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We show how to formulate celestial twistor amplitudes in Yang-Mills (YM) and gravity. This is
motivated by a refined holographic correspondence between the twistor transform and the light transform in
the boundary Lorentzian CFT. The resulting amplitudes are then equivalent to light transformed correlators
on the celestial torus. Using an ambidextrous basis of twistor and dual twistor variables, we derive formulas
for the three- and four-point YM and gravity amplitudes. The four-point amplitudes take a particularly
simple form in terms of elementary functions, with a striking correspondence between the YM and gravity
expressions. We derive celestial twistor Britto–Cachazo–Feng–Witten recursion relations and show how
these may be used to generate the four-point YM amplitude, illuminating the structure it inherits from the
three-point amplitude and paving the way for the calculation of higher multiplicity light transformed
correlators. Throughout our calculations we utilize the unique properties of the boundary structure of
split signature, and in order to properly motivate and highlight these properties, we first develop our
methodology in Lorentzian signature. This also allows us to prove a holographic correspondence between
Fourier transforms in Lorentzian signature and shadow transforms in the Euclidean boundary CFT.
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I. INTRODUCTION

Celestial holography seeks to describe the properties of
fundamental theories in holographic terms from a con-
formal field theory perspective defined on the celestial
sphere of asymptotically flat spacetimes. This utilizes
insights and techniques from the well-established AdS/
CFT correspondence, as well as from the infrared structure
of gauge and gravity theories in flat space directly. Major
progress has been made in this field in the past few years,
and there are now a number of excellent reviews of the
subject—see, for example, Refs. [1–6]. An important part
of this work is the study of the scattering amplitudes of
particles on the celestial sphere, which can be interpreted as
conformal correlators. Considerable work has been done on
this at tree level [7–15], and in particular, general formulas
for tree-level MHV and NMHV n-point amplitudes have
been derived in [16]. At loop level, results are now being
obtained [17–20], but, in general, the celestial amplitudes

found so far take rather implicit or relatively complex
forms, notably in comparison with the simplicity of some
standard results for spacetime amplitudes, such as the
n-point Parke-Taylor formula for tree-level MHV ampli-
tudes in four-dimensional spacetime.A simpleway to obtain
celestial amplitudes is to perform a Mellin transform in the
energy of each external particle, which turns momentum
eigenstates into boost eigenstates [10,21]. However, mass-
less four-point amplitudes obtained in this way contain a
delta function enforcing momentum conservation from the
bulk, which complicates their interpretation as conformal
correlators. Thus, we are motivated to investigate other
spaces and transformations which describe flat space ampli-
tudes in a conformal way, in particular, twistor space.
Witten’s pioneering paper on amplitudes in twistor

space [22] described a geometry underlying the spinor
formulations of amplitudes, leading to many new insights.
For N ¼ 4 super Yang-Mills (YM) amplitudes, for exam-
ple, the “half-Fourier” transformation to the twistor space
formulation of an amplitude was developed in detail
(see [23] and references therein). Somewhat later, in [24]
ambidextrous twistor amplitudes in (2,2) signature space-
time were shown to take remarkably simple forms, with
this work prompting a variety of new developments in
amplitude research. Much has happened since—for a recent
brief overview of amplitudes research, see [25], and for
detailed reviews of different areas, see the SAGEX
papers [6,26–40]. The ambitwistor string has played a
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key role in a number of developments (cf. [32]). This has
recently been applied to derive operator expressions for a
broad class of celestial amplitudes in [15] and to develop
celestial OPEs in [41]. The half-Fourier transformation to
twistor space has a closely related ambidextrous light
transform analogue; this was explored in [42], providing
insights into the light transformed basis of states, as well
as a concise integral formulation for n-point celestial
amplitudes, localizing on positive energy regions of the
Grassmannian. All-order formulas in the MHV sector have
been derived using the twistor string very recently in [43].
In addition, top-down twistorial approaches to celestial
holography have recently been proposed in [44–46].
Given the insights that twistor theory has provided in

amplitudes research, and recent progress in this field, it is
then natural to ask if the study of celestial twistor amplitudes
might provide a route to further progress in the celestial
program. In this paper wewill develop a formalism to derive
these celestial twistor amplitudes and show how this gives
explicit results for Yang-Mills and gravity.
The outline of the paper is as follows. In the first half of

the paper, Secs. II–IX, we develop the general formalism
required to discuss celestial amplitudes in Lorentzian or
split signature spacetime and the various bases we have
available to describe them. While the second half, Secs. X
and XI, is devoted to celestial twistor amplitudes and the
Britto–Cachazo–Feng–Witten (BCFW) recursion relations
they satisfy.
We begin in Sec. II by outlining the structure of quotient

spaces and representations that will arise in subsequent
sections. Then, in Sec. III we review a general framework
for defining the asymptotic states used to build scattering
amplitudes in asymptotically flat spacetimes with signature
(1,3), beginning in momentum space before shifting focus
onto conformal primary states which live on the celestial
sphere at the null boundary of spacetime. This includes a
discussion of the extended little group and the chiral Mellin
transform introduced in [12]. In Sec. IVwe discuss the basis
of conformal primaries, which are constructed via the
shadow transform, and its relation to the Fourier basis. In
Sec. V we bring these results together, showing how the
Fourier, shadow, and Mellin transforms are related within a
commuting diagram, and in Sec. VI we describe the Fourier-
transformed amplitudes. Then, in Sec. VII we use the same
methodology to explore how these results are modified in
(2,2) signature spacetime. Here the structure of the extended
little group implies that celestial states have imaginary
helicity and also discrete parity indices labeling even and
odd representations. Once again, we discuss how the chiral
Mellin transform in split signature constructs celestial states.
In Sec. VIII we give the light transformed basis, and finally,
in Sec. IX we show how the half-Fourier, light, and Mellin
transforms are related by a commuting diagram.
In Sec. X we then turn to the study and derivation of

celestial twistor amplitudes. With insights from the earlier

analysis, we begin with analytically continued (2,2) sig-
nature amplitudes, mapping these to Mellin space via a
chiral Mellin transform. We use this approach to find the
three-point Yang-Mills amplitudes, taking care to identify
the even and odd states under the Z2 parity subgroups of
the extended little group. We discuss the regularization
needed to evaluate the integrals, basing this on the key
requirement that the Mellin transform is invertible on a
suitably defined strip of definition.
Next, we derive four-point amplitudes using the same

general approach. Beginning with the ðþ−þ−Þ helicity
amplitude, we show that there are eight separate non-
vanishing cases, with different parities. The integrals
require careful regularization but lead to a very simple
expression based on four rational functions of the cross-
ratios and weights, from which the different parity cases
can be found via (anti)symmetrization. The ðþþ−−Þ
amplitude is related to this result by a certain derivative
operator, and we see that this has a simple action, leading to
a similarly concise form of the amplitude.
Following this, we apply these methods to derive the

three- and four-point gravity amplitudes. The three-point
amplitudes are found to be analogues of the YM cases,
differing just by changes from sgn functions to mod
functions and the doubling of the number of poles, as
might be expected. The four-point amplitudes are also
found to be strikingly similar to the YM case, exhibit-
ing the same basic correspondence mentioned at three
points.
Finally, using Mellin transforms we derive a celestial

analogue of the BCFW twistor recursion relations in
Sec. XI, which enables an iterative construction of celestial
twistor amplitudes. Furthermore, we find an equivalent but
formally simpler recursion relation involving subampli-
tudes with the glued internal legs in the Mellin basis and not
light transformed. To illustrate the application of these
results we use them to rederive the four-point amplitudes
presented earlier. This explains the origin of the remaining
key features in the four-point amplitude not fixed by
conformal covariance, a conclusion which we expect to
apply in more general cases.
After concluding remarks in Sec. XII, summarizing

our results and highlighting further possible extensions
of our work, we provide more details in several appendixes:
all-but-one-leg celestial twistor amplitudes required in
the four-point BCFW (Appendix A), details of the map
between Fourier and shadow transforms and back
(Appendix B), formulas for the bulk conformal generators
(Appendix C), proofs that the shadow and light transforms
are self-inverse (Appendix D), the result of all-leg
shadow transformed gluon amplitudes in split signature
(Appendix E), a discussion of transforms in complexified
spacetime and slices thereof (Appendix F), the inverse
chiral Mellin transform (Appendix G), and our spinor
conventions (Appendix H).
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II. PRELUDE ON QUOTIENTS
AND REPRESENTATIONS

Before diving into the myriad asymptotic states and
transforms of the celestial sphere/torus, we discuss a few
guiding principles of harmonic analysis and representation
theory that appear frequently (see for example [47,48] for a
more detailed exposition on the ideas explained here).
Repeatedly, we will encounter spaces and their quotient
spaces, related to each other by “dividing out” by some
symmetry group. Our goal here is to make this notion
precise and, in particular, to explain how functions living
on spaces and their quotients are related. We shall do this
through two simple examples that will appear later in this
work, before stating the general framework.
For the first example consider the space of real numbers

without zero: R�. This space has a Z2 symmetry which
maps points x ↦ −x. We can quotient this space using this
symmetry by “gluing” points together with the equivalence
relation x ∼ −x, giving us ðR�=∼Þ ≅ Rþ. The map that
takes us from the original space to the quotient space is the
projection map p, which in this case is simply the absolute
value pðxÞ ¼ jxj. Diagrammatically it is common to write
these spaces vertically, with the quotient space below the
original one:

ð2:1Þ

The structure we have just described is actually a trivial
principal Z2 bundle. In fact, all the examples of quotient
spaces we consider are principal G bundles, for some
Abelian group G; however, we will try to avoid using such
language whenever possible.
Now let us consider a function living on the original

space, f∶R� → R. A natural question is how we can
encode this function in the quotient space without losing
any information. The answer is that the single function f on
the original space becomes two functions f̃0 and f̃1 on the
quotient space, labeled by the trivial and fundamental
representations of Z2. These are of course just the even
(f̃0) and odd (f̃1) parts of the function f, but their
interpretation in terms of representations generalizes to
more complicated examples. These even and odd pieces are
constructed from the original function f in the usual way,
by taking even and odd linear combinations of the function,
but let us write this in a compact and suggestive form

f̃sðxÞ ¼
1

2

X
c∈Z2¼fþ1;−1g

csfðcxÞ; ð2:2Þ

for s ¼ 0; 1. In other words, we construct the f̃s by
summing over the group elements in Z2 while letting these
elements act on the argument of f, and we include a phase

factor depending on the representation. This is a recipe that
we will use for all of the other groups in this work, be they
continuous or discrete. Note here that the functions f̃sðxÞ
can be considered as functions on either Rþ or the original
space R� since their even and odd properties let us extend
their definition from x > 0 to x < 0. This is a freedom we
will often use in other examples. In particular, this lets us
recover the original function on R� by simply summing
over the representations

fðxÞ ¼ f̃0ðxÞ þ f̃1ðxÞ: ð2:3Þ

Thus, even though the projection map p is not invertible,
we can go between functions on the full space and the
quotient space at will.
As a second example consider the space of real numbers

R with the symmetry group of translations x ↦ xþ c, also
denoted by R. If we quotient the space R by gluing points
together related under translations (x ∼ xþ c for any
c∈R), then the quotient space is simply a point, which
we denote as f0g ≅ R=∼. The projection map is then
trivial: pðxÞ ¼ 0 for all x∈R, and we can write the spaces
diagrammatically as

ð2:4Þ

Now let us consider a function on the original space
f∶R → R. To describe this function on the quotient space
we follow the same recipe as the previous example: one
function on the space R will become a family of functions
on the quotient space f0g, labeled by representations of the
group of translations R. The irreducible representations of
the translations (plus the trivial representation) are labeled
by a number k∈R, so we write the functions in the quotient
space as f̃ðk; xÞ. They are again constructed from the
original function by letting the group act on f and summing
over the group, with a phase corresponding to the repre-
sentation

f̃ðk; xÞ ¼ 1

2π

Z þ∞

−∞
dceikcfðxþ cÞ: ð2:5Þ

As before, the f̃ðk; xÞ can be thought of as living at the
point x ¼ 0 (or any other point) or as a function on the
original space R. This is due to the property

f̃ðk; xþ cÞ ¼ eikcf̃ðk; xÞ: ð2:6Þ

Thus, if one is given the function f̃ðk; 0Þ and the property
above, one can extend it to the whole real line. Once again,
this property lets us recover the original function by
summing over the representations
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Z
∞

−∞
dkf̃ðk; xÞ ¼ 1

2π

Z þ∞

−∞
dk

Z þ∞

−∞
dce−ikcfðxþ cÞ

¼ fðxÞ: ð2:7Þ

The integral transforms (2.5) and (2.7) above are, of course,
Fourier transforms. However, normally one would work
exclusively with f̃ðk; 0Þ and consider k and x as conjugate
variables in separate spaces. There are benefits to each one
of these interpretations, and we shall use both in the rest of
the paper.
Let us briefly summarize the general case: For a generic

space P and a symmetry group G that acts on points x∈P
as x:g, the quotient space P=G is the set of equivalence
classes under the relation x ∼ x:g for all g∈G. The
projection map p∶P → P=G then maps points in P to
their equivalence class

ð2:8Þ

For the spaces that we will consider in this work, a function
f on the original space P is encoded in the quotient space
by a family of functions f̃r, labeled by the irreducible
representations (and trivial representation) r of G. These f̃r
are always constructed using the same recipe:

f̃rðxÞ ¼
XZ
g∈G

Kðr; gÞfðx:gÞ; ð2:9Þ

where Kðr; gÞ is a function (often simply a phase) of the
group element g and the representation r. This kernel is
“covariant” under the action of G in the sense that it
satisfies1

Kðr; ghÞ ¼ Kðr; gÞKðr; hÞ ð2:10Þ

for all g; h∈G. This implies that the f̃rðxÞ has the
following homogeneity property under the action of g∈G,

f̃rðx:gÞ ¼ Kðr; g−1Þf̃rðxÞ: ð2:11Þ

Thus, the f̃r can be thought of as living either on P or the
quotient space P=G since the above property lets us restrict
or extend their definition. Finally, to recover the original
function f we simply sum over all of the f̃r,

fðxÞ ¼
XZ
r

f̃rðxÞ: ð2:12Þ

In this work the space Pwill be a space of spinors, either
in the Lorentzian or split signature. We shall then quotient
this space by the (extended) little group to obtain the null
cone and celestial sphere/torus. We can also quotient by
translations of spinors to obtain twistor space, etc. The
discussion above concerns functions on these spaces, but it
applies equally well to the asymptotic states and amplitudes
that we are interested in. Thus, to find maps between states
in each space, we can simply follow the general formu-
las (2.9) and (2.12). These maps will be the Mellin, Fourier
transforms, etc., and their respective inverses.
In the next section we will begin with an analysis of the

Lorentzian case, discussing split signature in Sec. VII. One
could also begin with general independent complex spinors
and then take various slices; we comment on this approach
in Appendix F.

III. LORENTZIAN SIGNATURE SPACETIME

In this section,we review a general framework for defining
asymptotic states in flat spacetimes. We begin in Lorentzian
momentum space [ðþ;−;−;−Þ signature] before shifting
focus to the celestial sphere at null infinity. We call the space
of states on the celestial sphere Mellin space since it is
obtained by a Mellin transform of momentum eigenstates.
These Mellin space states transform as conformal primaries
under SLð2;CÞ, and hence amplitudes built from these
states transform as conformal correlators. There are diverse
approaches taken in defining these conformal primary states;
in this section and what follows, we find it very useful to
follow Banerjee’s extended little group approach [49].
Here and throughout the rest of the paper we write

everything in terms of spinor-helicity variables λα; λ̃α̇ such
that massless momenta are given by pαα̇ ¼ λαλ̃α̇ (we will
often suppress the indices on the spinors in the discussion).
We always regard λ; λ̃ as homogeneous coordinates for a
particular projective space—be it the null cone of massless
momenta or the celestial sphere/torus, etc. Homogeneous
coordinates make our formulas considerably tidier and
make manifest the links between the momentum space
and Mellin space representations. From the perspective of
the holographic CFT, the use of spinor-helicity variables
λ; λ̃ is simply a version of the embedding space formalism
specific to a two-dimensional CFT.

A. Little group

The little group plays a central role in defining asymp-
totic states. We begin in momentum space where asymp-
totic particle states are labeled by a complex spinor λ
corresponding to momentum pαα̇ ¼ λαλ̃α̇. We denote the
complex conjugate spinor by λ̃,

1Note that, as previously mentioned, every group G we
consider here is Abelian, so the order of multiplication does
not matter.
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λ̃ ¼ ϵλ�; ð3:1Þ

where ϵ ¼ �1 for either incoming or outgoing momentum.
Thus, in the (1,3) signature the space of on-shell spinors
is ðλ; ϵÞ∈C2� × Z2.
This parametrization of a null momentum in terms of

spinors is not unique since the following little group
transformations leave the momentum invariant:

λα ↦ eiθλα; λ̃α̇ ↦ e−iθλ̃α̇: ð3:2Þ

Hence, the little group of massless momentum in (1,3)
spacetime is Uð1Þ, corresponding to rotations about the
direction of the null momentum.2 The freedom to transform
spinors according to (3.2) implies the spinor variables
act as homogeneous coordinates for the space of massless
momenta, and the projection is exactly ðλ; λ̃Þ↦pαα̇¼λαλ̃α̇.
In other words, we quotient the space of spinors by little
group transformations to obtain the space of massless
momenta, given by pαα̇ ∈Rþ × CP1 × Z2.
Asymptotic particle states are homogeneous functions

of the spinor variables and transform in representations of
the little group. For the little group of null momenta,
Uð1Þ representations are labeled by a half-integer helicity
J∈Z=2. Thus, we write asymptotic particle states in
Lorentzian spacetime as

jλ; λ̃; Ji; ð3:3Þ

and under little group transformations, we have

jeiθλ; e−iθλ̃; Ji ¼ ðeiθÞ−2Jjλ; λ̃; Ji: ð3:4Þ

The universal cover of the Lorentz group in (1,3) is
SLð2;CÞ [since SOþð1; 3Þ ¼ SLð2;CÞ=Z2], and the trans-
formation of these states under this group is encoded in the
spinors through

jλα; λ̃α̇; Ji → jMα
βλβ; M̄α̇

β̇λ̃β̇; Ji; ð3:5Þ

where Mα
β is an SLð2;CÞ matrix.

The process we have described above is our first example
of the general case laid out in Sec. II. We have a group
action on the space of spinors which we then quotient out.
We then define states in the quotient space as functions of
spinors (regarded as projective coordinates on the space)
labeled by representations of the group and transforming
homogeneously under the group action.

B. Banerjee’s extended little group

The little group transformations described above exactly
correspond to rotations about the direction of the null
momentum, so they stabilize pαα̇. On the celestial sphere,
however, we are only interested in preserving the direction
the momentum is pointing in. Thus, one could consider an
extended little group which only preserves the null direc-
tion. This is the approach presented in [49], which extends
the little group to include boosts.
In (1,3) signature these boosts simply scale the momen-

tum by a positive real number, b∈Rþ,

pαα̇ → bpαα̇: ð3:6Þ

Note that there is no SLð2;CÞ transformation acting on the
spinors which changes the sign of the energy of the
momentum; i.e., there is no boost in SOþð1; 3Þ which
turns an incoming state into an outgoing one. This is a
crucial difference with (2,2) signature which we will
discuss in Sec. VII B.3 We can write the new boost scalings
(3.6) as a rescaling of the spinors

λ →
ffiffiffi
b

p
λ; λ̃ →

ffiffiffi
b

p
λ̃: ð3:7Þ

Combining the positive real boost of the spinors with
the usual U(1) little group gives us the extended little
group C� ¼ Uð1Þ × Rþ in Lorentzian signature, which we
write as

λ → yλ; λ̃ → ȳ λ̃; ð3:8Þ

for any y∈C�. Again following the general recipe, we then
quotient the space of on-shell spinors by the complex
rescalings (3.8) to define the celestial sphere CP1 ≔
C2�=C�. Next we build conformal primaries from celestial
states in Lorentzian signature, with discrete helicity J
labeling the representation of U(1), and continuous con-
formal dimension Δ labeling the representation of Rþ,

jλ; λ̃; J;Δi ¼ jλ; λ̃; h; h̄i; ð3:9Þ

where we have h ≔ 1
2
ðΔþ JÞ and h̄ ≔ 1

2
ðΔ − JÞ. These

states (3.9) have the following homogeneity property,

jyλ; ȳ λ̃; h; h̄i ¼ y−2hȳ−2h̄jλ; λ̃; h; h̄i; ð3:10Þ

and transform under SLð2;CÞ like conformal primaries in a
two-dimensional Euclidean CFT,

2Here, we are ignoring, as usual, the two “continuous spin”
generators of the massless little group in order to recover the
usual notion of helicity.

3One could, however, still quotient by Z2 in Lorentzian
signature and consider even and odd combinations of ingoing
and outgoing states. Such even combinations were used in [50].
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jλα; λ̃α̇; h; h̄i → jMα
βλβ; M̄

β̇
α̇λ̃β̇; h; h̄i;����

�
z

1

�
; ϵ

�
z̄

1

�
;h; h̄

�
→ ðczþ dÞ−2hðc̄ z̄þd̄Þ−2h̄

×

����
�
z0

1

�
; ϵ

�
z̄0

1

�
; h; h̄

�
; ð3:11Þ

where the transformed coordinates z0; z̄0 are given by a
Möbius transformation. In the above we have defined the
affine coordinate z ¼ λ1

λ2
(in the patch λ2 ≠ 0) and used the

homogeneity property which implies
����
�
z

1

�
; ϵ

�
z̄

1

�
; h; h̄

�
¼ λ2h2 λ̄2h̄2 jλα; λ̃α̇; h; h̄i: ð3:12Þ

It is only when we consider affine coordinates on the
celestial sphere that the dependence on the incoming/
outgoing parameter ϵ from (3.1) is made manifest. In
(3.12) we can only scale by λ̄2 (the complex conjugate of
λ2) and so ϵ appears explicitly. Note here that (extended-)
little group scalings can be applied to every leg of a celestial
amplitude individually. In other words, we can choose to
scale one leg using (3.10) and leave the others alone, in
contrast to the SLð2;CÞ transformations which are applied
to every leg. This clean separation between SLð2;CÞ and
the little group is lost once we use the affine coordinates
ðz; z̄Þ, as can be seen in (3.11).
Our job now is to find an explicit construction to go

between the usual momentum eigenstates and these
celestial states. There are, in fact, two distinct but interre-
lated bases for celestial conformal primaries in a Euclidean
CFT—the Mellin basis and the shadow basis—and each
has its own integral transform. In the following section we
will first study the Mellin transform, and only later will
we study the shadow basis. We again use homogeneous
coordinates to make a number of expressions more com-
pact. In addition, we find that the chiral Mellin transform
discussed in [12] is often more natural than the usual
nonchiral Mellin transform over just the particle energy.
Finally, before moving on let us summarize the structure of
the spaces we have just discussed diagrammatically,

ð3:13Þ

C. Chiral Mellin transform

As explained in Sec. III B, states on the celestial sphere
can be expressed in terms of homogeneous conformal

primaries. Constructing these homogeneous states can be
achieved with a Mellin transform, and as discussed in
Sec. II, the use of integral transforms to build homogeneous
functional representations of groups is very general. In a
recent paper by the current authors and Brandhuber and
Travaglini [12], a “chiral” form of the Mellin transform in
affine coordinates was introduced (we note here that this
chiral Mellin transform has appeared in the literature
previously; see for example [48]). In this section we will
recap this formalism but working in homogeneous coor-
dinates from the start and then showing how to recover the
affine expressions.
We define (1,3) celestial states in terms of the following

(1,3) chiral Mellin transform:

jλ; λ̃; h; h̄i ≔ 1

2πi

Z
C�

dū
ū

∧ du
u
u2hū2h̄juλ; ū λ̃i; ð3:14Þ

Note that this transform is clearly in the general form of
(2.9). The celestial state (3.14) is homogeneous under
complex rescalings of the spinors with weights h; h̄, and
thus, using (3.11), it is also a conformal primary with the
same weights.
Since we are interested in building celestial conformal

correlators for a particular theory, be it Yang-Mills or
gravity, we will always Mellin transform a function which
is already homogeneous under the little group with some
helicity l. Thus, the definition above is equivalent to the
usual nonchiral Mellin transform over the particle energy
[21], once we integrate out the little group degree of
freedom. This integral over the compact Uð1Þ takes the
form of a discrete Fourier transform, and we recover a
Kronecker delta

jλ; λ̃; h; h̄; li ¼ δJ;l

Z
∞

0

dωωΔ−1j ffiffiffiffi
ω

p
λ;

ffiffiffiffi
ω

p
λ̃; li; ð3:15Þ

which identifies the bulk helicity l with the holographic
helicity J ≔ h − h̄. A consequence of this is that the only
freely varying weight of a celestial state is the conformal
dimensionΔ.4 To make our notation more compact, we will
often drop the explicit label l with the understanding that
the Kronecker delta imposes h − h̄ ¼ l.
The noncompact integral is a Mellin transform over the

Rþ scale and maps to modes labeled by a continuous
complex weight Δ. The convergence of the Mellin trans-
form depends on the behavior of the function j ffiffiffiffi

ω
p

λ;
ffiffiffiffi
ω

p
λ̃i

for large and small values of ω. In general, a Mellin
transform converges for some “strip of definition” [51]. For
the ω Mellin transform with Δ ¼ aþ iR, we then have

4The chiral Mellin transform may act on a general Lorentz
covariant function of a spinor and, by design, will build a function
which transforms as a conformal primary with weights Δ; J,
where now these are both free parameters.
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convergence for real a in some interval ða1; a2Þ. Assuming
asymptotic behavior Oðjλαj−pÞ for large jλαj ∼ jλ̃α̇j and
Oðjλαj−qÞ for small jλαj ∼ jλ̃α̇j, then the strip of definition
ða1; a2Þ must lie within the strip ðq; pÞ. Then the Mellin
inversion theorem (see [51] for example) guarantees that
we can invert by integrating Δ along a contour within
the strip of definition ða1; a2Þ; this ensures that at least
q < a < p. Mellin inversion is demonstrated directly in
Appendix G for a celestial state in homogeneous coor-
dinates and is only slightly different from the usual inverse
Mellin transform in affine coordinates.
The generators of the conformal group of the four-

dimensional bulk spacetime are naturally written in terms
of spinors λ; λ̃, for example, generating the conformal
symmetry of Yang-Mills. As such they can also be defined
in Mellin space using λ; λ̃ as homogeneous coordinates. A
full list of such generators can be found in Appendix C.
While the conformal generators in affine coordinates are
discussed at length in [12], they take a much simpler form
in homogeneous coordinates, as shown below. We define
the generators in Mellin space by simply commuting them
with the chiral Mellin transform. As an example we can
consider the spinor derivative ∂α and act with a chiral
Mellin transform which scales as λ → uλ,

Z
C

dū
ū
∧du

u
u2hū2h̄

1

u
∂αjuλ; ū λ̃i¼ ∂αe−

1
2
∂h jλ; λ̃;h; h̄i: ð3:16Þ

Thus, the spinor derivative acting in Mellin space is simply
∂αe−

1
2
∂h . To compare this with the affine coordinate version,

using (3.12) we have

∂αe−
1
2
∂h jλ; λ̃;h; h̄i

¼ ∂αe−
1
2
∂hλ−2h2 λ̄−2h̄2

����
�
z

1

�
;ϵ

�
z̄

1

�
;h; h̄

�

¼ 1

λ2

�
λ2

∂

∂λ2
− z∂z

−∂z

�
e−

1
2
∂hλ−2h2 λ̄−2h̄2

����
�
z

1

�
; ϵ

�
z̄

1

�
;h; h̄

�

¼ λ−2h2 λ̄−2h̄2

�−2hþ 1− z∂z
−∂z

�
e−

1
2
∂h

����
�
z

1

�
; ϵ

�
z̄

1

�
;h; h̄

�
;

ð3:17Þ

where we changed variables fλ1; λ2g → fz; λ2g with
z ¼ λ1=λ2 ¼ −λ2=λ1, recovering the expression for the
spinor derivative found in [12].

IV. SHADOW TRANSFORMED BASIS

We have described celestial states that are built from a
Mellin transform, but this is only one of the bases for
conformal primaries. In a Euclidean CFT (corresponding to
a Lorentzian signature bulk spacetime) there is another
basis of conformal primaries which is constructed via the
shadow transform; see [52,53]. On the other hand, we will

see, in Sec. VIII, that in a Lorentzian CFT (split signature
bulk) there are also bases built by performing a light
transform on either of the spinors λ or λ̃.
This network of conformal primary bases, as well as the

integral transforms that build them, has been explored in d
dimensions for Euclidean CFTs in [54] and for Lorentzian
CFTs in [55]. Importantly, the conformal primaries in
these bases transform in equivalent representations of the
conformal group, meaning that there exist intertwining
operators which map between them. These intertwining
operators are exactly the shadow and light transforms, and
their existence is controlled by the restricted Weyl group.
The restricted Weyl group is a finite group of reflection
transformations of the weights Δ and J such that the
eigenvalues of the Casimir operators of the conformal
group are left invariant, and continuous and discrete
weights are not mixed [55]. The quadratic Casimir oper-
ators of the two-dimensional conformal group of the
celestial sphere/torus are given by those of the Lorentz
group of the bulk. These are5

Cþ
2 ≔

1

4
ðmαβmαβ þ m̃α̇ β̇m̃

α̇ β̇Þ ∼ TrðM2Þ;

C−
2 ≔

1

4
ðmαβmαβ − m̃α̇ β̇m̃

α̇ β̇Þ ∼ ϵμνρσMμνMρσ; ð4:1Þ

where we have employed the notation used in [12] for the
Lorentz generators and, at the level of the generators of the
Lorentz algebra, there is no distinction between (1,3) and
(2,2) signatures. Note that the existence of the parity-odd
quadratic Casimir C−

2 is a particular aspect of the four-
dimensional Lorentz algebra (and thus specific to two-
dimensional CFTs).
Using the explicit form of the Lorentz generators in

Appendix C, we find that the eigenvalues of the above
Casimir operators acting on a conformal primary are
given by

cþ2 ¼ 2hð1 − hÞ þ 2h̄ð1 − h̄Þ ¼ Δð2 − ΔÞ − J2;

c−2 ¼ 2hð1 − hÞ − 2h̄ð1 − h̄Þ ¼ 2Jð1 − ΔÞ: ð4:2Þ

In the case of a Euclidean CFT the spin J is a discrete,
half-integer weight and thus cannot mix with the continu-
ous weight Δ; as such we can only map Δ → 2 − Δ and
J → −J. Thus, the restricted Weyl group is Z2 [55] and is
generated by the shadow transform.
We deal with the Lorentzian CFT case, that is, the split

signature bulk, in Sec. VIII where the new feature is that the
spin J is continuous and so the restricted Weyl group is
larger, with new elements which mix Δ and J. This gives
rise to the light transform. We will also discuss unifying the
Euclidean CFTand Lorentzian CFT pictures in Appendix F
by complexifying spacetime.

5See, for example, Appendix F of [56].
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For now we focus on the Euclidean CFT case, where the
shadow transform in affine coordinates is given by
[52,53,57,58]

S

�����
�
z

1

�
; ϵ

�
z̄

1

�
; h; h̄

��

¼ i2h−2h̄Γð2 − 2h̄Þ
2πiΓð2h − 1Þ

Z
CP1

dz̄ ∧ dzðw − zÞ2h−2ðw̄ − z̄Þ2h̄−2

×

����
�
z

1

�
; ϵ

�
z̄

1

�
; h; h̄

�
; ð4:3Þ

where the normalization of the above is chosen such that
S2 ¼ Id, as shown in Appendix D.
The shadow transform (4.3) can be written in homo-

geneous coordinates, in which case we integrate over the
complex projective spinor λ. We define a shadowed
celestial state as6

jμ; μ̃; 1 − h; 1 − h̄i

¼ i2h−2h̄Γð2 − 2h̄Þ
2πiΓð2h − 1Þ

Z
CP1

hλdλi ∧ ½λ̃dλ̃�hλμi2h−2½μ̃ λ̃�2h̄−2

× jλ; λ̃; h; h̄i; ð4:4Þ

where we have used homogeneous coordinates μ; μ̃ to
describe the shadowed celestial conformal primary.7 It is
now trivial to check that the integral over λ; λ̃ is projectively
well defined, and the shadowed state has weights
h → 1 − h; h̄ → 1 − h̄, or Δ → 2 − Δ; J → −J under
rescalings of the μ; μ̃ spinors—thanks to the economy of
the homogeneous coordinates, this is enough to show that it
transforms as an SLð2;CÞ conformal primary. Furthermore,
the conjugate μ; μ̃ spinors take the same incoming/outgoing
prescription as the λ; λ̃, and this ensures that the integration
kernel and measure are independent of ϵ.
The shadow transform above can be combined with the

chiral Mellin transform to give a single transform which
takes momentum eigenstates and maps them to shadowed
conformal primaries on the celestial sphere,

jμ; μ̃; 1 − h; 1 − h̄i

¼ i2h−2h̄Γð2 − 2h̄Þ
2πiΓð2h − 1Þ

Z
CP1

hλdλi ∧ ½λ̃dλ̃�hλμi2h−2½μ̃ λ̃�2h̄−2

×
1

2πi

Z
C�

dū
ū

∧ du
u
u2hū2h̄juλ; ū λ̃i

¼ i2h−2h̄Γð2 − 2h̄Þ
ð2πÞ2Γð2h − 1Þ

Z
C2�
d2λ̃ ∧ d2λhλμi2h−2½μ̃ λ̃�2h̄−2jλ; λ̃i;

ð4:5Þ

where we have used that the measure d2λ̃ ∧ d2λ is given
by −uūhλdλi ∧ ½λ̃dλ̃� ∧ dū ∧ du.
The shadow transformed state is labeled by homogeneous

coordinates μα; μ̃α̇ to emphasize that it can also be regarded
as living on an entirely different dual space to the usual
momentum space and its associated celestial sphere.Wewill
explore this point of view in the next section wherewe show
that the shadow transformed state can be recovered by
performing a chiral Mellin transform on a Fourier trans-
formed state. This adds a new (1,3) signature version to the
existing duality between light transformed conformal pri-
maries and twistor eigenstates found in [42].

V. FROM FOURIER TO SHADOW

The expression for the shadow transform above (4.5) has
many similarities with a Fourier transform acting on the
spinors. In fact we can make this completely concrete in
terms of a commuting diagram of integral transforms,
shown in Fig. 1.
We now prove the closure of this diagram by showing

that a Fourier transform in spinor space followed by a chiral
Mellin transform is exactly the shadow (4.5). The Fourier
transform we consider is the following:

jμ; μ̃i¼
1

4π2

Z
C2

d2λ ∧ d2λ̃eiðhλμiþ½μ̃ λ̃�Þjλ; λ̃i: ð5:1Þ

Here we work in Minkowski signature so the spinor
brackets are complex, and the integration kernel above
can be written as expð2iRehλμiÞ.8 As before, the conjugate
μ; μ̃ spinors take the same incoming/outgoing prescription
as the λ; λ̃.

FIG. 1. We denote the chiral Mellin transform with weights h; h̄
byCh;h̄, the Fourier transform byF, and the shadow transform byS.

6Note that in our spinor bracket conventions, listed in
Appendix H, hλdλi ∧ ½λ̃dλ̃� ¼ −dz ∧ dz̄¼ 2i dðReðzÞÞdðImðzÞÞ,
which explains the additional normalization by a factor 1

2i in the
definition of the shadow transform when compared to [53].

7We have also departed slightly from the historical notation
conventions appearing in the literature where the conjugate of λα
is labeled with a tilde, μ̃α. These previous conventions mean that a
tilde always denotes a helicity þ 1

2
object; with our choice, this is

not the case. Instead, a tilde denotes an object with index α̇
transforming with a complex conjugate SLð2;CÞ matrix. 8In our conventions, listed in Appendix H, hλμi� ¼ ½μ̃ λ̃�.
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The transform (5.1) differs from the more conventional
null Fourier integralZ

d4pδþðp2Þe−ip:k: ð5:2Þ

However, such a transform is little group invariant, and
we have seen that the little group is crucial in controlling
the holographic behavior of scattering states. Our Fourier
transform is the combination of two “twistor” or half-
Fourier transforms—it has the same kernel, iZ ·W, as the
full Fourier transform from twistor to dual twistor space but
is integrated over an orthogonal region of the phase space
λ; λ̃; μ; μ̃. We can show by direct calculation that the Fourier
transform (5.1) is self-inverse, F2 ¼ Id. This is different
from the usual Fourier transform property of F2 ¼ P where
P is a parity or “time” reversal operator. In our case the
angle/square bracket products are skew symmetric, and this
ensures that F is exactly self-inverse.
A familiar consequence of the little group covariant

Fourier transform is that the spinor μ now has helicityþ1=2
and μ̃ has helicity −1=2, which is the opposite of the spinors
λ and λ̃. This can be seen by commuting the helicity
operator through the Fourier transform

J ≔ −
1

2
λα∂α þ

1

2
λ̃α̇∂̃α̇ ∼

1

2
μα

∂

∂μα
−
1

2
μ̃α̇

∂

∂μ̃α̇

≕ − J F; ð5:3Þ
where ∼ here means “conjugate to” under transform (5.1).
The eigenvalue of the operator J remains unchanged,

which is guaranteed by simply commuting J through the
Fourier transform. However, we have also defined the
operator J F, which generates a little group transformation
of the μα; μ̃α̇ spinors based on their SLð2;CÞ holomor-
phicity. That is,

J F ¼ J jλ→μ;λ̃→μ̃; ð5:4Þ
therefore, it performs a little group transformation in a way
that exactly mimics that of the spinors λα; λ̃α̇:

jμ; μ̃i → jeiθμ; e−iθμ̃i: ð5:5Þ

Thus if the eigenvalue of J is J then the eigenvalue of J F
is −J. This is reminiscent of the action of the shadow
transform, and we can see this even more clearly with the
dilatation operator

d ≔
1

2
λα∂α þ

1

2
λ̃α̇∂̃α̇ þ 1 ∼ −

1

2
μα

∂

∂μα
−
1

2
μ̃α̇

∂

∂μ̃α̇
− 1

≕ − dF; ð5:6Þ
where again we have defined the operator dF which is
defined in Fourier space and generates a dilatation of the
μ; μ̃ spinors.

Now we transform to the celestial sphere by performing
a chiral Mellin transform on a Fourier state (5.1) with
weights k; k̄. Then relations (5.3) and (5.6) become

J ¼ h − h̄ ∼ −ðk − k̄Þ ¼ −J F;

d ¼ −h − h̄þ 1 ∼ kþ k̄ − 1 ¼ −dF; ð5:7Þ
so we must identify k ¼ 1 − h and k̄ ¼ 1 − h̄ which are the
same shifts generated by a shadow transform.
The Mellin transformed Fourier state is given by

jμ; μ̃; k; k̄i ¼ 1

2πi

Z
C�

dt̄
t̄
∧ dt

t
t2kt̄2k̄jtμ; t̄ μ̃i

¼ 1

2πi

Z
C�

dt̄
t̄
∧ dt

t
t2kt̄2k̄

×
1

4π2

Z
C2

d2λ ∧ d2λ̃eithλμieit̄½μ̃ λ̃�jλ; λ̃i; ð5:8Þ

which we will now show is a shadowed conformal primary.
First we change variables σ ¼ thλμi, σ̄ ¼ t̄½μ̃ λ̃� to obtain

jμ; μ̃; k; k̄i ¼ 1

2πi

Z
C�

dσ̄
σ̄

∧ dσ
σ
σ2kσ̄2k̄eiðσþσ̄Þ

×
Z
C2

d2λ ∧ d2λ̃hλμi−2k½μ̃ λ̃�−2k̄jλ; λ̃i: ð5:9Þ

We can write this in a form similar to the shadow transform
if we encode the expected shifts of the weights as
k ¼ 1 − h, k̄ ¼ 1 − h̄,

jμ;μ̃;1−h;1− h̄i

¼ I
ð2πiÞð4π2Þ

Z
C2

d2λ∧d2λ̃hλμi2h−2½μ̃λ̃�2h̄−2jλ; λ̃i; ð5:10Þ

where we have defined

I ≔
Z
C�
dσ̄ ∧ dσσ1−2hσ̄1−2h̄eiðσþσ̄Þ: ð5:11Þ

The final, although nontrivial, step is to evaluate the
integral I and compare Eq. (5.10) with the shadow trans-
form (4.5). The evaluation of I is contained in Appendix B,
and we find that

I ¼ 2πii−2J
Γð2 − 2hÞ
Γð2h̄ − 1Þ ¼ 2πii2J

Γð2 − 2h̄Þ
Γð2h − 1Þ : ð5:12Þ

To compare to the shadow transform we use the second
form above. Plugging this expression for I back into (5.10)
we find

jμ; μ̃; 1 − h; 1 − h̄i

¼ i2h−2h̄Γð2 − 2h̄Þ
4π2Γð2h − 1Þ

Z
C2

d2λ ∧ d2λ̃hλμi2h−2½μ̃ λ̃�2h̄−2jλ; λ̃i;

ð5:13Þ
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which agrees exactly with the shadow transform (4.5),
hence proving that the diagram of integral transforms
commutes. In Appendix B, we also prove this equivalence
in the other direction, by performing an inverse chiral
Mellin transform on a shadowed conformal primary to
recover a Fourier transformed momentum eigenstate.

VI. FOURIER AMPLITUDES

Having established the commuting diagram in Fig. 1, we
now have a new method of computing shadow transformed
celestial amplitudes. One can take an amplitude in momen-
tum space and Fourier transform any number of the external
legs with (5.1). Then, after a chiral Mellin transform, these
legs become shadow transformed operators in a conformal
correlator. We can choose how many legs to shadow
transform; for example, in the literature single-leg shad-
owed gluon amplitudes have been considered in [50,59]
while in [60] both single-leg and all-leg shadow transforms
were computed for amplitudes involving massless and
massive scalars.
To illustrate the logic above, we examine a simple

amplitude: the tree-level four-point amplitude from mass-
less ϕ4 theory,

Aϕ4

4 ¼ gδð4Þ
�X4

i¼1

λiαλ̃iα̇

�
; ð6:1Þ

where g is the dimensionless coupling. This theory has
been considered before in the celestial context at loop level
in [61]. If we simply Mellin transform this amplitude we
run into the usual delta function constraint δðz − z̄Þ of four-
point kinematics, where z is the conformal cross-ratio on
the celestial sphere [10]. This constraint demands that the
external legs lie on a great circle, which is formed from
the intersection of the scattering plane and the celestial
sphere. To remove this constraint one might hope that
performing various shadow transforms will “smear out”
this singularity. As demonstrated above, we can do this by
first performing Fourier transforms on, say, the first m legs,

Am;ϕ4

4 ≔
1

ð4π2Þm
Z Ym

i¼1

ðd2λi ∧ d2λ̃ieiðhλμiþ½μ̃ λ̃�ÞÞAϕ4

4 ; ð6:2Þ

and then performing Mellin transforms on all legs. We can
rewrite the momentum conserving delta function appearing
in the amplitude as an integral,

δð4Þ
�X4

j¼1

λjλ̃j

�
¼ 1

ð2πÞ4
Z

d4xei
P

4

j¼1
½λ̃jjxjλji: ð6:3Þ

Substituting this into (6.2) and exchanging the order of
integration we have

Am;ϕ4

4 ¼ g
ð2πÞ2mþ4

Z
d4x

Z Ym
i¼1

d2λi ∧ d2λ̃i

×exp

�
i
X4
j¼1

½λ̃jjxjλjiþ
Xm
i¼1

iðhλμiþ ½μ̃ λ̃�Þ
�
: ð6:4Þ

The λi integrals are just complex Gaussian integrals which
we can perform by completing the square

Am;ϕ4

4 ¼ g
ð2πÞ4

Z
d4x

1

ðx2Þm

×exp

�
−i

Xm
i¼1

½μ̃ijx−1jμiiþ i
X4

j¼mþ1

½λ̃jjxjλji
�
: ð6:5Þ

Generically performing this final x integral is difficult;
however, if we choose to Fourier transform all legs we find

A4;ϕ4

4 ¼ gð−1Þ4
ð2πÞ4

Z
d4ðx−1Þ exp

�
−i

Xn
i¼1

½μ̃ijx−1jμii
�

¼ gδð4Þ
�X4

j¼1

μjμ̃j

�
: ð6:6Þ

The Fourier transformed amplitude we have obtained above
is identical in form to the original amplitude. However, the
delta function now imposes “special conformal conserva-
tion” since the generator of special conformal transforma-
tions kαα̇ in the Fourier basis acts multiplicatively. Indeed,
the momentum and special conformal generators swap
roles under the action of the Fourier transform,

kαα̇ ¼
∂

∂λα
∂

∂λ̃α̇
⟶
F

− μαμ̃α̇;

pαα̇ ¼ λαλ̃α̇⟶
F

−
∂

∂μα
∂

∂μ̃α̇
: ð6:7Þ

This can be seen by simply pulling the usual momentum
space generator through the Fourier transform; see
AppendixC formore details. In fact,we could have predicted
the delta function in (6.6) since tree-level amplitudes in ϕ4

theory are conformally invariant. Note that the all-leg Fourier
amplitude (6.6) hasmass dimensionþ4which is the opposite
of the original amplitude, and this trend continues atn-points.
This flipping of themass dimension, which is due to themass
dimension of themeasure of (5.1), is reminiscent of the action
of conformal inversion. In Appendix C we argue that the
variable kαα̇ ¼ −μαμ̃α̇ is the dual momentum associated with
conformally inverted position space, so the action of Fourier
transforming induces an active conformal inversion trans-
formation in position space.9 That an active conformal

9That Fourier conjugation is directly related to bulk conformal
inversion is not too surprising, given that conformal inversion on
the boundary variables z; z̄ is related to the nonidentity element of
the Weyl group, that is, the shadow transform [62].
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inversion should be associated with exchanging λ and μ
spinors was also noted in [23].
If we now perform a Mellin transform on every leg of

the Fourier transformed amplitude (6.6), we will obtain the
all-leg shadowed celestial amplitude. However, this will
simply give us the original celestial amplitude but with
λ → μ and λ̃ → μ̃, and, in particular, there will still be a
delta function of the conformal cross-ratios. Thus, although
the shadow transform can “smear out” delta function
singularities, this is clearly not always the case—the all-
leg shadow can reintroduce delta functions of its own.
One might now like to study Fourier amplitudes of

gravitons and gluons; however, the integrals required
become significantly more involved than the above exam-
ple, even at low points. Thus, here we will simply make
some comments on Fourier transformed pure gluon ampli-
tudes and leave the further study of these ideas to future
work. As discussed already, and explored more in
Appendix C, under the Fourier transform (5.1) the con-
formal generators are related according to an automorphism
of the algebra. The generators d; J;m; m̄ are sent to minus
their equivalents in μ; μ̃ while the momentum and special
conformal transformations are exchanged. In short, a
Fourier transformed gluon amplitude inherits conformal
symmetry and is annihilated by identical differential
operators, but now written in terms of μ; μ̃. It should then
have significant similarities with the momentum space
amplitude. For example, special conformal symmetry is
generated by the multiplicative operator μαμ̃α̇ (summed
over all legs), and hence the gluon amplitude with all legs
Fourier transformed should have a delta function which
enforces special conformal invariance.
The difficulty of actually performing Fourier transforms

(5.1) on amplitudes is in part due to the fact that the spinors
λ; λ̃ are complex conjugates in Lorentzian signature. The
integrals above become more tractable if instead we work
in split signature spacetime where the spinors λ; λ̃ are real
and independent. Indeed, this will allow us to show in
Appendix E that the analogous all-leg Fourier transformed
tree-level gluon amplitude in split signature takes the same
form as the original amplitude. This extends the result
shown here in ϕ4 theory to pure Yang-Mills but only in this
particular spacetime signature.
Thus, in the following section and for the rest of the

paper we will work in split signature. We begin by first
repeating the analysis of the (extended-)little group for null
momentum which is qualitatively different in (2,2) signa-
ture. Our main purpose in using split signature is that this
will allow us to construct “half” versions of the Fourier and
Mellin transforms which only act on λ or λ̃, and, as was
shown in [42,63], these are related to the “half” version of
the shadow transform: the light transform. Using these new
transformations and the relations between them, we will see
in Sec. X that certain light transformed celestial amplitudes
take a particularly simple form.

VII. SPLIT SIGNATURE SPACETIME

We now shift our focus away from Lorentzian spacetime
and consider split signature spacetime instead. As we
shall see, this has a number of benefits including allowing
connections to twistor space; see for example [22,23,64].
Our aim is to study celestial twistor amplitudes in (2,2)
signature and link these to light transformed correlators.
Celestial twistor amplitudes are defined, as one might
expect, through a chiral Mellin transform of an amplitude
in twistor space. In order to land on the correct form of the
chiral Mellin transform, we follow an analogous path to
that of Sec. III—we start by examining the little group in
(2,2) signature.

A. Little group

In split signature spacetime, ðþ;−;þ;−Þ, we require
that null momenta pαα̇ ¼ λαλ̃α̇ be real. This is achieved by
making λ and λ̃ independent and real two component
spinors,

λ ¼ λ�; λ̃ ¼ λ̃�: ð7:1Þ

In (2,2) spacetime the null boundary has only one compo-
nent; thus, asymptotic states are not labeled by an incom-
ing/outgoing parameter. In fact, whether momentum is
future or past pointing is not a Lorentz invariant notion in
(2,2) since there exist SOþð2; 2Þ transformations which
take pαα̇ to −pαα̇, as has been noted before in [63,65,66] for
example. The space of spinors in split signature is thus
ðλ; λ̃Þ∈R2� ×R2�.
In (2,2) the little group is R� ¼ Rþ × Z2, and its action

on the spinors is given by

λα ↦ cλα; λ̃α̇ ↦ c−1λ̃α̇; ð7:2Þ

for any nonzero real number c. In order to land on the space
of massless momenta in (2,2) signature, we then quotient
by R� to give pαα̇ ∈R2� ×RP1 locally.
The representations of the little groupR� ¼ Rþ × Z2 are

labeled by two numbers:
(1) A continuous imaginary helicity J∈ iR which labels

a representation Rþ.
(2) A discrete “helicity” sJ ∈ 0; 1 labeling the two

representations of Z2.
The asymptotic particle states are then denoted as

jλ; λ̃; J; sJi; ð7:3Þ

and they transform homogeneously under the little group

jcλ; c−1λ̃; J; sJi ¼ jcj−2J sgnðcÞ−sJ jλ; λ̃; J; sJi: ð7:4Þ

The appearance of absolute values and sgn functions is a
completely general feature of split signature spacetime
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objects and is a consequence of the real disconnected little
group R� ¼ Rþ × Z2.
The “helicity” sJ denotes states which are even sJ ¼ 0

and odd sJ ¼ 1 under the little group transformation which
flips the sign of both spinors,

j − λ;−λ̃; J; sJi ¼ ð−1Þ−sJ jλ; λ̃; J; sJi: ð7:5Þ
The fact that sJ controls even and odd symmetry in (2,2)
suggests we should associate sJ ¼ 0 with bosons and
sJ ¼ 1 with fermions.10 Interestingly, this “Bose-Fermi sym-
metry” is completely independent of the continuous helicity J
of the particles. Split signature is generally discussed as an
analytic continuation of theories in (1,3) signature with half-
integer helicity, andwe shall follow this approach here aswell.
Bootstrapping theories exclusively in (2,2) signature using its
unique little group is an interesting problem in its own right.
In the context of CFTs, continuous helicity has appeared
multiple times; see for example [55,67,68].
Finally, in (2,2) signature the universal cover of the

Lorentz group is SLð2;RÞ × SLð2;RÞ, and it acts on states
through

jλα; λ̃α̇; J; sJi → jMβ
αλβ; M̃

β̇
α̇λ̃β̇; J; sJi; ð7:6Þ

where Mα
β and M̃α̇

β̇ are independent SLð2;RÞ matrices.

B. Banerjee’s extended little group

The extended little group in (2,2) is given by independent
rescalings of either spinor by a nonzero real number. It is
the group R� ×R� ¼ Rþ ×Rþ × Z2 × Z2, and it acts
according to the transformation

λ → yλ; λ̃ → ȳ λ̃; ð7:7Þ
where y and ȳ are nonzero real numbers. On top of the
usual little group (7.2) this corresponds to an extension
which includes boost rescalings of the momentum by any
nonzero real number

p → bp; ð7:8Þ
where b may be negative. The existence of Lorentz trans-
formations which flip the sign of the momenta is a special
feature of (2,2) signature. As mentioned previously, there is
a single null asymptotic boundary in split signature, and all
scattering states are defined on this space. This leads to the
novel situation of a scattering vector which combines with a
vector of asymptotic particle states to compute the ampli-
tude for a particle “process” to occur in the bulk [65].
We conclude that in (2,2) signature the spinors λ; λ̃ serve

as real homogeneous coordinates for the projective space
RP1 ×RP1 ¼ R2� × R2�=ðR� ×R�Þ, which is the celestial

torus. Conformal primaries on the celestial torus are built
from (2,2) signature celestial states with imaginary helicity
J and a discrete helicity sJ as well as two new weights:
(1) A complex conformal dimension Δ∈ 1þ iR label-

ing representations of the positive real boosts.
(2) A discrete weight sh ∈ f0; 1g which labels the Z2

symmetry under λ → −λ. Correspondingly, we have
sh̄ ∈ f0; 1g which labels the Z2 symmetry under
λ̃ → −λ̃.

Hence, (2,2) signature celestial states are denoted as

jλ; λ̃; J; sJ;Δ; shi≡ jλ; λ̃; h; sh; h̄; sh̄i; ð7:9Þ
where we have also defined h ≔ 1

2
ðΔþ JÞ11 and h̄ ≔

1
2
ðΔ − JÞ. We have taken a slightly altered route in defining

(2,2) signature states in this way.
The transformation law of the states (7.9) under the

extended little group rescalings is

jyλ; ȳ λ̃; h; sh; h̄; sh̄i
¼ jyj−2h sgnðyÞ−sh jȳj−2h̄ sgnðȳÞ−sh̄ jλ; λ̃; h; sh; h̄; sh̄i;

ð7:10Þ
where once again we have the appearance of absolute
values and sgn functions, which is due to the unique
topological properties of R2;2.12 Note that only positive
numbers, like jyj, are raised to a complex power, while
sgnðyÞ is raised to either the power zero or one.13 This has
the benefit of removing branch cut ambiguities arising from
raising a negative number to a complex power.
The (2,2) signature celestial states transform under

SLð2;RÞ × SLð2;RÞ like conformal primaries in a two-
dimensional Lorentzian CFT,

jλα; λ̃α̇; h; sh; h̄; sh̄i → jMβ
αλβ; M̃

β̇
α̇λ̃β̇; h; sh; h̄; sh̄i����

�
z

1

�
;

�
z̄

1

�
; h; sh; h̄; sh̄

�

→ jczþ dj−2h sgnðczþ dÞ−sh jc̃ z̄þd̃j−2h̄

× sgnðc̃ z̄þd̃Þsh̄
����
�
z0

1

�
;

�
z̄0

1

�
; h; sh; h̄; sh̄

�
: ð7:11Þ

It is worth pausing here briefly to explain the relationship
between the states described above and others appearing
in the celestial literature [42,63]. By including the sign
transformations λ → −λ and λ̃ → −λ̃, we are quotienting

10In Appendix F we demonstrate, by considering complexified
spacetime, that sJ is directly associated with the (1,3) helicity J1;3,
giving sJ ¼ 0 for integer J1;3 and sJ ¼ 1 for half-integer J1;3.

11We use h; h̄ for the weights in both (1,3) and (2,2) signature
despite them being distinct quantities. Which of the two is
intended should be clear from the context.

12An excellent explanation of these properties of split signa-
ture is given throughout [64].

13Similarly, in (1,3) signature wherever we have a phase, it is
also always raised to integer powers 2J while the modulus of a
complex number is raised to a complex power Δ.
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the spaceR2� ×R2�, byR� ×R� and not justRþ ×Rþ. This
means that instead of considering two patches on the
celestial torus, we consider only one. To see this consider
just one chirality of spinor, say λ. If one uses only positive
rescalings in the little group, then the two affine patches

�
z

1

�
;

�−z
−1

�
ð7:12Þ

are distinct, and together cover one circle of the celestial
torus. By including negative rescalings we glue these two
patches on top of each other; see Fig. 2. As discussed in
Sec. II we do not lose information by doing this; instead we
simply have more asymptotic states labeled by the repre-
sentations Z2 × Z2: sh and sh̄. In the two-patch approach
states are labeled by the patch they belong to but can
move from one patch to the other under the action of
SLð2;RÞ × SLð2;RÞ. In the one-patch approach, however,
states are labeled by their symmetry properties. These
symmetries can be used to constrain the corresponding
celestial amplitudes, as we shall see explicitly in Sec. X.

C. Chiral Mellin transform

Based on the split signature homogeneity property (7.10),
celestial states are homogeneous functions of a pair of real
spinors with weights ðh; sh; h̄; sh̄Þ, and as usual, we build
homogeneous functions via Mellin transforms. A celestial
state in (2,2) signature is then defined by the following chiral
Mellin transform acting on a momentum eigenstate,

jλ; λ̃; h; sh; h̄; sh̄i ≔
1

4

Z
R�×R�

dū
jūj ∧

du
juj juj

2hjūj2h̄

× sgnðuÞsh sgnðūÞsh̄ juλ; ū λ̃i: ð7:13Þ

Once again we note that this transform is in the general form
of (2.9), and again we denote a chiral Mellin with weights
h; h̄; sh; sh̄ as Ch;h̄. In (7.13) we integrate over R� scalings
for each spinor, which includes both positive and negative
“energies.” Since in (2,2) signature the spinors are real and
independent, the integrals over u; ū are separable, and each
constitutes a Mellin transform on its own—this was not the
case in (1,3) signature. It can be easily checked (for example
by checking the homogeneity or expressing it in affine
coordinates z; z̄) that the above state transforms as a
conformal primary on the celestial torus.
Due to the altered (2,2) signature chiral Mellin trans-

form, the four-dimensional bulk conformal symmetry
generators in (2,2) signature receive slight modifications
to take into account the fact that they also carry the
discrete weights sh; sh̄. These generators are described in
Appendix C.
We can see the even and odd states explicitly by writing

our states in terms of a chiral Mellin transform over just
positive energies,

jλ; λ̃; h; sh; h̄; sh̄i

≔
Z
Rþ×Rþ

dū
ū

∧ du
u
u2hū2h̄juλ; ū λ̃; sh; sh̄i; ð7:14Þ

where we regard the above as performing two of the usual
Rþ-Mellin transforms over λ; λ̃ on the even/odd projection
states given below:

jλ; λ̃; sh; sh̄i ≔
1

4

X
ϵ¼�1

X
ϵ̄¼�1

ϵsh ϵ̄sh̄ jϵλ; ϵ̄ λ̃i: ð7:15Þ

Clearly the projection to an even/odd state loses informa-
tion about the original state unless we consider all the above

FIG. 2. Quotienting of the celestial torus with two patches (first diagram) by λ → −λ and λ̃ → −λ̃ results in a smaller single patch torus
(second diagram). Intuitively, one obtains the second diagram by folding the edges in along the dotted lines. The blue arrows here
indicate that the opposite edges are identified.
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combinations in tandem.14 The Mellin transform over Rþ
preserves information about the state since it is invertible.
We can recover the original state from the following inverse
Mellin transform:

jλ; λ̃i ¼
Z

aþi∞

a−i∞

dð2hÞ
2πi

Z
ãþi∞

ã−i∞

dð2h̄Þ
2πi

×
X
sh¼0;1

X
sh̄¼0;1

jλ; λ̃; h; sh; h̄; sh̄i: ð7:16Þ

This is again simply a sum over representations and follows
the general form of (2.12). The (2,2) signature chiral Mellin
transform (7.13) has inverse (7.16) since it is just a
symmetrized sum of products of two independent Mellin
transforms, and the proof is analogous to that contained in
Appendix G.
As with (1,3) signature celestial states, in (2,2) signature

we will often act with the chiral Mellin transform on a
momentum eigenstate which already transforms with
some helicity under the little group. For a chiral Mellin
transform of a state in (2,2) signature with imaginary
bulk helicity l and discrete helicity sl, we can simplify
the symmetrization sum in (7.15) using a little group
transformation,

jλ; λ̃; sh; sh̄; l; sli ≔
1

4
ð1þ ð−1Þshþsh̄þslÞðjλ; λ̃; l; sli

þ ð−1Þsh j − λ; λ̃; l; sliÞ

¼ δsJ;sl
1

2

X
ϵ¼�1

ϵsh jϵλ; λ̃; l; sli: ð7:17Þ

Furthermore, for such a state, the integral over the little
group degrees of freedom in (7.16) can also be done directly,

jλ; λ̃;h;sh; h̄;sh̄; l;sli

¼ πiδðJ− lÞδsJ;sl
Z

∞

0

dωωΔ−1
X
ϵ¼�1

ϵsh jϵ ffiffiffiffi
ω

p
λ;

ffiffiffiffi
ω

p
λ̃; l;sli:

ð7:18Þ
We have recovered a Dirac delta from the noncompact
integral, which follows from the important identity

Z
∞

0

dxxα−1 ¼ 2πiδðαÞ: ð7:19Þ

This holds for α ¼ iγ pure imaginary for which we can write
δðαÞ ¼ −iδðγÞ. In the above case (7.18) this is true by default
when we consider representations of the little group which

have imaginary helicity.15 The constant function fðxÞ ¼ 1 is
Mellin dual to a delta function, which is the analogue of the
fact that the Fourier dual of fðyÞ ¼ 1 is also a delta function.
Namely,we can show (7.19) bymaking the changeofvariable
x ¼ ey and using the representation of the delta function as

δðγÞ ¼ 1

2π

Z
∞

−∞
dyeiγy: ð7:20Þ

Since fðxÞ ¼ 1 is always orderOð1Þ the “strip of definition”
where the Mellin transform is only marginally convergent is
just the imaginary axis. We hence require a regularization
scheme given by

1

2π

Z
∞

−∞
dyeiγy ¼ 1

2π

Z
∞

−∞
dyeiγy−ϵjyj

¼ 1

2π

�
1

iγ þ ϵ
−

1

iγ − ϵ

�
¼ δðγÞ; ð7:21Þ

where ϵ is a small positive number. Regularization schemes
like the one abovewill be ubiquitous in the rest of the paper as
we will often come across marginally convergent Mellin
transforms. Regularization schemes are chosen such that
the Mellin transform has an inverse. All schemes used in the
remainder of this paper essentially boil down to the use of the
above identity whose validity is guaranteed by the Fourier
inversion theorem.
Given states or amplitudes already transforming under the

little group, an economical alternative to the chiral Mellin
transform is the half-Mellin transform, first introduced in
[42], where we only integrate over the scale of one spinor,

jλ; λ̃;h;sh;l;sli≔
1

2

Z
R�

du
juj juj

2h sgnðuÞ−sh juλ; λ̃; l;sli

¼ 1

2

Z
Rþ

du
u
u2h

X
ϵ¼�1

ϵsh jϵuλ; λ̃; l;sli: ð7:22Þ

Note that the above state is equivalent to (7.18) with the
Dirac and Kronecker deltas stripped off. Indeed one can
check that (7.22) is homogeneous under rescalings of λ̃
with weight h̄¼h−l and sh̄ ¼ sh − slmod 2. Additionally,
the half-Mellin transformed state where we instead inte-
grate over the scale of λ̃α̇ is equal to (7.22). This can be
shown by writing ū ¼ u in the first line of (7.22) and using
a little group transformation.
As explored at length in Sec. X, we can also take

amplitudes from (1,3) signature with half-integer helicity
l and analytically continue them into (2,2) signature—we
will always use the half-Mellin transform in such cases for

14The method of summing over incoming/outgoing parameters
for (2,2) celestial amplitudes has been used in [66,69] and was
even used in (1,3) signature in [50]. Here, only a fully sym-
metrized sum was considered, so only a part of the amplitude was
studied.

15It is often necessary to relax this condition and allow α to be
any complex number. In such cases we recover a generalized
delta function [70]. This is crucial when we (2,2) Mellin trans-
form analytically extended amplitudes from (1,3) signature which
have half-integer helicity; in fact we sidestep this by performing
only the half-Mellin transforms of [42].
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its practical benefits. This entails using the above for-
mula (7.22) but with l half-integer, in which case sl satisfies
sl ¼ 2lmod 2.
The new features of split signature go beyond just the

changes to the (extended) little group; as mentioned in
Sec. IV the collection of different bases for conformal
primaries on the celestial sphere expands when we consider
theLorentzian boundaryCFT. In the next sectionwedescribe
these new light transformed bases for conformal primaries.

VIII. LIGHT TRANSFORMED BASIS

We now turn to the question of what other bases of
conformal primaries exist on the celestial torus. Once again
we can use the restrictedWeyl group to indicate the existence
of intertwining operators which map to new bases.
In (2,2) signature, the quadratic Casimir operators are

still given by (4.1), and since the Lorentz generators take
the same form as in (1,3) signature (cf. Appendix C), the
Casimir eigenvalues are also given by (4.2), which we
repeat here:

cþ2 ¼ 2hð1 − hÞ þ 2h̄ð1 − h̄Þ ¼ Δð2 − ΔÞ − J2;

c−2 ¼ 2hð1 − hÞ − 2h̄ð1 − h̄Þ ¼ 2Jð1 − ΔÞ: ð8:1Þ

In a two-dimensional Lorentzian CFT, the helicity J is
continuous and thus can mix with Δ. For this reason there
exists additional intertwining operators that map between
representations equivalent to the Lorentzian principal

continuous series. The restricted Weyl group thus expands
to Z2 × Z2 with the new elements corresponding to the
reflections mixing Δ and J,

h → 1 − h ⇔ Δ → 1 − J; J → 1 − Δ;

h̄ → 1 − h̄ ⇔ Δ → 1þ J; J → Δ − 1; ð8:2Þ

which are the light and dual light transforms. The shadow
transform in a Lorentzian two-dimensional CFT is simply
the product of these commuting elements, giving the
interpretation of the light transforms as the “half-shadow
transforms.”
With the extended little group as a guiding principle, we

will now define explicit formulas for the light transforms.
Before we begin, note that the discrete weights sh and sh̄ do
not appear in the Casimir eigenvalues, so representations
with differing values of sh and sh̄ could, in principle, be
equivalent. The only possible Weyl reflection would be
to relate the even and odd Z2 representations so that
sh → sh þ 1; however, it is a trivial fact that the even and
odd representations ofZ2 are not equivalent. Simply put, the
lack of an intertwining operator for even/odd representations
corresponds to the fact that we cannot antisymmetrize a
function which is already even. A consequence of this is that
the light transforms do not change the weights sh and sh̄.
The light transform in homogeneous coordinates is given

by a projective integral over the spinor λ. We define the
light transformed celestial state as

jμ; λ̃; 1 − h; h̄; sh; sh̄i ¼ i−sh
Γð2 − 2hÞ

Γð3
2
− hþ sh

2
ÞΓðh − sh

2
− 1

2
Þ
Z
RP1

hλdλijhλμij2h−2 sgnðhλμiÞsh jλ; λ̃; h; h̄; sh; sh̄i: ð8:3Þ

Wewill denote this light transform operation symbolically as
L. It can be easily checked that the new state is an SLð2;RÞ ×
SLð2;RÞ conformal primary with shifted weights 1 − h; h̄,
while the discrete weights sh; sh̄ are unchanged as expected.
This formula for the light transform is adapted to the novel
(2,2) chiral Mellin transform which builds states homo-
geneous under R� scalings. Note, however, that since (8.3)
leaves the discreteweights sh; sh̄ invariant, its group theoretic
behavior is equivalent to the light transforms presented
elsewhere in the literature, for example [63].16

The definition (8.3) features a factor of i−sh despite
the fact that sh is only defined mod 2. Nevertheless, the
entire formula is invariant when we shift sh → sh þ 2
thanks to compensation from the gamma function factors
½Γð3

2
− hþ sh

2
ÞΓðh − sh

2
− 1

2
Þ�−1. In fact, the normalization in

(8.3) is chosen such that L2 ¼ 1, as shown in Appendix D.
We can recast the light transform in a compact form by

combining it with a half-Mellin transform which, as
explained above Eq. (7.22), acts on a momentum eigenstate
with (2,2) helicity l and sl,

jμ; λ̃; 1 − h; sh; l; sli ¼ i−sh
Γð2 − 2hÞ

Γð3
2
− hþ sh

2
ÞΓðh − sh

2
− 1

2
Þ
Z
RP1

hλdλijhλμij2h−2 sgnðhλμiÞsh 1
2

Z
R�

du
juj juj

2h sgnðuÞsh juλ; λ̃; l; sli

¼ i−sh

2

Γð2 − 2hÞ
Γð3

2
− hþ sh

2
ÞΓðh − sh

2
− 1

2
Þ
Z
R2

d2λjhλμij2h−2 sgnðhλμiÞsh jλ; λ̃; l; sli; ð8:4Þ

16In [63], a definition of the light transform was given which acts on states living in two patches of a celestial torus labeled by an
incoming and outgoing parameter. This is not the same as the above definition, but it contains completely equivalent information, just
not separated into even and odd parts.
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where we have used the fact that the measure d2λ breaks up
into jujduhλdλi. This measure is in fact the only thing
responsible for the weight shift behavior h → 1 − h of the
light transform, and its independence of sgnðuÞ is the
reason why sh is unchanged.
The light transformed state is labeled with a pair of

spinors μ; λ̃ much like a twistor. Indeed under rescalings
of both spinors μ; λ̃ we have the weight −2ð1 − hþ h̄Þ ¼
−2ð1 − lÞ which is the usual scaling of a twistor. Of course,
unlike a twistor the celestial state (8.3) is homogeneous
under rescalings of each spinor independently. As one
might expect, the bulk conformal symmetry generators in
the light transformed basis in Appendix C also have many
similarities with those in twistor variables; for example, all
generators are first order differential operators.
The connection between light and twistor transforms was

made concrete in [42], and we will spend some time
refining this relation in Sec. IX.
For completeness we record the formula for the dual

light transformed state

jλ; μ̃; h; 1 − h̄; sh; sh̄i

¼ i−sh̄
Γð2 − 2h̄Þ

Γð3
2
− h̄þ sh̄

2
ÞΓðh̄ − sh̄

2
− 1

2
Þ

×
Z
RP1

½λ̃dλ̃�j½μ̃ λ̃�j2h̄−2 sgnð½μ̃ λ̃�Þsh̄ jλ; λ̃; h; h̄; sh; sh̄i:

ð8:5Þ
We will also refer to this dual light transform operation
as L̄.

IX. FROM TWISTOR TO LIGHT

The half-Fourier or twistor transform was introduced
in the seminal paper [22] as a means to directly map
amplitudes in (2,2) signature [analytically continued from
(1,3) signature] directly to either twistor or dual twistor
space in four dimensions. The transform to twistor space
takes the form

jμ; λ̃i ¼ 1

2π

Z
R2

d2λeihλμijλ; λ̃i; ð9:1Þ

while the dual twistor transform takes the form

jλ; μ̃i ¼ 1

2π

Z
R2

d2λ̃ei½μ̃ λ̃�jλ; λ̃i: ð9:2Þ

Wewill again define the symbolic shorthand T to denote the
half-Fourier transform (9.1) and T̄ to denote its dual (9.2).
The above half-Fourier transforms are both self-inverse
since, like the Fourier transform (5.1), they are themselves
Fourier transforms with a skew-symmetric kernel.
The relationship between the twistor and the Fourier

transform defined in (5.1) is that in the former we only
transform half of the phase space. This is reminiscent of

the relationship between light and shadow transforms.
Furthermore, we can see this relationship already at the
level of the dilatation and helicity operators written in
twistor variables,

J ∼
1

2
μα

∂

∂μα
þ 1

2
λ̃α̇

∂

∂λ̃α̇
þ 1≕ dT;

d ∼ −
1

2
μα

∂

∂μα
þ 1

2
λ̃α̇

∂

∂λ̃α̇
≕J T; ð9:3Þ

which, upon Mellin transforming with weights k; k̄, give
the light transform relations k ¼ 1 − h; k̄ ¼ h̄. We have
also defined the distinct operators J T; dT generating
helicity and dilatation operations of the variables μα; λ̃α̇
based purely on their transformation properties in either the
left- or right-hand copy of SLð2;RÞ × SLð2;RÞ. That is,
J T; dT are not just the operators J ; d in the twistor basis
but are distinct and are related to J ; d by the naive
replacement λ → μ.
Similar considerations hold for the dual twistor basis

J ∼ −
1

2
λα

∂

∂λα
−
1

2
μ̃α̇

∂

∂μ̃α̇
− 1≕ − dT̄;

d ∼
1

2
λα

∂

∂λα
þ 1

2
μ̃α̇

∂

∂μ̃α̇
≕ − J T̄ ; ð9:4Þ

which, upon Mellin transforming, give the dual light
transform relations k ¼ h; k̄ ¼ 1 − h̄. In Appendix C we
give all the conformal symmetry generators J ; d; p; k;m in
the twistor and dual twistor bases. Just as for the original
generators and the “Fourier” ones dF;J F;… etc., we find
that the relation between T and T̄ conformal generators is
described by the same automorphism of the conformal
algebra but now generated by the full Fourier transform
which maps from twistor space to dual twistor space.
The precise relationship between twistor and light

transforms is via the commuting diagrams in Figs. 3
and 4 which state that the (dual) light transformed
conformal primary is the same as the chiral Mellin
transformed (dual) twistor eigenstate. These diagrams
were first established in [42], but there the diagrams
commuted with the proviso that twistor transformed states
corresponded to a linear combination of light transforms
with different “incoming/outgoing parameters.” One of
the goals of this paper has been to make it clear that we
do not need to introduce any incoming or outgoing

FIG. 3. We denote the chiral Mellin transform with weights
h; h̄; sh; sh̄ by Ch;h̄, half-Fourier by T, and light transform by L.
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parameters in split signature since there is no sense of
the past or future. In Sec. VIII we made some crucial
modifications to the light transforms to ensure they act
properly on states which are homogeneous under R�
scalings. These modifications lead to an exact relation
between twistor and light transforms according to Fig. 3,
which we now prove. The proof for the dual light and dual
twistor cases is completely analogous.
Since the (2,2) chiral Mellin transform is given by two

independent half-Mellin transforms, the transform on the
unchanged spinor λ̃ passes through as usual, so we just
focus on half-Mellin transforming the μ spinor,

jμ; λ̃; k; ski ¼
1

2

Z
R�

dt
jtj jtj

2k sgnðtÞ−sk jtμ; λ̃i

¼ 1

2

Z
R�

dt
jtj jtj

2k sgnðtÞ−sk 1

2π

Z
R2

d2λeithλμijλ; λ̃i

¼ 1

4π

Z
R2

d2λI jλ; λ̃i: ð9:5Þ

We now perform the half-Mellin integral

I ≔
Z
R�

dt
jtj jtj

2k sgnðtÞ−skeithλμi

¼
Z

∞

0

dtt2k−1ðeithλμi þ ð−1Þ−ske−ithλμiÞ; ð9:6Þ

and changing variables t → tjhλμij−1 we have

I ¼ jhλμij−2k sgnðhλμiÞ−sk
Z

∞

0

dtt2k−1ðeit þ ð−1Þ−ske−itÞ

¼
� jhλμij−2k2 R∞

0 dtt2k−1 cosðtÞ for sk ¼ 0;

jhλμij−2k sgnðhλμiÞ2i R∞
0 dtt2k−1 sinðtÞ for sk ¼ 1:

ð9:7Þ

Now, as usual, we need to regularize the weights, so we
shift k∈ 1

2
þ iR17 by a small negative parameter −δ such

that −1 < Reð2ðk − δÞ − 1Þ < 0. Then, sending δ → 0þ
we recover

I ¼
�
2Γð2kÞ sinðkπþ π

2
Þjhλμij−2k for sk ¼ 0;

2iΓð2kÞ sinðkπÞjhλμij−2k sgnðhλμiÞ for sk ¼ 1;

¼ 2iskΓð2kÞ sin
��

k−
sk
2
þ 1

2

�
π

�
jhλμij−2k sgnðhλμiÞ−sk :

ð9:8Þ
Now we use the Euler reflection formula for gamma
functions to yield

I ¼ 2πisk
Γð2kÞ

Γðk − sk
2
þ 1

2
ÞΓð1

2
− kþ sk

2
Þ jhλμij

−2k sgnðhλμiÞ−sk :

ð9:9Þ
Finally, we set k ¼ 1 − h and sk ¼ −sh (equivalently
sk ¼ sh) and conclude that from a chiral Mellin transform
of a Fourier conjugate state, we recover the light trans-
formed state (8.4),

jμ; λ̃; 1 − h; shi ¼
i−sh

2

Γð2 − 2hÞ
Γð3

2
− hþ sh

2
ÞΓðh − sh

2
− 1

2
Þ

×
Z
R2

d2λjhλμij2h−2 sgnðhλμiÞsh jλ; λ̃i:

ð9:10Þ
Alternatively, we can check the commuting diagram in

Fig. 3 by inverse Mellin transforming (8.4) to recover a
half-Fourier transform. That is, we compute

Z
aþi∞

a−i∞

dh
2πi

X
sh¼0;1

i−sh

2

Γð2 − 2hÞ
Γð3

2
− hþ sh

2
ÞΓðh − sh

2
− 1

2
Þ
Z
R2

d2λjhλμij2h−2 sgnðhλμiÞsh jλ; λ̃i; ð9:11Þ

which gives the two terms

¼
Z
R2

d2λ
Z

aþi∞

a−i∞

dh
2πi

1

2π
Γð2 − 2hÞ

�
sin

�
hπ −

π

2

�
þ i sinðhπÞ sgnðhλμiÞ

�
jhλμij2h−2jλ; λ̃i; ð9:12Þ

which we evaluate the same way by choosing a < 1 and closing the contour to pick up the poles of the gamma function,

FIG. 4. We denote the chiral Mellin transform with weights
h; h̄; sh; sh̄ by Ch;h̄, dual half-Fourier by T̄, and dual light
transform by L̄.

17Since Δ∈ 1þ iR and J is pure imaginary, the weights h; h̄∈ 1
2
þ iR and similarly k; k̄∈ 1

2
þ iR.
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¼ 1

2π

Z
R2

d2λ
X∞
n¼0

ð−1Þn
n!

�
sin

�
π
nþ 1

2

�
þ i sin

�
π
nþ 2

2

�
sgnðhλμiÞ

�
jhλμijnjλ; λ̃i

¼ 1

2π

Z
R2

d2λ

�X∞
m¼0

ð−1Þm
ð2mÞ! jhλμij

2m þ i sgnðhλμiÞ
X∞
m¼0

ð−1Þm
ð2mþ 1Þ! jhλμij

2mþ1

�
jλ; λ̃i

¼ 1

2π

Z
R2

d2λðcosðjhλμijÞ þ i sgnðhλμiÞ sinðjhλμijÞÞjλ; λ̃i

¼ 1

2π

Z
R2

d2λeihλμijλ; λ̃i: ð9:13Þ

Hence, we have recovered a half-Fourier transform.

X. CELESTIAL TWISTOR AMPLITUDES

In this section we will show how to compute celestial
twistor amplitudes in Yang-Mills and gravity, building on
earlier work and the results and formalism developed above.
In what follows, we espouse the viewpoint that the most
direct way to produce light transformed conformal correla-
tors is to perform a Mellin transform of a twistor amplitude,
so we traverse the commuting diagrams in Figs. 3 and 4
clockwise. Light transformed correlators have the nice
property that they no longer have singular support coming
from themomentum conserving delta function in the bulk—
see [42,66,69,71,72] for discussions. These recent works
have used the methodology of traversing the commuting
diagrams counterclockwise, that is, Mellin transforming
first in momentum space and then light transforming the
resultant celestial amplitude. The recent paper [66], in
particular, derived the correlators of two holomorphic and
two antiholomorphic light-ray operators, from light trans-
forms of the four-gluon celestial amplitude in (2,2) signature
spacetime. The results were written in terms of integrals
of products of Gaussian hypergeometric functions, which
when evaluated led to certain special functions which arise
in Mellin-Barnes integrals. In our derivation of four-point
celestial twistor amplitudes below, we find somewhat
analogous, albeit simpler, interim integrals.
So far we have only studied asymptotic scattering states

and classified the different bases one can take for these.
Since an amplitude is a multiparticle object, one may ask
the following important question: What is the most useful
prescription for assigning bases to represent each particle
leg? In principle, we can use any of the momentum space,
twistor, dual twistor, or Fourier bases for each leg, and we
can choose this for each leg independently. In the work of
[64] the choice made was to uniformly associate to each leg
a dual twistor. This led to many compact expressions for
twistor amplitudes, including n-particle MHV, MHV, and
up to eight-particle N2MHV amplitudes in N ¼ 4 SYM, as
well as MHVand MHV expressions in N ¼ 8 supergravity.
The authors also developed a BCFW recursion relation in
dual twistor space which resulted in a simple BCFW shift

of the dual twistor. We leave the task of Mellin trans-
forming amplitudes from dual twistor space to future work,
and instead we focus on twistor amplitudes in the ambi-
dextrous bases of [24].
As demonstrated in [24], performing ambidextrous

transforms to twistor space leads to remarkably simple
objects—for example, for pure Yang-Mills the three- and
four-point ambidextrous twistor amplitudes take a constant
value equal to one or minus one depending on the particular
external kinematics probed. Note that “ambidextrously”
here means that we can transform either λ or λ̃ for each leg
independently, and, in general, the basis chosen will not be
uniform. At low particle multiplicity we will use a twistor
for a plus helicity leg and a dual twistor for a minus helicity
leg. This choice leads to particularly simple integrals which
decouple into products of sgn functions.
In the end we are interested in physical (1,3) signature

scattering amplitudes. The motivation to consider (2,2)
signature comes from the fact that we can analytically
continue expressions for scattering amplitudes in (1,3)
signature into (2,2) signature and consider new represen-
tations of those amplitudes in terms of twistors. This is the
technique used in [24] and [64] to build seed amplitudes to
be used in twistor BCFW to build higher point amplitudes,
and we also follow this methodology. Such analytically
continued (2,2) signature amplitudes do not transform in
the expected representations of the (2,2) little group.
Rather, since they originated in (1,3) signature, they are
homogeneous under a little group transformation with half-
integer helicity.
Assuming we start with analytically continued (2,2)

signature amplitudes with half-integer helicity (denoted
simply as l since sl ¼ 2lmod 2), we can map to Mellin
space in the most practical manner by performing just a
half-Mellin transform over the scale of either of the spinors.
This method was introduced in [42] and is particularly
useful when applied to twistor amplitudes. In contrast to
[42], we ambidextrously perform half-Mellin transforms
over the scales of the μ; μ̃ spinor instead of performing
them on the original spinors λ; λ̃. Just as was the case in
momentum space, the two choices are equivalent since
under a change of variable given by an inversion t ↦ 1

ū the
half-Mellin transformed twistor eigenstate becomes
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jμ; λ̃; k; sk; li ≔
1

2

Z
R�

dt
jtj jtj

2k sgnðtÞsk jtμ; λ̃; li

¼ 1

2

Z
R�

dū
jūj jūj

−2k sgnðūÞsk jū−1μ; λ̃; li

¼ 1

2

Z
R�

dū
jūj jūj

−2k sgnðūÞsk jūj−2ðl−1Þ

× sgnðūÞ−2ðl−1Þjμ; ū λ̃; li

¼ 1

2

Z
R�

dū
jūj jūj

2h̄ sgnðūÞsh̄ jμ; ū λ̃; li; ð10:1Þ

which is exactly the half-Mellin transform over the λ̃ spinor,
where we have used that k ¼ 1 − h and h − h̄ ¼ l. A
similar equivalence is true for the half-Mellin transformed
dual twistor eigenstate.

A. Pure Yang-Mills

We start off by deriving the three-point and four-point
celestial twistor amplitudes of pure Yang-Mills theory.

1. Three points: Mellin transform of a sgn function

Three-point MHV.—When we analytically continue to (2,2)
signature we can write down a three-point MHVamplitude
with real external kinematics,

A−−þ
3 ¼ h12i3

h23ih31i δ
4ðλα1 λ̃α̇1 þ λα2 λ̃

α̇
2 þ λα3 λ̃

α̇
3Þ: ð10:2Þ

As in [24] we perform the twistor or half-Fourier transforms
ambidextrously. In our conventions this corresponds to

Ã−−þ
3 ≔

1

ð2πÞ3
Z

d2λ̃1d2λ̃2d2λ3ei½μ̃1 λ̃1�ei½μ̃2 λ̃2�eihλ3μ3iA−−þ
3 :

ð10:3Þ
To perform the half-Fourier transforms wemust regulate the
poles appearing from h23ih31i in (10.2). Following [24], we
regulate these and subsequent poles with a principle value
prescription, which is chosen exactly to preserve the little
group properties of the amplitude.With this choice the three-
point MHV twistor amplitude is given by

Ã−−þ
3 ≔

ðπiÞ3
ð2πÞ3 sgnðhλ1λ2iÞsgnðhλ1μ3i þ ½λ̃3μ̃1�Þ

× sgnðhλ2μ3i þ ½λ̃3μ̃2�Þ: ð10:4Þ

In order to map to Mellin space we use ambidextrous half-
Mellin transforms over the scales of the spinors μ̃1; μ̃2; μ3.

Symmetrized amplitudes.—As explained in Sec. VII C we
can separately perform a Mellin transform over positive
rescalings of the spinors and then build odd/even states via
linear combination of sums and differences over the
parameters ϵ̄1; ϵ̄2; ϵ3 ∈ f1;−1g associated with flipping
the signs of the spinors μ̃1; μ̃2; μ3. We now perform the
sums first and then integrate to introduce some of the key
points. At four points there are many such linear combi-
nations, so we will perform the reverse method. That is,
we integrate over positive rescalings first to derive a
compact expression in (10.27), from which we can easily
(anti)symmetrize the amplitudes.
For the three-point amplitude there are eight possible

combinations of even/odd states under the flipping of the
signs of μ̃1; μ̃2; μ3. Following our formalism, we denote
these states as Ã−−þ

3 fsk̄1 ; sk̄2 ; sk3g for sk̄1 ; sk̄2 ; sk3 ∈ f0; 1g.
Note that, from the form of the three-point MHV twistor
amplitude (10.4), when we flip the sign of all the spinors
μ̃1; μ̃2; μ3 the amplitude remains invariant,

Ã−−þ
3 ð−μ̃1;−μ̃2;−μ3Þ ¼ Ã−−þ

3 ðμ̃1; μ̃2; μ3Þ: ð10:5Þ

The symmetrized amplitude

Ã−−þ
3 fsk̄1 ; sk̄2 ; sk3g

¼ 1

23

X
ϵ̄1;ϵ̄2;ϵ3

ϵ̄
sk̄1
1 ϵ̄

sk̄2
2 ϵ

sk3
3 Ã−−þ

3 ðϵ̄1μ̃1; ϵ̄2μ̃2; ϵ3μ3Þ ð10:6Þ

contains pairs related by (10.5) which can sum together or
subtract to give zero depending on whether ð−1Þsk̄1þsk̄2þsk3

equals plus or minus one. This immediately implies if
sk̄1 þ sk̄2 þ sk3 ¼ 1mod 2 then the amplitude vanishes,
which can be checked explicitly. We hence have the
following four nonvanishing amplitudes,

Ã−−þ
3 f0; 0; 0g; Ã−−þ

3 f1; 1; 0g;
Ã−−þ
3 f1; 0; 1g; Ã−−þ

3 f0; 1; 1g; ð10:7Þ

where, using (10.6), we have

Ã−−þ
3 fsk̄1 ; sk̄2 ; sk3g ¼ 2ðπiÞ3

23ð2πÞ3 sgnðhλ1λ2iÞðsgnðhλ1μ3i þ ½λ̃3μ̃1�Þsgnðhλ2μ3i þ ½λ̃3μ̃2�Þ

þ ð−1Þsk̄1 sgnðhλ1μ3i − ½λ̃3μ̃1�Þsgnðhλ2μ3i þ ½λ̃3μ̃2�Þ
þ ð−1Þsk̄2 sgnðhλ1μ3i þ ½λ̃3μ̃1�Þsgnðhλ2μ3i − ½λ̃3μ̃2�Þ
þ ð−1Þsk3 sgnðhλ1μ3i − ½λ̃3μ̃1�Þsgnðhλ2μ3i − ½λ̃3μ̃2�ÞÞ: ð10:8Þ
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From the amplitudes (10.7) given by (10.8) we can recover
the original amplitude by summing them. These amplitudes
can be recast as

Ã−−þ
3 fsk̄1 ; sk̄2 ; sk3g

¼ ðπiÞ3
ð2πÞ3 sgnðhλ1λ2ihλ1μ3ihλ2μ3iÞδ̃

�X
i

s
k
ð−Þ

i

�

× Gsk̄2þsk3
ðθ−131 ÞGsk̄1þsk3

ðθ−132 Þ; ð10:9Þ
where we have included a Kronecker delta

δ̃

�X
i

s
k
ð−Þ

i

�
≔ δsk̄1þsk̄2þsk3 ;0

ð10:10Þ

(with argument evaluated mod 2) which enforces the
aforementioned condition for the amplitude to be non-
vanishing. We have also defined the variables

θij ¼
hλjμii
½λ̃iμ̃j�

; ð10:11Þ

and the (anti)symmetrized sgn functions

G0ðxÞ ≔
1

2
ðsgnð1þ xÞ þ sgnð1 − xÞÞ;

G1ðxÞ ≔
1

2
ðsgnð1þ xÞ − sgnð1 − xÞÞ; ð10:12Þ

which can be written in terms of Heaviside step functions as
follows:

G0ðxÞ ¼ Θð1 − jxjÞ;
G1ðxÞ ¼ sgnðxÞΘðjxj − 1Þ: ð10:13Þ

We will use the above definitions (10.13) many times over
when performing our integrals.

The (2,2) signature celestial twistor amplitude in Mellin
space, denoted with a calligraphic symbol A, is then
given by an integral over ti, the positive scale of μi, with
weight 2ki,

Ã−−þ
3 fsk̄1 ; sk̄2 ; sk3g≔

Z
∞

0

dt̄1
t̄1

dt̄2
t̄2

dt3
t3

t̄2k̄11 t̄2k̄22 t2k33

× Ã−−þ
3 fsk̄1 ; sk̄2 ; sk3gðt1μ̃1; t̄2μ̃2; t3μ3Þ:

ð10:14Þ
As such we are led to consider the following integrals:

Ið�;�Þ ≔
Z

∞

0

dt̄1
t̄1

dt̄2
t̄2

dt3
t3

t̄2k̄11 t̄2k̄22 t2k33

×
1

4

�
sgn

�
1þ t̄1

t3
θ−131

�
� sgn

�
1 −

t̄1
t3
θ−131

��

×

�
sgn

�
1þ t̄2

t3
θ−132

�
� sgn

�
1 −

t̄2
t3
θ−132

��
:

ð10:15Þ

The general character of Ið�;�Þ (and corresponding
integrals beyond three points) is very simple—it is a Mellin
integral (over a positive quadrant) of an integrand which is
a piecewise constant function in various regions bounded
by the planes t̄i

t3
¼ jθ3ij.

Another important characteristic of the integral I , and its
higher point cousins, is that it is a conformal integral, and
as such, one of the degrees of freedom serves simply to
parametrize an overall scale over which we integrate. In
addition, the integrand itself is invariant under overall
dilatations since it is a pure gluon amplitude. We can fix
this scaling redundancy by integrating it out. We choose to
write t̄1 ¼ t3x1 and t̄2 ¼ t3x2 and then integrate over the
overall scale t3,

Ið�;�Þ¼
Z

∞

0

dt3
t3

t2k̄1þ2k̄2þ2k3
3

Z
∞

0

dx1dx2
x1x2

x2k̄11 x2k̄22

1

4
ðsgnð1þ x1θ−131 Þ� sgnð1− x1θ−131 ÞÞðsgnð1þ x2θ−132 Þ� sgnð1− x2θ−132 ÞÞ

¼ 2πiδ

�X
i

2 k
ð−Þ

i

�Z
∞

0

dx1dx2
x1x2

x2k̄11 x2k̄22

1

4
ðsgnð1þ x1θ−131 Þ� sgnð1− x1θ−131 ÞÞðsgnð1þ x2θ−132 Þ� sgnð1− x2θ−132 ÞÞ;

ð10:16Þ

where we have recovered a dilatation invariance
delta function using Eq. (7.19) and the fact that the
weights k̄1, k̄2, k3 are all pure imaginary. This is a
special feature of the ambidextrous twistor gluon ampli-
tude; it relies on the fact that we have analytically
continued from (1,3) signature, so all the helicities are
plus or minus one.

Now that we have integrated out an overall scale, the
remaining integrals over x1; x2 are separable, and each has
manifestly acquired a scale given by θ31; θ32, respectively.
This separable behavior persists at four points.
From the three-point MHV celestial amplitude we are led

to consider the following Mellin transforms of the (anti)
symmetrized sgn functions G0; G1 in (10.13),
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Z
∞

0

dx1
x1

x2k̄11 Gsðx1θ−131 Þ ¼
Z

∞

0

dx1
x1

x2k̄11

1

2
ðsgnð1þ x1θ−131 Þ þ ð−1Þs sgnð1 − x1θ−131 ÞÞ

¼ sgnðθ31Þs
Z

∞

0

dx1
x1

x2k̄11 Θðð−1Þsð1 − x1jθ31j−1ÞÞ: ð10:17Þ

An important property of the functionG0 is that it is zero for
large values jx1j > θ31, so its Mellin transform has a semi-
infinite strip of definition where the integral is defined for
2k1 with a real part greater than zero. On the other hand, the
function G1 is zero for small values jx1j < θ31, so its semi-
infinite strip of definition is where 2k1 has a real part less than
zero. Note that the original sgn function, since it is Oð1Þ
everywhere, has a Mellin transform which only marginally
converges when its weight lies on the imaginary axis and

diverges otherwise. As such we can only reorganize the
integral (10.17) by integrating each sgn function separately if
we also give a regularization prescription. We demonstrate a
natural regularization in the next section inEq. (10.21),which
also commutes with the even/odd projection in (10.17).
Continuing with our derivation, we compute the Mellin

transform of G0 and G1 functions—since all the weights ki
are pure imaginary we must regularize the weights to
ensure they are within the corresponding strip of definition,

Z
∞

0

dx1
x1

x2k̄1þϵ
1

1

2
ðsgnð1þx1θ−131 Þþsgnð1−x1θ−131 ÞÞ¼

Z
∞

0

dx1
x1

x2k̄1þϵ
1 Θð1−x1jθ31j−1Þ

¼Θðθ31Þ
θ2k̄1þϵ
31

2k̄1þϵ
þΘð−θ31Þ

ð−θ31Þ2k̄1þϵ

2k̄1þϵ
¼jθ31j2k̄1
2k̄1þϵ

;

Z
∞

0

dx1
x1

x2k̄1−ϵ1

1

2
ðsgnð1þx1θ−131 Þ−sgnð1−x1θ−131 ÞÞ¼ sgnðθ31Þ

Z
∞

0

dx1
x1

x2k̄1−ϵ1 Θðx1jθ31j−1−1Þ

¼−Θðθ31Þ
θ2k̄1−ϵ31

2k̄1−ϵ
þΘð−θ31Þ

ð−θ31Þ2k̄1−ϵ
2k̄1−ϵ

¼ sgnð−θ31Þ
jθ31j2k̄1
2k̄1−ϵ

: ð10:18Þ

So the even case gives an “advanced” prescription for the
pole in weight space, and the odd case has the “retarded”
prescription. In addition, the even/odd symmetry is trivially
carried by an overall sgn function, and the remaining integral
simply depends on amanifestly positive scale at jθ31j. Finally,
we have removed the appearance of ϵ in the exponents since
the only role it should play is to regularize the pole.
The three-point MHV celestial twistor amplitudes are

then given by a compact formula

Ã−−þ
3 fsk̄1 ; sk̄2 ; sk3g

¼ π

4
sgnðhλ1λ2ihλ1μ3ihλ2μ3iÞδ

�X
i

2 k
ð−Þ

i

�
δ̃

�X
i

s
k
ð−Þ

i

�

× sgnð−θ31Þsk̄1
jθ31j2k̄1

2k̄1 þ ð−1Þsk̄1 ϵ sgnð−θ32Þ
sk̄2

×
jθ32j2k̄2

2k̄2 þ ð−1Þsk̄2 ϵ : ð10:19Þ

The formula (10.19) has similarities with light trans-
formed conformal correlators that have appeared in the
literature in [42,66], up to differences due to the newly
defined light transform (8.3) with absolute values and sgn
functions and the specific normalization we have chosen.

We give a formula for the unsymmetrized celestial twistor
amplitude in (10.27) which is closer to the light trans-
formed conformal correlators of [42].
It is also a simple task to check conformal covariance of

(10.19) for each leg. Note first that we are explicitly using
only the ambidextrous variables—in this case k̄ for negative
helicity legs and k for the positive helicity legs. In general,
for conformal covariance we require that if we sum the
exponents wherever a positive helicity leg i appears in the
θik ratios, we have overall weight −2ki, while for a negative
helicity leg j we have overall weight 2k̄j. Then conformal
covariance is guaranteed using the defining relations
k ≔ 1 − h and k̄ ≔ 1 − h̄ and the relations k̄1;2 ¼ −h1;2
and k3 ¼ −h̄3 specific to the ambidextrous variables and
pure gluon amplitudes. Finally, for some legs we must also
use dilatation invariance; for example, for leg 3 we use the
condition k̄1 þ k̄2 þ k3 ¼ 0.
In the derivation of (10.19) we first performed the sum

over incoming and outgoing parameters in order to define
even and odd parity states, and afterwards we performed
the integrals over positive energies. In general, perform-
ing the integrals first and then the sum afterwards will give
the same result only if the integrals are finite. That is, the
Mellin transform of a sum of two functions is equal to the
sum of their Mellin transforms only if there is an overlap in
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their strip of definition. We saw already that the sym-
metrized and antisymmetrized sgn functions had a strip of
definition in the right and left half planes, respectively.
However, the sgn function itself has a Mellin transform
which only marginally converges when the weight lies on
the imaginary axis and diverges otherwise. We show in
the below section that we can define a natural regulari-
zation prescription to define the Mellin transform of a sgn
function and that this regularization commutes with the
(anti)symmetrization procedure.

Unsymmetrized amplitude.—We now look at the casewhere
we first integrate (10.4) over positive rescalings and then
perform the even/odd projections afterwards. This will of
course give the same result as in the previous section as long
aswe are careful in howwe regularizemarginally convergent
Mellin transforms. We hence consider the integral

I3pt ¼ 2πiδ

�X
i

2 k
ð−Þ

i

�Z
∞

0

dx1dx2
x1x2

x2k̄11 x2k̄22

× sgnð1þ x1θ−131 Þsgnð1þ x2θ−132 Þ; ð10:20Þ

which is the unsymmetrized version of Eq. (10.16).
Again the integrals over x1 and x2 separate and are of

identical form after the replacement 1 ↦ 2. Focusing on
the x1 integral, since the sgn function is always Oð1Þ, its
strip of definition is when 2k̄1 is pure imaginary and we
must regulate in a similar manner to the integral (7.20)
for the delta function. Instead of regulating with a factor
of e−ϵjyj, we use a regularization prescription which is
anchored at the scale set by θ31. That is, we define kyk ≔
sgnðy − lnðjθ31jÞÞy which equals y when y > lnðjθ31jÞ and
−y when y < lnðjθ31jÞ; then, we define the regulated
integral

Z
∞

0

dx1
x1

x2k̄11 sgnð1þ x1θ−131 Þ ¼
Z

∞

−∞
dye2k̄1y−ϵkyk sgnð1þ eyθ−131 Þ

¼ Θð−θ31Þ
�Z

lnð−θ31Þ

−∞
dye2k̄1yþϵy −

Z
∞

lnð−θ31Þ
dye2k̄1y−ϵy

�

þ Θðθ31Þ
�Z

ln θ31

−∞
dye2k̄1yþϵy þ

Z
∞

ln θ31

dye2k̄1y−ϵy
�

¼ Θð−θ31Þ
�ð−θ31Þ2k̄1þϵ

2k̄1 þ ϵ
þ ð−θ31Þ2k̄1−ϵ

2k̄1 − ϵ

�
þ Θðθ31Þ

�
θ2k̄1þϵ
31

2k̄1 þ ϵ
−

θ2k̄1−ϵ31

2k̄1 − ϵ

�

¼ jθ31j2k̄1
�

1

2k̄1 þ ϵ
þ sgnð−θ31Þ

1

2k̄1 − ϵ

�
; ð10:21Þ

where again we remove the ϵ in the exponents since it plays
no regularizing role there.
Note that in the case θ31 > 0 the sgn gives minus one,

so the Mellin transform (10.21) is proportional to a delta
function as expected. While the case θ31 < 0 the sgn
function gives plus one and the Mellin transform (10.21)
is proportional to the principal value pole. These are
defined as

δð2k̄1Þ ≔
1

2πi

�
1

2k̄1 þ ϵ
−

1

2k̄1 − ϵ

�
;

P:V:
1

2k̄1
≔

1

2

�
1

2k̄1 þ ϵ
þ 1

2k̄1 − ϵ

�
: ð10:22Þ

So we may write

Z
∞

0

dx1
x1

x2k̄11 sgnð1þ x1θ−131 Þ

¼ jθ31j2k̄1
�
πiΘðθ31Þδðk̄1Þ þ Θð−θ31Þ

1

k̄1

�
; ð10:23Þ

where it is understood that principal values are always

implicit for a 1= k
ð−Þ

i pole.
Thus the above result (10.21) is the Mellin transform

of a sgn function depending on a single parameter. This
corresponds to the decomposition of the sgn function into
even and odd parts as

sgnð1þ θ−131 Þ ¼ Θð1 − jθ31j−1Þ
þ sgnðθ31ÞΘðjθ31j−1 − 1Þ: ð10:24Þ

While it is not, in general, true that the Mellin transform of
a sum is the sum of their Mellin transforms (the strips of
definition must also be compatible such that all the integrals
are convergent), the regularization we have used is pre-
cisely such that this is true and is motivated as such. In
other words, given the Mellin transform of a sgn function
(10.21) it is simple to check that if we take even and odd
combinations we recover the results (10.18).
To completely confirm our results we perform the

inverse Mellin transform
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Z
i∞

−i∞

dð2k̄1Þ
2πi

jθ31j2k̄1
�

1

2k̄1 þ ϵ
þ sgnð−θ31Þ

1

2k̄1 − ϵ

�
;

ð10:25Þ

where we have chosen a contour located at a ¼ 0 corre-
sponding to a strip of definition on the imaginary axis. Now,
the ϵ prescription in each term gives poles in the 2k̄1 plane to
either the left or right of the imaginary axis—in addition,
we must condition this integral on the magnitude of θ31 to
determine how to close the contour. The case jθ31j > 1
requires us to close the contour as an anticlockwise semi-
circle to the left such that the real part of 2k̄1 is less than zero
andwill only pick up a 2πi residue contribution from the first
term; however, for jθ31j < 1 we must close the contour
clockwise to the right, and we get a contribution from the
second term and an extra minus sign. Hence we have

Z
i∞

−i∞

dð2k̄1Þ
2πi

�jθ31j2k̄1þϵ

2k̄1 þ ϵ
þ sgnð−θ31Þ

jθ31j2k̄1−ϵ
2k̄1 − ϵ

�

¼ Θðjθ31j − 1Þ − sgnð−θ31ÞΘð1 − jθ31jÞ
¼ sgnð1þ θ−131 Þ: ð10:26Þ
Thus we see that the ϵ prescription is crucial for the

inverse Mellin transform, and it corresponds to a particular
contour choice for each term done independently. With
this specific contour choice in mind we may drop the ϵ
prescription in (10.21) which corresponds to dropping delta
function terms in (10.23) which have singular support. The
unsymmetrized amplitude then takes a very simple form,

Ã−−þ
3 ¼ π

4
sgnðhλ1λ2ihλ1μ3ihλ2μ3iÞδ

�X
i

2 k
ð−Þ

i

�

× Θð−θ31ÞΘð−θ32Þ
jθ31j2k̄1
k̄1

jθ32j2k̄2
k̄2

; ð10:27Þ

from which we may (anti)symmetrize to give the ampli-
tudes (10.19) on the celestial torus. The above properties of
Mellin transforms of sgn functions and their regularization
will be used again at four points.

Three-point MHV.—Here we summarize the results of a
similar derivation of the three-point MHV amplitude. The
spacetime amplitude

Aþþ−
3 ¼ ½12�3

½23�½31� δ
4ðλα1 λ̃α̇1 þ λα2 λ̃

α̇
2 þ λα3 λ̃

α̇
3Þ ð10:28Þ

is mapped to an ambidextrous twistor amplitude given by
the following half-Fourier transforms:

Ãþþ−
3 ≔

1

ð2πÞ3
Z

d2λ1d2λ2d2λ̃3eihλ1μ1ieihλ2μ2iei½μ̃3 λ̃3�Aþþ−
3 ;

ð10:29Þ

which gives the result

Ãþþ−
3 ¼ ðπiÞ3

ð2πÞ3 sgnð½λ̃1λ̃2�Þsgnðhμ1λ3i þ ½μ̃3λ̃1�Þ

× sgnðhμ2λ3i þ ½μ̃3λ̃2�Þ: ð10:30Þ

The (2,2) signature three-point MHV celestial twistor
amplitudes follow from an analogous derivation to that
in the section above and are given by

Ãþþ−
3 fsk1 ; sk2 ; sk̄3g

¼ π

4
sgnð½λ̃1λ̃2�½μ̃3λ̃1�½μ̃3λ̃2�Þδ

�X
i

2 k
ð−Þ

i

�
δ̃

�X
i

s
k
ð−Þ

i

�

× sgnð−θ13Þsk1
jθ−113 j2k1

2k1 þ ð−1Þsk1 ϵ

× sgnð−θ23Þsk2
jθ−123 j2k2

2k2 þ ð−1Þsk2 ϵ ; ð10:31Þ

where now the sums present in the delta functions are

X
i

2 k
ð−Þ

i ¼ 2k1 þ 2k2 þ 2k̄3;

X
i

s
k
ð−Þ

i

¼ sk1 þ sk2 þ sk̄3 : ð10:32Þ

The unsymmetrized amplitude from which the amplitudes
are built is, dropping delta function terms as before,

Ãþþ−
3 ¼ π

4
sgnð½λ̃1λ̃2�½μ̃3λ̃1�½μ̃3λ̃2�Þδ

�X
i

2 k
ð−Þ

i

�

× Θð−θ13ÞΘð−θ23Þ
jθ−113 j2k1

k1

jθ−123 j2k2
k2

: ð10:33Þ

2. Four points: Mellin transform of a product
of sgn functions

Four-point “alternating” amplitude.—We now consider
four points.Wewill discover that much of the same structure
appears and identicalmethods can be used.At four points the
MHVandMHV amplitudes are one and the same; however,
we can consider differentways inwhichwe assign helicity to
each leg. We have Aþ−þ−

4 which we call the “alternating”
helicity amplitude andAþþ−−

4 which we call the “separated”
helicity amplitude. Following [24] we use the same ambi-
dextrous twistor space for both of these amplitudes, inwhich
case we find that both take their simplest, although quali-
tatively different, form.Wewill first consider the alternating
helicity amplitude and map it to celestial twistor space
directly since the integrals are more straightforward. Once
the dust has settled, we will be able to write the separated
amplitude in terms of the alternating one. The alternating
four-point amplitude is given by
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Aþ−þ−
4 ¼ h24i4

h12ih23ih34ih41i
× δ4ðλα1 λ̃α̇1 þ λα2 λ̃

α̇
2 þ λα3 λ̃

α̇
3 þ λα4 λ̃

α̇
4Þ: ð10:34Þ

Once again, we map to twistor space in an ambidextrous
manner byperforming the followinghalf-Fourier transforms:

Ãþ−þ−
4 ≔

1

ð2πÞ4
Z

d2λ1d2λ̃2d2λ3d2λ̃4eihλ1μ1iei½μ̃2 λ̃2�

× eihλ3μ3iei½μ̃4 λ̃4�Aþ−þ−
4 : ð10:35Þ

After regulating poles using a principal value prescription
as before, the resulting amplitude takes the following
form [24]:

Ãþ−þ−
4 ¼ ðπiÞ4

ð2πÞ4 sgnðhλ2μ1i þ ½λ̃1μ̃2�Þsgnðhλ4μ1i þ ½λ̃1μ̃4�Þ

× sgnðhλ2μ3i þ ½λ̃3μ̃2�Þsgnðhλ4μ3i þ ½λ̃3μ̃4�Þ

¼ 1

16
sgnðhλ2μ1ihλ4μ1ihλ2μ3ihλ4μ3iÞ

× sgnð1þ θ−112 Þsgnð1þ θ−114 Þ
× sgnð1þ θ−132 Þsgnð1þ θ−134 Þ: ð10:36Þ

Symmetrized amplitudes.—We are now tasked with map-
ping this amplitude to Mellin space via ambidextrous
Mellin transforms. At four points we sum over the incom-
ing/outgoing parameters, and there are 16 combinations of
parity under flipping of the sign of the spinors μ1; μ̃2; μ3; μ̃4.
So we define

Ãþ−þ−
4 fsk1 ;sk̄2 ;sk3 ;sk̄4g

¼ 1

24

X
ϵ1;ϵ̄2;ϵ3;ϵ̄4

ϵ
sk1
1 ϵ̄

sk̄2
2 ϵ

sk3
3 ϵ̄

sk̄4
4 Ãþ−þ−

4 ðϵ1μ1; ϵ̄2μ̃2;ϵ3μ3; ϵ̄4μ̃4Þ;

ð10:37Þ

where the fsk1 ; sk̄2 ; sk3 ; sk̄4g label the parity for each spinor.
As was the case at three points, if we flip the sign of all
the spinors μ1; μ̃2; μ3; μ̃4 ↦ −μ1;−μ̃2;−μ3;−μ̃4, then the
amplitude (10.36) is invariant; thus, for the amplitude
(10.37) to be nonzero we must have the even condition
sk1 þ sk̄2 þ sk3 þ sk̄4 ¼ 0mod 2. There are then eight non-
vanishing amplitudes, which by direct calculation are
given by

Ãþ−þ−
4 f0; 0; 0; 0g ¼ 1

16
sgnðhλ2μ1ihλ4μ1ihλ2μ3ihλ4μ3iÞ

× ðG0ðθ12ÞG0ðθ14ÞG0ðθ32ÞG0ðθ34Þ þ G1ðθ12ÞG1ðθ14ÞG1ðθ32ÞG1ðθ34ÞÞ;

Ãþ−þ−
4 f1; 1; 0; 0g ¼ 1

16
sgnðhλ2μ1ihλ4μ1ihλ2μ3ihλ4μ3iÞ

× ðG1ðθ12ÞG0ðθ14ÞG0ðθ32ÞG0ðθ34Þ þ G0ðθ12ÞG1ðθ14ÞG1ðθ32ÞG1ðθ34ÞÞ;
..
.

Ãþ−þ−
4 f1; 1; 1; 1g ¼ 1

16
sgnðhλ2μ1ihλ4μ1ihλ2μ3ihλ4μ3iÞ

× ðG1ðθ12ÞG0ðθ14ÞG0ðθ32ÞG1ðθ34Þ þ G0ðθ12ÞG1ðθ14ÞG1ðθ32ÞG0ðθ34ÞÞ; ð10:38Þ

where we use the expressions (10.13) for the G0 and G1

functions. The general formula for the symmetrized am-
plitude is

Ãþ−þ−
4 fsk1 ;sk̄2 ;sk3 ;sk̄4g

¼ 1

16
sgnðhλ2μ1ihλ4μ1ihλ2μ3ihλ4μ3iÞδ

�X
i

s
k
ð−Þ

i

�

×
X
rij

Gr12ðθ12ÞGr14ðθ14ÞGr32ðθ32ÞGr34ðθ34Þ; ð10:39Þ

where the sum in (10.39) gives the two unique terms with
rij ∈ 0; 1 such that

r12 þ r14 ¼ sk1 mod 2;

r12 þ r32 ¼ sk̄2 mod 2;

r32 þ r34 ¼ sk3 mod 2;

r34 þ r14 ¼ sk̄4 mod 2: ð10:40Þ

For example, if we want an amplitude that is odd in μ1
(sk1 ¼ 1), then we require a product of an odd number of
the antisymmetric G1 functions evaluated at the variables
θ1i, which contain μ1.
One can derive the various symmetrized four-point

celestial twistor gluon amplitudes by Mellin transforming
(10.39), exactly as was done at three points. We are led to
consider the integrals
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Iðr12;r14;r32;r34Þ≔
Z

∞

0

dt1dt̄2dt3dt̄4
t1t̄2t3t̄4

t2k11 t̄2k̄22 t2k33 t̄2k̄44

×Gr12

�
t̄2
t1
θ−112

�
Gr14

�
t̄4
t1
θ−114

�

×Gr32

�
t̄2
t3
θ−132

�
Gr34

�
t̄4
t3
θ−134

�
: ð10:41Þ

These integrals have a similar character to the integrals we
met in the three-point case. They are conformal Mellin
integrals over a positive quadrant in four dimensions,
whose integrands are piecewise constant functions in
regions bounded by hyperplanes through the origin, for
example t1 ¼ t̄2jθ−112 j.
Rather than continue with the derivation of the sym-

metrized amplitudes, we will instead derive the unsymme-
trized amplitude by Mellin transforming (10.36). With this,
we can find the symmetrized celestial twistor amplitudes
through simple (anti)symmetrization.

Unsymmetrized amplitude.—We now calculate the unsym-
metrized four-point celestial twistor amplitude in its
entirety, extending the three-point results (10.27) and
(10.33). At four points we are led to consider Mellin
transforms of a product of sgn functions. Once again, we
must regularize the integrals such that the Mellin inverse
exists and the regularization commutes by taking even and
odd linear combinations.
Performing ambidextrous Mellin transforms on the

unsymmetrized amplitude (10.36) leads to the integral

I4pt ≔
Z

∞

0

dt1dt̄2dt3dt̄4
t1 t̄2t3t̄4

t2k11 t̄2k̄22 t2k33 t̄2k̄44

× sgn

�
1þ t̄2

t1
θ−112

�
sgn

�
1þ t̄2

t3
θ−132

�
sgn

�
1þ t̄4

t1
θ−114

�

× sgn

�
1þ t̄4

t3
θ−134

�
: ð10:42Þ

As usual, we can integrate out an overall scale which we
choose to be t1. The resulting integral has a corresponding
dilatation invariance delta function and now manifestly
depends on the scales jθijj:

I4pt ¼ 2πiδ

�X
i

2 k
ð−Þ

i

�Z
∞

0

dxdydz
xyz

x2k̄2y2k3z2k̄4

× sgnð1þ xθ−112 Þsgn
�
1þ x

y
θ−132

�

× sgnð1þ zθ−114 Þsgn
�
1þ z

y
θ−134

�

¼ 2πiδ

�X
i

2 k
ð−Þ

i

�Z
∞

0

dy
y
y2k3J 2ðyÞJ 4ðyÞ; ð10:43Þ

where we have the Mellin integrals

J 2ðyÞ ≔
Z

∞

0

dx
x
x2k̄2 sgnð1þ xθ−112 Þsgn

�
1þ x

y
θ−132

�

¼
Z

∞

−∞
dse2k̄2s−ϵksk sgnð1þ esθ−112 Þsgn

�
1þ es

y
θ−132

�
;

ð10:44Þ
and similarly for J 4ðyÞ. As in the three-point case two of
the integrals separate, and here the third integration over y
entwines them. In Eq. (10.44) above we also define a
specific regularization which takes into account the two
parameters of the integral

ksk≔1

2
ðsgnðs− lnðjθ12jÞÞþsgnðs− lnðjθ32jÞÞÞs; ð10:45Þ

such that when s is greater than both lnðjθ12jÞ and lnðjθ32jÞ
we have ksk ¼ s, when s lies between them we have
ksk ¼ 0, and when s is less than both we have ksk ¼ −s.
To calculate (10.44) we must condition on the magnitude

of j θ32θ12
j. Choosing y ¼ 0 for convenience since it can be

reinstated at the end, we compute J 2ð0Þ to be

J 2ð0Þ ≔ Θ
�
1−

���� θ32θ12

����
�	ðjθ32jÞ2k̄2

2k̄2 þ ϵ
þ sgnðθ32Þ

�jθ12j2k̄2
2k̄2

−
ðjθ32jÞ2k̄2

2k̄2

�
− sgnðθ12θ32Þ

jθ12j2k̄2
2k̄2 − ϵ




þ Θ
����� θ32θ12

���� − 1

�	 jθ12j2k̄2
2k̄2 þ ϵ

þ sgnðθ12Þ
�ðjθ32jÞ2k̄2

2k̄2
−
jθ12j2k̄2
2k̄2

�
− sgnðθ12θ32Þ

ðjθ32jÞ2k̄2
2k̄2 − ϵ



; ð10:46Þ

where we have also dropped the regularizer ϵ when it
appears in the exponents, as usual.
Just as for the Mellin transform of a single sgn function,

when θ12; θ32 > 0 we recover a contribution proportional
to a delta function, while if θ12; θ32 < 0 we recover the
principal value pole while the other mixed cases give linear
combinations of the two.

To confirm our results we now perform the inverse
Mellin transform on (10.46). In the result (10.46) we have
poles with various ϵ prescriptions—advanced, retarded,
and principal values—where poles written 1

2k̄2
are principal

valued (10.22). These ϵ prescriptions are crucial for
performing the inverse Mellin transform. When we inte-
grate 2k̄2 along the imaginary axis we will close the contour
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to form a large semicircle and pick up various possible
contributions from each of these regulated poles. The
direction in which we close the contour will vary term
by term and is dictated by the condition that the integral
dies off on the semicircular arc; this depends on the
magnitudes of jθ12j and jθ32j. For example, for terms
involving jθ12j and for jθ12j > 1 we close to the left
(negative real part), and we get a nonzero contribution if
this term also has a þϵ prescription. For terms involv-
ing jθ32j and for jθ32j < 1 we close to the right (positive
real part), and we get a nonzero contribution if this term
also has a −ϵ prescription. The principal value terms
require some care. We pick up contributions regardless
of which way we close the contour. However, the principal
valued poles are multiplied by a difference of terms; the
residues from the two terms cancel if we close the contour
in the same direction for both terms, and their residues sum
if we close the contour in opposite directions for each term.
In summary, if we perform an inverse Mellin transform

on (10.46) we have six cases for the magnitudes of
jθ12j; jθ32j. Each case picks up a contribution from exactly
one of the terms in (10.46):
(1) jθ12j > jθ32j > 1 gives Θð1 − j θ32θ12

jÞΘðjθ12j − 1Þ×
Θðjθ32j − 1Þ.

(2) jθ12j > 1 > jθ32j gives Θð1 − j θ32θ12
jÞΘðjθ12j − 1Þ×

Θð1 − jθ32jÞsgnðθ32Þ.
(3) 1 > jθ12j > jθ32j gives Θð1 − j θ32θ12

jÞΘð1 − jθ12jÞ×
Θð1 − jθ32jÞsgnðθ12θ32Þ.

(4) jθ32j > jθ12j > 1 gives Θðj θ32θ12
j − 1ÞΘðjθ12j − 1Þ×

Θðjθ32j − 1Þ.
(5) jθ32j > 1 > jθ12j gives Θðj θ32θ12

j − 1ÞΘð1 − jθ12jÞ×
Θðjθ32j − 1Þsgnðθ12Þ.

(6) 1 > jθ32j > jθ12j gives Θðj θ32θ12
j − 1ÞΘð1 − jθ12jÞ×

Θð1 − jθ32jÞsgnðθ12θ32Þ.

The sum of the above contributions gives the
required result—that is, we recover the original func-
tion sgnð1þ θ−112 Þsgnð1þ θ−132 Þ.
Once again we can discard the ϵ prescriptions, and hence

delta function terms, with the proviso that there exists a
series of contour deformations of our inverse Mellin
transform such that the Mellin inversion theorem holds.
Then we can find a simpler formula for the J 2ðyÞ function,
which is (reinstating y)

J 2ðyÞ ¼ 2Θð−θ12ÞΘðθ32Þ
jθ12j2k̄2
2k̄2

þ 2Θðθ12ÞΘð−θ32Þ
ðyjθ32jÞ2k̄2

2k̄2

þ 2Θð−θ12ÞΘð−θ32Þsgn
�
1 − y

���� θ32θ12

����
�

×

	ðyjθ32jÞ2k̄2
2k̄2

−
jθ12j2k̄2
2k̄2



: ð10:47Þ

Using this result we can then find the full unsymmetrized
integral I4pt from which the unsymmetrized amplitude is
simply

Ãþ−þ−
4 ¼ 1

16
sgnðhμ1λ2ihλ2μ3ihμ3λ4ihλ4μ1iÞI4pt: ð10:48Þ

We compute I4pt by plugging the function (10.47) into
integral (10.43). The resulting integral over y consists of a
collection of products of sgn functions and so is of the exact
same form as the J integrals we just calculated. Hence we
just iterate the method.
With the usual ϵ regularization, which we then drop, we

find the unsymmetrized celestial twistor amplitude can be
written compactly as

Ãþ−þ−
4 ¼ πi

16
sgnðhμ1λ2ihλ2μ3ihμ3λ4ihλ4μ1iÞδ

�X
i

2 k
ð−Þ

i

�
jθ12j2k̄2 jθ14j2k3þ2k̄4 jθ34j−2k3

× ½Θð−θ12ÞΘð−θ32ÞΘð−θ14ÞΘð−θ34Þsgnð1 − jθjÞðV12ðθÞ þ V34ðθÞ − V32ðθÞ − V14ðθÞÞ
− Θð−θ12ÞΘð−θ32ÞΘðθ34ÞΘð−θ14ÞV34ðθÞ − Θðθ12ÞΘð−θ32ÞΘð−θ14ÞΘð−θ34ÞV12ðθÞ
− Θð−θ12ÞΘðθ32ÞΘð−θ34ÞΘð−θ14ÞV32ðθÞ − Θð−θ12ÞΘð−θ32ÞΘð−θ34ÞΘðθ14ÞV14ðθÞ�; ð10:49Þ

where θ is the ratio of conformally invariant cross-ratios,

θ ≔
θ12θ34
θ14θ32

¼
hλ2μ1ihλ4μ3i
hλ4μ1ihλ2μ3i
½λ̃1μ̃4�½λ̃3μ̃2�
½λ̃1μ̃2�½λ̃3μ̃4�

≕
r
r̄
; ð10:50Þ

and the polynomial functions V12, etc., are given by

V12ðθÞ ¼
jθj−2k̄2

2k̄2ð2k̄2 þ 2k3Þð2k̄2 þ 2k3 þ 2k̄4Þ
; V32ðθÞ ¼

1

2k̄22k3ð2k3 þ 2k̄4Þ
;

V14ðθÞ ¼
jθj2k3þ2k̄4

2k̄4ð2k3 þ 2k̄4Þð2k̄2 þ 2k3 þ 2k̄4Þ
; V34ðθÞ ¼

jθj2k3
2k32k̄4ð2k̄2 þ 2k3Þ

: ð10:51Þ
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Equation (10.49) is the main result of this section.
We have pulled out a conformally covariant factor
jθ12j2k̄2 jθ14j2k3þ2k̄4 jθ34j−2k3 , and the remaining function
has support in various “channels” dictated by the signs
of the variables θij. Since we have accounted for conformal
covariance, this function can only depend on the confor-
mally invariant cross-ratios r; r̄. In fact, in each of these
channels, we have simple polynomial functions (with
imaginary powers) depending only on the absolute value
of the ratio of conformally invariant cross-ratios. On the
momentum space celestial torus, momentum conservation

at four points implies that the conformal cross-ratios z; z̄
are not independent but are actually equal, z ¼ z̄.
Correspondingly, in twistor space, the cross-ratios r; r̄
are now independent, but the amplitude only depends on
their ratio θ.
Now we return to the task of finding the symmetrized

celestial twistor amplitudes. We have 16 parity combina-
tions for the integrals Iðr12; r32; r34; r14Þ, two for each
amplitude in (10.37). From (10.49) we can find all of them
via (anti)symmetrization. For example, we can find the
fully symmetric integral

Ið0;0;0;0Þ¼ 2πiδ

�X
i

2 k
ð−Þ

i

�
jθ12j2k̄2 jθ14j2k3þ2k̄4 jθ34j−2k3

×

�
Θðjθj−1Þ

	
−

jθj2k3
ð2k3− ϵÞð2k̄4þ ϵÞð2k̄2þ2k3Þ

−
jθj−2k̄2

ð2k̄2þ ϵÞð2k̄2þ2k3Þð2k̄2þ2k3þ2k̄4þ ϵÞ



þΘð1− jθjÞ
	
−

1

ð2k̄2þ ϵÞð2k3− ϵÞð2k3þ2k̄4Þ
−

jθj2k3þ2k̄4

ð2k̄4þ ϵÞð2k3þ2k̄4Þð2k̄2þ2k3þ2k̄4þ ϵÞ

�

: ð10:52Þ

The integral Ið1; 1; 1; 1Þ takes a very similar form,

Ið1; 1; 1; 1Þ ¼ 2πiδ

�X
i

2 k
ð−Þ

i

�
jθ12j2k̄2 jθ14j2k3þ2k̄4 jθ34j−2k3 sgnðθ12θ32θ34θ14Þ

×

�
Θðjθj − 1Þ

	
1

ð2k̄2 − ϵÞð2k3 þ ϵÞð2k3 þ 2k̄4Þ
þ jθj2k3þ2k̄4

ð2k̄4 − ϵÞð2k3 þ 2k̄4Þð2k̄2 þ 2k3 þ 2k̄4 − ϵÞ



þ Θð1 − jθjÞ
	 jθj2k3
ð2k3 þ ϵÞð2k̄4 − ϵÞð2k̄2 þ 2k3Þ

þ jθj−2k̄2
ð2k̄2 − ϵÞð2k̄2 þ 2k3Þð2k̄2 þ 2k3 þ 2k̄4 − ϵÞ


�
: ð10:53Þ

In the above formulas, we have reinstated the ϵ regularization stemming from the result (10.46), which is required to
prescribe the correct contour for the inverse Mellin transform.
The two integrals Ið0; 0; 0; 0Þ and Ið1; 1; 1; 1Þ contribute to the fully symmetrized celestial twistor amplitude

Ãþ−þ−
4 f0; 0; 0; 0g ¼ 1

16
sgnðhμ1λ2ihλ2μ3ihμ3λ4ihλ4μ1iÞδ̃

�X
i

s
k
ð−Þ

i

�
ðIð0; 0; 0; 0Þ þ Ið1; 1; 1; 1ÞÞ; ð10:54Þ

which in turn is a light transformed correlator in the celestial
CFT. A similar fully symmetrized light transformed corre-
latorwas computed in [69] byperforming light transformson
a (2,2) celestial amplitude analytically continued from (1,3)
with summation over incoming/outgoing parameters. In that
paper the result was computed in terms of special functions,
Fox H-functions and generalized I-functions, defined by
Mellin-Barnes integrals; it would be interesting to under-
stand how these results are related to the discussion here.
We find that the general structure of the formulas for

Ið0; 0; 0; 0Þ and Ið1; 1; 1; 1Þ is repeated for all the sym-
metrized integrals. They all contain the same basic func-
tions V12; V32, etc., inherited from the unsymmetrized
amplitude (10.49). Unlike the unsymmetrized amplitude
(10.49), which has support on a handful of channels

dictated by the signs of the θij, the symmetrized amplitudes
have a clarified structure with only two channels which are
given by the magnitude of jθj being greater than or less
than one.
The only differences between the various symmetrized

amplitudes are as follows: the overall sgn functions which
control the even and odd symmetry, which polynomial
contributions are probed by the two “channels” jθj > 1 or
jθj < 1, and the ϵ regularization of the poles in the weights.
We note that there are two terms Iðr12; r32; r34; r14Þ which
have the same even/odd parity and thus contribute to the
same amplitude—these two terms have opposite arguments
rij ¼ 0 ↔ rij ¼ 1, opposite sgn function factors, opposite
ϵ prescription for the poles, and opposite allocation of terms
to each “channel.”
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Finally, we note that all of the symmetrized integrals Iðr12; r32; r34; r14Þ (10.41) can be encapsulated in the general
formula

Iðr12; r32; r34; r14Þ ¼ 2πi sgn½hμ1λ2ihλ2μ3ihμ3λ4ihλ4μ1i�δ
�X

i

2 k
ð−Þ

i

�
jθ12j2k̄2 jθ14j2k3þ2k̄4 jθ34j−2k3

×
Y

ði;jÞ∶rij¼1

ðsgnðθijÞÞ
X
x;y

½ðδ1xVxðθÞ − δ0yVyðθÞÞΘðjθj − 1Þ þ ðδ1yVyðθÞ − δ0xVxðθÞÞΘð1 − jθjÞ�;

ð10:55Þ
where in the above the product is over the values of ði; jÞ such that rij ¼ 1, we sum over the variables
x∈ ðr32; r14Þ; y∈ ðr12; r34Þ, and we define VrijðθÞ ≔ VijðθÞ. As a further example, for the case Ið1; 0; 1; 0Þ we have
only a Θð1 − jθjÞ term,

Ið1; 0; 1; 0Þ ¼ 2πiδ

�X
i

2 k
ð−Þ

i

�
sgnðθ12θ34ÞΘð1 − jθjÞjθ12j2k̄2 jθ14j2k3þ2k̄4 jθ34j−2k3

×

� jθj2k3
ð2k3Þð2k̄4Þð2k̄2 þ 2k3Þ

þ jθj−2k̄2
ð2k̄2Þð2k̄2 þ 2k3Þð2k̄2 þ 2k3 þ 2k̄4Þ

−
1

ð2k̄2Þð2k3Þð2k3 þ 2k̄4Þ
−

jθj2k3þ2k̄4

ð2k̄4Þð2k3 þ 2k̄4Þð2k̄2 þ 2k3 þ 2k̄4Þ
�
; ð10:56Þ

which can be checked directly by performing the Mellin
integrals in (10.41). Similarly for Ið0; 1; 0; 1Þ we have only
a Θðjθj − 1Þ term. The simplicity of the four-point results
can be seen as a consequence of BCFW recursion relations
in celestial twistor space which we explore in detail in
Sec. XI. The result for I decomposed into all the even/odd
parts Iðr12; r32; r34; r14Þ is given in theMathematica file in
the Supplemental Material [73].

Four-point “separated” amplitude.—Finally, the separated
four-point amplitude AYMðþþ−−Þ is given by

Aþþ−−
4 ¼ h34i4

h12ih23ih34ih41iδ
4ðλα1 λ̃α̇1þλα2 λ̃

α̇
2þλα3 λ̃

α̇
3þλα4 λ̃

α̇
4Þ:

ð10:57Þ

We again perform the same twistor transforms as in (10.35),
so the twistor amplitude is in the same ambidextrous basis
and takes the following form [24]:

Ãþþ−−
4 ¼ ðπiÞ4

ð2πÞ4 sgnðhλ2μ1i þ ½λ̃1μ̃2�Þsgnðhλ4μ1i þ ½λ̃1μ̃4�Þ

× δð3Þðhλ2μ3i þ ½λ̃3μ̃2�Þsgnðhλ4μ3i þ ½λ̃3μ̃4�Þ

¼ 1

16
sgnðhλ2μ1ihλ4μ1ihλ2μ3ihλ4μ3iÞjhλ2μ3ij−4

× sgnð1þ θ−112 Þsgnð1þ θ−114 Þδð3Þð1þ θ−132 Þ
× sgnð1þ θ−134 Þ: ð10:58Þ

The separated amplitude is hence jhλ2μ3ij−4 multiplied by
the fourth derivative with respect to θ−132 of the alternating

amplitude above.Under the half-Mellin transforms this oper-
ator becomes jhλ2μ3ij−4ðjθ32j2∂jθ32jÞ4 expð−2∂k̄2Þ, which we
then apply to (10.49).When acting onΘ functions containing
θ32, either directly or via the cross-ratio θ, these derivatives
give (derivatives of) delta functions, which have only
singular support, so again we drop these terms for generic
kinematics. Furthermore, there are no powers of θ32 in the
first line of (10.49). Thus, we only need to apply the
derivatives to the powers of jθj inside the V functions.
This yields straightforward additional numerator factors
since

ðjθ32j2∂jθ32jÞ4jθjn
¼ nðn − 1Þðn − 2Þðn − 3Þjθ32j4jθjn: ð10:59Þ

Hence we can easily find the separated amplitude from the
alternating one.
We leave the task of explicitly computing celestial

twistor amplitudes beyond four points to future work.
However, we note that the method of producing twistor
amplitudes by directly half-Fourier transforming momen-
tum space amplitudes becomes more difficult as the
number of particles and MHV degree grows. In particular,
in the ambidextrous basis of [24] at five points and beyond,
one encounters Grassmann integrals which do not disen-
tangle into sgn functions. We can Mellin transform these
integrals, and we recover a class of integrals related to
hyper-geometric functions and their generalizations studied
in [66,69]. Nevertheless, the simplicity of ambidextrous
twistor amplitudes extends well beyond four points; see for
example the six-point “alternating” ðþ;−;þ;−;þ;−Þ
amplitude in [24]. This simplicity is largely due to the
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existence of powerful BCFW formulas. The topic of
BCFW recursion relations is something we explore in
Sec. XI and is a promising road to higher multiplicity
celestial twistor amplitudes.

B. Pure gravity

For the gravity case, we may follow similar arguments to
those used above for celestial twistor gluon amplitudes.

1. Three points: Mellin transform of a mod function

Three-point MHV.—For the three-point gravity amplitude
we begin with the momentum space expression

M−−þ
3 ¼ h12i6

h23i2h31i2 δ
4ðλα1 λ̃α̇1 þ λα2 λ̃

α̇
2 þ λα3 λ̃

α̇
3Þ: ð10:60Þ

The ambidextrous twistor transform of this is

M̃−−þ
3 ≔

1

ð2πÞ3
Z

d2λ̃1d2λ̃2d2λ3ei½μ̃1 λ̃1�ei½μ̃2 λ̃2�eihλ3μ3iM−−þ
3 ;

ð10:61Þ
which leads to [24]

M̃−−þ
3 ¼ ðπiÞ3

ð2πÞ3 jhλ1λ2ijjhλ1μ3i þ ½λ̃3μ̃1�jjhλ2μ3i þ ½λ̃3μ̃2�j:

ð10:62Þ
Analogous arguments to those given above for the YM case
lead us to consider only the amplitudes

M̃−−þ
3 f0; 0; 0g; M̃−−þ

3 f1; 1; 0g;
M̃−−þ

3 f1; 0; 1g; M̃−−þ
3 f0; 1; 1g; ð10:63Þ

where the (anti)symmetrized amplitudes take the general
form

M̃−−þ
3 fsk̄1 ; sk̄2 ; sk3g

¼ ðπiÞ3
ð2πÞ3 jhλ1λ2ihλ1μ3ihλ2μ3ijδ

�X
i

s
k
ð−Þ

i

�

×Hsk̄2þsk3
ðθ−131 ÞHsk̄1þsk3

ðθ−132 Þ; ð10:64Þ

where we recall the definition used above,

θij ¼
hλjμii
½λ̃iμ̃j�

; ð10:65Þ

and define the (anti)symmetrized mod functions

H0ðxÞ ≔
1

2
ðj1þ xj þ j1 − xjÞ;

H1ðxÞ ≔
1

2
ðj1þ xj − j1 − xjÞ: ð10:66Þ

We then compute the following Mellin transforms:

Z
∞

0

dx1
x1

x2k̄11

1

2
ðj1þ x1θ−131 j þ j1− x1θ−131 jÞ ¼

jθ31j2k̄1
2k̄1ð2k̄1 þ 1Þ ;Z

∞

0

dx1
x1

x2k̄11

1

2
ðj1þ x1θ−131 j− j1− x1θ−131 jÞ

¼ sgnð−θ31Þ
jθ31j2k̄1

2k̄1ð2k̄1 þ 1Þ : ð10:67Þ

We are again, by analogy with the Yang-Mills case, adopting
a regularization ϵ > 0 of the weights such that boundary
terms at infinity do not contribute. In the case of the Mellin
transform of the antisymmetrized mod function H1, the
function isOðxÞ for small x andOð1Þ for large values. Hence
the strip of definition is for−1 < Reð2k̄1Þ < 0. In gravity, the
helicity is now −2 for leg one, and the weight has real part
Reð2k̄1Þ ¼ −1. Hence, we can regularize the weight with
2k̄1 → 2k̄1 þ ϵ as usual. In other words, to invert the Mellin
transformwecan choose a straight line contourwhichgoes to
the right of the pole atminus one and to left of the pole at zero.
However, the case of the symmetrized H0 function in

gravity is more subtle. The H0 function is Oð1Þ for small x
butOðxÞ for large x, so the strip of definition does not exist
and the integral is strongly divergent regardless of the value
of the weights. This fact has been noted elsewhere in the
literature, e.g., Refs. [74,75]—in gravity the Mellin trans-
form does not, in general, converge, and this has led to
the definition of a “regularized Mellin transform” which
importantly includes an explicit factor of e−δx in its
definition [74,76]. We implicitly use such a regularized
Mellin transform and note that when we take δ → 0þ we
recover the symmetric result of (10.67). One can also
consider taking an inverse Mellin transform of the result by
integrating over the weight 2k̄1 to recover the original
function H0. In this case, a suitable contour does exist,
although it is no longer a vertical straight line since there is
no such strip of definition. Instead, a contour which snakes
to the left of the pole at minus one and then back around to
the right of the pole at zero allows us to pick up the correct
residues and recover H0.
The three-point MHV celestial gravity twistor amplitude

is then given by

M̃−−þ
3 fsk̄1 ; sk̄2 ; sk3g

¼ π

4
jhλ1λ2ihλ1μ3ihλ2μ3ijδ

�X
i

2 k
ð−Þ

i þ 2

�
δ

�X
i

s
k
ð−Þ

i

�

× sgnð−θ31Þsk̄1
jθ31j2k̄1

2k̄1ð2k̄1 þ 1Þ sgnð−θ32Þ
sk̄2

jθ32j2k̄2
2k̄2ð2k̄2 þ 1Þ :

ð10:68Þ

Formulas (10.67) together imply that the unsymmetrized
integral is given by
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Z
∞

0

dx1
x1

x2k̄11 j1þ x1θ−131 j

¼ 2Θð−θ31Þ
jθ31j2k̄1

2k̄1ð2k̄1 þ 1Þ ; ð10:69Þ

where as usual we drop terms proportional to a delta
function in weight space. Similar considerations mentioned
in the above cases also apply here regarding the regulari-
zation of (10.69). Finally, we conclude that the unsymme-
trized amplitude is

M̃−−þ
3 ¼ π

4
jhλ1λ2ihλ1μ3ihλ2μ3ijδ

�X
i

2 k
ð−Þ

i þ 2

�
Θð−θ31Þ

×Θð−θ32Þ
jθ31j2k̄1

2k̄1ð2k̄1 þ 1Þ
jθ32j2k̄2

2k̄2ð2k̄2 þ 1Þ : ð10:70Þ

Three-point MHV.—The M̃þþ−
3 amplitude is obtained by

similar manipulations and is

M̃þþ−
3 fsk1 ; sk2 ; sk̄3g

¼ π

4
j½λ̃1λ̃2�½μ̃3λ̃1�½μ̃3λ̃2�jδ

�X
i

2 k
ð−Þ

i þ 2

�
δ

�X
i

s
k
ð−Þ

i

�

× sgnð−θ13Þsk1
jθ−113 j2k1

2k1ð2k1 þ 1Þ sgnð−θ23Þ
sk2

jθ−123 j2k̄2
2k̄2ð2k̄2 þ 1Þ ;

ð10:71Þ

while the unsymmetrized amplitude is

M̃þþ−
3 ¼ π

4
j½λ̃1λ̃2�½μ̃3λ̃1�½μ̃3λ̃2�jδ

�X
i

2 k
ð−Þ

i þ 2

�
Θð−θ13Þ

×Θð−θ23Þ
jθ−113 j2k1

2k1ð2k1 þ 1Þ
jθ−123 j2k̄2

2k̄2ð2k̄2 þ 1Þ : ð10:72Þ

2. Four points: Mellin transform of a product
of mod functions

Four-point alternating amplitude.—Turning to four points,
the alternating four-point twistor amplitude takes the
following form [24]:

M̃þ−þ−
4 ¼ ðπiÞ4

ð2πÞ4 jhλ2μ1i þ ½λ̃1μ̃2�jjhλ4μ1i þ ½λ̃1μ̃4�jjhλ2μ3i

þ ½λ̃3μ̃2�jjhλ4μ3i þ ½λ̃3μ̃4�j

¼ 1

16
jhλ2μ1ihλ4μ1ihλ2μ3ihλ4μ3ijj1þ θ−112 jj1

þ θ−114 jj1þ θ−132 jj1þ θ−134 j: ð10:73Þ

We now perform the Mellin transforms first, following the
Yang-Mills case for guidance, and only (anti)symmetrize

afterward. In evaluating the integrals below, we will drop
boundary terms at zero and infinity by using suitable
regularizations as per the discussion above. We will need
the integral

Kða;bÞðy; kÞ ≔
Z

∞

0

dx
x
x2k

����1þ x
a

����
����1þ x

yb

����; ð10:74Þ

which is the gravity analogue of theJ 2ðyÞ and J 4ðyÞYang-
Mills integrals (10.44). Defining the indefinite integral

Lða;bÞðx; y; kÞ ≔
Z

dx
x
x2k

�
1þ x

a

��
1þ x

yb

�

¼ x2k

2k
þ x2kþ1

2kþ 1

�
1

yb
þ 1

a

�
þ x2kþ2

2kþ 2

1

yab

ð10:75Þ

we find

Kða;bÞðy; kÞ ¼ 2ΘðbÞΘð−aÞLða;bÞðjaj; y; kÞ
þ 2Θð−bÞΘðaÞLða;bÞðjbjy; y; kÞ

þ Θð−bÞΘð−aÞsgn
�
1 − y

���� ba
����
�

× ð2Lða;bÞðjbjy; y; kÞ − 2Lða;bÞðjaj; y; kÞÞ:
ð10:76Þ

We note the similarity with the analogous Yang-Mills result
(10.47), the only difference being the form of the indefinite
integral (10.75).
The gravity amplitude is then given by

M̃þ−þ−
4 ¼ 2πiδ

�X
i

2 k
ð−Þ

i þ 4

�

× jhλ2μ1ijjhλ4μ1ijjhλ2μ3ijjhλ4μ3ij

×
Z

∞

0

dyy2k3−1Kðθ12;θ32Þðy; k̄2ÞKðθ14;θ34Þðy; k̄4Þ;

ð10:77Þ

where just like at three points we have a shifted dilatation
invariance delta function. Dilatation invariance for both
Yang-Mills and gravity is linked to the mass dimension of
an n-point amplitude which must be −n in both cases.
However, for gravity, not just the momentum but also the
coupling, κ ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32πGN

p
, carries mass dimension minus

one. Hence, for an n-point amplitude with n − 2 powers of
κ, the total power of spinors appearing is shifted by
2ðn − 2Þ, so the dilatation invariance delta function for
gravity is shifted by 2ðn − 2Þ, matching our results at three
and four points.
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Before stating the integrated result of (10.77), we first define the general form of the weight dependent coefficients that
appear in the gravity case,

Ck;l;m ¼ −
1

2kð2kþ 1Þ
1

2lð2lþ 1Þ
1

2mð2mþ 1Þ : ð10:78Þ

We also define the following functions of the conformal cross-ratios,

W�
12ðθÞ ¼ Ck̄2;k̄2þk3−1

2
;k̄2þk3þk̄4 jθj−2k̄2 � Ck̄2þ1

2
;k̄2þk3;k̄2þk3þk̄4þ1

2
jθj−2k̄2−1;

W�
32ðθÞ ¼ �Ck̄2þ1

2
;k3−1;k3þk̄4−1

2
jθj þ Ck̄2;k3−1

2
;k3þk̄4 ;

W�
14ðθÞ ¼ �Ck̄4þ1

2
;k3þk̄4;k̄2þk3þk̄4þ1

2
jθj2k3þ2k̄4þ1 þ Ck̄4;k3þk̄4−1

2
;k̄2þk3þk̄4 jθj2k3þ2k̄4 ;

W�
34ðθÞ ¼ Ck̄4;k3−1

2
;k̄2þk3 jθj2k3 � Ck̄4þ1=2;k3−1;k̄2þk3−1

2
jθj2k3−1: ð10:79Þ

Finally, computing (10.77) the four-point alternating unsymmetrized celestial twistor gravity amplitude is then

M̃þ−þ−
4 ¼ πiδ

�X
i

2 k
ð−Þ

i þ 4

�
jðhλ2μ1ihλ4μ1ihλ2μ3ihλ4μ3ijjθ12j2k̄2 jθ14j2k3þ2k̄4 jθ34j−2k3

× ½Θð−θ12ÞΘð−θ32ÞΘð−θ14ÞΘð−θ34Þsgnð1 − jθjÞðW−
12ðθÞ þW−

34ðθÞ −W−
32ðθÞ −W−

14ðθÞÞ
− Θð−θ12ÞΘð−θ32ÞΘðθ34ÞΘð−θ14ÞWþ

34ðθÞ − Θðθ12ÞΘð−θ32ÞΘð−θ14ÞΘð−θ34ÞWþ
12ðθÞ

− Θð−θ12ÞΘðθ32ÞΘð−θ34ÞΘð−θ14ÞWþ
32ðθÞ − Θð−θ12ÞΘð−θ32ÞΘð−θ34ÞΘðθ14ÞWþ

14ðθÞ�: ð10:80Þ

From this, we can derive the symmetrized amplitudes
by considering (anti)symmetrizations which satisfyP

s
k
ð−Þ

i

¼ 0mod 2; the others are zero. Note the remarkably

similar structure to that of the Yang-Mills amplitude
(10.49). All the symmetrized amplitudes in gravity may
be captured by a formula analogous to (10.55) in the Yang-
Mills case. Finally, the “separated” amplitude with helic-
ities ðþþ−−Þ is then obtained from this by derivatives with
respect to jθ32j, as discussed in the Yang-Mills case above.

XI. BCFW RECURSION

The BCFW-type recursion relations of [77] have been
developed in twistor space in [24], and here we will apply
them in the celestial context. In this section, wewill generate
celestial twistor recursion relations and show how these can
be used in practice to rederive our results at four points.
For an n-point twistor amplitude, where the deformed

legs i and j have helicities ðþ;−Þ, the recursion relation
of [24] is

Ãn ¼
X
L;R

sgnðhμiλji þ ½μ̃jλ̃i�Þ
Z

d2λd2λ̃d2μd2μ̃ei½λ̃λ̃i�eihλλjiδ‴ðhλμi þ ½λ̃ μ̃�ÞðÃL½ðμi; λ̃i;þÞ; ðλ; μ̃;−Þ�

× ÃR½ðλj; μ̃j;−Þ; ðμ; λ̃;þÞ� þ ÃL½ðμi; λ̃i;þÞ; ðμ; λ̃;þÞ�ÃR½ðλj; μ̃j;−Þ; ðλ; μ̃;−Þ�Þ; ð11:1Þ

where we write the twistors in terms of spinors as W ¼
ðμ; λ̃Þ; Z ¼ ðλ; μ̃Þ and any external leg variables that are not
shifted in the amplitudes are not written explicitly. Note we
work in an ambidextrous basis which follows the helicity of
the particles; that is, we use Wi; Zj for the ðþ;−Þ deformed
legs.Wealso sumover the helicity of theglued legwhichgives
the two terms in (11.1)with different twistor variables—ðμ; λ̃Þ
for plus helicity and ðλ; μ̃Þ for minus helicity.
We will focus on the case of Yang-Mills in the following.

To obtain the recursion relation for the Mellin-transformed
twistor amplitudes, we performMellin transforms on all the

external variables and inverse Mellin transforms on all the
variables inside the amplitudes on the right-hand side of the
above equation. Using the scaling properties of the ampli-
tudes, the Mellin and inverse Mellin transforms cancel for
all the external variables on the right-hand side except
those labeled by i and j. We also have the inverse Mellin
transform over K; K̄ for the glued legs of each left and
right amplitude, and we can choose a single pair of weights
K; K̄ since the integral transform acts linearly on the
BCFW expression. We thus obtain the following BCFW
relation:
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Ãn ¼
X
L;R

Z
d2λd2λ̃d2μd2μ̃

Z
dKdK̄
ð2πiÞ2

X
sK;sK̄ ∈ f0;1g

ei½λ̃λ̃i�eihλλjiδ‴ðhλμi þ ½λ̃ μ̃�Þ

×
Z

dκidκ̄j
ð2πiÞ2

X
sκi ;sκ̄j ∈ f0;1g

Iði; jÞðÃL½ðμi; λ̃i; κiÞ; ðλ; μ̃; K̄Þ�ÃR½ðλj; μ̃j; κ̄jÞ; ðμ; λ̃; KÞ�

þ ÃL½ðμi; λ̃i; κiÞ; ðμ; λ̃; KÞ�ÃR½ðλj; μ̃j; κ̄jÞ; ðλ; μ̃; K̄Þ�Þ; ð11:2Þ

where for notational simplicity we have left implicit the discrete weights sK , etc., which follow suit with the continuous
ones. We have also defined the Mellin integrals Iði; jÞ for legs i and j which we evaluate first using the scale covariance of
the celestial amplitudes

Iði; jÞ≔
Z
R�

dti
jtij

jtij2ðki−κiÞ sgnðtiÞski−sκi
Z
R�

dt̄j
jt̄jj

jt̄j2ðk̄j−κ̄jÞj sgnðt̄jÞsk̄j−sκ̄j sgnðtihμiλjiþ t̄j½λ̃iμ̃j�Þ

¼ 2πiδð2ðkiþ k̄j− κi− κ̄jÞÞδ̃ðski þ sk̄j − sκi − sκ̄j þ 1ÞsgnðhμiλjiÞjθijj2ðk̄j−κ̄jÞ sgnð−θijÞsk̄j−sκ̄j
1

2ðk̄j− κ̄jÞþ ð−1Þsk̄j−sκ̄j ϵ
≕2πiδð2ðkiþ k̄j− κi− κ̄jÞÞδ̃ðski þ sk̄j − sκi − sκ̄j þ 1ÞsgnðhμiλjiÞGðk̄j− κ̄j; sk̄j − sκ̄j ;θijÞ; ð11:3Þ

which we have evaluated in terms of the function Gðk; s; xÞ
which is just defined to be the Mellin transform over Rþ of
GsðxÞ appearing in (10.17). Note again that, for readability,
we are using the notation δ̃ for a Kronecker delta evaluated
mod 2.
We continue performing all the Mellin transforms such

that the BCFW relation is purely in terms of projective
integrals. We first write δ‴ðxÞ ∼ R

ds s3 eisx, and then by
rescaling μ; μ̃ by 1=s we perform the integral over s which
generates the delta functions below in (11.4). In addition,
we also break up the BCFW measure as d2λ ¼ dujujhλdλi,
d2μ ¼ dtjtjhμdμi, etc., and perform the integrals over the
scales u; ū; t; t̄ which we can extract from the left and right
celestial subamplitudes. Now recall that we are using
ambidextrous variables for the glued legs, so we always
have the relations h̄ ¼ −k or h ¼ −k̄ which we use at
three and four points and are specific to gluon amplitudes.
Therefore, we pull out the following factors in the inte-
grals over u; ū; t; t̄,18

IðK̄; KÞ ≔ 2πiδð2K þ 2K̄Þδ̃ðsK þ sK̄ þ 1Þ

×
Z
R�

dudūdtdt̄juj1þ2K̄ sgnðuÞ−sK̄ jūj1þ2K

× sgnðūÞ−sK jt̄j1−2K̄ sgnðt̄Þ−sK̄ jtj1−2K
× sgnðtÞ−sKeiuhλλjieiū½λ̃λ̃i�eituhλμieit̄ ū½λ̃ μ̃�: ð11:4Þ

These integrals are of an identical form to (9.6), encoun-
tered when relating a half-Fourier transform to a light
transform. From (9.6) we define

N ða;b;xÞ≔
Z
R�
dtjtja−1 sgnðtÞbeitx

¼ 2πi−b
ΓðaÞ

Γðaþbþ1
2

ÞΓð1−a−b
2

Þ jxj
−a sgnðxÞb; ð11:5Þ

and then we have

IðK̄; KÞ ¼ 2πiδð2K þ 2K̄Þδ̃ðsK þ sK̄ þ 1Þ
×N ð2 − 2K;−sK; hλμiÞN ð2 − 2K̄;−sK̄; ½λ̃ μ̃�Þ

×
Z
R�

du dūjuj2Kþ2K̄−1 sgnðuÞ−sK−sK̄ jūj2K̄þ2K−1

× sgnðūÞ−sK−sK̄ eiuhλλjieiū½λ̃λ̃i�: ð11:6Þ

Now we perform the final integrals and simplify on the
constraint of the delta functions,

IðK̄; KÞ ¼ ð2πiÞ3δð2K þ 2K̄Þδ̃ðsK þ sK̄ þ 1Þ
×N ð2 − 2K;−sK; hλμiÞ
×N ð2 − 2K̄;−sK̄; ½λ̃ μ̃�Þsgnðhλλji½λ̃λ̃i�Þ

≕ ð2πiÞ3δð2K þ 2K̄Þδ̃ðsK þ sK̄ þ 1Þ
× sgnðhλλji½λ̃λ̃i�ÞRð2K̄; 2K; sK̄; sKÞ: ð11:7Þ

Thus, we obtain a BCFW relation given by

18Performing these integrals requires analytic continuation.
That is, we relax the conditions from the delta function and
compute the integrals in the region of K; K̄ space where they
converge. We then analytically continue the final expression to
the region supported by the delta functions.
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Ãn ¼ ð2πiÞ4 sgnðhμiλjiÞ
X
L;R

Z
dKdK̄
ð2πiÞ2

X
sK;sK̄ ∈ f0;1g

δð2K þ 2K̄Þδ̃ðsK þ sK̄ þ 1Þ

×
Z

dκidκ̄j
ð2πiÞ2

X
sκi ;sκ̄j ∈ f0;1g

δð2ðki þ k̄j − κi − κ̄jÞÞδ̃ðski þ sk̄j − sκi − sκ̄j þ 1Þ

× Gðk̄j − κ̄j; sk̄j − sκ̄j ; θijÞ
Z

hλdλi½λ̃dλ̃�hμdμi½μ̃dμ̃�sgnðhλλji½λ̃λ̃i�Þ

× ðRð2K̄; 2K; sK̄; sKÞÃL½ðμi; λ̃i; κiÞ; ðλ; μ̃; K̄Þ�ÃR½ðλj; μ̃j; κ̄jÞ; ðμ; λ̃; KÞ�
þRð2K; 2K̄; sK; sK̄ÞÃL½ðμi; λ̃i; κiÞ; ðμ; λ̃; KÞ�ÃR½ðλj; μ̃j; κ̄jÞ; ðλ; μ̃; K̄Þ�Þ: ð11:8Þ

Having done all the scale integrals, we now have a projective form of the BCFW recursion relations in celestial twistor
space. We can actually simplify the above expression greatly since the integrals which glue the weights can be performed
against the delta functions. The left and right Yang-Mills subamplitudes come with dilatation invariance delta functions and
also Kronecker deltas enforcing overall evenness. For example, for the first product of amplitudes we have the delta
functions

δ

�
2

�
κi þ

X
m∈L;m≠i

k
ð−Þ

m þ K̄

��
δ̃

�
sκi þ

X
m∈L;m≠i

s
k
ð−Þ

m

þ sK̄

�

× δ

�
2

�
κ̄j þ

X
m∈R;m≠j

k
ð−Þ

m þ K

��
δ̃

�
sκ̄j þ

X
m∈R;m≠j

s
k
ð−Þ

m

þ sK

�
; ð11:9Þ

while for the second term we simply swap K and K̄. We now use the delta functions in (11.9) to localize the sums and
integrals over κi; κ̄j; sκi ; sκ̄j. In addition we have the four external delta functions in (11.8), and plugging in the localized

values of κi; κ̄j; sκi ; sκ̄j these give the overall dilatation invariance delta functions of the amplitude Ãn,

δð2K þ 2K̄Þδ̃ðsK þ sK̄ þ 1Þδ
�Xn

a¼1

2ðk̄Þa þ 2K þ 2K̄

�
δ̃

�Xn
a¼1

s
k
ð−Þ

a

þ sK þ sK̄ þ 1

�

¼ δ

�Xn
a¼1

2 k
ð−Þ

a

�
δ̃

�Xn
a¼1

s
k
ð−Þ

a

�
δð2K þ 2K̄Þδ̃ðsK þ sK̄ þ 1Þ: ð11:10Þ

Hence, we have the following BCFW recursion relation:

Ãn ¼ ð2πiÞ2 sgnðhμiλjiÞδ
�X

a

2 k
ð−Þ

a

�
δ̃

�X
a

s
k
ð−Þ

a

�X
L;R

Z
dKdK̄
ð2πiÞ2

×
X

sK;sK̄ ∈ f0;1g
δð2K þ 2K̄Þδ̃ðsK þ sK̄ þ 1ÞGðk̄j þ kR þ K̄; sk̄j þ skR þ sK̄; θijÞ

×
Z

hλdλi½λ̃dλ̃�hμdμi½μ̃dμ̃�sgnðhλλji½λ̃λ̃i�ÞRð2K; 2K̄; sK; sK̄Þ

× ðÃL½ðμi; λ̃i;−kL − KÞ; ðλ; μ̃; KÞ�ÃR½ðλj; μ̃j;−kR − K̄Þ; ðμ; λ̃; K̄Þ�
þ ÃL½ðμi; λ̃i;−kL − KÞ; ðμ; λ̃; KÞ�ÃR½ðλj; μ̃j;−kR − K̄Þ; ðλ; μ̃; K̄Þ�Þ; ð11:11Þ

where in the above we have subamplitudes that are stripped
of their dilatation invariance delta functions and we
also have redefined summation and integration variables
ðK; K̄; sK; sK̄Þ for each term to pull out common factors.
We would also like to reiterate that all the weights in the

above are for the μ; μ̃ variables—the weights for the λ; λ̃
being found using the fact that helicity is�1 which implies
the relations h ¼ −k̄ and h̄ ¼ −k. Although not written
explicitly above, the localized values of the discrete weights
follow that of the continuous ones.
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We now perform the inverse Mellin transform over K and sK using the delta functions and arrive at the following BCFW
recursion relation for celestial twistor Yang-Mills amplitudes

Ãn ¼ 2πi sgnðhμiλjiÞδ
�X

a

2 k
ð−Þ

a

�
δ̃

�X
a

s
k
ð−Þ

a

�X
L;R

Z
dK̄
2πi

X
sK̄ ∈ f0;1g

Z
hλdλi½λ̃dλ̃�hμdμi½μ̃dμ̃�sgnðhλλji½λ̃λ̃i�Þ

×Rð−2K̄; 2K̄;−sK − 1; sKÞGðk̄j þ kR þ K̄; sk̄j þ skR þ sK̄; θijÞ
× ðÃL½ðμi; λ̃i;−kL þ K̄Þ; ðλ; μ̃;−K̄;−ŝK̄Þ�ÃR½ðλj; μ̃j;−kR − K̄Þ; ðμ; λ̃; K̄; sK̄Þ�
þ ÃL½ðμi; λ̃i;−kL þ K̄Þ; ðμ; λ̃;−K̄;−ŝK̄Þ�ÃR½ðλj; μ̃j;−kR − K̄Þ; ðλ; μ̃; K̄; sK̄Þ�Þ; ð11:12Þ

where we have again left the discrete weights implicit in the
above expression but they follow the same pattern as the
continuous weights with one exception—in the left sub-
amplitudes the weight sK is localized to the shifted value
−ŝK̄ ≔ −sK̄ − 1.
We are left with a contour integral over K̄ and a sum

over the weights sK̄, together with four projective integrals
over λ; λ̃; μ; μ̃. Carrying these out will generate the full

amplitude—we demonstrate this in an example below by
computing the four-point amplitude from a product of two
three-point amplitudes, after which we will make some
general comments valid at n points.
In fact we can carry out the integrals over μ; μ̃ above

immediately since the prefactor Rð−2K̄; 2K̄;−sK̄ − 1; sK̄Þ
is given by

R ¼ 4π2i
Γð2þ 2K̄ÞΓð2 − 2K̄Þjhλμij2K̄−2 sgnðhλμiÞsK̄ j½λ̃ μ̃�j−2K̄−2 sgnð½λ̃ μ̃�ÞsK̄þ1

Γð3
2
− K̄ − sK̄

2
ÞΓðK̄ þ sK̄

2
− 1

2
ÞΓð2þ K̄ þ sK̄

2
ÞΓð−K̄ − sK̄

2
− 1Þ ð11:13Þ

and contains exactly the correct factors of jhλμij, etc., and the correct normalization such that the μ (respectively, μ̃) integral
is a light transform (8.3) [respectively, dual light transform (8.5)] of the glued legs. The light and dual light transforms are
self-inverse, so we conclude that after the μ; μ̃ integrals, the glued legs are expressed with variables λ; λ̃ and are only half-
Mellin transformed without any light transforms acting at all. We can hence write down an alternative form of the celestial
BCFW recursion which takes input amplitudes, with all but one leg light transformed, and glues the untransformed legs,
resulting in an amplitude with all legs light transformed. From (11.12) the alternative BCFW recursion relation is

Ãn ¼ 2πi sgnðhμiλjiÞδ
�X

a

2 k
ð−Þ

a

�
δ̃

�X
a

s
k
ð−Þ

a

�X
L;R

Z
dK̄
2πi

×
X

sK̄ ∈ f0;1g
Gðk̄j þ kR þ K̄; sk̄j þ skR þ sK̄; θijÞ

Z
hλdλi½λ̃dλ̃�sgnðhλλji½λ̃λ̃i�Þ

× ðÃL½ðμi; λ̃i;−kL þ K̄;þÞ; ðλ; λ̃; h̄L; sh̄L ;−Þ�ÃR½ðλj; μ̃j;−kR − K̄;−Þ; ðλ; λ̃; hR; shR;þÞ�
þ ÃL½ðμi; λ̃i;−kL þ K̄;þÞ; ðλ; λ̃; hL; shL;þÞ�ÃR½ðλj; μ̃j;−kR − K̄;−Þ; ðλ; λ̃; h̄R; sh̄R ;−Þ�Þ; ð11:14Þ

where the weights of the glued legs are

h̄L ¼ 1þ K̄ ¼ hL h̄R ¼ 1 − K̄ ¼ hR;

sh̄L ¼ −sK̄ − 1 ¼ shL sh̄R ¼ sK̄ ¼ shR: ð11:15Þ

We conclude that the most economical BCFW recursion
relation for celestial twistor amplitudes happens to involve
gluing subamplitudes with one leg in the Mellin basis and
the rest in the light transformed basis. This form of the
recursion may not necessarily be the most useful at high

multiplicity since it requires recursion on an additional set
of amplitudes beyond those we are immediately interested
in. Nevertheless, the recursion relation (11.14) proves very
useful for demonstrating the four-point BCFW recursion
relation, as we will see below, since the three-point
subamplitudes can be easily computed directly.
The BCFW recursion relations for gravity amplitudes

take a very similar form. The only difference from the
BCFW expression comes from the changed dilatation
invariance delta function which, as we saw at three and
four points, is shifted by 2ðn − 2Þ due to the mass
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dimension carried by the powers of the coupling κ in an
n-point gravity amplitude. Hence, in the gravity case the
delta functions of the subamplitudes (11.9) are shifted,
so the localized values of the continuous weights of legs i
and j on the left and right subamplitudes are shifted by
2ðnL;R − 2Þ also, while the localized values for the discrete
weights are the same as for the Yang-Mills case.

A. Four-point BCFW

To see how the recursion relation works in an explicit
example, consider the four-point amplitudeAð1þ;2−;3þ;4−Þ

with aBCFWshift of legs ð1þ; 4−Þ. In this case the amplitude
pairs that appear in the BCFW recursion are

AMHV
L ð1þ; 2−; PþÞAMHV

R ðP−; 3þ; 4−Þ
þ AMHV

L ð1þ; 2−; P−ÞAMHV
R ðPþ; 3þ; 4−Þ: ð11:16Þ

As usual the second pair of amplitudes do not contribute since
theyvanish forgenerickinematics, soweconsider just the first
pair. The relevant three-point MHV and MHV celestial
amplitudes with two legs light transformed are derived in
Appendix A, and for the case at hand, they are given by

ÃMHV
L ½ðμ1; λ̃1;−k̄2 þ K̄;þÞ; ðλ2; μ̃2; k̄2;−Þ; ðλ; λ̃; 1þ K̄;−sK̄ − 1;þÞ�

¼ δðhλλ2iÞsgnð½λ̃1λ̃�½λ̃1μ̃2�Þsgnð−θ12Þ−sk̄2þsK̄þ1 jθ−112 j−2k̄2þ2K̄

−2k̄2 þ 2K̄ þ ð−1Þ−sk̄2þsK̄þ1ϵ
N ð2K̄;−sK̄; ½λ̃μ̃2�Þ ð11:17Þ

and

ÃMHV
R ½ðμ3; λ̃3; k3;þÞ; ðλ4; μ̃4;−k3 − K̄;−Þ; ðλ; λ̃; 1 − K̄; sK̄;−Þ�

¼ δð½λ̃λ̃3�Þsgnðhλ4λihμ3λ4iÞsgnð−θ34Þ−sk3−sK̄
jθ34j−2k3−2K̄

−2k3 − 2K̄ þ ð−1Þ−sk3−sK̄ϵN ð−2K̄; sK̄ þ 1; hμ3λiÞ; ð11:18Þ

where we have stripped off the dilatation invariance delta functions since they have already been used to localize the
weights.
We now consider the product of these two amplitudes and perform the integrals over λ; λ̃. Using the delta functions which

come from three-point momentum conservation, we identify collinear pairs λ ¼ λ2 and λ̃ ¼ λ̃3.
19 The four-point amplitude

is then given by

Ãþ−þ−
4 ¼ 2πi sgnðhμ1λ4iÞδ

�X
a

2 k
ð−Þ

a

�
δ̃

�X
a

s
k
ð−Þ

a

�Z
dK̄
2πi

×
X

sK̄ ∈ f0;1g
Gðk3 þ k̄4 þ K̄; sk3 þ sk̄4 þ sK̄; θ14Þsgnðhλ2λ4iÞsgnð½λ̃3λ̃1�ÞÃMHV

L ÃMHV
R

¼ 2πi sgnð½λ̃1μ̃2�hμ3λ4ihμ1λ4iÞδ
�X

a

2 k
ð−Þ

a

�
δ̃

�X
a

s
k
ð−Þ

a

�Z
dK̄
2πi

×
X

sK̄ ∈ f0;1g
Gðk3 þ k̄4 þ K̄; sk3 þ sk̄4 þ sK̄; θ14Þsgnð−θ12Þ−sk̄2þsK̄þ1 sgnð−θ34Þ−sk3−sK̄

×
jθ−112 j−2k̄2þ2K̄

−2k̄2 þ 2K̄ þ ð−1Þ−sk̄2þsK̄þ1ϵ

jθ34j−2k3−2K̄
−2k3 − 2K̄ þ ð−1Þ−sk3−sK̄ϵ

×N ð2K̄;−sK̄; ½λ̃3μ̃2�ÞN ð−2K̄; sK̄ þ 1; hμ3λ2iÞ: ð11:19Þ

Now, using the Legendre duplication formula for gamma functions (B16), we find that

19The other BCFW pair gives vanishing contribution for four-particle kinematics. We can see this directly since it has delta functions
which give collinear pairs λ ¼ λ4 and λ̃ ¼ λ̃1 which forces the vanishing of the sgnðhλλ4iÞsgnð½λ̃λ̃1�Þ factors in the BCFW relation.
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N ð2K̄;−sK̄; ½λ̃3μ̃2�ÞN ð−2K̄; sK̄ þ 1; hμ3λ2iÞ

¼ 2πi
1

2K̄ þ ð−1ÞsK̄ϵ j½λ̃3μ̃2�j
−2K̄ sgnð½λ̃3μ̃2�Þ−sK̄ jhμ3λ2ij2K̄ sgnðhμ3λ2iÞsK̄þ1

¼ 2πi
1

2K̄ þ ð−1ÞsK̄ϵ sgnðhμ3λ2iÞsgnð−θ32ÞsK̄ jθ32j2K̄; ð11:20Þ

where we have also included a regularization of the pole in 2K̄. As usual, when we integrate over K̄, this regularization
corresponds to a contour along the imaginary axis which avoids the pole either to the left or right. Using the above and the
definition of the G function in (11.3), the four-point amplitude is given by

Ãþ−þ−
4 ¼ 4π2 sgnðhμ1λ2ihμ3λ2ihμ3λ4ihμ1λ4iÞδ

�X
a

2 k
ð−Þ

a

�
δ̃

�X
a

s
k
ð−Þ

a

�Z
dK̄
2πi

×
X

sK̄ ∈ f0;1g
sgnðθ12Þsk̄2þsK̄ sgnðθ32ÞsK̄ sgnðθ34Þsk3þsK̄ sgnðθ14Þsk3þsk̄4þsK̄

×
jθ12j2k̄2 jθ14j2k3þ2k̄4 jθ34j−2k3

2k3 þ 2k̄4 þ 2K̄ þ ð−1Þsk3þsk̄4þsK̄ϵ

jθj−2K̄
2K̄ þ ð−1ÞsK̄ϵ

×
1

2k3 þ 2K̄ þ ð−1Þsk3þsK̄þ1ϵ

1

−2k̄2 þ 2K̄ þ ð−1Þsk̄2þsK̄þ1ϵ
: ð11:21Þ

The sum over sK̄ gives two terms which exactly correspond
to the decomposition (10.54) which we previously found.
The two terms are the unique Iðr12; r32; r34; r14Þ with the
correct even/odd symmetry, and, as already noticed, these
terms have the opposite ϵ prescriptions and sgn function
factors.
The contour integral over K̄ has contour along the pure

imaginary axis and the expression has poles at K̄ ¼
ð0; k̄2;−k3 − k̄4;−k3Þ with varying ϵ prescription away
from the imaginary axis. It is straightforward to check that
the residues on these poles generate four terms involving
the functions V32; V12; V14; V34 given in (10.51) which
make up all four-point symmetrized amplitudes. With

regard to the choice of contours, the K̄ dependence in
the above is jθj−2̄K , where θ is the ratio of cross-ratios. In
order to avoid contributions at infinity the contour must
be chosen to close to the right with large positive K̄ for
jθj > 1, while for jθj < 1 it must close to the left with large
negative K̄. Thus, for each case we pick up a subset of the
poles, namely, those with ϵ prescription such that the poles
lie in either the left- or right-hand half plane. In this way
the various functions V32; V12; V14; V34 are assigned to the
channels jθj > 1 or jθj < 1.
For example, the fully symmetrized amplitude has all the

s
k
ð−Þ

a

equal to zero, so we have two terms:

Ãþ−þ−
4 f0; 0; 0; 0g ¼ 4π2 sgnðhμ1λ2ihμ3λ2ihμ3λ4ihμ1λ4iÞδ

�X
a

2 k
ð−Þ

a

�

× jθ12j2k̄2 jθ14j2k3þ2k̄4 jθ34j−2k3 ½Ið0; 0; 0; 0Þ þ sgnðθ12θ32θ34θ14ÞIð1; 1; 1; 1Þ�; ð11:22Þ

where, focusing on the contour integral Ið0; 0; 0; 0Þ, we have

Ið0; 0; 0; 0Þ ≔
Z

dK̄
2πi

jθj−2K̄
2k3 þ 2k̄4 þ 2K̄ þ ϵ

1

2K̄ þ ϵ

1

2k3 þ 2K̄ − ϵ

1

−2k̄2 þ 2K̄ − ϵ
ð11:23Þ

which gives four terms, one for each residue, with two
terms appearing in each channel as dictated by the �ϵ
prescription. This exactly matches the four terms (10.52)
appearing in the function Ið0; 0; 0; 0Þ found in the four-
point amplitude. The Ið1; 1; 1; 1Þ contour integral has

opposite �ϵ prescription and takes a similar form which
matches the terms in Ið1; 1; 1; 1Þ in (10.53).
Beyond four points we will encounter similar steps, and

the BCFW recursion relations will allow us to iteratively
build amplitudes using previous results as the inputs. Given
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the amplitudes with up to n particles, we can build the
nþ 1-point amplitude by a sum of terms involving the glu-
ing of two subamplitudes, with integrals over the homo-
geneous coordinates of the glued legs on the celestial torus.
Given the similarity of these integrals to the integrals in the
twistor BCFW recursion relations of [24], we might expect
a diagrammatic formalism à la Hodges [78] to exist. Once
the gluing is complete the contour integral would simply
build terms in a combinatorial fashion by evaluating
residues on the poles of the BCFW expression. We leave
the exploration of such higher multiplicity questions to
future work.

XII. CONCLUSIONS

In this paper we have computed ambidextrous light
transformed correlators by deriving celestial twistor ampli-
tudes. This involved the formulation and understanding of
the Fourier, twistor, shadow, light, and Mellin transforms in
their appropriate signature spacetimes. We proved relations
between these transforms, summarized by the commuting
diagrams in Figs. 1, 3, and 4, before their application to
derive three- and four-point YM and gravity amplitudes,
and a general BCFW recursion relation in Secs. X and XI.
In conclusion, we would like to highlight some areas for
further research which are prompted by our results.
We found a concise expression for the four-point YM

amplitude in (10.55), and it would be interesting to relate
this to the four-point results of [69] for four light-
transformed fields. For gravity, the four-point alternating
amplitude, given in (10.80), shows a striking similarity in
structure to its YM analogue—clarifying the physics
behind this may lead to insights applicable to more general
cases. The application of the double copy for celestial
twistor amplitudes (cf. [42,79]) should also be explored in
this context.
Extending these results to more general amplitudes is

clearly a next step. Higher point results could naturally be
derived from the twistor celestial recursion relation, given
in (11.12) or (11.14). The structure of contour integrals and
cross-ratios that was apparent in our BCFW derivation of
the four-point amplitude would be expected to persist at
higher points, and it would be interesting to pursue this
via direct calculations. In particular, the n-point MHV
amplitudes may be amenable to this approach. It would also
be of interest to understand if the integrands in these
recursion relations have some geometric interpretation,
perhaps analogous to the diagrammatic rules and identities
described in [24] for the twistor amplitudes.
Developing the OPEs of light transformed correlators via

celestial twistor amplitudes should provide insights into the
construction of higher point amplitudes as well as elucidate
the structure of celestial conformal field theory, along with
factorization, conformal blocks, etc. These OPEs should
follow from the consequences of collinear limits for the
amplitudes presented here. The extension of this work to

supersymmetry can be done using the results in [12,13]—
since the anticommuting superspace coordinate scales
under the little group, the chiral Mellin transform is
modified for each of the superspace component fields
and hence amplitudes. The twistor space superamplitudes
described in [24] neatly package together their component
subamplitudes, and one might expect similar simplifica-
tions for their celestial analogues. There would then exist
supershadow and superlight transforms that are related to
super-Fourier and supertwistor transforms. Thus, the
celestial twistor superamplitudes could be found by
Mellin transforming twistor space superamplitudes.
The relative simplicity and interesting structure of the

twistor celestial amplitudes derived in this paper seem to
provide encouraging signs for developing this approach in
these directions.
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APPENDIX A: ALL BUT ONE LEG CELESTIAL
TWISTOR AMPLITUDES

In this appendix,wepresent three-point amplitudeswith all
but one leg half-Fourier transformed and also their celestial
versions found via ambidextrous half-Mellin transforms.
These amplitudes appear as inputs to the celestial BCFW
recursion relations (11.14) and were used to derive the four-
point celestial twistor amplitude.
Ambidextrously half-Fourier transforming legs one and

two of an MHV three-point amplitude, we have

AMHV½ðμ1; λ̃1;þÞ; ðλ2; μ̃2;−Þ; ðλ; λ̃;þÞ�
¼ δðhλλ2iÞsgnð½λ̃1λ̃�Þsgnðhμ1λ2i þ ½μ̃2λ̃1�Þ

×
hλ2ξi
hξλi exp

�
i
hλξi
hξλ2i

½μ̃2λ̃�
�

ðA1Þ

which can be derived by an identical method to that laid out
in [24]. We have written the result in terms of a reference
spinor ξ on which the amplitude does not depend. This
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property is a result of the presence of the delta function
δðhλλ2iÞ which is the remnant of three-point momentum
conservation. We now half-Mellin transform over the scales
of the spinors μ1; μ̃2; λ with weights k1; k̄2; h and their

corresponding discrete weights. Since we have already
performed many such Mellin transforms of exponentials
and sgn functions, we can refer to previous calculations, for
example (9.6) and (10.18), and we find

AMHV½ðμ1; λ̃1; k1;þÞ; ðλ2; μ̃2; k̄2;−Þ; ðλ; λ̃; h;þÞ�

¼ δðhλλ2iÞsgnð½λ̃1λ̃�½μ̃2λ̃1�Þ
hλ2ξi
hξλi sgnð−θ12Þsk1

jθ−112 j2k1
2k1 þ ð−1Þsk1 ϵ

× δ

�X2
i¼1

2 k
ð−Þ

i þ 2 − 2h

�
δ̃

�X2
i¼1

s
k
ð−Þ

i

þ sh

�
N
�
2h − 2; sh þ 1;

hλξi
hξλ2i

½μ̃2λ̃�
�
; ðA2Þ

where the function N ða; b; xÞ is defined in the main text (11.5).
Since in a celestial amplitude the spinors act as homogeneous coordinates, the delta function δðhλλ2iÞ actually implies

λ; λ2 are equivalent as homogeneous coordinates, so we may write

AMHV½ðμ1; λ̃1; k1;þÞ; ðλ2; μ̃2; k̄2;−Þ; ðλ; λ̃; h;þÞ�

¼ δðhλλ2iÞsgnð½λ̃1λ̃�½λ̃1μ̃2�Þsgnð−θ12Þsk1
jθ−112 j2k1

2k1 þ ð−1Þsk1 ϵ

× δ

�X2
i¼1

2 k
ð−Þ

i þ 2 − 2h

�
δ̃

�X2
i¼1

s
k
ð−Þ

i

þ sh

�
N ð2h − 2; sh þ 1; ½λ̃μ̃2�Þ; ðA3Þ

and the apparent dependence on the reference spinor drops out. The MHV amplitude is completely analogous. We half-
Fourier transform legs 3 and 4 and then ambidextrously half-Mellin transform; we find

AMHV½ðμ3; λ̃3; k3;þÞ; ðλ4; μ̃4; k̄4;−Þ; ðλ; λ̃; h̄;−Þ�

¼ δð½λ̃λ̃3�Þsgnðhλ4λihμ3λ4iÞsgnð−θ34Þsk̄4
jθ34j2k̄4

2k̄4 þ ð−1Þsk̄4 ϵ

× δ

�X2
i¼1

2 k
ð−Þ

i þ 2 − 2h̄

�
δ̃

�X2
i¼1

s
k
ð−Þ

i

þ sh̄

�
N ð2h̄ − 2; sh̄ þ 1; hμ3λiÞ: ðA4Þ

APPENDIX B: FROM SHADOW TO FOURIER

In this appendix we complete the proof that a chiral
Mellin transform of a Fourier transform gives the shadow
transform. This requires us to compute the integral I in
(5.11) given by

I ≔
Z
C�

dσ̄
σ̄

∧ dσ
σ
σ2−2hσ̄2−2h̄eiðσþσ̄Þ: ðB1Þ

Computing I completes the proof of the commuting
diagram in Fig. 1. However, as an additional check, we
also prove the diagram in the reverse direction by
inverse chiral Mellin transforming the shadowed conformal
primary to recover a Fourier transformed momentum
eigenstate.

1. Computing I

To compute I we first change variables σ ¼ Reiϕ,

I ¼ 2i
Z

∞

0

dRR3−2Δ
Z

2π

0

dϕðeiϕÞ−2Je2iR cosϕ

¼ 2i
Z

∞

0

dRR3−2ΔIϕ: ðB2Þ

We can compute the angular integral as a contour integral
using z ¼ eiϕ, giving

Iϕ ¼ −i
I

dz
z
z−2JeiRðzþz−1Þ

¼ −i
X∞
n¼0

ðiRÞn
n!

I
dz
z
z−2Jðzþ z−1Þn: ðB3Þ
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This is also a modified Bessel function of the first kind.
Now we use the binomial theorem and find that the contour
integral has a residue contribution of 2πi at z ¼ 0 only
when nþ 2J is even and n − j2Jj ≥ 0 and for the single
term in the binomial sum with k ¼ J þ n

2
≥ 0. The integral

is then given by the sum

Iϕ ¼ 2π
X∞
n≥j2Jj

nþ2J even

ðiRÞn
ðn
2
þ JÞ!ðn

2
− JÞ!

¼ 2πi2jJj
X∞
l¼0

ð−1Þl R2lþ2jJj

l!ðlþ 2jJjÞ! ; ðB4Þ

which we have rewritten with l ≔ n
2
− jJj. This sum

corresponds to a generalized hypergeometric function since
the ratio of any two consecutive terms is a rational function
in l. Labeling the terms in the above sum by al, we have

alþ1

al
¼ −R2

ðlþ 1Þðlþ 2jJj þ 1Þ ; a0 ¼ 2πi2jJjR2jJj; ðB5Þ

hence, the angular integral is given by

Iϕ ¼ 2πi2jJjR2jJj
0F1ð ; 2jJj þ 1;−R2Þ: ðB6Þ

The sum (B4) converges for all finite values of R2 by the
ratio test.
To evaluate the R integral we find it easier to work with

the explicit sum form of Iϕ,

I ¼ 4πii2jJj
Z

∞

0

dRR3−2Δ
X∞
l¼0

ð−1Þl R2lþ2jJj

l!ðlþ 2jJjÞ! : ðB7Þ

We now regulate the R integral using e−δR and then take
δ → 0þ.20 We also commute the infinite sum with the
integral since both now converge,

I ¼ 4πii2jJj
X∞
l¼0

ð−1Þl
l!ðlþ 2jJjÞ!

Z
∞

0

R3−2Δþ2lþ2jJje−δR

¼ 4πii2jJj
X∞
l¼0

ð−1Þl
l!ðlþ 2jJjÞ!

Γð4− 2Δþ 2lþ 2jJjÞ
δ4−2Δþ2lþ2jJj : ðB8Þ

Once again this sum corresponds to a hypergeometric
function: Labeling the terms in the sum by bl, we have

blþ1

bl
¼ ð5 − 2Δþ 2lþ 2jJjÞð4 − 2Δþ 2lþ 2jJjÞ

ðlþ 1Þðlþ 2jJj þ 1Þ
−1
δ2

;

b0 ¼
4πii2jJjΓð4 − 2Δþ 2jJjÞ

ð2jJjÞ!δ4−2Δþ2jJj : ðB9Þ

Thus, the integral I is given by a type 2F1 hypergeometric
function. The sum converges for j −4

δ2
j < 1=2 and is on the

principal branch

I ¼ 4πii2jJjΓð4 − 2Δþ 2jJjÞ
ð2jJjÞ!δ4−2Δþ2jJj

× 2F1

� 5
2
− Δþ jJj; 2 − Δþ jJj

2jJj þ 1
;
−4
δ2

�
: ðB10Þ

In order to tame this expression we must use a series of
transformations and identities. The first of these is a Pfaff
transformation,

2F1

�
a; b

c
; z
�

¼ ð1 − zÞ−b2F1

�
b; c − a

c
;

z
z − 1

�
; ðB11Þ

and applying this to (B10) gives

I ¼ 4πii2jJjΓð4 − 2Δþ 2jJjÞ
ð2jJjÞ!ðδþ 2Þ4−2Δþ2jJj

× 2F1

�
2 − Δþ jJj;− 3

2
þ Δþ jJj

2jJj þ 1
;

1

1þ δ2

4

�
: ðB12Þ

At this point it is safe to take the limit δ → 0, and we obtain

I ¼ 4πi
ijJj

ð2jJjÞ! 2
2Δ−2jJj−4Γð4 − 2Δþ 2jJjÞ

× 2F1

�
2 − Δþ jJj;− 3

2
þ Δþ jJj

2jJj þ 1
; 1

�
: ðB13Þ

We can now evaluate the 2F1 at point 1 in terms of objects
we are very familiar with, gamma functions,

2F1

�
a; b

c
; 1

�
¼ ΓðcÞΓðc − a − bÞ

Γðc − aÞΓðc − bÞ ; ðB14Þ

which holds if Reðc − a − bÞ > 0. This condition is
satisfied for us since c − a − b ¼ 1=2; hence, we can
write

I ¼ 4πi
i2jJj

ð2jJjÞ! 2
2Δ−2jJj−4Γð4 − 2Δþ 2jJjÞ

×
Γð2jJj þ 1ÞΓð1

2
Þ

Γð−1þ Δþ jJjÞΓð5
2
þ jJj − ΔÞ

¼ 4πii2jJj22Δ−2jJj−4
Γð4 − 2Δþ 2jJjÞ ffiffiffi

π
p

Γð−1þ Δþ jJjÞΓð5
2
þ jJj − ΔÞ :

ðB15Þ

Further, we can simplify this expression using the Legendre
duplication formula [Eq. (5.5(iii)) in [81]]20Ramanujan’s master theorem also gives the same answer [80].
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ffiffiffi
π

p
21−2zΓð2zÞ ¼ ΓðzÞΓ

�
zþ 1

2

�
; ðB16Þ

and the Euler reflection formula

ΓðzÞΓð1 − zÞ ¼ π

sinðπzÞ : ðB17Þ

Using these we arrive at

I ¼ 2πii2jJj
Γð2 − Δþ jJjÞ
Γð−1þ Δþ jJjÞ ¼ 2πii2J

Γð2 − 2h̄Þ
Γð2h − 1Þ

¼ 2πii−2J
Γð2 − 2hÞ
Γð2h̄ − 1Þ : ðB18Þ

Each of the three expressions above is equivalent, and we
are free to use whichever we prefer. We then use this result
in the main text to recover the shadow transform.

2. From shadow to Fourier

We begin with our expression for the shadow trans-
formed state (4.5) which we will rewrite in terms of
k ¼ 1 − h and h̄ ¼ 1 − h̄,

jμ; μ̃;k;k̄i¼ i−2kþ2k̄Γð2k̄Þ
4π2Γð1−2kÞ

Z
C2�
d2λ∧d2λ̃hλμi−2k½μ̃ λ̃�−2k̄jλ; λ̃i;

ðB19Þ

and we perform an inverse chiral Mellin transform (G3) to
recover a Fourier transformed state. We can choose to
integrate with respect to Δ0 ¼ kþ k̄ and J0 ¼ k − k̄
since this is just a choice of integration variables. We
then have

1

2πi

X
2J0 ∈Z

Z
aþi∞

a−i∞
dΔ0jμ; μ̃; k; k̄i ¼ 1

4π2

Z
C2�
d2λ ∧ d2λ̃

X
2J0 ∈Z

i−2J
0 ð−1ÞjJ0jþJ0

�½μ̃ λ̃�
hλμi

�J0

×
Z

aþi∞

a−i∞
dΔ0 ΓðΔ0 þ jJ0jÞðhλμi½μ̃ λ̃�Þ−Δ

2πiΓð1 − Δ0 þ jJ0jÞ jλ; λ̃i; ðB20Þ

where we have used the form of (B18) written in terms of Δ and J. The integrand has poles at Δ0 ¼ −jJ0j − n for n∈Z≥0
due to the gamma function ΓðΔ0 þ jJ0jÞ. Thus, the integral overΔ can be performed by choosing the contour with a > −jJj
closed anticlockwise. Hence, we have

¼ 1

4π2

Z
C2�
d2λ ∧ d2λ̃

X
2J0 ∈Z

i−2J
0 ð−1ÞjJ0jþJ0

�½μ̃ λ̃�
hλμi

�J0 X∞
n¼0

ð−1Þnðhλμi½μ̃ λ̃�ÞjJ0jþn

n!Γð1þ 2jJ0j þ nÞ jλ; λ̃i

¼ 1

4π2

Z
C2�
d2λ ∧ d2λ̃

X
2J0 ∈Z

ði½μ̃ λ̃�ÞjJ0jþJ0 ðihλμiÞjJ0j−J0
X∞
n¼0

ððihλμiÞði½μ̃ λ̃�ÞÞn
n!ð2jJ0j þ nÞ! jλ; λ̃i: ðB21Þ

These two sums look slightly unwieldy, but we can manipulate them into something more familiar as follows:

¼ 1

4π2

Z
C2�
d2λ ∧ d2λ̃

X∞
n¼0

ððihλμiÞði½μ̃ λ̃�ÞÞn
n!

�
1

n!
þ
X∞
m¼1

ði½μ̃ λ̃�Þm
ðmþ nÞ!þ

X∞
m¼1

ðihλμiÞm
ðmþ nÞ!

�
jλ; λ̃i

¼ 1

4π2

Z
C2�
d2λ ∧ d2λ̃

�X∞
n¼0

ðihλμiÞn
n!

ði½μ̃ λ̃�Þn
n!

þ
X∞
n¼0

X∞
m¼1

�ði½μ̃ λ̃�Þmþn

ðmþ nÞ!
ðihλμiÞn

n!
þ ði½μ̃ λ̃�Þn

n!
ðihλμiÞmþn

ðmþ nÞ!
��

jλ; λ̃i

¼ 1

4π2

Z
C2�
d2λ ∧ d2λ̃

�X∞
n¼0

Xn
k¼0

ðihλμiÞn−k
ðn − kÞ!

ði½μ̃ λ̃�Þk
k!

�
jλ; λ̃i

¼ 1

4π2

Z
C2�
d2λ ∧ d2λ̃eihλμiei½μ̃ λ̃�jλ; λ̃i ðB22Þ

which is exactly the Fourier transformed state (5.1).
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APPENDIX C: BULK CONFORMAL
GENERATORS

In this appendix we provide formulas for the conformal
generators of the four-dimensional bulk spacetime. We
present these generators in a variety of bases: momentum
space, Mellin space, Fourier and twistor space, and finally
shadow and light space. These different bases for the
generators reflect the various integral transforms that we
have at our disposal. The generators themselves are always
defined in the same way—we simply commute them with
the integral transform which defines the basis and we
always use ∼ to denote this relation. We also, in general,
favor presenting the celestial generators in homogeneous
coordinates since they are much more compact; never-
theless, we also give some examples in terms of affine
coordinates.
To check that the generators satisfy the conformal

algebra, it is easiest to check that the spinor and spinor
derivative from which we build generators satisfy the
canonical commutation relations. The only nonvanishing
commutator is

½∂α; λβ� ¼ ϵβα ðC1Þ

and similarly for the conjugate spinor and its derivative.
The generators of the four-dimensional conformal alge-

bra written in terms of spinors and the commutator relations
they satisfy are given in [82]. The form of these generators
is the same in either Lorentzian or split signature with
the only difference being the form of the metric ημν in the
structure constants of the algebra. This then informs the
reality conditions on the spinors.

1. Mellin space

The generators of the bulk conformal algebra in the
Mellin basis in affine coordinates were presented in [83]
and rederived from the (1,3) signature chiral Mellin trans-
form in [12] along with the N ¼ 4 superconformal gen-
erators. In Table I we give the (1,3) celestial conformal

generators in homogeneous coordinates; an example der-
ivation of ∂αe−∂h is given in the main text, Eq. (3.16).

2. Fourier space

We define conformal generators in the Fourier basis by
commuting them with the Fourier transform (5.1) using
integration by parts. The basic building block operators
have the following Fourier conjugates:

μα∼ i∂α; μα∼−i∂α;
∂

∂μα
∼−iλα;

∂

∂μα
∼ iλα;

μ̃α̇∼ i∂̃α̇; μ̃α̇∼−i∂̃α̇;
∂

∂μ̃α̇
∼−iλ̃α̇;

∂

∂μ̃α̇
∼ iλ̃α̇; ðC2Þ

such that

λα∂β ∼ −ϵαβ − μβ
∂

∂μα
; λ̃α̇∂̃β̇ ∼ −ϵα̇ β̇ − μ̃β̇

∂

∂μ̃α̇
; ðC3Þ

implying

λα∂α ∼ −2 − μα
∂

∂μα
; λ̃α̇∂̃α̇ ∼ −2 − μ̃α̇

∂

∂μ̃α̇
; ðC4Þ

λðα∂βÞ ∼ −μðα
∂

∂μβÞ
; λ̃ðα̇∂β̇Þ ∼ −μ̃ðα̇

∂

∂μ̃β̇Þ
; ðC5Þ

from which the helicity and dilatation operators featured in
the main text, as well as all the other conformal generators
in Table I, are derived.
In Table I we also define another set of operators

J F; dF; pF; kF;mF which generate the conformal sym-
metries of μ; μ̃ space directly and without reference to their
origin as conjugate spinors to λ; λ̃. We find that the original
set are related to these by an automorphism of the
conformal algebra given by

d ↦ −d; J ↦ −J ; p ↦ −k;

k ↦ −p; m ↦ −m; m̄ ↦ −m̄: ðC6Þ

TABLE I. Table of conformal generators in each basis in (1,3). In the above k ¼ 1 − h; k̄ ¼ 1 − h̄ such that
e∂k ¼ e−∂h etc.

Table of operators in (1,3)

Momentum Fourier Mellin Shadow

pαα̇ − ∂

∂μα
∂

∂μ̃α̇ ≕ − kFαα̇ λαλ̃α̇e
∂h
2
þ∂h̄

2 − ∂

∂μα
∂

∂μ̃α̇ e
−∂k

2
−
∂k̄
2

kαα̇ −μαμ̃α̇ ≕ − pF
αα̇ ∂α∂̃α̇e−

∂h
2
−
∂h̄
2 −μαμ̃α̇e

∂k
2
þ∂k̄

2

d − 1
2
μα ∂

∂μα −
1
2
μ̃α̇ ∂

∂μ̃α̇ − 1≕ − dF −h − h̄þ 1 kþ k̄ − 1

J 1
2
μα ∂

∂μα −
1
2
μ̃α̇ ∂

∂μ̃α̇ ≕ − J F h − h̄ −kþ k̄
mαβ −μðα ∂

∂μβÞ ≕ −mF
αβ λðα∂βÞ −μðα ∂

∂μβÞ

m̄α̇ β̇ −μ̃ðα̇ ∂

∂μ̃β̇Þ
≕ −mF

α̇ β̇ λ̃ðα̇∂̃β̇Þ −μ̃ðα̇ ∂

∂μ̃β̇Þ
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One can check that this preserves the commutator relations
of the conformal algebra. This automorphism of the
conformal algebra is generated by conjugation with the
discrete operator which generates a conformal inversion I
in position space. For example, we have the well-known
description of special conformal transformations as
kμ ¼ −IpμI. We can make this more concrete by consid-
ering the conformal symmetry generators in position space
defined by the Fourier transform

Z
d4xe−ip·x ðC7Þ

giving the conformal generators

pμ ∼ −i
∂

∂xμ
; kμ ∼ i

�
x2

∂

∂xμ
− xμxν

∂

∂xν

�
;

d ∼ −ixμ
∂

∂xμ
; mμν ∼ i

�
xμ

∂

∂xν
− xν

∂

∂xμ

�
: ðC8Þ

We can then take these expressions and consider their
representation in a new copy of Minkowski space with
coordinate yμ (with units of inverse length) and related to xμ

by a conformal inversion yμ ¼ xμ

x2. Then, by changing
variables in (C8) we find exactly the relations (C6). This
shows that the special conformal dual kαα̇ ¼ μαμ̃α̇ can be
regarded as the “momentum” associated with a conformally
inverted position space. This situation is summarized in the
diagram contained in Fig. 5.

3. Shadow space

Since the shadow basis is simply given by a chiral Mellin
transform of the Fourier basis, the shadowed bulk con-
formal generators in Table I are just celestial versions of the
Fourier transformed generators. This can be checked using
the formula for the shadowed celestial state (4.5) and the
relations k ¼ 1 − h and k̄ ¼ 1 − h̄. For the spinor derivative
∂α, using integration by parts we find

i2h−2h̄Γð2 − 2h̄Þ
ð2πÞ2Γð2h − 1Þ

Z
C2�
d2λ̃ ∧ d2λhλμi2h−2½μ̃ λ̃�2h̄−2∂αjλ; λ̃i

¼ i2h−2h̄Γð2 − 2h̄Þ
ð2πÞ2Γð2h − 1Þ

Z
C2�
d2λ̃ ∧ d2λð−μαð2h − 2ÞÞhλμi2h−3½μ̃ λ̃�2h̄−2jλ; λ̃i

¼ i2h−2h̄Γð2 − 2h̄Þ
ð2πÞ2Γð2h − 1Þ ð−μαð2h − 2Þe−∂h=2Þ

Z
C2�
d2λ̃ ∧ d2λhλμi2h−2½μ̃ λ̃�2h̄−2jλ; λ̃i

¼ −iμαe−∂h=2
i2h−2h̄Γð2 − 2h̄Þ
ð2πÞ2Γð2h − 1Þ

Z
C2�
d2λ̃ ∧ d2λhλμi2h−2½μ̃ λ̃�2h̄−2jλ; λ̃i; ðC9Þ

so the shadowed spinor derivative is given by ∂α ∼
−iμαe−∂h=2 ¼ −iμαe∂k=2.

4. (2,2) Mellin

Conformal generators derived from the (2,2) signature
chiral Mellin transform are only slightly different from

those in (1,3) signature since we have discrete weights
sh; sh̄ which are also carried by spinors and spinor
derivatives. As such we must also have discrete weight
shifting operators which shift sh; sh̄; by an abuse of notation
we also denote these by exponentiated differential oper-
ators although, since sh; sh̄ are discrete, they clearly do not

FIG. 5. “Bulk diamond” of relationships between twistor and Fourier transforms, including the action of conformal inversions on
position space. A chiral Mellin transform maps this to a celestial diamond a lá [84,85].
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take such a form. Consequently, split signature celestial
generators take the same form as their Lorentzian signature
cousins but with the universal replacement e

1
2
∂h → e

1
2
∂he∂sh .

The inclusion of the e∂sh operators has no effect on the

closing of the conformal algebra but is needed to properly
shift the (2,2) weights.
For example, consider the spinor derivative ∂α and act

with the (2,2) chiral Mellin transform (7.13),

Z
R�×R�

dũ
ũ

∧ du
u
juj2hjũj2h̄ sgnðuÞsh sgnðũÞsh̄ 1

u
∂αjuλ; ũ λ̃i ¼ ∂αe−

1
2
∂he−∂sh jλ; λ̃; h; sh; h̄; sh̄i: ðC10Þ

Hence the spinor derivative acting in Mellin space is simply ∂αe
−1
2
∂h−∂sh .

Compare this with the affine coordinate version

∂αe−
1
2
∂he−∂sh jλα; λ̃α̇; h; sh; h̄; sh̄i

¼ ∂αe−
1
2
∂he−∂sh jλ2j−2hjλ̃2̇j−2h̄ sgnðλ2Þ−sh sgnðλ̃2̇Þ−sh̄

����
�
z

1

�
;

�
z̄

1

�
; h; sh; h̄; sh̄

�

¼ 1

λ2

�
λ2

∂

∂λ2
− z∂z

−∂z

�
e−

1
2
∂he−∂sh jλ2j−2hjλ̃2̇j−2h̄ sgnðλ2Þ−sh sgnðλ̃2̇Þ−sh̄

����
�
z

1

�
;

�
z̄

1

�
; h; sh; h̄; sh̄

�

¼ jλ2j−2hjλ̃2̇j−2h̄ sgnðλ2Þ−sh sgnðλ̃2̇Þ−sh̄
�−2hþ 1 − z∂z

−∂z

�
e−

1
2
∂h−∂sh

����
�
z

1

�
;

�
z̄

1

�
; h; sh; h̄; sh̄

�
; ðC11Þ

where we changed variables fλ1; λ2g → fz; λ2g with z ¼
λ1=λ2 ¼ −λ2=λ1 and recovered an affine expression for the
spinor derivative ð−2hþ1−z∂z

−∂z
Þe−1

2
∂he−∂sh . Note that the deriva-

tive λ2
∂

∂λ2
gave a factor −2hþ 1. In principle, it also acted

on the factors sgnðλ2Þ−sh , but these give terms proportional
to λ2δðλ2Þ which vanish. In other words, unlike the
continuous weights h; h̄, the discrete weights cannot be
measured with a differential operator λ2 ∂

∂λ2
.

5. Twistor space

The conformal generators in the twistor and dual twistor
bases are listed in Table II and are found by using the
replacements (C2), but only for either the λ or λ̃ spinor and
its derivative. In Table II we also define two additional sets
of conformal generators: J T; dT; pT; kT; mT which gives

the conformal symmetry generators that treat μα; λ̃α̇ in a
manner based purely on whether they transform under the
left- or right-hand factor of SLð2;RÞ × SLð2;RÞ. That is,
the J T; dT; pT; kT; mT are simply the original momentum
space conformal generators but with the naive replacement
λ → μ and similarly for the J T̄ ; dT̄ ; pT̄ ; kT̄ ; mT̄ for dual
twistor space via λ̃ → μ̃. These are distinct operators from
the original set and are used as a comparison to study the
action of the twistor and dual twistor transforms. We find
that these new operators are related to each other by the
automorphism (C6) which can be understood as being
generated from the full Fourier transformation from twistor
to dual twistor space,

Z
d2μ ∧ d2λ̃eiðhλμiþ½μ̃ λ̃�Þ; ðC12Þ

TABLE II. Table of conformal generators in each basis in (2,2). In the above k ¼ 1 − h etc. such that e∂k ¼ e−∂h etc.

Table of operators in (2,2)

Momentum Twistor Dual Twistor Mellin Light Dual light

pαα̇ iλ̃α̇
∂

∂μα ≕pT
αα̇ iλα

∂

∂μ̃α̇ ¼ −kT̄αα̇ λαλ̃α̇e
∂h
2
þ∂h̄

2 e∂shþ∂sh̄ iλ̃α̇ ∂

∂μα e
−∂k

2
þ∂h̄

2 e−∂skþ∂sh̄ iλα ∂

∂μ̃α̇ e
∂h
2
−
∂k̄
2 e∂sh−∂sk̄

kαα̇ −iμα∂̃α̇ ≕ kTαα̇ −iμ̃α̇∂α ¼ −pT̄
αα̇ ∂α∂̃α̇e−

∂h
2
−
∂h̄
2 e−∂sh−∂sh̄ −iμα∂̃α̇e

∂k
2
−
∂h̄
2 e∂sk−∂sh̄ −iμ̃α̇∂αe−

∂h
2
þ∂k̄

2 e−∂shþ∂sk̄

d − 1
2
μα ∂

∂μα þ 1
2
λ̃α̇∂̃α̇ ≕J T

1
2
λα∂α þ 1

2
μ̃α̇ ∂

∂μ̃α̇ ≕ − J T̄ −h − h̄þ 1 k − h̄ −hþ k̄

J 1
2
μα ∂

∂μα þ 1
2
λ̃α̇∂̃α̇þ1≕dT −1

2
λα∂α− 1

2
μ̃α̇ ∂

∂μ̃α̇ −1≕ −dT̄ h − h̄ 1 − k − h̄ hþ k̄ − 1

mαβ −μðα ∂

∂μβÞ ≕ −mT
αβ λðα∂βÞ ≕mT̄

αβ
λðα∂βÞ −μðα ∂

∂μβÞ
λðα∂βÞ

m̄α̇ β̇ λ̃ðα̇∂̃β̇Þ ≕ m̄T
α̇ β̇

−μ̃ðα̇ ∂

∂μ̃β̇Þ
≕ − m̄T̄

αβ λ̃ðα̇∂̃β̇Þ λ̃ðα̇∂̃β̇Þ −μ̃ðα̇ ∂

∂μ̃β̇Þ
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which has the same kernel as the Fourier transformation
(5.1) but is integrated over an orthogonal region of the full
phase space λ; λ̃; μ; μ̃. This correspondence is summarized
in the diagram in Fig. 5. Note that unlike the Fourier
transform from λ; λ̃ to μ; μ̃ space, the measure of the
transform (C12) from twistor to dual twistor space does
not carry any dilatation weight and thus does not change
the dilatation/mass dimension of the object it acts on. As
discussed in Sec. VI, this means the full twistor transform
(C12) does not correspond to an active conformal inver-
sion. As explained in [23,86,87], an active conformal
inversion of the moduli coordinate associated with an

amplitude supported on a set of twistor lines, or equiv-
alently an active inversion of the dual coordinates, gen-
erates an inversion within twistor space which exchanges
λα ↔ μ̃α̇ in our conventions.

6. Light space

The light basis can be thought of as a celestial twistor
basis, so the bulk conformal generators in the light basis in
Table II are simply Mellin transformed versions of the
twistor conformal generators. We can also derive them by
directly commuting with the light transform given in, say,
(8.4); for example, for the spinor derivative we find

i−sh

2

Γð2 − 2hÞ
Γð3

2
− hþ sh

2
ÞΓðh − sh

2
− 1

2
Þ
Z
R2

d2λjhλμij2h−2 sgnðhλμiÞsh∂αjλα; λ̃α̇i

¼ i−sh

2

Γð2 − 2hÞ
Γð3

2
− hþ sh

2
ÞΓðh − sh

2
− 1

2
Þ
Z
R2

d2λð−μα sgnðhλμiÞð2h − 2ÞÞjhλμij2h−3 sgnðhλμiÞsh jλα; λ̃α̇i

¼ i−sh

2

Γð2 − 2hÞ
Γð3

2
− hþ sh

2
ÞΓðh − sh

2
− 1

2
Þ ð−μαð2h − 2Þe−∂h

2
−∂sh Þ

Z
R2

d2λjhλμij2h−2 sgnðhλμiÞsh jλα; λ̃α̇i

¼ ð−iμαe−
∂h
2
−∂sh Þ i

−sh

2

Γð2 − 2hÞ
Γð3

2
− hþ sh

2
ÞΓðh − sh

2
− 1

2
Þ
Z
R2

d2λjhλμij2h−2 sgnðhλμiÞsh jλα; λ̃α̇i; ðC13Þ

where in the second line we used integration by parts and
dropped the term where the derivative acts on the sgn
function ∂α sgnðhλμiÞ ∼ δðhλμiÞ, with a vanishing contri-
bution due to the delta function.

APPENDIX D: PROOFS OF S2 = Id AND L2 = Id

Since S2 (and L2) are entwining operators between the
same irreducible representations, then they must be propor-
tional to the identity. In this appendix we prove directly that
the shadow transform (4.3) and light transform (8.3) are
actually self-inverse. This is already implied by their
relationship with the self-inverse Fourier transform (5.1)
and half-Fourier (9.1). Indeed the normalization chosen
such that S and L are self-inverse was exactly that which
appeared when linking to the Fourier and half-Fourier
transforms. Note, however, that the self-inverse property is
not just due to our choice of normalization. Take the

shadow transform for example; since by the square of
the shadow transform we mean S2 ≔ S1−h;1−h̄ ∘ Sh;h̄, then
normalizing S by any factor at all can only change the
normalization of S2 by a function invariant under
h → 1 − h; h̄ → 1 − h̄. We find that such a function is
enough to normalize S2 ¼ Id and that this is a conse-
quence of the structure of the shadow transform in two
dimensions, in particular, the use of the two-point structure
ðw − zÞ2h−2ðw̄ − z̄Þ2h̄−2 (inherited from the antisymmetric
spinor brackets) which picks up a factor of ð−1Þ−2J when
we swap w ↔ z, as we shall now explain.

1. Self-inverse shadow

We consider the square of the shadow transform
in affine coordinates (4.3) acting on a function with weights
h; h̄,

S2ffðz; z̄; h; h̄Þg ≔
i−2hþ2h̄Γð2h̄Þ
2πiΓð1 − 2hÞ

Z
CP1

dw̄ ∧ dwðz0 − wÞ−2hðz̄0 − w̄Þ−2h̄

×
i2h−2h̄Γð2 − 2h̄Þ
2πiΓð2h − 1Þ

Z
CP1

dz̄ ∧ dzðw − zÞ2h−2ðw̄ − z̄Þ2h̄−2fðz; z̄; h; h̄Þ: ðD1Þ
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So we are led to compute the integral

I ≔
1

2πi

Z
dw̄ ∧ dwðy − wÞ−2hðȳ − w̄Þ−2h̄

× ðw − zÞ2h−2ðw̄ − z̄Þ2h̄−2: ðD2Þ

A similar integral was studied in [88], denoted I2, and forP
αi ¼

P
ᾱi ¼ 2 gave the result21

I2 ≔
1

2πi

Z
dw̄ ∧ dw

Y
i¼1;2

ðw − wiÞ−αiðw̄ − w̄iÞ−ᾱi

¼ 2πið−1Þα1−ᾱ1Kδ2ðz0 − zÞ; ðD3Þ

where we have defined

K ≔
Γð1 − α1ÞΓð1 − α2Þ

Γðᾱ1ÞΓðᾱ2Þ
: ðD4Þ

Solving the constraints on the αi with α1¼2h;α2¼2−2h
and similarly for the barred variables, we then have an
integral very close to I , andK is such that it exactly cancels
the normalization factors in (D1). It remains to relate I2 to
our integral I . The crucial difference between I and I2 is
that the ordering of the variables in the brackets in I is
flipped since they reflect the order in which the shadow
transforms were applied. We write I in a manner such that
the branch cut structure is transparent:

I ¼ 1

2πi

Z
dw̄ ∧ dwðy − wÞ−2h̄−2Jðȳ − w̄Þ−2h̄ðw − zÞ2h̄þ2J−2ðw̄ − z̄Þ2h̄−2

¼ 1

2πi

Z
dw̄ ∧ dwðy − wÞ−2Jðw − zÞ2Jðjy − wj2Þ−2h̄ðjw − zj2Þ2h̄−2

¼ ð−1Þ2J 1

2πi

Z
dw̄ ∧ dwðw − yÞ−2Jðw − zÞ2Jðjw − yj2Þ−2h̄ðjw − zj2Þ2h̄−2 ¼ ð−1Þ2JI2; ðD5Þ

where we have extracted a factor of ð−1Þ2J and recovered
an integral with an ordering of variables that matches I2.
Now, using the result (D3) we conclude that S2 ¼ Id. We
would like to emphasize again that this result is specific to
the shadow transform in two dimensions with the two-point
structure ðw − zÞ2h−2ðw̄ − z̄Þ2h̄−2.22
We can also show that S2 ¼ Id is independent and

revealing without the computation of the integral I . We
first note that the shadow transform in affine coordinates
(4.3) is a convolution of a conformal primary with a kernel
given by the two-point structure ðw − zÞ2h−2ðw̄ − z̄Þ2h̄−2. In
particular, the kernel is translation invariant. This means
that in Fourier space conjugate to z the shadow transform is
not an integral transform at all but a purely multiplicative
operation. This insight is thanks to the authors of [54]. Here
the Fourier transform we use is a two-dimensional one. and
again we will employ the Fourier kernel which is better
adapted to the two-dimensional complex nature of the CFT.
For a function fðz; z̄;h; h̄Þwith weights h; h̄ on the celestial
sphere, we define the 2D Fourier transform

fðz; z̄; h; h̄Þ ≔ 1

2π

Z
C
ds̄ ∧ dse−iðszþs̄ z̄Þf̃ðs; s̄; h; h̄Þ: ðD6Þ

Note that this is distinct from the Fourier transform we
considered in Sec. V since the above is only defined in the
affine patch λ2 ≠ 0.
Now let us consider a shadow transform of the conformal

primary fðz; z̄; h; h̄Þ as written in (D6),

Sffðz; z̄; h; h̄Þg

¼ 1

2π

i2J

2πi
Γð2 − 2h̄Þ
Γð2h − 1Þ

Z
C
ds̄ ∧ ds

Z
C
dz̄ ∧ dzðw̄ − z̄Þ2h̄−2

× ðw − zÞ2h−2e−iðszþs̄ z̄Þf̃ðs; s̄; h; h̄Þ

¼ 1

2π

i2J

2πi
Γð2 − 2h̄Þ
Γð2h − 1Þ

Z
C
ds̄ ∧ dse−iðswþs̄ w̄Þs1−2hs̄1−2h̄

×
Z
C
dz̄ ∧ dzz̄2h̄−2z2h−2eiðzþz̄Þf̃ðs; s̄; h; h̄Þ; ðD7Þ

where in the second line we have performed a simple
change of variables, shifting z by w and rescaling by s. We
can now recycle our calculation of (5.11) to perform the
integral over z; z̄, noting the different exponents appearing
in the case at hand,

22Other two-point structures are available in d dimensions, for
example in [55], whose corresponding shadow transform may not
be self-inverse.

21We have written the result of [88] using our complex measure
dw̄ ∧ dw ¼ 2idðReðwÞÞdðImðwÞÞ which explains the additional
normalization by a factor 1

2i. Similarly, we write the result using a
delta function of the complex variable z0 − z with an extra factor
of 2i.
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Sffðz; z̄; h; h̄Þg

¼ 1

2π

i2JΓð2 − 2h̄Þi−2JΓð2h̄ − 1Þ
Γð2h − 1ÞΓð2 − 2hÞ

×
Z
C
ds̄ ∧ dse−iðswþs̄ w̄Þs1−2hs̄1−2h̄f̃ðs; s̄; h; h̄Þ

¼ ð−1Þ2J
2π

Z
C
ds̄ ∧ dse−iðswþs̄ w̄Þs1−2hs̄1−2h̄f̃ðs; s̄; h; h̄Þ:

ðD8Þ

Thus, we see that in Fourier space the shadow transform
acts in the simplest manner possible as a multiplicative
operation,

f̃ðs; s̄; h; h̄Þ↦S ð−1Þ2Js1−2hs̄1−2h̄f̃ðs; s̄; h; h̄Þ: ðD9Þ

The factors of s; s̄ appearing in (D9) match the results of
[54] up to differences in the definition of the two-point
structure used in the shadow transform.
From (D9) it is immediate that the shadow transform is

self-inverse. That is, by performing a shadow transform
again with the weights given now by 1 − h; 1 − h̄, we will
cancel the above multiplicative factors and return the
original function. We can check this explicitly by perform-
ing a second shadow transform on the function given by the
final line of (D8),

S2ffðz; z̄; h; h̄Þg ¼ ð−1Þ2J 1

2π

1

2πi
i−2JΓð2h̄Þ
Γð1 − 2hÞ

Z
C
ds̄ ∧ ds

Z
C
dw̄ ∧ dwðȳ − w̄Þ−2h̄ðy − wÞ−2he−iðswþs̄ w̄Þs1−2hs̄1−2h̄f̃ðs; s̄; h; h̄Þ

¼ ð−1Þ2J 1

2π

1

2πi
i−2JΓð2h̄Þ
Γð1 − 2hÞ

Z
C
ds̄ ∧ dse−iðsyþs̄ ȳÞ

Z
C
dw̄ ∧ dww̄−2h̄w−2heiðwþw̄Þf̃ðs; s̄;h; h̄Þ; ðD10Þ

where in the second line we have performed the same simple change of variables as before. Again we can now recycle our
calculation of (5.11) to do the integrals over w; w̄, noting the different exponents appearing,

S2ffðz; z̄; h; h̄Þg ¼ 1

2π
ð−1Þ2J i

−2JΓð2h̄Þi2JΓð1 − 2h̄Þ
Γð1 − 2hÞΓð2hÞ

Z
C
ds̄ ∧ dse−iðsyþs̄ ȳÞf̃ðs; s̄; h; h̄Þ

¼ 1

2π

Z
C
ds̄ ∧ dse−iðsyþs̄ ȳÞf̃ðs; s̄; h; h̄Þ ¼ fðy; ȳ; h; h̄Þ: ðD11Þ

2. Self-inverse light

We now show that the light transform is also self-inverse
(the dual light transform case is completely analogous).
The light transform acting in affine coordinates on a
function with weights h; sh; h̄; sh̄ on the celestial torus is
given by

Lffðz; z̄; h; sh; h̄; sh̄Þg

¼ i−sh
Γð2 − 2hÞ

Γð3
2
− hþ sh

2
ÞΓðh − sh

2
− 1

2
Þ

×
Z
RP1

dzjw − zj2h−2 sgnðw − zÞshfðz; z̄; h; sh; h̄; sh̄Þ;

ðD12Þ

and is also a convolution with the translation invariant
kernel ðw − zÞ2h−2 sgnðw − zÞsh . In Fourier space with
coordinate s conjugate to z the function becomes

fðz; z̄; h; sh; h̄; sh̄Þ ≔
1ffiffiffiffiffiffi
2π

p
Z
R
dse−iszfðs; z̄;h; sh; h̄; sh̄Þ;

ðD13Þ

and the light transform acting on this gives, after the usual
change of variable,

Lffðz; z̄; h; sh; h̄; sh̄Þg

¼ κh;sh;h̄;sh̄
1ffiffiffiffiffiffi
2π

p
Z
R
dsjsj1−2h sgnðsÞ−she−isw

×
Z
R
dzjzj2h−2 sgnðzÞsheizfðs; z̄;h; sh; h̄; sh̄Þ; ðD14Þ

where κh;sh;h̄;sh̄ is the normalization prefactor in (D12).
The z integral was calculated already in (9.6); note,
however, that we have different exponents in the case at
hand, so we find
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Lffðz; z̄; h; sh; h̄; sh̄Þg ¼ i−sh
Γð2 − 2hÞ

Γð3
2
− hþ sh

2
ÞΓðh − sh

2
− 1

2
Þ 2πi

sh
Γð2h − 1Þ

Γðh − sh
2
ÞΓð1 − hþ sh

2
Þ

×
1ffiffiffiffiffiffi
2π

p
Z
R
dsjsj1−2h sgnðsÞ−she−iswfðs; z̄; h; sh; h̄; sh̄Þ: ðD15Þ

Now, using the Euler reflection formula and various trigonometric identities, the prefactor is given by

2π
Γð2 − 2hÞ

Γð3
2
− hþ sh

2
ÞΓðh − sh

2
− 1

2
Þ

Γð2h − 1Þ
Γðh − sh

2
ÞΓð1 − hþ sh

2
Þ ¼ 2

sinððh − sh
2
− 1

2
ÞπÞ sinððh − sh

2
ÞπÞ

sinðð2h − 1ÞπÞ

¼ −
2 cosððh − sh

2
ÞπÞ sinððh − sh

2
ÞπÞ

sinðð2h − 1ÞπÞ

¼ −
sinð2ðh − sh

2
ÞπÞ

sinðð2h − 1ÞπÞ ¼ ð−1Þsh ðD16Þ

so in Fourier space with coordinate s the light transform
acts multiplicatively via

f̃ðs; z̄; h; sh; h̄; sh̄Þ
↦
L ð−1Þsh jsj1−2h sgnðsÞsh f̃ðs; z̄; h; sh; h̄; sh̄Þ; ðD17Þ

where we would like to highlight the similarity of the form
of this action with that of the shadow in (D9). Now if we
act with a second light transform, with shifted weights
h → 1 − h in its definition, we cancel the above factors and
recover the original state.

APPENDIX E: ALL-LEG FOURIER GLUON
AMPLITUDES IN SPLIT SIGNATURE

In this appendix, we perform two half-Fourier transforms
on every leg of a tree-level momentum space gluon
amplitude. This is the split signature analogue of the all-
leg Fourier transform considered in ϕ4 theory in Sec. VI.
We will perform these transformations in two steps by first
performing ambidextrous half-Fourier transforms on each
leg of the amplitude according to its helicity and then
performing the remaining set of half-Fourier transforms.
We find that the amplitude in the Fourier space μ; μ̃ takes an
identical form. We begin with the n-point NmMHV tree-
level amplitude in split signature expressed using the CHY
formula [89–91]

An ¼
Z Yn

a¼1

d2σa
ðaaþ 1Þ

1

GL2

Ym
I¼1

δ2
�
λ̃I −

Xn
i0¼mþ1

λ̃i0

ðIi0Þ
� Yn

i¼mþ1

δ2
�
λi −

Xm
I0¼1

λI0

ðiI0Þ
�

ðE1Þ

where legs I ¼ 1;…; m have negative helicity and legs i ¼ mþ 1;…; n have positive helicity and ðabÞ ≔ σa − σb. We can
write the CHY formula as

An ¼
Z Yn

a¼1

d2σa
ðaaþ 1Þ

1

GL2

Ym
I¼1

1

ð2πÞ2
Z

d2χ̃I exp

	
iχ̃I

�
λ̃I −

Xn
i0¼mþ1

λ̃i0

ðIi0Þ
�


×
Yn

i¼mþ1

1

ð2πÞ2
Z

d2χi exp

�
i

�
λi −

Xm
I0¼1

λI0

ðiI0Þ
�
χi

�
ðE2Þ

and then perform ambidextrous half-Fourier transforms over the coordinates λ̃I for I ¼ 1;…; m and λi for i ¼ mþ 1;…; n.
The half-Fourier integrals can be done trivially, and we find

TfAng ¼
Z Yn

a¼1

d2σa
ðaaþ 1Þ

1

GL2

Ym
I¼1

1

2π
exp

�
i

	
μ̃I

Xn
i0¼mþ1

λ̃i0

ðIi0Þ

� Yn

i¼mþ1

1

2π
exp

�
i

�Xm
I0¼1

λI0

ðiI0Þ μi
��

: ðE3Þ
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Thus, the CHY formula in an ambidextrous twistor basis
consists of just exponentials with no delta function support.
We can now ambidextrously half-Mellin transform this
expression, and we recover the n-point formula for ambi-
dextrous light transformed celestial amplitudes found in
[42]. This is a further demonstration of the commuting
diagram in Fig. 3.
To find the all-leg Fourier amplitude in μ; μ̃ space we

need to perform the complementary half-Fourier transforms
over the variables λI

0 for I ¼ 10;…; m and λ̃i
0 for

i0 ¼ mþ 1;…; n. We first rewrite the above formula by
noting that we can reorganize the exponentials using the
trivial relation

Xm
I¼1

	
μ̃I

Xn
i0¼mþ1

λ̃i0

ðIi0Þ


¼

Xn
i0¼mþ1

	Xm
I¼1

μ̃I
ðIi0Þ λ̃i0



ðE4Þ

such that

TfAng¼
Z Yn

a¼1

d2σa
ðaaþ1Þ

1

GL2

Yn
i0¼mþ1

1

2π
exp

�
i

	Xm
I¼1

μ̃I
ðIi0Þ λ̃i0


�

×
Ym
I0¼1

1

2π
exp

�
i

�
λI0

Xn
i¼mþ1

μi
ðiI0Þ

��
; ðE5Þ

from which we can half-Fourier transform the remaining
λ; λ̃ variables to give

FfAng ¼
Z Yn

a¼1

d2σa
ðaaþ 1Þ

1

GL2

Yn
i0¼mþ1

δ2
�
μ̃i0 − i

Xm
I¼1

μ̃I
ði0IÞ

�

×
Ym
I0¼1

δ2
�
μI0 − i

Xn
i¼mþ1

μi
ðI0iÞ

�
; ðE6Þ

where we have used the antisymmetry of the bracket ð·; ·Þ.
We conclude that for all tree-level gluon amplitudes in (2,2)
signature, the Fourier transform acting on all legs leaves the
structure of the amplitude invariant and simply replaces
λ → μ; λ̃ → μ̃. Using the commuting diagram in Fig. 1, the
same conclusion applies to the all-leg shadow transformed
amplitudes in (2,2) signature—they take the same form as
the usual Mellin space celestial amplitudes. Whether or
not this result can be extended to gluon amplitudes in
Lorentzian signature is not clear. From our own initial
investigations, performing Fourier transforms directly on
gluon amplitudes in (1,3) signature results in different
integrals, due to the different integration measure for
complex spinors, and these require careful regularization.
In addition, it is not obvious how one would “analytically
continue” the above result to (1,3) signature. We leave the
further study of these questions to later work.

APPENDIX F: COMPLEXIFIED SPACETIME

In this appendix we provide more motivation for the
form of the Lorentzian and split signature transforms
we have encountered in the main text, highlighting their
differences and similarities. We do this by exploring a
conceptually important technology that is often used in the
study of scattering amplitudes, namely, that of complex-
ifying spacetime. This provides a unified view of spacetime
of any signature—we can then restrict to a slice of
complexified spacetime in order to hone in on (1,3) or
(2,2) signature spacetimes. In what follows we present a
condensed version of the general methodology we have
already applied to Lorentzian and split signature.
In complexified spacetime we have independent com-

plex spinors λα; λ̃α̇ such that the momentum pαα̇ ¼ λαλ̃α̇ is
complex. The little group of a complex null momentum is
C� ¼ Uð1Þ ×Rþ, and representations are labeled by two
helicities:
(1) For the compact Uð1Þ subgroup c ¼ eiθ we have a

discrete label J1;3 ∈Z=2 corresponding to the little
group and helicity in (1,3) signature.

(2) For the noncompactRþ subgroup where c is real, we
have a continuous imaginary label J2;2 ∈ iR corre-
sponding to the little group and helicity in (2,2)
signature.

Thus, we write asymptotic particle states in complexified
spacetime as

jλ; λ̃; J1;3; J2;2i; ðF1Þ

and they transform under the complexified little group for
c ¼ jcjeiθ as

jcλ;c−1λ̃;J1;3;J2;2i¼ðeiθÞ−2J1;3 jcj−2J2;2 jλ;λ̃;J1;3;J2;2i: ðF2Þ

The complexified Lorentz group is SLð2;CÞ × SLð2;CÞ,
and the transformation of these states under this group is
encoded in the spinors through

jλα; λ̃α̇; J1;3; J2;2i → jMβ
αλβ; M̃

β̇
α̇λ̃β̇; J1;3; J2;2i; ðF3Þ

where Mβ
α and M̃β̇

α̇ are independent SLð2;CÞ matrices.
To restrict to (1,3) signature we make the slice (3.1), and

this cuts the little group down to c∈Uð1Þ with states
labeled by just J1;3.
For split signature something more subtle happens: We

enforce the reality condition (7.1), and this time the (2,2)
restriction of the little group is R� ¼ Rþ × Z2 since we
require that c in (F2) be real. The Rþ representation of the
complexified little group survives and is still labeled by
J2;2. but now Uð1Þ degenerates into Z2. This is the origin
of the discrete helicity sJ ∈ 0; 1 labeling even and odd
representations of Z2 in split signature. The discrete
helicity sJ is directly related to J1;3 by sJ ≔ 2J1;3 mod 2
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and thus naturally corresponds to bosons and fermions
in (2,2).
Returning now to complex momenta, we can also

consider extending the complexified little group to include
a complex boost symmetry. In complexified momentum
space these boosts scale the momentum by a nonzero
complex number, b∈C�,

pαα̇ → bpαα̇: ðF4Þ

Hence we see that the extended little group of a complex
null direction is C� × C�, and it corresponds to rescaling
each spinor independently by any nonzero complex num-
bers y; ỹ,

λ̃ → yλ̃; λ̃ → ỹ λ̃ : ðF5Þ

This leads to asymptotic states defined on a complexified
celestial torus CP1 × CP1, also discussed in [92]. Such
states are covariant under the extended little group C� × C�
and are labeled by its representations. As well as the two
helicities J1;3; J2;2 we have two conformal dimensions
associated with the boost transformation by b ¼ jbjeiϕ:
(1) For the noncompact Rþ subgroup we have a

continuous parameter Δ∈ 1þ iR which is the
usual conformal dimension in both (1,3) and (2,2)
signature.

(2) For the compact Uð1Þ subgroup we have a discrete
parameter Δc ∈Z=2. Note this is only present
because the momentum is complex, but as one
might expect it descends to the Z2 symmetry
in (2,2) signature which flips the sign of the
momentum.

The splitting of the extended little group into rotations and
boosts is conceptually very clear; however, we can obtain
more compact formulas if we combine these transforma-
tions into the complex rescalings (F5). We define new
weights as follows:

H ≔
1

4
ðΔþ Δc þ J1;3 þ J2;2Þ;

H̃ ≔
1

4
ðΔ − Δc þ J1;3 − J2;2Þ;

H̄ ≔
1

4
ðΔþ Δc − ðJ1;3 þ J2;2ÞÞ;

¯̃H ≔
1

4
ðΔ − Δc − ðJ1;3 − J2;2ÞÞ ðF6Þ

and write celestial states as

jλ; λ̃;Hi: ðF7Þ

Now under the extended little group, for any ðy; ỹÞ∈
C� × C� we have the homogeneity property

jyλ; ỹ λ̃;Hi ¼ y−2Hðy�Þ−2H̄ỹ−2H̃ðỹ�Þ−2 ¯̃Hjλ; λ̃;Hi; ðF8Þ

where H is shorthand for the four weights defined in (F6)
and are labels for representations of the little groupC� × C�
which acts independently on the λ spinor and the “con-
jugate” spinor λ̃. These celestial states transform as con-
formal primaries under SLð2;CÞ × SLð2;CÞ.
The slices to Lorentzian signature require that ỹ ¼ ȳ, so

we recover the extended little group C� and homogeneity
law (3.10). In (2,2) we require that both y; ỹ are real, so we
recover the homogeneity property (7.10) for the extended
little group R� ×R� and states are labeled by weights
h; h̄; sh; sh̄.
We can go further and apply the general logic set out in

the prelude (Sec. II) to define a complexified chiral Mellin
transform which integrates over the complex scales of the
independent spinors with weights H. Similarly we can
define a shadow transform exactly analogous to (4.4) which
acts on the spinor λ, as well as an independent dual shadow
which acts on λ̃. Each of these is then immediately related
by the commuting diagram 1 to an independent bulk
Fourier transform over either λ or λ̃. An appropriate slicing
procedure to (1,3) and (2,2) signature would then give the
transforms that we have already mentioned in the main text;
for example, a real (2,2) slice of the dual shadow would
give the dual light transform. We leave the further explora-
tion of these ideas to future work.

APPENDIX G: INVERSE CHIRAL MELLIN
TRANSFORM IN HOMOGENEOUS

COORDINATES

In this appendix we consider the (1,3) chiral Mellin
transform in (3.14) and find its inverse. This can be written
in terms of Fourier transforms by changing variables as
u ¼ e

x
2eiθ. This gives

jλ; λ̃;h;h̄i¼ 1

2π

Z
2π

0

dθðeiθÞ2ðh−h̄Þ
Z

∞

−∞
dxexΔjex

2eiθλ;e
x
2e−iθλ̃i

¼ 1

2π

Z
2π

0

dθðeiθÞ2ðh−h̄Þ

×
Z

∞

−∞
dxeixβ

�
exajex

2eiθλ;e
x
2e−iθλ̃i

�
; ðG1Þ

where in the last line we used Δ ¼ aþ iβ. This is just
the composition of two Fourier transforms acting on
exajex

2eiθλ; e
x
2e−iθλ̃i—a continuous/noncompact one in x

and a discrete/compact one in θ. The compact Fourier
transform over a circle always converges; however, the
noncompact Fourier transform converges only as long as
the function exajex

2eiθλ; e
x
2e−iθλ̃i dies off sufficiently fast for

large values of x. This defines a strip of definition for
allowed values of a for the Mellin transform of a state.
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We can now invert (G1) using the standard inversion theorems for Fourier transforms to find

erajer
2eiθλ; e

r
2e−iθλ̃i ¼ 1

2π

X
2ðh−h̄Þ∈Z

ðe−iθÞ2ðh−h̄Þ
Z

∞

−∞
dbe−irβjλ; λ̃; h; h̄i: ðG2Þ

Thus, setting r ¼ 0, θ ¼ 0 we recover our original function

jλ; λ̃i ¼ 1

2π

X
2ðh−h̄Þ∈Z

Z
∞

−∞
dbjλ; λ̃; h; h̄i ¼ 1

2πi

X
2ðh−h̄Þ∈Z

Z
aþi∞

a−i∞
dΔjλ; λ̃; h; h̄i: ðG3Þ

Equation (G3) is the inversion formula in homogeneous coordinates. This formula, as expected, follows the general form of
inverse transforms given in Sec. II: a sum over representations of C. The choice of the value of a∈R is, in principle, free
within the strip of definition; however, the choice a ¼ 1 is selected as giving a basis of conformal primary wave functions
that are normalizable with respect to the Klein-Gordon product [21].
If we denote the chiral Mellin transform by C then we can check directly that C−1 ∘ C ¼ Id,

C−1fjλ; λ̃; h; h̄ig ≔
X

h−h̄∈ Z
2

Z
aþi∞

a−i∞

dΔ
2πi

jλ; λ̃; h; h̄i

¼
X

h−h̄∈ Z
2

Z
aþi∞

a−i∞

dΔ
2πi

Z
2π

0

dθ
2π

ðeiθÞ2ðh−h̄Þ
Z

∞

0

dωωΔ−1j ffiffiffiffi
ω

p
eiθλ;

ffiffiffiffi
ω

p
e−iθλ̃i

¼
Z

2π

0

dθδðθÞ
Z

∞

0

dωδðω − 1Þj ffiffiffiffi
ω

p
λ;

ffiffiffiffi
ω

p
λ̃i ¼ jλ; λ̃i: ðG4Þ

Here we have used

Z
aþi∞

a−i∞

dΔ
2πi

ωΔ−1 ¼
Z

∞

−∞

dβ
2π

eða−1þiβÞ lnðωÞ ¼ eða−1Þ lnðωÞδðlnðωÞÞ ¼ δðlnðωÞÞ ðG5Þ

¼ j∂ω lnðωÞj−1ω¼1δðω − 1Þ ¼ δðω − 1Þ ðG6Þ

and

1

2π

X
h−h̄∈ Z

2

ðeiθÞ2ðh−h̄Þ ¼ δðθÞ: ðG7Þ

We can also check C ∘ C−1 ¼ Id:

C ∘ C−1fjλ; λ̃; h; h̄ig ¼ 1

2πi

Z
C
dū ∧ duu2k−1ū2k̄−1

X
h−h̄∈ Z

2

Z
aþi∞

a−i∞

dΔ
2πi

juλ; ū λ̃; h; h̄i

¼
X

h−h̄∈ Z
2

Z
aþi∞

a−i∞

dΔ
2πi

1

2πi

Z
C
dū ∧ duu2k−2h−1ū2k̄−2h̄−1jλ; λ̃; h; h̄i

¼
X

h−h̄∈ Z
2

Z
i∞

−i∞

dβ
2π

1

2π

Z
2π

0

dθe2iθðh−h̄−ðk−k̄ÞÞ
Z

∞

−∞
dxexða0−aþiðβ0−βÞÞjλ; λ̃; h; h̄i

¼
X

h−h̄∈ Z
2

Z
i∞

−i∞

dβ
2π

δh−h̄;k−k̄2πδðβ0 − βÞjλ; λ̃; h; h̄i ¼ jλ; λ̃; k; k̄i; ðG8Þ

where we have used a change of variable u ¼ e
x
2eiθ. For the case in hand we have that both h; h̄ and k; k̄ are on the principal

continuous series: a0 ¼ að¼ 1Þ, which guarantees that C ∘ C−1 is the identity. This condition can be relaxed if we admit
generalized delta functions [70].
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APPENDIX H: SPINOR CONVENTIONS

Here we state our conventions for spinor helicity, largely
drawn from [82].
The Pauli matrices are given by

σ1 ¼
�
0 1

1 0

�
; σ2 ¼

�
0 −i
i 0

�
;

σ3 ¼
�
1 0

0 −1

�
; σ ¼ ðσ1; σ2; σ3Þ; ðH1Þ

and we then define

ðσμÞαα̇¼ð1;σÞ; ðσ̄μÞα̇α¼ ϵα̇β̇ϵαβðσμÞββ̇ ¼ð1;−σÞ;
ðσμÞαα̇¼ð1;−σÞ; ðσ̄μÞα̇α ¼ ϵα̇β̇ϵαβðσμÞββ̇ ¼ð1;σÞ: ðH2Þ
For any given 4-vector pμ we define

pαα̇ ¼ ðpμσ
μÞαα̇: ðH3Þ

If p2 ¼ 0 we can decompose this matrix into spinors,

pαα̇ ¼ λαλ̃α̇: ðH4Þ
The two-dimensional Levi-Civita symbol, used to raise and
lower two-spinor indices, is defined by

ϵαβ ¼ ϵα̇β̇ ¼
�

0 1

−1 0

�
; ϵαβ ¼ ϵα̇β̇ ¼

�
0 −1
1 0

�
: ðH5Þ

We raise and lower indices as follows:

λα ¼ ϵαβλβ λ̃α̇ ¼ ϵα̇ β̇λ̃β̇: ðH6Þ

Products of two different spinors i and j are given by

hλiλji ¼ λαi λjα; ½λ̃iλ̃j� ¼ λ̃iα̇λ̃
α̇
j ; ðH7Þ

and additionally if pμ; qμ are massless we may write

ðpþ qÞ2 ¼ 2p · q ¼ hpqi½qp�: ðH8Þ

We also define the spinor derivatives

∂α ≔
∂

∂λα
; ∂̃α̇ ≔

∂

∂λ̃α̇
; ðH9Þ

whose indices must be raised and lowered in the oppo-
site way,

∂
α ≔

∂

∂λα
¼ ϵβα∂β

∂̃
α ≔

∂

∂λ̃α̇
¼ ϵβ̇ α̇∂̃β̇: ðH10Þ
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