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We show how to formulate celestial twistor amplitudes in Yang-Mills (YM) and gravity. This is
motivated by a refined holographic correspondence between the twistor transform and the light transform in
the boundary Lorentzian CFT. The resulting amplitudes are then equivalent to light transformed correlators
on the celestial torus. Using an ambidextrous basis of twistor and dual twistor variables, we derive formulas
for the three- and four-point YM and gravity amplitudes. The four-point amplitudes take a particularly
simple form in terms of elementary functions, with a striking correspondence between the YM and gravity
expressions. We derive celestial twistor Britto—Cachazo—Feng—Witten recursion relations and show how
these may be used to generate the four-point YM amplitude, illuminating the structure it inherits from the
three-point amplitude and paving the way for the calculation of higher multiplicity light transformed
correlators. Throughout our calculations we utilize the unique properties of the boundary structure of
split signature, and in order to properly motivate and highlight these properties, we first develop our
methodology in Lorentzian signature. This also allows us to prove a holographic correspondence between

Fourier transforms in Lorentzian signature and shadow transforms in the Euclidean boundary CFT.
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I. INTRODUCTION

Celestial holography seeks to describe the properties of
fundamental theories in holographic terms from a con-
formal field theory perspective defined on the celestial
sphere of asymptotically flat spacetimes. This utilizes
insights and techniques from the well-established AdS/
CFT correspondence, as well as from the infrared structure
of gauge and gravity theories in flat space directly. Major
progress has been made in this field in the past few years,
and there are now a number of excellent reviews of the
subject—see, for example, Refs. [1-6]. An important part
of this work is the study of the scattering amplitudes of
particles on the celestial sphere, which can be interpreted as
conformal correlators. Considerable work has been done on
this at tree level [7—15], and in particular, general formulas
for tree-level MHV and NMHV n-point amplitudes have
been derived in [16]. At loop level, results are now being
obtained [17-20], but, in general, the celestial amplitudes
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found so far take rather implicit or relatively complex
forms, notably in comparison with the simplicity of some
standard results for spacetime amplitudes, such as the
n-point Parke-Taylor formula for tree-level MHV ampli-
tudes in four-dimensional spacetime. A simple way to obtain
celestial amplitudes is to perform a Mellin transform in the
energy of each external particle, which turns momentum
eigenstates into boost eigenstates [10,21]. However, mass-
less four-point amplitudes obtained in this way contain a
delta function enforcing momentum conservation from the
bulk, which complicates their interpretation as conformal
correlators. Thus, we are motivated to investigate other
spaces and transformations which describe flat space ampli-
tudes in a conformal way, in particular, twistor space.
Witten’s pioneering paper on amplitudes in twistor
space [22] described a geometry underlying the spinor
formulations of amplitudes, leading to many new insights.
For N = 4 super Yang-Mills (YM) amplitudes, for exam-
ple, the “half-Fourier” transformation to the twistor space
formulation of an amplitude was developed in detail
(see [23] and references therein). Somewhat later, in [24]
ambidextrous twistor amplitudes in (2,2) signature space-
time were shown to take remarkably simple forms, with
this work prompting a variety of new developments in
amplitude research. Much has happened since—for a recent
brief overview of amplitudes research, see [25], and for
detailed reviews of different areas, see the SAGEX
papers [6,26—40]. The ambitwistor string has played a
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key role in a number of developments (cf. [32]). This has
recently been applied to derive operator expressions for a
broad class of celestial amplitudes in [15] and to develop
celestial OPEs in [41]. The half-Fourier transformation to
twistor space has a closely related ambidextrous light
transform analogue; this was explored in [42], providing
insights into the light transformed basis of states, as well
as a concise integral formulation for n-point celestial
amplitudes, localizing on positive energy regions of the
Grassmannian. All-order formulas in the MHV sector have
been derived using the twistor string very recently in [43].
In addition, top-down twistorial approaches to celestial
holography have recently been proposed in [44-46].

Given the insights that twistor theory has provided in
amplitudes research, and recent progress in this field, it is
then natural to ask if the study of celestial twistor amplitudes
might provide a route to further progress in the celestial
program. In this paper we will develop a formalism to derive
these celestial twistor amplitudes and show how this gives
explicit results for Yang-Mills and gravity.

The outline of the paper is as follows. In the first half of
the paper, Secs. [I-IX, we develop the general formalism
required to discuss celestial amplitudes in Lorentzian or
split signature spacetime and the various bases we have
available to describe them. While the second half, Secs. X
and XI, is devoted to celestial twistor amplitudes and the
Britto—Cachazo-Feng—Witten (BCFW) recursion relations
they satisfy.

We begin in Sec. II by outlining the structure of quotient
spaces and representations that will arise in subsequent
sections. Then, in Sec. III we review a general framework
for defining the asymptotic states used to build scattering
amplitudes in asymptotically flat spacetimes with signature
(1,3), beginning in momentum space before shifting focus
onto conformal primary states which live on the celestial
sphere at the null boundary of spacetime. This includes a
discussion of the extended little group and the chiral Mellin
transform introduced in [12]. In Sec. IV we discuss the basis
of conformal primaries, which are constructed via the
shadow transform, and its relation to the Fourier basis. In
Sec. V we bring these results together, showing how the
Fourier, shadow, and Mellin transforms are related within a
commuting diagram, and in Sec. VI we describe the Fourier-
transformed amplitudes. Then, in Sec. VII we use the same
methodology to explore how these results are modified in
(2,2) signature spacetime. Here the structure of the extended
little group implies that celestial states have imaginary
helicity and also discrete parity indices labeling even and
odd representations. Once again, we discuss how the chiral
Mellin transform in split signature constructs celestial states.
In Sec. VIII we give the light transformed basis, and finally,
in Sec. IX we show how the half-Fourier, light, and Mellin
transforms are related by a commuting diagram.

In Sec. X we then turn to the study and derivation of
celestial twistor amplitudes. With insights from the earlier

analysis, we begin with analytically continued (2,2) sig-
nature amplitudes, mapping these to Mellin space via a
chiral Mellin transform. We use this approach to find the
three-point Yang-Mills amplitudes, taking care to identify
the even and odd states under the Z, parity subgroups of
the extended little group. We discuss the regularization
needed to evaluate the integrals, basing this on the key
requirement that the Mellin transform is invertible on a
suitably defined strip of definition.

Next, we derive four-point amplitudes using the same
general approach. Beginning with the (+—+-) helicity
amplitude, we show that there are eight separate non-
vanishing cases, with different parities. The integrals
require careful regularization but lead to a very simple
expression based on four rational functions of the cross-
ratios and weights, from which the different parity cases
can be found via (anti)symmetrization. The (++——)
amplitude is related to this result by a certain derivative
operator, and we see that this has a simple action, leading to
a similarly concise form of the amplitude.

Following this, we apply these methods to derive the
three- and four-point gravity amplitudes. The three-point
amplitudes are found to be analogues of the YM cases,
differing just by changes from sgn functions to mod
functions and the doubling of the number of poles, as
might be expected. The four-point amplitudes are also
found to be strikingly similar to the YM case, exhibit-
ing the same basic correspondence mentioned at three
points.

Finally, using Mellin transforms we derive a celestial
analogue of the BCFW twistor recursion relations in
Sec. XI, which enables an iterative construction of celestial
twistor amplitudes. Furthermore, we find an equivalent but
formally simpler recursion relation involving subampli-
tudes with the glued internal legs in the Mellin basis and not
light transformed. To illustrate the application of these
results we use them to rederive the four-point amplitudes
presented earlier. This explains the origin of the remaining
key features in the four-point amplitude not fixed by
conformal covariance, a conclusion which we expect to
apply in more general cases.

After concluding remarks in Sec. XII, summarizing
our results and highlighting further possible extensions
of our work, we provide more details in several appendixes:
all-but-one-leg celestial twistor amplitudes required in
the four-point BCFW (Appendix A), details of the map
between Fourier and shadow transforms and back
(Appendix B), formulas for the bulk conformal generators
(Appendix C), proofs that the shadow and light transforms
are self-inverse (Appendix D), the result of all-leg
shadow transformed gluon amplitudes in split signature
(Appendix E), a discussion of transforms in complexified
spacetime and slices thereof (Appendix F), the inverse
chiral Mellin transform (Appendix G), and our spinor
conventions (Appendix H).
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II. PRELUDE ON QUOTIENTS
AND REPRESENTATIONS

Before diving into the myriad asymptotic states and
transforms of the celestial sphere/torus, we discuss a few
guiding principles of harmonic analysis and representation
theory that appear frequently (see for example [47,48] for a
more detailed exposition on the ideas explained here).
Repeatedly, we will encounter spaces and their quotient
spaces, related to each other by “dividing out” by some
symmetry group. Our goal here is to make this notion
precise and, in particular, to explain how functions living
on spaces and their quotients are related. We shall do this
through two simple examples that will appear later in this
work, before stating the general framework.

For the first example consider the space of real numbers
without zero: R,. This space has a Z, symmetry which
maps points x — —x. We can quotient this space using this
symmetry by “gluing” points together with the equivalence
relation x ~ —x, giving us (R,/~) = R,. The map that
takes us from the original space to the quotient space is the
projection map p, which in this case is simply the absolute
value p(x) = |x|. Diagrammatically it is common to write
these spaces vertically, with the quotient space below the
original one:

Jp : (2.1)

The structure we have just described is actually a trivial
principal Z, bundle. In fact, all the examples of quotient
spaces we consider are principal G bundles, for some
Abelian group G; however, we will try to avoid using such
language whenever possible.

Now let us consider a function living on the original
space, f:R, — R. A natural question is how we can
encode this function in the quotient space without losing
any information. The answer is that the single function f on
the original space becomes two functions f, and f; on the
quotient space, labeled by the trivial and fundamental
representations of Z,. These are of course just the even
(fo) and odd (f,) parts of the function f, but their
interpretation in terms of representations generalizes to
more complicated examples. These even and odd pieces are
constructed from the original function f in the usual way,
by taking even and odd linear combinations of the function,
but let us write this in a compact and suggestive form

F=5 X

ceZy={+1.-1}

S fex), (2.2)

for s =0,1. In other words, we construct the f, by
summing over the group elements in Z, while letting these
elements act on the argument of f, and we include a phase

factor depending on the representation. This is a recipe that
we will use for all of the other groups in this work, be they
continuous or discrete. Note here that the functions f,(x)
can be considered as functions on either R or the original
space R, since their even and odd properties let us extend
their definition from x > 0 to x < 0. This is a freedom we
will often use in other examples. In particular, this lets us
recover the original function on R, by simply summing
over the representations

f(x) = Folx) + f1(%).

Thus, even though the projection map p is not invertible,
we can go between functions on the full space and the
quotient space at will.

As a second example consider the space of real numbers
R with the symmetry group of translations x — x + ¢, also
denoted by R. If we quotient the space R by gluing points
together related under translations (x ~ x4 ¢ for any
c €R), then the quotient space is simply a point, which
we denote as {0} = R/~. The projection map is then
trivial: p(x) = 0 for all x € R, and we can write the spaces
diagrammatically as

(2.3)

R
| (2.4)
{0}

Now let us consider a function on the original space
f:R — R. To describe this function on the quotient space
we follow the same recipe as the previous example: one
function on the space R will become a family of functions
on the quotient space {0}, labeled by representations of the
group of translations R. The irreducible representations of
the translations (plus the trivial representation) are labeled
by a number k € R, so we write the functions in the quotient
space as f(k,x). They are again constructed from the
original function by letting the group act on f and summing
over the group, with a phase corresponding to the repre-
sentation

Flk,x) = i/Ho dce™*f(x + c).

2.5
o) (2.5)
As before, the f(k,x) can be thought of as living at the
point x = 0 (or any other point) or as a function on the
original space R. This is due to the property

flk,x +¢) = e* f(k, x). (2.6)
Thus, if one is given the function f(k,0) and the property
above, one can extend it to the whole real line. Once again,
this property lets us recover the original function by
summing over the representations
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lkaX—FC)

[0 / [

The integral transforms (2.5) and (2.7) above are, of course,
Fourier transforms. However, normally one would work
exclusively with f(k,0) and consider k and x as conjugate
variables in separate spaces. There are benefits to each one
of these interpretations, and we shall use both in the rest of
the paper.

Let us briefly summarize the general case: For a generic
space P and a symmetry group G that acts on points x € P
as x.g, the quotient space P/G is the set of equivalence
classes under the relation x ~ x.g for all geG. The
projection map p:P — P/G then maps points in P to
their equivalence class

(2.7)

P

I (2.8)
/

P/G

For the spaces that we will consider in this work, a function
f on the original space P is encoded in the quotient space
by a family of functions f,, labeled by the irreducible
representations (and trivial representation) r of G. These f,
are always constructed using the same recipe:

7o) = IK“’ 9)f (x.9). (2.9)

geG

where K(r,g) is a function (often simply a phase) of the
group element g and the representation r. This kernel is
“covariant” under the action of G in the sense that it
satisfies’

K(r,gh) = K(r,g)K(r, h) (2.10)
for all g,h€G. This implies that the f,(x) has the
following homogeneity property under the action of g € G,

H, (). (2.11)

fr(xg)=K(r.g
Thus, the f, can be thought of as living either on P or the
quotient space P/G since the above property lets us restrict

or extend their definition. Finally, to recover the original
function f we simply sum over all of the f,,

'Note that, as previously mentioned, every group G we
consider here is Abelian, so the order of multiplication does
not matter.

7 = Y . (2.12)

r

In this work the space P will be a space of spinors, either
in the Lorentzian or split signature. We shall then quotient
this space by the (extended) little group to obtain the null
cone and celestial sphere/torus. We can also quotient by
translations of spinors to obtain twistor space, etc. The
discussion above concerns functions on these spaces, but it
applies equally well to the asymptotic states and amplitudes
that we are interested in. Thus, to find maps between states
in each space, we can simply follow the general formu-
las (2.9) and (2.12). These maps will be the Mellin, Fourier
transforms, etc., and their respective inverses.

In the next section we will begin with an analysis of the
Lorentzian case, discussing split signature in Sec. VII. One
could also begin with general independent complex spinors
and then take various slices; we comment on this approach
in Appendix F.

III. LORENTZIAN SIGNATURE SPACETIME

In this section, we review a general framework for defining
asymptotic states in flat spacetimes. We begin in Lorentzian
momentum space [(+,—, —, —) signature] before shifting
focus to the celestial sphere at null infinity. We call the space
of states on the celestial sphere Mellin space since it is
obtained by a Mellin transform of momentum eigenstates.
These Mellin space states transform as conformal primaries
under SL(2,C), and hence amplitudes built from these
states transform as conformal correlators. There are diverse
approaches taken in defining these conformal primary states;
in this section and what follows, we find it very useful to
follow Banerjee’s extended little group approach [49].

Here and throughout the rest of the paper we write
everything in terms of spinor-helicity variables 1,, A, such
that massless momenta are given by pa; = Agdy (We will
often suppress the indices on the spinors in the discussion).
We always regard 4,1 as homogeneous coordinates for a
particular projective space—be it the null cone of massless
momenta or the celestial sphere/torus, etc. Homogeneous
coordinates make our formulas considerably tidier and
make manifest the links between the momentum space
and Mellin space representations. From the perspective of
the holographic CFT, the use of spinor-helicity variables
2,2 is simply a version of the embedding space formalism
specific to a two-dimensional CFT.

A. Little group

The little group plays a central role in defining asymp-
totic states. We begin in momentum space where asymp-
totic particle states are labeled by a complex spinor A
corresponding to momentum p; = 4,4, We denote the
complex conjugate spinor by 4,
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A=e€l", (3.1)
where ¢ = +1 for either incoming or outgoing momentum.
Thus, in the (1,3) signature the space of on-shell spinors
is (1,€) €C? x Z,.

This parametrization of a null momentum in terms of
spinors is not unique since the following little group
transformations leave the momentum invariant:

Ao > €9, Ay > e07,. (3.2)
Hence, the little group of massless momentum in (1,3)
spacetime is U(1), corresponding to rotations about the
direction of the null momentum.” The freedom to transform
spinors according to (3.2) implies the spinor variables
act as homogeneous coordinates for the space of massless
momenta, and the projection is exactly (1,4) > pus=Aoda
In other words, we quotient the space of spinors by little
group transformations to obtain the space of massless
momenta, given by p,, €R, x CP! x Z,.

Asymptotic particle states are homogeneous functions
of the spinor variables and transform in representations of
the little group. For the little group of null momenta,
U(1) representations are labeled by a half-integer helicity
JezZ/2. Thus, we write asymptotic particle states in
Lorentzian spacetime as

2, 2; ). (3.3)
and under little group transformations, we have
le2, e~ 00 0) = (e®)2|1, 25 7). (3.4)

The universal cover of the Lorentz group in (1,3) is
SL(2,C) [since SO"(1,3) = SL(2,C)/Z,], and the trans-
formation of these states under this group is encoded in the
spinors through

|’1m j’(‘l; J> - |M(1/}/1/3’ M{‘lﬁj’ﬁ; ‘]> 4 (35)

where M,/ is an SL(2, C) matrix.

The process we have described above is our first example
of the general case laid out in Sec. II. We have a group
action on the space of spinors which we then quotient out.
We then define states in the quotient space as functions of
spinors (regarded as projective coordinates on the space)
labeled by representations of the group and transforming
homogeneously under the group action.

2Here, we are ignoring, as usual, the two “continuous spin”
generators of the massless little group in order to recover the
usual notion of helicity.

B. Banerjee’s extended little group

The little group transformations described above exactly
correspond to rotations about the direction of the null
momentum, so they stabilize p,,. On the celestial sphere,
however, we are only interested in preserving the direction
the momentum is pointing in. Thus, one could consider an
extended little group which only preserves the null direc-
tion. This is the approach presented in [49], which extends
the little group to include boosts.

In (1,3) signature these boosts simply scale the momen-
tum by a positive real number, bER,,

Paa = bpaa- (36)

Note that there is no SL(2, C) transformation acting on the
spinors which changes the sign of the energy of the
momentum; i.e., there is no boost in SO*(1,3) which
turns an incoming state into an outgoing one. This is a
crucial difference with (2,2) signature which we will
discuss in Sec. VII B.> We can write the new boost scalings
(3.6) as a rescaling of the spinors

A= Vbl i— Vb (3.7)
Combining the positive real boost of the spinors with
the usual U(1) little group gives us the extended little
group C, = U(1) x R, in Lorentzian signature, which we
write as

A=yh A= (3.8)
for any y € C,. Again following the general recipe, we then
quotient the space of on-shell spinors by the complex
rescalings (3.8) to define the celestial sphere CP!:=
C2/C,. Next we build conformal primaries from celestial
states in Lorentzian signature, with discrete helicity J
labeling the representation of U(1), and continuous con-
formal dimension A labeling the representation of R,

(3.9)

where we have h:=1(A+J) and h:=1(A—J). These
states (3.9) have the following homogeneity property,

lyA, 5 s b, hY = y=2h572k1) J: b, 1), (3.10)

and transform under SL(2, C) like conformal primaries in a
two-dimensional Euclidean CFT,

One could, however, still quotient by Z, in Lorentzian
signature and consider even and odd combinations of ingoing
and outgoing states. Such even combinations were used in [50].
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Vs s T ) = |M P g, 10755 1, ).

(5)e()on) = o armies s
x‘(zll>,e<zll>;h,ﬁ>, (3.11)

where the transformed coordinates z’,7 are given by a
Mobius transformation. In the above we have defined the

affine coordinate z = % (in the patch 4, # 0) and used the
homogeneity property which implies

'(i)e(i)h iz> = 22072 2 D b RY. (3.12)

It is only when we consider affine coordinates on the
celestial sphere that the dependence on the incoming/
outgoing parameter ¢ from (3.1) is made manifest. In
(3.12) we can only scale by 1, (the complex conjugate of
A,) and so e appears explicitly. Note here that (extended-)
little group scalings can be applied to every leg of a celestial
amplitude individually. In other words, we can choose to
scale one leg using (3.10) and leave the others alone, in
contrast to the SL(2, C) transformations which are applied
to every leg. This clean separation between SL(2,C) and
the little group is lost once we use the affine coordinates
(z,Z), as can be seen in (3.11).

Our job now is to find an explicit construction to go
between the usual momentum eigenstates and these
celestial states. There are, in fact, two distinct but interre-
lated bases for celestial conformal primaries in a Euclidean
CFT—the Mellin basis and the shadow basis—and each
has its own integral transform. In the following section we
will first study the Mellin transform, and only later will
we study the shadow basis. We again use homogeneous
coordinates to make a number of expressions more com-
pact. In addition, we find that the chiral Mellin transform
discussed in [12] is often more natural than the usual
nonchiral Mellin transform over just the particle energy.
Finally, before moving on let us summarize the structure of
the spaces we have just discussed diagrammatically,

Spinor space: C2 xZs
|
Null cone: Ry xCP! x Zy

l/ Ry

Celestial Sphere: CP! x Zs

(3.13)

C. Chiral Mellin transform

As explained in Sec. III B, states on the celestial sphere
can be expressed in terms of homogeneous conformal

primaries. Constructing these homogeneous states can be
achieved with a Mellin transform, and as discussed in
Sec. II, the use of integral transforms to build homogeneous
functional representations of groups is very general. In a
recent paper by the current authors and Brandhuber and
Travaglini [12], a “chiral” form of the Mellin transform in
affine coordinates was introduced (we note here that this
chiral Mellin transform has appeared in the literature
previously; see for example [48]). In this section we will
recap this formalism but working in homogeneous coor-
dinates from the start and then showing how to recover the
affine expressions.

We define (1,3) celestial states in terms of the following
(1,3) chiral Mellin transform:
:L, Q/\@uy'z_ﬂh\u/l,ﬁb,

27i Jo, U u

l,:l;h,ﬁ):

(3.14)

Note that this transform is clearly in the general form of
(2.9). The celestial state (3.14) is homogeneous under
complex rescalings of the spinors with weights /4, 7, and
thus, using (3.11), it is also a conformal primary with the
same weights.

Since we are interested in building celestial conformal
correlators for a particular theory, be it Yang-Mills or
gravity, we will always Mellin transform a function which
is already homogeneous under the little group with some
helicity /. Thus, the definition above is equivalent to the
usual nonchiral Mellin transform over the particle energy
[21], once we integrate out the little group degree of
freedom. This integral over the compact U(1) takes the
form of a discrete Fourier transform, and we recover a
Kronecker delta

M Ash, D) :5”/00 dwo® "ol Vol 1), (3.15)
0

which identifies the bulk helicity [ with the holographic
helicity J := h — h. A consequence of this is that the only
freely varying weight of a celestial state is the conformal
dimension A.* To make our notation more compact, we will
often drop the explicit label / with the understanding that
the Kronecker delta imposes h — h = 1.

The noncompact integral is a Mellin transform over the
R, scale and maps to modes labeled by a continuous
complex weight A. The convergence of the Mellin trans-
form depends on the behavior of the function |/@A, \/@A)
for large and small values of w. In general, a Mellin
transform converges for some “strip of definition” [51]. For
the @ Mellin transform with A = a + iR, we then have

“The chiral Mellin transform may act on a general Lorentz
covariant function of a spinor and, by design, will build a function
which transforms as a conformal primary with weights A, J,
where now these are both free parameters.
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convergence for real a in some interval (a;, a,). Assuming
asymptotic behavior O(|A,|7?) for large |4,| ~ |4, and
O(|A4|~%) for small |4,| ~ |14/, then the strip of definition
(ay,a,) must lie within the strip (g, p). Then the Mellin
inversion theorem (see [51] for example) guarantees that
we can invert by integrating A along a contour within
the strip of definition (al,az) this ensures that at least
g < a < p. Mellin inversion is demonstrated directly in
Appendix G for a celestial state in homogeneous coor-
dinates and is only slightly different from the usual inverse
Mellin transform in affine coordinates.

The generators of the conformal group of the four-
dimensional bulk spacetime are naturally written in terms
of spinors 4,1, for example, generating the conformal
symmetry of Yang-Mills. As such they can also be defined
in Mellin space using 4, 1 as homogeneous coordinates. A
full list of such generators can be found in Appendix C.
While the conformal generators in affine coordinates are
discussed at length in [12], they take a much simpler form
in homogeneous coordinates, as shown below. We define
the generators in Mellin space by simply commuting them
with the chiral Mellin transform. As an example we can
consider the spinor derivative d, and act with a chiral
Mellin transform which scales as 4 — u4,

du d -1
Tu/\—uu2hﬁ2h—0a|u/1,ﬁ/1> 0 e
ci  u u

). (3.16)

Thus, the spinor derivative acting in Mellin space is simply
dae‘%"h. To compare this with the affine coordinate version,

using (3.12) we have
0, e‘i"hM Ah, h)

— L0, 9=2h7-2h
= 0,72 157" A5

(1)<
()| (1))
L))

—a
(3.17)
where we changed variables {A;,4,} — {z.4,} with
7z =21 /4 = —2A*/A, recovering the expression for the
spinor derivative found in [12].

= )32 /‘1521'1 (

IV. SHADOW TRANSFORMED BASIS

We have described celestial states that are built from a
Mellin transform, but this is only one of the bases for
conformal primaries. In a Euclidean CFT (corresponding to
a Lorentzian signature bulk spacetime) there is another
basis of conformal primaries which is constructed via the
shadow transform; see [52,53]. On the other hand, we will

see, in Sec. VIII, that in a Lorentzian CFT (split signature
bulk) there are also bases built by performing a light
transform on either of the spinors A or /.

This network of conformal primary bases, as well as the
integral transforms that build them, has been explored in d
dimensions for Euclidean CFTs in [54] and for Lorentzian
CFTs in [55]. Importantly, the conformal primaries in
these bases transform in equivalent representations of the
conformal group, meaning that there exist intertwining
operators which map between them. These intertwining
operators are exactly the shadow and light transforms, and
their existence is controlled by the restricted Weyl group.
The restricted Weyl group is a finite group of reflection
transformations of the weights A and J such that the
eigenvalues of the Casimir operators of the conformal
group are left invariant, and continuous and discrete
weights are not mixed [55]. The quadratic Casimir oper-
ators of the two-dimensional conformal group of the
celestial sphere/torus are given by those of the Lorentz
group of the bulk. These are’

i =

(mapm® + i, ﬂm"ﬁ) ~Tr(M?),

CE = ( aﬁmaﬂ - m&/?ﬁ/ldﬂ) ;prMﬂ Mre, (41)

N »—‘-lklr—‘

where we have employed the notation used in [12] for the
Lorentz generators and, at the level of the generators of the
Lorentz algebra, there is no distinction between (1,3) and
(2,2) signatures. Note that the existence of the parity-odd
quadratic Casimir C; is a particular aspect of the four-
dimensional Lorentz algebra (and thus specific to two-
dimensional CFTs).

Using the explicit form of the Lorentz generators in
Appendix C, we find that the eigenvalues of the above
Casimir operators acting on a conformal primary are
given by

cgzzh(l—h)+2ﬁ(1—ﬁ):A(z—A)—

—h)=2J(1-A). (4.2)

In the case of a Euclidean CFT the spin J is a discrete,
half-integer weight and thus cannot mix with the continu-
ous weight A; as such we can only map A — 2 — A and
J — —J. Thus, the restricted Weyl group is Z, [55] and is
generated by the shadow transform.

We deal with the Lorentzian CFT case, that is, the split
signature bulk, in Sec. VIII where the new feature is that the
spin J is continuous and so the restricted Weyl group is
larger, with new elements which mix A and J. This gives
rise to the light transform. We will also discuss unifying the
Euclidean CFT and Lorentzian CFT pictures in Appendix F
by complexifying spacetime.

>See, for example, Appendix F of [56].
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For now we focus on the Euclidean CFT case, where the

shadow transform in affine coordinates is given by
[52,53,57,58]

{6

x (i)e(i)hh> (4.3)

where the normalization of the above is chosen such that
§? = 1d, as shown in Appendix D.

The shadow transform (4.3) can be written in homo-
geneous coordinates, in which case we integrate over the
complex projective spinor 4. We define a shadowed
celestial state as

1—h,1—h)

j2h=2h a7 o B

X |4, A; h, h),

(4.4)

where we have used homogeneous coordinates u,ji to
describe the shadowed celestial conformal primary.” It is
now trivial to check that the integral over 4, 1 is projectively
well defined, and the shadowed state has weights
h—>1—-hh—->1—h, or A—2—-A,J——J under
rescalings of the p, ji spinors—thanks to the economy of
the homogeneous coordinates, this is enough to show that it
transforms as an SL(2, C) conformal primary. Furthermore,
the conjugate 4, ji spinors take the same incoming/outgoing
prescription as the A, 7, and this ensures that the integration
kernel and measure are independent of e.

The shadow transform above can be combined with the
chiral Mellin transform to give a single transform which
takes momentum eigenstates and maps them to shadowed
conformal primaries on the celestial sphere,

®Note that in our spinor bracket conventions, listed in
Appendix H, (1dA) A [Ad]] = —dz A dZ = 2i d(Re(z))d(Im(z)),
which explains the additional normalization by a factor l in the
defmmon of the shadow transform when compared to [53]

"We have also departed slightly from the historical notation
conventions appearing in the literature where the conjugate of 4,
is labeled with a tilde, fi,. These previous conventions mean that a
tilde always denotes a helicity +% object; with our choice, this is
not the case. Instead, a tilde denotes an object with index &
transforming with a complex conjugate SL(2, C) matrix.

F

Momentum Basis Fourier Basis

Chh Ci_hi-n

S

Mellin Basis Shadow Basis

FIG. 1. 'We denote the chiral Mellin transform with weights #, h
by C), ; the Fourier transform by F, and the shadow transform by S.

o i 1 = h, 1= h)
=202 — 2h) - L
= AdA AdA) (A2 [ A2

1 dn

du
X — 2N TR y2hg2h A, 1A
2mi u u jud, 2 4)

th—Zhr(z —2h) ~ s
=" @I A LA a2, ),
o) ). ()20 P2 4,5

(4.5)

where we have used that the measure d?1 A d24 is given
by —uit(AdA) A [AdA] A dii A du.

The shadow transformed state is labeled by homogeneous
coordinates u,, fi, to emphasize that it can also be regarded
as living on an entirely different dual space to the usual
momentum space and its associated celestial sphere. We will
explore this point of view in the next section where we show
that the shadow transformed state can be recovered by
performing a chiral Mellin transform on a Fourier trans-
formed state. This adds a new (1,3) signature version to the
existing duality between light transformed conformal pri-
maries and twistor eigenstates found in [42].

V. FROM FOURIER TO SHADOW

The expression for the shadow transform above (4.5) has
many similarities with a Fourier transform acting on the
spinors. In fact we can make this completely concrete in
terms of a commuting diagram of integral transforms,
shown in Fig. 1.

We now prove the closure of this diagram by showing
that a Fourier transform in spinor space followed by a chiral
Mellin transform is exactly the shadow (4.5). The Fourier
transform we consider is the following:

1
47

s i) _ / A A 22T ED ) 7). (5.1)
Here we work in Minkowski signature so the spinor
brackets are complex, and the integration kernel above
can be written as exp(2i Re(4u)).® As before, the conjugate
U, i spinors take the same incoming/outgoing prescription
as the 4, 1.

*In our conventions, listed in Appendix H, (Au)* = [fi ).
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The transform (5.1) differs from the more conventional
null Fourier integral

/ d4p5+(p2)€_ip'k.

However, such a transform is little group invariant, and
we have seen that the little group is crucial in controlling
the holographic behavior of scattering states. Our Fourier
transform is the combination of two “twistor” or half-
Fourier transforms—it has the same kernel, iZ - W, as the
full Fourier transform from twistor to dual twistor space but
is integrated over an orthogonal region of the phase space
A, Z, u, fi. We can show by direct calculation that the Fourier
transform (5.1) is self-inverse, F2 = Id. This is different
from the usual Fourier transform property of F> = P where
P is a parity or “time” reversal operator. In our case the
angle/square bracket products are skew symmetric, and this
ensures that F is exactly self-inverse.

A familiar consequence of the little group covariant
Fourier transform is that the spinor 4 now has helicity +1/2
and /i has helicity —1/2, which is the opposite of the spinors
A and 1. This can be seen by commuting the helicity
operator through the Fourier transform

1 1.~ 1 0 1 0
= —_ %) 299, ~—y* ~a
J 2" + 277 27 ou” ofi%

(5.2)

= —-Jr, (5-3)

where ~ here means “conjugate to” under transform (5.1).

The eigenvalue of the operator 7 remains unchanged,
which is guaranteed by simply commuting 7 through the
Fourier transform. However, we have also defined the
operator 7, which generates a little group transformation
of the u,, fi; spinors based on their SL(2,C) holomor-
phicity. That is,

Jr= j|,1_,ﬂ_}1_,,~4§ (54)

therefore, it performs a little group transformation in a way
that exactly mimics that of the spinors A, A:

i) = |ep, ef). (5.5)
Thus if the eigenvalue of 7 is J then the eigenvalue of J
is —J. This is reminiscent of the action of the shadow

transform, and we can see this even more clearly with the
dilatation operator

1 1 1 9 1. 0
di= =290, + ~J9 4+ 1~ — o e 2
24 a0t M o T 2H o

= —dp, (5.6)

where again we have defined the operator dr which is
defined in Fourier space and generates a dilatation of the
U, fi spinors.

Now we transform to the celestial sphere by performing
a chiral Mellin transform on a Fourier state (5.1) with
weights k, k. Then relations (5.3) and (5.6) become

J=h—h~—(k—k)=-Tp.

d=-h—-h+1~k+k-1=—dp, (5.7)
so we must identify k = 1 — 4 and k = 1 — h which are the
same shifts generated by a shadow transform.

The Mellin transformed Fourier state is given by

L[ di di
ok k) =o— | — A — %P 1, 7 i)
1 d’ di

2k 2k

271'1 A

d2/1 A 27t B 7Y (5.8)

471

which we will now show is a shadowed conformal primary.
First we change variables ¢ = #(Au), & = 7[ji 1] to obtain

1 d_" A @ o2k 52k pilo+5)
2ri o c

« / 2a A IO, (5.9)
CZ

i k. k) =

‘We can write this in a form similar to the shadow transform
if we encode the expected shifts of the weights as
k=1—=h,k=1-h,

il —h,1=R)

:Wézdzﬂ/\d2;1</1ﬂ>2h_2[ﬂ;1]2}_1_2|)“’z>’ (510)

where we have defined

7= / dé A doo'~2g1-2heil0+0), (5.11)

The final, although nontrivial, step is to evaluate the
integral Z and compare Eq. (5.10) with the shadow trans-
form (4.5). The evaluation of 7 is contained in Appendix B,
and we find that

'(2-2h)

T =2ri —2] _ —
T(2h—1)

(5.12)

To compare to the shadow transform we use the second
form above. Plugging this expression for Z back into (5.10)
we find

i 1 = h, 1= h)
#2002 = 2h) - S
= PAAEIp) 2 a2, 2,
s G221, 7)

(5.13)
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which agrees exactly with the shadow transform (4.5),
hence proving that the diagram of integral transforms
commutes. In Appendix B, we also prove this equivalence
in the other direction, by performing an inverse chiral
Mellin transform on a shadowed conformal primary to
recover a Fourier transformed momentum eigenstate.

VI. FOURIER AMPLITUDES

Having established the commuting diagram in Fig. 1, we
now have a new method of computing shadow transformed
celestial amplitudes. One can take an amplitude in momen-
tum space and Fourier transform any number of the external
legs with (5.1). Then, after a chiral Mellin transform, these
legs become shadow transformed operators in a conformal
correlator. We can choose how many legs to shadow
transform; for example, in the literature single-leg shad-
owed gluon amplitudes have been considered in [50,59]
while in [60] both single-leg and all-leg shadow transforms
were computed for amplitudes involving massless and
massive scalars.

To illustrate the logic above, we examine a simple
amplitude: the tree-level four-point amplitude from mass-
less ¢* theory,

(6.1)

4
Af =00 (3ol ).

i=1

where ¢ is the dimensionless coupling. This theory has
been considered before in the celestial context at loop level
in [61]. If we simply Mellin transform this amplitude we
run into the usual delta function constraint §(z — z) of four-
point kinematics, where z is the conformal cross-ratio on
the celestial sphere [10]. This constraint demands that the
external legs lie on a great circle, which is formed from
the intersection of the scattering plane and the celestial
sphere. To remove this constraint one might hope that
performing various shadow transforms will “smear out”
this singularity. As demonstrated above, we can do this by
first performing Fourier transforms on, say, the first m legs,

met 1
4 = (471'2)'”

/ [T (@4 A dhieiCrsiinag (6.2)
i=1

and then performing Mellin transforms on all legs. We can
rewrite the momentum conserving delta function appearing
in the amplitude as an integral,

4

A 1 i 7l

A <Z'1j/%‘> = 2 / e 2o i)
=1

Substituting this into (6.2) and exchanging the order of
integration we have

(6.3)

mgt _ 9 4 T 2 27
A4 _W/dx/gdll/\dll

X exp <i2[1 ilx14;) + Z i((Au) + [,ﬂ])) . (64)

j=

The 4, integrals are just complex Gaussian integrals which
we can perform by completing the square

1
At =_9 / a*
N CTLN AT

xexp (=Y b+ 30 i) 69

Jj=m+1

Generically performing this final x integral is difficult;
however, if we choose to Fourier transform all legs we find

o ECRE GO

4
=00 (o).
j=1

The Fourier transformed amplitude we have obtained above
is identical in form to the original amplitude. However, the
delta function now imposes “special conformal conserva-
tion” since the generator of special conformal transforma-
tions k,, in the Fourier basis acts multiplicatively. Indeed,
the momentum and special conformal generators swap
roles under the action of the Fourier transform,

(6.6)

NERLRU
ad EYE a;ld Halas
~ F 0 0

- aﬂa aﬂ(z : (67)
This can be seen by simply pulling the usual momentum
space generator through the Fourier transform; see
Appendix C for more details. In fact, we could have predicted
the delta function in (6.6) since tree-level amplitudes in ¢*
theory are conformally invariant. Note that the all-leg Fourier
amplitude (6.6) has mass dimension 44 which is the opposite
of the original amplitude, and this trend continues at n-points.
This flipping of the mass dimension, which is due to the mass
dimension of the measure of (5.1), is reminiscent of the action
of conformal inversion. In Appendix C we argue that the
variable k., = —p i, 1s the dual momentum associated with
conformally inverted position space, so the action of Fourier
transforming induces an active conformal inversion trans-
formation in position space.9 That an active conformal

That Fourier conjugation is directly related to bulk conformal
inversion is not too surprising, given that conformal inversion on
the boundary variables z, Z is related to the nonidentity element of
the Weyl group, that is, the shadow transform [62].
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inversion should be associated with exchanging A and u
spinors was also noted in [23].

If we now perform a Mellin transform on every leg of
the Fourier transformed amplitude (6.6), we will obtain the
all-leg shadowed celestial amplitude. However, this will
simply give us the original celestial amplitude but with
A — p and 1— f1, and, in particular, there will still be a
delta function of the conformal cross-ratios. Thus, although
the shadow transform can “smear out” delta function
singularities, this is clearly not always the case—the all-
leg shadow can reintroduce delta functions of its own.

One might now like to study Fourier amplitudes of
gravitons and gluons; however, the integrals required
become significantly more involved than the above exam-
ple, even at low points. Thus, here we will simply make
some comments on Fourier transformed pure gluon ampli-
tudes and leave the further study of these ideas to future
work. As discussed already, and explored more in
Appendix C, under the Fourier transform (5.1) the con-
formal generators are related according to an automorphism
of the algebra. The generators d, J, m, m are sent to minus
their equivalents in y, i while the momentum and special
conformal transformations are exchanged. In short, a
Fourier transformed gluon amplitude inherits conformal
symmetry and is annihilated by identical differential
operators, but now written in terms of u, fi. It should then
have significant similarities with the momentum space
amplitude. For example, special conformal symmetry is
generated by the multiplicative operator p,ji; (summed
over all legs), and hence the gluon amplitude with all legs
Fourier transformed should have a delta function which
enforces special conformal invariance.

The difficulty of actually performing Fourier transforms
(5.1) on amplitudes is in part due to the fact that the spinors
1, are complex conjugates in Lorentzian signature. The
integrals above become more tractable if instead we work
in split signature spacetime where the spinors 4, 1 are real
and independent. Indeed, this will allow us to show in
Appendix E that the analogous all-leg Fourier transformed
tree-level gluon amplitude in split signature takes the same
form as the original amplitude. This extends the result
shown here in ¢* theory to pure Yang-Mills but only in this
particular spacetime signature.

Thus, in the following section and for the rest of the
paper we will work in split signature. We begin by first
repeating the analysis of the (extended-)little group for null
momentum which is qualitatively different in (2,2) signa-
ture. Our main purpose in using split signature is that this
will allow us to construct “half” versions of the Fourier and
Mellin transforms which only act on 4 or 7, and, as was
shown in [42,63], these are related to the “half” version of
the shadow transform: the light transform. Using these new
transformations and the relations between them, we will see
in Sec. X that certain light transformed celestial amplitudes
take a particularly simple form.

VII. SPLIT SIGNATURE SPACETIME

We now shift our focus away from Lorentzian spacetime
and consider split signature spacetime instead. As we
shall see, this has a number of benefits including allowing
connections to twistor space; see for example [22,23,64].
Our aim is to study celestial twistor amplitudes in (2,2)
signature and link these to light transformed correlators.
Celestial twistor amplitudes are defined, as one might
expect, through a chiral Mellin transform of an amplitude
in twistor space. In order to land on the correct form of the
chiral Mellin transform, we follow an analogous path to
that of Sec. IIl—we start by examining the little group in
(2,2) signature.

A. Little group

In split signature spacetime, (+,—,+,—), we require
that null momenta p,, = A,4, be real. This is achieved by

making A and 1 independent and real two component
spinors,

(7.1)

In (2,2) spacetime the null boundary has only one compo-
nent; thus, asymptotic states are not labeled by an incom-
ing/outgoing parameter. In fact, whether momentum is
future or past pointing is not a Lorentz invariant notion in
(2,2) since there exist SO™(2,2) transformations which
take p,q t0 — paeas as has been noted before in [63,65,66] for
example. The space of spinors in split signature is thus
(2, 2) €R2 x R2.

In (2,2) the little group is R, = R, X Z,, and its action
on the spinors is given by

Ao V> Cly, Ay = c Vg, (7.2)

for any nonzero real number c. In order to land on the space
of massless momenta in (2,2) signature, we then quotient
by R, to give p,, €R? x RP! locally.

The representations of the little group R, = R, x Z, are
labeled by two numbers:

(1) A continuous imaginary helicity J € iR which labels

a representation R, .
(2) A discrete “helicity” s;€0,1 Ilabeling the two
representations of Z,.

The asymptotic particle states are then denoted as

4,20, 5,), (7.3)

and they transform homogeneously under the little group

lcA, ™' 250, 5,) = || sgn(c) = |A, A, T, s,).

(7.4)

The appearance of absolute values and sgn functions is a
completely general feature of split signature spacetime
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objects and is a consequence of the real disconnected little
group R, =R, x Z,.

The “helicity” s; denotes states which are even s; = 0
and odd s; = 1 under the little group transformation which
flips the sign of both spinors,

| = A=A J,s;) = (=)™ A4, ], 5)). (7.5)

The fact that s; controls even and odd symmetry in (2,2)
suggests we should associate s; =0 with bosons and
s; = 1 with fermions.'” Interestingly, this “Bose-Fermi sym-
metry” is completely independent of the continuous helicity J
of the particles. Split signature is generally discussed as an
analytic continuation of theories in (1,3) signature with half-
integer helicity, and we shall follow this approach here as well.
Bootstrapping theories exclusively in (2,2) signature using its
unique little group is an interesting problem in its own right.
In the context of CFTs, continuous helicity has appeared
multiple times; see for example [55,67,68].

Finally, in (2,2) signature the universal cover of the
Lorentz group is SL(2, R) x SL(2, R), and it acts on states
through

s Jais 1o 55) = |Mbdg, M55 0.5,), (7.6

where M, and M’ are independent SL(2, R) matrices.

B. Banerjee’s extended little group

The extended little group in (2,2) is given by independent
rescalings of either spinor by a nonzero real number. It is
the group R, xR, =R, xR, x Z, x Z,, and it acts
according to the transformation
1 — )7;1,

A= ya, (7.7)

where y and y are nonzero real numbers. On top of the
usual little group (7.2) this corresponds to an extension
which includes boost rescalings of the momentum by any
nonzero real number

p — bp, (7.8)

where b may be negative. The existence of Lorentz trans-
formations which flip the sign of the momenta is a special
feature of (2,2) signature. As mentioned previously, there is
a single null asymptotic boundary in split signature, and all
scattering states are defined on this space. This leads to the
novel situation of a scattering vector which combines with a
vector of asymptotic particle states to compute the ampli-
tude for a particle “process” to occur in the bulk [65].
We conclude that in (2,2) signature the spinors 4, 7 serve
as real homogeneous coordinates for the projective space
RP!' x RP! = R2 x R2/(R, x R,), which is the celestial

"°In Appendix F we demonstrate, by considering complexified
spacetime, that s, is directly associated with the (1,3) helicity J; 3,
giving s, = 0 for integer J; 3 and s; = 1 for half-integer J 3.

torus. Conformal primaries on the celestial torus are built
from (2,2) signature celestial states with imaginary helicity
J and a discrete helicity s; as well as two new weights:
(1) A complex conformal dimension A € 1 + iR label-
ing representations of the positive real boosts.
(2) A discrete weight s, €{0, 1} which labels the Z,
symmetry under A — —A. Correspondingly, we have
57 €{0,1} which labels the Z, symmetry under
A= =
Hence, (2,2) signature celestial states are denoted as

|/1,/~1;J, s A sy) = M,Z;h,sh,}_z, s7), (7.9)

where we have also defined h:=1(A+J)" and h:=
(A = J). We have taken a slightly altered route in defining
(2,2) signature states in this way.

The transformation law of the states (7.9) under the
extended little group rescalings is

lyA. 5 25 b sy, b, s7)
A‘v j; h? Shs }_la sil>’

(7.10)

= [y[72" sgn(y)~* 5| sgn(5) "

where once again we have the appearance of absolute
values and sgn functions, which is due to the unique
topological properties of R22.'? Note that only positive
numbers, like |y|, are raised to a complex power, while
sgn(y) is raised to either the power zero or one."® This has
the benefit of removing branch cut ambiguities arising from
raising a negative number to a complex power.

The (2,2) signature celestial states transform under
SL(2,R) x SL(2,R) like conformal primaries in a two-
dimensional Lorentzian CFT,

|’1m j'('l; h, Sho Ijl’ S;_,> g |Mgﬂ/,’, M{izﬁ’ h, Shs ]:l, S;l>

Z z -
1 ) l ;hs Sh, hv s}_l

- |cz 4 d| sgn(cz + d)~ ez +d|7"

<Zl/>,<zl/>;h,sh,}_z,s;l>. (7.11)

It is worth pausing here briefly to explain the relationship
between the states described above and others appearing
in the celestial literature [42,63]. By including the sign
transformations A — —4 and 1 — —1, we are quotienting

x sgn(¢z +d)"

""We use h, h for the weights in both (1,3) and (2,2) signature
despite them being distinct quantities. Which of the two is
intended should be clear from the context.

An excellent explanation of these properties of split signa-
ture is given throughout [64].

3Similarly, in (1,3) signature wherever we have a phase, it is
also always raised to integer powers 2J while the modulus of a
complex number is raised to a complex power A.
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FIG.2. Quotienting of the celestial torus with two patches (first diagram) by 2 — —A and 4 — —1 results in a smaller single patch torus
(second diagram). Intuitively, one obtains the second diagram by folding the edges in along the dotted lines. The blue arrows here

indicate that the opposite edges are identified.

the space R? x R2, by R, x R, and not just R, x R . This
means that instead of considering two patches on the
celestial torus, we consider only one. To see this consider
just one chirality of spinor, say A. If one uses only positive
rescalings in the little group, then the two affine patches

z

()
are distinct, and together cover one circle of the celestial
torus. By including negative rescalings we glue these two
patches on top of each other; see Fig. 2. As discussed in
Sec. IT we do not lose information by doing this; instead we
simply have more asymptotic states labeled by the repre-
sentations Z, x Z,: s, and sj. In the two-patch approach
states are labeled by the patch they belong to but can
move from one patch to the other under the action of
SL(2,R) x SL(2, R). In the one-patch approach, however,
states are labeled by their symmetry properties. These
symmetries can be used to constrain the corresponding
celestial amplitudes, as we shall see explicitly in Sec. X.

(7.12)

C. Chiral Mellin transform

Based on the split signature homogeneity property (7.10),
celestial states are homogeneous functions of a pair of real
spinors with weights (h, s, h, sj,), and as usual, we build
homogeneous functions via Mellin transforms. A celestial
state in (2,2) signature is then defined by the following chiral
Mellin transform acting on a momentum eigenstate,

= . 1/ dii  du -
i,l;h,s,h,s— = — TA—MZhﬁ2h
LR oS3 =g Jo o Tal T

x sgn(u)* sgn(@d)*|ud, ul).  (7.13)

Once again we note that this transform is in the general form
of (2.9), and again we denote a chiral Mellin with weights
h,h, sy, s; as C5- In (7.13) we integrate over R, scalings
for each spinor, which includes both positive and negative
“energies.” Since in (2,2) signature the spinors are real and
independent, the integrals over u, iz are separable, and each
constitutes a Mellin transform on its own—this was not the
case in (1,3) signature. It can be easily checked (for example
by checking the homogeneity or expressing it in affine
coordinates z,Z7) that the above state transforms as a
conformal primary on the celestial torus.

Due to the altered (2,2) signature chiral Mellin trans-
form, the four-dimensional bulk conformal symmetry
generators in (2,2) signature receive slight modifications
to take into account the fact that they also carry the
discrete weights s, s;. These generators are described in
Appendix C.

We can see the even and odd states explicitly by writing
our states in terms of a chiral Mellin transform over just
positive energies,

|/1,/~1;h,sh,}_z,s,;>
diu d . ~
::/ Tu/\—uu%ﬁy’|u/1,ﬁ/1;sh,s;,>, (7.14)
RtxRrt+ U u

where we regard the above as performing two of the usual
R*-Mellin transforms over 4, A on the even/odd projection
states given below:

~ 1 ~
245 510 5) = 5 > eneiled.ed).

e=*1e=+1

(7.15)

Clearly the projection to an even/odd state loses informa-
tion about the original state unless we consider all the above
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combinations in tandem.'* The Mellin transform over R*
preserves information about the state since it is invertible.
We can recover the original state from the following inverse
Mellin transform:

4, 3) = / artieo d(2h) / atieo d(2h)

—ico 2ri d—ioco 2ri
X Z Z h,s3).  (7.16)
5,=0,1 5s3=0,1

This is again simply a sum over representations and follows
the general form of (2.12). The (2,2) signature chiral Mellin
transform (7.13) has inverse (7.16) since it is just a
symmetrized sum of products of two independent Mellin
transforms, and the proof is analogous to that contained in
Appendix G.

As with (1,3) signature celestial states, in (2,2) signature
we will often act with the chiral Mellin transform on a
momentum eigenstate which already transforms with
some helicity under the little group. For a chiral Mellin
transform of a state in (2,2) signature with imaginary
bulk helicity / and discrete helicity s;, we can simplify
the symmetrization sum in (7.15) using a little group
transformation,

)

1
Spnlosp) = 4_1(1 + (=1)fwtsitse)(

+(-1 )shl—/1 A1)

=643 Ze‘h|€/1 AL s).

e==+1

(7.17)

Furthermore, for such a state, the integral over the little
group degrees of freedom in (7.16) can also be done directly,

h, Siolysp)

:ﬂi(S(J—l)éS]‘S,/oodwa)A_l Zesh|€\/(—o—/1,\/5;1, L,sp).
0 e==1

(7.18)

We have recovered a Dirac delta from the noncompact
integral, which follows from the important identity

/ " dox! = 27is(a). (7.19)

0

This holds for @ = iy pure imaginary for which we can write
8(a) = —id(y). In the above case (7.18) this is true by default
when we consider representations of the little group which

"“The method of summing over incoming/outgoing parameters
for (2,2) celestial amplitudes has been used in [66,69] and was
even used in (1,3) signature in [50]. Here, only a fully sym-
metrized sum was considered, so only a part of the amplitude was
studied.

have imaginary helicity."” The constant function f(x) = 1 is
Mellin dual to a delta function, which is the analogue of the
fact that the Fourier dual of f(y) = 1 is also a delta function.
Namely, we can show (7.19) by making the change of variable
x = ¢” and using the representation of the delta function as

1
_ l}’y
() =5 / dye

Since f(x) = 1 is always order O(1) the “strip of definition”
where the Mellin transform is only marginally convergent is
just the imaginary axis. We hence require a regularization
scheme given by

i dye”" —/ dye'ry=ebl

(7.20)

2w

1 1 1

2z <iy +e iy-— e> =), (721)
where ¢ is a small positive number. Regularization schemes
like the one above will be ubiquitous in the rest of the paper as
we will often come across marginally convergent Mellin
transforms. Regularization schemes are chosen such that
the Mellin transform has an inverse. All schemes used in the
remainder of this paper essentially boil down to the use of the
above identity whose validity is guaranteed by the Fourier
inversion theorem.

Given states or amplitudes already transforming under the
little group, an economical alternative to the chiral Mellin
transform is the half-Mellin transform, first introduced in
[42], where we only integrate over the scale of one spinor,

s,) = /| 2 sena) 2 K L)

du
:EAN . 2h263h|€u/1 Xils).

e==+1

(7.22)

Note that the above state is equivalent to (7.18) with the
Dirac and Kronecker deltas stripped off. Indeed one can
check that (7.22) is homogeneous under rescalings of 1
with weight A=h—1[ and s; = s5;, — s, mod 2. Additionally,
the half-Mellin transformed state where we instead inte-
grate over the scale of A, is equal to (7.22). This can be
shown by writing # = u in the first line of (7.22) and using
a little group transformation.

As explored at length in Sec. X, we can also take
amplitudes from (1,3) signature with half-integer helicity
[ and analytically continue them into (2,2) signature—we
will always use the half-Mellin transform in such cases for

It is often necessary to relax this condition and allow a to be
any complex number. In such cases we recover a generalized
delta function [70]. This is crucial when we (2,2) Mellin trans-
form analytically extended amplitudes from (1,3) signature which
have half-integer helicity; in fact we sidestep this by performing
only the half-Mellin transforms of [42].
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its practical benefits. This entails using the above for-
mula (7.22) but with [ half-integer, in which case s, satisfies
s; =2l mod 2.

The new features of split signature go beyond just the
changes to the (extended) little group; as mentioned in
Sec. IV the collection of different bases for conformal
primaries on the celestial sphere expands when we consider
the Lorentzian boundary CFT. In the next section we describe
these new light transformed bases for conformal primaries.

VIII. LIGHT TRANSFORMED BASIS

We now turn to the question of what other bases of
conformal primaries exist on the celestial torus. Once again
we can use the restricted Weyl group to indicate the existence
of intertwining operators which map to new bases.

In (2,2) signature, the quadratic Casimir operators are
still given by (4.1), and since the Lorentz generators take
the same form as in (1,3) signature (cf. Appendix C), the
Casimir eigenvalues are also given by (4.2), which we
repeat here:

cy =2h(1 =h)+2h(1 —h) = A2 -A) - J?,

c; =2h(1—h)=2h(1 —h) =2J(1 - A). (8.1)
In a two-dimensional Lorentzian CFT, the helicity J is
continuous and thus can mix with A. For this reason there
exists additional intertwining operators that map between
representations equivalent to the Lorentzian principal
|

(2 - 2h)

continuous series. The restricted Weyl group thus expands

to Z, x Z, with the new elements corresponding to the

reflections mixing A and J,
h->1-heA->1-J,
h—>1-h&e A1+,

J—->1-A,

J—>A-1, (8.2)
which are the light and dual light transforms. The shadow
transform in a Lorentzian two-dimensional CFT is simply
the product of these commuting elements, giving the
interpretation of the light transforms as the “half-shadow
transforms.”

With the extended little group as a guiding principle, we
will now define explicit formulas for the light transforms.
Before we begin, note that the discrete weights s, and s, do
not appear in the Casimir eigenvalues, so representations
with differing values of s, and sj; could, in principle, be
equivalent. The only possible Weyl reflection would be
to relate the even and odd Z, representations so that
s, = 5, + 1; however, it is a trivial fact that the even and
odd representations of Z, are not equivalent. Simply put, the
lack of an intertwining operator for even/odd representations
corresponds to the fact that we cannot antisymmetrize a
function which is already even. A consequence of this is that
the light transforms do not change the weights s, and s;,.

The light transform in homogeneous coordinates is given
by a projective integral over the spinor .. We define the
light transformed celestial state as

|,u,/~1;l —h,h, sy, s7) = i~

FG-h+P(h-%

We will denote this light transform operation symbolically as
L. Ttcan be easily checked that the new state is an SL(2, R) x
SL(2,R) conformal primary with shifted weights 1 — A, A,
while the discrete weights s, sj; are unchanged as expected.
This formula for the light transform is adapted to the novel
(2,2) chiral Mellin transform which builds states homo-
geneous under R, scalings. Note, however, that since (8.3)
leaves the discrete weights s,,, 57, invariant, its group theoretic
behavior is equivalent to the light transforms presented
elsewhere in the literature, for example [63].16

|

] (2 - 2h
s A 1= hy sy, Losy) = 7% — (Sh ) Sy 1
i F(Z - 2/’1)

- [ PP s )

2 TG+ P37

y / () |(ap) P2 sgn((4pa)) (2. 3 b sy 7). (8.3)

The definition (8.3) features a factor of i~ despite
the fact that s, is only defined mod 2. Nevertheless, the
entire formula is invariant when we shift s, — s, + 2
thanks to compensation from the gamma function factors
TG = h+2)(h—2%—1)]7". In fact, the normalization in
(8.3) is chosen such that L> = 1, as shown in Appendix D.

We can recast the light transform in a compact form by
combining it with a half-Mellin transform which, as
explained above Eq. (7.22), acts on a momentum eigenstate
with (2,2) helicity / and s,

1 d -
/ (Ad2) | (g 2 sgn () ) & / D sen(uyud, B 1 5)
RP!

2 Jr, |ul

A"z; lv S1>,

(8.4)

"In [63], a definition of the light transform was given which acts on states living in two patches of a celestial torus labeled by an
incoming and outgoing parameter. This is not the same as the above definition, but it contains completely equivalent information, just

not separated into even and odd parts.
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where we have used the fact that the measure @1 breaks up
into |u|du(AdA). This measure is in fact the only thing
responsible for the weight shift behavior 7 — 1 — & of the
light transform, and its independence of sgn(u) is the
reason why s, is unchanged.

The light transformed state is labeled with a pair of
spinors u, 1 much like a twistor. Indeed under rescalings
of both spinors y, 1 we have the weight —2(1 — h + h) =
—2(1 — ) which is the usual scaling of a twistor. Of course,
unlike a twistor the celestial state (8.3) is homogeneous
under rescalings of each spinor independently. As one
might expect, the bulk conformal symmetry generators in
the light transformed basis in Appendix C also have many
similarities with those in twistor variables; for example, all
generators are first order differential operators.

The connection between light and twistor transforms was
made concrete in [42], and we will spend some time
refining this relation in Sec. IX.

For completeness we record the formula for the dual
light transformed state

i h, 1 =Ry sy, s7)
['(2-2h)
G- F+ re-5-7
“ / )| [ 21122 sgn([7 A)) |4, Js B, By s 5.
RP!

(8.5)

— %

We will also refer to this dual light transform operation
as L.

IX. FROM TWISTOR TO LIGHT

The half-Fourier or twistor transform was introduced
in the seminal paper [22] as a means to directly map
amplitudes in (2,2) signature [analytically continued from
(1,3) signature] directly to either twistor or dual twistor
space in four dimensions. The transform to twistor space
takes the form

1 . y
d2hei |2, A, 9.1
B =5, [ e ) 0.1
while the dual twistor transform takes the form
1 o
L) =— [ d* e, 7). 9.2
P =55 [ @I 92)

We will again define the symbolic shorthand 7 to denote the
half-Fourier transform (9.1) and T to denote its dual (9.2).
The above half-Fourier transforms are both self-inverse
since, like the Fourier transform (5.1), they are themselves
Fourier transforms with a skew-symmetric kernel.

The relationship between the twistor and the Fourier
transform defined in (5.1) is that in the former we only
transform half of the phase space. This is reminiscent of

the relationship between light and shadow transforms.
Furthermore, we can see this relationship already at the
level of the dilatation and helicity operators written in
twistor variables,

1 0 1. 0
~opr L 1=d,,
Tl o Ta% a,v”L T
1 0 1. 0
~ oyt . 9.3
2 aﬂa+2 o =T :3)

which, upon Mellin transforming with weights k, k, give
the light transform relations k = 1 — h,k = h. We have
also defined the distinct operators [J7,dr generating
helicity and dilatation operations of the variables ., 4,
based purely on their transformation properties in either the
left- or right-hand copy of SL(2,R) x SL(2,R). That is,
Jr,dr are not just the operators 7, d in the twistor basis
but are distinct and are related to J,d by the naive
replacement 4 — p.
Similar considerations hold for the dual twistor basis

10 1. a
ORI T S P
A T i T T
o 1. 0
~— % a = — 75 4
d 21 PR ofi® It (94)

which, upon Mellin transforming, give the dual light
transform relations k = 4,k = 1 — h. In Appendix C we
give all the conformal symmetry generators 7, d, p, k, m in
the twistor and dual twistor bases. Just as for the original
generators and the “Fourier” ones dr, JF, ... etc., we find
that the relation between T and T conformal generators is
described by the same automorphism of the conformal
algebra but now generated by the full Fourier transform
which maps from twistor space to dual twistor space.
The precise relationship between twistor and light
transforms is via the commuting diagrams in Figs. 3
and 4 which state that the (dual) light transformed
conformal primary is the same as the chiral Mellin
transformed (dual) twistor eigenstate. These diagrams
were first established in [42], but there the diagrams
commuted with the proviso that twistor transformed states
corresponded to a linear combination of light transforms
with different “incoming/outgoing parameters.” One of
the goals of this paper has been to make it clear that we
do not need to introduce any incoming or outgoing

T

Momentum Basis Twistor Basis

Ch,ﬁ Cl—h,ﬁ

Mellin Basis L

Light Basis

FIG. 3. We denote the chiral Mellin transform with weights
h,h, sy, s; by C), j» half-Fourier by 7, and light transform by L.
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T Dual Twistor Basis

hch,l—h

Dual Light Basis

Momentum Basis

Ch,hh

Mellin Basis L

FIG. 4. We denote the chiral Mellin transform with weights
h,}_z,sh,s,; by C, . dual half-Fourier by 7, and dual light
transform by L.

parameters in split signature since there is no sense of
the past or future. In Sec. VIII we made some crucial
modifications to the light transforms to ensure they act
properly on states which are homogeneous under R,
scalings. These modifications lead to an exact relation
between twistor and light transforms according to Fig. 3,
which we now prove. The proof for the dual light and dual
twistor cases is completely analogous.

Since the (2,2) chiral Mellin transform is given by two
independent half-Mellin transforms, the transform on the
unchanged spinor 1 passes through as usual, so we just
focus on half-Mellin transforming the y spinor,

/ |||r|2'<sgn =510, 3)

1
| |t|2k sgn(1) ™% 27:/ d? Qe |1, 7)

/1kSk

2
1

). (9.5)

T JR2

We now perform the half-Mellin integral

dt .
7= / L) 2% sgn(r)-sveitn
R, |1]

- / ™ A () 4 (~1) ) (9.6)
0

1

and changing variables ¢ — ¢|(Au)|™' we have

(2 -2h)

T = ) sen((a) [ dn e (1) e
)2 [ i cos()
B { |(Ap) |7 sgn((Au))2i [§° dir**'sin(r)  for s, = 1.

(9.7)

for s, = 0,

Now, as usual, we need to regularize the weights, so we
shift ke %+ iR" by a small negative parameter —§ such
that —1 < Re(2(k—6) — 1) < 0. Then, sending 6 — 0,
we recover

{ 2I°(2k) sin(kz +5)| (Au) |72 for s, = 0,

2iT(2k) sin(km)|(Au)| "> sgn({Au)) for s; =1,

= 2inrsin( (k=243 o) [ s
(9.8)

Now we use the Euler reflection formula for gamma
functions to yield

[ ()|~

sgn((4p)) ™

(9.9)

1 =2rmi% -
r -k+3)

Finally, we set k=1—h and s; = —s;, (equivalently
s = s3) and conclude that from a chiral Mellin transform
of a Fourier conjugate state, we recover the light trans-
formed state (8.4),

i (2 - 2h)

TR PG5

x [ ) P sl . ).
(9.10)

251 = h,sp) =

Alternatively, we can check the commuting diagram in
Fig. 3 by inverse Mellin transforming (8.4) to recover a
half-Fourier transform. That is, we compute

a+ico h 17 5h
L
S

=0,1

which gives the two terms

/[R2 42 /aa+l°°2d_’/:12]_ﬂl“ (2 —2h) <sin (hn —§> + isin(hrx) sgn((l,u))) | (Ap)

h T -5

[l P sn(u) a2, ©.11)
3) Jr

A, (9.12)

which we evaluate the same way by choosing @ < 1 and closing the contour to pick up the poles of the gamma function,

"Since A€ 1+ iR and J is pure imaginary, the weights 4, h € %—i— iR and similarly &, k € %—i— iR.
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e

1> .. < n+2
+isin( 7z

) Sgn(<ﬂﬂ>)) [l )

/1/" 2m+1> A, /1
27 1), W) 1A 4)

(9.13)

io: M) P + i sgn((Au)) i
_ % | 208 (p)]) + sgn({dp))sin( o)) |22
1
=5 aaﬂe @A, 2).

Hence, we have recovered a half-Fourier transform.

X. CELESTIAL TWISTOR AMPLITUDES

In this section we will show how to compute celestial
twistor amplitudes in Yang-Mills and gravity, building on
earlier work and the results and formalism developed above.
In what follows, we espouse the viewpoint that the most
direct way to produce light transformed conformal correla-
tors is to perform a Mellin transform of a twistor amplitude,
so we traverse the commuting diagrams in Figs. 3 and 4
clockwise. Light transformed correlators have the nice
property that they no longer have singular support coming
from the momentum conserving delta function in the bulk—
see [42,66,69,71,72] for discussions. These recent works
have used the methodology of traversing the commuting
diagrams counterclockwise, that is, Mellin transforming
first in momentum space and then light transforming the
resultant celestial amplitude. The recent paper [66], in
particular, derived the correlators of two holomorphic and
two antiholomorphic light-ray operators, from light trans-
forms of the four-gluon celestial amplitude in (2,2) signature
spacetime. The results were written in terms of integrals
of products of Gaussian hypergeometric functions, which
when evaluated led to certain special functions which arise
in Mellin-Barnes integrals. In our derivation of four-point
celestial twistor amplitudes below, we find somewhat
analogous, albeit simpler, interim integrals.

So far we have only studied asymptotic scattering states
and classified the different bases one can take for these.
Since an amplitude is a multiparticle object, one may ask
the following important question: What is the most useful
prescription for assigning bases to represent each particle
leg? In principle, we can use any of the momentum space,
twistor, dual twistor, or Fourier bases for each leg, and we
can choose this for each leg independently. In the work of
[64] the choice made was to uniformly associate to each leg
a dual twistor. This led to many compact expressions for
twistor amplitudes, including n-particle MHV, MHV, and
up to eight-particle N°MHYV amplitudes in N = 4 SYM, as
well as MHV and MHV expressions in N = 8 supergravity.
The authors also developed a BCFW recursion relation in
dual twistor space which resulted in a simple BCFW shift

|

of the dual twistor. We leave the task of Mellin trans-
forming amplitudes from dual twistor space to future work,
and instead we focus on twistor amplitudes in the ambi-
dextrous bases of [24].

As demonstrated in [24], performing ambidextrous
transforms to twistor space leads to remarkably simple
objects—for example, for pure Yang-Mills the three- and
four-point ambidextrous twistor amplitudes take a constant
value equal to one or minus one depending on the particular
external kinematics probed. Note that “ambidextrously”
here means that we can transform either 1 or 1 for each leg
independently, and, in general, the basis chosen will not be
uniform. At low particle multiplicity we will use a twistor
for a plus helicity leg and a dual twistor for a minus helicity
leg. This choice leads to particularly simple integrals which
decouple into products of sgn functions.

In the end we are interested in physical (1,3) signature
scattering amplitudes. The motivation to consider (2,2)
signature comes from the fact that we can analytically
continue expressions for scattering amplitudes in (1,3)
signature into (2,2) signature and consider new represen-
tations of those amplitudes in terms of twistors. This is the
technique used in [24] and [64] to build seed amplitudes to
be used in twistor BCFW to build higher point amplitudes,
and we also follow this methodology. Such analytically
continued (2,2) signature amplitudes do not transform in
the expected representations of the (2,2) little group.
Rather, since they originated in (1,3) signature, they are
homogeneous under a little group transformation with half-
integer helicity.

Assuming we start with analytically continued (2,2)
signature amplitudes with half-integer helicity (denoted
simply as [ since s; = 2/mod?2), we can map to Mellin
space in the most practical manner by performing just a
half-Mellin transform over the scale of either of the spinors.
This method was introduced in [42] and is particularly
useful when applied to twistor amplitudes. In contrast to
[42], we ambidextrously perform half-Mellin transforms
over the scales of the y,ji spinor instead of performing
them on the original spinors 4, 1. Just as was the case in
momentum space, the two choices are equivalent since
under a change of variable given by an inversion ¢ — - the
half-Mellin transformed twistor eigenstate becomes
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1 d -
=g / T sen(o) 1 1)

1 dit
”|u|-2'<sgn< Yo, s 1)

(10.1)

which is exactly the half-Mellin transform over the /1 spinor,
where we have used that k=1—h and h—h=1 A
similar equivalence is true for the half-Mellin transformed
dual twistor eigenstate.

A. Pure Yang-Mills

We start off by deriving the three-point and four-point
celestial twistor amplitudes of pure Yang-Mills theory.

1. Three points: Mellin transform of a sgn function

Three-point MHV.—When we analytically continue to (2,2)
signature we can write down a three-point MHV amplitude
with real external kinematics,

(12)°

AT = a6

SHAWY + 2928 +243%). (10.2)

As in [24] we perform the twistor or half-Fourier transforms
ambidextrously. In our conventions this corresponds to

A;_+ =

1
20y / AP0, dP Ay d Dy el gilidol gisms) A5
(10.3)

To perform the half-Fourier transforms we must regulate the
poles appearing from (23)(31) in (10.2). Following [24], we
regulate these and subsequent poles with a principle value
prescription, which is chosen exactly to preserve the little
group properties of the amplitude. With this choice the three-
point MHV twistor amplitude is given by

Tt . (mi)?
A= (2r)3
x sgn((dop3)

i)

sgn((4;4,))sgn({A1p3) +

+ [23fia)). (104)

F— 2( i)’
A3 +{s,—<l 2 Skys Sk3} ( ”)
1

(=1 sgn((dp
+(=1)% sgn((p
(=1 sen((ap

3 sgn({4142)) (sgn((A1p3) +

> — [ty ])sgn((Aops) — [Aaia)).

In order to map to Mellin space we use ambidextrous half-
Mellin transforms over the scales of the spinors iy, fiy, y3.

Symmetrized amplitudes.—As explained in Sec. VIIC we
can separately perform a Mellin transform over positive
rescalings of the spinors and then build odd/even states via
linear combination of sums and differences over the
parameters €, é&,,¢e3 €{1,—1} associated with flipping
the signs of the spinors iy, fi,, 3. We now perform the
sums first and then integrate to introduce some of the key
points. At four points there are many such linear combi-
nations, so we will perform the reverse method. That is,
we integrate over positive rescalings first to derive a
compact expression in (10.27), from which we can easily
(anti)symmetrize the amplitudes.

For the three-point amplitude there are eight possible
combinations of even/odd states under the flipping of the
signs of fiy, fi,, u3. Following our formalism, we denote
these states as A3~ {sz,.s7,. 5, } for sz, s7,. 8¢, €1{0,1}.
Note that, from the form of the three-point MHV twistor
amplitude (10.4), when we flip the sign of all the spinors
i1, fio, 3 the amplitude remains invariant,

A3 (=fiy, —fia, —p3) = A7 (fir, o, i3). (10.5)
The symmetrized amplitude
A§_+{S1‘{l Sy Sky )
Z &' & e AT (@ iy Exfin. e3us)  (10.6)

€1 162,63

contains pairs related by (10.5) which can sum together or
subtract to give zero depending on whether (—1)% "% "%
equals plus or minus one. This immediately implies if
Sg, +Sg, + Sk, = 1mod2 then the amplitude vanishes,

which can be checked explicitly. We hence have the
following four nonvanishing amplitudes,

A3;77{0,0,0},
A;7H{1,0,1},

A37H{1,1,0},

A;7H{0,1,1}, (10.7)

where, using (10.6), we have

[afin])sgn({Aaps) + [Aafia))

)
s ])sgn((Aops) — [Asfis))
(10.8)
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From the amplitudes (10.7) given by (10.8) we can recover
the original amplitude by summing them. These amplitudes
can be recast as

A‘;_Jr{sl_‘l Sk sks}
mi)3 .
= ((2”))3 Sgn(</11/12></11M3></12ﬂ3>)5<2s(k)_>

i

X Gy ts, (93_11)Gs;l+sk3 (032). (10.9)
where we have included a Kronecker delta
8(2&2.) = 55[’1 +55y 5150 (10'10)

(with argument evaluated mod 2) which enforces the
aforementioned condition for the amplitude to be non-
vanishing. We have also defined the variables

A
0, = ims) (10.11)
Mi/‘j]
and the (anti)symmetrized sgn functions
1
Go(x) =5 (sen(1 +x) + sgn(1 = x)),
1
G (x) ::E(sgn(l + x) —sgn(1 —x)), (10.12)

which can be written in terms of Heaviside step functions as
follows:
Go(x) = O(1 — |x]).

Gi(x) = sgn(x)O(|x| = 1). (10.13)

We will use the above definitions (10.13) many times over
when performing our integrals.

The (2,2) signature celestial twistor amplitude in Mellin
space, denoted with a calligraphic symbol A, is then
given by an integral over t;, the positive scale of y;, with
weight 2k;,

@@&;ﬁﬂ 72ka 2k
;1 ;2 f 1 2 "3

S 00
A58, 58,0 Sk} ==A

X A§_+{ST<. s Stys Sk, F (T Tofily, t33).
(10.14)

As such we are led to consider the following integrals:
o dt; dt, dtz o, ok, 21,
— =15

I(£,+) = — —
( ) A hohot !
1 fo_ f o
x7 (sgn(l —|—g¢9311> + sgn(l —g9311>>
o, b,
x |sgn{1+—=03 | £sgn|1-—=03 ).
&) I3~

(10.15)

The general character of Z(4,+) (and corresponding
integrals beyond three points) is very simple—it is a Mellin
integral (over a positive quadrant) of an integrand which is
a piecewise constant function in various regions bounded
by the planes t% = [05,].

Another important characteristic of the integral Z, and its
higher point cousins, is that it is a conformal integral, and
as such, one of the degrees of freedom serves simply to
parametrize an overall scale over which we integrate. In
addition, the integrand itself is invariant under overall
dilatations since it is a pure gluon amplitude. We can fix
this scaling redundancy by integrating it out. We choose to
write 7, = t3x; and 7, = f3x, and then integrate over the
overall scale 3,

o dts ok 1ok o dxd. k2%, 1
Ti) = [Tt [FEE AN sgn(1 4165 sgn(1 —x65) (sen(1 +x.08) £ sen(1 05

I3 X1X

=) o dx.d T |
=27id <Z2 k,-) / il xzx%klxgkzz(sgn(l +x,051) £sgn(1—x,05]))(sgn(1 4 x,603, ) £ sgn(1 —x,63))),
- 0

X1X2

where we have recovered a dilatation invariance
delta function using Eq. (7.19) and the fact that the
weights k;, k,, ky are all pure imaginary. This is a
special feature of the ambidextrous twistor gluon ampli-
tude; it relies on the fact that we have analytically
continued from (1,3) signature, so all the helicities are
plus or minus one.

(10.16)

Now that we have integrated out an overall scale, the
remaining integrals over x,, x, are separable, and each has
manifestly acquired a scale given by 605, 63,, respectively.
This separable behavior persists at four points.

From the three-point MHV celestial amplitude we are led
to consider the following Mellin transforms of the (anti)
symmetrized sgn functions Gy, G; in (10.13),

066009-20



CELESTIAL TWISTOR AMPLITUDES

PHYS. REV. D 108, 066009 (2023)

©dxy o o dx; o 1
A — 216Gy b5)) = /0 —a S (sgn(l+x0,05)) + (<1)° sen(1 - x,05))

X1 X1

C [odxy o , _
= sgn(0s,)" [ 7 (1) (1= o),

An important property of the function Gy is that it is zero for
large values |x;| > 03, so its Mellin transform has a semi-
infinite strip of definition where the integral is defined for
2k, with a real part greater than zero. On the other hand, the
function G| is zero for small values |x;| < 653, so its semi-
infinite strip of definition is where 2k, has a real part less than
zero. Note that the original sgn function, since it is O(1)
everywhere, has a Mellin transform which only marginally
converges when its weight lies on the imaginary axis and
|

(10.17)

diverges otherwise. As such we can only reorganize the
integral (10.17) by integrating each sgn function separately if
we also give a regularization prescription. We demonstrate a
natural regularization in the next section in Eq. (10.21), which
also commutes with the even/odd projection in (10.17).
Continuing with our derivation, we compute the Mellin
transform of G and G, functions—since all the weights k;
are pure imaginary we must regularize the weights to
ensure they are within the corresponding strip of definition,

odx; o 4el . . o dX| of te _
/0 xS (sen(1 4,05 +sgn(1 - x,05))) = / 20O x|

X1

29(931)

odx; 2 el _ _
A —lx?k‘ E(sgn(l—l—xlﬁﬂl)—sgn(l—x10311)):sgn(931)A

X1

=—0(0s1)

So the even case gives an “advanced” prescription for the
pole in weight space, and the odd case has the “retarded”
prescription. In addition, the even/odd symmetry is trivially
carried by an overall sgn function, and the remaining integral
simply depends on a manifestly positive scale at |03, |. Finally,
we have removed the appearance of € in the exponents since
the only role it should play is to regularize the pole.

The three-point MHV celestial twistor amplitudes are
then given by a compact formula

A7 sz, 50,80, )

= % sgn((A1d2) (A1p3) (Aapt3))é <Zz(l_<3> 5 (Z&Z)

|60 |2]_{'

xsen(=0s)™ 2= Ty

sgn(—03,)""
2] 2k,

L (10.19)
2k, + (—1)*Re

The formula (10.19) has similarities with light trans-
formed conformal correlators that have appeared in the
literature in [42,66], up to differences due to the newly
defined light transform (8.3) with absolute values and sgn
functions and the specific normalization we have chosen.

_§II<1+S +®(_9’“)(_9}1)27(1+e:|9_31|2121
2k1+€ i 2k1+€ 2k1+€’

oo (] T
_XIX?CI ‘O(x]05, 71 1)
X1

o (—03) %1 10325
3L @023 gon(—0:) 21 (10.18
2%, —e (=031) 2%, —¢ sgn( 31)2k1_€ ( )

|
We give a formula for the unsymmetrized celestial twistor
amplitude in (10.27) which is closer to the light trans-
formed conformal correlators of [42].

It is also a simple task to check conformal covariance of
(10.19) for each leg. Note first that we are explicitly using
only the ambidextrous variables—in this case k for negative
helicity legs and k for the positive helicity legs. In general,
for conformal covariance we require that if we sum the
exponents wherever a positive helicity leg i appears in the
0;; ratios, we have overall weight —2k;, while for a negative
helicity leg j we have overall weight 2I_<j. Then conformal
covariance is guaranteed using the defining relations
k:=1—h and k:=1—h and the relations k|, = —h,
and k; = —h; specific to the ambidextrous variables and
pure gluon amplitudes. Finally, for some legs we must also
use dilatation invariance; for example, for leg 3 we use the
condition k; + k, + k3 = 0.

In the derivation of (10.19) we first performed the sum
over incoming and outgoing parameters in order to define
even and odd parity states, and afterwards we performed
the integrals over positive energies. In general, perform-
ing the integrals first and then the sum afterwards will give
the same result only if the integrals are finite. That is, the
Mellin transform of a sum of two functions is equal to the
sum of their Mellin transforms only if there is an overlap in
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their strip of definition. We saw already that the sym-
metrized and antisymmetrized sgn functions had a strip of
definition in the right and left half planes, respectively.
However, the sgn function itself has a Mellin transform
which only marginally converges when the weight lies on
the imaginary axis and diverges otherwise. We show in
the below section that we can define a natural regulari-
zation prescription to define the Mellin transform of a sgn
function and that this regularization commutes with the
(anti)symmetrization procedure.

Unsymmetrized amplitude.—We now look at the case where
we first integrate (10.4) over positive rescalings and then
perform the even/odd projections afterwards. This will of
course give the same result as in the previous section as long
as we are careful in how we regularize marginally convergent
Mellin transforms. We hence consider the integral

|

(=) o dx.d - -
T3, = 2mid (Zz k ,-) A %x?ﬂx%kz

x sgn(1 4 x,05) )sgn(1 + x,03) ), (10.20)
which is the unsymmetrized version of Eq. (10.16).

Again the integrals over x; and x, separate and are of
identical form after the replacement 1 — 2. Focusing on
the x; integral, since the sgn function is always O(1), its
strip of definition is when 2k, is pure imaginary and we
must regulate in a similar manner to the integral (7.20)
for the delta function. Instead of regulating with a factor
of e~ we use a regularization prescription which is
anchored at the scale set by 65;. That is, we define ||y =
sgn(y — In(|63;]))y which equals y when y > In(|65,|) and
—y when y <In(|05,]); then, we define the regulated
integral

© (. - - )
\/0 %x%kl Sgn(l +x]9§11) = / dyeZkly—SH)‘” Sgn(l _|_ eyagll)
1

—0

= O(—0y) ln<_€3')d dyrey _ [T gyehiv-ey
31 : ye () ye

In6s - 0 n
I @(931) (/ 31 dye2k]y+ey + / dy62k,y—ey>
—0 In 65,

— o000

. 1
=105, %1 | —= + —03) — ,
|61 <2k1 e sgn( 31)2kl _€>

where again we remove the € in the exponents since it plays
no regularizing role there.

Note that in the case 03; > 0 the sgn gives minus one,
so the Mellin transform (10.21) is proportional to a delta
function as expected. While the case €3; <0 the sgn
function gives plus one and the Mellin transform (10.21)
is proportional to the principal value pole. These are
defined as

- 1 1 1
0(2k;) == 5= -3 )
271 \2k; + € 2k —€
PV 1 1 . 1
2k 2\2k +e 2k —€)

So we may write

(10.22)

o -
/ L sgn(1 +x,05))
0 X1

PE <m®<931>6<7<1> L o(-6y) ki) (10.23)

ki +e ki—e 2k +e 2k, —€
(=05)* " +(—6i31)2k >+®((931)(9311+ _ o )

2k1—€ 2]_€1+€ 27{1—6'

1

(10.21)

[
where it is understood that principal values are always

implicit for a 1/ (k,? pole.

Thus the above result (10.21) is the Mellin transform
of a sgn function depending on a single parameter. This
corresponds to the decomposition of the sgn function into
even and odd parts as

sgn(1 +03)) = O(1 — [05,]7")

+5gn(03)0(105, |7 = 1).  (10.24)
While it is not, in general, true that the Mellin transform of
a sum is the sum of their Mellin transforms (the strips of
definition must also be compatible such that all the integrals
are convergent), the regularization we have used is pre-
cisely such that this is true and is motivated as such. In
other words, given the Mellin transform of a sgn function
(10.21) it is simple to check that if we take even and odd
combinations we recover the results (10.18).

To completely confirm our results we perform the
inverse Mellin transform
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ioo d(2k;) : 1 1
0 2k, -0 — |,
/_iw LI e Sy s
(10.25)

where we have chosen a contour located at a = 0 corre-
sponding to a strip of definition on the imaginary axis. Now,
the e prescription in each term gives poles in the 2k, plane to
either the left or right of the imaginary axis—in addition,
we must condition this integral on the magnitude of 6;; to
determine how to close the contour. The case |03 > 1
requires us to close the contour as an anticlockwise semi-
circle to the left such that the real part of 2k, is less than zero
and will only pick up a 2zi residue contribution from the first
term; however, for 03| <1 we must close the contour
clockwise to the right, and we get a contribution from the
second term and an extra minus sign. Hence we have

i d(2k;) (1603 |27<'+€ |03, |27<'_e
- = + sgn(—6z,) ———
/_,»oo 2mi ( 2k| + € gn(=0s1) 2k, —€

= 0(|03] — 1) — sgn(=03,)0(1 — |63,])
= sgn(1 +65/).

(10.26)

Thus we see that the e prescription is crucial for the
inverse Mellin transform, and it corresponds to a particular
contour choice for each term done independently. With
this specific contour choice in mind we may drop the €
prescription in (10.21) which corresponds to dropping delta
function terms in (10.23) which have singular support. The
unsymmetrized amplitude then takes a very simple form,

At =2 sgn((ﬂ Aa) (A p3) (Aapis)) (Zz ki )

|931|2k1 |932|2k2

X O(=031)0(=03,) —=— k, %

, (10.27)
from which we may (anti)symmetrize to give the ampli-
tudes (10.19) on the celestial torus. The above properties of
Mellin transforms of sgn functions and their regularization
will be used again at four points.

Three-point MHV.—Here we summarize the results of a
similar derivation of the three-point MHV amplitude. The
spacetime amplitude

b [12P
P 3B

SHAWE + 2928 +428)  (10.28)
is mapped to an ambidextrous twistor amplitude given by
the following half-Fourier transforms:

A++—

J2/13e 1H1) pi{Aapz) l[ﬂs%]A*JF_

(10.29)

which gives the result

mi)? . ~
A = OO sl Do) + k)

x sgn({uads) + [fisds)).

(10.30)

The (2,2) signature three-point MHV celestial twistor
amplitudes follow from an analogous derivation to that
in the section above and are given by

_;l;r+_{skl’ Sk2, S]}}}

= T sen([y Al (s ] [sda]) (Zz k; >S<zs )

—3 |2k,
2k + (—1)%he
1673 [**2

2y + (—1)’2¢”

x sgn(—0,3)*

x sgn(—0,3)%: (10.31)

where now the sums present in the delta functions are

-) i}
Zz k; = 2k, + 2k, + 2ks,

ZS<,) = skl + Sk2 + S]‘Q. (1032)
X 3

i i

The unsymmetrized amplitude from which the amplitudes
are built is, dropping delta function terms as before,

25 =% sen(( Ak ) (sz)

e

0(-0,,)0(-0
X O(—63)0(—63) k, k

(10.33)

2. Four points: Mellin transform of a product
of sgn functions

Four-point “alternating” amplitude.—We now consider
four points. We will discover that much of the same structure
appears and identical methods can be used. At four points the
MHYV and MHV amplitudes are one and the same; however,
we can consider different ways in which we assign helicity to
each leg. We have A"~ which we call the “alternating”
helicity amplitude and A] "~ which we call the “separated”
helicity amplitude. Following [24] we use the same ambi-
dextrous twistor space for both of these amplitudes, in which
case we find that both take their simplest, although quali-
tatively different, form. We will first consider the alternating
helicity amplitude and map it to celestial twistor space
directly since the integrals are more straightforward. Once
the dust has settled, we will be able to write the separated
amplitude in terms of the alternating one. The alternating
four-point amplitude is given by
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AT = <24>4
(12)(23)(34)(41)
x GH(AWAY + 2905 + 2928 +297%).  (10.34)
Once again, we map to twistor space in an ambidextrous

manner by performing the following half-Fourier transforms:

~ 1
ATt
(2”)4

PUCETEY l[ﬂ4/14]A+ +-

/ dzﬂl dZZZdzﬂG d214ei<ilﬂl > ei[ﬁzzﬂ

(10.35)

After regulating poles using a principal value prescription
as before, the resulting amplitude takes the following
form [24]:

A = 0 senl ) + oG + )
x sgn((Aops) + [Aafia])sgn((Aaps) + [A3fia])
= e sen({hapr) (g o) )
x sgn(l + 67 )sgn(1 + 67)
x sgn(1 + 03 )sgn(1 + 63)). (10.36)

Symmetrized amplitudes.—We are now tasked with map-
ping this amplitude to Mellin space via ambidextrous
Mellin transforms. At four points we sum over the incom-
ing/outgoing parameters, and there are 16 combinations of
parity under flipping of the sign of the spinors u, fi,, 3, fis.
So we define

A+_+_{5k1’sz’<2 Sky» ST, )

k_l\ SA_Sk
§ 611 2.3 4A+

e] ,€2.€3,E4

“(e1p1,Exftn, €313, Eafiy)s

(10.37)

where the {sy,, 5, Sk, 5z, } 1abel the parity for each spinor.
As was the case at three points, if we flip the sign of all
the spinors iy, fiy, i3, fla > —p1, —fz, —p3, —jy, then the
amplitude (10.36) is invariant; thus, for the amplitude
(10.37) to be nonzero we must have the even condition
Sk, + Sk, + Sk, + sz, = 0mod 2. There are then eight non-
vanishing amplitudes, which by direct calculation are
given by

. 1
A;7+7{0.0,0,0} = 16 Sen((am ) (Aapr) (Aot ) (Rapts))

% (Go(012)Go(014)Go (03,

Go(034) + G1(012)G1(014)G1(03)G,

(634)).

AT {1,1,0,0) = 1 sen(agn) g ) s ()
X (Gl (612)G0(614)GO(932)G0(034) + GO(HIZ)GI (614)61 (932)(;] (034))’

. 1
AL = o

where we use the expressions (10.13) for the G, and G,
functions. The general formula for the symmetrized am-
plitude is

sgn((Aopy) (Aaptr) (Aapiz) (Aapi3))

X (G1(012)Go(014)Go(032)G1(634) + Go(012)G1(014)G1(032)Go(034)). (10.38)
I
rip +riy =8, mod 2,
rip+ryp =sg mod2,
r3 +r3 = s, mod 2,
ras + riy =g, mod 2. (10.40)

A +—+- _ _
Ay {sklvskz’sk3’sk4}

Z%sgn(<ﬂzm><wl><lm ) (Aap3)) (Zs )

XY G, (012)G,,,(014)G,,(03)G,, (634),  (10.39)

Tij

where the sum in (10.39) gives the two unique terms with
ri; €0, 1 such that

For example, if we want an amplitude that is odd in g,
(s, = 1), then we require a product of an odd number of
the antisymmetric G; functions evaluated at the variables
0,;, which contain ;.

One can derive the various symmetrized four-point
celestial twistor gluon amplitudes by Mellin transforming
(10.39), exactly as was done at three points. We are led to
consider the integrals
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dt,dt,dtzdt _ -
Z(ry2, 71457325 734) ’=/ LA ?k'tzsz% o
0 hipt3ly

[y Iy
X Gr12 (t_el2l> Gr14 (Z91£>
Iy
r32 ( 932) r34 (ggﬁ’i). (10.41)

These integrals have a similar character to the integrals we
met in the three-point case. They are conformal Mellin
integrals over a positive quadrant in four dimensions,
whose integrands are piecewise constant functions in
regions bounded by hyperplanes through the origin, for
example 1, = 7|07} |.

Rather than continue with the derivation of the sym-
metrized amplitudes, we will instead derive the unsymme-
trized amplitude by Mellin transforming (10.36). With this,
we can find the symmetrized celestial twistor amplitudes
through simple (anti)symmetrization.

Unsymmetrized amplitude.—We now calculate the unsym-
metrized four-point celestial twistor amplitude in its
entirety, extending the three-point results (10.27) and
(10.33). At four points we are led to consider Mellin
transforms of a product of sgn functions. Once again, we
must regularize the integrals such that the Mellin inverse
exists and the regularization commutes by taking even and
odd linear combinations.

Performing ambidextrous Mellin transforms on the
unsymmetrized amplitude (10.36) leads to the integral

dtdtydtzdiy Pk sk

I =
t [) tihtsly i
1 [
X sgn(l +t—291_21>sgn(1 +t—29§21>sgn<1 +t_491_41>
1 3 1

[
X sgn(l +t—4¢93_41>. (10.42)
3

T2(0) = @(1—

+of|gz

where we have also dropped the regularizer ¢ when it
appears in the exponents, as usual.

Just as for the Mellin transform of a single sgn function,
when 6,,, 03, > 0 we recover a contribution proportional
to a delta function, while if 0,,65;, <0 we recover the
principal value pole while the other mixed cases give linear
combinations of the two.

O
912
05
912

As usual, we can integrate out an overall scale which we
choose to be #;. The resulting integral has a corresponding
dilatation invariance delta function and now manifestly

depends on the scales |6;]:

. ) o dxdydz . ;
I4pt == 27715 (ZZ k i) A VkaZkazzzkA
—1 X 1
x sgn(1 + x6, )sgn<1 + —6%2>
v
x sgn(1 + z6’1‘41)sgn<1 + ;9;&)
. (=) oody ok
= 2id 22 k 7)’ 3T,(0)T4(y), (10.43)
i 0
where we have the Mellin integrals
©dx . X
Ta(y) = 73‘ >sgn(1 +x67, )sgn| 1 +;932
0

= /oo dses—lls| sgn(1 + esel_zl)sgn<1 —l—igg_zl),
. y
(10.44)

and similarly for 74(y). As in the three-point case two of
the integrals separate, and here the third integration over y
entwines them. In Eq. (10.44) above we also define a
specific regularization which takes into account the two
parameters of the integral

Islls=5 (sen(s ~In((0ya])) + sgn(s—In([6])))s.  (10.45)
such that when s is greater than both In(]6,,|) and In(]63,|)
we have ||s|| =s, when s lies between them we have
|Is]| = 0, and when s is less than both we have ||s|| = —s.

To calculate (10.44) we must condition on the magnitude
of |9‘~ |. Choosing y = 0 for convenience since it can be
reinstated at the end, we compute J,(0) to be

)5 s

|312‘2]—(2
-1 |—= 0
){2k2+€+sgn( 12)

0., |2k 0+, )2k2 0., |2k
0% 0™ _ g 100
2k2 2k2 2k2 —€
0 2k, 0 2k, 0 2k,
{ ;21—!2) - | ;2,—!2 > - sgn(912932)7(|2]_:229 . ] (10.46)

To confirm our results we now perform the inverse
Mellin transform on (10.46). In the result (10.46) we have
poles with various € prescriptions—advanced retarded,
and principal values—where poles written 5— S are principal
valued (10.22). These e prescriptions are crucial for
performing the inverse Mellin transform. When we inte-
grate 2k, along the imaginary axis we will close the contour
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to form a large semicircle and pick up various possible
contributions from each of these regulated poles. The
direction in which we close the contour will vary term
by term and is dictated by the condition that the integral
dies off on the semicircular arc; this depends on the
magnitudes of |01,| and |f3,]. For example, for terms
involving |0;,| and for |6;,] > 1 we close to the left
(negative real part), and we get a nonzero contribution if
this term also has a +e prescription. For terms involv-
ing |03,| and for |63,| < 1 we close to the right (positive
real part), and we get a nonzero contribution if this term
also has a —e prescription. The principal value terms
require some care. We pick up contributions regardless
of which way we close the contour. However, the principal
valued poles are multiplied by a difference of terms; the
residues from the two terms cancel if we close the contour
in the same direction for both terms, and their residues sum
if we close the contour in opposite directions for each term.

In summary, if we perform an inverse Mellin transform
on (10.46) we have six cases for the magnitudes of

one of the terms in (10.46):
(1) [012| > |652] > 1 gives

O(|03| - 1).

012 > 1 > |03 gives ©(1

O(1 — |032])sgn(65,).

1> 101,] > 03] gives O(1 -

O(1 — |03;)sgn(01263,).

O(1 - [§2))0(|0)2] - 1) x
—|52)®(161] — 1) x

|9z2 NO(1 —165]) x

@
3

@) (05| > [012] > 1 gives O 52| = 1)O(|61] — 1) x
O(|05] - 1).

(5) (052 > 1> [615] gives O 52| = 1)O(1 = [615]) x
O(|03,] — 1)sgn(6)5).

(6) 1> (03] > |01 gives (|ZE| 1O(1 —[6,]) x

O(1 — [03;])sgn(6,,63,).

- _
A 16

- ®(_912)6(_932)6(634)6(_614) V34(9)

The sum of the above contributions gives the
required result—that is, we recover the original func-
tion sgn(1 + 07, )sgn(1 + 653;).

Once again we can discard the ¢ prescriptions, and hence
delta function terms, with the proviso that there exists a
series of contour deformations of our inverse Mellin
transform such that the Mellin inversion theorem holds.
Then we can find a simpler formula for the 7, (y) function,
which is (reinstating y)

|912|2]_<2
2k,

2] 2k,
+20(01,)0(—03,) M
2%,

J2(y) =20(-0,,)0(63,)

0
+ 29(—912)9(—932)5%11(1 2 )
Y16,
L) 4
231_; - ;{z . (10.47)

Using this result we can then find the full unsymmetrized
integral Z,,, from which the unsymmetrized amplitude is
simply

2 = sm((r ) ) s ) e

We compute 7,,, by plugging the function (10.47) into
integral (10.43). The resulting integral over y consists of a
collection of products of sgn functions and so is of the exact
same form as the 7 integrals we just calculated. Hence we
just iterate the method.

With the usual e regularization, which we then drop, we
find the unsymmetrized celestial twistor amplitude can be
written compactly as

(10.48)

Sgn(<ﬂ1/12></lzﬂ3><ﬂ3/14 (Aap1)) <22k >|912|2l_62|6’14|2k3+27€“|6’34|_2k3

X [O(=01)0(=03,)0(—0,4)0(—034)sgn(1 — [0])(V12(0) + V34(0) —
= 0(012)0(=03,)0(=0,4)0(=034)V 15(0)

V(0) = Vi14(0))

= 0(=012)0(03,)0(—034)0(—014)V32(0) — O(=012)0(—03,)O(—034)0(614)V 14(0)]. (10.49)
where 6 is the ratio of conformally invariant cross-ratios,
(Aapt1) (Aapt3)
. 91205 </14/’il><f“2{43> . (10.50)
01403, | [Asfi) T
1] [A3i4)]
and the polynomial functions V,, etc., are given by
|9|—27<2 1
Vi) = =——= = —, V3 (0) = —= —,
(6) 2ky(2ky + 2k3) (2K, + 2k5 + 2ky) 2(9) 2k22ks(2k + 2Kky)
0 k3 42k, 0|2k
V1i(6) = 9 wl0) = ——17 (1051)

2ky(2ks + 2ky) (2ky + 2ks + 2ky)’

2k32ky(2ky + 2k3)
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Equation (10.49) is the main result of this section.
We have pulled out a conformally covariant factor
012]%%2|6,4|*5+2k4]054| 7%, and the remaining function
has support in various “channels” dictated by the signs
of the variables 6;;. Since we have accounted for conformal
covariance, this function can only depend on the confor-
mally invariant cross-ratios r, 7. In fact, in each of these
channels, we have simple polynomial functions (with
imaginary powers) depending only on the absolute value
of the ratio of conformally invariant cross-ratios. On the
momentum space celestial torus, momentum conservation

|

(=) - _
7(0.0,0,0) =2zis <22 ki) |012]72(0,4 572403 25

joP*

at four points implies that the conformal cross-ratios z, Z
are not independent but are actually equal, 7z =7Z.
Correspondingly, in twistor space, the cross-ratios r,7
are now independent, but the amplitude only depends on
their ratio 6.

Now we return to the task of finding the symmetrized
celestial twistor amplitudes. We have 16 parity combina-
tions for the integrals Z(ry,, r3p, 134, r14), two for each
amplitude in (10.37). From (10.49) we can find all of them
via (anti)symmetrization. For example, we can find the
fully symmetric integral

x <®(|€| -1 [_ (2ks —€)(2ky +€) (2ky +2k3)

1

o7 ]
(27(2 + 6) (27(2 + 2k3) (27(2 + 2k3 + 27(4 + €)
|9|2k3+2l'<4

+6(1-16)) [_ (2ky +€) (25

The integral Z(1,1,1,1) takes a very similar form,

=)
Z(1,1,1,1) :2;;1'5(22 k,~>

1

—€)(2k; +2ky)

(2ky +€)(2ks + 2k, ) (2ky + 2k5 + 2K, +€)] ) . (10.52)

34770 sgn(01263,034014)

. <®("" - [(2%2 o)k 1 ) (2 + 2Ky)

o

|9‘2k3+2l_c4
(2ky — €)(2ks + 2ky) (2ky + 2k + 2k — e)]
‘9|—2122

+0(1 - |9|>[

(2k3 + €)(2ky — €)(2k, + 2k3)

(2ky — €)(2ky + 2k3) (2K, + 2k3 + 2k4 — 6)} ) (10.53)

In the above formulas, we have reinstated the e regularization stemming from the result (10.46), which is required to
prescribe the correct contour for the inverse Mellin transform.
The two integrals Z(0,0,0,0) and Z(1,1,1, 1) contribute to the fully symmetrized celestial twistor amplitude

27710.0.0.0) = g sl o) i) )3 Y., ) (200.0.0.0) +(1.1.1.1)

which in turn is a light transformed correlator in the celestial
CFT. A similar fully symmetrized light transformed corre-
lator was computed in [69] by performing light transforms on
a (2,2) celestial amplitude analytically continued from (1,3)
with summation over incoming/outgoing parameters. In that
paper the result was computed in terms of special functions,
Fox H-functions and generalized I-functions, defined by
Mellin-Barnes integrals; it would be interesting to under-
stand how these results are related to the discussion here.
We find that the general structure of the formulas for
7(0,0,0,0) and Z(1,1,1,1) is repeated for all the sym-
metrized integrals. They all contain the same basic func-
tions Vi,, V3, etc., inherited from the unsymmetrized
amplitude (10.49). Unlike the unsymmetrized amplitude
(10.49), which has support on a handful of channels

(10.54)

[

dictated by the signs of the 6;;, the symmetrized amplitudes
have a clarified structure with only two channels which are
given by the magnitude of |6| being greater than or less
than one.

The only differences between the various symmetrized
amplitudes are as follows: the overall sgn functions which
control the even and odd symmetry, which polynomial
contributions are probed by the two “channels” || > 1 or
|0] < 1, and the e regularization of the poles in the weights.
We note that there are two terms Z (715, 13, 34, r14) Which
have the same even/odd parity and thus contribute to the
same amplitude—these two terms have opposite arguments

=0 < r;; = 1, opposite sgn function factors, opposite
€ prescrlptlon for the poles, and opposite allocation of terms
to each “channel.”
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Finally, we note that all of the symmetrized integrals Z(r|,, r3s, r34, r14) (10.41) can be encapsulated in the general

formula

(=) _ _
Z(rig. r3p. g, 114) = 2mi Sgn[<ﬂ1/12></12/43></i3/14></14/41>]5<22 ki) |012[72(014] 5140347

< [ (sen(0:;)D [(68LV.(0) = 8V, (0))0(|6] — 1) + (8LV,(0) — 82V.(6))O(1 — [0])].

(i.j):ri=1 xy

(10.55)

where in the above the product is over the values of (i,j) such that r; =1, we sum over the variables
X € (r3p.r14),y € (r12,734), and we define V, (0) := V;;(0). As a further example, for the case Z(1,0,1,0) we have

only a ©(1 —|6]) term,

=) _ _
7(1,0,1,0) = 2ﬂi5<22 ki>5gn(912934)®(1 = 0])[012]** (0,452 |34 |7

X( joP* o>
(2k3) (2ky) (2ky + 2k3) — (2ky)(2ky + 2k3) (2ky + 2ks + 2ky4)
1 |6|2k3+27¢4
- S — A — ). 10.56
(2k,) (2k3) (2ks + 2ky)  (2ky)(2ks + 2k,) (2K, + 2k5 + 2k4)> ( )

which can be checked directly by performing the Mellin
integrals in (10.41). Similarly for Z(0, 1,0, 1) we have only
a 0(]0] — 1) term. The simplicity of the four-point results
can be seen as a consequence of BCFW recursion relations
in celestial twistor space which we explore in detail in
Sec. XI. The result for Z decomposed into all the even/odd
parts Z(ryy, 32, 134, '14) is given in the Mathematica file in
the Supplemental Material [73].

Four-point “separated” amplitude.—Finally, the separated
four-point amplitude AY™(++—-) is given by

(34)*
(12)(23)(34)(41)

A= 54 (A9A% 4 AZAL + 227% + 227%).

(10.57)

We again perform the same twistor transforms as in (10.35),
so the twistor amplitude is in the same ambidextrous basis
and takes the following form [24]:

(i) : :

Apr = g sen(omn) + ol Jsen({am) + [2if )

(2ot
x 83 ((Appz) + [Asfia] ) sgn((Aaps) + [Aafia])

= e s ) o) i) o)

x sgn(1 + 6071 )sgn(1 + 07)6%) (1 + 637)
x sgn(1 4+ 63}). (10.58)

The separated amplitude is hence |(1,u3)|~* multiplied by
the fourth derivative with respect to 65, of the alternating

I

amplitude above. Under the half-Mellin transforms this oper-
ator becomes | (Aou3)| ™ (|032|*0)0,,)* exp(—20z, ), which we
then apply to (10.49). When acting on ® functions containing
03,, either directly or via the cross-ratio 6, these derivatives
give (derivatives of) delta functions, which have only
singular support, so again we drop these terms for generic
kinematics. Furthermore, there are no powers of 63, in the
first line of (10.49). Thus, we only need to apply the
derivatives to the powers of |f| inside the V functions.
This yields straightforward additional numerator factors
since

(1632]%0p0,,)*|0]"

= n(n—1)(n=2)(n-3)0["10]".  (10.59)

Hence we can easily find the separated amplitude from the
alternating one.

We leave the task of explicitly computing celestial
twistor amplitudes beyond four points to future work.
However, we note that the method of producing twistor
amplitudes by directly half-Fourier transforming momen-
tum space amplitudes becomes more difficult as the
number of particles and MHV degree grows. In particular,
in the ambidextrous basis of [24] at five points and beyond,
one encounters Grassmann integrals which do not disen-
tangle into sgn functions. We can Mellin transform these
integrals, and we recover a class of integrals related to
hyper-geometric functions and their generalizations studied
in [66,69]. Nevertheless, the simplicity of ambidextrous
twistor amplitudes extends well beyond four points; see for
example the six-point “alternating” (4,—,+,—,+,—)
amplitude in [24]. This simplicity is largely due to the
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existence of powerful BCFW formulas. The topic of
BCFW recursion relations is something we explore in
Sec. XI and is a promising road to higher multiplicity
celestial twistor amplitudes.

B. Pure gravity

For the gravity case, we may follow similar arguments to
those used above for celestial twistor gluon amplitudes.

1. Three points: Mellin transform of a mod function

Three-point MHV.—For the three-point gravity amplitude
we begin with the momentum space expression

M——+ <12>

54 Aaza
(23)2(31)? (2147 +

2975 +247%). (10.60)

The ambidextrous twistor transform of this is

Wi = ﬁ / 2 @y ) i8] i) ==+
(10.61)
which leads to [24]
i+ — (=i)? 5 7
ST (2 [(A A [(Aipz) + [Asfin][[{Aops) + [Aafia]]-
(10.62)

Analogous arguments to those given above for the YM case
lead us to consider only the amplitudes

M5=7{0,0,0},
M5=t{1,0,1},

M5;={1,1,0},
M5;={0,1,1}, (10.63)

where the (anti)symmetrized amplitudes take the general
form

M5 {5z, sz, 1, )

_((;:r)) [(A142) (A1 pa3) (Aapts)| <ZS< )

X HS;}Z +5k3 (egll)HS,}l +Sk3 (652 )’ (1064)
where we recall the definition used above,
Aol
0, = Wipi). (10.65)
Mi/"j]
and define the (anti)symmetrized mod functions
1
Hox) = 5 (11 + 2] + 1 =),
1
Hi(x):= 5(\ + x| = |1 = x]). (10.66)

We then compute the following Mellin transforms:
/ dxy 2k, |65 |27€l
0 X

1 1 1— —1
(| +x05 |+ 1 =x,05|) = 2k1(2k1—|—1)

o d
/ LR 21+ 05| 11 = 651
0 X1
|‘931|2k1
— sgn(=0y)—231" 10.67
sgn( 31)2k1(2k1+1) ( )

We are again, by analogy with the Yang-Mills case, adopting
a regularization € > 0 of the weights such that boundary
terms at infinity do not contribute. In the case of the Mellin
transform of the antisymmetrized mod function H, the
function is O(x) for small x and O(1) for large values. Hence
the strip of definitionis for —1 < Re(2k;) < 0.In gravity, the
helicity is now —2 for leg one, and the weight has real part
Re(2k;) = —1. Hence, we can regularize the weight with
2k, — 2k, + € as usual. In other words, to invert the Mellin
transform we can choose a straight line contour which goes to
the right of the pole at minus one and to left of the pole at zero.

However, the case of the symmetrized H, function in
gravity is more subtle. The H, function is O(1) for small x
but O(x) for large x, so the strip of definition does not exist
and the integral is strongly divergent regardless of the value
of the weights. This fact has been noted elsewhere in the
literature, e.g., Refs. [74,75]—in gravity the Mellin trans-
form does not, in general, converge, and this has led to
the definition of a “regularized Mellin transform” which
importantly includes an explicit factor of ™% in its
definition [74,76]. We implicitly use such a regularized
Mellin transform and note that when we take 6 — 0, we
recover the symmetric result of (10.67). One can also
consider taking an inverse Mellin transform of the result by
integrating over the weight 2k, to recover the original
function H,. In this case, a suitable contour does exist,
although it is no longer a vertical straight line since there is
no such strip of definition. Instead, a contour which snakes
to the left of the pole at minus one and then back around to
the right of the pole at zero allows us to pick up the correct
residues and recover H,.

The three-point MHV celestial gravity twistor amplitude
is then given by

M 7,050,055, )

=l e (32 s +2)3( Yo )

i

X sgn(—63;)" o= |93£|27q sgn(—03,)"% %
2ki (2k; + 1) 2ky(2ky + 1)
(10.68)

Formulas (10.67) together imply that the unsymmetrized
integral is given by
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o dx; 9%
/_lx?k'|1+x193_11|
0o X1

|931|2I_(1

=20(=03) — L
( 31)2kl(2k,+1)

(10.69)

where as usual we drop terms proportional to a delta
function in weight space. Similar considerations mentioned
in the above cases also apply here regarding the regulari-
zation of (10.69). Finally, we conclude that the unsymme-
trized amplitude is

U = ) 532+ 2) 00

163, [ 163, 2%

O(—03,) 3L e
X O(=05) St ok, 1) 262k 1)

(10.70)

Three-point MHV.—The /\~/l§r+_ amplitude is obtained by
similar manipulations and is

M;+_{sk1’sk2’sl_c3}

= 2 &) ) l6(22<;<)f " 2)5@”?,)

< sgn(—8) B g s, OB

son(— 1 n(— 2= = ’

B ok 2k, + 1) T Sk 2k, + 1)
(10.71)

while the unsymmetrized amplitude is

5 =l 32K +2) oo

T 1
2k (2k; 4+ 1) 2ky(2k, + 1)

x O(—0y3) (10.72)

2. Four points: Mellin transform of a product
of mod functions

Four-point alternating amplitude.—Turning to four points,
the alternating four-point twistor amplitude takes the
following form [24]:

. (mi)*

4 - (2”)4
+ Pafio][|{(Aapts) + Aafia]]

ot i) o) G |1+ 67411

~ 16
+ ORI+ 05|11+ 65,1 (10.73)

[(Aopy) + [afia) || (Aaptr) + [Afia] || (Aaps)

We now perform the Mellin transforms first, following the
Yang-Mills case for guidance, and only (anti)symmetrize

afterward. In evaluating the integrals below, we will drop
boundary terms at zero and infinity by using suitable
regularizations as per the discussion above. We will need
the integral

KCla.b) (y’ k) — /°° ﬂxzk
0 X

142
a

X
1+ 10.74
+yb” ( )

which is the gravity analogue of the 7, (y) and [74(y) Yang-
Mills integrals (10.44). Defining the indefinite integral

cotann= 4214912
X a y

w2k 2kl s x2k+2
2k ot (yb+a> "% T 2yab
(10.75)
we find
KD (y, k) = 20(b)O(=a) L") (|al. y. k)
+20(=b)0(a) L) (|bly. y, k)

+ @(—b)@(—a)sgn(l -y

x (2L@P)(|b

)

y.y. k) = 2L (|a

.y, k).
(10.76)

We note the similarity with the analogous Yang-Mills result
(10.47), the only difference being the form of the indefinite
integral (10.75).

The gravity amplitude is then given by

N (=)
M =27is (Zz k;+ 4)
X [(Aap) | (Aaper) | [{Aotiz) | [{Aapis) |
X /oo dyy2k3—1]C(912~,932) (y’ ]_{2)]C(914~‘934)(y’ ]_(4)’
0

(10.77)

where just like at three points we have a shifted dilatation
invariance delta function. Dilatation invariance for both
Yang-Mills and gravity is linked to the mass dimension of
an n-point amplitude which must be —n in both cases.
However, for gravity, not just the momentum but also the
coupling, «:= /327Gy, carries mass dimension minus
one. Hence, for an n-point amplitude with n — 2 powers of
k, the total power of spinors appearing is shifted by
2(n—2), so the dilatation invariance delta function for
gravity is shifted by 2(n — 2), matching our results at three
and four points.
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Before stating the integrated result of (10.77), we first define the general form of the weight dependent coefficients that

appear in the gravity case,

1 1 1
Ciim=— . 10.78
Kb =0k (2k + 1) 2121 + 1) 2m(2m + 1) (10.78)
We also define the following functions of the conformal cross-ratios,
Wliz (0) = Cllz.k2+k3—%,l22+k3+l24|‘9|_27(2 + C122+%,122+k3,122+k3+124+%|9|_27(2_1,
W3 (0) = £Ct k14 48,3101 + Ch gLty 1,
W1i4 (9) = iCIZ4+%,k3+/24,122+k3+124+%|€|2k3+2£4+1 + Cl‘c4,k3+/‘<4—%,122+k3+124|‘9|2k3+27(4,
W3, (0) = C/E4,k3—%,122+k3|9|2k3 * C7<4+1/2,k3—1,l_cz+k3—%|9|2k3_1’ (10.79)
Finally, computing (10.77) the four-point alternating unsymmetrized celestial twistor gravity amplitude is then
_ =) B, _
My = nis (Zz ki+ 4) |((Raptn) (Rapir) Qapts) (Qapis)||012] 72 (014624034 25
X [0(=012)0(=032)0(—014)O(—034)sgn(1 — [0]) (W1, (0) + W3,(0) — W5,(0) — Wi4(0))
— 0(=012)0(=03,)0(034)0(=014) W3, (0) — ©(012)O(—03,)O(—0,14)O(—034) W, (6)
— O(=012)0(05,)0(=034)0(—014) W3, (0) — ©(=012)0(—032)O(—034)0(014) W1,(0)]. (10.80)

From this, we can derive the symmetrized amplitudes

by considering (anti)symmetrizations which satisfy

> s, = 0mod 2; the others are zero. Note the remarkably
k

similar structure to that of the Yang-Mills amplitude
(10.49). All the symmetrized amplitudes in gravity may
be captured by a formula analogous to (10.55) in the Yang-
Mills case. Finally, the “separated” amplitude with helic-
ities (++——) is then obtained from this by derivatives with
respect to |03, |, as discussed in the Yang-Mills case above.

|

ngn wids) + [ jh)) / LA I d pdPjie )

X AR[(%‘, fij, =); (4, A+ ALl(wi i +); (1.2 +)}AR[(ijvﬁj’ =); (4, fi, =)])s

where we write the twistors in terms of spinors as W =
(u.2),Z = (A, i) and any external leg variables that are not
shifted in the amplitudes are not written explicitly. Note we
work in an ambidextrous basis which follows the helicity of
the particles; that is, we use W;, Z; for the (+, —) deformed
legs. We also sum over the helicity of the glued leg which gives
the two terms in (11.1) with different twistor variables—(y, 1)
for plus helicity and (4, fz) for minus helicity.

We will focus on the case of Yang-Mills in the following.
To obtain the recursion relation for the Mellin-transformed
twistor amplitudes, we perform Mellin transforms on all the

XI. BCFW RECURSION

The BCFW-type recursion relations of [77] have been
developed in twistor space in [24], and here we will apply
them in the celestial context. In this section, we will generate
celestial twistor recursion relations and show how these can
be used in practice to rederive our results at four points.

For an n-point twistor amplitude, where the deformed
legs i and j have helicities (+, —), the recursion relation
of [24] is

0 () + A Rl e +): (1)

(11.1)

|

external variables and inverse Mellin transforms on all the
variables inside the amplitudes on the right-hand side of the
above equation. Using the scaling properties of the ampli-
tudes, the Mellin and inverse Mellin transforms cancel for
all the external variables on the right-hand side except
those labeled by i and j. We also have the inverse Mellin
transform over K, K for the glued legs of each left and
right amplitude, and we can choose a single pair of weights
K,K since the integral transform acts linearly on the
BCFW expression. We thus obtain the following BCFW
relation:
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- dKdK
=> / PAd* i d ud i /

& (27i)?
dk;dk;
X/QMV 2

S, 5%, € {0,1}

+ Ap (s Ao k)s (A KO AR[(A) 2

K;): (2.1, K)]).

P 5 () + (1)

sg.sg €{0,1}

I(LJ')(;‘L[(M,ZIH’Q); (4, i, I_{)]AR[(ﬂj,ﬂj”_‘j)Q (H,z, K)]

(11.2)

where for notational simplicity we have left implicit the discrete weights sg, etc., which follow suit with the continuous
ones. We have also defined the Mellin integrals /(i, j) for legs i and j which we evaluate first using the scale covariance of

the celestial amplitudes

L. d K, S, —s d; _2/—(/-—1?/- - \S7.—
T(i.j)= / plaPE sgn(eysm | sgn(d)
w10

=27is(2(k; + k; —k; — k; ))S(Ski + 7, -

=:27i6(2(k; + k; = k; = K;)) (s, + 57, —

which we have evaluated in terms of the function G(k, s, x)
which is just defined to be the Mellin transform over R, of
G,(x) appearing in (10.17). Note again that, for readability,
we are using the notation & for a Kronecker delta evaluated
mod 2.

We continue performing all the Mellin transforms such
that the BCFW relation is purely in terms of projective
integrals. We first write & ( ~ [ds s3e™* and then by
rescaling u, ji by 1/s we perfoml the integral over s which
generates the delta functions below in (11.4). In addition,
we also break up the BCFW measure as d*A = du|u|(Ad2),
d?u = dt|t|(udu), etc., and perform the integrals over the
scales u, i1, t, T which we can extract from the left and right
celestial subamplitudes. Now recall that we are using
ambidextrous variables for the glued legs, so we always
have the relations 7 = —k or h = —k which we use at
three and four points and are specific to gluon amplitudes.
Therefore, we pull out the following factors in the inte-
grals over u, i, t, A

Z(K,K) =27i5(2K + 2K)d(sg + sg + 1)

x / dudndrdi|u|'*?K sgn(u)~5k|a|'+2K

sK|i|1—2K sk|t|1—2K

x sgn(it)” sgn(7)”

X Sgn(t)—sKeiu(Mj>eil][ﬂi]eituuy)eﬁﬁ[/lﬁ] . (1 1 4)

18Performing these integrals requires analytic continuation.
That is, we relax the conditions from the delta function and
compute the integrals in the region of K, K space where they
converge. We then analytically continue the final expression to
the region supported by the delta functions.

Sk, — Sk, + Dsgn((ui2;))10;; 2575 sgn(=6,;) "™

S, = Sz, + 1)sgn((uid;))G(k; =& 57, — 57, 035).

Skj sgn(l‘i </’tlﬂ’/> + ;/ [zzﬂ/])

2(K;— %)) + (<)% e
(11.3)

These integrals are of an identical form to (9.6), encoun-
tered when relating a half-Fourier transform to a light
transform. From (9.6) we define

N(a,b,x)= / dilt| sgn (1) e

* ['(a)
FEEr (D

=2xi™t |x|9sgn(x)?, (11.5)

and then we have

I(K,K) = 27i5(2K + 2K)5(sx + sg + 1)
x N(2 = 2K, —sg, Ju))N (2 = 2K, —sg, [Afi])

X/ du dit|u| X 2K=V gon (y)~sx—sk | [2K+2K-1
R,

X sgn(ii) x5k el i) il (11.6)

Now we perform the final integrals and simplify on the
constraint of the delta functions,

Z(K,K) = (27i)35(2K + 2K)8(sg + sg + 1)

X N(2 = 2K, =sg. (4p))

x N (2 = 2K, —sg, [A i))sen((24;)[A4])
=: (27i)35(2K + 2K) 5(sx +sg+1)

x sgn((A4)[A4])R(2K. 2K sk, sg).  (11.7)

Thus, we obtain a BCFW relation given by
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~ dKdK o
A, = (2zi)* sgn((uiA;)) / e 52K +2K)56(sg + sg + 1)
77 (2xi) skosx € (0.1}
dK'l'dR" ~
(27[1')2] Z S(2(k; + k; — k; — k;))5(sy, + St = Sk, — Sk, T 1)

8¢,05%; € {0.1}
X G = 5, 55 05) [ ) BB ) s (4, )
k1) (A i K)JAR[(2. By R)); (1,2, K))
k1); (s 2 K)JAR[ (2 By )3 (s fi )])

Having done all the scale integrals, we now have a projective form of the BCFW recursion relations in celestial twistor
space. We can actually simplify the above expression greatly since the integrals which glue the weights can be performed
against the delta functions. The left and right Yang-Mills subamplitudes come with dilatation invariance delta functions and
also Kronecker deltas enforcing overall evenness. For example, for the first product of amplitudes we have the delta

functions
(=) _ -
5<2<K,~ + > ket K>>5<s,€i + ) s+ sk>
m € L,m#i m € L,m#i ki
(=) -
x 5(2<z‘<j + > kat K))é(s,-(j + > s + sK),

mE R,m#j m € R,m#j
while for the second term we simply swap K and K. We now use the delta functions in (11.9) to localize the sums and
integrals over k;, K;, s,([, Sz,- In addition we have the four external delta functions in (11.8), and plugging in the localized

x (R(2K, 2K, sg, SK)AL[(/‘i7/~1i7

+ R(2K, 2K, sk, sz )AL (i A (11.8)

(11.9)

values of x;,«k; Sk,

J> Sk, Sx; these give the overall dilatation invariance delta functions of the amplitude .Zl,,,

52K +2K)8(sg + sx + 1)5<Z 2(k), + 2K + 21‘()5(2 SO + sk +sg + 1)
a=1

a=1 ka
I AL _
— 5(22 ka)5<2 s?)(S(ZK +2K)8(sgx + sg + 1).

Hence, we have the following BCFW recursion relation:

~ 3 dKdK
A, = (27i)? sgn(( (ZZ k ) <Zu:s(a> / 27
X z 82K +2K)d(sg + s + 1)Q(l_<j + kg + K, Sk, + Sk, + 5k 0i)
sg.sg €{0,1}
[ G A i dilsent ) TEDR2K. 2K s )
x (AL [(uis 2is =k = K3 (2 i ) AR[ (A Bt js =k = K)s (4, 2, K)]
+ AL (i A =k, = K)s (. A, K) AR[(4. fij —kg = K); (4, fi. K))). (11.11)

(11.10)

where in the above we have subamplitudes that are stripped ~ above are for the y, ji variables—the weights for the 4,1

of their dilatation invariance delta functions and we
also have redefined summation and integration variables
(K, K, sk, sg) for each term to pull out common factors.
We would also like to reiterate that all the weights in the

being found using the fact that helicity is 1 which implies
the relations # = —k and h = —k. Although not written
explicitly above, the localized values of the discrete weights
follow that of the continuous ones.
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We now perform the inverse Mellin transform over K and sy using the delta functions and arrive at the following BCFW
recursion relation for celestial twistor Yang-Mills amplitudes

A, = 2zisgn({u;h, (sz )(za:&k;) /dfz 2

[ (e ) pnsen 1) 22
sg €401}

x R(=2K, 2K, —sx — 1,5g)G(k; + kg + K. sp, + sy, + 5k, 0;))

x (AL [(pis Ae =k + K); (A, i, =K, —

+ Ap[(uis A —kp, 4+ K); (. 4, K, - )],Zt [(,,ﬂj,—k - K); (ALK, sp)). (11.12)

where we have again left the discrete weights implicit in the
above expression but they follow the same pattern as the
continuous weights with one exception—in the left sub-
amplitudes the weight s is localized to the shifted value
—8g = —sg — L.

We are left with a contour integral over K and a sum
over the weights sg, together with four projective integrals
over A, /Nl,,u,ﬂ. Carrying these out will generate the full
|

o 42 T2+ 2K02 - 2K)|(4

)P sgn((au))** |4

amplitude—we demonstrate this in an example below by
computing the four-point amplitude from a product of two
three-point amplitudes, after which we will make some
general comments valid at n points.

In fact we can carry out the integrals over u, i above
immediately since the prefactor R(—2K, 2K, —sg — 1, sg)
is given by

G- K—rK+%-

Dr2+ K +5r(-K

(11.13)

)|k~ 2sgn([ﬂﬂ]>ff<+1
K 1)

and contains exactly the correct factors of |(Au)|, etc., and the correct normalization such that the u (respectively, ji) integral

is a light transform (8.3) [respectively, dual light transform (8.5)] of the glued legs. The light and dual light transforms are
self-inverse, so we conclude that after the y, ji integrals, the glued legs are expressed with variables 1, 1 and are only half-
Mellin transformed without any light transforms acting at all. We can hence write down an alternative form of the celestial
BCFW recursion which takes input amplitudes, with all but one leg light transformed, and glues the untransformed legs,

resulting in an amplitude with all legs light transformed. From (11.12) the alternative BCFW recursion relation is

A, = 2xisgn((p:; (ZZk) ( )

/ 2xi

x Yy g(/‘cj+kR+1'<,s,;j+skR+s,—(,9,.j)/</1d,1>[Zdﬁ]sgn(wj)[z}li])

Sk E{O,l}

X (AL[(M,‘,Z,‘, _kL =+ I_<’ +)7 (l’z’ }_lLvsilLv _)]ARK/’{]’/‘Z]’ _kR - I_<
+ "zlL[(/'ti’zi’ _kL =+ I_(’ +)’ (/1’;1’ hL7ShL’ +)]AR[(AJ7/’:‘]’ _kR - I_(’

where the weights of the glued legs are

ilL:1+I_{:hL ilel—k:hR,

Sp, = —Sg— 1 =15y,

Shy = SE = Shy- (11.15)

We conclude that the most economical BCFW recursion
relation for celestial twistor amplitudes happens to involve
gluing subamplitudes with one leg in the Mellin basis and
the rest in the light transformed basis. This form of the
recursion may not necessarily be the most useful at high

=): (A 4 g, sy )]

=) (A 2, g, s, =), (11.14)

[
multiplicity since it requires recursion on an additional set
of amplitudes beyond those we are immediately interested
in. Nevertheless, the recursion relation (11.14) proves very
useful for demonstrating the four-point BCFW recursion
relation, as we will see below, since the three-point
subamplitudes can be easily computed directly.

The BCFW recursion relations for gravity amplitudes
take a very similar form. The only difference from the
BCFW expression comes from the changed dilatation
invariance delta function which, as we saw at three and
four points, is shifted by 2(n—2) due to the mass
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dimension carried by the powers of the coupling x in an
n-point gravity amplitude. Hence, in the gravity case the
delta functions of the subamplitudes (11.9) are shifted,
so the localized values of the continuous weights of legs i
and j on the left and right subamplitudes are shifted by
2(ny g — 2) also, while the localized values for the discrete
weights are the same as for the Yang-Mills case.

A. Four-point BCFW
To see how the recursion relation works in an explicit
example, consider the four-point amplitude A(17,27,37,47)
|

AMHV[(#I,L,—/_Q +K

= 5({A4,))sgn([1,1] [711/12])Sgn(—elz)—&iq“kﬂ

and

AN (3. 23, k3, +), (Ago figs ks — K.

+), (Mo, iz, koo =), (A, 1+ K, —s

with a BCFW shiftoflegs (11, 47). In this case the amplitude
pairs that appear in the BCFW recursion are

AYEV (1,27 PHANIY (P~ 3+, 47)
+ AP (17,27, PR)AREY (P37, 47).

(11.16)

Asusual the second pair of amplitudes do not contribute since
they vanish for generic kinematics, so we consider just the first
pair. The relevant three-point MHV and MHV celestial
amplitudes with two legs light transformed are derived in
Appendix A, and for the case at hand, they are given by

g—=1,4)]
|91—21 |—21}2+21'(

= 6([Ms])sgn((A4d) (3 dy) )sgn(—6s4) Sk 5%

—2ky — 2K + (1)~ k¢

T 7% NQ’I_(?_S_? z~ 11.17
_2k2 + 2K + (_1)—8;2-&-3[(-&-16 ( K [ /"2]) ( )
_)’ (/172’ 1 - I_(, SI‘(, —)]
|934 |—2k3—2f( ~
N(=2K.sg + 1, (u34)), (11.18)

where we have stripped off the dilatation invariance delta functions since they have already been used to localize the

weights.

We now consider the product of these two amplitudes and perform the integrals over 4, A. Using the delta functions which

come from three-point momentum conservation, we identify collinear pairs A = 4, and 1 = ;.

is then given by

" The four-point amplitude

.;LJ{_+ = 2xisgn((u;4)) (ZZI{) (Zs ) i

X Z Gk + ky + K. 51, + 57, + Sk 614)sen((224))sgn([22,)) ATV ANHY

Sk E{O,l}

= 2z sgn([Aia) (uada) (11 24)) (sz> (Zs ) 2ri

X Z Glks + kg + K. i, + 5, + g, 014)52n(=012) 0 T sgn(—034) 0%

Sg € {0,1}
|91-21 ‘-2122+2i(

N

_2]_(2 + 2[_( + (_1)—S;Z+Avk+l€_2k3
=g [Zafa] )N (=2K 55 + 1. (p3)).

x N (2K,

“2K + (=1) s ke

(11.19)

Now, using the Legendre duplication formula for gamma functions (B16), we find that

“The other BCFW pair gives vanishing contribution for four-particle kinematics. We can see this directly since it has delta functions
which give collinear pairs 1 = 4, and 1 = 4, which forces the vanishing of the sgn((44,))sgn([44,]) factors in the BCFW relation.
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NQK, =sg. [ )N (=2K, sg + 1, (u34))
= 2o W] sem(aie]) ¥ usde) P s ) s
= 2wz +(1 [yre sgn((usda))sgn(—03,)°% |03 %, (11.20)

where we have also included a regularization of the pole in 2K. As usual, when we integrate over K, this regularization
corresponds to a contour along the imaginary axis which avoids the pole either to the left or right. Using the above and the
definition of the G function in (11.3), the four-point amplitude is given by

AT = 4n? sgn((ui o) <ﬂ3/12></¢334><ﬂl/14>)5(2{1:2?) (ZS )

x Z sgn(012)"= % sgn(03;) % sgn(Bsq)* K sgn (@) K
Sg € {0,1}
|912|27(2|‘914|2k3+2]_€4|934|_2k3

27i

‘9|—2f(
2y + 2ky + 2K + (—1)* T uTke 2K + (—1)%e

1

1

X =
2ky + 2K + (-

The sum over sk gives two terms which exactly correspond
to the decomposition (10.54) which we previously found.
The two terms are the unique Z (7, r3,, 34, F14) With the
correct even/odd symmetry, and, as already noticed, these
terms have the opposite € prescriptions and sgn function
factors.

The contour integral over K has contour along the pure
imaginary axis and the expression has poles at K =
(0, ky, —k3 — k4, —ks) with varying e prescription away
from the imaginary axis. It is straightforward to check that
the residues on these poles generate four terms involving
the functions V35, Vi, V4, Vay given in (10.51) which
make up all four-point symmetrized amplitudes. With
|

1) %5 e 2k, + 2K + (—1)R 5 e

(11.21)

|
regard to the choice of contours, the K dependence in
the above is |0 72K, where 0 is the ratio of cross-ratios. In
order to avoid contributions at infinity the contour must
be chosen to close to the right with large positive K for
|0] > 1, while for |0] < 1 it must close to the left with large
negative K. Thus, for each case we pick up a subset of the
poles, namely, those with e prescription such that the poles
lie in either the left- or right-hand half plane. In this way
the various functions Vs,, V5, V4, V34 are assigned to the
channels |6 > 1 or |0] < 1.

For example, the fully symmetrized amplitude has all the
s, equal to zero, so we have two terms:

k

a

A+ - {0,0,0,0} = 4z’ sgn((p1d2) (H3da) (H3ds) (H124)) (ZZ k )

X |‘912|21}2|‘914\2k3+2]}4\‘934|_2k3 [1(0,0,0,0) + sgn(61,03,054614)1(1,1,1,1)],

where, focusing on the contour integral 7(0,0,0,0), we have

dK 0|2k

(11.22)

1 1 1

1(0,0.0,0) ==

which gives four terms, one for each residue, with two
terms appearing in each channel as dictated by the +e
prescription. This exactly matches the four terms (10.52)
appearing in the function Z(0,0,0,0) found in the four-
point amplitude. The I(1,1,1,1) contour integral has

27i 2ky + 2ky + 2K + € 2K + €2ky + 2K —e 2k, + 2K — ¢

(11.23)

|
opposite F¢ prescription and takes a similar form which
matches the terms in Z(1,1,1,1) in (10.53).

Beyond four points we will encounter similar steps, and
the BCFW recursion relations will allow us to iteratively
build amplitudes using previous results as the inputs. Given
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the amplitudes with up to n particles, we can build the
n + 1-point amplitude by a sum of terms involving the glu-
ing of two subamplitudes, with integrals over the homo-
geneous coordinates of the glued legs on the celestial torus.
Given the similarity of these integrals to the integrals in the
twistor BCFW recursion relations of [24], we might expect
a diagrammatic formalism a la Hodges [78] to exist. Once
the gluing is complete the contour integral would simply
build terms in a combinatorial fashion by evaluating
residues on the poles of the BCFW expression. We leave
the exploration of such higher multiplicity questions to
future work.

XII. CONCLUSIONS

In this paper we have computed ambidextrous light
transformed correlators by deriving celestial twistor ampli-
tudes. This involved the formulation and understanding of
the Fourier, twistor, shadow, light, and Mellin transforms in
their appropriate signature spacetimes. We proved relations
between these transforms, summarized by the commuting
diagrams in Figs. 1, 3, and 4, before their application to
derive three- and four-point YM and gravity amplitudes,
and a general BCFW recursion relation in Secs. X and XI.
In conclusion, we would like to highlight some areas for
further research which are prompted by our results.

We found a concise expression for the four-point YM
amplitude in (10.55), and it would be interesting to relate
this to the four-point results of [69] for four light-
transformed fields. For gravity, the four-point alternating
amplitude, given in (10.80), shows a striking similarity in
structure to its YM analogue—clarifying the physics
behind this may lead to insights applicable to more general
cases. The application of the double copy for celestial
twistor amplitudes (cf. [42,79]) should also be explored in
this context.

Extending these results to more general amplitudes is
clearly a next step. Higher point results could naturally be
derived from the twistor celestial recursion relation, given
in (11.12) or (11.14). The structure of contour integrals and
cross-ratios that was apparent in our BCFW derivation of
the four-point amplitude would be expected to persist at
higher points, and it would be interesting to pursue this
via direct calculations. In particular, the n-point MHV
amplitudes may be amenable to this approach. It would also
be of interest to understand if the integrands in these
recursion relations have some geometric interpretation,
perhaps analogous to the diagrammatic rules and identities
described in [24] for the twistor amplitudes.

Developing the OPEs of light transformed correlators via
celestial twistor amplitudes should provide insights into the
construction of higher point amplitudes as well as elucidate
the structure of celestial conformal field theory, along with
factorization, conformal blocks, etc. These OPEs should
follow from the consequences of collinear limits for the
amplitudes presented here. The extension of this work to

supersymmetry can be done using the results in [12,13]—
since the anticommuting superspace coordinate scales
under the little group, the chiral Mellin transform is
modified for each of the superspace component fields
and hence amplitudes. The twistor space superamplitudes
described in [24] neatly package together their component
subamplitudes, and one might expect similar simplifica-
tions for their celestial analogues. There would then exist
supershadow and superlight transforms that are related to
super-Fourier and supertwistor transforms. Thus, the
celestial twistor superamplitudes could be found by
Mellin transforming twistor space superamplitudes.

The relative simplicity and interesting structure of the
twistor celestial amplitudes derived in this paper seem to
provide encouraging signs for developing this approach in
these directions.
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APPENDIX A: ALL BUT ONE LEG CELESTIAL
TWISTOR AMPLITUDES

In this appendix, we present three-point amplitudes with all
but one leg half-Fourier transformed and also their celestial
versions found via ambidextrous half-Mellin transforms.
These amplitudes appear as inputs to the celestial BCFW
recursion relations (11.14) and were used to derive the four-
point celestial twistor amplitude.

Ambidextrously half-Fourier transforming legs one and
two of an MHV three-point amplitude, we have

AV [y 3y, ), (R By =), (A, 2, )
= 5((&/12))sgn([;11;1])sgn(<;4112> + [/12;11])

D (08
@ ¢ p< ) M)

which can be derived by an identical method to that laid out
in [24]. We have written the result in terms of a reference
spinor ¢ on which the amplitude does not depend. This

(A1)
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property is a result of the presence of the delta function
6((A4,)) which is the remnant of three-point momentum
conservation. We now half-Mellin transform over the scales
of the spinors iy, jiy, A with weights k;,k,, h and their

|

corresponding discrete weights. Since we have already
performed many such Mellin transforms of exponentials
and sgn functions, we can refer to previous calculations, for
example (9.6) and (10.18), and we find

AMEV (4 Ty kg 4, (s s Ky =), (A 2,y )]

= 8((A2))sgn([ 4] [finhy ]) <</1§2/1§>>

x 5(22: 2(2),. r2- 2h>8(,~i o) + sh)/\/(Zh — 2.5, + 1,% [,122]>,

i=1

sgn(—6;,)"

07,
2k1 + (—l)sk| €

(A2)

where the function N (a, b, x) is defined in the main text (11.5).

Since in a celestial amplitude the spinors act as homogeneous coordinates, the delta function 5({A4,)) actually implies
A, A, are equivalent as homogeneous coordinates, so we may write

A [0 T4 Ky ), (g i Ko, =), (A A B, +)]

= 8((Ad))sgn([4 ][4 fia] ) sgn(—61, )

2. (=) 5 .
x 5(22 k;+2- 2h>5<z so + sh)N(Zh — 2.5, + 1, [Ajin)).

i=1

i=1

635 [
2k, + (=1)ne

(A3)

i

and the apparent dependence on the reference spinor drops out. The MHV amplitude is completely analogous. We half-
Fourier transform legs 3 and 4 and then ambidextrously half-Mellin transform; we find

AV (3 3 ks, +), (Mg fig kg =), (A AR —))]

— 5([;1;13])sgn((,14l> (1324 )sgn(—034)"%

2. (=) N\ (& _
x5< 2ki+2—2h>6<2s() +s,—1>/\/(2h—2,sﬁ+1,<ﬂ3x>).
=1 =1 ki

APPENDIX B: FROM SHADOW TO FOURIER

In this appendix we complete the proof that a chiral
Mellin transform of a Fourier transform gives the shadow
transform. This requires us to compute the integral 7 in
(5.11) given by

(B1)

T = @ A @ c22h 52—213 ei(o‘+5')'
ct O o

Computing Z completes the proof of the commuting
diagram in Fig. 1. However, as an additional check, we
also prove the diagram in the reverse direction by
inverse chiral Mellin transforming the shadowed conformal
primary to recover a Fourier transformed momentum
eigenstate.

|05
2y + (=1) ke

(A4)

1. Computing Z

To compute Z we first change variables ¢ = Re'?,

o0 2r . )
7T = 2[/ dR R372A / d¢(ez¢)—2je2tRcos¢
0 0
—2 A dR R, (B2)

We can compute the angular integral as a contour integral
using z = €'?, giving

I¢ _ _-]{%Z—zjem(zﬂ')
Z

- —ig%%%z_y(z +z7hH)n (B3)
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This is also a modified Bessel function of the first kind.
Now we use the binomial theorem and find that the contour
integral has a residue contribution of 2zi at z =0 only
when n + 2J is even and n — |2J| > 0 and for the single
term in the binomial sum with k = J +7 > 0. The integral
is then given by the sum

= Z ("+J G+ DE=T)!

n>2J|
n+2J even

0 R21+21J]

=2 e B4
i Z zv U+ 2] (B4)
which we have rewritten with [:=%—[J|. This sum

corresponds to a generalized hypergeometric function since
the ratio of any two consecutive terms is a rational function
in /. Labeling the terms in the above sum by a;, we have

2
a —-R

= , = 2xi2MIR2MI, B5

a (I+1)(+2)J]+1) (BS)
hence, the angular integral is given by

T, ="2ni?VIR¥VI F\ (527 +1;-R?).  (B6)

The sum (B4) converges for all finite values of R” by the
ratio test.

To evaluate the R integral we find it easier to work with
the explicit sum form of Z,

T = 4zii?V / dRR3-2A
i Z

We now regulate the R integral using e~°F and then take
5§ — 0" We also commute the infinite sum with the
integral since both now converge,

T — 47[”2|J|Zl'l+2|1| / R3-28+2042)J] ,~6R

-1)! T(4-2A+20+2|J])
Az
= 4rii? |Zl‘ l+2|]| SA-2A+2012]]]

R21+27]

Vg ®7

(B8)

Once again this sum corresponds to a hypergeometric
function: Labeling the terms in the sum by b;, we have

by (5=2A+20+2J))(4-2A +21+2J]) -1
b, I+ 1)(1+2J]+1) 6’
4rii?VIT(4 = 24 +2]J))

0= (2]J])16%28+21]

(B9)

20 - .
Ramanujan’s master theorem also gives the same answer [80].

Thus, the integral 7 is given by a type ,F'; hypergeometric
function. The sum converges for | 5;‘ | < 1/2 and is on the
principal branch

 Axii?VIT(4 - 2A +2|J])
- (2|J‘)!54—2A+2\J|

5
X2F1(2

In order to tame this expression we must use a series of
transformations and identities. The first of these is a Pfaff
transformation,

a,b b,c—a
2F1< . ;Z> I(I—Z)_b2F1< ;L>, (B11)

and applying this to (B10) gives

-4
— . B10
217 +1 62> (B10)

 Arii?VIT(4 — 24 +2))
- (2|J|)!(5+ 2)4—2A+2\J\
2-A+ [, -3+A+]] 1
X 2F1 5 2
21J] + 1 1+2

). (B12)

At this point it is safe to take the limit § — 0, and we obtain

141

1

T = dmi 5= 22472V (4 - 24 +-21))

(217!
3
3+ A+
x2F1( 2 | ’;1). (B13)
217 +1

We can now evaluate the ,F; at point 1 in terms of objects
we are very familiar with, gamma functions,

a.b \ T(c)I'(c—a-b)
2F1< c ’1>‘r<c—a>r<c—b>’

(B14)

which holds if Re(c¢ —a—b) > 0. This condition is

satisfied for us since ¢ —a—b = 1/2; hence, we can
write

211

2l

T = 4ni 228214 (4 — 24 4 2)J))

2|+ 1)
C(-14+ A+ [J)LG+|J|—A)
(4 —2A +2|J))V7
C(-14+ A+ [J)DTG+ | -A)
(B15)

2J|p248-2|7|-4

= 4rii

Further, we can simplify this expression using the Legendre
duplication formula [Eq. (5.5(iii)) in [81]]
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1
Vr2'75T(2z) =T(2)T (z + E) . (B16)
and the Euler reflection formula
FEI(1-2) = —7— (B17)
¢ 9= sin(zz)
Using these we arrive at
r2-A+J) ., T(2=2h)
T =2 2|J| ) 2J
N T A+ ) - ™ ran—)
rez-
=2mii™ Y ———~ (2-2h) (B18)
r@h-1)

Each of the three expressions above is equivalent, and we
are free to use whichever we prefer. We then use this result
in the main text to recover the shadow transform.

i / dA'|u, i k. k)
ﬂlzjlez a—ioco

2. From shadow to Fourier

We begin with our expression for the shadow trans-
formed state (4.5) which we will rewrite in terms of
k=1-—hand h=1-h,

'—2k+21_cr 27( _ o
o ik By = (2k) / PaN PTG,
2

47T (1-2k) Je
(B19)

and we perform an inverse chiral Mellin transform (G3) to
recover a Fourier transformed state. We can choose to
integrate with respect to A’ =k+k and J =k—k
since this is just a choice of integration variables. We
then have

/ dAndl Y i (1) “’(E’M;)

a+ico
X dA
a—ioco

where we have used the form of (B18) written in terms of A and J. The integrand has poles at A’ =

2/'ez
LA + ) )™ | -
(=& 4 7] A (B20)

—|J'|—=nfornezs,

due to the gamma function I'(A’ + |J'|). Thus, the integral over A can be performed by choosing the contour with a > —|J|

closed anticlockwise. Hence, we have

d2/1 A d*l Z =27 (

A\ & (=D ()
W) 2 nC(1+ 2|7 + n) [4.4)

_p) < /

4” 2] ez n=0
1 e e~ () Gl D)™ 5
d2/1 d? W+ i P e CR VI B21
= g Jo PAA LS R ) S ST (B21)
These two sums look slightly unwieldy, but we can manipulate them into something more familiar as follows:
1 s o ((1(4p)) (il 2))) wiul .
dle d*ry —~——— T
T4 ; n! + Z:] (m + n) + Z (m + n) %.4)
1 2y ar (o )" (i A)"
W dand ﬂ(; n! n!
N (ila 20)™ (i)™ | (laa)" (i)™ 5
A A
+;m]((m+ n)!  n! + n! (m+n)! )
. i) RADAY | 5
d2/1 d*l A A
T et (2}; I
=7 d2/1 A d2Aei @ o137 (B22)
/3

which is exactly the Fourier transformed state (5.1).
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APPENDIX C: BULK CONFORMAL
GENERATORS

In this appendix we provide formulas for the conformal
generators of the four-dimensional bulk spacetime. We
present these generators in a variety of bases: momentum
space, Mellin space, Fourier and twistor space, and finally
shadow and light space. These different bases for the
generators reflect the various integral transforms that we
have at our disposal. The generators themselves are always
defined in the same way—we simply commute them with
the integral transform which defines the basis and we
always use ~ to denote this relation. We also, in general,
favor presenting the celestial generators in homogeneous
coordinates since they are much more compact; never-
theless, we also give some examples in terms of affine
coordinates.

To check that the generators satisfy the conformal
algebra, it is easiest to check that the spinor and spinor
derivative from which we build generators satisfy the
canonical commutation relations. The only nonvanishing
commutator is

[aa’ A’/}] = 6/3(1 (Cl)
and similarly for the conjugate spinor and its derivative.

The generators of the four-dimensional conformal alge-
bra written in terms of spinors and the commutator relations
they satisfy are given in [82]. The form of these generators
is the same in either Lorentzian or split signature with
the only difference being the form of the metric #** in the
structure constants of the algebra. This then informs the
reality conditions on the spinors.

1. Mellin space

The generators of the bulk conformal algebra in the
Mellin basis in affine coordinates were presented in [83]
and rederived from the (1,3) signature chiral Mellin trans-
form in [12] along with the N = 4 superconformal gen-
erators. In Table I we give the (1,3) celestial conformal

TABLE 1.
e% = ¢™% etc.

generators in homogeneous coordinates; an example der-
ivation of d,e~% is given in the main text, Eq. (3.16).

2. Fourier space

We define conformal generators in the Fourier basis by
commuting them with the Fourier transform (5.1) using
integration by parts. The basic building block operators
have the following Fourier conjugates:

0 0
~ a ) (IN_'alX’ —N_.lay I .la,
Ha~10y, W i o i o, i
- . ~. 0 ~ 0 ~.
0. ~i0,, jg%~—id, =~ =iy, —~ i, C2
fig~i0q, A% ~—i P T (C2)
such that
3] ~ o~ 0
j'ara ~ =€ —H YR /1& ~ =€y ﬂ'Tav C3
B p ﬂd,u p p ﬁaﬂ (C3)
implying
0 o .0
A%0, ~ =2 — u*—, A0y~ =2 — % —, C4
p M o P (C4)
0 ~ .0

o opi”)
from which the helicity and dilatation operators featured in
the main text, as well as all the other conformal generators
in Table I, are derived.

In Table I we also define another set of operators
Jr,dp, pp,kp, mp which generate the conformal sym-
metries of u, i space directly and without reference to their
origin as conjugate spinors to 4, 1. We find that the original
set are related to these by an automorphism of the
conformal algebra given by

d— —d, T =T,

mi—> —m,

p = —k,

k+— —p, m > —m. (Co)

Table of conformal generators in each basis in (1,3). In the above k =1 — A, k = 1—h such that

Table of operators in (1,3)

Momentum Fourier Mellin Shadow
Paa — o = — ki Dedge ~ ket
ko —afig = — L, aa;)ae—d?h—% —pifi é{e‘j +%
d — U e SR = 1= —dp ~h—h+1 k+k—1
J L 0= L = = h—h —k+k
Mg Mg =~ My Aa%p) ~Ha 7
My s —fi a;/” == m&Fﬁ’ Z(aajg) _ﬂ(afﬂ)
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One can check that this preserves the commutator relations
of the conformal algebra. This automorphism of the
conformal algebra is generated by conjugation with the
discrete operator which generates a conformal inversion /
in position space. For example, we have the well-known
description of special conformal transformations as
k, = —Ip,I. We can make this more concrete by consid-
ering the conformal symmetry generators in position space
defined by the Fourier transform

/ d4xe—ip-x

giving the conformal generators

0 e ifed .0
A A A

.0 . d d
dN—lxﬂw, m#y’\’l<xﬂw—xyw>. (CS)

(C7)

i2h=2hp(2 — 2h)
(27)T(2h - 1)

i2-2h0(2 — 2h)
(27)’C(2h = 1) Je:

so the shadowed spinor derivative is given by d,~
_i:“(le_ah/z = _i:uaedk/z'

4. (2,2) Mellin

Conformal generators derived from the (2,2) signature
chiral Mellin transform are only slightly different from

/ &2 A d2/1<2ﬂ>2h—2w;1]2;z—2aa
c

23 A dPA Q)2 2202 |A, 2),

We can then take these expressions and consider their
representation in a new copy of Minkowski space with
coordinate y* (with units of inverse length) and related to x*
by a conformal inversion y* = 1—'; Then, by changing
variables in (C8) we find exactly the relations (C6). This
shows that the special conformal dual k., = u,fi, can be
regarded as the “momentum” associated with a conformally
inverted position space. This situation is summarized in the
diagram contained in Fig. 5.

3. Shadow space

Since the shadow basis is simply given by a chiral Mellin
transform of the Fourier basis, the shadowed bulk con-
formal generators in Table I are just celestial versions of the
Fourier transformed generators. This can be checked using
the formula for the shadowed celestial state (4.5) and the
relations k = 1 — hand k = 1 — h. For the spinor derivative
d,, using integration by parts we find

)

/ 7 A PA(~pta(2h = 2)) ey 7 AP, T

(€9)

|
those in (1,3) signature since we have discrete weights
sp,sp which are also carried by spinors and spinor
derivatives. As such we must also have discrete weight
shifting operators which shift s, s7; by an abuse of notation
we also denote these by exponentiated differential oper-
ators although, since s, 57, are discrete, they clearly do not

Momentum Space z, A\, A

T
F,\,Z\
A

Twistor Space p, A

Fourier Space 7, p,

\

» Dual Twistor Space A, ji

F.x
T
Yo fi

FIG. 5. “Bulk diamond” of relationships between twistor and Fourier transforms, including the action of conformal inversions on
position space. A chiral Mellin transform maps this to a celestial diamond a Ild [84,85].
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take such a form. Consequently, split signature celestial

generators take the same form as their Lorentzian signature
9

closing of the conformal algebra but is needed to properly
shift the (2,2) weights.

i For example, consider the spinor derivative d, and act
with the (2,2) chiral Mellin transform (7.13),

. . . 1 1
cousins but with the universal replacement 2% — e2%¢
The inclusion of the ¢%: operators has no effect on the
|

dit d 7 1 ~
/ — A u| 12|27 sgn(u)* sgn(it)F — dy|ud, it A) = dge™ne % |2, 4 h, 55, b, 53). (C10)
R.xR. U u u
Hence the spinor derivative acting in Mellin space is simply aae_%‘)h_afh.
Compare this with the affine coordinate version
6(,6_%‘3’16_0% |/Ia,/~1&; h, sy, h, S7)
- ~ Z Z

= 0,727 ¢ 2|22 2 sgn(dy) 7 sgn(75) = < | > (1 );h, S, S1‘1>

1 (A3 —20, c - z 4 _
= < 2om, e ) e e ™% |12 25|72 sgn(Ay) "5 sgn(dy) < ) < );h, Sps h, s,;>

2 -0, 1 1

U ~ —2h+1-2z0 Z Z -
= |A|72"| 25|72 sgn (A, )75 sgn(ds ) S ¢ ) em29=0y, , sh,sy, h,s Cl1
? ? b 1) \1 "
Y%

where we changed variables {;,4,} = {z,4,} with z =
A1 /2y = —2%/A" and recovered an affine expression for the
spinor derivative (“2*117%)¢=3%¢~%:. Note that the deriva-
tive 1, 0—32 gave a factor =24 + 1. In principle, it also acted
on the factors sgn(1,) ™, but these give terms proportional
to 4,6(4,) which vanish. In other words, unlike the
continuous weights h, h, the discrete weights cannot be
measured with a differential operator A, 0%2.

5. Twistor space

The conformal generators in the twistor and dual twistor
bases are listed in Table II and are found by using the
replacements (C2), but only for either the A or 4 spinor and

the conformal symmetry generators that treat yi,, A, in a
manner based purely on whether they transform under the
left- or right-hand factor of SL(2,R) x SL(2, R). That is,
the Jr,dr, pr, kr, mp are simply the original momentum
space conformal generators but with the naive replacement
A — u and similarly for the J7,d7, p7, k7, ms for dual
twistor space via 4 — ji. These are distinct operators from
the original set and are used as a comparison to study the
action of the twistor and dual twistor transforms. We find
that these new operators are related to each other by the
automorphism (C6) which can be understood as being
generated from the full Fourier transformation from twistor
to dual twistor space,

its derivative. In Table II we also define two addlt%onal §ets Ly n Lo+ (12)
of conformal generators: Jr7,dr, pr, kr, my which gives ’
TABLE II. Table of conformal generators in each basis in (2,2). In the above k = 1 — h etc. such that ¢% = ¢~ etc.

Table of operators in (2,2)
Momentum Twistor Dual Twistor Mellin Light Dual light
Pai i 35 = Pii i 35 o = kb, Aoy A E Pty il d" e ety idy 63‘ A %0
Kai —lﬂaa(z =t kZa —ifig0, = _PZ(; aaa e‘%‘%e %, =0; —lﬂa() 67_%60”‘ o —iﬂdaae_%*?ke_asﬁa“%
d —%,u”az(,+lia(§ =Jr 34%0, +§fﬂﬁj = —Jr ~h—h+1 k=h —h+k
J 2”3&* 190, + 1=:dy —34%0, ——ﬂ aﬂ = —dy h—nh 1—k—nh h+k—-1
m(l/} _:u(a ja/f) == mgﬂ j’(aaﬁ) (t/} i(aaﬂ) —,M(a % imaﬁ)
7. 35, =T G0 — T 75, 3.5, Q.0
Majp AaOpy =1 R g =~ My Aa0p) A(a0p) Hia 3z
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which has the same kernel as the Fourier transformation
(5.1) but is integrated over an orthogonal region of the full
phase space A, 1, u, ji. This correspondence is summarized
in the diagram in Fig. 5. Note that unlike the Fourier
transform from 1,1 to u, fi space, the measure of the
transform (C12) from twistor to dual twistor space does
not carry any dilatation weight and thus does not change
the dilatation/mass dimension of the object it acts on. As
discussed in Sec. VI, this means the full twistor transform
(C12) does not correspond to an active conformal inver-
sion. As explained in [23,86,87], an active conformal
inversion of the moduli coordinate associated with an
|

amplitude supported on a set of twistor lines, or equiv-
alently an active inversion of the dual coordinates, gen-
erates an inversion within twistor space which exchanges
Aq <> fi, In our conventions.

6. Light space

The light basis can be thought of as a celestial twistor
basis, so the bulk conformal generators in the light basis in
Table II are simply Mellin transformed versions of the
twistor conformal generators. We can also derive them by
directly commuting with the light transform given in, say,
(8.4); for example, for the spinor derivative we find

[ AP ()l )
> =) /R

B _h Az M=o sgn((Ap)) (2 = 2)) [ () =2 sgn((24a)* g A

i ['(2-2h)
2 TE—h+3)r(h—%
i ['(2-2h)
2 TE-h+)(h—%
i I'(2-2h)

9

= — T (Ha(2h = 2)e7F ) A 4] () P2 sgn((Ap)) | 2 o)

2 TG+ -3

(2 —2h)

9, 1= 5h

= (_i,uae_%_dsh) 2 1 AT Sh
G=h+30(h=3 -

where in the second line we used integration by parts and
dropped the term where the derivative acts on the sgn
function 9, sgn({(Au)) ~ 8((4u)), with a vanishing contri-
bution due to the delta function.

APPENDIX D: PROOFS OF S>=1d AND L?>=1d

Since $? (and L?) are entwining operators between the
same irreducible representations, then they must be propor-
tional to the identity. In this appendix we prove directly that
the shadow transform (4.3) and light transform (8.3) are
actually self-inverse. This is already implied by their
relationship with the self-inverse Fourier transform (5.1)
and half-Fourier (9.1). Indeed the normalization chosen
such that § and L are self-inverse was exactly that which
appeared when linking to the Fourier and half-Fourier
transforms. Note, however, that the self-inverse property is
not just due to our choice of normalization. Take the
|

B ~—2h+2ﬁl—* 2h
PUfeahh) = o [

2mil(1 = 2h)
5 i2h=2h1(2 — 2h)
2mil(2h — 1)

g L A P () )

/ dz A dz(w = 2)"72 (W — 2)22f (2,7, h, h).
CP!

(C13)

|
shadow transform for example; since by the square of
the shadow transform we mean S% := S,_, ,_j © S, then
normalizing S by any factor at all can only change the
normalization of S?> by a function invariant under
h—1—hh—1-—h We find that such a function is
enough to normalize S?> =1Id and that this is a conse-
quence of the structure of the shadow transform in two
dimensions, in particular, the use of the two-point structure
(w — 2)2=2 (3 — 7)2~2 (inherited from the antisymmetric
spinor brackets) which picks up a factor of (—1)~2/ when
we swap w <> z, as we shall now explain.

1. Self-inverse shadow

We consider the square of the shadow transform
in affine coordinates (4.3) acting on a function with weights
h, h,

aw A dw(z' —w)™2h(Z7 —w)2h
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So we are led to compute the integral

1 .
T:=— [ dw Adw(y —w) 2 (y—w) "

2mi

X (W _ Z)Zh 2( Z)2h -2 (DZ)

A similar integral was studied in [88], denoted I,, and for
Sa; =Y @ =2 gave the result’’

I = — dW/\dew w;) "% (W — w;) "%

=12
= 27i(—=1)"" " K8 (7 - z),

2mi

(D3)
|

I i
i
=— [ dwAdw(y—w)(w-
27i
1
= (- 1)2127”/dw/\dw(w y)~H (w

where we have extracted a factor of (—1)% and recovered
an integral with an ordering of variables that matches /,.
Now, using the result (D3) we conclude that $? = Id. We
would like to emphasize again that this result is specific to
the shadow transform in two dimensions with the two-point
structure (w — z)2=2( — z)2h-2 2

We can also show that S?> =1Id is independent and
revealing without the computation of the integral Z. We
first note that the shadow transform in affine coordinates
(4.3) is a convolution of a conformal primary with a kernel
given by the two-point structure (w — z)*"=2(w — 2)?"~2. In
particular, the kernel is translation invariant. This means
that in Fourier space conjugate to z the shadow transform is
not an integral transform at all but a purely multiplicative
operation. This insight is thanks to the authors of [54]. Here
the Fourier transform we use is a two-dimensional one. and
again we will employ the Fourier kernel which is better
adapted to the two-dimensional complex nature of the CFT.
For a function f(z, z; A, l_l) with weights £, % on the celestial
sphere, we define the 2D Fourier transform

*'We have written the result of [88] using our complex measure
dw A dw = 2id(Re(w))d(Im(w)) which explains the additional
normalization by a factor % Similarly, we write the result using a
delta function of the complex variable 7' — z with an extra factor
of 2i.

20ther two-point structures are available in d dimensions, for
example in [55], whose corresponding shadow transform may not
be self-inverse.

2 (ly —wl?)
—2)¥(jw = y[*) 2 (jw -

where we have defined

I(1=a)I'(l —ay)

K= T ar@)

(D4)

Solving the constraints on the a; with @; =2h,a, =2-2h
and similarly for the barred variables, we then have an
integral very close to Z, and K is such that it exactly cancels
the normalization factors in (D1). It remains to relate I, to
our integral 7. The crucial difference between 7 and I, is
that the ordering of the variables in the brackets in 7 is
flipped since they reflect the order in which the shadow
transforms were applied. We write Z in a manner such that
the branch cut structure is transparent:

div A dw(y— W) —2h— 2J(y W) 2h( Z)ZE+2J—2<V—V_Z)2E—2

—2E(|W _ Z|2)2ﬁ—2

Z|2)2iz—2 — (_1)2112,

Note that this is distinct from the Fourier transform we
considered in Sec. V since the above is only defined in the
affine patch 1, # 0.

Now let us consider a shadow transform of the conformal
primary f(z,Z; h, h) as written in (D6),

S{f(z.zh.h)}

1 2 T(2 -2h) s
= 55— T(3h = /ds/\ds/ dz Adz(w—7)

r(2-2h)

r(2h-1)

( )2h Ze—z Sz+sz
(
(

1 12—
2712mF 2h

x / dz A dZZZE—ZZZh—2ei(z+Z)}‘(S’E;h’fl)’
C

2}3/ds/\dse i(sw+5 ) g1-2h51-2h

(D7)

where in the second line we have performed a simple
change of variables, shifting z by w and rescaling by s. We
can now recycle our calculation of (5.11) to perform the
integral over z, Z, noting the different exponents appearing
in the case at hand,
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S{f(z.zh h)}
1 T2 =2h)i¥T(2h - 1)
T2t T(2h—1)I(2-2h)

x / ds A dse‘“””fW>s1‘2h§1‘2ﬁf(s,E;h, h)
c

(=¥ s —i(swH3W) 1—2h<l=2hF( ¢ < ) T
=5 ds A dse~ilsw+sw) gl=2hg f(s,5;h,h).
T Jc

(D8)

Thus, we see that in Fourier space the shadow transform
acts in the simplest manner possible as a multiplicative
operation,

Z—ZJ
SH{f(z.z:h.h)} = (-1)¥ 2ﬂzinr(1r—(2h§
B o 1 1 i (2h)
=(=1) 27:27:1F(1—2h)

/ ds A dse~i(sy+53) / aw A dwv'v_ﬁ‘w_”’ei(wmf(s, 5;h,h),
c

F(s, 5 b R) > (=1)Y 52512 F (5 5 h h). (DY)

The factors of s, 5 appearing in (D9) match the results of
[54] up to differences in the definition of the two-point
structure used in the shadow transform.

From (D9) it is immediate that the shadow transform is
self-inverse. That is, by performing a shadow transform
again with the weights given now by 1 — &, 1 — /i, we will
cancel the above multiplicative factors and return the
original function. We can check this explicitly by perform-
ing a second shadow transform on the function given by the
final line of (D8),

/ ds A ds/ dw A dw(y — w) 2 (y — w) Zhemilswts®) 1=2hg1=2h 7 (s 5 p J)
c c

(D10)

where in the second line we have performed the same simple change of variables as before. Again we can now recycle our
calculation of (5.11) to do the integrals over w, w, noting the different exponents appearing,

1

“2T(2h)>T(1 - 2h)

Sz )} = (-1

1 s , _
= / ds A dse” "SI f(s, 550, 0) = f(y, 5, h, h).
2 C

2. Self-inverse light

We now show that the light transform is also self-inverse
(the dual light transform case is completely analogous).
The light transform acting in affine coordinates on a
function with weights £, s, h, sj on the celestial torus is
given by

L{f(Z, Z; h, Sp, f_l, S;l)}
(2 - 2h)
G-+ P37

X/ 1dzlw—zlz”‘zsgn(w—z)shf(z,Z;h,sh,f_l,sil),
RP

(D12)

= =S

and is also a convolution with the translation invariant
kernel (w—z)*"~%sgn(w —z)*. In Fourier space with
coordinate s conjugate to z the function becomes

[(1 - 2K (2h)

/dS/\dse sy +59) (5,5, h, h)
C

(D11)

) 1 , _
f(z.Z5h, s, b, sy,) ‘=E/Rdse—'”f(S,Z;h,SmhySﬁ)v
(D13)

and the light transform acting on this gives, after the usual
change of variable,

L{f(z.Z: h.sp. b, s;)}

1
= Kh,sh.fl.s;, \/—Z_JT\/[IQ{
x/dz|z|2h‘2sgn(z)“"'e"zf(s,z;h,sh,ﬁ,s,—,), (D14)
R

dS|S| 1-2h Sgn(s)—she—isw

where k7. 18 the normalization prefactor in (D12).
The z integral was calculated already in (9.6); note,
however, that we have different exponents in the case at
hand, so we find
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rQe-

2h) r(2h—1)

l_sh

L{f(z.Z h, sp.h,s5)} =

“Sh

FG=h+9rh-5- " =91 -h+3
1 : -
X —— [ ds|s|'""*" sgn(s)" e W f(s,%; h, sp, h, 57,). DI5
o= [ sl sy e o s ) (o13)
Now, using the Euler reflection formula and various trigonometric identities, the prefactor is given by
2 I'(2-2h) I'(2h-1) sin((h — % —$)x) sin((h — %))
b4 , = ;
FG-—h+4(h=2-HT(h=3C(1 -h+%) sin((2h — 1)x)
_ 2cos((h—3)x)sin((h —3)7)
sin((2h — 1)x)
o sin(2(h — %)) (D16)

so in Fourier space with coordinate s the light transform
acts multiplicatively via

F(s.Z3h, 55, h,57)

o (= 1)%[s]1=2 sgn(s)* 7 (s. 22, s B 7).

(D17)

where we would like to highlight the similarity of the form
of this action with that of the shadow in (D9). Now if we
act with a second light transform, with shifted weights
h — 1 — hin its definition, we cancel the above factors and
recover the original state.

A /H aa+ GL2H52<:11_

m have negative helicity and legs i = m + 1, ...,

where legs I =1, ...,
write the CHY formula as

L |
A _/H aa—|— GL2H(27T)2

I=

<11

i=m+1

T{Au} = /H aa+ ﬁZn

Ry

and then perform ambidextrous half-Fourier transforms over the coordinates A, for I = 1, ...,
The half-Fourier integrals can be done trivially, and we find

[T (i

(@i Dmy Y

APPENDIX E: ALL-LEG FOURIER GLUON
AMPLITUDES IN SPLIT SIGNATURE

In this appendix, we perform two half-Fourier transforms
on every leg of a tree-level momentum space gluon
amplitude. This is the split signature analogue of the all-
leg Fourier transform considered in ¢* theory in Sec. VI.
We will perform these transformations in two steps by first
performing ambidextrous half-Fourier transforms on each
leg of the amplitude according to its helicity and then
performing the remaining set of half-Fourier transforms.
We find that the amplitude in the Fourier space u, ji takes an
identical form. We begin with the n-point N"MHYV tree-
level amplitude in split signature expressed using the CHY
formula [89-91]

> g ) (E1)

i’ m+1

I #( -25’5)

i=m+1

n have positive helicity and (ab) = o, — 0;,. We can

fonsafn(i- 5 )

i'=m+1
e Z i) (£2)
mand A, fori=m+1,...,n
2 ) T s gmm)) @
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Thus, the CHY formula in an ambidextrous twistor basis
consists of just exponentials with no delta function support.
We can now ambidextrously half-Mellin transform this
expression, and we recover the n-point formula for ambi-
dextrous light transformed celestial amplitudes found in
[42]. This is a further demonstration of the commuting
diagram in Fig. 3.

To find the all-leg Fourier amplitude in y, i space we
need to perform the complementary half-Fourier transforms
over the variables A,/ for I=1/,....m and 1/ for
i"=m+1,...,n. We first rewrite the above formula by
noting that we can reorganize the exponentials using the
trivial relation

Z[" i (")] _.i [

such that

A= /H P GLz,ﬁ %e"p<i[g(?;)z’”b
QI e""( <*” > <Mf'>>)

I'=1 i=m+1

from which we can half-Fourier transform the remaining
A, A variables to give

FiA, }_/H aa—l— GLZ,H 52(
oo 3 i)

i=m+1

0 &))

1=1

(E6)

where we have used the antisymmetry of the bracket (-, -).
We conclude that for all tree-level gluon amplitudes in (2,2)
signature, the Fourier transform acting on all legs leaves the
structure of the amplitude invariant and simply replaces
A = u, A — fi. Using the commuting diagram in Fig. 1, the
same conclusion applies to the all-leg shadow transformed
amplitudes in (2,2) signature—they take the same form as
the usual Mellin space celestial amplitudes. Whether or
not this result can be extended to gluon amplitudes in
Lorentzian signature is not clear. From our own initial
investigations, performing Fourier transforms directly on
gluon amplitudes in (1,3) signature results in different
integrals, due to the different integration measure for
complex spinors, and these require careful regularization.
In addition, it is not obvious how one would “analytically
continue” the above result to (1,3) signature. We leave the
further study of these questions to later work.

APPENDIX F: COMPLEXIFIED SPACETIME

In this appendix we provide more motivation for the
form of the Lorentzian and split signature transforms
we have encountered in the main text, highlighting their
differences and similarities. We do this by exploring a
conceptually important technology that is often used in the
study of scattering amplitudes, namely, that of complex-
ifying spacetime. This provides a unified view of spacetime
of any signature—we can then restrict to a slice of
complexified spacetime in order to hone in on (1,3) or
(2,2) signature spacetimes. In what follows we present a
condensed version of the general methodology we have
already applied to Lorentzian and split signature.

In complexified spacetime we have independent com-
plex spinors A, 4, such that the momentum p,, = 4,4, is
complex. The little group of a complex null momentum is
C, = U(1) x R,, and representations are labeled by two
helicities:

(1) For the compact U(1) subgroup ¢ = ¢’ we have a
discrete label J; 3 € Z/2 corresponding to the little
group and helicity in (1,3) signature.

(2) For the noncompact R, subgroup where c is real, we
have a continuous imaginary label J,, € iR corre-
sponding to the little group and helicity in (2,2)
signature.

Thus, we write asymptotic particle states in complexified
spacetime as

14,2371 3. T22) (F1)

and they transform under the complexified little group for

c =|cle as

e, ™ AT 3, 000) = (€) 7203l e[ 221,201 3, 020) . (F2)
The complexified Lorentz group is SL(2, C) x SL(2, C),

and the transformation of these states under this group is

encoded in the spinors through

|j'll’j’fl;‘]l.3"]2,2> |M j'/i?M j'[}’Jl 3"]2 2> (F3)

where M’ and Mﬁ are independent SL(2, C) matrices.

To restrict to (1,3) signature we make the slice (3.1), and
this cuts the little group down to ce€ U(1) with states
labeled by just J; 3.

For split signature something more subtle happens: We
enforce the reality condition (7.1), and this time the (2,2)
restriction of the little group is R, = R, x Z, since we
require that ¢ in (F2) be real. The R representation of the
complexified little group survives and is still labeled by
J>,. but now U(1) degenerates into Z,. This is the origin
of the discrete helicity s; €0, 1 labeling even and odd
representations of Z, in split signature. The discrete
helicity s; is directly related to J; 3 by s, := 2J;3mod 2
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and thus naturally corresponds to bosons and fermions
in (2,2).

Returning now to complex momenta, we can also
consider extending the complexified little group to include
a complex boost symmetry. In complexified momentum
space these boosts scale the momentum by a nonzero
complex number, b€ C,,

Paa = bpao‘t' (F4)

Hence we see that the extended little group of a complex
null direction is C, x C,, and it corresponds to rescaling
each spinor independently by any nonzero complex num-
bers y, ¥,

Ioyl,  I-3i (F5)
This leads to asymptotic states defined on a complexified
celestial torus CP! x CP!, also discussed in [92]. Such
states are covariant under the extended little group C, x C,
and are labeled by its representations. As well as the two
helicities J;3,J,, we have two conformal dimensions
associated with the boost transformation by b = |b|e’®:

(1) For the noncompact R, subgroup we have a
continuous parameter A€ 1+ iR which is the
usual conformal dimension in both (1,3) and (2,2)
signature.

(2) For the compact U(1) subgroup we have a discrete
parameter A.€Z/2. Note this is only present
because the momentum is complex, but as one
might expect it descends to the Z, symmetry
in (2,2) signature which flips the sign of the
momentum.

The splitting of the extended little group into rotations and
boosts is conceptually very clear; however, we can obtain
more compact formulas if we combine these transforma-
tions into the complex rescalings (F5). We define new
weights as follows:

H := i(A +A 4T3+ J22),

H:= %(A —A.+Ji3—J20).
F]::%(A%—AC ~ (13 +122)).

H = %(A —A.—(J153—J22)) (Fo)

and write celestial states as
2. 4; H). (F7)

Now under the extended little group, for any (y,y)€
C, x C, we have the homogeneity property

v, 54 HY = y=2H (y*)2H5=20 (5%)72H |3 T H),  (F8)

where H is shorthand for the four weights defined in (F6)
and are labels for representations of the little group C, x C,
which acts independently on the A spinor and the “con-
jugate” spinor 1. These celestial states transform as con-
formal primaries under SL(2, C) x SL(2, C).

The slices to Lorentzian signature require that y = y, so
we recover the extended little group C, and homogeneity
law (3.10). In (2,2) we require that both y, y are real, so we
recover the homogeneity property (7.10) for the extended
little group R, x R, and states are labeled by weights
h,h, Sphs 7

We can go further and apply the general logic set out in
the prelude (Sec. II) to define a complexified chiral Mellin
transform which integrates over the complex scales of the
independent spinors with weights H. Similarly we can
define a shadow transform exactly analogous to (4.4) which
acts on the spinor 4, as well as an independent dual shadow
which acts on 4. Each of these is then immediately related
by the commuting diagram 1 to an independent bulk
Fourier transform over either 4 or 1. An appropriate slicing
procedure to (1,3) and (2,2) signature would then give the
transforms that we have already mentioned in the main text;
for example, a real (2,2) slice of the dual shadow would
give the dual light transform. We leave the further explora-
tion of these ideas to future work.

APPENDIX G: INVERSE CHIRAL MELLIN
TRANSFORM IN HOMOGENEOUS
COORDINATES

In this appendix we consider the (1,3) chiral Mellin
transform in (3.14) and find its inverse. This can be written
in terms of Fourier transforms by changing variables as
u = e2e'. This gives

~ - 1 [2= . s [ . P
Z,A,h,h}—z—/ d@(e’g)w’_h)/ dxe™®|e2ei?), ere=))
Jo -
1 2r . -
— do(et? 2(h—h)
o), 40

x/oodxei"ﬂ (ex“|e§ei9/1,e§e_i0/~1>>, (G1)

where in the last line we used A = a + ifi. This is just
the composition of two Fourier transforms acting on
e*|eiel?], eie=?])—a continuous/noncompact one in x
and a discrete/compact one in 6. The compact Fourier
transform over a circle always converges; however, the
noncompact Fourier transform converges only as long as
the function e*|e3e’A, e3e~?]) dies off sufficiently fast for
large values of x. This defines a strip of definition for
allowed values of a for the Mellin transform of a state.
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We can now invert (G1) using the standard inversion theorems for Fourier transforms to find

. P 1 . - © . - _
e|e2e?), ere=0)) =5 Z (e"‘g)z(”_h)/ dbe™"P|, A, h, h). (G2)

7 = _
2(h-h)eZ o0

Thus, setting r = 0, & = 0 we recover our original function
a+ico ~ -
|4, 2) = / db|A, 2, h,h) = E: / dA|2, 2, h, h). (G3)
(h —hyez’aTi®

Equation (G3) is the inversion formula in homogeneous coordinates. This formula, as expected, follows the general form of
inverse transforms given in Sec. II: a sum over representations of C. The choice of the value of @ €R is, in principle, free
within the strip of definition; however, the choice a = 1 is selected as giving a basis of conformal primary wave functions
that are normalizable with respect to the Klein-Gordon product [21].

If we denote the chiral Mellin transform by C then we can check directly that C™! o C =

C YA A h k)Y / ——Mﬂhm
thZ atoo

a+ioco 2r [+ . a~
= / daa a6 e0)2(h= h)/ dwa® |\ we ), Jwe )
0

W orez Jamico 27t Jo 27
2

_ / ” 405(0) / ™ dod( — )|k Val) = |1 3). 4)
0 0
Here we have used
a+ico A d
l_; 2_71'ia)A_1 —/ Zi a=1+if)In(0) _ e(a 1) In(w 5(11,1( )) _ 5(11’1((0)) (GS)
= |aw ln(a))|(;1:15(a) - 1) = 5(60 — 1) (G6)
and
1 . .
_ iON2(h—h) _
3, 2 (€710 =000 (©7)

We can also check C o C~! =1d:

_ 1 - a+ico dA - _
_ - 2%k—1372k-1 =7
, )}—27”,[Ddu/\duu i E /a 27” |ud, @l; h, h)

h-heZ ico

Co(C~

LY [ e T
WGz a—ico 2mL27i Jo

_ Z /100 dp 1 / dOe 2i0(h—h—(k— k))/‘m dxex(a’—a—ki(ﬂ/—ﬂ))M’;i;h, ljl>
)22 =

ico
= Z /_ ﬂ(sh hk— i275(f' — p)

100
h-he%

) =

k). (G8)

where we have used a change of variable u = e3e'. For the case in hand we have that both &, & and , k are on the principal
continuous series: @’ = a(= 1), which guarantees that C o C~! is the identity. This condition can be relaxed if we admit
generalized delta functions [70].
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APPENDIX H: SPINOR CONVENTIONS

Here we state our conventions for spinor helicity, largely
drawn from [82].
The Pauli matrices are given by

ol 0 1 2 0 —i
1 0) i 0)
1 0
o = < ) o= (d'.0% 7).
0 -1
and we then define
(0")ae=(1.0),
(0)ae=(1.—0),

For any given 4-vector p* we define

(5") = eaﬁeaﬁ(gﬂ)ﬂﬁ =(1,-0).
(6ﬂ)é’“ = eaﬂeaﬂ(aﬂ)ﬂ/j =(1,0). (H2)
Paa = (pydﬂ)aa' (H3)
If p?> = 0 we can decompose this matrix into spinors,
Paa = ﬂaza‘ (H4)

The two-dimensional Levi-Civita symbol, used to raise and
lower two-spinor indices, is defined by

v (01 e (07N, s
€W = = 1o/ €ap =€ = Lo )

We raise and lower indices as follows:

=)y 1% = €"ﬂ/~1ﬁ. (H6)

Products of two different spinors i and j are given by

<’1i/1j> = A4; [Ei;lj] = zidz?’

17vja

(H7)

and additionally if p*, g* are massless we may write

(p+a) =2p-q={pq)lap]. (H8)
We also define the spinor derivatives
0 = 0
d,:=—, ad ==, H9
o= = (H9)

whose indices must be raised and lowered in the oppo-
site way,

X a a
o =2 = eg,

Y

~ 0 o
0% = ﬁ = 6/}(105. (HIO)
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