
Potential and string breaking of doubly heavy baryon
at finite temperature and chemical potential

Bo Yu, Xi Guo , Xun Chen ,* and Xiao-Hua Li†

School of Nuclear Science and Technology, University of South China, Hengyang 421001, China

(Received 31 May 2023; accepted 25 July 2023; published 11 September 2023)

Using gauge/gravity duality, we first study the string breaking and melting of doubly heavy baryon at a
finite chemical potential and temperature in this paper. The decay mode QQq → Qqqþ Qq̄ is investigated
with the presence of temperature and chemical potential in this paper. With the increase of temperature and
chemical potential, string breaking takes place at a smaller potential energy, and the string-breaking
distance will increase slightly. It is also found that the QQq melts at a small separate distance with the
increase of temperature and chemical potential. Then, we compare the screening distance of QQq with QQ̄
under the same conditions. Finally, we draw the melting diagram of QQq and QQ̄ in the T − μ plane.
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I. INTRODUCTION

The interquark potential is one of the crucial factors in
determining the formation of baryonic bound states, and
investigating the potential can facilitate a further under-
standing of the structure of baryons and the dynamical
mechanisms of QCD. Due to computational limitations,
predicting the properties of hadrons remains a daunting
challenge in QCD. Research on heavy quarks and static test
charges is valuable for probing the confinement properties
of QCD, as they share similar characteristics.
Lattice QCD remains the most reliable theoretical method

for studying nonperturbative physics in QCD [1–8]. Despite
QCD at finite chemical potential can be formulated on the
lattice [9]; however, standardMonteCarlo techniques cannot
be used at μ ≠ 0. Some methods have been proposed to
address this issue [10,11], but the study of lattice QCD under
finite temperature and chemical potential is still challenged
due to the presence of the fermion sign problem.Asweknow,
high temperatures, densities, and other extreme conditions
are produced in relativistic heavy-ion collision experiments.
It is essential to compare various nonperturbative methods to
obtain a more comprehensive theoretical understanding of
the nonperturbative physics in QCD [12–16].
The success of the Cornell model in describing quarko-

nium spectroscopy has had a profound impact on the
further development of potential energy models and other

approaches to nonrelativistic QCD [17–19]. As a crucial
ingredient in our understanding of strong interactions, the
study of quark-antiquark potential is already sufficient
through the study of a deformed AdS5 model and the
Einstein-Maxwell-Dilation model, etc., [20–46].
The applicability of perturbative methods to high-energy

processes and phenomena is limited by the large coupling of
strong interactions in the low-energy region. The develop-
ment of the holographic principle and the AdS=CFT corre-
spondence [47] provides us with a new approach to study
strongly coupled nuclearmatter in the low-energy region and
at energy scales close to the deconfined phase transition
temperature.
A holographic model developed from string theory has

been proposed, which employs the Nambu-Goto action of
strings at zero and finite temperature in higher-dimensional
spacetime to calculate the Coulomb potential and screening
effect between quarks and antiquarks [48–50]. These
researches provide a new approach for researching meson
interactions. A holographic baryon is considered to be a
D-brane that wraps the inner subspace of the background
spacetime, with a string connecting it and extending to the
boundary [46,51]. Furthermore, Andreev proposed a string
theoretical structure for the QQq system based on previous
studies on the heavy quark potential in [52–55], enabling us
to investigate its ground state.
The basic task of this paper is to extend effective string

models of holographic QCD to finite temperatures and
chemical potentials. In this model, two heavy quarks are
connected by string to the baryon vertex which is a five-
brane; the light quark is a tachyon field coupled to the
world-sheet boundary. The rest of the paper is organized as
follows: Different configurations are discussed at finite
temperature and chemical potential in Sec. II. Then, we
numerically solved these configurations, and the potential
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of QQq is discussed in Sec. III. Finally, the main results of
this paper are summarized in Sec. IV.

II. THE SETUP

We start with a general metric ansatz [53,56],

ds2 ¼ esr
2 R2

r2
ðfðrÞdt2 þ dx⃗2 þ f−1ðrÞdr2Þ

þ e−sr
2

gð5Þab dω
adωb: ð1Þ

This model parametrized by s is a one-parameter defor-
mation of Euclidean AdS5 space and a five-dimensional
compact space (sphere) X whose coordinates are ωa. The
radius R is a constant, and fðrÞ is a blacken factor of the
black hole. The Hawking temperature of the black hole is
defined as

T ¼ 1

4π

���� dfdr
����
r¼rh

¼ 1

πrh

�
1 −

1

2
Q2

�
: ð2Þ

Here, withQ ¼ qrh2 and 0 ≤ Q ≤
ffiffiffi
2

p
, rh is the position of

the black hole horizon. When r is small, the behavior of the
bulk gauge field is A0ðrÞ ¼ μ − ηr2 with η ¼ κq, where κ is
a dimensionless parameter, and q is the charge of the black
hole. Together with the boundary conditions A0ðrhÞ ¼ 0
and A0ð0Þ ¼ μ, we can acquire the relation between the
baryon chemical potential μ and black charge q, which can
be expressed as

μ ¼ qκr2h ¼ κ
Q
rh

: ð3Þ

Following Refs. [14,53,56], we fix the parameter κ to 1.
Furthermore, we have following three relationships:

fðrÞ ¼ 1 −
�
1

r4h
þ μ2

r2h

�
r4 þ μ2

r4h
r6;

T ¼ 1

πrh

�
1 −

1

2
μ2r2h

�
;

A0ðrÞ ¼ μ − μ
r2

r2h
: ð4Þ

Noticeably, A0ðrÞ is a quantity that is dependent on μ as
well as the horizon rh.
As is similarly discussed in Refs. [19,56], the string

structure contains three parts: three quarks, the baryon
vertex V, and the strings among them. There are three basic
ingredients to construct the string configuration.
Firstly, the Nambu-Goto action of a string is expressed as

the following expression:

SNG ¼ 1

2πα0

Z
1

0

dσ
Z

T

0

dτ
ffiffiffi
γ

p
; ð5Þ

where γ is an induced metric on the string world sheet.
Secondly, the baryon vertex is considered to be a five-

brane according to the AdS=CFT dictionary. Since we are
interested in a static quark potential, we choose a static
gauge ξ0 ¼ t and ξa ¼ θa with θa coordinates on X. The
action of the baryon vertex is given by

Svert ¼ τv

Z
dt

e−2sr
2

r

ffiffiffiffiffiffiffiffiffi
fðrÞ

p
; ð6Þ

where τv is a dimensionless parameter defined by
τv ¼ T 5RvolðXÞ, and volðXÞ is a volume ofX [14,52,56].
Thirdly, the ingredient of the light quark at the string

endpoint is a sigma-model action in a tachyon background.
As illustrated in Ref. [56], the action Sq could be written as

Sq ¼ m
Z

dt
e
s
2
r2

r

ffiffiffiffiffiffiffiffiffi
fðrÞ

p
; ð7Þ

where m ¼ RT0. This is the action of a point particle of
mass T0 at rest. The model parameters need to be fixed as
follows: g ¼ R2

2πα0, k ¼ τv
3g, and n ¼ m

g.
Finally, when the string endpoints with attached quarks

couple to a background gauge field [16,53], the world sheet
action includes boundary terms that could be given by

SA ¼∓ 1

3

Z
dtA0: ð8Þ

The minus and plus signs correspond to a quark and an
antiquark.
As separate distance L grows, there are three configu-

rations in the model.

A. Small L

The first configuration is plotted in Fig. 1. The total
action is the sum of the Nambu-Goto actions, the action for
the vertex, light quark, and boundary terms,

S ¼
X3
i¼1

SðiÞNG þ Svert þ Sq þ 2SAjr¼rQ þ SAjr¼rq : ð9Þ

If we choose the static gauge ξ1 ¼ t and ξ2 ¼ r, then the
boundary conditions for xðrÞ are

xð1Þð0Þ ¼ −
L
2
; xð2Þð0Þ ¼ L

2
; xðiÞðrvÞ ¼ xð3ÞðrqÞ ¼ 0:

ð10Þ

The total action can be written as
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S ¼ gT

�
2

Z
rv

0

dr
r2

esr
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ fðrÞð∂rxÞ2

q

þ
Z

rq

rv

dr
r2

esr
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ fðrÞð∂rxÞ2

q
þ 3k

e−2sr
2
v

rv

ffiffiffiffiffiffiffiffiffiffiffi
fðrvÞ

p

þ n
e
1
2
sr2q

rq

ffiffiffiffiffiffiffiffiffiffiffi
fðrqÞ

q �
−
1

3
A0ðrqÞ −

2

3
A0ð0Þ; ð11Þ

where ∂rx ¼ ∂x
∂r and T ¼ R T0 dt. We consider the first term in

Eq. (11) which corresponds to string ① and string ②. Due to
symmetry, the result of the string ② is exactly the same as
that of the string ①. The equation of motion for xðrÞ can be
obtained from the Euler-Lagrange equation. It reduces to

I ¼ wðrÞfðrÞ∂rxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ fðrÞð∂rxÞ2

p ; wðrÞ ¼ esr
2

r2
: ð12Þ

I is a constant. At rv, we have ∂rxjr¼rv ¼ cot αwith α > 0,
and

I ¼ wðrvÞfðrvÞ cot αffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ fðrÞ cot2 α

p : ð13Þ

∂rx can be solved as

∂rx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ωðrvÞ2fðrvÞ2
ðfðrνÞ þ tan2 αÞωðrÞ2fðrÞ2 − fðrÞwðrvÞ2fðrvÞ2

s
:

ð14Þ

By virtue of Eq. (14), the integral over [0; rv] of dr is

L ¼ 2

Z
rv

0

dx
dr

dr: ð15Þ

The regularized energy after subtracting the divergent term
g
R
∞
0 dr 1

r2 from the first term of Eq. (11) can be expressed as

E1¼
S
T
¼g

Z
rv

0

�
1

r2
esr

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þfðrÞð∂rxÞ2

q
−
1

r2

�
dr−

g
rv
þc:

ð16Þ

Here c is a normalization constant. As string ③ is straight
stretched between the vertex and light quark from Eq. (11),
the energy of which could be calculated as

E2 ¼ g
Z

rq

rv

esr
2

r2
dr: ð17Þ

To this end, the energy could be written as

EQQq ¼ g

�
2

Z
rv

0

�
1

r2
esr

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ fðrÞð∂rxÞ2

q
−

1

r2

�
dr −

2

rv

þ n
e
1
2
sr2q

rq
þ 3k

e−2sr
2
v

rv

ffiffiffiffiffiffiffiffiffiffiffi
fðrvÞ

p �

−
1

3
A0ðrqÞ −

2

3
A0ð0Þ þ 2c: ð18Þ

It is easy to find that the potential energy is a function of
rv,rh and angle α. As discussed before, μ, T, and rh have a
relationship as Eq. (4). Therefore, one can study the
potential of QQq in a model associated with the temper-
ature and chemical potential. The main point becomes to
determine rq (the position of the light quark) and angle α.
Using the force balance equation with respect to rq and rv,
we can achieve this goal.
Firstly, the force balance equation at rq is

fq þ e03 þ fA ¼ 0: ð19Þ

By varying the action for rq, it is found that

fq ¼ ð0;−gn∂rqðe
1
2
sr2q

rq

ffiffiffiffiffiffiffiffiffiffiffi
fðrqÞ

p ÞÞ, fA ¼ ∂A0ðrÞ
∂r , and the string

tension e03 ¼ gwðrqÞð0;−1Þ. Therefore, the balance equa-
tion becomes

2rq2
ffiffiffiffiffiffiffiffiffiffiffi
fðrqÞ

q
A0
0ðrqÞ−3gne

rq2s
2 ðrqf0ðrqÞþ2fðrqÞðrq2s−1ÞÞ

−6g
ffiffiffiffiffiffiffiffiffiffiffi
fðrqÞ

q
erq

2s ¼ 0: ð20Þ

With a suitable T and μ fixed, rh can be solved through
Eq. (4). By solving Eq. (20), we find that rq only depends

FIG. 1. The first static string configuration at a small heavy
quark separation. The heavy quarks Q are placed at the x axis.
The light quark and baryon vertex V are on the r axis at r ¼ rq
and r ¼ rv, respectively. The quarks and baryon vertex are
connected by blue strings. The force exerted on the vertex and
light quark are depicted by the black arrows. rh is the position of
the black-hole horizon. rw is the position of the dynamic wall.
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on rh. Hereafter, turning to the angle α, the force balance
equation on the vertex can be expressed as

e1 þ e2 þ e3 þ fv ¼ 0: ð21Þ

We adopt the same manner as [15], and we get
such a result; the force on the vertex is

fv ¼ ð0;−3gk∂rvðe
−2sr2v
rv

ffiffiffiffiffiffiffiffiffiffiffi
fðrvÞ

p ÞÞ, and string tensions

are e1 ¼ gwðrvÞð− fðrvÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tan2 αþfðrvÞ

p ;− 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrvÞ cot2 αþ1

p Þ, e2 ¼
gwðrvÞð fðrvÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tan2 αþfðrvÞ
p ;− 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fðrvÞ cot2 αþ1
p Þ, e3 ¼ gwðrvÞð0; 1Þ.

The nontrivial component of the force balance equation is

3gke−2rv
2sðfðrvÞð8rv2sþ 2Þ − rvf0ðrvÞÞffiffiffiffiffiffiffiffiffiffiffi

fðrvÞ
p

þ 2gerv
2s

�
1 −

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cot2αfðrvÞ þ 1

p �
¼ 0: ð22Þ

The Eq. (22) provides us with a relationship between rv and
α. Then, we can numerically solve the energy E and
separation distance L.

B. Intermediate L

In this configuration, the light quark coincides with the
baryon vertex, and there are no strings between them. The
angle α will gradually decrease to zero as the separation

distance L increases. Thus, the total action of the configu-
ration plotted in Fig. 2 can be expressed as

S ¼
X2
i¼1

SðiÞNG þ Svert þ Sq þ 2SAjr¼rQ þ SAjr¼rq : ð23Þ

The static gauge is set in the same way as before. Thus,
the total energy of the configuration is

EQQq ¼ g

�
2

Z
rv

0

�
1

r2
esr

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ fðrÞð∂rxÞ2

q
−

1

r2

�
dr

−
2

rv
þ n

e
1
2
sr2v

rv
þ 3k

e−2sr
2
v

rv

ffiffiffiffiffiffiffiffiffiffiffi
fðrvÞ

p �

−
1

3
A0ðrqÞ −

2

3
A0ð0Þ þ 2c: ð24Þ

The only difference between the above equation with
Eq. (18) is that rq is replaced by rv. Similarly, at rq (or rv),
we have

e1 þ e2 þ fv þ fq þ fA ¼ 0: ð25Þ

Each force could be given by

FIG. 2. The second static string configuration at an intermediate
heavy quark separation. The heavy quarks Q are placed at the x
axis. The light quark and baryon vertex V are on the r axis at the
same point. The quarks and baryon vertex are connected by blue
strings. The force exerted on the vertex and light quark are
depicted by the black arrows. rh is the position of the black-hole
horizon. rw is the position of the dynamic wall.

FIG. 3. The third static string configuration at a large heavy
quark separation as the “U-shape” string transforms to an
“M-shape” string. The heavy quarks Q are placed at the x axis.
The light quark and baryon vertex V are on the r axis at
r ¼ rq ¼ rv. The quarks and baryon vertex are connected by
blue strings. The force exerted on the vertex and light quark are
depicted by the black arrows. rh is the position of the black-hole
horizon. rw is the position of the dynamic wall.
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fq ¼
�
0;−ng∂rv

�
e
1
2
sr2v

rv

ffiffiffiffiffiffiffiffiffiffiffi
fðrvÞ

p ��
;

fv ¼
�
0;−3gk∂rv

�
e−2sr

2
v

rv

ffiffiffiffiffiffiffiffiffiffiffi
fðrvÞ

p ��
;

e1 ¼ gwðrvÞ
�
−

fðrvÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tan2 αþ fðrvÞ

p ;−
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fðrvÞ cot2 αþ 1
p �

;

e2 ¼ gwðrvÞ
�

fðrvÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tan2 αþ fðrvÞ

p ;−
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fðrvÞ cot2 αþ 1
p �

;

fA ¼ ∂A0ðrÞ
∂r

:

The force balance equation can be rearranged as

2rv2e2rv
2sA0

0ðrvÞ
3g

þ 3kðfðrvÞð8rv2sþ 2Þ − rvf0ðrvÞÞffiffiffiffiffiffiffiffiffiffiffi
fðrvÞ

p
−
ne

5rv2s
2 ðrvf0ðrvÞ þ 2fðrvÞðrv2s − 1ÞÞffiffiffiffiffiffiffiffiffiffiffi

fðrvÞ
p

−
4e3rv

2sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cot α2fðrvÞ þ 1

p ¼ 0: ð26Þ

C. Large L

In this section, with the increase of rv, the U-shape string
develops to an M shape as in Fig. 3. To simplify the
calculation, we choose another static gauge ξ1 ¼ t and
ξ2 ¼ x; the boundary conditions are

rð1Þð−L=2Þ ¼ rð2ÞðL=2Þ ¼ 0; rðiÞð0Þ ¼ rv: ð27Þ
The total action becomes

S ¼ gT

�Z
0

−L=2
dxwðrÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞ þ ð∂xrÞ2

q
þ
Z

L=2

0

dxwðrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞ þ ð∂xrÞ2

q
þ 3k

e−2sr
2
v

rv

ffiffiffiffiffiffiffiffiffiffiffi
fðrvÞ

p
þ n

e
1
2
sr2v

rv

ffiffiffiffiffiffiffiffiffiffiffi
fðrvÞ

p �

−
1

3
A0ðrvÞ −

2

3
A0ð0Þ: ð28Þ

The action of the string could begiven by the first two terms of Eq. (28). From the force balance equation at the baryonvertex,
angle α can be similarly calculated in this configuration. In addition, we can use the first integral at points r0 and rv to obtain the
relationship among r0, rv, and α,

wðrÞfðrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞ þ ð∂xrÞ2

p ¼ wðr0Þ
ffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p
;

wðrvÞfðrvÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrvÞ þ tan α2

p ¼ wðr0Þ
ffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p
: ð29Þ

After a short calculation, the solution for ∂xr can be written as

∂xr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wðrÞ2fðrÞ2fðr0Þ − fðrÞwðr0Þ2fðr0Þ2

wðr0Þ2fðr0Þ2

s
: ð30Þ

The separate distance consists of two parts separated by the turning point ðx0; r0Þ,

L ¼ 2ðL1 þ L2Þ ¼ 2

�Z
r0

0

dx
dr

drþ
Z

r0

rv

dx
dr

dr

�

¼ 2

 Z
r0

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wðr0Þ2fðr0Þ2

wðrÞ2fðrÞ2fðr0Þ − fðrÞwðr0Þ2fðr0Þ2

s
drþ

Z
r0

rv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wðr0Þ2fðr0Þ2

wðrÞ2fðrÞ2fðr0Þ − fðrÞwðr0Þ2fðr0Þ2

s
dr

!
: ð31Þ
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Subtracting the divergent terms, the renormalized energy of string ① is

E¼g
Z

r0

rv

 
wðrÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wðrÞ2fðrÞ2fðr0Þ

wðrÞ2fðrÞ2fðr0Þ−fðrÞwðr0Þ2fðr0Þ2

s �
drþg

Z
r0

0

�
wðrÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wðrÞ2fðrÞ2fðr0Þ

wðrÞ2fðrÞ2fðr0Þ−fðrÞwðr0Þ2fðr0Þ2

s
−
1

r2

!
dr

−
g
rv
þ2c: ð32Þ

Since string① and string② are completely symmetric, the calculationmethod is the same,whereupon the total energy of the final
configuration can be written as

EQQq ¼ g

�
2

Z
r0

rv

wðrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

wðrÞ2fðrÞ2fðr0Þ
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s
−

1

r2

�
dr −

1

r0
þ 3k

e−2sr
2
v

rv

ffiffiffiffiffiffiffiffiffiffiffi
fðrvÞ

p
þ n

e
1
2
sr2v

rv

ffiffiffiffiffiffiffiffiffiffiffi
fðrvÞ

p �
þ 2c:

ð33Þ

Now that all the variables in the integral have been represented by rv; we can numerically calculate the results of L and EQQq.

III. NUMERICAL RESULT AND DISCUSSION

The string-breaking behavior can be judged from the
total potential energy. Besides, the system will melt when T
and μ become large enough. During the process of string
melting, we compare the potential energies of doubly flavor
baryons to those of quark-antiquark pairs at fixed temper-
ature and chemical potential, respectively. String melting
can be judged from the L − rv diagram. Within the margin
of numerical error, we draw a T − μ melting diagram.
To approach the lattice result at vanishing temperature

and chemical potential, all the parameters are fixed
at vanishing temperature and chemical potential as

follows: s ¼ 0.42 GeV2, g ¼ 0.176, n ¼ 3.057, and c ¼
0.623 GeV [19].

A. The numerical analysis of three configurations

According to the previous calculation procedure, the
diagram of L − rv (μ ¼ 0.1 GeV, T ¼ 0.1 GeV) and E − L
before string melting can be shown in Figs. 4 and 5. In
Fig. 4, it is shown that the separate distance will increase
with the increase of rv. The presence of temperature and
chemical potential will cause that the separate distance will
tend to infinite at large rv. In Fig. 5, we plot the potential
energy of the quark-antiquark pair with a dot-dashed line

FIG. 4. At large separate distances, L as a function of rv. The
solid black and dashed blue lines correspond to the variations of L
as a function of rv for QQq at μ ¼ 0.1 GeV, T ¼ 0.1 GeV, and
μ ¼ 0 GeV, T ¼ 0 GeV, respectively. The unit of L is fm;
rv is GeV−1.

FIG. 5. E as a function of L for QQq and QQ̄. The solid black
and dashed blue lines correspond to the variations of E as a
function of L for QQq at μ ¼ 0.1 GeV, T ¼ 0.1 GeV, and
μ ¼ 0 GeV, T ¼ 0 GeV, respectively. The dash-dotted black
line represents the variations for QQ̄ at μ ¼ 0.1 GeV,
T ¼ 0.1 GeV. The unit of E is GeV, and L is fm.
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and compare with that of doubly heavy baryon under the
same external conditions. While the overall behavior of
potential energy also follows a Cornell-like potential, QQ̄
has a lower potential energy at equal separate distances.
Besides, it is shown that the presence of temperature and
chemical potential will decrease the linear part of the
Cornell-like potential.
In addition, despite μ having been considered in the

model, the potential energy is still the Coulomb potential in
small L (the first configuration) and linear potential in
intermediate and large L (the later two configurations).
Theoretically, L can grow to infinity as rv increases if no
string melting occurs.
When T ¼ 0.1 GeV, μ ¼ 0.1 GeV, all string configu-

rations exist. According to Eq. (20), the force balance
equation of the light quark F0ðrqÞ is plotted in Fig. 6. At the
same time, we further gain understanding of the change for
string structure by observing the variation for angle α. For
the three configurations mentioned above, we solve the
force balance equations at the baryon vertex to obtain a plot
of the variation of angle α with rv for the three configu-
rations as shown in Figs. 7–9, respectively. At a small
separate distance, α first decreases and then increases as rv
increases. At an intermediate separate distance, α slowly
decreases from α ≈ 0.221 to zero as rv increases. At a large
separate distance, as rv increases, angle α becomes negative
and continues to decrease monotonically. Besides, it is
shown that the temperature and chemical potential have
minimal effect at small separate distances.

B. String breaking

In this subsection, we fixed T ¼ 0.1 GeV and set μ ¼ 0,
0.1, and 0.22 GeV, respectively. As is well known, due to
the restriction of energy, string breaking will occur at a
critical length when the separation distance L increases. At
this point, the energy of the string reaches a critical level
where it can no longer remain stable. It breaks apart and

FIG. 6. The force balance equations as functions of rq. The
solid black and dashed blue lines correspond to μ ¼ 0.1 GeV,
T ¼ 0.1 GeV, and μ ¼ 0 GeV, T ¼ 0 GeV, respectively. rq is
the position of light quark. The unit of rq is GeV−1.

FIG. 7. α as a function of rv for QQq in small separate distance.
The solid black and dashed blue lines correspond to
μ ¼ 0.1 GeV, T ¼ 0.1 GeV, and μ ¼ 0 GeV, T ¼ 0 GeV,
respectively. The unit of rv is GeV−1.

FIG. 8. α as a function of rv for QQq in intermediate separate
distance. The solid black and dashed blue lines correspond
to μ ¼ 0.1 GeV, T ¼ 0.1 GeV, and μ ¼ 0 GeV, T ¼ 0 GeV,
respectively. The unit of rv is GeV−1.

FIG. 9. α as a function of rv for QQq in large separate distance.
The solid black and dashed blue lines correspond to
μ ¼ 0.1 GeV, T ¼ 0.1 GeV, and μ ¼ 0 GeV, T ¼ 0 GeV,
respectively. The unit of rv is GeV−1.
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becomes two different string structures. In our paper, we are
interested in the decay mode of QQq → Qqqþ Qq̄. The
renormalized total energy is

EQqq þEQq̄ ¼ g
�
2

Z
rq

rv

esr
2

r2
drþ

Z
rq

0

�
esr

2

r2
−

1

r2

�
−

1

rq

þ
Z

rv

0

�
esr

2

r2
−

1

r2

�
−

1

rv
þ 3k

e−2sr
2
v
ffiffiffiffiffiffiffiffiffiffiffi
fðrvÞ

p
rv

þ 3n
e
1
2
sr2q

rq

ffiffiffiffiffiffiffiffiffiffiffi
fðrqÞ

q �
þ 2c: ð34Þ

Expressions for the breaking distances give characteristic
scales when string breaking takes place [14,16]. The
potential energy and the schematic diagram of string
breaking are presented in Figs. 10 and 11, respectively.
As can be seen from Fig. 10, with the increase of μ, the
energy of the breaking point decreases, and the separate

distance increases. It means the QQq configuration is more
stable at small chemical potential.

C. String melting

When string melting occurs, the diagram of L − rv is
shown in Fig. 12. To study the μ-dependent of string
melting, we fixed T ¼ 0.1 GeV and μ to 0.3, 0.35, and
0.4 GeV, respectively. The results of E − L at different
chemical potentials are presented in Fig. 13. As the string of
QQ̄ also melts under T ¼ 0.1 GeV and μ ¼ 0.35 GeV, we
compare the potential of QQq and QQ̄ in Fig. 14. When μ is
fixed to 0.05 GeV, we plot E as a function of L at different
T in Fig. 15. The correspondence between E and L is
almost independent of temperature until the string melts.
Furthermore, we study the melt of QQq at the different
temperatures and chemical potentials in Fig. 16. It is found
that the influence of temperature is larger than chemical
potential.
As can be seen from Fig. 13, with the increase of μ, the

melting point moves to the lower left. This means that

FIG. 11. A schematic diagram of QqqþQq̄.

FIG. 12. L as a function of rv at μ ¼ 0.35 GeV and
T ¼ 0.1 GeV. The part indicated by the dashed line means that
the string has melted and has no physical significance. The dotted
lines represent the maximum value of potential energy. The unit
of L is fm, and rv is GeV−1.

FIG. 13. E as a function of L when T is fixed to 0.1 GeV. From
top to bottom, μ is 0.3, 0.35, and 0.4 GeV, respectively. The unit
of E is GeV, and L is fm.

FIG. 10. E as a function of L. The cyan line, the black line, and
the blue line represent μ ¼ 0, 0.1, and 0.22 GeV, respectively. T
remains 0.1 GeV. The dashed line shows the potential energy
after decay. The unit of E is GeV, and L is fm.
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string melting is more likely to occur at higher chemical
potentials. From Figs. 4 and 12, we can compare the
differences of QQq between small chemical potential and
large chemical potential. When the string melting condition
is not satisfied, the separation distance between quarks (L)
increases monotonically as the rv increase. Once string

melting condition is satisfied, L first increases and then
decreases as rv increases. However, the decreasing part of
the L indicated by a dashed line is unphysical.
Furthermore, the melting diagram can be drawn in a

T − μ plane if enough data of ðμ; TÞ points are found. The
comparison with QQ̄ [57] is also shown in Fig. 17. From
the diagram above, the melting line of QQq is lower than
quark-antiquark pairs. In other words, we can infer that the
quark-antiquark pair is more stable than the doubly heavy
baryon.

D. Two critical chemical potentials

In this section, we discuss the relation between possible
string configurations and μ. It is found that the presence of
temperature and chemical potential can make QQq unsta-
ble. By setting T close to zero, we can determine the
chemical potential at which Eq. (20) has no solutions. We
have found the critical value of the chemical potential to be
0.633 GeV at T ¼ 0.001 GeV, which means the first
configurations cannot exist. The result is presented in
Fig. 18. At the same temperature, the QQq state melts at
intermediate separation distances for μ ¼ 0.498 GeV. The
string will melt at the second configuration. We can
conclude that QQq has three configurations at small
chemical potential and the temperature close to zero.
When μ > 0.498 GeV, only two configurations can exist.

FIG. 15. E as a function of L at different T when
μ ¼ 0.05 GeV. The black solid line, the blue dashed line, and
the red dot-dashed line correspond to T ¼ 0.05 GeV,
T ¼ 0.1 GeV, and T ¼ 0.146 GeV, respectively. The unit of E
is GeV, and L is fm.

(a) (b)

FIG. 16. (a) The screening distance Ld as a function of μ at T¼ 0.1 GeV. (b) The screening distance Ld as a function of T at
μ ¼ 0.1 GeV.

FIG. 17. The melting diagram of doubly heavy baryon and
quark-antiquark pairs in the T − μ plane in units GeV.FIG. 14. E as a function of L at T ¼ 0.1 GeV and

μ ¼ 0.35 GeV. The solid line and the dashed line correspond
to QQq and QQ̄, respectively. The unit of E is GeV, and L is fm.
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Beyond 0.633 GeV, even the first configuration of QQq
cannot exist.

IV. SUMMARY AND CONCLUSIONS

In this paper, we mainly discussed the potential energy,
the string breaking, and QQq melting at finite temperature
and chemical potential through a five-dimensional effective

string model. Even with the introduction of temperature
and chemical potential, the overall potential energy behav-
ior still exhibits a Coulomb potential at small separate
distances, becoming a linear potential at large separate
distances. As the chemical potential increases, string
breaking occurs at a larger separate distance and lower
potential energy in the decay mode QQq → Qqqþ Qq̄. We
discussed the string melting of QQq at a fixed temperature
and chemical potential, respectively, and compared them
with QQ̄. It is found that the potential energy of QQq and
QQ̄ is very close when the string melts. In both cases, QQq
melts at a smaller separate distance. Finally, we draw the
melting diagram of QQq and QQ̄ in the T − μ plane. The
melting line of QQq is below that of QQ̄, which indicates
that QQq is less stable than QQ̄.
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