Therefore the UAð1Þ symmetry restoration
cannot be achieved by the temperature effect alone. Since
the baryon density reduces both the condensates and
fluctuation, the authors of Ref. [83] reach apparently a
model-independent qualitative conclusion that the UAð1Þ
symmetry can only be restored in dense or dense and hot
mediums. However they have pointed out that the quarks
and mesons in their work have been treated in mean field
approximation while the susceptibility has been calculated
above the mean field by including the thermal fluctuation.
In their calculation the above kind of perturbative treatment
may bring in some inconsistency.

FIG. 15. RQM and QMVT model results have been compared with that of the QM Model. (a) Plots of mη and mη0 with respect to the
chemical potential at T ¼ 30 MeV. (b) Plots of mη and mη0 versus the chemical potential for T ¼ 100 MeV. mσ ¼ 600 MeV.
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VII. SUMMARY AND CONCLUSION

This work presents the consistent calculation of the
effective potential in the QCD-like framework of the 2þ 1
flavor renormalized quark-meson model where the quark
one-loop vacuum fluctuation is properly renormalized
when it is included in the 2þ 1 flavor quark-meson model.
The seven running parameters of the model λ1, λ2, c, m2,
hx, hy, and g are determined by relating the MS, on-shell
schemes, and the experimental values of the pion decay
constant fπ , the kaon decay constant fK , the scalar σ meson
mass mσ , the pseudoscalar pion, kaon, eta, and eta-prime
meson masses mπ , mK , mη, mη0 , and the nonstrange as well
as the strange constituent quark masses. The computed
effective potentials, order parameters, and the phase
diagrams for the RQM model have been compared
respectively with the corresponding calculations in the
quark-meson model without the vacuum term and
the quark-meson model with the vacuum term where the
curvature meson masses have been used for fixing the
model parameters. The pion, kaon decay constant fπ , fK ,
the Yukawa coupling g, and the position of the minimum of
the effective potential do not change after the renormaliza-
tion in the RQM model. In contrast to the QMVT model
where the explicit symmetry breaking strengths hx and hy
do not change, the strength hx is reduced by a small amount
while the strength hy gets reduced by a relatively large
amount in the RQMmodel because the pion curvature mass
mπ;c ¼ 135.95 MeV is 2.05 MeV smaller than its physical
mass mπ ¼ 138.0 MeV and the kaon curvature mass
mK;c ¼ 467.99 MeV is 28.01 MeV smaller than its pole
mass mK ¼ 496.0 MeV. Due to the above-mentioned
reason, the 2þ 1 flavor phase diagrams and the CEP
location in the RQM model differ noticeably from the
existing results of the two flavor RQM model. Noteworthy
increase of the ’t Hooft coupling c has also been found in
the RQMmodel. The increase of the UAð1Þ anomaly due to
the meson vacuum fluctuations has already been reported in
Refs. [75,76].
The σ meson mass dependent similarities and differences

are observed in the plots of the vacuum effective potentials,
the nonstrange and strange order parameters, and the phase
diagrams for the QM, QMVT, and RQM models. The
normalized vacuum effective potential difference in the
nonstrange direction is most shallow in the QM model and
becomes deeper in the RQM model; it turns deepest in the
QMVT model when mσ ¼ 400 and 500 MeV. The sharpest
chiral transition occurring in the nonstrange direction of the
QMmodel becomes quite smooth in the RQMmodel while
the excessively smooth and delayed chiral transition is
witnessed in the QMVT model. The RQM model vacuum
effective potential difference in the nonstrange direction
coincides with that of the QMVT model when mσ ¼
658.8 MeV while the temperature variation of the non-
strange condensate and the phase diagrams for both models

coincide with each other when the mass of the σ meson is
10 MeV smaller, i.e. mσ ¼ 648.0 MeV.
The above behavior gets explained when one notes that in

addition to itsΔx-dependent variation, the vacuum effective
potential depends also on the strange constituent quarkmass
parameter Δy. For the higher mσ ¼ 700ð>658.8Þ MeV, the
trends that one obtain for the respective plots of the non-
strange direction effective potential, order parameter, and
the phase diagram for themσ ¼ 500 MeV case get reversed
and the deepest effective potential together with an exces-
sively smooth order parameter temperature variation is
noticed in the RQM model, and the QMVT model phase
boundary stands close to that of the QM model. Since the
explicit symmetry breaking strength hy becomesweaker, the
strange directionvacuumeffective potential difference looks
most shallow in the RQMmodel while it is deeper in theQM
model and deepest in theQMVTmodel formσ ¼ 500 MeV.
The above nature of the effective potential causes a signifi-
cantly large melting of the strange condensate in the
RQM model. On increasing the mσ, the RQM model
effective potential becomes deeper in the strange direc-
tion and merges with the rising QMVT model effective
potential when mσ ¼ 785 MeV. Here, the trend of the
effective potential plot for the mσ ¼ 500 MeV case gets
reversed for quite large mσ ¼ 850 MeV when the effective
potential becomes shallower (deepest) in the QMVT
(RQM) model.
The phase boundary and the CEP for the 2þ 1 flavor and

the two flavor calculations overlap with each other in the
QMmodel. The 2þ 1 flavor phase boundary in the QMVT
model separates from that of the two flavor case near
μ ∼ 200 MeV and the 2þ 1 flavor CEP shifts noticeably
down to the right side of the phase diagram when it gets
compared with the two flavor CEP for mσ ¼ 500 MeV.
Unlike theQMand opposite to that of the QMVTmodel, the
phase boundary obtained in the 2þ 1 flavor RQM model
lies at a noticeable distance below the two flavor RQM
model phase boundary and the 2þ 1 flavor case CEPmoves
upward on the left side the phase boundary (and the CEP)
that one gets in the two flavor RQMmodel [74]. The above-
mentioned findings are corroborated also when the 2þ 1
flavor phase diagrams for themσ ¼ 400, 600, and 700MeV
cases are compared with the corresponding two flavor phase
diagrams in the RQM model. Note that when mσ increases,
the downward shift of the 2þ 1 flavor case CEP is smaller
than the down shift of the two flavor CEP in the RQM
model. The above behavior is again the consequence of the
fact that the strength hy for the 2þ 1 flavor model becomes
weaker by a relatively large amount while the strength hx
gets reduced by the same small amount in both the 2þ 1 and
the two flavor RQM model. Recall that hx and hy do not
change in the QMVT model where one gets an opposite
trend of what one observes in the RQM model when the
CEP for the 2þ 1 flavor QMVT model shifts noticeably
down in reference to the CEP of the two flavor case.
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The variation of a0, σ, π, η0, and η meson masses, with
respect to the reduced temperature and chemical potential,
tells us that the enhanced UAð1Þ anomaly persists in the
RQM model even up to T

Tχ
c
¼ 3 and μ

μc
¼ 3. The mass

difference ðmη0;c −mη;cÞ between the curvature masses of
the η and η0 is significantly larger in the RQM model near
the chiral transition when T

Tχ
c
¼ 1.11 and μ

μc
¼ 1.06. Thus

immediately after the chiral transition, significant UAð1Þ
anomaly strength persists in the RQMmodel and theUAð1Þ
axial symmetry restoration gets somewhat delayed in
comparison to the QMVT model. The quark one-loop
vacuum correction even in the RQM model calculations
facilitates the UAð1Þ symmetry restoration at high baryon
densities μ ≥ 350 MeV and the UAð1Þ restoration trend
sets up early on the chemical potential scale in the RQM
model when the results are compared with the QM model.
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APPENDIX A: QMVT PARAMETER FIXING

This appendix presents a brief description of the param-
eter fixing procedure in the QMVT model as given in
Ref. [59]. The vacuum meson mass matrix is written as

m2
α;abjQMVT ¼ ∂

2ΩΛðx; yÞ
∂ξα;a∂ξα;b

				
min

¼ ðmm
α;abÞ2 þ ðδmv

α;abÞ2: ðA1Þ

Here, the ðmm
α;abÞ2 expressions for α ¼ s; p and a; b ¼

0; 1;…; 8 are the same as the vacuum values of the meson
masses m2

α;ab which were originally evaluated for the QM
model under s-MFA in Refs. [18,19] by taking the second
derivatives of the pure mesonic potential at its minimum.

The vacuum (T ¼ 0, μ ¼ 0) mass modifications on account
of the fermionic vacuum correction are given by

ðδmv
α;abÞ2 ¼

∂
2Ωvac

qq̄

∂ξα;a∂ξα;b

				
min

¼ −
Nc

8π2
X
f

��
2 ln

�
mf

Λ

�
þ 3

2

��
∂m2

f

∂ξα;a

��
∂m2

f

∂ξα;b

�

þ
�
m2

f

2
þ 2m2

f ln

�
mf

Λ

��
∂
2m2

f

∂ξα;a∂ξα;b

�
: ðA2Þ

Here jmin denotes the global minimum of the full grand
potential in Eq. (10). The first m2

f;a ≡ ∂m2
f=∂ξα;a and

second m2
f;ab ≡ ∂m2

f;a=∂ξα;b partial derivatives of the
squared quark mass with respect to the different meson
fields are evaluated in Ref. [19] in the nonstrange-strange
basis. The values of these derivatives can be found from
Table III of Refs. [19,59]. The mass modifications given in
Eq. (A2) due to the fermionic vacuum correction were
evaluated in Ref. [59] and different expressions of
ðδmv

α;abÞ2 are presented in Table VI for all the mesons
of the scalar and pseudoscalar nonet.
In the QMVT model calculations, the vacuum mass

expressions in Eq. (A1) that determine λ2 and c are
m2

π ¼ ðmm
π Þ2 þ ðδmv

p;11Þ2, m2
K ¼ ðmm

KÞ2 þ ðδmv
p;44Þ2, and

m2
ηþm2

η0 ¼m2
p;00þm2

p;88 where m2
p;00¼ðmm

p;00Þ2þðδmv
p;00Þ2

and m2
p;88¼ðmm

p;88Þ2þðδmv
p;88Þ2. We can write m2

η þm2
η0 ¼

ðmm
η Þ2 þ ðmm

η0 Þ2 þ ðδmv
p;00Þ2 þ ðδmv

p;88Þ2 where ðmm
η Þ2 þ

ðmm
η0 Þ2 ¼ ðmm

p;00Þ2 þ ðmm
p;88Þ2. Using mass modification

expressions ðδmv
α;abÞ2 given in Table VI, one writes

ðmm
KÞ2 ¼ m2

K þ Ncg4

64π2

�
x −

ffiffiffi
2

p
y

x2 − 2y2

�
ðx3X þ 2

ffiffiffi
2

p
y3YÞ;

ðmm
π Þ2 ¼ m2

π þ
Ncg4

64π2
x2X and

ðmm
η Þ2 þ ðmm

η0 Þ2Þ ¼ ðm2
η þm2

η0 Þ þ
Ncg4

192π2
ð3x2X þ 6y2YÞ:

ðA3Þ

fπ and fK give vacuum condensates according to the
partially conserved axial vector current (PCAC) relation.
x ¼ fπ and y ¼ ð2fK−fπffiffi

2
p Þ at T ¼ 0. The parameters λ2 and c

in vacuum are obtained as

λ2 ¼
3ð2fK − fπÞðmm

KÞ2 − ð2fK þ fπÞðmm
π Þ2 − 2ððmm

η Þ2 þ ðmm
η0 Þ2ÞðfK − fπÞ

ð3f2π þ 8fKðfK − fπÞÞðfK − fπÞ
; ðA4Þ
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c ¼ ðmm
KÞ2 − ðmm

π Þ2
fK − fπ

− λ2ð2fK − fπÞ: ðA5Þ

When expressions of ðmm
π Þ2, ðmm

KÞ2, and ððmm
η Þ2 þ ðmm

η0 Þ2Þ from Eq. (A3) are substituted in Eq. (A4), Eq. (A5) and the
vacuum value of the condensates are used, the final rearrangement of terms yields:

λ2 ¼ λ2s þ nþ λ2þ þ λ2Λ where λ2s ¼
3ð2fK − fπÞm2

K − ð2fK þ fπÞm2
π − 2ðm2

η þm2
η0 ÞðfK − fπÞ

ð3f2π þ 8fKðfK − fπÞÞðfK − fπÞ
;

n ¼ Ncg4

32π2
; λ2þ ¼ nfπ2

fKðfK − fπÞ
ln

�
2fK − fπ

fπ

�
and scale dependent part λ2Λ ¼ 4n ln

�
gð2fK − fπÞ

2Λ

�
; ðA6Þ

c ¼ mK
2 −mπ

2

fK − fπ
− λ2sð2fK − fπÞ: ðA7Þ

Note that λ2s is the old λ2 parameter fixed in the QM/PQM
model calculations in Refs. [18,19,48]. Here, the curvature
mass parametrization in the QMVT model generates an
addition of (nþ λ2þ) to λ2s and further, one gets a scale

Λ-dependent addition λ2Λ to the expression of the λ2 in
Eq. (A6). The Λ dependence completely cancels in the
evaluation of c and its value remains the same as in the QM
model. The parameter m2 can be expressed in terms of λ1
using the scale Λ-independent formula of m2

π (given in
Appendix B of Ref. [59]), and putting x ¼ fπ and
y ¼ ð2fK−fπffiffi

2
p Þ, one gets

m2 ¼ m2
π − λ1

�
f2π þ

ð2fK − fπÞ2
2

�
−
f2π
2

�
λ2v − 4 ln

�
fπ

ð2fK − fπÞ
��

þ c
2
ð2fK − fπÞ: ðA8Þ

When the formula of m2
σ (given in Table I) is used with the vacuum values of the masses m2

s;00, m
2
s;88, m

2
s;08 and the above

expression of m2 is substituted in it, one gets the numerical value of λ1 for different values of mσ. The fermionic vacuum
correction does not change the explicit symmetry breaking parameters hx and hy.

TABLE VI. The superscript m in ðmm
α;abÞ2 symbolizes the meson curvature masses calculated from the second derivatives of the pure

mesonic potential Uðx; yÞ. The mass modifications ðδmv
α;abÞ2 due to the fermionic vacuum correction are shown in the right half.

Symbols used in the expressions are defined as X ¼ f1þ 4 lnðgx
2ΛÞg and Y ¼ f1þ 4 lnð gyffiffi

2
p

Λ
Þg.

Meson masses calculated from pure mesonic potential Fermionic vacuum correction in meson masses

ðmm
a0Þ2 m2 þ λ1ðx2 þ y2Þ þ 3λ2

2
x2 þ

ffiffi
2

p
c

2
y ðδmv

s;11Þ2 − Ncg4

64π2
x2ð4þ 3XÞ

ðmm
κ Þ2 m2 þ λ1ðx2 þ y2Þ þ λ2

2
ðx2 þ ffiffiffi

2
p

xyþ 2y2Þ þ c
2
x ðδmv

s;44Þ2 − Ncg4

64π2
ðxþ

ffiffi
2

p
y

x2−2y2Þðx3X − 2
ffiffiffi
2

p
y3YÞ

ðmm
s;00Þ2 m2 þ λ1

3
ð7x2 þ 4

ffiffiffi
2

p
xyþ 5y2Þ þ λ2ðx2 þ y2Þ −

ffiffi
2

p
c

3
ð ffiffiffi

2
p

xþ yÞ ðδmv
s;00Þ2 − Ncg4

96π2
f3ðx2X þ y2YÞ þ 4ðx2 þ y2Þg

ðmm
s;88Þ2 m2 þ λ1

3
ð5x2 − 4

ffiffiffi
2

p
xyþ 7y2Þ þ λ2ðx22 þ 2y2Þ þ

ffiffi
2

p
c

3
ð ffiffiffi

2
p

x − y
2
Þ ðδmv

s;88Þ2 − Ncg4

96π2
f3
2
ðx2X þ 4y2YÞ þ 2ðx2 þ 4y2Þg

ðmm
s;08Þ2 2λ1

3
ð ffiffiffi

2
p

x2 − xy −
ffiffiffi
2

p
y2Þ þ ffiffiffi

2
p

λ2ðx22 − y2Þ þ c
3
ffiffi
2

p ðx − ffiffiffi
2

p
yÞ ðδmv

s;08Þ2 − Ncg4

8
ffiffi
2

p
π2
f1
4
ðx2X − 2y2YÞ þ 1

3
ðx2 − 2y2Þg

ðmm
π Þ2 m2 þ λ1ðx2 þ y2Þ þ λ2

2
x2 −

ffiffi
2

p
c

2
y ðδmv

p;11Þ2 − Ncg4

64π2
x2X

ðmm
KÞ2 m2 þ λ1ðx2 þ y2Þ þ λ2

2
ðx2 − ffiffiffi

2
p

xyþ 2y2Þ − c
2
x ðδmv

p;44Þ2 − Ncg4

64π2
ðx−

ffiffi
2

p
y

x2−2y2Þðx3X þ 2
ffiffiffi
2

p
y3YÞ

ðmm
p;00Þ2 m2 þ λ1ðx2 þ y2Þ þ λ2

3
ðx2 þ y2Þ þ c

3
ð2xþ ffiffiffi

2
p

yÞ ðδmv
p;00Þ2 − Ncg4

96π2
ðx2X þ y2YÞ

ðmm
p;88Þ2 m2 þ λ1ðx2 þ y2Þ þ λ2

6
ðx2 þ 4y2Þ − c

6
ð4x − ffiffiffi

2
p

yÞ ðδmv
p;88Þ2 − Ncg4

192π2
ðx2X þ 4y2YÞ

ðmm
p;08Þ2

ffiffi
2

p
λ2
6

ðx2 − 2y2Þ − c
6
ð ffiffiffi

2
p

x − 2yÞ ðδmv
p;08Þ2 − Ncg4

96
ffiffi
2

p
π2
ðx2X − 2y2YÞ
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APPENDIX B: TADPOLE TERMS

The expressions of tadpole contributions in the self-energies are
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where F ðmu;msÞ ¼ 2muAðm2
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APPENDIX C: INTEGRALS

The divergent loop integrals are regularized by incor-
porating dimensional regularization,
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where d ¼ 4 − 2ϵ, γE is the Euler-Mascheroni constant,
and Λ is the renormalization scale associated with the MS:
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Equations (C5) and (C6) are valid with the constraints (p2 < 4m2
f) and (p2 > 4m2

f) respectively:
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�
Λ2

m2
u

�
þ Cðp2; mu;msÞ

�
; ðC7Þ

Cðp2; mu;msÞ ¼ 2 −
1

2

�
1þm2

s −m2
u

p2

�
ln

�
m2

s

m2
u

�
−
Gðp2Þ
p2

�
arctan

�
p2 −m2

s þm2
u

Gðp2Þ
�
þ arctan

�
p2 þm2

s −m2
u

Gðp2Þ
��

; ðC8Þ

Gðp2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðms þmuÞ2 − p2gfp2 − ðms −muÞ2g

q
; ðC9Þ

C0ðp2; mu;msÞ ¼
m2

s −m2
u

2p4
ln

�
m2

s

m2
u

�
þ p2ðm2

s þm2
uÞ − ðm2

s −m2
uÞ2

p4Gðp2Þ
�
arctan
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�ðp2 þm2
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��
−

1
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: ðC10Þ
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