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Operational realization of quantum vacuum ambiguities
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We provide a reinterpretation of the quantum vacuum ambiguities that one encounters when studying
particle creation phenomena due to an external and time-dependent agent. We propose a measurement-
motivated understanding: Each way of measuring the number of created particles selects a particular
vacuum. This point of view gives a clear and physical meaning to the time evolution of the number of
particles produced by the agent as the counts in a specific detector and, at the same time, relates commonly
used quantization prescriptions to particular measurement setups.

DOI: 10.1103/PhysRevD.108.065008

I. INTRODUCTION

When quantizing a matter field in the presence of a
classical, external, and time-dependent agent, there arises
the phenomenon of particle production. Examples of this
are gravitational particle creation caused by a time-
dependent geometry [1-3] or pair production in the
Schwinger effect due to an external electric field [4,5].

These phenomena are usually studied within the frame-
work of quantum field theory in curved spacetimes [6-9].
In the canonical quantization of the matter fields, one
typically requires the resulting quantum theory to preserve
the symmetries of the classical theory. In the well-known
case of flat spacetime devoid of any external background
field, this criterion turns out to select a unique quantization
respecting Poincaré symmetry and the corresponding
so-called Minkowski vacuum. However, when we intro-
duce a time-dependent, external agent such as an electric
field, time-translational invariance is broken. Then, the
symmetry group of the classical theory is not large enough
to completely determine a preferred quantum theory.
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Indeed, one encounters ambiguities in the choice of
annihilation and creation operators, which lead to different
quantum theories, each with their respective vacuum and
particle notions. Even in vacuum, the action of the external
field results in a nonvanishing spectral number N(z) of
particles produced at time 7. This can be understood from
the fact that the notion of particles has changed from the
initial time to the time 7. The precise number of particles,
however, strongly depends on the specific vacuum states
that we are comparing. In fact, for defining N(z) and its
time evolution, one needs to select one (global) notion of
vacuum for each time 7. This clearly poses questions about
the physical interpretation of N(z), and the discussion in
the literature is still open [10-16].

Recent works have experimentally implemented gravi-
tational particle production in black hole [17,18] and
cosmological [19-22] analog systems, where by means
of two-point correlation functions of the density contrast,
the number of produced particles after the expansion was
measured. Motivated by the experimental accessibility of
this quantity, we provide a way of understanding the
physical meaning of the possible definitions of N(z) in
terms of the number of particles measured well after the
time 7 at which the external agent has been switched off.

We consider a simple setup in which an electric field is
switched on smoothly from zero, so that there is no
ambiguity in the choice of initial vacuum. In order to
measure the actual number of particles at a certain time 7y,
one would need to instantaneously disconnect the external
agent, here the background electric field, and measure
afterward. However, instantaneous processes are unfea-
sible, and thus we cannot have experimental access to that
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magnitude. Instead, one possibility is to start switching the
electric field off smoothly at that time, wait some time until
the electric field is completely switched off, and finally
measure. We denote this outcome as N7,'. In order to
measure the number of particles at a later time z,, we would
need to repeat the experiment switching the external field
off at that new instant. In this way, we would obtain a set
of measurement results N7,*,No',---, which tells us
what is the number of particles measured in our experiment
if we start to switch off the electric field at 7,,7,,---.
Nevertheless, as we remarked before, this procedure and
the results of the measurement will depend on how we
switch the electric field off, which might be conditioned by
the particular characteristics of the detector that we
are using.

Here we propose to relate the different ways in which we
can switch the electric field off and measure the number of
particles on the one hand, with the theoretical ambiguities
in the choice of the quantum vacuum on the other. For each
measurement setup, leading to a family of results {N7."},
we can find among all possible quantizations at each z; a
notion of vacuum such that N(z;) = N7.7. The meaning of
N(7) becomes clear in this case: It is the resulting number
of particles that would be measured, following our par-
ticular measurement process, if we switched off our experi-
ment at time 7. Thus, canonical quantum ambiguities are
inherently physical in the sense that they are intimately
related to the infinitely many different ways of measuring.

II. PRELIMINARIES

As a working case, let us consider a charged scalar
field ¢(z,x) in (1 4 1)-dimensional Minkowski spacetime
in the presence of a spatially homogeneous time-dependent
classical electric field, although our analysis can be
extrapolated to higher dimensions, to similar particle
creation scenarios due to an external time-dependent agent
or to other matter fields (e.g., Dirac fields). Its dynamics is
determined by the Klein-Gordon equation

[(0, + igA,) (" + igA*) + m*]¢(t,x) = 0, (1)

where m and ¢ are the mass and the charge of the field,
respectively, and A, is the external electric potential. We
choose the temporal gauge, namely, A, = (0,A(z)), and
thus E(t) = —A(t), so that we explicitly preserve the spatial
homogeneity of the electric field E(¢) in the quantization of
the scalar field. In this work, we neglect backreaction of the
quantum test fields. For supercritical electric field inten-
sities and large particle densities, backreaction should be
taken into account, for instance, using the generalized
quantum Vlasov equation [11].

In order to construct a quantum field operator, we expand
the matter field in Fourier time-dependent modes ¢, that
verify decoupled harmonic oscillator equations

Di(t) + (1) i (1) = 0. (2)
with time-dependent frequencies
Qi (1)? = k> +2qA(H)k + ¢*A(1)> + m?. (3)

The expansion of each mode in terms of a basis of solutions
@y of Eq. (2),

bi(1) = arpi(t) + iy (1), 4)

determines the Fock quantization associated with this
choice of basis, provided that the expansion coefficients
are promoted to annihilation and creation operators &, and

A

b,i, respectively. The corresponding quantum vacuum |0)

satisfies, by definition, a;|0) = b;|0) = 0 for all k. Note
that modes with different wave numbers k are decoupled
from one another. Thus, in the following we will drop the
index k.

We want to account for realistic (noninstantaneous)
switch ons and switch offs of the electric field (see
Fig. 1). We start the experiment switching the electric field
on at a time f,,, and after a time J,, the electric field
smoothly reaches the constant value E,. Then, in order to
measure the number of created particles at a given time 7,
we start switching it off at that time, and after a lapse 9, the
electric field vanishes. This process is characterized by the
properties of the experimental setup. The finite duration of
the on and off processes can be described by a C* step
function ©,(¢) of width o (i.e., d,, and &, respectively, in
our case at hand). The step Heaviside function corresponds
to o = 0. The specific form of ©,(r) does not qualitatively
affect the results. In our numerical computation, we use a
C* regularization which interpolates between 0 and 1 in
the interval (—c/2,0/2) by means of the function (1 +
tanh{cot[z(1/2 — t/5)]})/2 and is constant outside said
interval. In all figures we fix m = 1 and gE, = 1, so that
the electric field reaches the critical Schwinger limit m?/g
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FIG. 1. Time evolution of the electric field (solid line) with

different switch-off profiles (dashed/dotted lines) corresponding
to different values of &, starting at 7.
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[5,23]. For lower strengths, the probability of producing a
particle pair is negligible. In addition, we set 7,, = 0, and
A(t,,) =0, and times are given in units of the switch-on
duration J,,, while we parametrize different switch offs by
varying 0.

III. MEASURED PARTICLE NUMBER

Given a particular experimental setting, we can compute
the asymptotic number of created particles N7 in the
mode k that would be measured by our detector when we
start the switch off at the time 7. Initially, when the electric
field is not on yet, the matter field is in the Minkowski
vacuum. This state is determined by the solution ¢ to
the mode equation (2) which behaves as a positive-
frequency plane wave before ¢,,. This is the only solution
compatible with Poincaré symmetry in the asymptotic past.
Analogously, there is another Minkowski out vacuum,
associated with ¢, which is a positive-frequency plane
wave at times after the electric field is completely switched
off, namely, at ¢, =7+ 6. However, because of the
presence of the electric field, these two vacua are different.
Indeed, N7P measures how excited is the in vacuum with
respect to the out vacuum. To obtain this quantity, we need
to compare both solutions to Eq. (2) at the same time.
Explicitly, we evolve the in solution from the initial time
and compare it with p°", both evaluated at #,¢. We can then
calculate the asymptotic number of created particles in the
mode k according to the Bogoliubov formalism as

7 = "™ (togr) ™" (tot) — @™ (o)™ (o) . (5)

It is important to remark that, for a different measure-
ment process starting at the same z, here characterized by
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FIG. 2. Spectra of the asymptotic number of created particles
N7 for different switch offs, starting at times 7 = 3 (left) and
7 = 10 (right), for different switch-off durations & (dashed lines).
We also represent the computed number of created particles
N¥(7) in the zeroth-order adiabatic vacuum at those times
(solid line).

change. In Fig. 2, we show the spectra of asymptotically
produced particles N5 for 7 = 3 and 7 = 10 for different
switch-off durations 6. Observe that the slower the switch
offs, the longer the electric field can accelerate particles,
and thus modes with larger k become excited. This
behavior is in agreement with that of Ref. [24], where
they thoroughly analyze the role played by é and 7 in
particle production for a similar profile of the electric field.
Note that the oscillations in the spectral distribution have
already been observed in analog experiments by means of
two-point correlation functions [21,22].

IV. THEORETICAL PARTICLE NUMBER

On the other hand, one may be interested in theoretically
computing the number of particles that have been created
from an initial time 7, to some time 7, without relying on
any measurement. This question is, however, much more
subtle. One would need to choose a particular solution ¢° to
Eq. (2) by imposing initial conditions at time 7, i.e.,
(¢*(7),¢"(z)). Contrary to what happens for the out
solution ¢, there is an ambiguity in the selection of
¢*. Indeed, when the electric field is on, the frequency (3) is
not constant and the physical criterion of preservation of the
classical symmetries in the quantum theory is not strong
enough to fix a unique vacuum. The spectral number of
created particles between ¢, and 7 is defined by

N(7) = l¢"(1)¢" (z) — o™ (2)o" (7). (6)
In contrast with the measured value N7, which is unique
given a particular switch off of the electric field starting at a
certain time 7, N(7) strongly depends on the choice of
vacuum at that time. This is precisely the reason why the
interpretation of this magnitude is not clear in the literature
yet [10-14].
As a well-known example, the solid line in Fig. 2 shows
the computed number of created particles N%(z) for the
zeroth-order adiabatic initial conditions [6],

) =
Ve
adry — o [T _ (1)
€0 d(T) - 2\/§Qk(’[> . (7)

Note the differences between this curve and the corre-
sponding to very fast switch offs. We will comment on this
later on.

V. RELATION BETWEEN MEASURED AND
THEORETICAL PARTICLE NUMBERS

Each measurement procedure selects a particular
vacuum for which the theoretical number of particles
N(7) has a well-defined physical meaning. Indeed, among
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all possibilities for choosing a particular mode ¢° in Eq. (6),
there is one for which the number of predicted particles at
time 7 coincides with the outcome N5 ° that a particular
measurement device would yield. More explicitly, for each
time 7, we choose the mode ¢” as the out vacuum ¢°*
associated with the switch off starting at that time. In fact,
replacing f.¢ by 7 in Eq. (5) does not change the resulting

2P since this magnitude does not depend on the instant at
which it is evaluated. Consequently, the choice ¢ = ¢
makes Eq. (6) equal to Eq. (5). The set of modes {¢*P*}
and corresponding vacua {|0)°*P*} defined in this way, one
for each 7, allows one to construct N°*P(7), viewed as
function of the time at which we start switching the electric
field off. At each time 7, the in vacuum is an excited state
with respect to the vacuum |0)**P-%: Its excitations corre-
spond precisely to the quanta that would be measured by
our detector. Note that z denotes the time at which we want
to calculate the particles produced by the electric field and
not the starting point of a programmed switch off.

This prescription defines a family of physical vacua: those
for which there exists a switch off giving the same particle
number as the one predicted by the vacuum. Furthermore, all
these vacua unitarily implement the dynamics, as they are
associated with a finite number of particles by construction,
thus verifying Shale’s theorem [25].

In our simple setup, the measurement device is char-
acterized by 6, and for each of its values we have a different
set of modes {¢®*P"} and hence different notions of
N*P(7). This is illustrated in Fig. 3, where one can see
the time evolution of N®*P(z) for k =3, for different
durations of the switch off §. For each time 7, we compute
the asymptotic number of particles N;¥ when we start
switching the electric field off at 7. The observed oscil-
lations in 7 were already present in Refs. [12,13,26,27], but
now we can provide them with a full physical meaning, as
they follow from a measurement-based notion of particle.
Moreover, recent works try to implement experimental
setups that make use of this behavior to enhance particle
production (see the recent study [28] or other references
on the dynamically assisted Schwinger effect [29,30]).

— N¥(r)
== N®P(r),§ =0.01
N®(7),§ = 0.1

= NOP(7),6 = 0.5

NoP(r),5 =5

FIG. 3. Evolution of the number of created particles N®*P(z)
with k = 3 for different switch-off durations . The solid line
corresponds to the zeroth-order adiabatic prescription.

In Fig. 3 we also show the time evolution of the theoretical
particle number when we choose zeroth-order adiabatic
vacua at each time 7.

The amplitudes of the fluctuations are smaller as we
increase the value of 6. Note that, as 7 increases, these
amplitudes decrease and the number of particles become
more independent of 6. This result is compatible with [24],
where it was proved that for a sufficiently large time 7
(larger than the ones considered here) the switch-on and -
off effects only affect as next-to-leading corrections to the
contribution to the constant part of the electric field.

As an aside, for each measurement process, we could
have reassigned the asymptotic outcome N5 © to any other
time different from the time at which the switch off starts
(e.g., results in [10] are obtained by taking z + §/2 as the
reference time instead). However, note that this would lead
to a simple relabeling of the 7 axis in Fig. 3, shifting each
curve proportionally to its value of o.

Finally, one may wonder whether it is possible to find,
given a choice of vacuum, a particular switch off starting at
7 such that the measurement of the associated asymptotic
number of particles N7'¥ coincides with the value of N(z),
computed using said vacuum prescription. This require-
ment does not unequivocally determine the time evolution
of the in mode ¢™" after time 7. Therefore, each function ¢™
compatible with the previous condition would lead to a
different mode equation. However, it is definitely nontrivial
that one can find a time-dependent frequency €(7) of the
form of Eq. (3) fulfilling this requirement for all values of k.

VI. INTERPRETATION OF USUAL
VACUUM PRESCRIPTIONS

We now illustrate the application of our operational
notion of particles by interpreting two usual notions of
vacuum in terms of measurements. First, we consider the
so-called instantaneous lowest-energy state (ILES), which
is used in many references, especially in those studying the
quantum Vlasov equation [26,27,31-37]. It minimizes the
energy per mode at a particular instant of time 7 and
corresponds to the solution to Eq. (2) with initial conditions

(pILES (T) _ %()’ (pILES (T) — Qk2<T). (8)
\/ 282 (T

In [10], it was proved that the theoretical particle number
calculated using this vacuum coincides with the asymptotic
particle number measured in the unfeasible situation in
which the electric field is instantaneously switched off at z,
1.e., 0 = 0. Indeed, this setting can be easily implemented in
the electric potential with a continuous but nondifferen-
tiable step function at z. The most regular solution to
Eq. (2) has a continuous but nondifferentiable second
derivative and corresponds precisely to the instantaneous
lowest-energy state (8). In addition, in agreement with
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Ref. [10], the particle number in the instantaneous case
0 = 0 coincides with the limit § — 0.

Another vacuum prescription that is commonly used is
precisely the one defined in Eq. (7), which is given by a
WKB approximation of higher order than the previous
instantaneous lowest-energy state defined in (8). This
vacuum is usually called the zeroth-order adiabatic vac-
uum, although this name is sometimes used for the
prescription (8). We infer from Figs. 2 and 3 that the
particle number spectrum of the adiabatic vacuum deviates
from that of an arbitrarily fast switch off. Indeed, in the
latter, there appear fluctuations with larger amplitudes both
in the spectrum and in the time evolution.

VII. CONCLUSIONS

Quantum vacuum ambiguities are inherent to quantum
field theory in the presence of an external, time-dependent
agent. In this work, we show that knowing the particular-
ities of how we measure the particle number allows us
to identify a particular quantum vacuum with clear phy-
sical meaning: Its associated notion of particle is that
which would be measured by our detector in a potential
experiment.

This operational procedure can be used to interpret the
notion of particle associated with usual vacuum prescrip-
tions. This is the case, for example, of the instantaneous

lowest-energy state at a certain time, which provides the
same particle number as an instantaneous switch off at that
time or of the zeroth-order adiabatic vacuum, which departs
from this behavior.

In conclusion, we select a family of vacua—those related
to a realistic switch off of the external agent—that are
physical in the sense that they accommodate information
about real outcomes. These vacua are intrinsically well-
behaved as they allow for a unitary implementation of the
dynamics.
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